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ABSTRACT. Let A and B be modules, which are faithfully flat over their
endomorphism ring. The categories of A-solvable and B-solvable modules
coincide if and only if A and B are similar. While similar modules have
Morita equivalent endomorphism rings, the failure of the converse raises
the question which module-theoretic properties are shared by modules with
equivalent endomorphism rings. This paper addresses this question by inves-
tigating equivalences between full subcategories of the categories of A- and
B-solvable modules, respectively. In particular, every equivalence between
the category of A-solvable and the category of B-solvable modules is induced
by a Morita equivalence between E4 and Ep if A and B are faithfully flat
as modules over their endomorphism ring. Several examples show that these
results may fail without the faithfulness condition.

1. INTRODUCTION

Any attempt to obtain a satisfactory structure theory for large classes of
torsion-free abelian groups is hindered by the existence of pathological direct
sum decompositions, examples of which can be found in [9, Chapters 90 and 91].
Nevertheless, many properties of an abelian group A can be described in terms
of its endomorphism ring F = E 4. This description frequently involves the func-
tors Hy = Hom(A,—) and T4 = — ®p A between the category Ab of abelian
groups and the category Mg of right E-modules. These functors form an adjoint
pair, and can be used most effectively when considering full subcategories of the
category of abelian groups, on which they induce a category equivalence with a
suitable full subcategory of Mpg. The largest full subcategory of Ab with this
property is C4, the category of A-solvable abelian groups. The concepts involved
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in the discussion of A-solvable abelian groups readily extend to categories of right
R-modules.

Since the class of torsion-free A-solvable groups need not be closed with re-
spect to quasi-isomorphism (see [4]), the perhaps most natural way to extend
the concept of A-solvability to the quasi-category of torsion-free abelian groups
is to consider the class AC 4 of almost A-solvable groups, whose elements are the
groups G for which the natural map 0 : TAHA(G) — G is a quasi-isomorphism.
Strongly indecomposable groups A and B of finite rank are quasi-isomorphic if
and only if AC4 = ACp [3]. Naturally, the question arises whether similar con-
clusions can be drawn from the fact that C4 = Cg. Unfortunately, this is not the
case since C4 = Cp if A and B are near-isomorphic torsion-free abelian groups of
finite rank. Instead, the investigation of R-modules A and B for which C4 = Cp
leads to the discussion of similar modules (see [5] and [11] for details). Two right
R-modules A and B are similar if A is a direct summand of B™ and B is a direct
summand of A™ for some m,n < w. One obtains that two R-modules A and B,
which are faithfully flat as modules over their endomorphism ring, are similar if
and only if C4 = Cg. An example is given that this equivalence fails without the
faithfulness condition.

The fact that similar R-modules have Morita-equivalent endomorphism rings
raises the question which additional properties are shared by modules with equiv-
alent endomorphism rings. Section 3 describes when this equivalence occurs
(Proposition 3.1), and presents additional results related to this characteriza-
tion (Theorem 3.2 and Corollary 3.3). The final section addresses the question
under which conditions C4 and Cp are equivalent categories. It is shown that
every such equivalence is induced by a Morita-equivalence between E4 and Ep
(Theorem 4.1). However, faithfully flat R-modules A and B for which C4 and Cp
are equivalent need not be similar since there exist torsion-free abelian groups A
and B of rank 1 such that C4 and Cp are equivalent categories, but A and B are
not similar (Theorem 4.6).

2. SIMILAR MODULES

Associated with H4 and T4 are natural maps 01’% :T4H4(N) — N and gb]\A/[ :
M — HaT4(M) defined by 03 (a ® a) = a(a) and [¢p4;(2)](a) = v ® a for all
a € A x € M, and o € Hy(M). The superscripts referring to A are omitted
unless it is not clear from the context which module is considered. If A is self-
small, then C4 contains the class P4 of A-projective modules. Here, an R-module
P is A-projective if it is a direct summand of an A-free module of the form $;A.
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The smallest cardinality possible for I is the A-rank of P. A R-module M is
(finitely) A-generated if it is an epimorphic image of an A-projective module (of
finite A-rank).

It is a well-known fact ([5] and [11]) that similar modules have Morita-equivalent
endomorphism rings, but the converse fails in general since there exist non-
isomorphic subgroups A and B of Q with endomorphism ring Z. Clearly, such
groups A and B cannot similar. For torsion groups however, one obtains the
surprising

Proposition 2.1. The following are equivalent for torsion groups A and B:

a) A and B are similar.
b) A and B have Morita-equivalent endomorphism rings

PRrROOF. It remains to show that A and B are similar if £4 and Ep are Morita
equivalent. There are n < w and an idempotent e € M, (E4) such that Ep =
eM,(E4)e. Since M,,(E ) is the endomorphism ring of A™, the group B’ = e(A™)
is a direct summand of A™ with endomorphism ring eM,,(E4)e. Hence, B’ = B
by the Baer-Kaplansky-Theorem [9, Theorem 108.1], and B is A-projective of
finite A-rank. By symmetry, A and B are similar. (]

Similar modules A and B share many homological properties. For instance, if
A is flat [(fully) faithful] as an E4-module, then the same holds for B. To see
this, suppose that A is flat as an E4-module, and consider a map ¢ : B" — B.
Since B is A-solvable, ker ¢ is A-solvable by the flatness of A. But the class of
A-generated modules coincides with the class of B-generated modules. Hence, B
is flat as an Fp-module by Ulmer’s Theorem [12]. The case that A is faithful is
treated in a similar way using the fact that A is faithful as an F4-module if and
only if every exact sequence ;A — A — 0 splits.

