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Abstract—In this paper, new wavelet-based affine invariant functions for shape

representation are presented. Unlike the previous representation functions, only

the approximation coefficients are used to obtain the proposed functions. One of

the derived functions is computed by applying a single wavelet transform; the

other function is calculated by applying two different wavelet transforms with two

different wavelet families. One drawback of the previously derived detail-based

invariant representation functions is that they are sensitive to noise at the finer

scale levels, which limits the number of scale levels that can be used. The

experimental results in this paper demonstrate that the proposed functions are

more stable and less sensitive to noise than the detail-based functions.

Index Terms—Wavelet transform, shape representation, affine transformation,

invariants.

�

1 INTRODUCTION

SHAPE representation is a pivotal step in shape analysis and
matching systems. After the shape is located and segmented from
an image, a representation technique is used to efficiently
characterize the shape. The complexity and the performance of
the subsequent steps in shape analysis systems are largely
dependent on the invariance, robustness, stability, and uniqueness
of the applied shape representation technique. In the past decade,
several techniques have been proposed for 2D shape representa-
tion and matching. They include curvature scale space (CSS) [1],
[2], [3], fuzzy-based matching [4], dynamic programming [5],
shape contexts [6], shock graphs [7], geodesic paths [8], Fourier
descriptors [9], and wavelet descriptors [10].

Objects can be recognized by their color, texture, and shape.
Shape descriptors have become more popular, since they were
adopted in the MPEG-7 system [11]. Region, contour, and
skeleton shape descriptors were evaluated under the MPEG-7
system using a single-shape data set [12]. Generally, contour-
based descriptors performed significantly better than other
category descriptors [13], [3].

Recent work in the area of extracting wavelet features which are
invariant to geometric transformations has been very promising
[14]. Wavelet analysis has become a powerful tool in several
disciplines, including shape analysis and recognition [15], [16],
[17]. Many researchers have adopted the Wavelet Transform (WT)
in shape representation and matching. For example, WT was
applied in 2D domains in [18], [19], [20], and [21], whereas WT was
applied to 1D shape boundary in [22], [23], [24], and [10]. Due to
the spatial and frequency localization property of the wavelet basis

functions, wavelet descriptors are more efficient in representing

and describing shapes than Fourier descriptors and moments [10].
The remainder of this paper is organized into the following

sections: Section 2 is a brief overview of related research. In

Sections 3 and 4, the proposed functions and the experimental

results are presented, respectively. Last, the study is summarized

and suggestions for future work are given.

2 RELATED WORK

In this section, previously published papers in which the WT has

been used to obtain affine invariant shape representations from its

contour are reviewed. Previous affine invariant wavelet-based

shape boundary representations have been based on the detail

coefficients, and the functions will be given next.
Alferez and Wang [25] have proposed geometric and illumina-

tion invariants that depend on the wavelet detail coefficients for

object recognition. Also, the authors have demonstrated that more

complicated invariant functions can be constructed from more

than two wavelet detail scale levels.
Tieng and Boles [26], [27], [28], [29] have derived more than

one affine invariant representation function by applying the dyadic

WT to the contour of the shape. In [26], [27], Tieng and Boles have

developed a relative invariant function from the approximation

and detail coefficients of the shape contour that is mathematically

expressed as

I1ði; kÞ ¼ Ai~xxkDi~yyk �Ai~yykDi~xxk; ð1Þ

where Ai~xxk are the approximation coefficients of the distorted

boundary sequence ~xxk and Di~yyk are the detail coefficients of the

distorted boundary sequence ~yyk. For classification purposes, only

the two levels with the highest energy concentrations are selected.
Another invariant function was calculated by Tieng and Boles

using the complex Daubechies wavelet functions [28]. The real and

imaginary parts of the detail coefficients have been used to

compute this function.
By using the wavelet detail coefficients of two different wavelet

functions, Tieng and Boles have developed another invariant

function [29]. This function is given by

I2ðj; kÞ ¼ D1
j ~xxkD

2
j ~yyk �D1

j ~yykD
2
j ~xxk; ð2Þ

where D1
j ~xxk and D1

j ~yyk are the detail coefficients of the distorted

boundary at scale level j using the first wavelet transform and D2
j ~xxk

and D2
j ~yyk are the detail coefficients of the distorted boundary after

the second wavelet transform is applied at scale level j.
Also, Khalil and Bayoumi have derived a wavelet-based affine

