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ABSTRACT

We investigate how compact operators behave under J and K interpolation methods for N spaces
and two parameters. First we study those methods: relationship with those already existing in the
literature, estimates for the norms of interpolated operators, examples, characterization as Aronszajn—
Gagliardo functors, ... . We also describe the relationship between Sparr and Fernandez methods and
we derive sharp estimates for the norms of interpolated operators in Fernandez’ case. Then we
investigate the behaviour of compact operators. We begin with the case when one of the N-tuples
reduces to a single Banach space, and later we treat the general case by means of the approach
developed in [8].

0. Introduction

The behaviour of compact operators under interpolation is a question that has
received much attention during the last few years. We refer, for example, to the
articles by Cobos, Edmunds and Potter [5], Cobos and Fernandez [6], Cobos and
Peetre [8], Cwikel [9], and Cobos [3, 4]. All these papers deal with interpolation
methods for two spaces. In the present article we discuss a question which we left
open in [8]: the multidimensional case.

We restrict our attention to interpolation methods of the type used in the
classical real method but having two parameters (¢ and s instead of the classical ¢).

In the literature there are essentially four such methods: the J- and K-methods
developed by Sparr [19] for, in the first non-trivial case, three spaces, and in
general, n spaces; and the other two studied by Fernandez [12] for four,
respectively 27, spaces. The relationship between them has not been satisfactorily
described yet. Moreover, although Fernandez’ methods were introduced ten
years ago, it seems that only rough estimates are known for the norms of the
interpolated operators.

We start by studying a J- and a K-method for N spaces that use two parameters
(¢, s). The N spaces should be thought of as sitting on the vertices of a convex
polygon. The idea of carrying out such a generalization was suggested by Peetre
in [18]. In particular, for the case of the simplex we recover Sparr’s spaces, and
for the case of the square we get Fernandez’ ones. Our approach explains the
restriction on parameters in Fernandez’ case.

This is done in § 1, where we also describe the relationship between the spaces
of Sparr and of Fernandez.

Then, in § 2, we establish estimates for the norms of interpolated operators. In
particular, we obtain a sharp estimate in Fernandez’ case.

In § 3, we apply our interpolation methods to certain vector-valued sequence
spaces. We also describe the J- and K-methods as Aronszajn—Gagliardo functors.
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In the rest of the paper, we discuss the behaviour of compact operators under
these methods. We first derive Lions—Peetre type compactness results in this
multidimensional setting (§ 4). These theorems require that one of the N-tuples
reduces to a single Banach space. To get rid of this assumption we use the
representation of the J- and K-methods as Aronszajn—Gagliardo functors. This
description allows us to use certain projections on the N-tuples of sequence
spaces that define the functors. We must be able to combine the information
given by the projections with our estimates for the norms of interpolated
operators. This is achieved by imposing a certain geometrical condition on the
polygon upon which the N-tuples are sitting.

We call admissible those polygons having such a geometrical property. They
form a wide class including regular polygons. The investigation of admissible
polygons is carried out in § 5.

Finally, we combine all these results together with the approach developed in
[8] to obtain the general compactness results (§ 6).

1. J- and K-methods for N spaces and two parameters

Let II=P,P, ... Py be a convex polygon in the affine plane R?, with vertices
P=(x;,y)(j=1,...,N), and let A={A,, ..., A,} be a Banach N-tuple, that is,
a family of N Banach spaces A; (j=1, ..., N) all continuously embedded in some
Hausdorff topological vector space &. Each space A; should be thought of as
sitting on the vertex F; (see Fig. 1.1).

Ajn

)

Fic. 1.1

Given any couple of positive numbers ¢, s, we define the K- and J-functionals
by

N N
K(t,s;a)=K(t,s;a;A) = inf{z 95 |lajlla; a= 2 a;, a;€ A,.},
j=1 j=1
J(t,s;a)=J(t, s ;a;A) = max {£s” ||a||,}.
1sjsN

In this way we obtain a family of norms on Z(A)=A,+A,+..+Ay
(respectively A(A)=A,NA,N...NAy), any two of them being equivalent.

Let 1 <g < and let (a, ) be any point in the interior of IT ((«a, B) € Int IT).
We define A, gy 4.k as the collection of all elements a € £(A) having a finite norm

||a”(u,ﬂ).q;K= ([ J' (t_“'s_ﬁK(t, § ;a))q_t__) i
0 J0 s

On the other hand, we let A, g, .., be the space of all those elements a € £(A)
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which can be represented in the form

* [ dtds
) o= [ue9%%,
where u(t, s) is a strongly measurable A(A)-valued function and satisfies
® dtds\ "
@ ( j f 5P, s 5 u(t, s)))"——) <
0

The norm ||*[|(a,py,q:7 N A(a,p)q;s is given by the infimum of the values of the
integral (2) over all such representations (1) of a.

ExampLe 1.1. In the special case where Il is equal to the simplex
{(0 0), (1,0), (0 1)} and >0, >0 with & + B <1, we recover Sparr spaces
AGepr.aix and Al p), g5 (see [19]).

ExampLE 1.2. If IT coincides with the unit square {(0,0),(1,0),(0,1),(1, 1)},
then we obtain Fernandez spaces Ay, g),4.x and A g) 4.5 (see [12, 13]). Now 0< a,
B<1.

In contrast to the classical case of Banach couples, where K- and J-methods
coincide to within equivalence of norms (see [2] or [20]), it is not true in general
that A, g, ,.x coincides with A, g),.;. Counter-examples for the cases of Sparr

and Fernandez spaces can be found in [19] and [10], respectively. We now have
only the following inclusion:

Tueorem 1.3. Let II, A, q and (o, B) be as above. Then Aiypyq.s is
continuously embedded in A ., g) k-

Proof. Let a€ A, p.4.s and € >0, and let

a—j j u(t, s)——

be a representation of a such that

N dt ds\ "
([ [ @2 s5ue 99 SS) " <lallepas+e
o Jo ts

For any positive numbers w, z we have
e dtds
K(w, z ;a)sj f K(w, z;u(t, s))——
o Jo ts

sr’ ) min {(w/t)*i(z/s)}I(¢, s ; u(t, s))—d—s

0 1<sjsN

00 -] d‘g
= j min {¢ 5is™V}(tw, sz ; u(tw, sz))——.
o Jo lsjsN A
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Applying Minkowski’s inequality, we get

||a||(aﬁ)q,(\U f ([ min {£*sP%) (ew)~(s2)~P

0 1sjsN

q
X J(tw, sz ; u(ew, sz))gii-s) dwdz]
s/ wz

0 P00 . _ ds
< U min {t* %isP%} —_](”a“(a By.a + E)-
) 0 1<sjsN

So it only remains to check that the integral factor is finite. Writing it in
exponential notation, we have

dtds
I= j min {t"'""s""/}——

o 1ssjsN t s
= j min {e“(*=*vB-} dy dy
—w 1sj=N

N
<>, f[ e @ D=VE gy dy,
where
I;={(uv)e R u(a —x)+tvB-y)=u(e—x)+v(B—y), k=1,..., N}.

