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Abstract

This paper investigates the problem of estimating the support of structured signals
via adaptive compressive sensing. We examine several classes of structured support
sets, and characterize the fundamental limits of accurately estimating such sets through
compressive measurements, while simultaneously providing adaptive support recovery
protocols that perform near optimally for these classes. We show that by adaptively
designing the sensing matrix we can attain significant performance gains over non-
adaptive protocols. These gains arise from the fact that adaptive sensing can: (i)
better mitigate the effects of noise, and (ii) better capitalize on the structure of the
support sets.

1 Introduction

Compressive sensing provides an efficient way to estimate signals that have a sparse repre-
sentation in some basis or frame [11], [I4], [I0], [12], [21]. If the measurements can be chosen
adaptively it is possible to achieve performance gains in the sense that weaker signals can
be estimated more accurately than in the non-adaptive setting [13],[I6]. Furthermore, in
some situations the signal of interest may have additional structure that can be exploited.
For instance, in gene expression studies the signals of interest are supported on a submatrix
of the gene-expression matrix, and are not arbitrary sparse signals. In network monitor-
ing anomalous behavior may “radiate” from infected nodes creating star-shaped patterns
in the network graph. The natural question that arises is if further performance gains
can be realized using this structural information when estimating signals using compres-
sive measurements? Furthermore, can adaptively and sequentially designing the sensing
actions provide further performance gains over non-adaptive schemes? The answer to both
questions is essentially affirmative, and this work quantifies such gains in a general way.
Related work. The current work is built on a number of recent contributions on detec-
tion and estimation of sparse signals using compressive sensing. Considering general sparse
signals without structure [9] and [I3] provide theoretical performance limits of adaptive
compressive sensing, whereas [15], [I7] and [16] provide efficient near optimal procedures
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for estimation. Considering the problem of detection [5] provides both theoretical limits
and optimal procedures both in the non-adaptive and adaptive sensing settings.

The problem of estimating structured sparse signals was examined in the past in sev-
eral different settings. In the normal means model [4], [I] and [8] consider estimating
various structured signals in the non-adaptive framework. In [19] the authors examine
the same problem when measurements are collected adaptively. Similar problems have
been investigated in the compressive sensing setting as well. In [7] and [I8] the authors
consider recovering tree-structured signals, whereas [0] investigates the problem of finding
block-structured activations in a signal matrix considering both non-adaptive and adaptive
measurements.

Contributions. In this work we further investigate the problem of recovering the
support of structured sparse signals using adaptive compressive measurements. Our focus
is on the performance gains one can achieve when adaptively designing the sensing matrix
compared to the situation where the sensing matrix is constructed non-adaptively. The
classes of structured support sets under consideration in this paper are

e s-sets: any subset of {1,...,n} with size s
e s-intervals: sets consisting of s consecutive elements of {1,...,n}
e unions of s-intervals: unions of £ disjoint s-intervals

e s-stars: any star of size s in a complete graph (where the edges of the graph are
identified with {1,...,n})

e unions of s-stars: unions of k£ disjoint s-stars
e s-submatrices: any submatrix of a given size s, X s. of an n, X n. matrix

We analyze the fundamental limits of recovering support sets of the above classes under
non-adaptive and adaptive sensing paradigms. This is done by showing both upper and
lower performance bounds. Furthermore, we provide adaptive sensing protocols with near
optimal performance to show the tightness of the lower bounds, and to illustrate how
adaptive compressed sensing can capitalize on the structure of the support sets in the
estimation. Finally, we provide procedures that next to being near optimal also perform
estimation using only a small number of measurements and are thus feasible from a practical
point of view.

Table [l summarizes our results, showing necessary and sufficient conditions for the sig-
nal magnitude at which accurate support estimation is possible in the various scenarios.
It also highlights two different facets of the gains of adaptive sensing over non-adaptive
sensing. First, note that the necessary conditions of non-adaptive sensing include a /logn
factor for each of the classes under consideration. This factor is replaced by the logarithm
of the sparsity when considering adaptive sensing, and this is due to the fact that adap-
tive strategies are better able to mitigate the effects of noise. Second, for certain classes
adaptive sensing can gain greater leverage from the structure of the support sets compared
to non-adaptive sensing. This phenomenon is best visible considering the class of s-stars,
where estimators using non-adaptive sensing gain practically nothing from the structural
information whereas adaptive sensing benefits greatly from it. Note that the necessary and



Table 1: Summary of scaling laws for the signal magnitude.

Non-Adaptive Sensing

Adaptive Sensing

(necessary) (necessary) | (sufficient)
s-sets e~ /= logn o~ /- logs o~ /- logs

unions of k£ disjoint s-intervals

o~ %,/%logks

o~ %,/%logks

N\/m gk:.s 'U‘N%\/ :LlngS HN%V:LIngS
uw%\/%logs e~/ s=logs

unions of k£ disjoint s-stars
/s X /s submatrices of
an \/m X /n matrix o~

f’m

Scaling laws for the signal magnitude p (constants omitted) which are necessary/sufficient for
maxsec E(SAS) — 0 as n — oo, where C denotes the corresponding class of support sets. All the results
assume sparsity, for exact conditions see relevant propositions of Section 31

sufficient conditions for the class of submatrices using adaptive sensing do not match, and
a full characterization of the problem in that case remains open. We also remark at this
point that the results derived in this paper are non-asymptotic in nature and also account
for the constant factors in the scaling laws. The asymptotic presentation in Table [l merely
makes it easier to highlight the main contributions of the work.

The paper is structured as follows. Section [ describes the problem setting in detail.
In Section [B] we provide adaptive sensing procedures for structured support recovery and
analyze the theoretical limits of the problem, both under non-adaptive and adaptive sensing
paradigms. In this section we only make a restriction to the sensing power available, but
not on the number of projective measurements we are allowed to make. In Section Ml we
further restrict the number of measurements. Finally we provide some concluding remarks
in Section [l

2 Problem Setting

In this work we consider the following statistical model. Let @ = (x1,...,2,) € R" be a
,ifie S

vector of the form
o 1%
w’_{o Jifig S (1)

where p > 0 and S is an unknown element of a class of sets denoted by C. We refer to « as
the signal and to S as the support or significant/active components of the signal. The set
S is our main object of interest. The signal model (l) may seem overly restrictive at first
because of the fact that each non-zero entry has the same value u. However, our results
can be generalized to signals with active components of arbitrary magnitudes and signs, in
which case the value p would play the role of the minimal absolute value of the non-zero
components. For sake of simplicity we do not discuss this extension here, but refer the
reader to [1], [5], [16] for details on how this can be done.



We are allowed to collect multiple measurements of the form
Y]-:<Aj,w>+Wj,j:1,2,... s (2)

where j indexes the jth measurement. Thus each measurement is the inner product of
the signal  with the vector A; € R", contaminated by Gaussian noise. The noise terms
W; ~ N(0,1) are independent and identically distributed (i.i.d.) standard normal random
variables, also independent of {Ai}gzl. Under the adaptive sensing paradigm A; are allowed
to be functions of the past observations {Y;, Al}z;ll . This model is only interesting if one
poses some constraint on the total amount of sensing energy available. Let A denote the
matrix whose jth row is A;. We require

zlélgEs(HAll%) = Es | D 47| <m, (3)
J

where || - || denotes the Frobenius norm, m is our total energy budget, and Eg denotes
the expectation with respect to the joint distribution of {A;,Y;};—12, .. when S € C is the
support set.

2.1 Inference Goals

This work aims at characterizing the difficulty of recovering structured sparse signal sup-
ports with adaptive compressive sensing. We are interested in settings where the class
C contains sets with some sort of structure, for instance the active components of « are
consecutive. For the unstructured case, that is, when C contains every set of a given cardi-
nality, there already exists a lower bound in [I3], and a procedure that achieves this lower
bound in [I6]. The main goal of this work is to provide results for the problem of recovering
structured sparse sets.

We are interested in two aspects of adaptive compressive sensing. First, given n, m, ¢
and C the aim is to characterize the minimal signal strength p for which S can be reliably
estimated, namely, to ensure that for a given € > 0,

maxEg(|SAS|) < e | (4)
SeC

where SAS is the symmetric set difference. Furthermore, we aim to construct an adaptive
sensing strategy which produces an estimate S of the unknown support set S that is able to
achieve above lower bounds. Although the setting above makes sense whenever ¢ € [0, S]],
the problem is only interesting when ¢ is small. Hence we will take ¢ as an element of [0, 1].
Second, given n, m, u, € and C we wish to characterize the minimal number of samples
needed to ensure (). Considering the unstructured case, we know that non-adaptive pro-
cedures need at least O(slog %) measurements [2] and that this bound is achievable [12]
(these results apply when the signal strength p is close to the threshold of estimability).
On the other hand, to the best knowledge of the authors, an exact characterization of the
sample complexity for adaptive procedures is not yet available, though there has been work
done on the topic [3]. In that work the authors present a result that states the sample



complexity of the problem scales essentially as s. However, it is not clear if that bound it
tight, as there are no procedures able to attain that lower bound. In Section Bl we provide
a bit more insight on this question.