invariant function by using a dyadic wavelet transform [30], [31],

[32]. The invariant function, the detail-detail representation

function, is computed from the detail coefficients generated by

the wavelet transform of the shape boundary. The basic relative

invariant function, with only two dyadic scale levels, is defined as

I3ði; j; kÞ ¼ Di~xxkDj~yyk �Di~yykDj~xxk; ð3Þ

where Di~xxk and Di~yyk are the detail coefficients of the affine

transformed sequences xk and yk at scale levels i and j,

respectively.
In [33], Bala and Cetin proposed a computationally efficient

method for computing Khalil’s detail-based invariant functions by

utilizing the decimated wavelet transform.
In [31], Khalil and Bayoumi have continued their previous work

that is described in [30]. The invariant functions are computed by

using two, three, or four dyadic scale levels.
Khalil and Bayoumi have derived an absolute wavelet-based

conic invariant function that uses all the detail scale levels (except
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the first two), which increases the discrimination power of the
invariant function [32].

From this review, it is evident that all the representation
functions are based on the detail coefficients. One problem of these
is that the amplitudes of the first few levels are small and highly
sensitive to noise. To overcome this problem, these levels are
avoided when computing the detail-based invariant functions.
Another problem is that these functions are unstable when the
wavelet family, used to compute the detail coefficients, changes.

In this paper, new affine invariant functions for shape
representation are introduced to overcome these problems. The
proposed functions are derived from the wavelet approximation
coefficients of the shape boundary by applying either one or
two different wavelet transforms.

3 WAVELET-BASED AFFINE INVARIANT SHAPE

REPRESENTATION FUNCTIONS

The framework for deriving affine invariant representation
functions from the wavelet decomposition consists of the
following steps:

The shape boundary (sometimes called the shape outer
contour) is found and extracted by using one of the known
boundary tracing techniques (the 8-connectivity technique is used
in this work). The parameterized shape boundary ck ¼ ½xk; yk� is
split into two 1D sequences, xk and yk.

For a 2D shape represented by its contour parametric equation
(sequences xk and yk) and subjected to an affine transformation,
the relation between the original and the distorted sequences is
given by

~xxk
~yyk

� �
¼ c11 c12

c21 c22

� �
xk
yk

� �
þ b1

b2

� �
; ð4Þ

where ~xxk, ~xxk are the affine distorted sequences c11, c12, c21, and c22

denote the affine matrix coefficients, and b1 and b2 represent the
translation parameters. The effect of the translation parameters is
easily reduced by normalizing the shape boundary centroid. The
normalization is completed by subtracting the mean value of the
boundaries from their extracted values.

From the wavelet multiresolution analysis properties [34], and
for any function fðkÞ 2 L2ðRÞ, fðkÞ can be expressed by the
approximation and detail wavelet coefficients

fðkÞ ¼
X
n

AJ;n�J;nðkÞ þ
XJ
j¼jo

X
n

Dj;n j;nðkÞ J > jo; ð5Þ

where AJ;n are the approximation coefficients at scale level J ,
�J;nðkÞ is the scaling function, Dj;n are the detail coefficients at
scale level j,  j;nðkÞ is the wavelet function, and jo is the finest
decomposed scale level. For simplicity, the wavelet coefficients
will be written without the suffix n (e.g., Aj;n and Dj;n will be
denoted as Aj and Dj, respectively). More detailed explanations of
the wavelet transform theory and its applications are found in [15],
[34], and [35].

If the WT is applied to the affine distorted shape boundary,
then the wavelet transformed shape boundary is affected by the
same affine transformations. This occurs because the WT is a linear
transform and the same affine transformation exists in the wavelet
domain (after the translation effect has been removed).

For the two different representations of xk and yk (i.e., by using
either different scale levels or two types of different coefficients),
all the wavelet coefficients (in all the scale levels) are subjected to
the same geometric transformation,

WTi~xxk WTj~xxk
WTi~yyk WTj~yyk

� �
¼ c11 c12

c21 c22

� �
WTixk WTjxk
WTiyk WTjyk

� �
: ð6Þ

An affine invariant function is computed by taking the

determinant of (6), which is

WTi~xxkWTj~yyk �WTi~yykWTj~xxk ¼
detðCÞðWTixkWTjyk �WTiykWTjxkÞ;

ð7Þ

where C is the transformation matrix. Most of the previously
derived affine invariant representation functions [32], [25], [31],

[26], [27], [30] can be computed from (7). These invariant functions
are computed by selecting the wavelet coefficients WTxk and

WTyk as either the wavelet detail coefficients [32], [25], [31], [30] or

the approximation and detail coefficients [26], [27].