Put P = (a, B) and recall that P, = (x;, y;). For (4, v) €I}, it follows from the fact
that

u(a’ _xj) + 'U(ﬁ - YI) = u(a' - xj+l) + 'U(ﬁ _.YJ'+1)
that
<(u’ U)) I:;+l - P]) =0.
In the same way, we see that
((u; U), I)j—l - })j) =0.

On the other hand, the convexity of the polygon II, together with the fact that
P e IntII, gives that there are two positive numbers A;, y; such that

P =P =3P~ B) + (P~ P)
(see Fig. 1.2).

FiG. 1.2

Now making the change of variables

u"=<(u, U), I)j+l—})j)y U*=((u, U)) I)j—l_Pj>
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and taking into account the fact that
~u(e—x)-v(B~y)=—((u,v), P~ F)
= _)’j<(u: v), Pj+l - P]) - ”’j((ul v), P}'—l - Pj)
=—-Au* — pv*,
we derive

N

N 1 0 oo
I< —f [ eI dut dy* = ) ——
i=l|Jj| o Jo j=l|J,-| A’j“j
Here

Xiv1 =X Yie1 ™ Y;

)= :
Xji-1 =X Yi-17Y;

This completes the proof.

Let us go back again to the question of when the K- and J-Fernandez spaces
coincide. According to an argument due to Milman [16, Theorem 4.1],

(E) ((Al) AZ’)a,q’ (AS: A4)¢x,q)p,q = A—(an,ﬁ).q;K

and

‘afw.ﬂ),qzl c ((Al: A2)¢x,q; (A3r A4)a,q)ﬁ,q’

where (-, -)q,, stands for the classical real method with parameters 6 and p.

(A:h Ad)a,q

A, A,

|
|
|
|
|
|
!
!
‘
? ((Alr Az)a.qr (AB: Ad)u.q)ﬂ.q
{
|
|
[
|

(Al, Az)a.q
FiG. 1.3

On the other hand, it follows directly from the definitions of the Fernandez
spaces that

(Al’ AZ) A3x Ad)(cx,ﬂ),q;K = (All A3: AZ: A4)(ﬂ,cr),q;l(

and

(Alf AZ: AB) A4)(a,ﬂ),q;! = (Al) AJ) A27 A4)(ﬂ.a).q;l-
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Consequently, in order that the K- and J-spaces coincide, the following condition
is necessary:

(*) ((Alx A2)u.q) (A.’n A4)a,q)ﬁ.q = ((Al! A3)ﬂ,q! (A2: A4)ﬂ.q)a,q'

Equality (*) seems very natural from the geometrical point of view and one
might think that it is satisfied for any Banach 4-tuple. Nevertheless, this is not the
case. Consider the scalar sequence spaces

A={E)r 3 E=0mdi@n= 3 max(t, 2 ig1<=)
A=[E) 3 6=0mdiE,= S max(t, 2 gl <),
A={(&): 1= 3 min(, 2) £ <o},

S min(1, 27) 1§ <e).

n=-—w

Av={(&): 1EI

Then we have

(A4, AZ)%,I) (As, A4)‘§.1)5,1 #((Ay, Aa)i,l: (A, An)i,l)i,l,

as can be checked by adapting the arguments given by Dore, Guidetti and Venni
[11] for the case of the complex method.

We close this section by discussing the relationship between Sparr and
Fernandez spaces.

Let A={A,, A,, A;, A,} be a Banach 4-tuple and let

Ak=Alopqx and AJ=Al g,

be the Fernandez spaces as described in Example 1.2.

In order to interpolate the 4-tuple A by Sparr methods, we need three
independent parameters (¢,, t,, t;) and three positive numbers (6,, 6,, ;) such
that 6, + 8, + 65 <1; then spaces

Ak =Afo,0r09.0x and AT = Al 0,094
are defined similarly as in Example 1.1 but this time using the functionals

4
R(‘l, ), t3;a)= inf{“al”A, + 1ty ||azlla, + 2 laslla, + 83 ||a4lla,: @ = 2 aj}:
j=1

j(tl, tr, ty;a) =max{|lalla,, t; llalla,, t2 lalla,, ts llalla,}-
THEOREM 1.4. Let, in this context, 0< o, § <1 and put
6,=a(1-8), 6,=p(1—-a) and 6;=ap.
Then the following continuous inclusions hold:
AV Ao Ao AR,
Proof. Take t;=1t,t,. We have

(3) tl-eltz_ezt;f’s = l‘“(l_ﬂ)t;ﬁ(l‘“)(tltz)—“ﬂ - tl—a’tz‘ﬁ
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Thus, fora= Y}, a;,

lallag=[[ [ (s7%int (lasla, + 1 Ul

9dt, &]I/q

+to el + itz ladlag)
h &

<cl [ [ [ (959 int (s, + 1 laala,
0 J0 J0

i di

+ i aslle, + 0 llaalla)

= |lall .

Here ¢ = (afq)"?. This shows that A% < Ak. The inclusion A7~ A% is known

(see [19, Proposition 5.1]). Let us check the remaining embedding A} — A7.
First note that it is possible to give discrete characterizations for spaces A} and

A3 using sums instead of integrals, and then the following norms are equivalent:

1/q
laligg~in{[ 3 @@, 2, )Y ] as S ),
(ny,ny)eZ?

(ny,n2)ezZ?

1/q
lallsg~inf{| 3 @mermemmn e, 2, 2 v, )|

(ny,na,n3)eZ’

a= v"l.nz.na}'
(ny,n2,n3)e2?

Let ac AY and let a= Y(n.npez? Un,.n, De any representation of a as above.
Then we obtain a representation of a in the Sparr way by writing

ifny=n,+n,,

v _ {um,nz
et (] otherwise.

Moreover, by (3), we get

1/q
[ ) (2—n|9|—n282—n333](2n|, 2n2, 21 ; Unl,nz.na))q]
(ny1,n2,n3)eZ

1/q
-, 3 e 2su,r]

This gives the inclusion.

