ON DYNAMICS OF MOSTLY CONTRACTING
DIFFEOMORPHISMS.
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ABSTRACT. Mostly contracting diffeomorphisms are the simplest
examples of robustly nonuniformly hyperbolic systems. This pa-
per studies the mixing properties of mostly contracting diffeomor-
phisms.

1. INTRODUCTION.

This paper treats a class of partially hyperbolic systems with non-
zero Lyapunov exponents.

Before stating our result let us recall some recent work motivating our
research. In recent years there were several advances in understanding
of statistical properties of weakly hyperbolic dynamical systems.

On one hand L.—S. Young developed quantitative Pesin theory in
[38, 39]. Among other things she proved that if a diffeomorphism f
has a Pesin set A such that the distribution of the return time to A
has an exponentially decaying tail and if f has no discrete spectrum
then it is exponentially mixing. This theory was applied to a number
of examples in the above mentioned papers as well as in [3, 10].

On the other hand M. Grayson, C. Pugh and M. Shub showed ([13,
27, 28]) that partial hyperbolicity can give raise to a good ergodic
behavior in a robust way. Further examples of systems satisfying their
criteria can be found in [7, 8, 16, 20, 37].

These results lead to the natural question if there is an open set
of (partially hyperbolic) systems satisfying the conditions of Young’s
theory with uniform bounds. This question was addressed in a number
of papers [1, 2, 4, 32, 36]. Our paper also fits into this framework.

Let us give a few definitions. Let f be a diffeomorphism of a smooth
manifold X and let v be an ergodic f-invariant measure. We call v an
SRB-measure for f if there is a subset Y (r) C X of positive Lebesgue
measure such that for almost all y € Y for any continuous function A

n—1
L5 A(fiz) — v(A). Y(v) is called basin of attraction of v. Certainly
j=0

the question of existence of SRB-measures and their dependence on
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parameters is quite important in smooth ergodic theory. We say that
f has a global attractor if there is only one SRB—measure whose basin
is all of X. (Our use of the word attractor follows that of [35, 27]. More
precisely, v or supp(v) should be called a stochastic attractor because
it describes the statistical properties of large iterations of f. For a more
topological approach see [19].) Let S be a subset of Diff,(X), r > 1
endowed with some topology (think of S as a parameter space) and
let f €8. We call f statistically stable in S if any diffeomorphism g
in some neighborhood of f in § has a finite number of SRB-measures
v1(9), 2(g) - .. vk(g), the maps g — v;(g) are continuous and the union
of basins of v,(g) is all of X. If k = 1 we call f strongly statistically
stable. Below we deal with the case when & = Diffy(X) with uniform
C?~topology.

In this note we provide some sufficient conditions for statistical sta-
bility as well as for other good statistical properties. Our main results
are the following.

Theorem 1. Let f be partially hyperbolic dynamically coherent u-convergent
mostly contracting diffeomorphism of a three-dimensional manifold X.
Then

(a) f has a global attractor v;

(b) for any v > 0 there are constants C, ( < 1 such that if A,B €
CY(X) then for positive n

'/ dz — v(A) /B(:L')dx

[ B - u<A>u<B>\ < CC| AL Blly:

(c) f has non-zero Lyapunov exponents.

< CC| Al 1Bl

Remark. Parts (a) and (c) of this theorem were established before in

[4] for a larger class of systems. It follows from (c) and the results of
[11, 21] that the system (X, f,v) is a Bernoulli shift.

Remark. In fact, we prove more than (a). Namely we show that
the image under f™ of any unstable leaf becomes equidistributed. In
[12] we proved that diffeomorphisms having this property satisfy many
classical limit theorems of probability theory.

Theorem II. Let f be as in Theorem I. If in addition f is stably
dynamically coherent then f is strongly statistically stable. More pre-
cisely, there exists a neighborhood O(f) C Diffy(X) such that any
g € O satisfies the conditions of Theorem I and the constants C,(
in Theorem 1(b) can be chosen uniformly in O(f). In particular if



ON DYNAMICS OF MOSTLY CONTRACTING DIFFEOMORPHISMS. 3

vy 15 the SRB measure for g then for any v > 0 the map g — v,
O(f) — (C7(X))* is Holder continuous.

See Sections 2, 3 for the definition of the terms appearing in the
formulation of this theorem. In Section 4 we show that for mostly
contracting diffeomorphisms the second forward Lyapunov exponent of
almost every point is negative and prove large deviation estimates for
the exceptional set. This is done by certain submartingale estimates
more common in the theory of stochastic differential equations. In
Section 5 we recall the construction of u-Gibbs measures [26] and show
that in our situation they are SRB measures. The uniqueness of SRB
measures is treated in Section 6-9. In Section 6 we recall the coupling
method of L.—S. Young. In Section 7 we describe coupling algorithm
for our system. The properties of this algorithm are studied in Sections
8 and 9. The proofs of the main theorems are completed in Section 10.
In Sections 11 and 12 we discuss some examples. Final remarks and
some open questions are presented in Section 13.

Remark. Independently and slightly earlier A. Castro [9] proved a
result similar to our Theorem I. However, because of some technical
assumptions in his paper it is not clear if his result can be applied to
the examples of Section 12.

Acknowledgment. I thank V. Nitica, C. Pugh and M. Ratner for
useful discussions. I first learned about mostly contracting systems
during Ergodic Theory and Statistical Mechanics Seminar at Princeton
University where a random version of this property was discussed. I
thank all the participants of that seminar and especially K. Khanin, A.
Mazel and Ya. Sinai for introducing me to this subject. In a previous
version of my paper I imposed a strong regularity requirement on the
unstable foliation to prove part (A) of Lemma 6.1. T am grateful to
C. Bonatti and M. Viana for explaining me that Pesin theory can be
used to verify this property (see Lemma 8.1). This work is supported
by Miller Institute for Basic Research in Science.