Moreover, C4 = Cg if A and B are similar. To show this, observe that M € C4
if and only if there exists an A-balanced exact sequence 0 - U — @A — M — 0
with S4(U) = U. Since A and B are similar, B is A-projective, and this sequence
is B-balanced. Moreover, @A is a B-projective module, and Sg(M) = M.

The next result summarizes the basic properties of similar modules, and relates
the question which R-modules are similar to a given R-module A to the existence
of projective generators in Mg,. As in [5], an R-module P is a progenerator of
Mp if it is a finitely generated projective generator of Mg. Moreover, A+ denotes
the collection of all A-balanced exact sequences, i.e. all sequences of R-modules,
with respect to which A is projective.
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Proposition 2.2. The following are equivalent for self-small R-modules A and
B:

PROOF. a) = ¢): Let P = Hy(B). Since B is A-projective, it remains to show
that H4(B) is a generator of Mp,. However, B" = A® A; for some n < w yields
that E4 is a direct summand of the right E4-module H4(B)", and hence H4(B)
is a progenerator.

¢) = b): Since P is finitely generated and projective, P = H T4 (P). Hence,
H4(B) is a progenerator of Mpg,, and one obtains @, Ha(B) = E4 ® M; for
some finite index-set Iy and suitable E4-module M;. An application of T4 gives
a decomposition of the form &, B = A @ A;.

Moreover, P 2 H4(B) yields that there is a finite set Jy such that Hx(B) &
Ny =2 @;,FE4 for some E4-module Ni. Another application of T4 yields a de-
composition B @ By = @, A.

Since A; is a direct summand of @7, B and B; is a direct summand of @&, A
with |Ip|, |Jo] < Ng, there is a countable index-set J; with 41 @& Ay & ¢, A
for some R-module As. By symmetry, there is a countable index-set I; with
Ay @ Az =2 @, B. Then, A® (41 © A2) ® A3 = (®1,B) @ (®, B). Inductively,
one obtains modules Aj, Ao, ... and countable index-sets I, I5,... and Ji, Jo, ...
such that

1) A2n—1 ® AQTL = EBJ”A
ii) Aoy @ Aopy = @r, B.

Thus, U, = A® (A1 ®... Ag,_1) is B-free, and V,, = U, ® As,, is A-free for all n.
Since Vi41/Vy, =2 @y, A and Uy 41 /U, = @y, B, one obtains that A @ (952, 4,)
is isomorphic to both &,A4 and &, B.

b) = d): Since the class of objects projective with respect to a given sequence
is closed under direct sums and direct summands, A~ = Bt. If M € C4, then
there is an A-balanced exact sequence 0 — U — @A — M — 0 with Sx(U) = U.
Since A is B-projective, Sp(U) = U, and the sequence is B-balanced.

d) = a) : Since A is B-solvable, there is a B-balanced exact sequence @&;B —
A — 0 for some index-set I. But B € C4 yields Sa(B) = B, and the sequence
splits since A+ = B+. By symmetry, B is A-solvable, too. Write &;B = A @® A;
for some index-set I, and let o : A — @B be the embedding associated with
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this decomposition. Furthermore, denote the projection of @;B onto its i*"-
component by m;, and let §; : A — II; A be the embedding into the i**-coordinate.

If a(A) € @B for all finite subsets J of I, then m;a(A) # 0 for infinitely many
i € I. Without loss of generality, m;a(A) # 0 for all ¢« € I. For each i € I, choose
a; € A with ma(a;) # 0. Since B is A-projective, there is a map ¢; : B — A
with ¢;ma(a;) # 0. Define A : A — II;A by Aa) = (d;¢;mia(a))ier. Since
a(a) € 1B, one has ma(a) = 0 for almost all i € I, and A € Hom(A,®1A). By
the self-smallness of A, there is a finite subset J’ of I with A(A) C @ A, which
contradicts the fact that A(a;) not contained in @A for all ¢ € I'\ J'. Hence,
there is a finite J C I with «(A4) C @B, and A has finite B-rank. O

Corollary 2.3. Let A and B be self-small R-modules which are faithful as mod-
ules over their endomorphism ring. Then, A and B are similar if and only if
Ca=Cp. O

However, the requirement that H4(B) is a progenerator of Mg, is not strong
enough to guarantee that A and B are similar unless one also requires that B is
A-solvable. Moreover, C4 and Cg may coincide without A and B being similar if
A or B are not fully faithful over their endomorphism ring:

Example 2.4. a) Consider a torsion-free abelian group G of finite rank
whose endomorphism ring is the ring of lower triangular 2 X 2-matrices
over Z. Then, G = A® B with E4 = Eg = Z. Since Homgz(A, B) 2 Z,
it is a projective generator of Ab, but A and B are not similar since
Homgz(B,A) =0.

b) Let A be an abelian group with Hom(A,Z) # 0. Then, every abelian
group is A-generated, and hence A-solvable. Moreover, A is flat as an
E-module by Ulmer’s Theorem [12]. If A and B are two abelian groups
with Hom(A,Z) # 0 # Hom(B,Z) such that E4 and Ep are not Morita-
equivalent, then Cy = Ab = Cp. Hence, Theorem 4.1 and the equivalence
of a) and d) in Proposition 2.2 may fail if A and B are not faithful.

