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Abstract—Skeletons are widely used shape descriptors which generally applied by most of the existing thinning algarith
summarize the general form of binary objects. A technique [3]. These conventional algorithms use operators thattelele
to obtain skeletons is the thinning, that is an iterative lagr- some simple points which are not endpoints, since presgrvin

by-layer erosion in a topology-preserving way. Conventioal . ) . . . . .
thinning algorithms preserve line endpoints to provide important endpoints provides important geometrical informatioratiee

geometric information relative to the object to be represeted. 0 the shape of the objects. Note that all endpoints are simpl
Bertrand and Couprie proposed an alternative strategy by points in each endpoint characterization.
accumulating isthmus points that are line interior points. In this Bertrand and Couprie introduced an alternative strategy to
paper we present six new 2D paralle| thinning algorithms thaare . ecarye geometric features in thinning [1]. They proposed
derived from some sufficient conditions for topology presering f - o
reductions and based on isthmus-preservation. a sequential t.hlnnl.ng scheme based on a generalization of
curve/surface interior points that are calledhmues. Isth-
|. INTRODUCTION muses are dynamically detected and accumulated in a con-
Skeletons play important role in various applications dftraint set of non-simple points.
image processing and pattern recognition [11]. Thinning is Despite of the topological constraint, Couprie found five
an iterative layer-by-layer erosion until only the sketetamf existing 2D parallel thinning algorithms that are not taypl-
the binary objects are left [6], [12]. preserving [2]. In order to verify that a parallel reduction
A 2D binary picture[4], [5] is a mapping that assigns apreserves topology, Ronse introduced the minimal nondgimp
value of 0 or 1 to each point with integer coordinates in thgets in [9], and Kong gave some sufficient conditions [5].
2D digital space denoted h#?. Points having the value of Németh, Kardos, and Palagyi indroduced modified versions
1 are calledblack points, and those with a zero value ar®f Kong's sufficient conditions and combined them with the
called white ones. The objects of a picture are comprisekhown parallel thinning approaches and endpoint character
of black points; white points form the background and theations to generate a family of topology preserving thignin
cavities of the picture. We considéB, 4)—pictures, where and shrinking algorithms [7], [8].
8—adjacency and-—adjacency are, respectively, used for the In this paper we present various 2D parallel thinning algo-
objects and their complementary [4]. It is assumed that arithms that are derived from some sufficient conditions for
picture contains finitely many black points. topology preserving reductions, parallel thinning stas,
A reduction operatortransforms a binary picture only byand based on isthmus-preservation.
changing some black points to white ones (which is refemedt The rest of this paper is organized as follows. Section 2
as thedeletionof 1's). A parallel reduction operatodeletes all gives the basic notions of 2D digital topology and some suf-
points satisfying its condition simultaneously. Paralteéhning ficient conditions for parallel reduction operators to preg
algorithms are composed of parallel reduction operati8hs [topology. In Section 3, the conventional and the isthmuseta
The first essential requirement for thinning algorithmsis t parallel thinning schemes are sketched. Section 4 revieers t
topology preservation [4]. A 2D reduction operation doe$ proposed isthmus-based parallel thinning algorithmsallin
preserve topology if any object in the input picture is splive round off the paper with some concluding remarks.
(into several objects) or completely deleted, any cavityhie
input picture is merged with the background or another gavit
or a cavity is created where there was none in the input @ctur In this paper, we use the fundamental concepts of digital
[5]. A simplepoint is an object point whose deletion does ndbpology as reviewed by Kong and Rosenfeld [4].
alter the topology of the picture [4]. Let p = (ps, py) andq = (g, g,) be two points inZ? and
The second requirement to be complied with by thinninigt us denote byi(p,q) = \/(ps — ¢2)> + (py — qy)? their
algorithms is the shape preservation. For example, an bbjetclidean distance. These two poinisandq, are4—adjacent
having the shape as the letter “b” should not be transformidd(p, ¢) < 1 and they are8—adjacentif d(p,q) < /2. Let
into an object like an “0”. This is why endpoint criteria areN;(p) (for j = 4,8) denote the set of pointg-adjacentto
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pointp, andN (p) = N;(p)\{p} refers to the set consisting of
the properj—adjacent neighbors @f The sequence of distinct
points (zg, z1,...,2,) is called aj—-path (for j = 4,8) of
length n from point 2y to point z,, in a non—empty set of
points X if each point of the sequence is i§ and z; is j—
adjacent tar;—, for eachl < i < n. Note that a single point
is a j—path of length 0. Two points are said to jpeonnected

