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1. Introduction

One of dominant themes in both ecology and mathematical ecology is the dynamic relationship between predators and their
prey due to its universal existence and importance in population dynamics. The investigations on predator–prey models are
developed during these thirty years, and more realistic models are derived in view of laboratory experiments and observations.
In these models, more factors such age-structure, seasonal effects, radio dependence, etc. are included into consideration (see
[1,4–7,10] and the references therein). In [1,7], Nindjin et al. considered a predator–prey model incorporating a modified
version of Leslie–Gower functional response as well as the Holling-type II functional response:
_x ¼ x a1 � bx� c1y
xþ k1

� �
;

_y ¼ y a2 �
c2y

xþ k2

� �
;

ð1:1Þ
where (1.1) is considered associated with initial conditions x(0) > 0, y(0) > 0.
Model (1.1) describes a prey population x which serves as food for a predator with population y. The parameters a1, a2, b,

c1, c2, k1 are assumed to be only positive values: a1 and a2 are the growth rate of prey x and predator y respectively, b mea-
sures the strength of competition among individuals of species x, c1 is the maximum value of the per capita reduction rate of
x due to y, k1 and k2 measure the extent to which environment provides protection to prey x and to predator y respectively,
and c2 has a similar meaning as c1.

The first equation of (1.1) is a standard equation with Holling-type II response function, but the second is not standard.
The intactness of the equation contains a modified Leslie–Gower term y

lx. If the growth of the predator population is of logistic
form, then:
. All rights reserved.
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dy
dt
¼ y a2 �

y
C

� �
;

here C measures the carry capacity set by the environmental resources. Let C = lx, where l is the conversion factor of prey into
predators, then the above equation becomes:
dy
dt
¼ y a2 �

y
lx

� �
;

and the term y
lx measures the loss in the predator population due to the rarity (per capita y/x) of its favorite food. If this favor-

ite food is lacking severely, the predator y will switch to other population, but its growth will be limited. By adding a positive
constant to the denominator, the equation becomes:
dy
dt
¼ y a2 �

y
lxþ d

� �
;

and thus the second equation of (1.1) follows, where c2 ¼ 1
l ; k2 ¼ d

l .
As well known, Holling-type III response exists universally in population dynamics. Hence it is natural to consider the

system incorporating a modified version of Leslie–Gower functional response as well as that of the Holling-type III:
_x ¼ x a1 � bx� c1y2

x2 þ k1

� �
;

_y ¼ y a2 �
c2y

xþ k2

� �
:

ð1:2Þ
Taking the diffusion of the species into account as in [9,10,12,13], one obtains the following reaction–diffusion model:
oU
ot
¼ D1DU þ U a1 � bU � c1W2

U2 þ k1

 !
;

oW
ot
¼ D2DW þW a2 �

c2W
U þ k2

� �
:

ð1:3Þ
to describe the interaction of spatially distributed populations of predator W and prey U, here U ¼ Uðt; xÞ;
W ¼Wðt; xÞ; x ¼ ðx1; x2; . . . ; xnÞ 2 Rn.

Let:
u ¼ b
a1

U; w ¼ c1

a1
W; t0 ¼ a1t; x0 ¼ xffiffiffiffi

D2
a1

q ; D ¼ D1

D2
; ð1:4Þ
then:
ow
ot0
¼ c1

a2
1

oW
ot

; Dw ¼ D2c1

a2
1

DW;
where Dw ¼
Pn

i¼1
o2w

oðx0
i
Þ2
;DW ¼

Pn
i¼1

o2W
ox2

i
. Substituting (1.4) in (1.3), we have:
ow
ot0
¼ Dwþ aw 1� b2w

uþ �k2

� �
;

where a ¼ a2
a1
; b2 ¼ c2b

c1a2
; �k2 ¼ b

a1
k2. Similarly, we obtain:
ou
ot0
¼ b

a2
1

oU
ot
; Du ¼ D2

b
a2

1

DU ¼ D1b

Da2
1

DU;
and then:
ou
ot0
¼ DDuþ u 1� u� b1w2

u2 þ �k1

� �
;