2. PARTIAL HYPERBOLICITY.

In this and the next sections we describe the properties of f which
appear in the statement of Theorem I. As it was mentioned in the
introduction f is a diffeomorphism of X?. We also assume that f is
partially hyperbolic and stably dynamically coherent. Thus the tangent
bundle of X is the sum of three continuous one dimensional subbundles
FE,, E. and E, such that

M < (df|E,) < e, (1)
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M < (df|E) < e, (2)

er < (df|B,) < e (3)

Where)\l§)x2<)\3§)\4<)\5§)\6and)\2<0,)\5>0.

E, and FE; are always integrable so they are tangent to f invariant
foliations: unstable (W) and stable (W?*). Dynamical coherence means
that F., E. ® F, and E. @ E, are also are tangent to f—invariant
foliations which are called central (W¢), center—unstable (W) and
center—stable (W) respectively, and that W¢ subfoliates both W
and We. (In fact only unique integrability of E. @& E is used in the
paper.) Stable dynamical coherence means that any g close to f is also
dynamically coherent. The openness of these conditions was studied in
[14]. Namely partial hyperbolicity is open. It is unknown if dynamical
coherence is open but if the center foliation of f is C'! then f is stably
dynamically coherent.

Let V be the set of all unstable curves of lengths between 1 and 2. V
is a Markov family in the sense that VI € V there is a finite set {V;} of
elements of V such that fV = ; ‘7] More generally for any unstable
curve U of length greater than one there is a finite set {V;} such that
V; €V and

U=V (4)

We call (4) Markov decomposition of U. We will use (4) for U = f"V
where V € V, n > 0.

We call f u-convergent if Ve In > 0 VV;,V, € V Jx; € Vj such that
d(f"zq, fhxe) < e. Later on we show that u-convergence is open among
mostly contracting diffeomorphisms.

3. MOSTLY CONTRACTING SYSTEMS.

The assumptions of Section 2 are routine partial hyperbolicity as-
sumptions. The next property guarantees that f is non-uniformly hy-
perbolic. In order to formulate it we need to recall the definition of
canonical densities on W*. We would like to study SRB-measure for f.
A priori we do not know if it exists, but if it does then its conditional
densities on W*" are given by [26]. Fix a Riemann structure on X. It
induces a metric on W"fibers. Let V be an interval inside W". For
21,29 €V let

p(z1, 22) 1 (df 1B (f 7 21)
w2 = i (e o
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Fix some zy € V and let py (2) = Cp(z, z) where C' = ([, p(z, z9)dz) 7"
Since p(z, () = p(z, 20)p(20, 2{,) this definition actually does not depend
on zy. Also if W = fV, y = fz then

pv(2)dz = Cyp(z, z0)dz = Cyp(z, 20) (df T Ey) (y)dy =

~ (df 'E)y) ,
Cyp(z, Zo)mdy = Cwp(y, yo)dy.

Thus if A is continuous then
[ A2 = [ Aoty
v v

Our last assumption is the following. There is a positive constant «y
such that for any V € V

/V oy () (I(df | E.) () dor < —ag < 0 (6)

We call f mostly contracting if some positive power of it satisfies (6). In
the proof of the Theorem I we assume, as we may, that f itself satisfies

(6).

Remark. Condition (6) is C*-open. Indeed by standard theory ([14])
the map CENTER(f) = (df|E.)(x) is continuous: Diffy(X) — C(X).
Let V(x, f,t) denote f—unstable curve of length t centered at z. Let
V(zx, f,t)(7) be the arclength parameterization of 7. Denote T = {(¢, 7) :

1 <t<2,0<7 <t} Then the map DENSITY(f) = py (e, 70 (V(x, f,1)(T))
is continuous: Diffy(X) — C(X x T) since p is a uniform limit of
continuous functions. CENTER is also continuous in C'-topology, but
DENSITY is not because convergence in (5) may fail to be uniform in f
(cf. [23]). Thus it is unclear if mostly contractiveness is C'-open.

4. LARGE DEVIATIONS.
Here we prove

Theorem 4.1. 3C;,s > 0,01 < 1 such that VV € V ¥n >0
[ @) @B @) < ity (7)
1%

The proof consists of a number of lemmas.

Lemma 4.2.

Vn >0 / pv(z) In(df"|E.)(x)dx < —nay
v
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Proof. We have
/ v () In(df"| Eo) () da =
1%

/ pv (@) In(df | Eo) (x)de + / oy () In(df™" | E.)(y)dy.
1%

v
Let fV = ; Vj be an almost Markov decomposition. Then the second
term equals

Z ¢ /V s (y) In(df" | E.) (y)dy

where ¢; = ff71V' pv(z)dz. By induction
J

[ oo B w)dy < ~(n -

Vi
Summation over j proves the lemma. B
The following distortion bound is standard (see, for example [4], Lemma
3.3).

Proposition 4.3. There is a constant C' so that ¥Yn > 0 VYV € V
Ve, 29 € f7V
|In(df"|Ee)(x1) — In(df"| Ec)(x2)] < C.

If A is a continuous function and U is a piece of unstable manifold
we write ||A||y = max,ep |A(x)].

Corollary 4.4. There exists a such that if n is large enough then for
any V €V for any Markov decomposition f"V = Uj V; the following
holds. Let U; = f~"V;, ¢; = ij pv(z)dz. Then

> e [[(df"| By, < —on.
J

Changing if necessary f — f" we can assume that this is true for
n = 1. Under this assumption we have

Lemma 4.5. If s is small enough there is a constant 05(7y) < 1 such
that under the conditions of the previous corollary

S cilldflEdlfy, < a.
J

Proof. Regard the LHS as a function r(s). Then r(0) = 1, £(0) < —ay,
@r(0)] < Const. m

ds?
Repeating the argument of Lemma 4.2 we obtain
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Corollary 4.6. For anyn > 0 there is a Markov decomposition f™V =
U, Vj such that if Uy = f~"Vj, ¢; = fU pv(z)dx then

> clldfElly, < 05 (8)
j
Proof. By induction. Suppose that (8) is valid for all n < ng — 1. Let
fv=u ; Vj be a Markov decomposition. By inductive assumption Vj
there is a Markov decomposition f"~'V; = (J, Vj). satisfying (8) Let
Uj = f_lUj’ Ujk = f—no‘/}k’ J fU IOV dZL‘ Cik = fU pUJ )d$
Then froV = J;, Vji is Markov and

Z/ DI B3, do =
.

