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Abstract

Two-dimensional delayed continuous time dynamical system modeling a predator—prey food chain, and based on a modified
version of Holling type-II scheme is investigated. By constructing a Liapunov function, we obtain a sufficient condition for global
stability of the positive equilibrium. We also present some related qualitative results for this system.
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1. Introduction

The dynamic relationship between predators and their prey has long been and will continue to be one of dominant
themes in both ecology and mathematical ecology due to its universal existence and importance. A major trend in
theoretical work on prey—predator dynamics has been to derive more realistic models, trying to keep to maximum the
unavoidable increase in complexity of their mathematics. In this optic, recently [2], see also [1,5,6] has proposed a first
study of two-dimensional system of autonomous differential equation modeling a predator prey system. This model
incorporates a modified version of Leslie-Gower functional response as well as that of the Holling-type II.

They consider the following model

D

with the initial conditions x(0) > 0 and y(0) > 0.

This two species food chain model describes a prey population x which serves as food for a predator y.

The model parameters a1, a», b, c1, c2, k1 and kp are assuming only positive values. These parameters are defined
as follows: a; is the growth rate of prey x, b measures the strength of competition among individuals of species x, c|
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is the maximum value of the per capita reduction rate of x due to y, ky (respectively, k) measures the extent to which
environment provides protection to prey x (respectively, to the predator y), a> describes the growth rate of y, and ¢;
has a similar meaning to c.

It was first motivated more by the mathematics analysis interest than by its realism as a model of any particular
natural dynamical system. However, there may be situations in which the interaction between species is modelized
by systems with such a functional response. It may, for example, be considered as a representation of an insect
pest—spider food chain. Furthermore, it is a first step towards a predator—prey model (of Holling—Tanner type) with
inverse trophic relation and time delay, that is where the prey eaten by the mature predator can consume the immature
predators.

Let us mention that the first equation of system (1) is standard. By contrast, the second equation is absolutely not
standard. This intactness model contains a modified Leslie-Gower term, the second term on the right-hand side in the
second equation of (1). The last depicts the loss in the predator population.

The Leslie-Gower formulation is based on the assumption that reduction in a predator population has a reciprocal
relationship with per capita availability of its preferred food. Indeed, Leslie introduced a predator prey model where
the carrying capacity of the predator environment is proportional to the number of prey. He stresses the fact that there
are upper limits to the rates of increase of both prey x and predator y, which are not recognized in the Lotka—Volterra
model. In case of continuous time, the considerations lead to the following:

i—f=azy(l—%),

in which the growth of the predator population is of logistic form, i.e.

d_y =azy (1 — 1) .

dt C
Here, “C” measures the carry capacity set by the environmental resources and is proportional to prey abundance, C =ao.x,
where o is the conversion factor of prey into predators. The term y/ox of this equation is called the Leslie-Gower
term. It measures the loss in the predator population due to the rarity (per capita y/x) of its favorite food. In the case
of severe scarcity, y can switch over to other population, but its growth will be limited by the fact that its most favorite
food, the prey x, is not available in abundance. The situation can be taken care of by adding a positive constant to the
denominator, hence the equation above becomes,

d—y:ay 11— Y
ar ~ °? ox +d

and thus,
d a -y
_=y —_ —.
d
dt o ct?
o

that is the second equation of system (1).

In this paper, we introduce time delays in model (1), which is a more realistic approach to the understanding of
predator—prey dynamics. Time delay plays an important role in many biological dynamical systems, being particularly
relevant in ecology, where time delays have been recognized to contribute critically to the stable or unstable outcome
of prey densities due to predation. Therefore, it is interesting and important to study the following delayed modified
Leslie-Gower and Holling-Type-II schemes:

i) = <a1 — bx(1) — ﬂ) x(0),

x(t) + ki
cy(t —r) @
o(1) — e yvTr
y(t)_(a2 x(t—r)+k2)y(t)

for all # > 0. Here, we incorporate a single discrete delay r > 0 in the negative feedback of the predator’s density.
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Let us denote by IR%r the nonnegative quadrant and by int(Ri) the positive quadrant. For 6 € [—r, 0], we use the
following conventional notation:

x(0) =x(0+1).
Then the initial conditions for this system take the form

x0(0) = ¢1(0),
{)’0(9) = ¢, (0) 3)

for all 0 € [—r, 0], where (¢, ¢,) € C([—r, 0], [R?i), x(0) = ¢;(0) >0 and y(0) = ¢,(0) > 0.