where b1 ¼ b2

c1
; �k1 ¼ b2k1

a2
1

. By rewriting t0; x0; �k1;
�k2 as t, x, k1, k2, (1.3) becomes:
ou
ot
¼ DDuþ u 1� u� b1w2

u2 þ k1

� �
;

ow
ot
¼ Dwþ aw 1� b2w

uþ k2

� �
;

where D, a, b1, b2, k1, k2 are positive constants.
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Assume that the predator and prey are confined to a bounded domain X in Rn with a smooth boundary. In this article, we
consider the following reaction–diffusion system:
ou
ot
¼ DDuþ u 1� u� b1w2

u2 þ k1

� �
; t > 0; x 2 X;

ow
ot
¼ Dwþ aw 1� b2w

uþ k2

� �
; t > 0; x 2 X;

ou
on
¼ ow

on
¼ 0; t > 0; x 2 oX;

uð0; xÞ ¼ u0ðxÞP 0; wð0; xÞ ¼ w0ðxÞP 0; x 2 X;

ð1:5Þ
where n is the outward unit normal vector of the boundary oX, u0, w0 are continuous functions of x. We mention here that
[8, Theorem 2.1] guarantees that (1.5) has a unique nonnegative solution (u,w) defined on [0,1) �X. In addition, from the
maximum principle, we can see that the solution is positive, i.e., u(t,x) > 0, w(t,x) > 0 on X for all t > 0, provided u0 X 0,
w0 X 0.

Obviously, ð0; 0Þ; ð1;0Þ; 0; k2
b2

� �
are the three constant steady states of (1.5). Moreover, the following proposition guaran-

tees the existence and uniqueness of the positive constant steady state.

Proposition 1.1. System (1.5) has a unique interior equilibrium E1 = (u⁄,w⁄) (i.e., u⁄ > 0,w⁄ > 0) if the following condition holds:
1� b1

b2
2

 !2

> 3 k1 þ
2b1k2

b2
2

 !
; k1 �

b1k2
2

b2
2

> 0: ð1:6Þ
Proof. If E1 = (u⁄,w⁄) is the interior equilibrium of (1.5), then:
ð1� u�Þ ðu�Þ2 þ k1

� �
� b1

u� þ k2

b2

� �2

¼ 0:
Consider the function:
sðhÞ ¼ ð1� hÞðh2 þ k1Þ �
b1

b2
2

ðhþ k2Þ2;
and calculate its derivative, we have:
s0ðhÞ ¼ �ðh2 þ k1Þ þ 2hð1� hÞ � 2b1

b2
2

ðhþ k2Þ:
Obviously:
1� b1

b2
2

 !2

> 3 k1 þ
2b1k2

b2
2

 !
) s0ðhÞ < 0;

k1 �
b1k2

2

b2
2

> 0) sð0Þ > 0;
then the curve of the function s(h) intersects x axis only once, hence the existence and the uniqueness of the interior
equilibrium is guaranteed. The proof is completed. h

As well known, the persistence and the stability are two important topics in the study of dynamics for differential
equations and population models (e.g., see [4,5,9,11,12]). In the present article, we shall also concern with these two topics.
This article is organized as follows. Section 2 is for the preliminaries. In Section 3, the persistence of the system is discussed.

The stability of the boundary steady state 0; k2
b2

� �
and the positive steady state (u⁄,w⁄) are investigated in Section 4. A thresh-

old property or sufficient conditions of the local stability is obtained for 0; k2
b2

� �
and (u⁄,w⁄) by the linearized method and

eigenvalue method, respectively (see Theorems 4.1 and 4.4 in Section 4). Sufficient conditions for globally asymptotic sta-
bility of these two steady states are also obtained. The techniques used for globally asymptotic stability are the Lyapunov
function method and the comparison principle.