in the setX if there is aj—path inX between them. A set L L

of points X is j—connectedn the set of pointd” D X if any
two points in X are j—connected irl".
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The lexicographical order relatior between two distinct Fig. 1. Black points markeds” in the seven black components contained
pointsp = (pm,py) andq = (Qm; C]y) is defined as follows: in a2 x 2 square are designated to be preserved by Condition 3 of &meor

P=q & py<qyV(py=0qyNpzr<qu)

The 2D binary (8,4) digital pictureP is a quadrupleP =
(72,8, 4, B) [4]. Each element of? is called apoint of P.
Each pointinB C Z? is called ablack pointand has a value of
1 assigned to it. Each point i\ B is called awhite pointand

points that are not endpoints.

has a value of 0 assigned to it. 8—adjacency and 4—adjacefigPrithm 1 Conventional Parallel Thinning

are, respectively, used for the black points and the whitson 1: Input picture (Z2, 8,4, X)
A black componeris a maximal 8—connected set of points in 2: Output picture (Z2,8,4,Y)
B, while awhite componenis a maximal 4—connected set of 3: ¥ = X

points inZ?\ B. It is assumed that any picture is finite (i.e., it 4 repeat

contains finitely many black points). 5
A black point is called &order pointin (8,4) pictures if  6:

D
Y

it is 4—adjacent to at least one white point. A black pgint 7: until

= {p | p is “deletable” inY'}

=Y\D

D=9

is called aninterior pointif it is not a border point. A border

point p is anendpoint of type Hf there is one black pointin | Algorithm 1, the kernel of theepeat cycle corresponds
Ng(p) or there are two 4-adjacent black pointsN (p).  to an iteration step of the thinning process. Iterationsef&h
A black point is called asimple pointif its deletion g opject points that satisfy the deletion condition araoeed
preserves the topology of the picture [4]. There are variodsmyitaneously) are repeated until stability is reached.
characterizations of simple points. One of them is stated andpoint preservation yields that the produced skeletons
follows: _ . . represent the shapes of the original objects, but it is a
'2|'heorem 1:[4] Black point p is simple in picture qohie-edged sword. Its risk is that each unwanted endpoint
(z+,8,4, B) if and only if all of the following conditions hold: (that appears during the thinning process) corresponds to
1) pis a border point. an unwanted side branch in the skeleton produced by an
2) The set\g(p) contains exactly one blagk-component. endpoint-preserving thinning algorithm. That is why Beni

Note that the simplicity of poinp in a (8,4) picture is a and Couprie introduced an alternative strategy to preserve

local property; it can be decided in view of (p). _geometric features in thinning [1]. They proposed a geieal
Parallel reduction operators delete a set of black poinisn of curve/surface interior points that are calisthmuss.

and not only a single simple point. Nemeth, Kardos, andthmuses are dynamically detected and accumulated in a

Palagyi gave the following sufficient conditions for top@y-  constraint set of non-simple points. The isthmus-baseallgar
preserving parallel reduction operators [8]. thinning scheme is sketched by Algorithm 2.