In what follows we use the notation 1 to denote both the usual indicator function (e.g.,
1{i € S} takes the value 1 if ¢ € S and zero otherwise), and to denote binary vectors
with support S. For instance 1g denotes an element of {0,1}" for which the entries in S
have value 1 and all the other entries have value 0. Furthermore, let Pg denote the joint
distribution of {A;,Y;}12, . when S € C is the support set, and Eg denote the expectation
with respect to Pg.

3 Signal strength

We now examine the minimal signal strength required to reliably recover structured support
sets. In this setup we are allowed to make potentially infinite amount of measurements of
the form (2)). This might not be feasible from a practical standpoint, however, it serves as
a good starting point to understand the limitations of adaptive compressive sensing.

3.1 Procedures

It is instructive to briefly consider a simple support recovery algorithm for the unstructured
case. When the support set can be any set of a given cardinality and there is no restriction
on the number of samples we are allowed to take the situation becomes similar to that of
[19], where the authors consider coordinate-wise observations. A simple procedure in this
case is to perform a Sequential Likelihood Ratio Test (SLRT) for each coordinate separately.
More precisely for every coordinate ¢ = 1,...,n collect observations of the form

Yij=ax;, +W; :<a1{i},:1:>+Wj Jg=1...,N;,

with some fixed a > 0, where we recall that 1, is a singleton vector. The number of
observations N; is random and is given by

n
, . dP, (Yj)
N; =min{n e N: ;logm ¢ (Lu},
where Py (IP1) is the distribution of the observations when component i is non-active (active),
z}\nd [ < 0 < u are the lower and upper stopping boundaries of the SLRT. Then our estimator
S will be the collection of components ¢ for which the log-likelihood process above hits the

upper stopping boundary u. Considering the test of component x; we have the following.

Lemma 1. Set [ = log % and u = log %, and let the type I and type II error proba-
bilities of the SLRT described above be oy and B,. Then o, — o and B, — B as a — 0.
Furthermore

2 o l—« 2 1
2
a“Eg(N;) < — | alo +(1—a)lo —>§—lo—



and
a’E(N;) <

2 1-— 2 1
—<ﬁlogi+(l—ﬂ)log ﬂ><—1g—

12 ! !

as a — 0.

Proof. The proof goes the same way as that of Proposition 1 in [19]. O

Using the previous result we can immediately analyze the procedure above. Set a =
£/2n and 8 = €/2s in the proposition above, and choose a to be small. Hence o, and S,
will be close to the nominal error probabilities & and 8 and we ensure (). Then using
the other part of Lemma [0l we can upper bound the expected energy used by the tests.
Summing this over all the tests and using (B]) we arrive at the following.

Proposition 1. Testing each component x;, i = 1,...,n as described above yields an
estimator satisfying B)) and @) whenever

2n 2s 2n
w >/ —log ——I——l
m e

When the support is sparse, the first term dominates the bound above. This coincides
with the lower bound of [I3] showing that the simple procedure above is near optimal.

Remark 1. Note that the lower bound presented in [13] is valid for a slightly broader class
than the s-sets, namely one also has to include (s — 1) — sets into the class. However, the
procedure outlined above works without any modifications for this broadened class as well,
and so the result of Proposition [l holds for this larger class. A similar comment applies
to all the procedures presented later on: the procedures are presented for classes of a given
sparsity for sake of clarity, but the analysis shows that they also work for classes containing
sets of slightly different sparsity. This is important to note as because of technical reasons
the lower bounds of Section[3.2 can only deal with such classes.

The procedures for recovering structured support sets will be very similar in nature, but
slightly modified to take advantage of the structural information. In particular we know
from [5] that it is possible to detect the presence of weak signals using compressive sensing.
In order to take advantage of this property our procedures consist of two phases: a search
phase and a refinement phase. The aim of the search phase is to find the approximate
location of the signal using a detection type method, namely by identifying a subset of
components P C {1,...,n} which is small, on one hand, but contains the true support
with high probability. More precisely |P| < n and S C P with high probability. Once this
is done we can focus our attention exclusively on P in the refinement phase and estimate
the support in the same manner as in the unstructured case.

3.1.1 TUnions of s-intervals

Consider the class of sets that are unions of k£ disjoint intervals of length s. Formally,

k
c={Sc{l....n}: S=JSi, Si={li,....li+s—1}, ;NS =0Vi#j} .



Our procedure for estimating S is as follows. Split the index set {1,...,n} into con-
secutive bins of length s/2 denoted by P(l), e ,P(2”/ ). We suppose 2n is divisible by s,
as it makes the presentation less cluttered. The procedure can be easily modified in case
the previous condition is not met. Of these bins at least k& (and at most 2k) are contained
entirely in S. In the search phase we aim to find the approximate location of the support
by finding & such bins. To do this we test the following hypotheses

Hoi) . PONS =0 versus H}i) . PYcg i=1,...,2n/s .

We use a SLRT to decide between Hél) and Hfl) for each ¢ = 1,...,n, all with the same
type I and type II error probabilities o and 5. The choices of o and 5 and the exact way of
carrying out the tests will be described later. As an output of the search phase, we define
the set P based on the tests above. Since some P may only partially intersect the support
S we set P to be the union of those bins P® for which either H £i_1), H fi) or H le) was
accepted. This way we ensure Pg(S ¢ P) < 2kf3. We also wish to ensure that P is small,
and to do so we must to choose a appropriately. Once this is done we can move on to the
search phase and find the support within P. We can do this in a very crude way and use
a similar procedure as in the unstructured case with type I and II error probabilities o/, 3.
The sensing energy used in this phase will be negligible due to P being small. Finally the
estimator S will be the collection of components that were deemed active at the end of the
refinement phase. Note that the procedure above might be improved in several ways, for
instance, by using a more sophisticated method in the refinement phase. Nevertheless, for
sake of simplicity we consider the procedure outlined above.
We now choose «, 3,, 8’ to ensure the estimator satisfies [@]). We write

o (\§Asy> < Eg <\§AS\ S ¢ P> Ps(S ¢ P)+Eg (]§AS! Exs P)

§E5<|S\PI+ dYood+ Y8

i€P: i¢S ieP: ieS

S¢ P) 2%

+na’ + ksp’ .

Hence choosing o/ = ¢/4n, 8’ = ¢/4ks and 3 = ¢/8k*s? ensures (). Note that o does not
influence the probability of error. However, it will influence the size of P, and hence the
total sensing energy required by the procedure. Note also that the choices above are very
conservative and can be improved. Nonetheless these simple choices lead to near optimal
performance.

To perform the ith test of the search phase we collect measurements using projection
vectors of the form al ) with some a > 0 and perform a SLRT with stopping boundaries

I <0 < u. Let Eg and E; denote the expectation when Héi) or Hy) is true respectively.
Similarly to the unstructured case we now have the following.

Lemma 2. Set | = log % and u = log %, and let the type I and type II error proba-
bilities of the SLRT described above be o, and B,. Then ag, — « and B, — 5 as a — 0.
Furthermore

2B (N)) < — 2 g l-a 2 1
a”Eg(N;) < (s/2)21:2 <O‘10g1_5 +(1-a)log 3 > = (s/2)21:2 logﬁ



and
2 1

log —
5/2)2 2 €5

2 2 g 1-p
aEl(Ni)SW<ﬁlogm+(l_ﬂ)10g o )S(

as a — 0.

Using this we can upper bound the amount of sensing energy used for the test of P
under H @ and H; @ However, now it is possible that neither H @ nor H; @ is true for a
given b1n PO, Con51der1ng a test where neither of them is true we can stlll carry out the
the same calculations as in Lemma [I] and thus upper bound the expected sensing energy
used for the test.