2. Interpolation of operators

Let B={B,, ..., By} be another Banach N-tuple which we imagine as sitting
on the vertices of (another copy of) our convex polygon II=P, ... Py. We write
T: A—> B to mean that T is a linear operator from Z(A) into Z(B) whose
restriction to each A; defines a bounded operator from A; into B; (j=1, ..., N).
We put

ITs,5=max{l|T||a, 5, ---» T llay 5y}
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Again let (a, ) eIntIT and 1 <g <. If T: A— B, then clearly the restriction
of T to A, p).q:x defines a bounded operator

T: A(ap)a:ik= Biap)ax

and

(4) TN gk Beoprae < I Tl 2.5-
A similar estimate holds for the J-method, namely
(4) T py.girBeapras < I T Il 2. 5-

In this section we shall obtain estimates which are sharper than (4) and (4').
For the case of the classical real method for Banach couples (Ao, A)g,4, the
convexity inequality

T Ao B0, < ITN45, I T, 5,

is an indispensible tool. This estimate extends to the case of K- and J-Sparr
spaces (Example 1.1). In fact, we have

” ”A(aﬂ)q K'B(aﬂ)qK |IT”11‘1|.(a+ﬁ) ”T“szZ ”T”gg,ﬂg

and a similar estimate holds for J-spaces. But the situation is not so clear for
Fernandez spaces (Example 1.2). Theorem 1.4 and its connection with the
iterated real method (=) suggest that

—a)(1— 1
) WT 1AL, 5y ooweBE gy e S W TNSTEX P NTNESEP N TG 2P N TS 5,
and
(") MTNAL 0B p o < NTUSTRC P UTIE D W TGP N TIEE 5.

Nevertheless, both estimates (5) and (5') fail, as can easily be shown from the fact

that for any ‘diagonally equal’ 4-tuple E =(E,, E,, E,, E;) one has (see [10,
Example 1.25])

E_"; 1 —E0+E1
and
Eé,%),l;l= Eon El'

This gives an idea of the kind of difficulty we are facing.
To proceed to our improvement of (4) and (4'), call M; = ||T(|4, 5, and consider
the K-case first. We have

N N
K(t, s ; Ta)< inf{E 5% || Tajllp: a =2, a;, a; € A,-}
j=1 j=1

N N
< inf{g WM s/ lal: a= X a;, 4, A}
= j=

< max {ApwiM;}K(t/A, s/p ; a).

1<j<N
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Thus integrating and changing variables we derive

ITall(w.py.q:x
[ 9 dt ds\ "
s(] f (t""s max {Au"M;}K(t/A, s/p ; a)) )
0 J0 1<jsN
il 9dtds\"e
=([[ (e mas erwromye ) 55)
1<sj<sN N
= max {A%” "~ ﬁM} llall(a,py.q:k-
1<j<N
Consequently,
(6) ” T”’a(mﬂ).q:K'E(a.ﬁl.q:K = A>i0|.15>0 I:lrglas)f\’ {AXi_atu’yi_ﬁM}]

and the same estimate remains true for J-spaces. This leads to the following
definition.

DEFINITION 2.1. Let II=P, ... Py be a convex polygon with P. = (x;, y;) for
j=1,...,N, and let (a, B) € IntII. Then for any N non-negative real numbers
M,, ..., MN, we put

Da,ﬁ(Ml’..., MN)= inf [max {t“l L ﬁM}]

>0,s>0 Lisj=N

According to (6), in order to estimate the norm of the interpolated operator for
the K- (respectively J-) method we only need to study the function D, g. We do
that first for the case of Fernandez spaces.

THEOREM 2.2. Let I1 be the unit square, let 0< a, <1, and let D, g be the
function associated to them.

For each 4-tuple of non-negative numbers (M, M,, M3, M), let €=
Y(M,, M,, M5, M,)) be the set formed by

Ny =M~ PMy=*M§*P!,

N, = M{"PM§~Mg,

Ny=M\"*M5PME,
=M}~ *BMIME,

and let €* be the subset of € formed by those numbers N; which only have positive
exponents (in other words, if, say, o > f8 then N, belongs to €* but N, does not).
Then

Dn’,ﬂ(Mll M2, M3, M4) = maX{Nj: A" € (g*).
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Proof. Observe that

Da.p(M1, M2, M3, M4) = inf [max{Ml, th, SM3, tsM4}t—“s_ﬂ]
t>0,5>0

< inf [mf {max[(M; + sM3)t™, (M, + sM,)t' " *)}s™ ]

§>0

= inf [(M, + sM5)' (M, + sM,)*s P}
s>0

M l—aM o
-meming| () () s
> 431‘20 M3 s M4 s

=M™ *Mginf f(s),
s>0
where

fls)=(x+5)'"(y +5)%"
and
x=M1/M3, y=M2/M4

Now we distinguish two cases.
Case 1: y <x. We have

xl-eyas—h ifs<y,
fs)sqx'"%% P=x"%*"F ify<s=<ux,
sl=%% =P =518 ifx<s.

Since the function s# is decreasing, s'~# is increasing and s*~# is increasing if
a = f and decreasing if & < B, we see that

x'"y* P ifa=p
inf f(s s{ . ’
s>0f( ) x!7P if @ <.

Hence
a’ﬂ(MI; M2; M3; M4)

{M§ MM,/ Ma)' " (Mp/My)* P = Mi™ M5 TPME= N, if a=p
ML MM,/ M5)'~F = M1"PME-*MZ =N, if a<p
<max{N;: N;e €*}.

Case 2: x <y. This case is completely analogous. This time we have

x'"y%P ifs<x,
fE)=syyss'*F  ifxsssy,
stk

if y <s,

SO

xI7e By ifa+B<1,
inf =<
Inff(s) {y“ﬂ ifa+p>1,
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and therefore
a ﬂ(Mlx MZ) M3) M4)
{M MM/ Ma)' " A(My/M)* =M PMEME=N, ifa+B<1
M3 *M§(My/M,)' P = M} PM}~ "‘M‘”” =N, fa+pg>1
<max{N;: N, e €*}.
This shows that
D, g(M,, M, M5, M,) <max{N;: N;e €*}.

The reverse inequality can easily be checked by substituting each M; in terms of
max {M,, tM,, sMs, tsM,} and taking into account the fact that the sum of all
exponents in each N, is equal to 1.

As a direct consequence, we have
CoroLLARY 2.3. Let Il be the unit square and o =B =3%. For any 4-tuple of

non-negative numbers (M,, M,, M5, M,) we have
(Ml: Mz, M3, M4) maX{VM1M4, \/MzMg}

Dy 1
22

CoroLLARY 2.4. Let Il be the unit square, let P, P, be two fixed adjacent
vertices of I, and let 0 < o, 8 < 1. Then

D, g(M,, My, M5, M;)—0 as M;— 0 and M;,,— 0.
Next we extend Corollary 2.4 to any convex polygon IT.