Theorem 2:Let O be a parallel reduction operation. The

operationQ is topology preserving fof8, 4) pictures if all of Algorithm 2 Isthmus-Based Parallel Thinning

the following conditions hold for any black poiptin picture
(Z%,8,4, B) deleted byO:

1. Input picture (Z2,8,4, X)
2: Output picture (Z2,8,4,Y)

1) Pointp is simple in picture(Z?, 8, 4, B). 3 Y = X
2) For any simple poing € Nj(p) N B, p is simple in 4: I—¢

picture (Z2,8,4, B\ {q}), or ¢ is simple in the picture

(72,8,4,B\ {p}), or g < : repeat
87 % Py), V4= P 6 B= I andyp is a border point it
3) Pointp does not coincide with the points marked ‘in 7 S5 {{5 || 5?3 and];o is a simple F;))oint inY}}
the seven black components depicted in Fig. 1. 8: [=1U(B\S)
I11. PARALLEL THINNING 90 D={p|peSandpis “deletable” inY}
The conventional parallel thinning scheme can be describé?{ unﬁ :DY—\ é)

by Algorithm 1, where “deletable” points are some simple1L i
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In each iteration step, some border points that are not
isthmuses can be deleted and detected isthmuses (i.eerbord
points that are not simple ones) are accumulated in the
constraint sef.

IV. SIX VARIATIONS ON ISTHMUS-BASED PARALLEL
THINNING ALGORITHMS

In this section, six new isthmus-based thinning algorithms
composed of parallel reduction operations that satisfyofdra
. . Fig.

2 are reported. The proposed algorithms were tested ontequ]g?g

posed on just two test images. The first one 12@x 45 image
of a violin with 2498 object points (see Figs. 2, 5, and 7), and
the second test image is582 x 607 image of a salamander
containing 108 615 object points (see Fig. 8).

The pairs of numbers in parentheses (see Figs. 2, 5, 7, and
8) are the count of object points in the produced pictures and

o Wl
e
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FP-Isthmus
(294, 17)

Endpoint preservation |
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FP-E
(300, 17)

ig. 2. Skeletons produced by the proposed isthmus-badiggérallel thin-
) - 4 algorithm FP-Isthmus and the corresponding enddmased algorithm
of different shapes. Here we can present their results superrp-E.

Isthmus preservation

the parallel speed (i.e., the number of the required paralle

reduction operations [3]).

A. A Fully-Parallel Algorithm

In fully parallel algorithms, the same parallel reduction o
operation is applied in each iteration step [3]. g

Our isthmus-based fully parallel thinning algorithm FP- =
Isthmus is sketched by Algorithm 3. £
Algorithm 3 FP-Isthmus °

1: Input picture (Z2,8, 4, X)

2: Output picture (Z2,8,4,Y)

33Y=X

4 I1=10

5: repeat o

6: B={p|p¢Iandpis a border point iny"} e

7. S={p|pe€ Bandpis asimple point int'} g

g I=IU(B\S) b=

90 D={p|pec S andpis FP-deletable iV} g
10:. Y=Y\D o
11: until D =0 -

FP-deletable points are defined as follows:

Definition 1: Black pointp is FP-deletable if all the condi-
tions of Theorem 2 hold.

Figure 2 presents an illustrative example for a skeletong
produced by algorithm FP-Isthmus compared with the exjstin &
fully parallel algorithm FP-E (that preserves endpoints of 5
type E) [8]. It is illustrated in Fig. 3 how the fully parallel
algorithms FP-E and FP-Isthmus work.

Deletable points of the proposed fully parallel algorithBxF
Isthmus (see Definition 1) are derived directly from corutis
of Theorem 2. Hence, it is topology preserving.

2nd iterati

B. Subiteration-Based Algorithms

In subiteration-based thinning algorithms, an iteratiteps
is decomposed inté successive parallel reduction operations
according to thek deletion directions. If directionl is the
current deletion direction, then soméborder points are
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Fig. 3.
algorithms work with endpoint and isthmus preservationinBomarked “E”
corresponds to the endpoints of type E, while isthmus pargsmarked “I".
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A sample object to show how the proposed fully parahéning
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deleted [3]. Existing 2D subiteration-based parallel tiiig
algorithms considek = 2 or k = 4 directions [3], [7], [8],
[12].

A black pointp is an N-border point if poinipy (see Fig. 4)
is white. ThelW-, S-, E-border points can be defined similarly.