O

3. MORITA-EQUIVALENCE

The first result of this section describes when two modules, which are faithfully
flat over their endomorphism ring, have equivalent endomorphism rings.

Proposition 3.1. Let R and S be rings. The following are equivalent for self-
small modules A € Mg and B € Mg which are faithfully flat as modules over
their endomorphism ring:
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a) E4 and Ep are equivalent rings.
b) There exist left-exact additive functors F : Mg — Mg and G : Mg —
Mg which commute with direct sums such that
i) There are natural transformations o : TaHa — GF and+p : TgHp —
FG.

il) F and G induce a category equivalence between Pa and Pgp.

PROOF. a) = b): Since E4 and Ep are equivalent rings, select a progenerator P
of Mg, such that Eg,(P) = Ex. Then, F = — ®p, P defines an equivalence
between Mg, and Mg, whose inverse G can also be presented as a tensor-
product involving a progenerator of Mpg,. Set F = TpFHs and G = TAGHp.
For every M € Mg, one obtains a natural isomorphism Ag,(an) : Ha(M) —
GFH,(M) and a natural morphism ¢ : FHA(M) — HpTpFHA(M) induced
by the transformation ¢ : 1 — HgTp. Then oy = TAC?(&M)TA()\HA(M)) is
the desired transformation. Observe that éM is an isomorphism whenever M is
projective.

Since A is flat as an F4-module, T4 is an exact functor. Hence, F is left-exact
as a composition of the left-exact functor H4 with two exact functors. Finally,
observe that H4, F, and T are equivalences between Py, Pr., Pey, and Pp
respectively since A and B are self-small.

b) = a): In the first step, one shows that F(A) is self-small. Consider a
map o : F(A) = @pcoF(A), and denote the embeddings into the n'*-coordinate
by 6,, while the projection onto the nt"-coordinate is denoted by ,. Then,
G(®n<wF(A)) together with the maps {G(0,)}n<w is the coproduct of countably
many copies of GF(A) in P4 since equivalences preserve coproducts. On the
other hand, the R-module &,GF(A) together with the coordinate embeddings
7n also is a Pa-coproduct of countably many copies of GF(A) since Py is a
full subcategory of Mg, which is closed with respect to direct sums. Hence,
there is an R-module isomorphism A : &,GF(A) — G(®u,F(A)). In particular,
the R-module coproducts are the coproducts in P4. Furthermore, G(d,,) = Ay,
yields G(@,F(A)) = Bn<wim G(dy,). Since A is self-small, there is m < w with
G(\) C@1G(A), and hence G(m,)G(A) =0 for all n > m.

Because G is an equivalence between Pp and P4, the module G(B) is A-
projective, and there is a split-exact sequence 0 — U — @&;A — G(B) — 0. In
the last paragraph, it was shown that the coproducts in P4 are the coproducts
of R-modules. Consequently, F(®;A) = @;F(A), and the induced sequence
0 — FU)®; F(A) - FG(B) — 0 is exact. Therefore, B = FG(B) is F(A)-
projective. Since F(A) is self-small, one obtains that B and F(A) are similar by
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arguing as in the proof of Proposition 2.2. However, similar modules have Morita
equivalent endomorphism rings. O

Let R and S be rings, and consider modules A € Mg and B € Mg, which
are faithfully flat as modules over their endomorphism ring. A module M € C4
is A-B-Morita-invariant if Hx(M) @ g P € M p whenever P is a progenerator of
MEg,, such that Endg,(P) = E4. The module M € C4 is A-Morita-invariant
R-modules if it is A- B-Morita-invariant for all possible B. The class of A-Morita-
invariant modules is denoted by M1 4.

A R-module M is locally A-projective if every finite subset of M is contained in
an A-projective direct summand of M. The module M is k-A-projective if every
subset X of M with |X| < & is contained in an A-projective submodule of M.
Finally, M is A-torsion-free if every finitely A-generated submodule of M can be
embedded into an A-projective module of finite A-rank. Again, the references to
A are omitted if A = R.

Theorem 3.2. Let A € Mpg and B € Mg be self-small modules, which are
faithfully flat as modules over their endomorphism ring.

a) The class of A-B-Morita invariant modules is closed with respect to finite
direct sums, extensions and A-generated submodules.

b) If E4 is right and left Noetherian, then locally A-projective modules are
A-B-Morita-invariant.

¢) If k is a regular cardinal with |A|,|B| < &, then every k-A-projective
R-module is A-B-Morita-invariant.

d) If E4 is an integral domain, then all A-torsion-free R-modules are A-A-
Morita-invariant.