THEOREM 2.5. Let II=P; ... Py be a convex polygon, let P, P, be two fixed
adjacent vertices of I1, and let («, B) € IntI1. Then

D, (M, ..., My)—>0 as M,—O0 for all 1<k <N with k+#j, j + 1.

Proof. Recall that P, = (x,, y;). We have

D, (M, ..., My)< inf ka s PM,

t>0,5>0 f=1

N
= inf Z e“(xk_n’)*‘u(.)’k_ﬁ)Mk.
u,veR =

Now consider the equation px + gy = r of the line through P, and P, (see Fig.
2.1).
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Since (a, B) € Int I, it follows that
pa+qB>r and px;+qy=r,
so that p(x; — &) + q(y; — B) <O0. In the same way we see that

P41 — @) + q(y;1 — B) <0.
Hence, given any £ >0, we can choose real numbers u, v such that

U FOBN | gm0 < L

(Take u, v proportional to p, q.) Then, taking all M, for k #j, j + 1 sufficiently
small, we get

2 “(xk—a’)*'v(,vk ﬁ)Mk < 28
1<k=<N
k#j,j+1

Combining the last two inequalities, we finally obtain

Da,ﬂ(er . MN) = E eu(xk-“)+v(y" ﬂ)M = ‘18 + 28 = E.

For later use, we close this section with the following consequence of
Theorem 2.5.

COROLLARY 2.6. Let I1=P, ... Py be a convex polygon, let P, P, be two fixed
adjacent vertices of IlI, and let (a, B) €IntIl. Assume further that A=
{A,, ..., Ay} and B={B,, ..., By} are Banach N-tuples and let (T,,); -, be a
sequence of bounded operators

T.. A—>B form=1,2,....

If suppen{lTalla, s I Tnllay 8} <© and T4, —>0 as m— for all
1<sk<Nwithk#j, j+1, then

N Tnll A py i Bapygx—0 S m—>

and

I T Ilﬁ(aﬁ).q-.rﬁ(a,m.qu—') 0 asm—co

3. Some examples

Let I1 =P, ... Py be again our convex polygon with vertices P.=(x;, y;), and let
(a, B) € Int I1. Consider further a sequence of Banach spaces (F,,,_,,)(,,,',,)Ezz.

For j=1,...,N, we write F) , to mean the space F,, normed by
27574l g, ,» that is,
Fl a=2"""E, = (B, 2757, )

Moreover, if 1<g <o, we denote by l,(F%, ) the vector-valued /, space, that is
to say,

L(F,)= {(x,,,',,): Xpm.n €F, ., and

1/q
e, )i, () = (2 ™™™ Xl )7 ) < °°}-

m,n
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In order to derive the interpolation properties of these spaces, we shall use the
following discrete representation of K- and J-spaces: a € A(, g, 4.« if and only if

1/q
lallaman= 3 @mrokenziay] <o

a € Ao py.q.s if and only if

a= > U, (convergencein =(A))
(m,n)eZ?

with (u,,,) c A(A) and
1/q
"l(um,n)l”(a’,ﬂ),q:.l = [ E (2-”“]_””'](2'") 2n 5 um,n))q] <,
(m,n)eZ?
The discrete norm of the J-space is given by
llall(a.py.q:s = inf |, n)lllca, 87,

where the infimum is taken over all representations (u,, ,,) of a as above.

We remark that although we denote discrete and continuous norms by the
same symbol, in fact they are only equivalent. This will cause no confusion.

THeEOREM 3.1. Let1<gq,, ..., qn, g <. Then
(lqj(Flr.n,n))(a,ﬂ).q;K = (lqi(Fl;n.n))(af,ﬂ).q;J = lq(z—m_BnFm,n)
(with equivalence of norms).

Proof. We start by checking that

(7) (Iw(F{n.n))(a.ﬁ).q;K had lq(z_am_ﬁnFm,n)'
Let (bm,n) € (o(Fhn 2))(a.8y.4:x> and let

(bm,'l) = gl (b’"l,'l)

be any decomposition of (b, ,) with (b, ,) € l.(F, ). We have

min {20756 1p e )
1sj<=N '
N
< >, min {207 e-mypk (e )

k=1 1sjsN
N
< E 2vxk+ll)’k(2_"“"_n‘v" "bfn,n"Fm.n)
k=1
N
< 3 2 O lcrs

Thus

sup | min (20w, i, )| <K@, 25 (b))

(m,n)eZ? L1sj<sN
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Hence

”(bm.n )IIZIm(F{VI.n))(ﬂ'.ﬂ)JI:K
ZTS ek 2 (b))

(m,n)eZ?

A\ 19
2> [2—«mz-ﬁn sup_( min {2<'""””"'*‘”'””'"”mm”ﬁm})]

(m,n)eZ? (v.n)eZ? \1sj=N

= > 2727 |bpallr,,)?

(m,n)eZ?
= “_(bm,n)”74(2'°’"'ﬂ"ﬁn.n)‘
Next we establish that
(8) lq(z—a’m—ﬂnFm'") g (ll(Fl;n,n))(af,ﬁ).q;l~

Given any b=(b,,,)€l,(2"“""*F,,), define u,,=>b,, as the double
sequence having all coordinates equal to zero except for the (m, n)th one which is
b,. .. Then

b= > u,, (convergence in the sum).
(m,n)eZ?
Moreover,
](2'"1 2n 5 um,n) = lr:’axN {2m.x,~+ny; ”um,n”h(F{,,.,.)}
IE]

_- IIBI:EI(V {2mx,<+ny, —mx;=ny; ”bm,n”F,,._,,}

= “bm.n”F,,,_,,'
Therefore

DR A [P AR TN ) L S v |1 A [ PR L
(m,n)eZ? (m,n)eZ?

= ||b||7,,(2-m-ﬂ"r,,,',‘),

and this implies (8).
Now take any 1<gq,, ..., gy =<%. According to (7), (8) and Theorem 1.3, the
following continuous inclusions hold:

L2 P E, ) & ((Fhn ) p.q0
S UN 0 S ) P
hd (lq,(F{n,n))(a.ﬂ),q:K
il (X (9 T
S (27mFE, ).
The proof is complete.
In order to see a concrete example, take all F,, equal to the scalar field (K.