In addition, a black poinp is an N E-border point ifpy or

pe 1S white. Considering another pairs of directions, we can
likewise talk aboutvW-, SW-, SE-border points (see Fig.

4),

PNW| PN |PNE

pw | P | PE

PSw| PS |PSE

Fig. 4. Notations for the3 x 3 neighborhood of poinp.

Our new subiteration-based thinning algorithms usingy. s
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SI{NE, SW)-Isthmus
(271, 26)

SKNE, SW)-E
(299, 26)

L] LT
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W
U

SI{NE, SW, NW, SE)-Isthmus
(277, 28)

SUNE, SW, NW, SE)-E
(300, 28)

1
=

U,
L,

SI-(N, E, S, W)-Isthmus
(267, 48)

SKN, E, S, W)-E
(306, 48)

Skeletons produced by the proposed isthmus-basgd- al

a sequence of deletion direction@ are Sl€-Isthmus rithms SI{NE,SW)-Isthmus, SKNE, SW, NW, SE)-Isthmus, and SI-

(see Algorithm 4), @ =
(NE,SW,NW, SE)).

(NE,SW), (N,E,S, W),

Algorithm 4 SI-Q-Isthmus
Input picture (72,8, 4, X)

L

2: Output picture (Z2,8,4,Y)

33Y=X

4. I1=10

5: repeat

6 D=1

7. forall d e @ do

8: B={p|p¢Iandpis a border point in'"}

o: S={p|pe B andp is a simple point inY'}
10: I=ITU(B\YS)

11: Dys={p|pe S andpis Sl<d-deletable inY'}
12: Y =Y\ Dy

13: D=DUDy

14:  end for

15: until D=0

Sl-d-deletable points are defined as follows:
Definition 2: Black point p is called
deletable if all the following conditions

(de{N,E,S,W,NE,SW,NW, SE})

1) Pointp is a simple andi-border point.

2) For any simple andi-border pointq € Nj(p), p is
simple inN§ (p) \ {¢} or q is simple inN§(q) \ {p}, or
q=<p.

3) Depending on the deletion directiafy the following
conditions are to be satisfied:

Sld—

hold

(N, E,S,W)-Isthmus and the corresponding endpoint-based algoritBns
(NE,SW)-E, S{NE, SW, NW, SE)-E, and SKN, E, S, W)-E.

« if d = SW, thenp does not coincide with the point
marked %" depicted in Fig. 1(a), (b), (c), (d), and
®;

o if d = NW, thenp does not coincide with the point
marked %" depicted in Fig. 1(a), (b), (d), (e), and
®;

o if d = SF, thenp does not coincide with the point
marked %" depicted in Fig. 1(a), (b), (c), (d), and
(e).

Figure 5 presents some examples for skeletons pro-
duced by our new algorithms SIVE, SW)-Isthmus, SI-
(NE,SW,NW, SE)-Isthmus, and SIV, E, S, W)-Isthmus
compared with the corresponding subiteration-based algo-
rithms SI{NE,SW)-E, SI{NE,SW,NW, SE)-E, and SlI-
(N, E,S,W)-E (that preserve endpoints of type E) [8].

It can readily be seen that deletable points of the proposed
subiteration-based algorithms (see Definition 2) are éeriv
from the conditions of Theorem 2. Hence, all of the three
algorithms are topology preserving.

C. Subfield-Based Algorithms

Subfield-based algorithms partition the digital space into
subfields. During an iteration step, the subfields are atern
tively activated, and a set of border points in the activdisi
can be deleted by a parallel reduction operation [3].