Itis well known that the question of global stability of the positive steady state in a predator—prey system, with a single
discrete delay in the predator equation without instantaneous negative feedback, remains a challenge, see [3,5,7]. Our
main purpose is to present some results about the global stability analysis on a system with delay containing modified
Leslie-Gower and Holling-Type-II terms.

This paper is organized as follows. In the next section, we present some preliminary results on the boundedness
of solutions for system (2)—(3). Next, we study some equilibria properties for this system and give a permanence
result. In Section 5, the analysis of the global stability is made for a boundary equilibrium and sufficient conditions
are provided for the positive equilibrium of both instantaneous system (1) and system with delay (2)—(3) to be globally
asymptotically stable. Finally, a discussion which includes local stability results for system (2)—(3) is given.

2. Preliminaries

In this section, we present some preliminary results on the boundedness of solutions for system (2)—(3). We consider
(x, ¥) a noncontinuable solution, see [4], of system (2)—(3), defined on [—r, A[, where A €]0, +00].

Lemma 1. The positive quadrant int(Ri) is invariant for system (2).
Proof. We have to show that for all + € [0, A[, x(¢) >0 and y(¢) > 0. Suppose that is not true. Then, there exists

0<T < Asuchthatforallt € [0, T[, x(¢) >0 and y(¢) > 0, and either x(T) =0 or y(T) =0. For all r € [0, T[, we
have

_ ! c1y(s)
x(t)—x(O)exp (‘/0 ai —bX(S)—mdS> 4)
and
(1) = y(0) ( PR >iC ek B ) (5)
y(r) = y)exp ,/()az_X(S—r)—}—kg s].

As (x, y) is defined and continuous on [—r, T'], there is a M >0 such that for all r € [—r, T,

c1y(s)

t
x(t) =x(0)exp (/0 ay; — bx(s) — X(S)—+kI

ds) >x(0)exp(—TM)
and

_ ! c2y(s —r)
y(1) = y(0) exp (/0 a — rEa——— ds) 2 y(0) exp(=T M).

Taking the limit, as t — T, we obtain
x(T)=2x(0)exp(—=TM) >0
and
y(T)=y(0)exp(=TM) >0,
which contradicts the fact that either x(7) =0 or y(7T) =0. So, for all # € [0, A[, x() >0 and y(r) >0. U
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Lemma 2. For system (2)—(3), A = +o00 and

lim sup x(#) <K (6)
t—400
and
lim sup y(f)<L (7
t—+00

where K = a1 /band L = ay/cy(K + kp)e™".

Proof. From the first equation of system (2)—(3), we have for all t € [0, A[,
x(t) <x(t)(a; — bx(1)).

A standard comparison argument shows that for all 7 € [0, A[, x(#) <x(¢) where X is the solution of the following
ordinary differential equation

X(1) = X(1)(a) — bE(1)),
x(0) =x(0) > 0.

As lim;_, ;oo X(t) = a1 /b, then X and thus x is bounded on [0, A[. Moreover, from Eq. (5), we can define y on all
interval [kr, (k 4+ 1)r], with k € N, and it is easy to see that y is bounded on [0, A[ if A < + co. Then A = 400, see
[4, Theorem 2.4].

Now, as for all # >0, x(¢) <x(¢), then

lim sup x(#) < lim sup x(r) = K.
t—+00 t—+00

From the predator equation, we have
y(t) <axy(),
hence, for ¢t > r,
y(O <yt —r)e™,
which is equivalent, for # > r, to
y(t—r)zye . (®)

Moreover, for any p> 1, there exists positive Ty, such that for t > T, x(¢) < uK. According to (8), we have, for
t>T,+r
u s

(1) < y(1) <a _ae™ (t))
y y 2 uK+k2y s

which implies by the same arguments use for x that,

lim sup y(1) <Ly,

t——+00

where L, = az/c2(uK + kz)e®?”. Conclusion of this lemma holds by letting p — 1. [J