3.1 Invariant Representation Function Using One
Wavelet Transform

In this investigation, a function that is less sensitive to the small

variations in the finer decomposed levels is developed by

considering only the approximation coefficients. From (7), if only
the approximation coefficients are used (i.e., WTxk and WTyk are

replaced by Axk and Axk, respectively), then an approximation-
approximation representation function equals

I4ði; j; kÞ ¼ Aj~xxkAi~yyk �Ai~xxkAj~yyk; ð8Þ

where Aj~xxk, Ai~xxk are the distorted approximation coefficients of xk
at scales j and i. This function is a relative invariant function (due
to the existence of the determinant detðCÞ). It can be easily shown

that (8) is equivalent to

I4ði; j; kÞ ¼½ðAi~xxk ? �hhjÞAi~yyk �Ai~xxkðAi~yyk ? �hhjÞ�
þ½ðDi~xxk ? �ggjÞAi~yyk � ðDi~yyk ? �ggjÞAi~xxk�; j ¼ iþ 1;

ð9Þ

where �hhj and �ggj are the impulse responses of the synthesis low

pass and high pass filters, respectively.
Two distinct terms are included in (9): the approximation-

approximation term and the approximation-detail term. The
performance of this function depends on the scale levels and the

filters used in decomposing the sequences. For the finer scale
levels, the first part almost vanishes and the second part

dominates, which indicates that this function behaves like the

approximation-detail function in the finer scale levels.

3.2 Invariant Representation Function Using Two
Wavelet Transform

Another invariant function from the approximation coefficients is
developed by applying (7) and two different wavelet transforms

with different wavelet basis functions. Therefore,

I5ði; j; kÞ ¼ A1
j ~xxkA

2
i ~yyk � A2

i ~xxkA
1
j ~yyk: ð10Þ

The selection of any two scale levels for computing this function

depends on the arrangement of the applied wavelet families. The

first wavelet is denoted by WT1 and the second one by WT2. Then,

calculating a single invariant function from two different scales by

taking the first scale from WT1 and the second scale from WT2

yields a different function than selecting the reverse order sequence.

This is due to the different behavior of the wavelet families when

they are applied to the same signal. The selection of the order

sequence is subject to the application and sensitivity of the wavelet

families to noise and other artifacts. Another choice is to select i ¼ j
which yields a function from different wavelet families at the same

scale level. This function is useful when studying the behavior of

the shapes at specific levels since the function does not combine two

different scale levels. The total number of representation functions

that can be obtained from (10) is L2, where L is the total number of

the obtained wavelet scale levels. For single wavelet transform

functions (i.e., (8)), only LðL� 1Þ=2 functions can be obtained.
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Consequently, the advantage of using two different wavelet

transforms with different basis functions is that the discrimination

between the shapes increases. This occurs because of the increase in

the number of invariant representation functions that can be

obtained from applying two different wavelets. In addition, the

development of higher order invariant functions by using four (or

more) different scale levels is facilitated.

The functions in this paper are relative invariants and are

computed to be absolute invariants by dividing these functions by

another relative function(s) or by dividing these functions by any

significant (nonzero) value from the same function (e.g., the

maximum value).

4 EXPERIMENTAL RESULTS

In order to test the new invariant representation functions, the

MPEG-7 CE-shape-1 data set is chosen for the experiment. This

data set consists of 1,400 shapes, grouped in 70 classes. The shapes

are derived from: natural objects, man-made objects, objects

extracted from cartoons, and manually drawn objects.

Two experiments are described in this section. The first

experiment compares the proposed functions with the related

wavelet-based functions. In the second experiment, a method,

based on the derived representation functions, is tested. The

results of the second experiment are compared with those of the

MPEG-7 test experiments [3].