> bicqll(dfm| B, <

jk
S villEfIE, Y enllldfmo Eellpu,,)* <
J k

> blIdf | E)[3, 050 <
J

05°. o
This Corollary proves Theorem 4.1 since for any Markov decomposition
[V =U;V; LHS of (8) majorates LHS of (7).

5. TRANSFER OPERATOR.

Now we recall the general method of the construction of SRB-measures
for partially hyperbolic systems ([26]). SRB measures are obtained as
forward iteration limits of suitable measures. Here we describe the set
of the initial measures. Fix some R. Let E}(R) be the set of measures
of the form

I(A) :/VA(z)eG(Z)pV(z)dz

where V' € V, I(1) = 1 and |G(z1) — G(22)| < Rd"(z1,22). (Those

three conditions also guarantee that G is uniformly bounded.) Let

E5(R) be the convex hall of F;(R) and E(R) be the closure of Ey(R).

The family { E(R)} is continuous from above in the sense that F(Ry) =

MNgs g, £(R). (This follows from the fact that £y (Ry) = (zs g, F1(R).)
Let T(I)(A) =1(Ao f).

Proposition 5.1. 7 : E(R) — E(Re™").
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Proof. If | € E1(R). Then

(T = [ A= [ T A )y

v v
Let fV = Uj V;, be a Markov decomposition then 71 = ) ¢;l;, where

(A = [ O ) ()
Also [(G o ) (1) — (G o f7)(ye)] < Re™™d"(y1,y2). Thus T :
El(R) — Eg(Re_/\”). |

Since E(R) is a convex compact set Proposition 5.1 implies that there is
an f-invariant measure in £/(R) which moreover belongs to (., E(R) =
E(0) (this is also proven in [26]).

Proposition 5.2. Any f-invariant measure v € E(0) has two negative
Lyapunov exponents.

Proof. By (6) for any [ € E(0) I(In(df|E.)) < —ap.

Proposition 5.2 and Lemma 13 of [26] guarantee that v satisfies the
conditions of Theorem 3 of [27] and so it is a SRB measure. (Another
proof of this fact is given in Section 10.)

6. COUPLING ARGUMENT.

We now pass to the uniqueness of v. It is established via the coupling
argument of [39]. We want to show that for large n for any [yl €
E(R) T"(ly) is close to T"(ly). First we consider the case when [, and
ly are in F4(0), say [;(A) = fvj A(x)py,(x)dr. The idea is to divide
f™V; into small pieces and pair the pieces of f"V; to f"V5 so that the
members of the pair are very close to each other. However since f”
gives different weights to different pieces of f"V; it is more convenient
to regard unstable curves as 1-chains so that the heavier ones can be
split into several pieces each one being paired to a different partner.

Let us now give a formal statement. Denote Y; = V; x [0, 1]. Equip
Y; with the measure dmj(x,t) = py,(v)dzdt. The heart of the coupling
method is the following result the proof of which occupies the next
three sections.

Lemma 6.1. There is a measure preserving map 7 : Yy — Ya, a func-
tion R : Y, — N and constants C,Cy > 0,p1 < 1, py < 1 such that
(A) If (x9,ty) = T(x1,t1) then for n > R(xq,t;)

d(f"xy, fag) < Crpp™ " (9)
(B) mi(R > N) < Copl.
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Let ||l||, denote the norm of [ as the element of (C7(X))*.

Corollary 6.2. 3C3 > 0,p3 < 1 such that Yn > 0 Vi, l; € E(0)
||Tn(ll - l2)||'y S Cgpg.

Proof. It suffices to verify this for [; € E;(0). We have

(T"lj)(A):/ A(f"xg)dm(x;,t5).

Yj
Let (I‘Q, tg) = T(xl, tl) Then

1Tl = L)(A)] < [ |A(f"21) — A(f"22)[dmy (21, t1).

Let Z(n) = {y: R(y) < 5} then
T"(h = )(A)] <

/Z( ) |A(f 1) — A(f"22)|dma (21, 1) + 2[|Al[oma (Yi\Z(n)) <

1All, ((C1p) +2Ca0f) . m

Let v be some f—invariant measure in F/(0). Substituting in Corollary
6.2 5 = v we obtain

Corollary 6.3. v is the only f—invariant measure v in E(0). Moreover
Vie E(0) VAe C'(X), Vn >0

Uﬁuwwmwwmﬂs%@mm.

7. COUPLING ALGORITHM.

Here we define 7 and R described in Lemma 6.1. Let ) be the set
of rectangles Y =V x I, V € V, I C [0,1]. Let D > 2 be a constant
defined below (see (13). Let Y be the set of rectangles Y = V x I,
where the length of V' is between & and D and I C [0, 1]. We write
f(x,t) = (fz,t). For Yy € Y, Yy € Y such that mes(Y;) = mes(Y3)
we give an algorithm defining 7 and R. This algorithm will depend on
three positive parameters K, A and €. We require A be so close to 0 that
A < =)y (recall (1)) and e™** > 6, where s and 6, are the constants
from Theorem 4.1. By this Theorem and Proposition 4.3 if K is large
enough then

¢ = maxmes(U(V)) < 1, (10)

where U(V) = {z € V : 3n > 0,y € V : d(f"z, f"y) < 2 and
(df"|E.)(y) > Ke *}. Take K so large that (10) is satisfied. Write
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E., = E, ® E.. By partial hyperbolicity there is a constant K’ such
that Vj > 0 Vx

I(df? | Ees) ()| < K| (df | Ec) (). (11)

Set K = max(KK’,1). Since (df|E,)(z) is Holder continuous there

exists & > 0 such that if d(z,y) < & then |(df|Ew)(y)| < €2 |df | Eus(z)].