2. Preliminaries

In order to discuss the dynamics of the steady states, we introduce some lemmas in this section for the use of
convenience. Consider the following equation:
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ou
ot
¼ d1Duþ F1ðu;wÞ; t > 0; x 2 X;

ow
ot
¼ d2Duþ F2ðu;wÞ; t > 0; x 2 X;

ou
on
¼ ow

on
¼ 0; t > 0; x 2 X;

uð0; xÞP 0; wð0; xÞP 0; x 2 X:

ð2:1Þ
Let ð�u; �wÞ be a steady state of the equation, i.e., F1ð�u; �wÞ ¼ F2ð�u; �wÞ ¼ 0.
Define
X ¼ ðu;wÞT 2 C1ðXÞ
� �

� C1ðXÞ
� �

j ou
on
¼ ow

on
¼ 0 on oX

	 

:

Assume that 0 = l0 < l1 < l2 < � � � <� � � denote the eigenvalues of the operator �D on X with the homogeneous Neumann
boundary condition. Hence there is a decomposition X ¼ �1i¼0Xi such that Xi is the eigenspace corresponding to li.

Define an operator L in the form:
L ¼
d1Dþ h1 �h2

h3 d2D� h4

� �
;

here:
h1 ¼
oF1

ou
ju¼�u;w¼�w; h2 ¼ �

oF1

ow
ju¼�u;w¼�w;

h3 ¼
oF2

ou
ju¼�u;w¼�w; h4 ¼ �

oF2

ow
ju¼�u;w¼�w:
As usual, we identify an abstract vector function (u(t), w(t)) = (u(t, �), w(t, �)). Therefore, we can rewrite (2.1) as:
d
dt

u� �u
w� �w

� �
¼ L

u� �u
w� �w

� �
þ

f1ðu� �u;w� �wÞ
f2ðu� �u;w� �wÞ

� �
;

where fiðz1; z2Þ ¼ o
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2

1 þ z2
2

q� �
; i ¼ 1;2.

Motivated from [11], we have the following lemma:

Lemma 2.1. If:
h1 � h4 < 0; h2 P 0; h3 P 0; h2h3 � h1h4 > 0; ð2:2Þ
then ð�u; �wÞ is uniformly asymptotically stable. Furthermore, if h2h3 � h1h4 < 0, then ð�u; �wÞ is unstable.
Proof. For each i; i ¼ 0;1;2; . . . ;Xi is invariant under the operator L and ni is an eigenvalue of L on Xi if and only if ni is an
eigenvalue of the matrix:
Mi ¼
�d1li þ h1 �h2

h3 �d2li � h4

� �
:

By direct calculation and (2.2), we obtain:
Ren�0 ¼
1
2

h1 � h4 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh1 � h4Þ2 � 4ðh2h3 � h1h4Þ

q� �
< 0;

Renþ0 ¼
1
2

h1 � h4 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh1 � h4Þ2 � 4ðh2h3 � h1h4Þ

q� �
< 0:
We also have:
det Mi ¼ d1d2l2
i þ ðh4d1 � h1d2Þli þ h2h3 � h1h4 > 0;

trMi ¼ �ðd1 þ d2Þli þ h1 � h4 < 0;
hence:
Ren�i ¼
1
2

trMi �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtrMiÞ2 � 4 det Mi

q� �
6

1
2

trMi <
1
2

trM1 < 0;

Renþi ¼
1
2

trMi þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trMið Þ2 � 4 det Mi

q� �
6

det Mi

trMi
< � d1d2l2

i

d1 þ d2ð Þli þ h4 � h1ð Þli
<

� d1d2
ðd1þd2Þþðh4�h1Þ

¼ �d < 0; li > 1;

� d1d2l2
1

ðd1þd2Þþðh4�h1Þ
¼ �d < 0; li 6 1:

8<:
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From the above discussion, we know that there is:
~d ¼min
d1d2

ðd1 þ d2Þ þ ðh4 � h1Þ
;

d1d2l2
1

ðd1 þ d2Þ þ ðh4 � h1Þ

	 

> 0;
such that Renþi < �~d, for all i. Consequently, the spectrum of L, which consists of eigenvalues, lies in fRen < �~dg. An
application of [3, Theorem 5.1.1] leads to the first conclusion of the theorem.