4.1 Testing the Proposed Functions against Other
Wavelet-Based Invariant Functions

The functions that are tested in this study are (8) and (10). In

addition, they are compared to the detail-based functions given in

(1), (2), and (3). Fig. 1 and Fig. 2 illustrate the invariant function I5,

plotted for the different shapes. The total number of shapes for this

experiment is 210. Thirty-five original shapes from the different

classes of the MPEG-7 data set are distorted by applying the affine

transformation to the original 2D shapes. The translation para-

meters are removed by calculating and subtracting the centroid of

the shape. As a result, each group consists of one original shape

and five rotated, skewed, or scaled shapes. Fig. 2 shows a sample

of these shapes.

The parameters in this experiment are: scale 2 ½1; 0:7�,
� 2 ½0; 30o; 60o�, and skew 2 ½0; 0:4; 0:6�. All the shapes in this

experiment are resampled to 128 points so that the WT decomposes

each of the sequences xk and yk into seven different scale levels.
In addition, the normalized cross-correlation function adopted

in [25] and [32] is used in the experiment to measure the

similarities between any two invariant functions. For the

two sequences ak and bk, the normalized cross-correlation is

RabðlÞ ¼
P

l

P
k akbk�lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

k a
2
k

P
k b

2
k

q : ð11Þ

Since the cross-correlation is not translation invariant, one of

the sequences, ak or bk, is rendered periodically; then, the

maximum value of the correlation is selected. Such an arrangement

reduces the effect of the boundary starting point variation on the

calculations.

In [27], Tieng and Boles have proved that the B-spline wavelet

functions perform better for single wavelet function than other

wavelets. In this paper, the quadratic spline wavelet is used in the

single wavelet functions. For the two wavelet functions, Table 1

shows that the quadratic and Daubechies (db8) wavelets perform

better than the other combinations.

4.1.1 Applying Different Wavelet Families

Table 1 lists the performance results of all the invariant

representation functions used in this paper’s experiment. The

average of the maximum cross-correlation values is computed for

the scale levels one to four. Although changing the first wavelet

family affects all the invariant functions, changing the second
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Fig. 1. The upper row, from left to right, shows three shapes: apple-1, apple-12,

and bird-1. The invariant functions I5 are shown below each of them.

Fig. 2. The upper row, from left to right, shows three shapes: original, rotated, and

skewed. The invariant functions I5 are shown below each of them.

TABLE 1
The Average Performance of All the Invariant Functions Used in the Experiment Computed for Scale Levels from One to Four

https://www.researchgate.net/publication/220183302_A_Dyadic_Wavelet_Affine_Invariant_Function_for_2D_Shape_Recognition?el=1_x_8&enrichId=rgreq-d38d474d-75d1-457a-a8c0-ffc4ab16af2a&enrichSource=Y292ZXJQYWdlOzczMDUwNzM7QVM6MTAzOTMwNzAwNzYzMTM4QDE0MDE3OTA0MTg1NzQ=
https://www.researchgate.net/publication/220182666_Geometric_and_Illumination_Invariants_for_Object_Recognition?el=1_x_8&enrichId=rgreq-d38d474d-75d1-457a-a8c0-ffc4ab16af2a&enrichSource=Y292ZXJQYWdlOzczMDUwNzM7QVM6MTAzOTMwNzAwNzYzMTM4QDE0MDE3OTA0MTg1NzQ=
https://www.researchgate.net/publication/3192737_Wavelet-based_affine_invariant_representation_a_tool_for_recognizing_planar_objects_in_3d_space_IEEE_Trans_PAMI?el=1_x_8&enrichId=rgreq-d38d474d-75d1-457a-a8c0-ffc4ab16af2a&enrichSource=Y292ZXJQYWdlOzczMDUwNzM7QVM6MTAzOTMwNzAwNzYzMTM4QDE0MDE3OTA0MTg1NzQ=


wavelet family affects only I2 and I5. The results indicate that

using the qbspline with the db8 is slightly better than using the

qbspline with the coif3 wavelet.