The existing 2D subfield-based thinning algorithms pantiti
the digital spac&? into two and four subfields, see Fig. 6. In

. if d € {N,E,S, W}, thenp does not coincide with the case ofc subfields, the-th subfield denoted by (i) is
the point marked £ depicted in Fig. 1(a) and (b); defined as followsK = 2,4; i =0,...,k — 1):

o if d = NE, thenp does not coincide with the point N _ .
marked %" depicted in Fig. 1(a), (b), (), (), and “2(1) = {P=(z.y) | (z+y)=1i (mod2)},
®; Sa(i) = {p=(2,9) | 2-(ymod2)+ (z mod 2) = i}.
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0|1(/0| 1|0 0o|1f(0| 1|0
1/0|1]|0]1 213]2|3|2 @ ” @ II
0|1(/0|1]0 0|1(0|1]0
110(1|0]1 213]2| 3|2
ol1lol1l0 ol1lol1T0 SF-2-I1sthmus SF-2-E
(311, 20) (342, 20)
(@) (b)
Fig. 6.  Partitions o_fZZ2 into two (a) and four (b) subfields. For the '\,'/H_}rx_} 1 % 1T
subfield case, the points markeédare in the subfieldSy (i) (k = 2,4, i = 4\;;,__/__} Tl %!:’j’? £
0,....k—1).
SF-4-Isthmus SF-4-E
(271, 40) (590, 40)

Our new isthmus-based subfield-based thinning algorithms

are SF-2-Isthmus and SF-4-Isthmus (see Algorithm 5). Fig. 7. Skeletons produced by the proposed two isthmussbalg®rithms
(SF-2-Isthmus and SF-4-Isthmus) and the correspondingoémiebased al-

gorithms (SF-2-E and SF-4-E).

Algorithm 5 SF+-Isthmus
Input picture (Z2,8,4, X)

=

isthmus-

2: Output picture (Z2,8,4,Y) o« The proposed algorithms are based on

Y =X preservation (instead of the conventional endpoint-

4 1= preservation thinning scheme).

5. repeat « The topological correctness of all the proposed algorithms
6: D=1 is guaranteed.

7. fori=0tok—1do « Thanks to the isthmus-based approach, our new algo-
8: B={p|p¢Iandpis a border point it} rithms produce less unwanted side branches than the
9 S={p|pe B andp is a simple point inY'} conventional ones with endpoint-preservation. Note that

10: I=1U(B\YS) each skeletonization technique (including thinning) is
11: D;={p|pe S andp is SF&-deletable inY'} rather sensitive to coarse object boundaries. The false
12: Y=Y\D, segments included by the produced skeletons can be
13: D=DUD; removed by a pruning process (i.e., a post-processing
14: end for step) [10].

15: until D=0 Unfortunately, there is no room to present more examples

here, hence we invite the reader to visit the website at
http://www.inf.u-szeged.hu/"gnemeth/
thinning_gallery/skeleton_alg2d.php ,

SF+%-deletable pointsi = 2,4) are defined as follows:
Definition 3: Black pointp is called SFk—deletable if all
the following conditions hold¥ = 2, 4): where skeletons produced by various existing 2D thinning

1) Pointp is simple in subfieldSy(i). algorithms are also presented. . .
2) If k = 2, thenp does not coincide with the points marked Finally, note that the proposed algorithms can be imple-
“" in Fig. 1(a) and 1(b). mented efficiently on conventional sequential computers by

Figure 7 presents some examples for skeletons producea;%?,ptmg the general framework proposed by Nemeth and
e

our new algorithms SF-2-Isthmus and SF-4-Isthmus compa agyi [7]. Skeletons of I.ar.ge objects containing 1.000.
with the corresponding subfield-based algorithms SF-2- aRmnts can be produced within one second on a usual PC.
SF-4-E (that preserve endpoints of type E) [8]. ACKNOWLEDGEMENTS
It can readily be seen that deletable points of the proposedThiS research was supported by the AMOP-
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Fig. 8. Skeletons produced by the proposed six algorithms 52 x 607
image of a salamander. We can state that the fully paraltgrishm FP-
Isthmus and the 4-subiteration algorithms (8I; E, S, W)-Isthmus and SI-
(NE,SW,NW, SE)-Isthmus can produce "reasonable” skeletons. The 2-
subiteration algorithm S{VE, SW)-Isthmus can overshrink the objects and
produce asymmetric skeletons for symmetric objects (sge4ji By nature

of the subfield-based thinning technique, both algorithrRs28sthmus and
SF-4-Isthmus can produce some unwanted side branches.
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