Let
)
SR (12)
Now D is defined by the requirement that if V7, V5 are unstable curves,
Vi € V, V5 is the image of V] under center—stable projection and Vx €

Vi d(z,px) < § then

1

D
Our algorithm will work recursively. During the first run we define
the map between subsets P° of Y;. For points where 7 is not de-
fined we define a stopping time s(y) such that the set P! = {y €
Y; : s(y) = n} will be of the form (U, Yink), Yink € YV, Your €
Y and mes(P?) = mes(P}). Then we can use our algorithm again
to couple Pj* to Pj'. More precisely since mes(P*) = mes(Py") we
can chop each Yj,; into several pieces so that the resulting collec-
tions {Y},;} satisfy U, Yinr = U, Vi and mes(Yy,;) = mes(Ya,). Let
7Y = Ujpx L. Denote ¢ = UUM pv;(z)dz. Let Aj, be the map
Ajp(z,t) = (f"x,rju(t)) where rj,; is the affine isomorphism between
I and [0, ¢jpi|Ljn]]. (This rescaling is necessary to make A’s measure
preserving.) We now call our algorithm recursively to produce maps
Tnl - A(f_n}_/lnl) - A(f_nyénl) and Rnl : A(f_n)_/lnl) — N Satisfying
the conditions of Lemma 6.1. We when set

() = & Frseren(T ) Af(w ) € P
’ AL oo Ay if  (x,t) € FT Y,

< length(V3) < D. (13)

) Ryirst run(®,t) if (x,t) e P>
R(SC,t) n {n -+ Rnl<A1nl(I,t)) Zf (SE,t) S f_nﬁnl.

Let us now describe the first run of our algorithm. By rescaling we may
suppose that Y; =V, x [0, 1]. By u-convergence there is ny and curves
V; on distance at least 1 from 9(f"V;) such that V; € V, V, = pV} and
Vo € Vi d(x, pr) < e. (Here p means center-stable holonomy.) Let ¢; =
ff*”OVj pvj(l’)dl’ Let (t_l,fg) = (1, 2—?) if 62 S 61 and (t_l,fg) = (2—;, 1) if
¢1 < &. Define Y; = V; x [0,;]. Let s(y) = no for points of Y;\ f~™Y;.
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We now proceed to define P} inductively for n > ng. Let Q?_l =

Y\ UL, P We assume by induction that f"1Q"' = U, Zj-1)

m=ng

where Zjrn-1) = Virmn-1) x [0, tik(n— 1)]

mes(f_(n_l)zlk(n—l)) = meS(f_(n_l)sz(n—n), (14)
Vikm-1) € V and Vor-1) = p(Vigm-1)) and d(x, pr) < r,—; where

= Kee s (15)
Take a Markov decomposition fVip—1) = U; Vitgn and let Vi, =
p(Vikn). We note that the fact that Vi, € V, (12), (13) and(15)

guarantee that then Vag, € V. Let Byp = ;naag (df"|E.)(z). If
:B n 1kn

Bikn > Ke ™" let s(y) = n on f~"Vjn X [0, Ejk(n— 1]. Otherwise let
Zitkn = Vjien X [0, tjkn—1)]. In general mes(f~ lekn) # mes(f~ kan)
So cutoff the top of the larger rectangle so that the adjusted ones sat-
isfy mes(f™"Zgn) = mes(f " Zugn) and let s(y) = n on Zjin\Zjikn-
Now P = Y;\U, PI' is a union of vertical intervals of the form
{(x,]0,t(x)])} where x varies over some positive measure Cantor set
Ry. For points of P let 7(z,t) = (pz, tfgg)t), R(z,t) = no.

Four things have to be proven:

—7 is defined on a set of whole measure in Y7;

—T is measure preserving;

—7 satisfies condition (A) of Lemma 6.1;

—7 satisfies condition (B) of Lemma 6.1.

The second and the third properties of 7 are verified in Section 8.
The first and the fourth properties are verified in Section 9.

8. CONVERGENCE OF IMAGES.

Here we prove the property (A) of Lemma 6.1. Let W () denote the
ball centered at x of radius r inside W* with induced Rimannian metric.
Let (z,t) € P Let xg = f™x. Then Vj > 0 (df?|E.)(zo) < Ke™, so
it suffices to show the following.

Lemma 8.1. (Cf. 2], Lemma 2.7) If vy € X and n > 0 are such that
V0 < j<n (dfi|E.)(z9) < Ke ™ then V0 < j <n

FIWE (o) € Wi, (f70) (16)
where r; is given by (15).

Proof. We proceed by induction. For j = 0 (16) is true by (12). Sup-
pose that (16) holds for 0 < j < jo. Then Vy € W (x) VO < j < jo



12 DMITRY DOLGOPYAT

d(fy, fixy) < §. Hence

[(df| Ees)|(y) = f[ |(df | Ec)(fy)] < f[ [e%|(df|Ec)(fjxo)\] < Ke ¥

By (11) [[(df|E)(y)]| < Ke™% and so fIW(z0) € Wi, (fiay) as
claimed. ®
Note that the proofs of Lemma 8.1 and Theorem 4.1 do not use u-—
convergence. Hence we get the following result which will be used in
Section 10.

Corollary 8.2. Assume that f satisfies all the conditions of Theorem
I except possibly u—convergence. There are constants qq,€ > 0 such that
for any pair of unstable curves Vi, Vy such that Vi € V, Vo = p(V1) and
Ve eV d(x,pr) <€

mes({z € Vi : d(f", f"px) — 0}) > q1.
We now continue with the proof of Lemma 6.1.
Corollary 8.3. 7 is measure preserving.