Then [,(F’, ,) is nothing but [,(27™4~™), that is, the scalar sequence space I, with
weight 275" on the (m,n)th coordinate, where (m, n) € Z%, and we obtain
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CoroOLLARY 3.2. Let 1<qg <. Then

(27™7™)) 1. qik = 1g (2777

and

LR prais = (27 7F).

Next we shall show that the interpolation formulae stated in Corollary 3.2
characterize K- and J-interpolation methods in a certain way. For this object, we
need the multidimensional analogues of the two Aronszajn—Gagliardo functors
[1] (cf. [14, 17)).

In what follows, Z = {Z,, ..., Zy} stands for a fixed Banach N-tuple, while Z
denotes a fixed intermediate space for Z, that is,

A(Z) > Z o 3(2).
Given any Banach N-tuple B = {By, ..., By}, let
V= OV(B)= {R: R: B-—)Z, ||R||§'2S 1}

be the collection of all bounded linear operators R from the N-tuple B to Z
having norm

IR||5,z= max {||R|ls,z}
1sj=sN

less than or equal to 1.

If W is any of the spaces Z, Z,, ..., Zy, A(Z), 2(Z), we write [ [W]=
I.(V(B), W) to denote the Banach space formed by all bounded W-valued
families w = {wg} with 7" as indexed set. The norm of [.[W] is given by

[1Wlipw) = sup ||wgrllw-
ReV

For b € £(B), we write
ib = {Rb} gev.

Note that the family ib belongs to I.[Z(Z)].
Now we are ready to introduce the Aronszajn—Gagliardo maximal (‘co-orbit’)
functor. Define

H(B)=H[Z ; Z(B) = {b: beX(B), ib el.[Z]}.

The space H(B) becomes a Banach space when endowed with the natural
induced norm. Moreover, H is an interpolation functor. That is to say, if
T: A— B, then T: H(A)— H(B).

Next we turn to the dual construction: the Aronszajn—Gagliardo minimal
(‘orbit’) functor.

Given any Banach N-tuple A = {A,, ..., Ay}, put

U=UA)={S: §: Z—A, ||Sl|za<1},
and let [ ,[W]=1(U(A), W), the Banach space of all absolutely summable
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families v = {vs} of elements of W indexed by 4. The norm of /,[W] is given by
”U“1,|W|= 2 [lvs||w-
Seu

For z = {z5} € ,[2(Z)), let &z = Lgeq Szs.
We define
G(A)=G[Z ; Z)(A) = {a: ae2(A), Az €l,[Z]), a = nz},
and we endow G(A) with the natural quotient norm (as a quotient of /,[Z]). In
this way, we obtain another interpolation functor:
T: A> B implies T: G(A)— G(B).

Now we are in a position to show the announced relationship between formulae
in Corollary 3.2 and K- and J-functors.

THEOREM 3.3. Let IT=P, ... Py be a convex polygon with vertices P; = (x;, i)
let (a,B)elIntIl and let 1<q<ow. Then for any Banach N-tuple A=
{A,, ..., AN} we have

H[{L(27™57™1)} ;1,27 7P))(A) = A(a,py.q:k0
and
G[{LQ2™™™™)} ;1,27 P))(A) = A(apy.qus

with equality of (discrete) norms.

Proof. The result can be checked by adapting the arguments used in the case
of the classical real method (see [14] and [7]).

4. Lions—Peetre type compactness results

In 1964 Lions and Peetre [15] established compactness theorems for general
functors on Banach couples assuming that one of the couples reduces to a single
Banach space. These theorems turned out to be essential tools in the proofs of all
(classical and modern) compactness results. See, for example, [§, 6, 8, 9] (see
also, however, [3]). In this section we derive multidimensional compactness
results of Lions—Peetre type.

THEOREM 4.1. Let TI1=P, ... Py be a convex polygon with P, = (x,, y.), let
B, Py, be two fixed adjacent vertices of Il, let (a, B) € IntIl and, finally, let
1<gq=<oo. Assume that A= {A,, ..., Ay} is a Banach N-tuple, that B is a Banach
space and that T is a linear operator T: A— B.

If T: A,— Bis compact for all 1<k <N with k+#j,j+1, then

T: A‘(a,ﬁ),q;l(—) B

is also compact.

Proof. Since
A )00k P A prauk 0T 1<go<g; <,

we may assume that g = .
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Let D be any bounded subset of A, g)..x. We are going to show that T(D) is
a precompact subset of B, from which follows the compactness of
T: A(a,ﬂ),w;K_) B.

Put

M =|T||a,sg and C= Sup{“a“(mﬂ),w;K: aeD},

where this time we are using the continuous norm of A, gy «.x given by

”a“(a,ﬂ),“’;K= S“P {t_as_ﬂK(t: s ;a)}'
t>0,5>0

For each t and s, we can decompose any a € D as a = L}_, a; with a, € A, and
llaell Ak<2Ct“_"‘sB_y". Proceeding as in the proof of Theorem 2.5, we see that
given any £ >0, we can choose ¢ and s such that

I Tajl|, < 2CM;t*~5isPYi< g/N
and
1Ta;41lla,,, < 2CM; 1> SimsPrin< g N,
With these ¢ and s fixed, define

N
Dy = {ak €A, Jae D witha= D, a, and ||ac||4, < 2Ct"""s‘3""}.
k=1

Since D, is bounded in A;, we can use the compactness assumption on T to find
finite subsets

{bi vk B, withl<k<N,k+#j,j+1,
satisfying

7)< O {bev+ (b eB: bl <e/N}).

Thus, if a € D, we have

Ta - E bk.vk 2 Tak - 2 bk,vk
1sk=sN B 1<sk<=N 1<k<N B
k#j,j+1 k#j,j+1
<\Tajlls + ITajsills + 2 ||Tax— by, lls
1<k=N
k#f,j+1
<2e/N+ 2 ||Tar—bi s
1<sk<sN
k#f,j+1

Choosing b, ,, for 1<k <N, k#j, j+1, such that
| Ta, — by, lls < /N

now gives

=<e¢&.
B

Ta— 2, by,
I1<k<N
k#j,j+1

This shows the precompactness of T(D).
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By Theorem 1.3, A4 g).4.7> A(a,p).q:x> SO that we also have

COROLLARY 4.2. Under the same assumptions as in Theorem 4.1, the operator

T: A.p)qs—B
is compact.

Our next results refer to the case when the Banach space is the domain of the
operator.

THEOREM 4.3. Let I1=P, ... Py be a convex polygon, let F,, P, be two fixed
adjacent vertices of T, let (a, B)eIntIl and 1<q<w. Assume that B=
{B,, ..., By} is a Banach N-tuple, that A is a Banach space and that T is a linear
operator T: A— B.