PROOF. Let P a progenerator of Mg, with Eg,(P) = E4.

a) Observe that all functors involved commute with finite direct sums, and
that C4 is closed with respect to finite direct sums.

Consider an exact sequence 0 - U — M — N — 0 in which U/ N € MI4.
Since A is faithfully flat as an F4-module, this sequence is A-balanced, and
an application of — ®g, P yields the exact sequence 0 — Hu(U) ®p, P —
Ha(M)®g, P — Ha(N)®g, P — 0 in which the outer terms are elements of
Mp. An application of T gives the exact sequence 0 — Tp(Ha(U) ®g, P) —
TB(HA(M) QRFE, P) — TB(HA(N) QFE, P) — 0, in which TB(HA(M) KFE4 P) is
B-generated and Tp(HA(N) ®g, P) is B-solvable because of Hx(B) ®p, P €
Mp. Hence, the last sequence is B-balanced by the faithful flatness of A. The
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standard commutative diagram induced by the natural transformation ¢ yields
Hs(M)®g, P € Mg.

Let U be an A-generated submodule of a module M € MI4. Then, Hy(U)®g,
P is isomorphic to a submodule of Hy(M) ®g, P € Mp. Since B is faithfully
flat as an Eg-module, Mg is closed with respect to submodules.

b) Observe that being right or left Noetherian is a Morita-invariant property.
It suffices to establish that a right and left Noetherian endomorphism ring is
discrete in the finite topology, i.e. that there is a finite subset X of A such
that ¢(X) = 0 yields ¢ = 0 for all ¢ € E. Once this has been shown, Hy4
and T4 induce a category equivalence between the locally A-projective groups
and the locally projective E4-modules [7], and the same holds for B. Then,
Hs(M)®g, P is a locally projective Eg-module because a Morita equivalence
sends locally projective E 4 -modules to locally projective Ez-modules.

Suppose that, for all finite subsets X of A, there is a non-zero ¢ € E4 with
¢(X) = 0. Then, there exist an ascending chain X; C X5 C ... of finite subsets
of A such that (X,,41). is a proper subset of (X,,). where X, = {¢ | ¢(X) = 0}.
Since E4 is left Noetherian, (X,,). is finitely generated, say by a1, ...a,,. Then,
(Xn)ex = N{ker a | a € (X,,)«} coincides with ker a;1N...Nker a,,. However, the
latter is the kernel of the map o : A — A™ defined by o(a) = (a1(a),. .., am(a)).
Since A is flat as an E4-module, ker o is A-generated, and hence (X7).. C
(X2)sx C ... forms a strictly ascending chain of A-solvable subgroups of A. If
this chain does not become stationary, it induces an infinite strictly ascending
chain H((X1)«x) C Ha((X2)xx) C ... of right ideals of E,4, whose existence
contradicts the fact that E4 is right Noetherian.

¢) Since |A] < &, one obtains that every x-A-projective module is A-solvable,
and Hu(M) is a k-projective FEs-module. Because Morita-equi-
valence preserves rk-projectivity, Ha(M) ®g, P is a k-projective Ep-module.
Then, the S-module Tp(HA(M) ®g, P) is k-B-projective and hence B-solvable.
Since A is faithfully flat as an E4-module, the natural map from Ha(M) ®g, P
into TgHa(HaA(M) ®g, P) is a monomorphism. Moreover, the latter is an ele-
ment of Mp, and Mp is closed with respect to submodules.

d) Let @ be the field of quotients of F, and consider a progenerator P of Mg
whose F-endomorphism ring is . The injective hull Pisa finitely generated
vector-space over the field @, say P~ Q" for some n < w. Since F is the F-
endomorphism ring of P, and P is finitely generated, one obtains that () is the
E-endomorphism ring of P. On the other hand, the latter ring is isomorphic to
Mat,(Q). Therefore, n = 1, and P is isomorphic to an ideal of E. Without loss
of generality, one may assume that P is an ideal of E. Since P is a progenerator
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of Mg, one obtains that P is a faithfully balanced Fg(Pg)-E-bimodule. If « :
Py — Pg is an E-map, then af(z) = fa(z) for all z € P and § € E since
E is commutative. Thus, « is an endomorphism of the left Endg(Pg)-module
P. Hence, there is r € E such that a(z) = ar for all x € P. In particular, the
inclusion map ¢ : P — F is a bimodule-morphism.

Let M be an A-torsion-free R-module. Then, M is A-solvable, and Ha(M) is a
torsion-free E-module. The map ¢ induces a sequence 0 — Torf (H4(M), R/P) —
Ha(M)®p P — Hy(M) ®g E in which the last map is a right E-module map.
Since P is flat, Ha(M)®pg P is torsion-free, and Torf (Ha (M), R/P) = 0 because
E is an integral domain. Therefore, Ha(M) ®g P is isomorphic to a submodule
of Ha(M) € M. Since A is faithfully flat as an E-module, M 4 is closed with
respect to submodules. Therefore, G € MI(A). O

However, the class of A-B-Morita-invariant modules need not be closed under
infinite direct sums of A-small families as the following example shows: Let A = 7Z
and B = <% | p a prime) C Q. Since Ep = 7Z, choose P = Z as a progenerator
of Ab. Observe that Z/pZ € Mg for all primes p. However, ®,Z/pZ ¢ Mg
since Tp(®pZ/pZ) = ®,Z/pZ is not B-solvable because {Z/pZ | p a prime} is
not B-small.