4.1.2 Testing the Invariant Functions with Shapes Corrupted

by Noise

To measure the robustness of the invariant functions against noise,

different noise levels are added to the shapes. The average SNR for

each noise test is: 40:38 db, 34:4 db, 28:89 db, 25:62 db, and 22:8 db,

respectively.
Table 2 exhibits the performance of all the invariant functions,

computed for the noisy shapes, by using quadratic spline with

Daubechies (db8) wavelets. In general, the results in these

two tables show that the detail-dependent functions are more

affected by noise than the approximation-approximation functions.
The average precision-recall curves are plotted for the invariant

functions at different scale levels. The curves in Fig. 3 and Fig. 4

reflect the stability of the proposed functions over that of the detail-

based functions for noise levels 34.4db and 22.8db, respectively.
It is evident from the results in Table 1, Table 2, Fig. 3, and Fig. 4

that the approximation-approximation functions, typically, out-

perform the detail-based invariant representation functions, espe-

cially in the finer scale levels. From the results obtained so far, the

following is observed:

. In general, the approximation-approximation representa-
tion functions outperform the detail-based representation
functions. More specifically, function I5 has the highest
performance of all the functions, even if different wavelet
families are utilized.

. The invariant representation function obtained by adopt-
ing the quadratic spline and the Daubechies wavelets
perform better than the function obtained by using the
quadratic spline and the Coiflet wavelets.

. The invariant functions that are computed by two wavelet
transforms are more stable than those with only one wavelet
transform.

The approximation-approximation projective invariant repre-

sentation functions can be easily computed and obtained by

employing the cross-ratio or any other method for obtaining the

projective invariants. Moreover, the methods of Alferez and Wang

[25] and Khalil and Bayoumi [30], [32], [31] for obtaining projective

invariant functions can be employed for obtaining the projective

invariant approximation-approximation representation functions.

4.2 Comparison with Other MPEG-7 Tested Descriptors

In this section, another experiment is conducted using the MPEG-7

data set by performing similarity-retrieval, scaling, rotation, and

nonrigid tests. For the first three tests, the 1,400 MPEG-7 shapes are

used, whereas, for the nonrigid test, the 1,100 marine animal

shapes with the 200 frames of the bream fish swimming back and

forth are used. The MPEG-7 Core Experiment test parameters in [3]

and [12] are also used in this paper.
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TABLE 2
The Average Performance of All the Invariant

Functions in the Presence of Noise

Fig. 3. Average precision-recall for all the invariant functions with SNR= 34.4db.

Fig. 4. Average precision-recall for all the invariant functions with SNR= 22.8db.

TABLE 3
Comparison of the Representation Methods

Using the MPEG-7 Data Set

The results of the items with asterisks are taken from [3].
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Several authors tried to compare their methods to the MPEG-7
descriptors. In order to be compared with these techniques, a
method based on the proposed affine invariant functions I4 and I5

is implemented as follows:

. In the first stage, the average of the combinations that
compute the invariant function I5 is calculated. Then, the
normalized cross-correlations are computed between each
query shape and the data set. The computations are
performed for the functions: the positive, the negative, and
the flipped functions. The best K*N matched shapes in
each direction are selected, where K is an arbitrary number
chosen in order to speed up the calculations without
affecting the retrieval performance and N is the number of
shapes in the class (K=10 is found to be more convenient
for similarity-retrieval).

. In the second stage, the same method described above is
applied for the selected shapes by computing the normal-
ized cross-correlations for the function I4 at all scale levels.

The method used in the CSS for calculating the global
parameters is also adopted in this experiment. The results obtained
from the proposed method, illustrated in Table 3, show a
comparable performance with the techniques tested in the
MPEG-7 system. The similarity retrieval rate can be increased by
asymmetrically matching the invariant functions of the shapes in
the data set at all the scale levels.

5 CONCLUSIONS

In this paper, affine invariant shape representation functions based
on the approximations of the shape boundary are derived. To
compute these functions, either one or two wavelet transforms are
used. The application of two different wavelet transforms expands
the number of invariant functions that can be obtained and
provides the opportunity to select more robust functions. The
experimental results prove that the derived approximation-
approximation functions are less sensitive to noise than the
detail-based functions. Also, the results indicate that the use of
two transforms is not the best choice for the detail-detail
representation function. On the contrary, the performance of the
approximation-approximation representation functions, by using
two wavelets, yields better results. The results obtained from a
method based on the proposed functions exhibits a comparable
performance with the results of the techniques tested in the
MPEG7 system. Future work should focus on enhancing the
similarity-based retrieval performance by employing the affine
invariant representation functions. The similarity retrieval rate can
be increased by adopting an asymmetrical measure (using
Hausdorff-like distance) and matching the invariant functions of
the shapes in the data set at all the scale levels.
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