Lemma 3. Setl = log% and u = log %, and let s denote the true number of signal

components in 2108 Suppose that in the setting above neither Ho(i) nor Hfi) is true, that is
0 <5< s/2. Furthermore suppose s # s/4. Then as a — 0 we have

l—a 1-7

2 2
2
E:(N) < —1 — s < —log ————
TEN) < o Ogma"{ 5 a }—s;ﬁ % min{a, 5}

where Bz denotes the expectation when the number of signal components in PO 53
Proof. Fix i € {1,...,n}. The log-likelihood ratio for an observation Y is again

o dP(Y)  aspY a’s?
TR (Y) T 2 8

Suppose first that s/4 < § < s/2. Note that now the drift of the log-likelihood ratio
2.2,,2

process is positive. Now z; ~ N ((5— 7)== ,%). From normality we still have

E(z1]z1 > 0) > E(21 — ¢|z1 > ¢), Ve > 0. Combining this with Wald’s identity we get
E(N)E(Zl) = E(ZN) <u-+ E(Z1|Zl > 0) .
Denoting £ ~ N(0,1) we also have

E(Zl|21 2 0) § ZE(le{Zl 2 0})

2 2
s, a’sp
< (52
<G-7—

- s.ap >
< — )L 4+1) .
as,u((s 4)2

asjs

+2E (“Fer{e > ~(5 - Du})

Hence in the limit a — 0 we get

a2E(N)§ilo 1_5_ 2 !

sp2 « sp? T a

We can treat the case 0 < § < s/4 in a similar fashion. O



Remark 2. When s = s/4 the argument of the proof breaks down, because of ties when s
18 divisible by 4. However this is only a technical issue that can be simply circumvented by
choosing the bins to be of size s/2 — 1, for instance.

Hence, given o and 8 we can upper bound the total expected sensing energy used in
the search phase. By Lemma [Il we can upper bound the expected sensing energy in the
refinement phase given o, 8’ and | P].

Now we are ready upper bound the expected sensing energy used by the procedure.
Note that we have

3s
Es(|Pl) < ks + 7 Z .
i P(l)gs
Thus choosing « = £/6n we have Eg(|P|) < 3ks + /2 < 4ks. Note that this could again
be improved, but this choice will ease the following discussion.

By denoting the part of the sensing matrix A corresponding to the search and refinement
phases by Agcaren and A,cfinement respectively, we have

ES(HAHF) < ES(HAsearchHF) +Eg (ES(HAT’efinementHF‘|P|))

16n 2ks 4k on 2k 6n
< log — + —5 log — + — log —

522 € e u? 5

16ks in

When |S| < n the first term dominates the bound above. Using this and combining
the above with ([B]) we arrive at the following.

Proposition 2. Consider the class of k disjoint s-intervals and suppose bg% > ks3. Then
the above estimator satisfies [Bl) and @) whenever

64n 2ks
log — .

pz s2m €

Remark 3. Note that in the entire analysis we made crude choices for the error probabilities
and upper bounds to make the discussion and the formulas as smooth as possible. This
results in the constants in the above expression to be much larger than necessary. Howewver,
our main interest is the scaling of the bounds in terms of the parameters k,s,n,m and €.
The constants can be improved by performing the same analysis with a little more attention
to detail. This remark also applies for all the procedures considered later on.

Remark 4. The condition on the sparsity in the proposition is needed to ensure that the
term corresponding to the search phase in () becomes dominant. By performing the refine-
ment phase in a more sophisticated way one can relax that condition. For instance using
k binary searches to find the left endpoint of the intervals the sparsity condition becomes

n_ > ks?logs. We expect this to be essentially the best condition one can hope for, as

log 6n
the lower bounds of Section[32 show that the first term in (B) is unavoidable.

The bound of Proposition 2 matches the lower bound in Section B2l hence in this
sparsity regime the procedure above is optimal apart from constants.



3.1.2 TUnions of s-stars

Let the components of & be in one-to-one correspondence to edges of a complete graph
G = (V,E). Let e; € E denote the edge corresponding to component x;, and for a vertex
v € V and edge e € E let v € e denote that e is incident with v. We call a support set
S c{l,...,n} an s-star if |S| =sand Jv € V: Vi€ S: v € e;. Let C be the class of
unions of k disjoint s-stars. In what follows we use the notation |V| = p.

The procedure for support estimation is very similar to that presented for s-intervals.
We introduce the procedure when k = 1, but the idea can be carried through for larger k.
Consider the subsets P, i =1,...,p, defined as follows:

P(Z):{jEE viEe]—},

that is P contains all the components whose corresponding edges lie on the vertex v;.
These subsets are not a partition of {1,...,n} as they are not disjoint. Nonetheless we
know that

PO NS e{0,1,s} Vi=1,...,p.

We can use this to find the approximate location of S. Thus in the search phase we test
the hypotheses

Ho(i): IPONS| =1 Versus Hf): IPONS|=s i=1,...,p.

In words we test whether vertex v; is the center of the star or not for 7« = 1,...,p. Note
that when vertex v; is not the center of the star we have [P N S| € {0,1}. By specifying

Ho(i) as above we ensure that if [P N S| = 0 both the probability of error and the expected
number of steps of the SLRT will be smaller than if |P(i) N S| =1, due to the monotonicity
of the likelihood ratio.

Again we use independent SLRTs for the tests with common type I and type II error
probabilities «, 8, where the details will be covered later. Using these tests we can define P,
the output of the search phase, as the union of those PO for which H fi) is accepted. With
the appropriate choices for o and § we can ensure that with high probability S C P and
that |P| is small. In fact we would like to accept exactly one H 51)' Again the right choice
for 8 will ensure Pg(S ¢ P) is small whereas the right choice of « ensures that |P]| is small
with high probability. In the subsequent refinement phase we estimate S within P. We do
this using the same procedure as in the unstructured case with error probabilities o, 3.
Finally the estimator S will be the collection of those components which were deemed active
in the refinement phase.

Now we choose the error probabilities for the tests such that we can ensure (] for our
procedure. We have

Es (\§Asy> < Eg <\§AS\ S ¢ P> Ps(S ¢ P)+Eg (]§AS! Exs P)

§E5<|S\P|+ ood+ > B Sg;P)ﬁ

i€P: i¢S ieP: ieS

+na’ + 58 .

10



Thus the choices 3 = ¢/4s and o/ = ¢/4n, 3’ = £/4s suffice. As noted before, the choice of
a will influence the size of P and will be discussed later.

To test Hél) versus H}Z) we collect observations using the sensing vector alp) and
perform a SLRT such as the one in Lemma 2l When there is no active component in P
the drift of the likelihood-ratio process is smaller than if there was one active component
by monotonicity of the likelihood ratio. This results in the test terminating sooner in
expectation than it would under Hél) and the probability of accepting H Y) is also smaller
than the type I error probability «.

We continue by upper bounding the expected sensing energy used by the procedure.
Again we have results similar to Lemma [2] for the tests carried out in the search phase,
and we can use Lemma [I] to bound the energy used in the refinement phase. Hence given
a, 3,0, 3" and P we can bound the total energy used by the procedure. Also note that

Es(|P))<p+p » o«
i P(i)gs

thus choosing a = £/2n ensures Eg(|P|) < 2p. As in the case of s-intervals, these choices
are crude but ease the discussion and do not affect the overall performance scaling.
Using the notation Ageqren, and Ayefinement as before we get

ES(”AHF) < ES(HAsearchHF) + ES (ES(”ArefinementHF"PD)

2p(p—1) 4s 2p 4n

UV PP A e AN PP it
S G-z B T oz B

4 4

i €

When s < n the first term dominates the bound. Combining this with (B we get the
following.

Proposition 3. Consider the class of s-stars and suppose log% > s2. Then the above
estimator satisfies [B) and (@) whenever

- 12n | 4s
—————log — .
o= (s —1)2m &

In Section we show that the bound of Proposition Blis near optimal in this sparsity
regime. Also we show there that the sparsity assumption in the proposition above is needed
and is not an artifact of our method.

When k£ > 1 (S consists of two or more s-stars) similar arguments hold. When k£ < s
it is possible to modify the procedure such that the search phase aims to find the center of
the k stars. The modifications include setting Ho(7) : ]P(i) N S| = k, and slightly changing
a, B3,a', 8" to account for the fact that there are more than one stars. For instance choosing
a,a’ to be the same as before and setting 5 = 3 = ¢/4ks we get the following.

Vvn
log 4n 2

Proposition 4. Consider the class of k disjoint s-stars and suppose k < s and
k(s — k). Then the modified estimator satisfies ) and @) whenever

> _ L lo Ask
= (s —k)?>m 8

11




We see is Section that the bound above is near the optimal one when k is much
smaller than s.

3.1.3 s,, s.~submatrices

Let the components of & be in one-to-one correspondence to elements of a matrix M with n,
rows and n. columns (and let n = n, xn.). We call aset S C {1,...,n} an s,, s;-submatrix
if the elements m; € M corresponding to the components i € S form an s, X s. submatrix
in M. Let C be the class of all s,, s.-submatrices in . Suppose without loss of generality
that s, > s. and recall that the number of non-zero components of x is simply s = s, X s..

One way to estimate S in this case is to first find active columns in the search phase
and then focus on one or more active columns in the refinement phase to find the active
rows. Let ¢(® denote the ith column of @, i = 1,...,n.. In order to find the active columns
we need to decide between

Hg(i) e NS =0 Versus Hf(i) 2N S| =s, i=1,...,nc.