Note that if h2h3 � h1h4 < 0, then:
Renþ0 ¼
1
2

h1 � h4 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh1 � h4Þ2 � 4ðh2h3 � h1h4Þ

q� �
> 0:
Hence the spectrum rðLÞ
T
fRek > 0g–;, and therefore ð�u; �wÞ is unstable, which yields to the second conclusion of the the-

orem. h

The following lemma is also from [11]:

Lemma 2.2. Let a and b be positive constants. Assume that /;u 2 C1ð½a;þ1ÞÞ;u P 0 and / is bounded from below. If /
0(t) 6 �bu(t) and u0(t) 6 k in [a, +1) for some positive constant k, then limt? +1u(t) = 0.

Poincare inequality is usually used in order to give the estimation of the solutions, we introduce it as follows:

Lemma 2.3 (Poincare inequality). Assume that 1 6 p 61 and that X is a bounded open subset of n-dimensional Euclidean space
Rn having Lipschitz boundary (i.e., X is an open bounded Lipschitz domain.) Then there exists a constant C, depending only on X
and p such that, for every function u in the sobolov space W1,p(X):
u� �uk kLpðXÞ 6 CkrukLpðXÞ
where �u ¼ 1
jXj
R

X uðyÞdy is the average value of u over X, with jXj standing for the Lebesgue measures of the domain X.
The last lemma is from [2, Theorem A2].

Lemma 2.4. Consider the following equation:
oui

ot
¼ Dui þ fi u1; . . . ; unð Þ; 1 6 i 6 m;

uið0; xÞ ¼ ui0 ðxÞ;
oui

on
¼ 0; x 2 oX;
suppose that juiðt; xÞj < K for ðt; xÞ 2 Rþ �X;1 6 i 6 n, and fi is of class C1 on R ¼
Qn

i¼1½�K;K�;1 6 i 6 n, where u = {u1,u2, . . . ,un}
is the solution of the above system. Finally, suppose that fi(u) = 0 if ui = 0. Then there exists N > 0 depending only on X;a;K and dfi

(the total differential of fi) such that kukC2;a ðXÞ 6 N.
3. Persistence

In this section, we shall discuss the persistence of (1.5). Firstly, we consider the upper boundedness of the solutions for (1.5).

Theorem 3.1. Any solution (u,w) of (1.5) satisfies:
lim sup
t!1

max
x2X

uðt; �Þ 6 1; lim sup
t!1

max
x2X

wðt; �Þ 6 1þ k2

b2
: ð3:1Þ
Proof. Assume that (u,w) is any solution of (1.5). The first element u satisfies:

ou
ot
� DDu 6 uð1� uÞ; t > 0; x 2 X;

ou
on
¼ 0; t > 0; x 2 oX;

uð0; xÞ ¼ u0ðxÞP 0; x 2 X:
Consider the following initial value problem of ordinary differential equation:
dv
dt
¼ vð1� vÞ; t > 0;

vð0Þ ¼max
X

u0ð�Þ:
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Since limt?+1v(t) 6 1, the first inequality of (3.1) is followed by the standard comparison principle.
As a result, for any e > 0, there exists T > 0 such that u(t, �) 6 1 + e for t P T. Then w satisfies:
ow
ot
� Dw 6 aw 1� b2w

1þ eþ k2

� �
; t P T; x 2 X;

ow
on
¼ 0; t > T; x 2 oX;

wðT; xÞP 0; x 2 X:
Consider the following initial value problem of ordinary differential equation:
dz
dt
¼ az 1� b2z

1þ eþ k2

� �
; t > T;

zðTÞ ¼ max
X

w0ð�Þ:
Since limt!þ1zðtÞ 6 1þk2þe
b2

, we have:
lim sup
t!1

max
X

wðt; �Þ 6 1þ k2 þ e
b2

:

Let e ? 0, then the second inequality of (3.1) is valid. h

The above theorem implies that for any e > 0, the rectangle ½0;1þ eÞ � ½0; 1þk2þe
b2
Þ is a global attractor of (1.5) in R2

þ.