Theorem 3.2 yields that the class of A-Morita-invariant modules is closed with
respect to finite direct sums, A-generated submodules, and A-generated exten-
sions. Clearly, A-projective modules are A-Morita-invariant. However, there
may exist Morita-invariant modules which are not A-generated submodules of
A-projective since every locally A-projective module is A-Morita-invariant if E 4
is right Noetherian.

Corollary 3.3. Every A-Morita-invariant group is torsion-free if A is a torsion-
free reduced abelian group whose endomorphism ring is a subring of a finite di-
mensional Q-algebra.

PROOF. Suppose that there exist an A-Morita-invariant group G such that G[p] #
0 for some prime p. Then, G has a cocyclic summand C which is A-solvable,
and one may assume that G is cocyclic. Select an A-balanced exact sequence
0-U%P2 G 0inwhich P is A-projective and S4(U) = U. If A = pA,
then both U and P are p-divisible. If 0 # = € G[p], then z = 3(y) for some y € P.
Then, S(py) = pr = 0, and there is z € U with py = a(z) = pa(z’) for some
suitable 2/ € U. Since A is torsion-free, y = «(z’) which is not possible. Hence,
A # pA. Therefore, G[p| is an A-generated subgroup of G. In particular, Z/pZ
is A-Morita-invariant by the remarks preceding the corollary.
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By Corner’s Theorem, there is a torsion-free abelian group B of rank 2n with
Ep = E where n = ro(E). Then, Ho(Z/pZ) € Mp. In particular, Tg H4(Z/pZ)
is a p-bounded abelian group. Consequently, Z/pZ € C4. Since B/pB = (Z/pZ)™,
the group B/pB is B-solvable. Because B is faithfully flat as an E-module, the
sequence 0 — B % B — B/pB — 0 is A-balanced. Hence, 0 — Hp(B) >
Hgp(B) — Hp(B/pB) — 0. Therefore, [r,(B)]* = r,(F) < co. On the other
hand, r,(B) = r,(E) yields r,(E) = 1.

On the other hand, there is a torsion-free abelian group C with E(C) = E
such that r,(C) is infinite and C is faithfully flat as an EF-module. Using the same
arguments as before, one obtains that Z/pZ is C-solvable. There is a subgroup
W of C with C/W = Z/pZ. In particular, W is C-solvable, and one has an exact
sequence 0 — Ho(W) — Ho(C) — Heo(Z/pZ) — 0. However, pC C W yields
pHc(C) € Ho(W) and hence Ho(C)/Hco(W) is an epimorphic image of E/pE.
Consequently, r,(Hc(Z/pZ)) = rp(E) = 1. On the other hand,

ro(He (Z/pZ)) = ry(Hom(C/[pC, Z/pZ)) = 277 > 2%,

a contradiction. O

4. CATEGORY EQUIVALENCES

In this section, F and G denote additive functors, which are defined on full
subcategories of module categories. If 7 and G are mutually inverses, then F
and G commute with respect to arbitrary direct sums provided they exist in the
subcategories.

Theorem 4.1. Let R and S be rings. The following conditions are equivalent
for self-small modules A € Mp and B € Mg which are faithfully flat as modules
over their endomorphism ring.

a) Ca and Cp are equivalent categories.
b) There exists a Morita-equivalence between Mg, and Mg, , which re-
stricts to an equivalence between M 4 and Mpg.

PROOF. a) = b): Suppose that the equivalence is given by two functors F : C4 —
Cp and G : Cp — C4 with corresponding natural transformations ¢ : GF — 1¢,
and ¢ : FG — 1c,.

The first step shows that F transforms exact sequences of R-modules with
entries from C,4 into exact sequences of S-modules. For this consider an exact
sequences 0 — C' 5 M 2. N = 0 of R-modules with C,M,N € Cas. Then, « is
the Ca-kernel of 8 because A is flat over its endomorphism ring (see [2]). Since F
preserves kernels, F(«) is the Cp-kernel of F(3). However, the Cp-kernel of F(3)
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coincides with its kernel as a S-module since B is flat over its endomorphism ring.
Hence, F(a) is one-to-one, and the sequence 0 — F(C) 7 F(M) 79 F(N) is
exact. Since S- and Cp-cokernels need not coincide, it remains to show that F(3)
is onto as a S-module map. If H = im F(3), then H is B-solvable because it is
a B-generated submodule of the B-solvable module F(N) and B is flat over its
endomorphism ring. Moreover, F(f3) induces an S-epimorphism 3 : F(M) — H.
Observe that H = F(M)/im F(«) yields that § is a Cg-cokernel of F(a). Hence,
there is a Cp-isomorphism 6 : H — F(N) with 63 = F(B). Since § is an S-
isomorphism, F(3) is onto as a S-module map.