Proof. By the recursive structure of our algorithm it suffices to show
that 7 : P° — P3° is measure preserving. Denote by R; the base
of P It follows from Lemma 8.1 by standard Pesin theory (see [24],
Section 3 or [27], Section 4) that p : Ry — Ry is absolutely continuous.
We want to compute its Jacobian J(x). Let t,(z) denote the height of
the rectangle containing (z,0) and W, (z) denote its base. By absolute
continuity for almost all x € Ry x is a density point of Ry and pz is a
density point of Ry. For such points

J(z) = lim oy L2 (W) v (y)dy
n—=oo [ o LR () pva (y)dy

Since Ry, Ry have large densities in W,,(z) and pW,,(z) respectively we
can drop indicator functions. So

J(z) = lim Ity W)Y () t(a)
e an(:v) pvi(y)dy — n—oot,(px)  t(pz)

where the second equality follows by (14). Thus 7 is measure preserv-
ing. B
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9. COUPLING TIME.

Here we prove the part (B) of Lemma 6.1. We begin with some
information about one run of our algorithm.

Lemma 9.1. There are constants q,Cy > 0,p9 < 1 such that for any

pair Y1,Ys
mes(P.
( ) mes((;l Z4q;
mes(P})
(2) mes(Y7) < C

Proof. We begin with (2). (y,t) can belong to Pj* for two reasons.
The first, 37 such that d(f"y, ") < 2 and (df"|E.)(Z) > Ke *". By
Proposition 4.3 (df"|E.)(Z) > K*e *". So the measure of such points
is exponentially small by Theorem 4.1 and our choice of A. The second
reason is that f™(y,t) € Zygn\Z1ykn- Let

mes(f " Z1ien\ Z11kn) _ mes( Z11en\ Z1kn)
mes(f =" Zikin) mes(Zigm)

Kn(y) =

Lemma 9.2. There are constants Cy > 0, py < 1 such that

Proof. We may suppose that mes(Zwm) > mes(Zm;m), since otherwise
Zkin = Zikin- Then

mes(Z1ikn\ Z11kn) _ mes (Vign ) mes(Vog(n—1))
mes(Z1xin) mes (Vayen)mes(Vign-1))

1 (18)

Now by inductive assumption we have both on Vij,—1) and on Vi,
d(z,px) < Kee 2D, (19)

In the proof below C, will denote various constants which depend on f
but not on n or Yj. Likewise p, will denote various constants which are
less then 1. Let xy be the center of Vij,—1) and 2y = pxo. By Holder
continuity of unstable foliation 3C'5 > 0, p5 < 1 such that

'£@ﬂ1—4§%£.
p(xo,pl')

Divide Vipn-1) into subintervals o, of size e~ and let Om = DO
Then

[ plooodds =3 plan,z)dn + OG}),
Vik(n—1) m
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where x,, is any point on o, and d,, is the distance between the end-
points of o,,. Likewise

[ saooyds =3 plao pra)dn + Olsh)
Vik(n-1) m

where d,, is the distance between the endpoints of G,,,. Now by (19)

An

% — 1] < Cse~ 2 . Hence

and the triangle inequality

mes(Vig(n-1)) ‘
— 1| < ChpZ.
‘mes(‘/ﬂc(n—l)) =
Similarly
mes( Vi) ‘
— 1| < Cp7.
mes(Vagzn) =P

The last two inequalities together with (18) prove the lemma. B
Assertion (2) of Lemma 9.1 now follows from (17) by summation over
k and .

Now let (x,t) € Pp°. Let rj(x) be the relative measure of points
cut off the top of the rectangle containing (x,t) on the jth step. Thus
t(x) = [[;2,,(1 —#;(x)). By (17) this series converges uniformly, hence
t(z) is uniformly bounded from below. But the measure of the base of
Pr* is also uniformly bounded (see (10)). This proves assertion (1) of
Lemma 9.1. B
Now represent R(y) = ngl) s;(y), where s;(z) is the stopping time of
the jth run of our algorithm. Let T} be the set where 7 is not defined af-
ter k runs of our algorithm, Uy = Tj_1\T}. Denote Sy(x) = Z?Zl s;(z)
and consider generating functions ¢x(Y1,€) = m Jr, €5 (x)dm(y),
r(Y1,€) = m ka &5k (x)dm(y). Lemma 9.1 says that the radius of

convergence of ; is strictly greater than 1 and ¢;(1) < 1—¢. We need
the following generalization.

Lemma 9.3. 30y, q, C' > 0 such that if 0 < & <1+ g then

(1) pe+1(§) < (1 — Dl
(2) Y1 < Cop(§).

Proof. (1) Take some y € Ty. Assume that after k runs of our algorithm
W € YF(y) and (k+41)-st run couples Y/ to some Y. Let us compare
the contributions of Y}* to ¢, and 1. (That is if Y}* = A®YF where
YFE vy, AW (z,t) = (f5*Wx, at + b) and we compare
1 mes(Y}F)
mes(Y)) mes(Y7)

I, = ] gsk(l‘)dml — gsk(y)
Y
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and I, = mffq’“ E9:+1@) dm, ) Their ratio equals r(¢) = I’}_Zl =

©1(YF, €). By Lemma 9.1 r(€) is uniformly convergent and r(1) < 1—gq.
So there is dg, ¢ such that for £ <1+ g r(§) < 1 — g. This proves (1).

(2) Y (§) =€ [ FWdm(y) <[ FWdm(y) < (1460)™¢n(€).

Uk+1 Ty,
Now for £ <1+

C
W dm(y Z% <C’Zl—q fou( )_E<P1(§)<OO-
Yy
This shows that m(R >n) < (ffgs)t and in particular m(R = o0) = 0.

These facts complete the proof of Lemma 6.1.

10. PROOF OF THE MAIN RESULTS.

Proor oF THEOREM I. Consider [ € E(R). By Proposition 5.1
there exists [ € F(0) such that for all N > 0

n ~ —Agn
[ TN*2] — TNI|| < Conste >

Hence L
1771 — v|| < Conste 2 gt T30 —v|| < Cspl.