Definition 3.1. The problem (1.5) is said to have the persistence property if for any nonnegative initial data (u0 (x),w0(x)),
with u0(x) X 0, w0(x) X 0, there exists a positive constant g = g(u0,w0), such that the corresponding solution, (u,w) of (1.5)
satisfies:
lim inf
t!1

min
X

uðt; �ÞP g; lim inf
t!1

min
X

wðt; �ÞP g:
Theorem 3.2. Suppose 1� b1
k1

1þk2
b2

� �2
> 0, then (1.5) is persistent.

Proof. Suppose that (u,w) is the solution of (1.5) with u0(x) P 0, w0(x) P 0 and u0(x) X 0, w0(x) X 0. Since u0(x) X 0, we
have u(t, �) P 0 for all t P 0 and u(t, �) > 0 for all t > 0. Hence:
1� b2w
uþ k2

P 1� b2w
k2

forall t P 0; x 2 X:
Let T1 > 0 and w(T1, �) > 0. Consider the following initial value problem:
_z ¼ az 1� b2z
k2

� �
; t > T1;

zðT1Þ ¼min
X

wðT1; �Þ > 0:
It is easy to have limt!þ1zðtÞ ¼ k2
b2

, it then follows by the comparison principle that:
lim inf
t!þ1

min
X

wðt; �ÞP k2

b2
: ð3:2Þ
From the second inequality of (3.1) we obtain T2 > 0 such that:
1� u� b1w2

u2 þ k1
P 1� u�

b1
1þk2

b2

� �2

k1
; t P T2; x 2 X:
Thus there is:
g1 ¼ 1�
b1

1þk2
b2

� �2

k1
;

being the limit of the solutions of the following initial value problem:
_v ¼ av 1� v �
b1

1þk2
b2

� �2

k1

0B@
1CA; t > T2;

vðT2Þ ¼min
X

uðT2; �Þ > 0:
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We then obtain from the comparison theorem that:
lim inf
t!þ1

min
X

uðt; �ÞP g1: ð3:3Þ
(3.2) together with (3.3) yields the conclusion of this theorem. h
4. Stability

Since (0,0) and (1,0) are unstable, then stability of the steady states 0; k2
b2

� �
and (u⁄,w⁄) are considered. Theorems 4.1, 4.2,

4.3 describe the stability of 0; k2
b2

� �
, while Theorems 4.4, 4.5 describe the stability of (u⁄,w⁄). Multiple methods and techniques

are used in this section. By the analysis of eigenvalues of the linearized matrixes, we obtain Theorems 4.1, 4.4, which are the
results on local stability. Lemma 2.2 and the analysis on the Lyapunov function yield Theorems 4.2, 4.5, as well as the
comparison method leads to Theorem 4.3. They are the results of globally asymptotic stability.

Theorem 4.1. The following conclusions hold.

(1) If b1
k1

k2
b2

� �2
> 1, then the constant solution 0; k2

b2

� �
of (1.5) is uniformly asymptotically stable.

(2) If b1
k1

k2
b2

� �2
< 1, then the solution 0; k2

b2

� �
is unstable.
Proof. Define ŵ ¼ k2
b2

, Let:
h1 ¼ 1� b1

k1
ðŵÞ2 ¼ 1� b1k2

2

k1b
2
2

; h2 ¼ 0;

h3 ¼
ab2ðŵÞ

2

ðk2Þ2
¼ a

b2
; h4 ¼ �aþ 2ab2ŵ

k2
¼ a;
then the linearization of (1.5) at ð0; ŵÞ can be written as:
d
dt

u

w� ŵ

� �
¼ L

u

w� ŵ

� �
þ

f1ðu;w� ŵÞ
f2ðu;w� ŵÞ

� �
;

where
L ¼
DDþ h1 �h2

h3 D� h4

� �
; f iðz1; z2Þ ¼ o

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2

1 þ z2
2

q� �
; i ¼ 1;2:
If b1
k1

k2
b2

� �2
> 1, then a straightforward calculation yields:
h1 < 0; h2 ¼ 0; h3 > 0; h4 > 0; h2h3 � h1h4 > 0;
then 0; k2
b2

� �
is uniformly asymptotically stable by Lemma 2.1.