In the next step, one establishes that B and F(A) are similar. For this, consider
an exact sequence 0 — U — &;B — F(A) — 0 of S-modules in which U is B-
solvable. It induces the exact sequence 0 — G(U) — G(@;B) — GF(A) — 0,
which splits since GF(A) = A is faithfully flat over its endomorphism ring and
GF(@rB) is A-solvable. Hence, FGF(A) = F(A) is B-projective as a direct
summand of FG(®rB) = @®;B. A similar argument shows that B is F(A)-
projective using an exact sequence of the form 0 — V — @©;4 — G(B) —
0. Then, B and F(A) are similar by Proposition 2.2. Hence, Hp(F(A4)) is a
progenerator of Mg, once one has established that F(A) is self-small:

Let A : F(A) — ®,F(A) be a S-module-map such that 7, A # 0 for inf-
initely many n < w where m, : ®,F(A) — F(A) is the projection onto the
nt'-coordinate. Then, G()\) : GF(A) — G(D,F(A)) satisfies G(m,)G(\) # 0 for
infinitely many n < w. Observe that the embeddings d,, : F(A) — ®,F(A)
into the n'"-coordinate have the property G(®,F(A4)) = S,<,im G(8,) since
G(®wF(A)) is the Cp-coproduct of {G(d,)}n<w- This sum is direct because
G(m)G(0m) = Opm where §yp, = 0 if m # n and Oy, = 1 if n = m. Since
A= GF(A), there is ng < w with G(X)(A4) C X712 jim G(0x) by the self-smallness
of A. Therefore, G(m,)G(A) = 0 for all n > ny.

The desired equivalence between Mg, and Mg, is obtained by observing
that E4 operates on P = Hp(F(A)) by ¢ xx = [Hg(F(4))](x), and that the
assignment ¢ — Hp(F(¢)) defines a ring isomorphism between E4 and Eg, (P)
since HpF is an equivalence between C4 and M g with inverse TgG. For reasons
of simplicity, identify F4 with the Ep-endomorphism ring of P. Since P is a
progenerator of Mg, , one obtains from [5, Theorem 17.8] that P is a faithfully
balanced E4-FEp-bimodule which is finitely generated and projective as a left F 4-
module. Moreover, P is a generator of g, M by [5, Lemma 17.7]. By Morita’s
Theorem [5, Theorem 22.4], the functors F : Mg, — Mg, and G : Mg, —
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Mg, defined by F= —®p, Pand G = Homg, (P, —) are an equivalence between
Mg, and Mg,.

Let F4 be the full subcategory of C4 whose objects are the A-free modules.
For F; = @A and Fy = @A in F4, one has

TpFHA(F) = Tp(Ha(F,) ®p, P) =

HA(F) ®p, TeHp(F(A)) Znat Ha(F;) Qp, F(A)
where the E4-module-structure of F(A) is defined by r x z = F(r)(x) for all
z€F(A)andr € Ey. Ife; : A — Fy and f; : A — F5 denote the embeddings into
the it"- and j'"-coordinate respectively, then {e;}ic; € Ha(F1) and {f;}jes C
H 4 (Fy) are E4-bases. Define a map
m: Ha(Fy) @p, F(A) — F(Fy)

by 1 ((Ziereir:)@x) = LierF(e;)[F(r;)](x). Observe that 1 and 1y are S-module
maps since F(A) and F(F;) carry a right S-module-structure, see e.g. [10]. Since
every x € Ha(F1) ®g, F(A) can be written as z = ¥7_, (Yiereitiy) @ x; =
Yiere; ® y; where y; = E}l:l]-'(tij)(xi), one obtains 7y (z) = X;crF(e;)y;. Since
F(e1) is one-to-one, 77 is an isomorphism. In a similar way, one obtains an
isomorphism 1y : Ha(F2) @, F(A) — F(Fy).

If ¢ : Fy — F5, then, for each ¢ € I, there are r;; € E4 with r;; = 0 for
almost all j € J such that H4(¢)(e;) = X,eyfjrij. Furthermore, ¢(X;cre;(a;)) =
Yiesfi(Zierrij(a;)) for all a; € A with a; = 0 for almost all ¢. Since F(Fy) =
Eiel m .7:(61'), one obtains F((l))(zze]}-(el)(l‘l)) = Ejejf(fj)(zie]f(Tij)(l‘i )
for all z; € F(A) such that z; = 0 for almost all i € I. Moreover, the diagram

$®1
Ha(Fy) ®p, F(A) ——5 Ha(F2) ®p, F(A)

F(F1) — F(F2)
commutes since
F(o)m (e @ zi) = F(9)(F(ei)(x)) = Zjes F(f5)[F (rij) ().
while
M2(Ha(9) @ 1ray)(ei @ x:) = m2(Zjes firiz @ i) = Xje s F (i) [F(rij)] (@)

The standard arguments from homological algebra show that n; and 72 do not
depend on the chosen embeddings {e;}icr and {f;}jes. Hence, TpFH4 and F
are naturally equivalent when restricted to F4.
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But FH A(F) is B-projective for each A-free module F, and HgTp is naturally
equivalent to 1p, ~where Pg, is the category of projective right Ep-modules.
Therefore, FH 4 is naturally equivalent to HgF on F4. Once it has been shown
that this equivalence can be extended to C4, then for all M € M 4, the module
T4(M) is A-solvable, and

M®g, F(A) 2 HATA(M) @, F(A) 2 HgF(Ta(M)) € Mp.