3. Equilibria

In this section we study some equilibria properties of system (2)—(3). These steady states are determined analytically
by setting X = y = 0. They are independent of the delay r. It is easy to verify that this system has three trivial boundary
equilibria, Eg = (0, 0), E1 = (a1/b, 0) and E>(0, axkz/c2).
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Proposition 3. System (2)—(3) has a unique interior equilibrium E* = (x*, y*) (i.e. x* > 0 and y* > 0) if the following
condition holds

arky _ ark; ©)
2 c
Proof. From system (2)—(3), such a point satisfies
(ar = bx")(x* + k) = c1y” (10)
and
y* = W——i_kz). (11)

€2

If (9) holds, this system has two solutions (x%, y¥) and (x*, y*) given by

xi= L(—(Cltlz —ajcy + eabky) £ A2,
2c2b

ag(xi + ko)

)

o

y
2

where 4 = (ciap — ajcy + czbk1)2 — 4cyb(crazky — caarky) > 0. Moreover, it is easy to see that, x_*~_ >0 and
x*<0. O

Linear analysis of system (2)—(3) shows that point Ej is unstable (it repels in both x and y directions) and point E
is also unstable (it attracts in the x-direction but repels in the y-direction).
For r > 0, the characteristic equation of the linearized system at E; takes the form

Py(2) + Q2(Ae ™ =0,
where

Py(A) =12 — A),

02(4) = a2 (A — A),

and

crazky
A=a; —

coky
Let us define
F(y) = P2 (iy) > — 1026y

It is easy to verify that the equation F>(y) = 0 has one positive root. Therefore, if E; is unstable for r =0, it will remain
so for all r > 0, and if it is stable for » = 0, there is a positive constant r,, such that for r > r», E; becomes unstable.

It is easy to verify that for » =0, E, is asymptotically stable if axks/c2 > aiky/c1, stable (but not asymptotically) if
azkz/cz = a1k1 /C] and unstable if azkz/Cg < a1k1 /C] .

4. Permanence results

Definition 4. System (2)—(3) is said to be permanent, see [4], if there exist o, f§, 0 < « < f3, independent of the initial
condition, such that for all solutions of this system,

min {lim inf x(¢), lim inf y(t)} >o
t——+00 t——+00
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and

max {lim sup x(¢), lim sup y(t)} <p.

t——+00 t—>—+00

Theorem 5. System (2)—(3) is permanent if

ark;
<

(12)
c1

Proof. By Lemma (2), there is a § = max{K, L} > 0 independent of the initial condition such that

max {lim sup x(7), lim sup y(t)} <p.

t—+00 t—+00

We only need to show that there is a o > 0, independent of the initial data, such that
min {lim inf x(¢), lim inf y(t)} >o.
t——+00 t——+00

It is easy to see that, for system (2)—(3), for any > 1 and for ¢ large enough, we have y(¢) < uL. Thus, we obtain

. ( CI,UL)
x>x\a —bx — 3 .
1

By standard comparison arguments, it follows that

1 L
lim inf x(¢t) > — (a1 _aH )
=400 b ki

and letting u — 1, we obtain

fim inf x()>+ (@ — £ | (13)
1—+00 b k1

Let us denote by N1 =1/b(a; —c1L/ky). If (12) is satisfied, Ny > 0. From (13) and Lemma 2 and for any u > 1, there
exists a positive constant, 7}, such that for # > 7, x(¢) > N1 /pand y(¢) < uL. Then, for ¢ > T, +r, we have

. Heo

t)>y(t)lap — ———y({t —r . 14
y(1) y()(z Nl+#k2y( )) (14)

On the one hand, for t > T}, + r, these inequalities lead to
2

. u el

t)> — ——y(1),
y(1) N+ ukzy( )

which involves, for t > T, +r,
(e L )
—7r ].
N1 + pkr
On the other hand, from (14) and (15), we have for t > T, +r,