To do this we perform independent SLRTs with type I and type II error probabilities o and
(8 respectively for every ¢ = 1,...,n.. At the end of the search phase we return P, which
is the union of columns ¢® for which ch(i) was accepted. Choosing «, 8 appropriately
ensures that with high probability P contains all the active columns and only those. In
the refinement phase we test if row j of P is active or not using a similar method as above,
with error probabilities o/, 5 for every j = 1,...,n,. In particular the tests are formulated
as

Hg(j): (r N P)NS| =0 Versus Hf(j): rINP)NS|=s. j=1,....n,

where U) denotes the jth row of @, j = 1,...,n,. Finally our estimate S are those elements
that are in a row and column that were both deemed active.
Now we choose the error probabilities o, 3, o/, 3. Now we simply have

Es(|SAS|) < na+ sB8+nd + s8

as every type I error in the search phase can result in at most n, errors in S and there
can be at most n. type I errors in the search phase, whereas a type II error can produce
at most s, errors in the end and there are s. possibilities to make such an error. A similar
argument holds for tests in the refinement phase. Hence the choices a = o/ = ¢/4n and
B =" =¢e/4s ensure ().

We move on to bounding the expected energy used by the procedure. To test the
tth hypothesis in the search phase we collect measurements using sensing vector al.q)
for all i = 1,...,n. and perform a SLRT similar to that described in the previous cases.
To perform the jth SLRT of the refinement phase we collect measurements of the form
al,p- For these tests we have results identical to Lemmas 2 and Bl Also for the number
of columns in P denoted by 7. we have

Eg(ne) < sc + nea < 25, .

12



Putting everything together yields
ES(”AHF) < ES(HAsearchHF) + ES (ES(”ArefinementHF"PD)

2n 4s  2n,S. 4n
< - log— 5 5 l0g —
SrH € Sy €
4 4
+ ng log 2 .
s €

c

When s < n the first term dominates the bound above. Combining this with (3] yields the
following.

2
Proposition 5. Consider the class of s, s.-submatrices and suppose bgiln > z—z Then the
estimator above satisfies [B) and (@) whenever

6n 4s
=y ——log— .
€

s2m
Note that the condition on the sparsity in the proposition above is not very strict.
Consider square submatrices within square matrices so that we have n, = n. = \/n and

S = 8¢ = +/s. Then the condition becomes lo\gﬁn > /s, which would be automatically
fulfilled if there was no logarithmic term on the left. We see in Section that in some
sparsity regimes the bound above matches the lower bounds we derive, thus in those regimes
this procedure is near optimal. However, in what follows we slightly modify the procedure
above to have better performance for submatrices that are more sparse than the ones
required in the proposition above. This combined with the results of Section shows that
the best performance we can hope for depends on the sparsity in a non-trivial manner in
the case of submatrices.

Note that, for the refinement phase of the above procedure, it does suffice to find a single
active column in the search phase, as accurately estimating components within any active
column will yield all the active rows and similarly estimating components within any active
row yields us the active columns. This motivates the following modification of the above
procedure: return a single active column in the search phase, then focus on that column
to find the active rows and finally focus on one active row to find the active columns. To
do this we retain most of the algorithm choices done in the earlier approach, but choose a
different o and £.

Ideally we would like to accept H f @ for exactly one active column, so our choices for
a, 8 will be made accordingly. We begin the refinement phase by randomly choosing a
column from the ones that were deemed active and locate the active components within
that column, using the same procedure as in the unstructured case. This gives us the active
rows. Finally we choose a row deemed active, and find all the active components within
that row to find the active columns. Throughout the refinement phase we set type I and
type II error probabilities to be o/, 3. With the right choices for the error probabilities,
this procedure outperforms the previous one in certain sparsity regimes.

First we need to choose the error probabilities for the tests. We can write

Es(|SAS|) < 25Ps(P = 0) + (2na’ +25) Ps(3c? c P: P NS =0) + (2na’ + 258
< 2sB% + (2na’ + 28)n.a+ (2na’ +2s8') .

13



Thus the conservative choices o = £/16n2, 3 = %/¢/8s,a/ = ¢/8n, ' = £/8s ensure ().
Now we can move on to calculate the expected sensing energy used by the procedure.
The same way as before we have

ES(”AHF) < ES(HAsearchHF) + ES(”ArefinementHF)

2n 1 8s 4n,-s. 1 4n
og — + —5— log —
T 8e82p? - SeS2 2 &
4max{721r, ne} log an .
i

Combining the above with ([B]) and using that when s < n the first term dominates we
arrive to the following.

ops . . min{n,,n:} 2
Proposition 6. Consider the class of s, s.-submatrices and suppose Wrzmc > 5cS5.

Then the estimator above satisfies [B) and @) whenever

< noy 8s
= $c82m S

The condition on the sparsity in the proposition above is stronger than that in Propo-
sition Bl On the other hand the bound for p is smaller. This shows that in sparser regimes
it is indeed possible to outperform the procedure of Proposition [B, hinting that the sparsity
regime non-trivially influences the best possible performance of adaptive support recovery
procedures in the case of sub-matrices. For instance considering square matrices when
n, = n. =+/n and s, = s, = /s, the condition above reads % > /s3 which is slightly
stronger than that of Proposition Bl

3.2 Lower bounds

We turn our attention to the fundamental limits of recovering the support of structured
sparse signals using compressive measurements. We consider both the non-adaptive sensing
and adaptive sensing settings.

3.2.1 Non-Adaptive Sensing

First we consider the non-adaptive compressive sensing setting. Comparing these lower
bounds with the performance bounds of the previous section illustrates the gains adaptivity
provides in the various cases. We do not make any claim on whether these lower bounds
are tight or not, as these serve mostly for comparison of adaptive sensing to non-adaptive
sensing.

In the non-adaptive sensing setting we need to define sensing actions before any mea-
surements are taken. That means the sensing matrix A is specified prior to taking any
observations. This does not exclude the possibility that A is random, but it has to be
generated before any observations are made.

All the bounds presented here are based on Proposition 2.3 in in [20], which states

14



Lemma 4 (Proposition 2.3 of [20]). Let Py, ...,Pas be probability measures on (X, A) and
let W:X —{0,...,M} be any A-measurable function. If

1 M
72 D(®;[[Bo) < a
j=1

then

7=0,...,.M 0<r<1 14+7M lOgT

ax P;(V #j)> sup ( M <1+L\/a—/2>> .

We can use this to get lower bounds in the following way. Let Py,...,Pa be the
probability measures induced by sampling & with sensing matrix A, when the support set
is Sg, ..., Sy respectively, where S; € C. Now note that

I op o (Vi Ar)
D(P;]|Po) = Eo (Zk:l ° de(YklAk)>

] -

Il
l\3|tw;v
=
TN TN o/~ o/

1
Eq <§ (K< Ap, 1, >° = < Ag, 15, >%) — 2uY) < Ag, 15, — 1g, >)‘ A>>

(< Ap, lsj >2 4 < Ap, 1g, >?2 92« Ap, 1Sj >< Ag, 1g, >))

k
2
12
= 7E ' Z Ak,z
k  \i€SoAS;
,u2 2
<SE Z|50Asj|' > A
k i€S0AS;
,U2 2
= F1SAS1 > af, (6)
i€S0AS;

where Ay, ; is the (k, j)th element of the sensing matrix A, a? denotes E(>", A? ), and in
the second to last step we use Jensen’s inequality. 7

Now consider the right side of Lemma [ and set 7 = 1/M. To make the bound more
transparent suppose 1 < (1 — 2¢)log M, which is essentially always satisfied if M is large
enough and € € (0,1/2). This way we arrive to the inequality

2a > (1 —2¢)log M . (7)

Choosing the sets Sy, ..., Sy and using inequality (@) to bound the average KL distance,
we can use the above inequality to get lower bounds for u. These choices will be specific to
the classes we are considering.
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Remark 5. In the following statements we require n to be divisible by s. This condition is
merely technical, and can be easily dropped at the expense of a cumbersome presentation.

Proposition 7 (s-sets). Let C be the class of s-sets and suppose n/s is an integer. If there
is a non-adaptive estimator S that satisfies @) and Pg(S # S) < e VS € C then

w> \/(1—25)%log(n—s) .