It follows from [12] that v is a global attractor for f. Let B € C7(X)
then, for large R, B-Lebesgue and B -v are in E(R), provided that = is
sufficiently close to 1 (see [26, 12]). This together with Proposition 5.2
proves Theorem I for v close to 1. The result for general ~ is proved
by approximation of A and B by smooth functions. W

Proor orF THEOREM II. By the remark at the end of Section 3 there
exists a C? neighborhood Oi(f) such that any g € O;(f) is mostly
contracting. Also, given ¢ there is another C* neighborhood Os(f)
such that Vg € Oy(f) Ing such that VV;,V, € V 3U; C V; such that
g"™U, € V, Uy = pU; and Vz € Uy d(g™x, g"px) < . By Corollary 8.2
g is u—convergent. Constants C,( from part (b) of Theorem I can be
chosen uniformly for g near f since they depend only on Holder data
of invariant foliations and the constant oy in (6). Thus

vg(A) — vy(A) = /[A(g”x) — A(f"x)ldz + O(||A][,¢") =

1Al (O(¢") + O((K™d(f, 9))" + (") =
1Al O(K™d(f, 9))" +¢").
Taking n so that ()" = d(f, g)* we obtain the result needed. m
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11. EXAMPLES OF U-CONVERGENT DIFFEOMORPHISMS.

Here we give several conditions sufficient for u-convergence.

(a) Suppose that f has 3-leg accessibility property in the sense that
there exists R such that VV,V, € V dxy € Vi, 9 € V5 such that
xo € W*(x1) and dg(z1,x2) < R where dg means the distance along the
stable leaf. Then d,(f"x,, f"r;) < e"R so f is u-convergent.

(b) Assume that W* is minimal. Thus given ¢ there exists R such
that for any two unstable curves Vi, V5 of length at least R there are
x; € Vj such that d(z1,22) <e. So, f is u-convergent.

(¢) To formulate this condition suppose that the fibers of W are
circles. Suppose that f satisfies the following condition: for any two
unstable curves V; € V and V, € We(Vy) : Vo = p. (V1) (where p,
denotes the center holonomy) the following inequality holds

/V1 pv, () In (%) dr < —ap < 0. (20)

(Note that letting here V5 tend to Vi we obtain (6) so (20) is a stronger
assumption).

Proposition 11.1. there are sets U; C V; such that mes(V;\U;) = 0,
Uy = p(Uy) and for all x € Uy d(f"x, f"px) — 0.

Proof. Let Uy = {x € Vi : d(f™z, f"px) — 0}. Repeating the argu-
ments of Corollary 8.2 we get that there is a constant ¢ (depending
only on f but not on Vi, V5) such that

mes(U;) > gmes(V)). (21)

Now considering Markov decompositions f"V; = |J,; Vi, and apply-
ing (21) to each V},, we find that V;\U; has no density points and so
mes(V1\U;) = 0. Interchanging V; and V5 we get mes(V5\U;) = 0. 1

Now since W* and W are transverse foliations there exists R > 0 such
that Va1, o € X there is z3 € X such that x5 € W(xy) | W*(22) and
des(x1,23) < R, dy(z1,73) < R. Iterating this construction forward we
find that V& 3R such that Va1, 9 Jy1,y2 such that y; € W§(zy) and
Y2 € We(y1) YW E(z2). Now if ¢ is small enough then by Corollary 8.2
there exist sets Uy € W*(Uy), U € W¥(y) such that mes(U;) > 0,
mes(ﬁl) > 00, = pes(Ur) and Vo € Uy d(f™z, f"pest) — 0. But
Y2 € Wi(x2). By compactness there is R* > 0 such that Uy C Wg«(2).
Thus 3z, € Wi (x1), 20 € Wh.(22) such that d(f"zy, f"z2) — 0. Now
take Vi, Vo € V. There exists ng such that the lengths of f"°V] is greater
than 2R* and so Jz; € f™V; : such that d(f"z, f"22) — 0. Therefore
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f is u—convergent. Hence (20) implies both mostly contractiveness and
u-convergence.

Similarly we can consider the case when the leaves of f are non-
compact and require that (20) is satisfied for d(V7,V3) < R there R =
R(f) is a large constant.

Remark. If fibers of W are circles and (20) is satisfied then one can
show using Proposition 11.1 that W holonomy restricted to W< is
absolutely continuous. Let us examine underlying geometric picture
more closely since it will allow the reader to appreciate better the idea
behind the proof of Lemma 6.1. Indeed choose an orientation of W€
and let V7, V5 be two unstable curves in the same center—unstable
leaves such that V5 = p(V}) V4 is e—close to V; and is on the right of
V1. Then there are subsets U; C V; such that Uy = p(U), mes(V;/
U;) =0and Ve € Uy d(f"z, f"px) — 0. The geometry of U, is however

quite complicated. In fact there is a Cantor set Ul(l) C U, of measure
1 — O(e%) such that for x € Ul(l) f"px is always on the right from
f"z. BEach gap of Ul(l) contains a positive measure Cantor set U 1(2) such
that for = € Ul(z) f™(px) is on the left from f"z. In turn each gap of

Ul(z) contains a positive measure Cantor set Ul(?’) such that for x € U1(2)
f™(px) is on the right from f™z and so on.

If fibers of W€ are lines then it is conceivable that W€ is not ab-
solutely continuous inside W<, Instead Lemma 6.1 allows us to con-
struct a map 7 : V; — V5 which is absolutely continuous and such
that mx € W (z). However even if V5 is very close to Vi still w2 some-
times will be different from the naive projection along the W fibers.
The fact that the fibers of W are dense and so for each x there is a
countable number of candidates for mx is really essential to this proof.