2
. uca ucal
1) > y(t - ex t
y(t) > y(®) <az Nr + ik p<Nl +#k2r> ¥( ))

y(t—r) <y(t)exp< 15)

which yields

ax(N1 + ukz) ( (2erl )
——— X ——r ) =

lim inf y(¢) > —
1— 400 Y= Uc Ny + ,ukzr
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Letting u — 1, we get
. ar(N1 + k2) cL
lim inf y(t) > — exp | — =Yy1.
t9+m.ﬂ) o Plovsn )=
Let be « = min{Ny, y;} > 0. Then we have shown that system (2)—(3) is permanent. []

5. Global stability analysis

5.1. Stability of E»

Theorem 6. If

( c1y1 )
a — —— | <0,
(k1 + K)

then E, is globally asymptotically stable for system (2)—(3).

Proof. Aslim inf; , o y(¢) >y and lim sup x(¢) < K, from the prey’s equation we obtain: Vu> 1,37, > 0, Vt > T},
t—+00

. 1)1
x(t) <x(t) (al — bx — m) .

( c1y1 >
a — —— | <0,
(k1 + K)

there exists u > 1 such that

( c1y1 )
ag——— | <0
(k1 + uK)u

Then, by standard comparison arguments, it follows that lim sup,_, , o, x(#) <0 and thus, lim;, { o0 x(¢) = 0.

The w-limit set 2 of every solution with positive initial conditions is then contained in {(0, y), y >0}. Now from
(7), we obviously obtain

QC{0,y),0<y<L}

As Eo ¢ Q, (Ep is unstable is repels in both x and y directions) and as € is nonempty closed and invariant set,
therefore 2 = {E»}. U

5.2. Stability of E* without delay

First, we give some sufficient conditions which insure that the steady state in the instantaneous system, i.e. without
time delay, is globally asymptotically stable.

Theorem 7. The interior equilibrium E* is globally asymptotically stable if
ay +cy <b(k; +x), (16)
ajay < bkz(CQ — az). (17)

Proof. The proof is based on constructing a suitable Lyapunov function. We define

Ve = —x) —x'n () + ((y —y)=y"In (yi)) :

where o = kacy/k1as.
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This function is defined and continuous on int(lR%r). It is obvious that the function V is zero at the equilibrium E*
and is positive for all other values of x and y, and thus, E* is the global minimum of V. The time derivative of V along
a solution of system (2)—(3) is given by

av . cry 2y
— = - —bx — —y* - .
dr (x x)<a1 * x+k1>+a(y y)<a2 X+ ka

Centering dV /dt on the positive equilibrium, we get

dv ay — bx* o0l
—(—b+1—>(x—x*)2— = (y—y")?

dr x + kp X+ ko
+ <x‘fio;cz - ﬁ) (x =x")(y =y
=(—b+f§i%i)a—w%2—xﬁify—yﬂz (18)
< (—b A= ;lbx* + %) (x — x*)?

_ o0 C_l k2
+< x~|—k2+k1>(y )
_b*
<(_b+u+ﬂ)<x_x*>z
1

1 c2kr )
o (xth— ==) (y -y~ 19
kl(x+k2)< : a )(y ) (19)

From (16), we obtain

a; — bx* ¢
b+ —t+ — 0.
< + 3 + k1> <

From (6) and (17), there exists 4> 1 and T > 0, such that

k
<,uK+k2—C2—2)<O,

ap
and fort > T,

dv a; —bx* ¢ )

—< |-+ — + — —x*

I < + I + I (x—x7)
Cl c2ka 2
4+ — |\ UK+ kp — —= — y%)”.
ma+m<“ ? m)@ )

Thus, dV/dr is negative definite provided that (16) and (17) holds true. Finally, E* is globally asymptotically
stable. [J

If in particular, we suppose that environment provides the same protection to both prey and predator (i.e. k1 = k»)
then Theorem 7 can be simplified as follows.

Corollary 8. The interior equilibrium E* is globally asymptotically stable if
ki =ka (20)
and

ay; < b(ky —i—x*). (21)
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Proof. From (18), we have

dv a; — bx*
| p+ = k2 _
~ ( +x+k1>(x I Nl

( ci(ky —ki)x )(x—x*)( _
ki + k) (x + k1) oy

_bx %2 N
( o )(x X%y — +k(y )
kr — k
etk — kx )(x—x*)(y—y*),

ki(x + k2)(x + k1)
which is negative definite provided that (20) and (21) holds true and thus E* is globally asymptotically stable. [J

5.3. Stability of E* with delay

In this subsection we shall give a result on the global asymptotic stability of the positive equilibrium for the delayed
system.