Proof. Let Sy € C be arbitrary. Partition {1,...,n} into s bins of equal size denoted by
PO P® such that each bin contains exactly one element of Sy. Let s; = Son P =
1,...,s. Now consider the sets S7,...,S) that we get by modifying exactly one element
of Sy in the following way: pick one element of Sy denoted by s; and swap it with some
other element in P® thus changing the position of the active component within PO, We
can generate M = n — s sets in the previous manner. From (@) we have that

1 & 1, ) ) 12 )
MZD(PjHPO)SM,& Z Z @ = ——H Z Zai
j=1

j=1i€SoAS; i€So

Now note that by the total energy constraint (3] we have

n
E a?ﬁm.
i=1

Also note that given A we can always choose Sy to be the one that is the most difficult to
distinguish from the other sets Si,...,Sy;. That is we have to solve

max gnél a? .
A: [Alr<m Sec £

This implies Za? < sm/n. Combining what we have yields
i€Sp

M
1 -2 2
g (P;]1Po) <—<1+n S)mu2§—mu2.
n n

Using this with () concludes the proof. O

Proposition 8 (Unions of s-intervals). Let C be the class of unions of k disjoint s-intervals
and suppose n/s is an integer. If there is a non-adaptive estimator S that satisfies [B]) and

Ps(S # S) < e VS €C then

452m

> \/(1—25)mlog(g — k).
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Proof. Partition {1,...,n} into consecutive intervals of size s denoted by S @ ..., 80/,

Now consider the subclass whose elements are unions of the first k—1 intervals SU), ..., =1
and some other interval S®). Formally, ¢’ = {S e C: S = SO uU <Uf;11 S(j)), 1=
k,...,n/s}. This way we effectively reduced this problem to finding one interval in a

slightly smaller vector. Let Sy € CN/ be arbitrary and let S1,..., Sy be all the other ele-
ments of C', so M =n/s — k. Let Sg = Sp \ U?;%S(j). From (@) we have

1 & —(k+1
;DPHPO<SM—Z D B Y

j=1i€SoAS; i=(k—1)s+1 i€So

Again, from (@) and the fact that we can choose Sy € C’ after the sensing strategy has been
determined we have

1 n—(k+1)s\ o 5 2s%m 9
(P;]|Po) 1 <.
Z llPo) < —k:s( +n—(l@'—l),s)sm'u _n—(k‘—l)s'u

Using this with (7) concludes the proof. O

Proposition 9 (Unions of s-stars). Let C be the class of s-stars and suppose p/s is an
integer. If there is a non-adaptive estimator S that satisfies @) and Pg(S # S) <e VS eC
then

> \/(1—25)%1052;(\/%—3—1).

Proof. Consider the p — 1 edges of the complete graph of p vertices which share a common
vertex j. Denote this set of edges by E;. The s-stars whose center is vertex j form a class
of s-sets on Ej. So we can do the same construction on this set of edges as in Proposition [1]
to get

1 & p—1-2s )
Z;DPHPO e '/ S D PR R a——
pm

S i€So

2

Now note that we can choose any star to be Sy which implies } ;¢ af < sm/n and

ZZeEJ a? < (p— 1)m/n yielding
LS o) < 2
M - n
j=1
The statement now follows from (7l) and that p > v/2n. O
Considering unions of k disjoint s-stars we can get a similar lower bound by considering

a subclass where k—1 of the s-stars are fixed and only one can change, reducing the problem
to finding one s-star.

17



Proposition 10 (s-submatrices). Let C be the class of s-submatrices of a fized size s X sy,

and suppose both nc/ﬁc and n, /s, are integers. If there is a non-adaptive estimator S that
satisfies [Bl) and Pg(S # S) < e VS € C then

= \/(1 — 26)% max { Slr ncnc & slcnrn,, o } log (max{n, — s,,nc — 8c}) .
Proof. Let Sy € C be arbitrary. Denote the indexes of the rows of Sy by r1,...,rs,., and
let S(()]) denote the jth row of Sp. Consider a partition of the indexes {1,...,n,} into
r .. 707 such that all of the are of the same size and @) contains exactly one active
row indexed by r; for every j =1,... 7.

Now let Si, ..., Sy be elements of C that we get by replacing exactly one row index of
So such that if we modify r;, then the new row index is in r). There are n, — s, such
submatrices. The same way as for the s-sets we get

M

1 9 9 ny — 2s 9
Z (PjllPo) < ——p® | > afy+——— D afy
— T

" (i,1): 1eCo " (i,h)eSo

Again, the fact that we can choose an arbitrary Sy € C after the sensing strategy has been
fixed results in the upper bound

2s.m Ny 9

D(P;[|Pg) <

||M§

n Ny — Sy

Plugging this into (7)) and rearranging gives a lower bound. Repeating the same arguments
for columns concludes the proof. O

3.2.2 Adaptive Sensing

Here we provide lower bounds considering the adaptive sensing framework. Comparing
these bounds with the performance bounds of Section Bl shows the near optimality of the
procedures presented there.

s-sets

Adaptive sensing lower bounds for unstructured classes were proved in [I3]. There lower
bounds are derived by slightly broadening the class, which we state here for convenience.
Note that the fact that the following lower bound is valid for a slightly larger class than
the class of s-sets does not cause a problem, see Remarks [[l and [6l Let C, denote the class
of s-sets. We have the following.

Proposition 11. Let C = C;UCs_1, and suppose there exists an estimator S that satisfies
@) and {@). Then we have

2(n—s+1) s n—s+1
>4 ——— | log— +log——— | .
”—¢ m <°g25+0g n+1 >

18



Remark 6. Note that the bound above holds for estimators for sets with sparsity s or s—1.
The procedure presented in Section[I 1 works for this class of sets without any modifications.
Later on for the structured classes we rely on the proposition above to derive lower bounds,
hence a similar comment applies in those cases as well.

s-intervals and unions of s-intervals

For s-intervals we have multiple ways of deriving lower bounds, just as in the case of
coordinate wise sampling studied in [I9]. First we consider IP’S(§ # S) as the error metric.
This is more forgiving than ES(G AS|), hence lower bounds with the former metric in mind
apply as lower bounds with the latter metric as well (since Eg(|[SAS|) > Ps(S # S)). The
following result is analogous to the lower bound in [6], and the proof is included here for
the sake of clarity.

Proposition 12. Let C be the class of s-intervals and suppose there is an estimator S
satisfying @) and max Ps(S # S) < e. Furthermore suppse n/s is an integer. Then
€

n
> (1 —¢)4/ .

Proof. Consider the subclass of consecutive disjoint s-intervals

L, sh{s+1,....2s},...{n—s+1,...,n}} .

Partition this subclass into two subclasses of equal size denoted by C; and Cy. Let 7; denote
the uniform distribution on the subclass C; for ¢ = 1,2, and consider the two hypotheses
H;: S ~m, i=1,2. If there exists an estimator S satisfying (B]), then there exists a test
function ® : D — {1, 2} such that Py (®(D) = 2) +P2(®(D) = 1) < g, where P; denotes the
distribution of D = {Y}, A;},=1,2,.. when H; is true, i = 1,2. Let Py denote the distribution
of D when in fact S = (). We have

>1-— (TV(]P)(),]PH) + TV(P(),]PQ)) =1- 2TV(]P)0,]P)1)
>1—+/2KL(Py,Py) ,
where T'V (., .) denotes the total variation distance and K L(.,.) denotes the Kullback-Leibler

divergence of two distributions. Now the goal is to upper bound K L(Py,P;). Let Y denote
the observations Y7, Y5,..., and let Pg denote the distribution of Y for a fixed support S.
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We have

e =0 s S200) i b )

log d]P(’(l)(Y)> _ _E, <10g Esm (d]P’S(Y))>

dPo(Y)
= (15 507 ))

1
(ESNM (2 ((V; — < Aj,15 >)* = Y7)

0o
(ESNﬂ'l (Z ,u < Aj,]_g >2 —2u < Aj, 1g > }/J)
1

<.
Il

= Fo | Eser, (ZA;*-FlglgAJ
1

= —EO ZA Esonr, (1513)A
7=1

Now Egry (1315) = %I’ where I’ € R™*™ is block diagonal with n/2s blocks of size s X s
consisting of all ones, and the rest of the matrix consists of zeros. Thus we can continue as

< u—=Eg Z‘ < Aj,[/Aj > ‘
j=1

s (o]
SM2EE0 S 1A 2011 Al

J=1

[ee]
S
< @ > A I 2

where the last step follows from ||I’||2 < s and (B]). Thus we arrive at the inequality

m82

e>1— /22—
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from which the statement follows. O

In the previous bound the dependence on ¢ is clearly loose. When considering the
Hamming distance as the error metric, we can also get lower bounds by slightly broadening
the class. We cover this by considering the case of unions of k disjoint s-intervals, which as
a special case contains the class of s-intervals when £ = 1. We broaden this class by adding
unions of £ — 1 disjoint s-intervals as well.