On the other hand, the assumption b1
k1

k2
b2

� �2
< 1 yields h2h3 � h1h4 < 0, then 0; k2

b2

� �
is unstable by Lemma 2.1. h

Next, the globally asymptotic stability of ð0; k2
b2
Þ is considered. Let (u,w) be the unique positive solution of system (1.5).

Using Theorem 3.1, there exists a constant C, which does not depend on x and t, such that kuðt; �Þk1 6 C; kwðt; �Þk1 6 C for
t P 0. By Lemma 2.4, there is A > 0 such that:
kuðt; �ÞkC2;aðXÞ 6 A; kwðt; �ÞkC2;aðXÞ 6 A: ð4:1Þ
Theorem 4.2. Suppose that k1
b1
< k2

b2
2
, if k2 > 1 and b1 > b2

2, then the positive constant solution 0; k2
b2

� �
of (1.5) is globally

asymptotically stable.
Proof. Define a Lyapunov function:
Vðu;wÞðtÞ ¼
Z

X

au

b2
2

dxþ
Z

X

w2

2
� ŵ2 1þ ln

w
ŵ

� �� �
dx;
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here ŵ ¼ k2
b2

. Obviously V is bounded below for all t > 0. We calculate the derivative of V along the solutions of (1.5):
dV
dt






ð1:5Þ
¼
Z

X

a
b2

2

ou
ot

dxþ
Z

X
1� ŵ

w

� �
ðwþ ŵÞ ow

ot
dx

¼
Z

X

au
b2

1� u� b1w2

u2 þ k1

� �
dxþ

Z
X

1� ŵ
w

� �
ðwþ ŵÞ Dwþ aw 1� b2w

uþ k2

� �� �
dx: ð4:2Þ
Integration by parts, we have:
Z
X

1� ŵ
w

� �
ðwþ ŵÞDwdx ¼ �

Z
X

1þ ŵ2

w2

� �
ðjrwjÞ2dx: ð4:3Þ
Direct calculation leads to:
1� b2w
uþ k2

¼ u
uþ k2

þ b2ðŵ�wÞ
ðuþ k2Þ

: ð4:4Þ
If b1 > b2
2;

k1
b1
< k2

b2
2
, then:
b1w2

u2 þ k1
>

b2
2w2

uþ k2
: ð4:5Þ
Substitute (4.3)–(4.5) into (4.2) and note that k2 > 1, we obtain:
dV
dt
jð1:5Þ 6

Z
X

au

b2
2

1� u� b2
2w2

uþ k2

 !
dx�

Z
X

1þ ŵ2

w2

� �
ðjrwjÞ2dx�

Z
X
ðwþ ŵÞab2ðw� ŵÞ2

uþ k2
dx

þ
Z

X
ðwþ ŵÞauðw� ŵÞ

uþ k2
dx

6 �
Z

X

a
b2

2

u2dxþ
Z

X

au

b2
2

uþ k2
2 � b2

2w2

uþ k2

 !
dx�

Z
X

1þ ŵ2

w2

� �
ðjrwjÞ2dx�

Z
X
ðwþ ŵÞab2ðw� ŵÞ2

uþ k2
dx

þ
Z

X
ðwþ ŵÞauðw� ŵÞ

uþ k2
dx ¼ �

Z
X

a
b2

2

u2dxþ
Z

X

au

b2
2

u
uþ k2

� �
dxþ

Z
X

au

b2
2

b2
2ðŵ�wÞðŵþwÞ

uþ k2

 !
dx

�
Z

X
1þ ŵ2

w2

� �
ðjrwjÞ2dx�

Z
X
ðwþ ŵÞab2ðw� ŵÞ2

uþ k2
dxþ

Z
X
ðwþ ŵÞauðw� ŵÞ

uþ k2
dx

6 �
Z

X

a
b2

2

u2 1� 1
uþ k2

� �
dx�

Z
X
ðwþ ŵÞab2ðw� ŵÞ2

uþ k2
dx�

Z
X

1þ ŵ2

w2

� �
ðjrwjÞ2dx: ð4:6Þ
Also by k2 > 1, we have:
dV
dt
jð1:5Þ 6 �

Z
X

a
b2

u2 1� 1
uþ k2

� �
dx�

Z
X
ðwþ ŵÞab2ðw� ŵÞ2

uþ k2
dx 6 �

Z
X

a
b2

1� 1
k2

� �
u2dx�

Z
X

ak2ðw� ŵÞ2

1þ k2
dx 6 0:
By Theorem 3.1, u, w are bounded, so there are positive constants B1, B2 such that:
d
R