Theorem 9. Assume that parameters of system (2)—(3) satisfy

arky a; 3 axks
—— >max{ —, — .
2c0 2 ¢

(22)
c1

Then, for b large enough, there exists ro > 0 such that, for r € [0, ro], the interior equilibrium E* is globally asymp-
totically stable in Ri.

Proof. Firstofall, we rewrite Egs. (2) to center it on its positive equilibrium. By using the following change of variables,

X () =In (x(t))
X

Y() =In <y(i)>,
y

the system becomes

X(t) =x* (_b + M) (eX(t) -1 - c1y” (eY(t) -1,

and

x(t) + ki x(t) + ki
. oy” Y(t—r) arx* X(—r) (23)
Vi)=—— 2 (pre-n g LY Xe-n .
=Tk . )

According to the global existence of solutions established in Lemma 2, we can assume that the initial data exists on
[—2r, O] (this can be done by changing initial time).
Now, let i > 1 be fixed and let us define the following Liapunov functional V' : € ([—2r; 0], R?) —> R,

¢1(0) 0,(0) % p0
Vg, ¢p) = / (" — 1) du +/ (e" — 1) du + % (€™ _ 1)2 dy
2 J—r

Czy
2k2 —r

(&)
—~ruL ?20) _ 1 2 P19 _ 12 ) ds.
o /( o ¢ R T ")

Let us define the continuous and nondecreasing function u# : Ry — R4 by

*
e?2(9) < (eP6=) _1)2 4 %(e(/’l(s_r) — ])2) dsdv
ko

ux)=e*" —x —1.
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We have u(0) =0, u(x) > 0 for x > 0 and

u(lepO)) <u(e(0) +u(@2(0) < Vg, @),

where ¢ = (¢, ¢,) and | - | denotes the infinity norm in R2.
Let v : R+ — Ry be define by

* * * * .2
_ 2 x 1 2 arx'r C2y arx C2y r X C_2 2 L -
vy =2u@) + e~ 1) (2k2 "\ T i ¢ T

It is clear that v is a continuous and nondecreasing function and satisfies v(0) =0, v(x) > 0 and

Ve, ) <v(llelD,

Where |l - || denotes the infinity norm in % ([—2r; 0], RZ). Now, let (X, Y) be a solution of (23) and let us compute
V(23), the time derivative of V' along the solutions of (23).
First, we start with the function

¢1(0) 0,(0) x 0
Vl((pl,(p2)=/ (e" — l)du—l—/ (e“—l)du+£/ € ® _1)2dy.
0 0 2ky Jy
We have
X (1) Y (1)
vl(x,,yt)zf (e“—l)du—i—/ (" — 1)du + 25 / @X® — 12 du.
0 0
Then,

V1|(23) = (eX(t) — I)X([) + (eY([) 1)Y(f) + (( X() _ )2 _ (eX(l—r) _ 1)2)

System (23) gives us
. a; — bx* X 5 c1y* y X
Vigy =X [ =0+ —— ) (¥ = 1)? = ———— ("D — 1) (X 1
tle =4 ( x(1) +k1) (e T e )
_ L(ey(f) _ 1)(eY(t—r) -1
x(t—r)+k
ax” Y(t) X(t—r)
= -1 —1
HETTES ET A e )

+ a2_x*((ex(l) _ 1)2 _ (eX(tfr) _ 1)2)'
2

By using several times the obvious inequalities of type

Y@) _ 1\2 X(@) _ 1)\2
LA r0 X0y Y (@ 2 1 +(elz 1))

x(t) + ki Tx(t) +k

*
< (@0 — 1) 4 (X0 — 1y?),

= 2k
we get
Vi< (o (—b a; — bx* L2 az ey c1y* (e X (1) 1)2
e ki %) " 2k
C]y* arx Y (1) 2
-1
+ ( % + % )( )

L (Y0 L yen ),
x(t—r)+k
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As,
t
V=1 _ Y _ / eY(S)Y(s) ds,
t—r
we obtain
. ay —bx*  a c1y* X
Vigy < (2" ( =0+ =+ 5~ ) + 5= ) ¥ —1)?
1123) (x ( + ki +2k2>+ 2k (e )
c1v®  axx* coy*
n 1y L ey 2) (¥ —1)2
2k 2k x(t—r)+k
cy* Y /I Y(9)y
427 (Y e Y (s)ds. 4
x(t—r)+k2( : 1 © .