If T: A— B, is compact forall 1<k <N with k+#j,j+1, then

T: A—> Bap)qu
is also compact.

Proof. This time we may assume that g = 1 because
Bap).90s 2 Biaprans forl<qosq <.

Note also that there is a constant C > 0 such that, for any b € A(B) and any ¢ >0,
s>0,

) 161l (a,8y,1.0 < Ct~%s~2I(t, s ; b).

This follows easily from the discrete characterization of B, gy 1.,

Let (a,) be any bounded sequence in A. We are going to show that (Ta,) has a
convergent subsequence in B, p) 1.

By the compactness assumption, we can find a subsequence (a,) of (a,) such
that (7a,) converges in B, for all 1<k=<N with k+#j,j+ 1. Let us see that
(Ta,) is a Cauchy sequence in B, g) 1./-

Given any € >0, using the same argument as in the proof of Theorem 2.5, we
can choose ¢ >0 and s >0 such that

max{2CLt"i“’sYi-ﬂ, 2CLti+~ s}'in-ﬂ} <g,
where
L=sup{||Ta,|ls: neN,1<j<N}.
Then, by (9), we get

1Ta, — Ta, | (a.py,1:
<Ct %~ PJ(t,s ; Ta, — Ta,,)

= max| et~ |[Tay. = Tayllg, CH#~ 1P | Tay = Tyl

max {Cr* %" f||Ta, — Taw“s,}]
1<k<N
k#j.j+1

smax{s, max {Ct* %» P ||Ta, — Ta,,,.||,,k}}.
1<k<N
k#j,j+1
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Choosing n' and m’ big enough so that

max {Ctxk—asyk_ﬂ “ Tan‘ - Tam'“Bk} <€
1<k<N
k#j,j+1
now gives that
Ta, — Tap || (a,py,1.0 < &

This shows the compactness of T: A—> B, ) 1.
Combining Theorem 4.3 and Theorem 1.3, we derive

CoROLLARY 4.4. Under the same assumption as in Theorem 4.3, the operator
T: A= B.p)q:x

is also compact.

5. Admissible polygons

Our next aim is to get rid of the assumption that one of the N-tuples reduces to
a single Banach space.

For the case of the classical real method for couples, this was done in [8] using
the description of the real method as an Aronszajn—Gagliardo functor. The key
of this approach is the fact that on the couple (/;, [/,(27)) (and (I, l(277))) we
can consider the operators {P,}5—,, {OQn }n=1 and {Q; }n-, defined by

Pn& = ("" 0) 0; E—n) ey E—l’ EO) El} vy En: O: "'):
Q:E = ("'; 0) 0) §n+1: §n+2; "')y

and

Q;E = (1 E—n—2) E—n—l; 0: 0) ))

for any sequence § = (..., §_,, E_1, &, &1, &2, ...), and these operators satisfy the
following conditions:

(1) they are uniformly bounded and P, maps [, +/,(27) to I, N1,(27/) for
eachn eN;

(II) the identity operator I on (/, /;(27/)) can be decomposed as
I=P,+0r+Q,, forn=1,2,..;
(III) the sequence of norms

{”Q:”I,,ll(Z‘i)}:=1: {”Q;”l.(2‘i),ll}:=l

converges to 0 when n— o,

The characterization of J- and K-spaces in terms of Aronszajn—Gagliardo
functors, given in Theorem 3.3, suggests that in our multidimensional context we
should work with the N-tuples

{L@™™ ™))L (and {I(27™57™)})).

Moreover, in order to be able to use Corollary 2.6, given any v € N we should
construct projections {Q},<j<ny such that a condition of the following type is
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satisfied: given any Q; and any vertex P, of IT with k #j,j+1 (P, P, being
again adjacent vertices) one has (writing L,(i) for [,(27™5~"™))

"Q}Y"Ll(k),L,(j)_)O as v—>x©,
or
”Q;Y”Ll(k),Ll(j+l)_)0 as v—>x,

Assuming that each projection Q; is defined in the more natural way, that is,
making all coordinates of & equal to 0 except for those £, , when (m, n) belongs
to a certain subset R} of R?, we are led to the following question:

(T) Is it true that for each veN there is a covering {R}},<j<y Of a
neighbourhood of the point ® in R? such that, given any 1<j<N and any
1=k=<N with k#},j+ 1, then one of the following conditions holds:

(1°) ((m, n), P, — P) < —v for any (m, n) e R}, or
(2°) {(m, n), P, — P,,) <—v for any (m, n) e R}?

Let us check that the answer to (T) is ‘yes’ in some important cases.
ExampLe 5.1. If IT is the simplex with vertices P,=(0,0), P,=(1,0), P, =
(0, 1), then given any v € N we write
Ri={(u,w)eR* ws—-v}, Ry={(u,w)eR* u=v}

and
Ry={(u,w)eR*: u—w=<-v}.

Then, given any j =1, 2, 3 and taking k =j — 1, we have
((u, w), ., — Py <—v forany (u, w)€R}.

Moreover, {R/},<j<3 is a covering of the point « as the picture in Fig. 5.1 shows.

RS \%R;\\

y %

FiG. 5.1
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ExampLE 5.2. Now let IT be the unit square with vertices P, =(0,0),
P,=(1,0), =(1,1), P,=(0,1). Given any v e N we put

RY={(u,w)eR*: ws<-v}, Ry={(u,w)eR%: u=v},
Ri={(u,w)eR%: w=v}, Ri={(u,w)eR%: u<-v}.

Then it is not hard to check that for any two vertices F;, P, with k#j, j + 1, one

has (1°) or (2°). Again {R}},<;<s is a covering of « as the picture in Fig. 5.2
indicates.

/ :0::000
&K
g RRRRKEK
% 3 LREKKAK
1 j ROKLRL
7 RRRRLRS
Ry v
0 v.
A
RY
FiG. 5.2

Next we show that the answer to (T) is also ‘yes’ for a wide class of polygons.
In what follows, IT= P, ... Py denotes a convex polygon in the affine plane R?,
with vertices {P}/,. For j> N or j <1, we put

P,=P, ifj=j,(modN), 1<j,<N.

DEerINITION 5.3. The convex polygon IT is said to be admissible if for each edge
BF, (j=1,...,,N) there is another P.P,, satisfying the following two
conditions:

(a) the extension of the segment PP.., in the direction of P, meets the

extension of P, F,,, in the direction of P ,; and

(b) the extension of the segment PP, in the direction of P, meets the
extension of P,_, P, in the direction of F;.

See Fig. 5.3.