Proposition 13. Let C be the class of unions of k or k — 1 disjoint s-intervals with k > 0
fizxed, and suppose m/s is an integer. Suppose there is an estimator satisfying [B) and
max Es(d(S,S)) <e. Then

€

,UZ\/2(n_S(k_1)) (logg+logn_§(k_l)> .

s2m

Proof. Partition {1,...,n} into consecutive disjoint s-intervals denoted by S™, ..., §(/9)
that is S = {(d —1)s + 1,...,ds}, and consider the subclass C’ of C consisting of all the
sets in C that can be written in the form U S(4. This subclass is similar to a general sparse
class of sparsity k or k£ — 1 with the intervals Sy playing the role of the components. This
is exactly what we wish to formalize, and then use Proposition [Tl B

Clearly gleaglc Eg (d(§ , S)) < e. Using S we can construct an estimator S which only

takes values of the form U S(@ and has the property glacx Eg (d(g , S )) < 4e. For instance
e /

let S be such that for every d = 1,...,n/s: S@ c S if and only if |§ﬁ S@| > s/2. The
expected Hamming-distance for such estimators can be written as

o (d(§, S)) - snfps (1{5<d> c S} £1{5@ S}> .
d=1

The measurements Y}, j = 1,2,... can be written in the following form
1
Y, =< Aj,xz>+W; ZMZCLM +W; =spu Z 3 Z a;; +W;j .
i€S Sdes  jesd)

Also from Jensen’s inequality we have

n/s 1 2 n/s 1 1 n/s m

. - 2 - 2 <=2
Dol 2 | S5 D al=g) > A<
d=1 ieS(d) d=1 ;¢8(d) d=1 jcs(d)

Therefore the problem can be viewed as estimating a general sparse support set. The
sparsity is either k or k — 1, the length of the vector is n/s, the signal strength is su,
the total sensing budget is m/s and the desired accuracy in expected Hamming-distance is
4e/s. From Proposition [[1] we have

2(n/s —k+1) ks n/s—k+1
> (22 v i A
= \/ m/s <log 8¢ +log n/s+1 '

which concludes the proof. O
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s-stars and unions of s-stars

For these classes exactly the same arguments follow as were used for s-intervals and
unions of s-intervals. The only thing that needs to be altered is that instead of disjoint
s-intervals we use disjoint s-stars. The difference this makes is that whereas before the new
problem dimension became n/s, since the entire signal vector could be covered by disjoint
intervals, the same can not be said when considering s-stars.

Let N(p, s) denote the number of disjoint s-stars that can be packed in a complete graph
with p vertices. We can easily check that the following inequality holds (see Lemma 2 in
[191)
plp—1—5)

25 ’
The left hand side is approximately n/s when the signal is sparse, thus essentially the same
results hold as in the case of unions of intervals. Thus the analogue of Proposition [I2] for
s-stars is the following.

N(p,s) >

Proposition 14. Let C be the class of s-stars and suppose there is an estimator S satisfying
@) and max Ps(S # S) <e. Then
€

N(p,s)
> (1— .
pzl-e)— -
Remark 7. When s < n the bound above scales as (1 —¢€)\/ .

We also have an analogue of Proposition [I3] for the case of multiple stars.

Proposition 15. Let C be the class of unions of k or k — 1 disjoint s-stars. Suppose there
is an estimator satisfying B) and max Es (d(S, S)) <e. Then
€

1 [2(N(p,s) —k+1) ks N(p,s) —k+1
> — log — +1 : .
'u_s\/ m/s og8€+0g N(p,s)+1

Remark 8. When s < n the bound above scales as /- log %

We also present another simple lower bound that illustrates that the assumption on the
sparsity in Proposition Bl requiring approximately that s* < n is needed and is not only an
artifact of our method.

Consider a setting where the support set is a star of size s or s — 1. Now consider the
sub-problem of estimating the support of such a star when the center of the star is given by
an oracle. This is an unstructured problem on a vector of size p — 1. Hence we can directly
apply Proposition [[T] to get the following result.

Proposition 16. Let C be the class of stars with sparsity s and s — 1 and suppose there is
an estimator S satisfying B) and {). Then

2 — —
m 2¢e P
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Remark 9. When s < n the bound above scales as 4/ % log 2.

Combining the results of Propositions and shows that considering s-stars the
scaling of the signal strength needs to be at least

max{%logf,@logf} .
s%m e m €

The first term in the maximum above dominates the second when s* < n. This shows that
the performance of Proposition B can only be achieved in that sparsity regime.

Remark 10. Note that the setting of the proposition above is slightly different than the one
considered in Section [3.1.2. However, we present this result here merely to make a remark
on the conditions in Proposition [3 and it only serves an illustrative purpose. Furthermore
the procedure presented in Section[3.1.2 can be easily modified to handle classes considered
in the above proposition and have similar performance guarantees to Proposition [3.

Sy, Sc-submatrices

The case of submatrices has been studied in [6], where the authors consider block-
structured activations in matrices. They provide a lower bound akin to that of Proposi-
tion [I2] and a near optimal procedure. Our setting is more general as we consider arbitrary
sub-matrices of a given dimension. Nonetheless the same type of lower bound holds in this
case as well.

Proposition 17. Let C be the class of s, s.-submatrices, and for sake of simplicity assume
that both n, /s, and n./s. are integers. Suppose there is an estimator satisfying Bl and

< e.
Iglgé{ Eg(d(S,S)) <e. Then
[ n
> (1 — .

Proof. Since both n, /s, and n./s. are integers the proof goes the same way as that of
Proposition O

However, our procedures do not reach this lower bound, hence the question arises
whether the lower bound above is loose or the procedures are suboptimal? We partially
answer this question by presenting another simple lower bound with which we illustrate
that in certain sparsity regimes the procedure of Proposition [(lis indeed optimal. Consider
the class containing all s, x s. and s, X (s, — 1) submatrices, and consider the sub-problem
of estimating the support when the active columns are given. This is a problem of esti-
mating s. or s. — 1 disjoint s,-intervals in a signal of size s, - n.. Note that the procedure
of Proposition [5] can handle such classes without any modifications. Now we can directly
apply Proposition [I3] to get the following.

Proposition 18. Let C be the class containing all submatrices of size sy X s. and sy X (sc—1).
Suppose there is an estimator S satisfying @Bl) and (). Then

2(ne — 1 — 1
> 2ne —sc+1) log — + log 2¢—2e T2 )
Srm 8¢ ne+ 1
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When s, ~ n, (for instance we have linear sparsity in the rows: s, = cn, with some
¢ € (0,1]) the performance bound of Proposition [ becomes essentially identical to the lower
bound above. This shows that in certain regimes that procedure is optimal. Note that the
condition on the number of active rows does not determine the sparsity of the signal, as
there is no requirement on the number of active columns for the results to hold. Also
note that by Proposition [0l in certain regimes it is possible to outperform the procedure of
Proposition [l indicating that the gains one can hope for in the case of submatrices depends
on the interplay between the dimensions of the problem n,,ng, s, s.. On a final note if
we assume that the support set is such that either the active rows of active columns (but
not necessary both) are consecutive then one can simply modify the procedure presented
in Section to even reach the lower bound of Proposition [[7l The exact performance
characterization of the case of submatrices with arbitrary dimensions remains an interesting
open problem, which is not addressed in this article.

4 Sample complexity

In the preceding sections we presented near optimal procedures for structured support
recovery using adaptive compressive sensing. Those procedures provided an insight into
how one can use the structure of the support sets to achieve performance gains, but we paid
no regard to the number of measurements that are collected. However an important aspect
of compressive sensing is the possibility to perform estimation using only a small number
of observations. Therefore we now present procedures for structured support recovery that
only use a small number of observations.

4.1 Procedures

All the procedures presented here are based on an algorithm named Compressive Adaptive
Sense and Search (CASS), introduced and analyzed in [16]. This procedure is designed to
recover non-structured support sets. To ease presentation we briefly describe and analyze
the procedure here, though for the reader is referred to [16] where this has already been
done in more detail.

4.1.1 s-sets

Assume the support set is any s-sparse set. Partition {1,...,n} into 2s bins of equal size,
denoted by I (1), . | gls) For each of the 2s bins we wish to decide between

Hi%): Igl)ﬂS:@ versus Hi(’ll): Igl)ﬂs#@, i=1,...,2s.

Once having identified the non-empty bins, we split each of these into two bins of equal
size denoted by I 52), R | gi)l, where n1 denotes the number of bins deemed non empty
previously, and do the same as before. We know that at most s bins can be non-empty,
thus we will enforce in our procedure that n; < s. Hence in step j we consider bins
Igj), IV » where n;_1 <'s, and test the hypotheses

? 2’I’LJ,

HZ(JO) : IZ(-j) nNsS=10 versus HZ(Jl) : IZ(-j) NS#0,i=1,...,2n5_; .
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When j = log, 5z the bins consist of single components of x, and the estimator of the
support S will cons1st of the ones deemed non-empty in this final step.