From (23), we have

(e¥® — 1)/ Y@y (s)ds

[ Y(S) CZy ( Y (1) _ 1)(eY(s—r) _ l)ds

x(s —r)+k
Y(s) arx”* BL0! X(s—r)
+ _ —1)(e —1)ds
ffr ot )

t
azx Y g (YO _ )2
( 2k 2k > / slem =D

t t
Lt / V) (Y 6= 1)2ds+“2x*/ YO (X6 _ )2 g
2ky Ji—, 2ky Ji—r

and as y*e¥®) < uL for s large enough, we obtain, for ¢ large enough,

Y () S @xX*\ vy 2
(e l)f sY(s)ds<,qu<2k +W)(e —-1)

1
+/ Y(s>(2 @6 _ )2 4 2 DT XG-r) 1)2>ds
t—r

and as x(s — r) < uL for s large enough, (24) becomes, for ¢ large enough,

. ay — bx* Y\, x )
Vijoy S (X -0+ ——— + — — ®_1
1123) (.X ( + ki + 2r > + 2k, > (e )

n c1y* n arx* B cy* n cyuLr (cry* n arx* (ey(t) B 1)2
2k 2k» x(t—r)+k ko 2ko 2ko
oy ! Y (s) cy* Y(s—r) ) | aax® X(s—r) 2
—_— R ! -1 —_— . —1 ds. 25
+ T /He % (e )"+ % (e ) s (25)

The next step consists in computation of the time derivative along the solution of (23), of the term

Czy / / “’2“)( 2 (oo _ 12 4 (“’1“ g 1)2) ds dv
—r Juv

2y ®5(s) 2 (s) 2
—ruL P2(8) _ 1 P18) _q d
+2k2r /_r<k2( S k ( )>s

Valey, @) =
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We have
VZ(xt,Yt)—CZ—y/ / Y(S>< @60 )2 4 k2 DT XG-r) 1)2) ds dv

t
+ —r,uL/ (ﬁ(em) 12 + ( X() 1)2) ds
t—r k2 k

2ko
Then,
v _ oy Y () cy* Y(t—r) _ 1 2 ﬂ X(t=r) _q 2
Hl23) = T & (e )+ = (e ) ) r
cy* /t Y (s) <c—2y* Y(s—r) 2, @Y X(s—r) 2
A (€07 =124 ST = 1)? ) ds
2k2 t—r k2 k2
e a2y vy 2y X0 2
—Zpul | =2 -1 -1
T ( S T
_ 2672" I <C§Cy* (eY(t—r) _ 1)2 + k_(eX(l—r) _ 1)2)
2 2
or [ cy* _
_ 2_kz < (eY(t " 1)2 ( X(t—r) 1)2) (y*eY(t) — ulL)
- CZy* fl Y(s) < ( Y(s—r) 1)2 ( X(s—r) _ 1) )
2k2 t—r kz
2" v 2 @x” (eX®
= yul -1 . —1
+2kzw <k2 (e )+ kz )2

For ¢ large enough, we have y*e¥® — uL <0 and thus,

. cy* Y(s) (C’Z)’* Y(s—r) ) | @x* X(s—r) 2
Valeay € — —— e —(e — D"+ (e — 1" )ds
@) 2%k ), ks ka
2 cy* Y (1) 24 X (1) 2
—~ rul | = -1 —1 .
+ T ru ( P (e )+ ( )