ExampLE 5.4. If IT is a regular polygon with at least five edges, then it is clear
that IT is admissible.
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Pk+l Pk

P

F1G. 5.3

For admissible polygons, (T) has also a positive answer as the next theorem
shows.

THeOREM 5.5. Let I1 be an admissible polygon. Then for each v €N there is a
covering {R}'}1<j<n of a neighbourhood of the point = in R?2, formed by closed sets
such that given any vertices P, P, eIl with k+j,j+ 1, then one of the two
following conditions holds:

(1°) {(w, w), P.— P,) < —v for any (u, w)e R}, or

(2°) ((u, w), P — Ps,) < —v for any (u, w) e R].

Proof. Given v e NN, put
R} ={(u, w): {(u,w), P_,—F)=<-cv}
N {(u) W): ((u’ W), I)j+2— })}'+l) = —C'V},

where c is a sufficiently large positive constant that will be fixed later.

Since IT is admissible, given PP, there is another edge PP, satisfying

Conditions (a) and (b). We may assume that, for example, k>j. Now let
1<h=<N with h#j, j+1. Then if j + 1 <h <k, the vector P, — P,,, belongs to

Prss P,
Pi—l I:;+2
F; P,

FiG. 5.4
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the positive cone generated by P,_, — P, and P,,, — P, while if h =k + 1, then it
is the vector P, — P which belongs to such a cone. See Fig. 5.4.
Hence there are non-negative real numbers a, =a,; and B,=p,,; with

a, + B, >0 and
Po—Pii=ay(P_,— P)+ Bu(Pi2— Fy) ifh<k
or

P,—P=0,(P_,— P)+Bu(Ps2—P,,) ifh=k+1
Let
1

c=—
mln,,,i (a',,_j + ﬁh,}) .

Then we have if, for example, h <j and (1, w) € R},

((ur W), Ph - B) = ah((u’ w): Pj—l —P1> + ﬂh((u» W), Pj+2_ Pj+1>

< —qcv— Bevs v

It remains to check that {R}},<;<n is a covering of the point ©. Let R} and R},
be any two adjacent sets. Let y be the angle between the edges P.P., and
PP . Since R} has an edge which is orthogonal to P..,P,,, and R},, another
one orthogonal to F,P,,, it follows that the angle between such edges is also y
(see Fig. 5.5).

3

Py

~

q

N\
1
J
|

|

\Y 6:‘?";

FiG. 5.5
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Therefore the intersection between R and R}, is not empty. This completes the
proof.

ExampLE 5.6. In the case of a regular hexagon or a regular octagon we have
drawn the boundary of the neighbourhood of « in question with the help of the
computer program Mathematica using the general construction in Theorem 5.5.
The results are shown in Figs 5.6 and 5.7.

1-5

1-0

0-5

1-0 20

FiG. 5.6 FiG. 5.7

Let §” be the bounded subset of R* which we should add to the sets {R Thejen
in Theorem 5.5 to obtain a covering of the whole of R?,

N
S*=R*\U R;.
j=1
Also, put

Ki=R{ and K/=R/\UK}, for2s<j<N.
i<j

Then, for each veN, {S*, K}, ..., KX} is a partition of R?.
Next, given any v € N and any sequence & = (&, ,), we define
Emn if(m,n)eS”,

FYE = (u, here ,,,,,={ ’ ]

§=(ma) W Hm. 0 otherwise,
and, forj=1,..,, N,

mn if(m,n)eK?,
018 = (pmn) where p,,, = {11 €K

0 otherwise.

It follows from Theorem 5.5 and the previous discussion that the sequences of
operators {F"}, .y and {Q}},<j<n,ven satisfy the desired conditions (the multi-
dimensional analogues of (I), (II) and (III)). Let us state them with precision.

Tueorem 5.7. Let II=P,... Py be the simplex, the unit square, or any
admissible polygon, let {F"},.n and {Q}},<j<nven be the sequences defined
above, and consider the Banach N-tuple I, = (L@}, where P, =(x;, y;),
1=<j<N. Then these sequences of operators have the following properties on I,.
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(i) They are uniformly bounded in I,,
sup{llF"ll7, i, 1Q/ llz,i; 1<j<N,veN}<e

and F* maps 2(I,) to AQ,) for each v eN.
(ii) The identity operator I on I, can be decomposed as

N
I=F”+2 Q;, forv=12,....
j=1

J

(i) Let1<j<Nandlet 1<k <N with k #j, j + 1. Then one has either

(@) for any veN, QF maps 1,(27™*~"™*) to 1,(27™~™) and the sequence of
norms {[1Q; | ,ky. L.y} v=1, Where Li(i) =1,(27™~™), converges to 0 when
v—>; or

(b) for any veN, Q) maps I;(2~™*"™) to I,(2~™+1=™*') and the sequence of
norms {{|Q] || L.y, L.i+1)} v=1 converges to 0 when v— .

Conditions (i), (ii), (iii) remain true if we replace the N-tuple I, by I.=
(L2

6. General compactness results

In this final section we prove the compactness results for general N-tuples
without any approximation condition on them. We shall follow the approach
developed in [8]. We start with the J-method.

THEOREM 6.1. Let I1=P, ... Py be the simplex, the unit square, or any
admissible polygon, let (a, B)eIntIl and 1<gq=<ow. Assume that A=
{A,, ..., Ay} and B={B,, ..., By} are Banach N-tuples, and that T: A—>Bisa
linear operator such that, for any 1<j<N, T: A;— B; is compact. Then

T: A(a'.ﬂ).qal_) B(a.ﬁ).q;l

is also compact.
Proof. By Theorem 3.3 we have

G(A) = G[{l (™™™} ; lq(z-am_ﬁ")](/i) = A pyas
and
G(B) = G[{,(2=™~")} ; lq(2_"'"—ﬂ")](§) = E(a_ﬂ)_q;_,.

Here (x;, y;) are the coordinates of the vertex P, for each 1<j<N.

According to Theorem 5.7, there exist sequences of projections {F"},.y and
{Q7}1<j<n,ven ON the N-tuple {/,(27™~™)}Y, satisfying Conditions (i), (ii) and
(iii). These operators can be extended in a natural way to the N-tuple
I, = {L,[l,(2=™~™)]} (in the notation of § 3) by defining the image of a summable
family (&) as the family (Q;&s) formed by the images of its elements. The new
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maps (denoted by the same letters) still preserve Properties (i), (ii) and (iii), as
can easily be checked.
Let & be the operator introduced in the definition of the functor G. Then

clearly _ )
T: A pyq;0—> B(a,p)q,s 1S compact

if and only if
T=Tr: L[l,2~*""P")]-> G(B) is compact.