X u2dx
dt

¼
Z

X
2u

ou
ot

dx ¼
Z

X
2u DDuþ u 1� u� b1w2

u2 þ k1

� �� �
dx 6 B1;

d
R

Xðw� ŵÞ2dx
dt

¼
Z

X
2ðw� ŵÞ ow

ot
dx ¼

Z
X

2ðw� ŵÞ Dwþ aw 1� b2w
uþ k2

� �� �
dx 6 B2:
Apply Lemma 2.2, we obtain:
lim
t!1

Z
X

u2dx ¼ lim
t!1

Z
X
ðw� ŵÞ2dx ¼ 0: ð4:7Þ
On the other hand, we have from (4.6) that there is B3 > 0 such that:
dV
dt






ð1:5Þ
6 �

Z
X

1þ ŵ2

w2

� �
ðjrwjÞ2dx 6 �B3

Z
X
ðjrwjÞ2dx,� gðtÞ:
Calculating the derivative of g(t), we have:
g0ðtÞ ¼ B3

Z
X

2
Xn

i¼1

ou
oxi

oðou
oxi
Þ

ot
dx ¼ B3

Z
X

2
Xn

i¼1

ou
oxi

oðou
otÞ

oxi
dx:
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By using inequality (4.1) and system (1.5), g0(t) is bounded in [1,+1). Therefore Lemma 2.2 also yields:
lim
t!þ1

Z
X
ðjrwj2Þdx ¼ 0:
The Poincare inequality yields:
lim
t!þ1

Z
X
ðw� �wÞ2dx ¼ 0; ð4:8Þ
where �w ¼ 1
jXj
R

X wdx and
jXjð�w� ŵÞ2 ¼
Z

X
ð �w� ŵÞ2dx ¼

Z
X
ð �w�wþw� ŵÞ2dx 6 2

Z
X
ð�w�wÞ2dxþ 2

Z
X
ðw� ŵÞ2dx:
Hence from (4.7) and (4.8) we have:
�wðtÞ ! ŵ as t ! þ1: ð4:9Þ
Define �u ¼ 1
jXj
R

X udx, then by Schwarz inequality, we have:
�u2 ¼ 1
jXj

Z
X

udx
� �2

6

Z
X

u2dx:
Hence by (4.7), we also have:
�uðtÞ ! 0 as t ! þ1: ð4:10Þ
According to (4.1), there exists a subsequence of {tm}, denoted still by {tm}, and nonnegative functions ~u; ~w 2 C2ðXÞ such that:
lim
m!þ1

kuðtm; �Þ � ~uð�ÞkC2ðXÞ ¼ lim
m!þ1

kwðtm; �Þ � ~wð�ÞkC2ðXÞ ¼ 0: ð4:11Þ
Note that:
Z
X
ð ~wðxÞ � ŵÞ2dx 6 3

Z
X
ð~wðxÞ �wðtm; xÞÞ2dxþ 3

Z
X
ðwðtm; xÞ � �wðtmÞÞ2dxþ 3

Z
X
ð �wðtmÞ � ŵÞ2dx:
Let m ? +1, (4.8), (4.9) and (4.11) imply the fact ~wð�Þ � ŵ. Similarly, we can obtain ~u � 0. Therefore we have:
lim
m!þ1

kuðtm; �Þ � 0kC2ðXÞ ¼ lim
m!þ1

kwðtm; �Þ � ŵkC2ðXÞ ¼ 0:
This equality and Theorem 4.1 yield that 0; k2
b2

� �
is global asymptotic stable. h

In the following, we use the comparison method to obtain Theorem 4.3, which is also the result on the global asymptotic
stability of ð0; k2

b2
Þ.