This inequality and (25) lead to, for # large enough,

. ay — bx* ar c1y X() 5
\%4 < b —M—+ = —1
[(23) <x < + a + 2k2> + 2% )( )
c1y*  axx* c coulr [(cry*  arx*
(e X 2y 4 Gk 2" @ ' _ 1)
2ky 2k> x(t—r)+ k2 ky 2k> 2ky

2V Y@ 2x* (eX®
—rulL —1 —1
+2k2ru (kz (e 2+ B kz )

bx*(ky +x*)  ayx*  axx™  c1y*  cpaxx*rul X )
< (- - - + + —1
( 3 o 2 2k 242 (e )
cy*  apxx* cy* culr (cy*  arx*
T 1y + 2 _ 2y + 21 2y n 2 (ey(t) _ 1)2‘
2k 2k» x(t—r)+k %) ko 2k»
Now, if
b * k * * * *
_x(1+x)+a1x +a2x +c1y -0
ki ky 2ky 2k
and
* k k
c1y a)x oy 0

STRREETS Cx(t—r)+ ko

1115

(26)

27)
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then, for r small enough, we can conclude that V|(23) is negative definite. Hence V satisfies all the assumptions of
Corollary 5.2 in [4] and the theorem follows.

We now study when inequalities (26) and (27) hold.

From (10), we have —bx™*(k; + x*) = ¢; (y* — a1 (k; + x*)/c1) and using (11), (26) becomes

3 *+k *
Sambirk) o 4,
2 k] ) 2k2
which is rewritten as
k 3 k k
o <E+ﬂ><2u_3@_z (28)
ciky c c] [65)

As x* < 9L, then the following inequality

k 3 k k
a (az_l + 2) <b (zal_l - 3@_2) 29)
ciky c c1 2
implies (28). Now, if the following inequality holds
* * *
T ) (30)

then, for # large enough, (27) holds too. Using (11), (30) is reformulated as

c1y* oyt —arky - o y*

2k 2k at Tk
b
C] 2 2 az
— t o <g—+t
2ky  2ky A +ky 2y*
b
1 2 2 2
2ky * 2%k YLk * 2(x* + ka)
b 2
c1 2 n 1 1
k1 % T ko x*+ky ko

RPN S (31)
ki Uik k
that is if
a1€1k2 k2
4+ ajco <b—=Q2crk1 — cy). (32)
ky ki
In conclusion, if
ark; ar 3 axks
>max{ —, —
cl 2c0 2 ¢

and for b large enough, there exists a unique interior equilibrium and for » small enough it is globally asymptotically
stable. [
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6. Discussion

It is interesting to discuss the effect of time delay r on the stability of the positive equilibrium of system (2)—(3). We
assume that positive equilibrium E* exists for this system.
Linearizing system (2)—(3) at E*, we obtain

X()=AnX@) + AnY @),

33
V()= AnX (= 1)+ AnY (- 1), &9
where
X,k
Ay =—bx* + Ly2
(x* + k1)
Ay — c1x*
12 = x* + kl ’
Y= () ﬁ
(k)
and
oy*
Ay = — = —aj.
22 1k a
The characteristic equation for (33) takes the form
P()+ Qe =0 (34)
in which
P =22 — Ak
and
Q(4) = —An/i+ (A11Axn — AnAz).
When r = 0, we observe that the jacobian matrix of the linearized system is
J— <A11 A
Ay An )’
One can verify that the positive equilibrium E* is stable for r = 0 provided that
a) < bkl. (35)

Indeed, when (35) holds, then it is easy to verify that
Tr(J)= A1+ Ax»n <0

and

Det(J) = A11A» — A1pAs; > 0.
By denoting

F(y) = |P@iy)* — QG
we have

F(y) =y*+ (A7, — A})y? — (A11An — ApAa)?.

If (35) holds, then A = 0 is not a solution of (34). It is also easy to verify that if (35) holds, then equation F(y) =0
has at least one positive root. By applying standard theorem on the zeros of transcendental equation, see [4, Theorem
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4.1], we see that there is a positive constant ro (which can be evaluated explicitly), such that for » > rg, E* becomes
unstable. Then, the global stability of E* involves restrictions on length of time delay r. Therefore, it is obvious that
time delay has a destabilized effect on the positive equilibrium of system (2)—(3).
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