In order to show the compactness of T consider the following diagram of
bounded operators (again we write L,(j) for /,(27"~")):

LIL,(1)] —= B,

e

60 (YL LI 5

\ ...............

T
L[Ly(N)]— By
The assumption on T and Theorem 4.3 imply that the sequence (TF": G(I,)—
G(B)) is formed by compact operators. we claim that
T: G()=G({L[L,2™™~™)]}))— G(B)
is the limit of a subsequence (TF"") of (TF").
In fact,
o~ — N —
IT = TF||ggy.c@) 21 1TQ; |6y, c5)
!=
and so to prove our claim, we must show that there is a subsequence (v') such
that, for each 1 <j <N, one has
(10) I TQ;"'G(T.),G(E)_’ 0 asv >,
Fix 1<j=<N and choose any k such that 1<k <N and k #j, j + 1. It follows
from the fact that

S‘ip {NTO NlLacron, e} <,

that there are a subsequence (TQ,Y‘) of (TQ)) and a bounded sequence
(&) = Li[1,(27™*=™%)] such that the sequences

(||TQ,'V'||1.[1.,(k)],Bk) and (“TQ}"Ev.”Bk)

both converge to the same number, say A.
Since (Q;',,) is a bounded sequence in /;[/,(27™*~"™*)], the compactness of

T: [[l,(2~™"™")]— B,

implies, by passing to another subsequence if necessary, that (TQ}'ZEVZ) converges
to some element, say b, in By. Thus ||b||5, = A. _

By Condition (iii), we derive that (TQ;*5,)) converges to 0 in £(B). Whence
A=0.
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Consequently, we can find a subsequence (TQ}") of (TQ;) such that
“TQ}'IHI,[LI(/()],B,‘—) 0 asv'—>»

for any 1<k<N, k+#j,j+1. Applying Corollary 2.6, we see that such a
subsequence satisfies

”TQ/Y'“G(T,),G(E)_’O as v' —> o,

and this proves (10).
So far, we have established that

T: G{L[LE ™ ™))~ G(B)
is compact. To complete the proof, we have only to realize that
L[l o GUL[LERT™ ™).

This embedding can be verified by applying the same argument as in [8, Lemma
2.1).

Combining Theorem 6.1 and Theorem 1.3, we get

COROLLARY 6.2. Under the same assumption as in Theorem 6.1, the operator

T: A@.p).q:0™ Baprax
is also compact.

In what follows, we will deal with the K-method exclusively.

Given any Banach N-tuple A={A,, ..., Ay}, we denote by A°= (A}, ..., A%}
the Banach N-tuple formed by the closures of AN A, in 4;, for 1<j<N.

In the case of the classical real method, it follows easily, from the equivalence
between the J- and K-methods, that

(AO, Al)B,q = (Ag, A(l))ﬂ,q'
In our multidimensional context, such equivalence fails, so it is not clear that

n — A0
A(a.p).a:k = Al p).q:k

holds in general. In fact, this is not the case. Consider the ‘diagonally equal’
4-tuple A = {I, I, L., I}. Clearly A°={l,, co, co, I,}. But applying the Fernan-
dez K-method (Example 1.2) with a=8=3% and qg==, one has (see [10,
Example 1.25])

A — A0
A(%,%),oo;!( = lm #* Co = A(%_%),M;K.

We end the paper by describing the behaviour of compact operators under the
multidimensional K-method. We again use the notation introduced in § 3.

THEOREM 6.3. Let I1=P, ... Py be the simplex, the unit square, or any
admissible polygon, let (a,B)elntIl and 1<g<». Assume that A=
{Ay, ..., Ay} and B={B,, ..., By} are Banach N-tuples, and that T: A— B is a
linear operator such that, for any 1<j=<N,

T: A;— B; is compact.
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Then
. 20 2]
T: A(a.ﬂ).q:K_) B(u,ﬁ),q;K

is also compact.

Proof. First of all, note that, for any 1<j<N,
T: A)—> B

is still compact.
According to Theorem 3.3, we have this time

H(A%) = H[{l.(27™™)} ; [,2™*" P)(A°) = Al 5y,q:x
and
H(B®) = H[{l.(2™™™)} ; 1,27 "#")](B°) = Bl p),¢:x-

Let {F"},en and {Q]}1<j<n,ven be the sequences of operators on the N-tuple
{l.(2~™~™)}!_, given by Theorem 5.7. Extend them in the natural way to the
N-tuple .= {L[l.(27™"™)]}/L,, and observe that Properties (i), (ii), (iii)
still hold.

Put T =iT. We have that

. T: A?a.ﬂ),q;l(_') B(()a,ﬁ),q;K is Compact
if and only if
T=iT: G(A®)— L.[l,(2=*"P™)] is compact.

With the aim of showing that T is compact, and letting L.(j) = L.(2-™~™),
consider the diagram

A

AT L[L.(1)] \
o T , N ~ F
A= LLG))— 3 LiL) o B

A?vj—’ = Lo(N)] /

Applying Theorem 4.1, we get that, for any veN,
F'T: H(A®)—> H(l,) is compact.
Next we show that the sequence (F*T") converges to
T: HA%— H(l.).
Since

N
“T - FVT"H(A"),H(L) = E NQ; T | a0y, tiys
i=1

it suffices to see that each term to the right goes to 0 as v— .
Take any 1<j<N and let 1<k<N with k+#j, j+ 1. Since T: A2— BY is
compact, given any £>0, we can find a finite subset {a,, ..., a,} = A(A°) with
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llallae<1, 1<r=<p, and such that for any a € A} with |lall9<1, we have

min ||Ta — Ta,||5 < £/2C,

1=<r=<p

where C is the constant of Condition (i). Hence, given any a € A} with ||a|| asl,
we obtain

iTallge.an<NQ;(Ta = Ta)|lrir.on + 197 Ta, || roen
10 Tal| <||Q;(Ta - Ta,)|| +1Q; Ta, ||
<36+ 107 N itroion itiaii I Ta, |l gracip

and the last term can also be made smaller than ¢ by taking v sufficiently large
(Condition (iii)).
Then

||Q}'T||A2,1.,[L,(k)]—) 0 asv—oo
for all 1<k <N with k #j, j + 1, and consequently, by Corollary 2.6,
”QjVT“H(AO),H(i,)* 0 asv—oo,
Thus
T: H(A%— H(l.) is compact.
A reasoning similar to the one in [8, Lemma 3.1] now gives that
H(l) = L[l Fm)].
Whence
. H(AY) - L, #")
is also compact. This completes the proof.
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