12. EXAMPLES OF MOSTLY CONTRACTING DIFFEOMORPHISMS.

(a) Let T : T> — T2 be a linear Anosov diffecomorphism. Take

A T? — SLy(R). Assume that the image A(T?) generates SLo(R).
Let Sy (2) = A(T™72) ... A(T"2)A(x), Moy g (0)0 = o2
Define fy, n, : T2 X P! — T2 X P! by fr,n,(z,v) = (T™"2x, M, »,0).
We claim that 3n, such that Vny, > ng 30y such that Vng > 0y fio, n,
satisfy (20). Let d(vy,v9) = Area(vy,ve). We have

d(fm,nz (z,v1), Jrame (z,v2)) =
Area( M, ny ()1, My, py(T)02) =
Area(Sp, n, (2)v1, Spy o (T)V2)

115 ()01 |[[ Sy s (@) 02)||
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Area(vy, vs)

1S s (2) 01 [ Sy my () 02) |

since S € SLy(R). The reader will have no difficulties to show that for
fixed ny and large ny f,, n, is partially hyperbolic, its unstable mani-
folds are graphs of functions I',, : W%(x¢) — P! and ||dT,,|| — 0 as n —
0o. Now the Riemann structure of T? is non-degenerate on the leaves
of W and with respect to this structure p((z1, 'y (1)), (x2, Tn(x2))) =
p(x1,z2). Let m be the distribution of A(z) with respect to Lebesgue
measure and m,, be the n-th convolution power of m. Take now z, € T?,
v1,v5 € P! and let IV () be the function defining the unstable manifold
through (x¢, v;). Then

d(fy o (7, Frlz(x))a frima (T, Fi(x)))
/vp(z) " ( d(v1, v2)

) dz —  (22)

—ﬁ /V En,y (In[[AM ()T} (@)]| + In | AM (2)T2 (@) ]) do

as ny — oo. But by [5], Theorem A3.6 for all v £, In||Av|| — Ay >0
where A, is the positive exponent of m. So for large no, ny > ng the
expression (22) is negative.

(b) This example is similar to (a). Let f, : T? x ST — T? x St be
given by f,(x,y) = (T"x, g,(x)y) where the distribution of g,, converges
to that of time 1 map of the stochastic differential equation

dy = @(y)dw(t), (23)

dw(t) being the white noise. Then for large n f, is mostly contracting.
This follows from the fact that £ = g—i(t) satisfies

d® 1 /dd\?
l = — —_ B
dIn¢ dydw 5 <dy) dt

EpIné(l) = —%/0 Ep (Z—j(t)) dt < 0.

where P denotes the stationary distribution of process defined by (23).
(Of course since the distribution of ¢ is not compactly supported some
restrictions should be imposed on the rate of convergence of g, to the
distribution of the solution of (23). We leave it as an exercise to the
reader to write down the explicit estimates.)

and so

Remark. This example shows that many phenomena occurring in sto-
chastic differential equation can also take place in deterministic sys-
tems. More research is needed in this direction.
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(c) The above examples are essentially dissipative, since where both
f and f~! are mostly contracting. Here we describe a conservative
example which is a slight modification of the one given in [32].

Let T : T?> — T? be as before. Consider fy : T3 — T? given by
fo(z,0) = (T'(x),0 + 7(x)) where 7 is such that f; is Bernoullian (this
condition discards an infinite codimension submanifold in the space of
skewing functions). Let h : T? — T? be a volume preserving diffeomor-
phisms close to identity. (df maps small cones I, around E, and .,
around F, A E, into themselves. Likewise df ~! preserves cones K, and
Kes. We want dh map F, into K, and so on.) Let f, = fJ o ho f§.
Choose vectorfields e, € E,, e. € E. and e; € E so that df (e,) = ey,
df (ec) = ec, df (e5) = +e,. Suppose that in this basis dh(z) = (4;;(x)).
fn has an unstable vector of the form v, = e, + a(x)e. + G(x)es.
Let df,(z)v, = r\"™ (2)v,. The direct calculation shows that r\™(z) =
A2 Ap (fia)(1+ O(55)). Similarly choose the central vector vy so that

vy ANvg = ey, ANeg+ ... and let df,(z)(v, Avg) = ré")(x)(vu A vg). Then
ré") (z) = AN"(A11 Az — A12 A1) (f§2)(1 + O(5%)). Again one can show
that unstable manifolds of f,, are close to unstable manifolds of f, and
so they are transversal to W, Let

T(h) = / In <A11A22 — A1pAn (x)) di.
T3 An

We have
/ pv, () In(df,|E.)(x)dx ~

n

A Agy — ApA
[ vt (AR (e

Since fp is mixing we obtain (cf. [18] or [15] Section 20.6) that
A Agy — A A
/ v () In < 11422 12 21) (fra)de ~

All

() / v (2)dz ~ T (h).

So, if J(h) < 0 then f, is mostly contracting for large n. Similarly if
J(h) > 0then f!is mostly contracting for large n. (A more symmetric
expression for J is

T = | [InAgp(h™) —In Ay (h)]d.)

T3
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To show that J is not identically zero one can use the following ar-
gument of [32]. Let Diff*(T?) be the space of volume preserving C3-
diffeomorphisms which preserve W ( fo). Then J |pig=(1s) is a C*-functional
and calculating its first two derivatives at identity one can prove that
J # 0. We refer the reader to [32] for more details.

(d) A similar example can be given with f; being a time one map
of the geodesic flow on unit tangent bundle over a negatively curved
surface.

(e) In [4] several examples are given of the systems having the fol-
lowing property

(*) YV €V there is a subset U C V' of positive measure such that
for all x € U the forward Lyapunov exponent of E. is negative.

The next proposition is essentially proven in [4] even though it is
not stated where. For the convenience of the readers we sketch their
arguments below.

Proposition 12.1. f satisfies (*) < it is mostly contracting.

Proof. In view of Theorem 4.1 we only have to show that if f satisfies
(*) then it is mostly contracting. Given zy € X choose V' containing
xo in its interior. By (*) 3K (z0), A(xg) such that the set L(zg) = {z €
Vi (df"|E.)(z) < Ke "} has positive measure. Given d there is € > 0
and a positive measure subset L C L such that

(a) VoL W (z) belong to the weak stable manifold of z;

(b) If V e V, d(V,V) < ¢ the the center stable holonomy p : V — V
is absolutely continuous on L and its Jacobian .J(x) satisfies |.J () —1| <
J.