By symmetry, G : Mp — M, is the inverse to F.

Given an A-solvable module M, there are A-balanced exact sequences 0 —
U—F —-M—0and 0 -V — Fy, — U — 0 such that F} and F5 are A-free,
and U and V are A-solvable since A is faithfully flat as an F4-module. By what
has been shown, F carries these sequences into exact sequences of S-modules
which are B-balanced because B is faithfully flat as an Eg-module. Hence, the
exact sequence Fy, — F; — M — 0 remains exact after an application of HgF or
(— ®p, P)H4 since P is a projective E4-module. One obtains the commutative
diagram

HpF(F,) —— HpF(Fy) —— HgF(M) —— 0

Zlm Zlm llnkf

FHA(Fy)) —— FHp(F)) —— FHA(M) —— 0

with induced isomorphism 7,,. Observe that the bottom-row is exact since the
functor — ®g, F(A) is exact because P is a projective E4-module. To see that
1 is naturally, choose N € C4 and a morphism ¢ : M — N. There is an exact
sequence P, — P, — N — 0 with P, and P, A-free. By the faithful flatness of A
as an E4-module, one obtains a commutative diagram

Iy F M 0
Jd& J((f)l l¢
P Py N 0

for suitable maps ¢; and ¢5. The standard arguments can now be used to show
that n, is natural and independent of the chosen A-free resolutions.

b) = a): Set F = Tp(— ®g, P)Ha where — ®p, P is the given Morita-
equivalence inducing an equivalence between M 4 and Mp. a

Corollary 4.2. Let A and B as in Theorem 4.1. If F : C4 — Cp is a category
equivalence, then there is a progenerator P of Mg, with E4 = Eg, (P) such that
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the diagram

Ca —— Cp

s | o
—Q®p,P
Mg, —— Mg,

commutes.

In particular, the Morita equivalence of E 4 and Eg in the last result guarantees
the following;:

e If A is a generalized rank 1 group, then so is B.
o If £, is right Noetherian (right hereditary, right semi-hereditary, right
strongly non-singular), then the same holds for Fp.

On the other hand, Z[z] contains an ideal I which is generated by 2 elements,
but is not projective. Therefore, Mats(Z[z]) is not a right p.p.-ring, although
Zlx] is. Select a self-small group A with E4 = Z[x] which is faithfully flat as an
FE 4 module to obtain examples of groups A and B = A ® A such that E is right
p.p., but E(B) is not. Therefore, being a right p.p. ring is a property which is
not preserved under Morita-equivalence.

Corollary 4.3. Let R and S be ring. Suppose A € Mg and B € Mg are self-
small modules which are faithfully flat over their endomorphism ring and have
the property that C4 and Cp are equivalent via a functor F.

a) The classes of finitely A-generated, A-torsionless, locally A-projective, A-
presented, A-torsion-free, and weakly A-solvable groups are equivalent to
their B-counterparts under F.

b) If M € Ca, then A-p.d.M = B-p.d.F(M).

|

Example 4.4. If R and S are Morita-equivalent rings with associated category
equivalences F : Mpr — Mg and G : Mg — Mg, then Ca and Cra) are
equivalent for all A € Mg.

PrOOF. Let M be A-solvable module, and consider an A-balanced exact sequence
0-U— /A LAy V. 0 in which U is A-generated. There is an epimorphism
@®jA — U — 0. Applications of F induce the exact sequences 0 — F(U) —
F(@rA) - F(M) — 0 and F(®s4) — F(U) — 0. Moreover, if ¢ : F(A) —
F(M), then there is ¢ : GF(A) — GF(®rA) such that GF(B)yY = G(¢). Apply
F once more. O
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Clearly, Theorem 4.1 applies if A and B are similar R-modules, as is for instance
demonstrated by the next result:

Corollary 4.5. Let A and B be torsion abelian groups. Then, Cax and Cp are
equivalent if and only if A and B are similar.

ProoOF. By Proposition 2.1, torsion groups with Morita-equivalent endomor-
phism rings are similar. O

However, there exist R-modules A and B which are not similar, but for which
C4 and Cp are equivalent categories. The construction of such modules is based
on the following description of M 4 in case that A is a torsion-free abelian group
of rank 1. Let n(4) = {p | A = pA}, and consider a non-zero a € A. The
set 0,(A) ={p |0 < h;?(a) < oo} is uniquely determined up to equivalence
of sets by A [9]. Denote the equivalence class of 0,(A) by o(A). Observe that
E=12[t|pen(a)

Theorem 4.6. Let A be a subgroup A of Q, and 0 # a € A. An E-module M is
in Ma if and only if M[p] =0 for all but finitely many p € o,(A).

PROOF. Firstly, observe that every E-module M has the property that M[p] = 0
for all primes p € w(A). Otherwise, write M = Fy/F» where Fy and F; are free
E-modules. There is € Fy \ Fz such that px € Fy for some p € w(A). Since
E = pE, there is z € F, with pz = pz since p € 7(A). One obtains = z, which
is not possible. Hence, tM = @pgra)Mp.