To decide between HZ-(’JO) and HZ-(’JI), Jj=1,... logy 550 =1,...,2n;_1 we collect a single
measurement of the form

Y;(J) =< (I\/}].Il(.j),m > +VVZ-(J), j=1,...log, 2—8;2 =1,...,2n;_1,

where Wi(j) ~ N(0,1) ii.d., and a > 0. The parameter a > 0 needs to be chosen such that
@)) is fulfilled. Since the length of the bins IZ-(j) isn/2s forevery i =1,...,2n;_1,n;_1 <s

and there are log, 5- steps we can write

log2 5e

1A = 3 2ogii S a3 527070 = dn
7=1

Combining this with (@) yields a = /4. If the bin IZ(.j) is non-empty then Es(Yi(j)) >

u\/i—f. Therefore we conclude that the bin I Z(j ) is empty if Yi(j ) < %\/i—f, otherwise we

conclude the opposite. If at any step j = 1,...,logy 5= more than s bins are deemed non-
empty, we select those which correspond to the s largest observations. For the method

described above both the type I and type II error probabilities for the test between H 2(]0)

and HZ(JI), Jj=1,...logy 551 =1,...,2n;_1 can be upper bounded using the Gaussian tail
bound )
P(X > 1) < g/ (8)
by
1 _jmuz
—e 32n

Hence the probability of error can be bounded from above as follows

log2 55

]mu
]P’ E s e B32n

Thus whenever ,u2 > 3%" log % we have
log, 5% e\ logy 5= e\
rsesis 3 (5) = 3 (5) <o
S(#)—;st —JZ::I 2) =€

When considering the expected Hamming-distance as the error metric we can use the proce-
dure above with probability of error set to €/2s. This method then yields an near-optimal
estimator for the support recovery problem described in Section [2 by collecting at most
2slogy 5= measurements.
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4.1.2 Unions of s-intervals

We can simply modify the CASS procedure of [16] to estimate unions of k disjoint s-
intervals. Similarly to the procedure presented in Section B the one discussed here will
consist of two phases, a search phase and a refinement phase. As before, in the search
phase we wish to identify the approximate location of the support, that is return a subset
of components P C {1,...,n} such that |[P| < n and S C P with high probability. Again
we start by splitting {1,...,n} into consecutive bins of size s/2 denoted by PO p@en/s),
To ease the presentation we assume 2n/s is an integer since the case when this is not satisfied
can be handled with simple modifications. The same holds for any divisibility issue that
we encounter further on. Of these bins at least k will consist entirely of signal components.
Roughly speaking we think of these bins as signal components of a vector of size 2n/s, and
use a CASS procedure to find them. Once that is done, we set P as the bins deemed active
and their neighboring bins, and move on to the refinement phase. In the refinement phase
we estimate the active components in P for instance by using another CASS procedure.

We now describe the method in full detail. Consider the binning P(l), .. .,P(2"/ 5)
described before. Partition the bins into 4k groups denoted by I gl), oI SQ). For each of
these we test the hypothesis

HZ-(})): IZ(-l)ﬂS:@ versus Hi(,ll): ]IZ(-l)ﬂS] >s/2, 1=1,...,4k .
(1) .

The groups for which H; | s accepted are split into two in the middle giving us the groups

¥ i 531)1 We now test a similar hypotheses as before for these new groups. Since

at most 3k groups can contain signal components, we will specifically enforce n; < 3k.
( ) I(J)
MR B

n;

P

Iterating this, in step j we have groups denoted by I
we wish to decide between

o where n;_; < 3k, and

Hi%): Igj)ﬁS:@ versus Hfjl) |I§j)ﬁ5|23/2, i=1,...,2n5_1 .

When j = logy n/2ks the groups consist of single bins. The set P will consist of the ones
for which H (1) is accepted in this final step and the bins adjacent to those.

To decide between Hi(,]()) and Hi(?l), j=1,...,logy5=;i =1,...,2n;_1 we collect a single
measurement of the form

Y;(J) =< (I\/}].Il(.j),m > +VVZ-(J), j=1,...log, 2—8;2 =1,...,2n;_1,

where Wi(j) ~ N(0,1) i.id., and a > 0. The parameter a > 0 needs to be chosen such

that (3] is fulfilled. We will use half of our energy budget for the search phase. Since the
groups IZ-(]) contain n/2/ 7'k components for every i = 1,... ,2nj_1, nj—1 < 3k and there
n

are logy 5% Steps we can write

logy 57 ks log, %

3 o (j—
(HAsearchHF Z 2]+1k’ = 571&2 Z ]2 G-1 < 6na2
j=1

Since we use at most m/2 energy in the search phase we get a = /15-. If group I; )

n "’

contains a bin which is contained in .S, we have ES(YZ-(j )) > & m. Therefore we declare
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that the group contains no signal components if Yi(j ) < fQ—mn, otherwise we declare the
opposite. If in step j = 1,...,log, 57> we accept H, Z-(’Jl) for more than 3k groups, we choose
those corresponding to the highest 3k observations. Considering a single test the type I

and type II error probabilities can both be upper bounded using () by

1 _ismu?
—e~ 38dn

Remark 11. Note that the constant in the above bound is large, which is due to the crude
algorithm choices made previously and using the same analysis as [16]. The authors made
these choices to make the presentation easy to follow, as the main focus of this work is to
analyze the rates of the bounds and not the constants. The constants can potentially be
improved by wiser algorithm choices and a more careful analysis.

It is also possible that neither the null or the alternative is true, and the group contains
some bins that intersect with S, but are not contained in S. However we need not pay
any attention to those, as by construction P will also contain neighboring bins of those we

)

deem non-empty. The probability of either concluding H i(,jl) when the group I Z(-j contains

no signal or concluding H 2(]0) when in fact H 1(]1) is true can be bounded from above by

n
logs 57

2 2
js“mp
E 3k e~ 38an

Jj=1

Thus whenever p > ,/3?42%" log 9—Ek we have that

n
logs 5= logs 575

Ps(SZP)< > 3k (;—k)j <y (%)] <e/2.

j=1 7j=1

We also have by construction that [P| < 3ks. Hence in the refinement phase we can
measure each component in P separately, say, to produce S. We have m/6ks energy for
each of the components in P, hence it is easy to check using (8) that the probability of
making an error in the refinement phase is at most

3]{78 _ muz

— ¢ 48ks

Whenever p > \/%ks log 371“ the probability above is at most £/2. Thus the procedure

given an estimator S for which ]P’5(§ # S) < € whenever
- \/ (38dn | 9k Bks, = 3ks,
max og — og—1} .
= m e e m P e

When considering the expected Hamming-distance as the error metric we can use the
procedure above with probability of error set to £/2ks. This method then yields an near-
optimal estimator for the support recovery problem described in Section 2] by collecting at
most 3k (10g2 ok T 8) measurements.
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Proposition 19. Consider the class of k disjoint s-intervals and suppose n > ks>. Then
the procedure above satisfies ) and @) whenever

384n 18ks
log .

pz s2m €

Furthermore, the procedure collects at most 3k (log2 oms T s) observations.

Remark 12. As with Proposition[2the condition on the sparsity is an artifact of the simple
method above and can be avoided by using a more elaborate method in the refinement phase,
for instance binary search.

4.1.3 Unions of s-stars

Consider the class of k disjoint s-stars. To ease the discussion we focus on the case k = 1,
but the idea can be applied to larger k. The procedure is very similar to the one used
for unions of s-intervals, however due to the different nature of the structure we provide a
detailed description of the procedure in the Appendix.

Proposition 20. Consider the class of s-stars, and suppose \/2n > p > 2s>. Then the
procedure described in the Appendiz satisfies [Bl) and (@) whenever

128n 6s
H > 2 log -
sem 9
-1 V2n—1

Furthermore, the procedure collects at most 4logy § 4 2slogy P— < 8logy n + 2slogy Y=0—
observations.

Similar ideas can be used to treat the case of k disjoint s-stars when k& > 1, but k£ < s.

4.1.4 s, s.~submatrices

Consider the class of submatrices of size s, X s, of a matrix of size n, X n., and suppose
sp > Se. The procedure we present now is very similar to the one used for unions of
s-intervals, hence we only provide an outline and present performance guarantees here.

Once more we break the procedure into two phases, a search phase and a refinement
phase. The aim of the search phase is to find the active columns of the signal matrix,
whereas the refinement phase aims to find the active rows once the active columns are
found. If we view the columns of the signal matrix as components of a vector of dimension
ne, then finding the active columns can be viewed as estimating an unstructured s.-sparse
support set. Likewise the problem of the refinement phase can be viewed as finding an
sp-set in a signal of dimension n,. Hence we can immediately use the CASS procedure
for both sub-problems with modifications similar to those used in the case of unions of
s-intervals. Thus we get the following.

Proposition 21. Consider the class of s, s.-submatrices and suppose n, > 2s2/s.. There
exists a procedure which yields an estimator satisfying Bl) and @) whenever



Furthermore the estimator takes at most 2s.logy 3= + 25, logy 3= measurements.