Let y be a density point of L(z). It follows that if I is small enough
interval about y then Vn

/I pr(2) In(df" | B, (2)dz < —%" 4K

Let C = [I,W&(y)] ([, -] denotes (u,cs)-local product). Then if 0, ¢ are
small enough then for any unstable slice J of C

memwwwmwws—§HJﬁ

Call T = [V/(x0), WS,y (y(20))] the trap associated with xo. Call C' the
core of T. By compactness X is covered by a finite number of traps
{T;}. Now take any V' € V. Given m > 0 let V;(m) be the set of points
which visit some C; before time m and let Va(m) = V\Vi(m). We have

L:Lw@mwwmwm:
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(/vl(m) i /VQ(m)) pv(x) In(df"| E.)(x)dw = T + I1.

< [-A s K)| mestvi o),

IT < Constnmes(V3(m))

and mes(V5(m)) < Constd™ for some 6 < 1 (the proof of this last in-
equality is similar to that of Lemma 9.1.) So, for large n, Z,, is negative.
|

13. CONCLUSIONS.

Here we repeat what we have said in the introduction adding more
technical details.

13.1. Here we relate our results with those of [38]. Let K, A be as in
Section 7. For V € V let (V') be the center of V' and

L(V)={z eV :(df"|E.)(z) < Ke*"}.

Let As(V) = [L, W (x(V))]. Then we have essentially shown that if
J is small enough then As(V') satisfies the conditions of Theorem 2 of
[38]. We did not deduce our result from [38] but rather repeated some
of her arguments in Sections 6-9 in order to show that u-convergence
guarantees the absence of the discrete spectrum. Now suppose that f
satisfies all the conditions of Theorem I except u-convergence. Then
the conclusion can be false (consider, for example, the double covering
of f from 12(a) corresponding to 7 : S* — P'). However we can still
say something. Namely by [4] there is a finite number v, ... v, of SRB
measures and the union of their basins is the whole of X. Let 2 =
Uj supp(v;). Let € be as in Section 7. Choose a finite disjoint set
Vi...V,, which is e-dense in (). Take § < €. Choose small subintervals
U; C V; such that As(U;) are disjoint. Then the arguments of Sections
8 and 9 show that Ay = [J;~, As(U,) satisfy Theorem 2 of [38] except
maybe f™ is not ergodic for some n. It then follows from the analysis of
38] that Vj 3n; so that v; = = 37 vy and (f™,vy) is exponentially
mixing. ’

Question. What happens for g close to f? Can the maps g — v;(g)
be chosen continuously?
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13.2. It seems that the assumption that f is dynamically coherent
can be relaxed (it is however satisfied in all the known examples).
In fact, we only used it in Section 8. Let (€4,m;) and (Q2,ms) be
probability spaces. Call the map 7 : €y — €y e-measure preserving if
JA; C Q; such that m;(A;) < e and 7|g,\4, is absolutely continuous
and the Jacobian satisfies |J(z) — 1| < . For our arguments it suffices
to know that if d(V, V5) < € then there is ¢’~measure preserving map
p : Vi — V5 such that for x € Vj\A; f"(x) and f™(pz) converge
exponentially fast. This, in turn seems to follow from the Pesin theory.
However, the proof without the dynamical coherence assumption would
be much more complicated.

13.3. Question. Let f be as in Theorem I. Is the map g — v,
actually smooth? An easier problem is the following. Assume that
We(f) is absolutely continuous. Is the map g — v, differentiable at f?
(See [31] for additional discussion.)

13.4. Question. How common is (6) among partially hyperbolic dif-
feomorphisms of three manifolds? In particular is the set {f : f or f~*
is mostly contracting } dense?

13.5. Let X be a three dimensional manifold. Consider the space S
of partially hyperbolic ergodic volume preserving diffeomorphisms with
two negative Lyapunov exponents.
Question. How often are elements of S mostly contracting? What is
the rate of mixing for elements of §7

According to the general scheme proposed in [38] one has to locate
a 'bad set’” of f and see how long an orbit can stay near it. Analysis of
[4] shows that the bad set here is the the set of points whose forward
orbits never fall into any trap described in Section 12(e). So a way to
attack this problem is to obtain more information about the geometry
of this set. For example, can it have the Hausdorff dimension equal to
three?

13.6. For f € § we have the following elegant characterization due to
[4]
f is mostly contracting if and only if W*(f) is minimal.
(Minimality implies mostly contractiveness by ([4], Theorem B). The
converse implication is easier. See, for example [18].)
Question. How often W* is minimal? What can be said if it is not?
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13.7. Another natural condition to consider if dim W¢ =1 is

vV ey / pv(z) In(df | E.)(z)dx > ag > 0.
v

In this case the results similar to ours were obtained in [1], [2]. In
fact, [1], [2], [4] do not assume that dim(1¥¢) = 1 but only that all its
Lyapunov exponents have the same sign.

Question. Can a similar theory be developed in case (f|F,) has both
positive and negative Lyapunov exponents?

13.8. In the example 12(a) f is a skew extension over Anosov base.
Similar construction can be made with Axiom A attractors.
Question. What can be said for general Axiom A diffeomorphisms? In
particular, call f entropy stable if any g near f has an unique measure
of maximal entropy p, and gy — py as g — f. How large is the set of
entropy stable diffeomorphisms? Are examples of Section 12 entropy
stable?

13.9. In [7, 8, 16, 20, 28] a number of examples is given of ergodic
systems which remain ergodic after a small volume preserving pertur-
bations.
Question. What happens if we allow non-volume preserving pertur-
bations?

13.10. Finally, let us remark that the questions we asked are spe-
cial cases of some general conjectures about statistical properties of a
generic dynamical systems. See [22].
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