Now suppose that M € My, and assume that M[p] # 0 for infinitely many
p € 04(A). Since A is flat as an E-module, T4 (M,,) is the p-torsion subgroup of
the A-solvable group T4 (M) for all primes p. Furthermore, A/pA = Z/pZ for
all primes p & w(A) yields that Ty (tM) is A-generated, and hence A-solvable.
Since TA(tM) = ©pgr(a)Ta(My), the family {T4(Mp) | p & 7(A)} is A-small,
ie. for every map a : A — ©,gra)Ta(tM), one has mpa = 0 for almost all
p & w(A) where m, : T4(tM) — T4(M,) is the projection induced by tM =
©Opgn(a)yMy. However, 0 < h;‘(a) < oo for all primes p € 0,(A) yields that A
contains a subgroup U such that A/U = @,¢,,a)Z/pZ. Therefore, one can find
a monomorphism o' : A/U — T4 (tM) such that m,o/ # 0 for all p € 0,(A) for
which M{p] # 0, a contradiction. Consequently, T'4(M,) = 0 for almost all primes
p € 04(A). Since A is faithfully flat as an E-module, M, = 0 for all but finitely
many of these primes.

Conversely, consider an E-module M such that M|[p] = 0 for all but finitely
many primes p € 04,(A). Then, there is an exact sequence 0 — Ty (tM) —
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Ta(M) — Ta(M/tM) — 0. Since the class of A-solvable groups is closed with
respect to A-generated extensions, T4 (M) is an A-solvable group once one has
shown that T4 (tM) and Ty (M /tM) are A-solvable. Then, HyT4(M) € M4, and
the natural map ¢pr : M — HTa(M) is a monomorphism since A is faithfully
flat as an E-module [2]. Furthermore, M4 is closed with respect to submodules
whenever A is a faithfully flat F-module, and hence M € M4 [2].

Write tM = N®M,, &...M,, whereps,...,p,, are the primes p € 0,(A) with
M]Ip] # 0. It suffices to show that a p-group is A-solvable whenever p & w(A).
By [6, Theorem 1.4], hi'(a) < oo for all p & m(A) yields A/p"A = Z/p"Z for all
n < w. Hence, every p-group K is A-generated. Moreover, ¢(A) = Z/p"Z for
some n < w whenever ¢ € H4(K). Therefore, every finitely A-generated subgroup
of K is finite, and hence A-solvable. Consequently, K itself is A-solvable. Hence,
every Ta(M,) is A-solvable for all primes p. Since C4 is closed with respect to
direct sums of A-small families, T4 (tM) is A-solvable once one has shown that
{Ta(M,) | p & 0q(A)} is A-small.

Consider a map a : A — @pgo, (4)Ta(My), and let 71 = {p € 0,(A) | Tpax
# 0}. Then, ker a contains a non-zero b. For each p € my, thereis ¢, € A
such that 0 # a(c,) € M|p]. Hence, pc, € ker a, and there are relatively prime
integers m, and n, with m,pc, = n,b. However, n, = pk, yields mpc, = kpb.
Consequently, mpa(c,) = 0 from which one obtains the contradiction «(c,) = 0
since a(c,) € M|[p| and p does not divide m,. Thus, p does not divide n,, and
h?(b) > 0 whenever p € m;. Consequently, m; C 03(A) \ 0,(A). Since the latter
set is finite, the same holds for m. Furthermore, if H is any torsion-free A-
generated group, and U is a finitely A-generated subgroup of H, then there is an
exact sequence 0 — V — A™ — U — 0 for some m < w. Because of [9, Lemma
86.8], V is a direct summand of A™, and U is A-projective. Therefore, every
finitely A-generated subgroup of H is A-solvable, and the same holds for H. [

Corollary 4.7. Let A and B be subgroups of Q.

a) A and B are similar if and only if A= B.
b) Ca and Cp are equivalent if and only if 7(A) = w(B) and 0(A) = o(B).

PROOF. a) is obvious.

b) Suppose that C4 and Cp are equivalent. Since E4 and Ep are Morita-
equivalent subrings of Q, they are equal, and hence w(A4) = w(B). Moreover,
every Morita-equivalence between Mg, and Mg, has to be the identity functor.
By Theorem 4.1, My = Mp. But then o(4) = o(B). Conversely, observe
C A/\;l a=M BC~ B. O



MODULES WITH MORITA-EQUIVALENT ENDOMORPHISM RINGS 681

It is easy to construct subgroups A and B of Q that either have incomparable
types or satisfy type(A) < type(B) and have the properties o(A) = o(B) and
7w(A) = m(B) = 0: For instance, let m; and m be infinite disjoint subsets of
the set of primes, and consider the subgroups A; = Z1 + (% | p € m U ma),
AQZZ:[-F(% |p€7r1>+<pi3 | p € ma) andeZl—i—(pi2 | p € m Um) of Q.
Then, (A1) = o(A2) = o(B) and 7(A;) = 7(Az) = n(B) = (. Observe that
type(A1) < type(B), while A5 and B have incomparable types.
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