4.2 Sample Complexity lower bounds

Necessary conditions for the sample complexity of compressive sensing have been studied
both in the adaptive and non-adaptive setting in [2] and [3]. In both works sample com-
plexity was studied for the unstructured case of s-sets. For the non-adaptive setting the
authors show in Theorem 4.1 of [2] that the sample complexity can be lower bounded by
an expression that scales essentially like slog . Furthermore they also show that the sig-
nal to noise ratio plays a role in the sample complexity of compressive sensing, and this
phenomenon is also explicitly captured in their bound. Though the setting considered in
their work is slightly different from that in the present work, Theorem 4.1 of [2] can be
translated into our setting in the following manner.

Lemma 5 (Theorem 4.1 of [2]). Consider the class of s-sets, and suppose there exists a
non-adaptive estimator satisfying @Bl) and for which ITI\Z Ps(S # S) is not asymptotically

SeC
bounded away from zero as n,s — oo. Let k(n,s) denote the number of measurements the

estimator makes. Then

cslog &
k(n,s) > ———2%— |
(n,5) log (122 +1)

with some constant c.

This shows that the procedure presented in the previous section for s-sets performs
as well in terms of sample complexity as the best non-adaptive procedure. Furthermore,
when estimating structured support sets, potentially less samples are enough to perform
accurate estimation. We now briefly discuss necessary conditions on sample complexity for
non-adaptive estimators for the structured classes we examined before.

Consider first the case of unions of k disjoint s-intervals. Without giving a rigorous
formal proof we argue that the number of samples required in the non-adaptive case must

scale as klog 7. Let S1,...,S,/, be consecutive disjoint s-intervals of {1,...,n} and let
k
C'=S8ecC: S=JS, ir,...,ik €{l,....,n/s}p ,
j=1
that is unions of intervals that are constructed from S, ..., S, ;. This class roughly behaves

like a class of k-sparse sets of a vector of dimension n/s, except that there is an increase
in the relative sensing power arising from the fact that the building blocks of the class are
s-sets instead of singletons. This results in that it is possible to detect somewhat weaker
signals (see Proposition ), but because of the weak dependence of the sample complexity
bound of Lemma/[5lon the signal to noise ratio, the scaling of the bound will still be dictated
by the numerator.

The class of unions of k disjoint s-stars is even more simple to consider. Suppose
k =1, and that the center of the star is given by an oracle. The remaining problem is the
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estimation of an s-sparse set in a vector with dimension roughly v/2n. Hence the sample
complexity remains essentially the same as that of the unstructured case.

Finally for the class of s,., s.-submatrices, if an oracle provides the active columns, the
problem reduces to the unions of intervals case.

This shows that the procedures presented in the previous section for structured support
recovery perform as well in terms of sample complexity as the best non-adaptive procedures.
It is plausible however that adaptive procedures might outperform non-adaptive ones in
terms of sample complexity. This question was investigated in [3], where the authors
provide a necessary condition for any adaptive algorithm to recover unstructured s-sets.
The number of samples required is dependent on the signal to noise ratio in this case as
well. Their results show that when the signal to noise ratio is near the boundary where
accurate estimation is possible (see Proposition [[1], and [13]) the number of samples needs
to scale essentially like s. It is still an open question whether this bound is achievable or
not.

Although not yet having a rigorous proof, the authors of this work conjecture that
although some performance gain might be present, it is not substantial and the number
of samples needs to scale essentially like slog = for adaptive estimators as well. The rea-
son behind this conjecture is roughly the following. Consider the 1-sparse case. It can
be easily seen that by taking one measurement, a fraction of the n hypotheses (namely
that the signal component is at coordinate 1,...,n) remains essentially indistinguishable.
Focusing the next measurement on these potential signal components, again a fraction of
them will remain essentially indistinguishable. With a bit of work this line of reasoning
will, in principle, provide a lower bound on the sampling complexity. However, formalizing
this argument is challenging, because each projection does contain some small amount of
information about these “indistinguishable” hypotheses. So one needs to show that this
small amounts of information are negligible as a whole, even after collecting multiple pro-
jections. Nonetheless, the authors conjecture that because of this heuristic, a term that is
logarithmic in the dimension should also be present in the sample complexity lower bounds.

5 Final remarks

In this work we examined the problem of recovering structured support sets through adap-
tive compressive measurements. We have seen that adaptively designing the sensing matrix
it is possible to achieve performance gains over non-adaptive protocols, and that the gains
can be quite dramatic for instance in the case of s-stars. We have also seen that these gains
can be realized by simple and practically feasible estimation procedures.

However a complete characterization of the problem for the class of submatrices is
still missing. This could prove to be an interesting area for future research considering
the practical relevance of that model in gene expression studies. Furthermore it remains
unclear if the sample complexity of support recovery using compressive measurements can
be significantly reduced by adaptively designing the rows of the sensing matrix.
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Appendix

Description of the procedure of Section 4.1.3]
We begin with a search phase to find the approximate location of the support. Again

we consider the subsets P(i), i =1,...,p, where P contains all the components whose
corresponding edges lie on the vertex v;. Our goal is to find the center of the s-star. We
begin by forming 4 groups I 51)7 R | 511), where each of them is a union of p/4 different 2108

and no subset P is contained in more than one group. We then take one measurement
per group
W =<al,m,z>+W", i=1,... 4,

)

where Wi(l) i.i.d. standard normals and a > 0. Large measurements should correspond
to groups containing a lot of signal components, and particularly the one containing the
center of the star. However, because of the structure of the support and the fact that these
groups are not disjoint, large observations may also correspond to groups not containing
the center of the star. Therefore instead of performing hypothesis tests we choose the two
highest observations, and consider the groups corresponding to those. Once we have these
groups, we split each in half in the sense that half of the P in a given group will form one
new group, and the other half will form another new group. This way we end up with 4
groups, again not disjoint, and do the same as before. Let the groups in step j be denoted

by I 1] ), R § Ef ). The measurements we collect are
j - j . P .
Yi(]) =< a\/jllgj),w > +WZ-(]), 7=1,...,logy Z;Z =1,...,4.

In the final step j = logy § each group consists of a single P, The output set of the
search phase P will consist of the union of those two groups for which the final observation
is largest.

First we specify the parameter a so as to ensure we don’t use more than half of our

measurement budget. Each IZ(J) contains (p — 1)% = n/gj components i = 1,...,4, and
j=1,...,logy %, hence
log, %
n .
ES (HAsearchHF) = 2:1 2j—_2]a2 < 8’1’La2 .
]:

Therefore a = /1§~ ensures we use at most m/2 energy in the search phase.
Now we need to show that S C P with high probability. Without loss of generality

suppose that I 7 ), R | Elj ) are indexed such that the center of the star is in group I G ),

and for the number of signal components in I Z(j ) denoted by Ni(j ) we have Ni(j ) > Ni(i)l.
4

Hence I gj ) contains exactly s components, and because Z Ni(j ) < s we know N?Ej ) < s/2.
i=2

Using this we conclude that in each step 7 = 1,...,log2§ the probability that Yl(] ) <

maX{Yg(] ), Y4(j )} can be bounded from above with (8] by

1 _js2mM2
2. —e 128n
2
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From this we get that whenever p > ,/1;2% log% we have

L]

log,

Ps(S ¢ P) < (%)] <e/2.

Jj=1

By construction we make 4 log, § observations in this phase, and also |P| < 2(p — 1).
In the search phase we can directly apply the CASS procedure on P to estimate the

64(p—1) 4 . .
support. We know that whenever p > /————>1log Z* the probability of error is at most

£/2, and we take at most 2slog, pT_l measurements. When considering Eg(|SAS|) as the
error metric one can set the probability of error to £/2s and use the procedure above.

Sketch proof of Proposition [21]

We use half the energy for the search phase, and half for the refinement phase. In step
j of the search phase the groups I (@) contain n /275, components and there are at most 2s..
components. Hence the energy used is at most

ne
log, 5

n
E 25.——ja’® = 4na® .
- 2 s,

J=1

Thus a = |/g-. This means that for the probability of error we have

ne
log, Tas 5

> 2sge
Se=€ no
2
Jj=1

so whenever p > sﬁ‘% log % the probability of error is at most £/2.

In the refinement phase the energy used is

logs 2"3—1
NrSe .
Z 25, ; C]CL2 = 4nrsca2 ,
— 2 sy
7j=1
hence a = &. Therefore the probability of error is at most

ne
log, Tor

1 _ scm/,LQ
E 2s,—e Ginr
; 2
J=1

: 64n, 25y
which means whenever p > /7= log =

Considering the expected Hamming-distance as the error metric, we can use the proce-
dure above with probability of error set to £/2s

the probability of error is at most /2.
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