Theorem 4.3. Suppose that:
1
3
< k1 < b1

k2

b2

� �2

; ð4:12Þ
then:
lim
t!þ1

ðuðt; �Þ;wðt; �ÞÞ ¼ 0;
k2

b2

� �
uniformly on X
provided w0(x) X 0. Thus 0; k2
b2

� �
is globally asymptotically stable.

Proof. Since u(t, �) P 0, w(t, �) P 0 for t P 0 and w0(x) X 0, from the second equation of the system, there is t1 > 0 such that:
ow
ot
� Dw P aw 1� b2w

k2

� �
; t > t1; x 2 X;

ow
on
¼ 0; t > t1; x 2 oX;

wðt1; xÞ > 0; x 2 X:
Consider the corresponding initial value problem:
_zðtÞ ¼ azð1� b2z
k2
Þ; t > t1;

zðt1Þ ¼ min
X

wðt1; �Þ > 0:
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An application of the comparison principle gives:
lim inf
t!1

min
X

wðt; �ÞP k2

b2
: ð4:13Þ
Hence for any e > 0, there is T > 0 such that wðt; �Þ > k2
b2
� e for t > T. By (4.12), we know that (1 � u) (u2 + k1) < k1 for u > 0 since

d½ð1�uÞðu2þk1Þ�
du < 0, moreover we can choose e small enough that k1 � b1

k2
b2
� e

� �2
< 0, it follows that:
ou
ot
� DDu 6 u 1� u�

b1
k2
b2
� e

� �2

u2 þ k1

0B@
1CA < 0;
then:
lim sup
t!þ1

max
X

uðt; �Þ ¼ 0:
Hence there is T1 > 0 such that u(t, �) < e for all t > T1 and it follows that:
ow
ot
� Dw 6 aw 1� b2w

eþ k2

� �
:

The standard comparison argument leads to:
lim sup
t!þ1

max
X

wðt; �Þ 6 eþ k2

b2
: ð4:14Þ
Let e ? 0, we have w! k2
b2

uniformly on X as t ? +1 by (4.13) and (4.14). h

From the above three theorems, we can see that the condition k1
b1
< k2

b2

� �2
play an important role in the stability of ð0; k2

b2
Þ. In

what follows, we want to investigate the stability of (u⁄,w⁄). Note form Proposition 1.1 that the assumption k1
b1
> k2

b2

� �2
guar-

antees the uniqueness and existence of the positive steady state (u⁄,w⁄). Hence we give the assumption that k1
b1
> k2

b2

� �2
for all

the rest theorems.

Theorem 4.4. The following conclusions hold:

(1) Suppose 2u⁄ � k1 � 3(u⁄)2 < 0, then the positive constant solution (u⁄,w⁄) of (1.5) is uniformly asymptotically stable.
(2) If 2u� � k1 � 3ðu�Þ2 > 2b1w�

b2
, then the solution (u⁄,w⁄) is unstable.
Proof. Let:
h1 ¼ 1� 2u� � b1ðw�Þ
2 �ðu�Þ2 þ k1

ðu�Þ2 þ k1

h i2

0B@
1CA ¼ 1� 2u� �

ð1� u�Þ ðu�Þ2 þ k1

h i
k1 � ðu�Þ2
h i

ðu�Þ2 þ k1

h i2

¼ u�

ðu�Þ2 þ k1

h i 2u� � k1 � 3ðu�Þ2
h i

;

h2 ¼
2b1u�w�

ðu�Þ2 þ k1

; h3 ¼
ab2ðw�Þ

2

ðu� þ k2Þ2
¼ a

b2
; h4 ¼ �aþ 2

ab2w�

u� þ k2
¼ a;
and
L ¼
DDþ h1 �h2

h3 D� h4

� �
;

then the abstract form of (1.5) at (u⁄,w⁄) can be written as:
d
dt

u� u�

w�w�

� �
¼ L

u� u�

w�w�

� �
þ

f1ðu� u�;w�w�Þ
f2ðu� u�;w�w�Þ

� �
;

where fiðz1; z2Þ ¼ oð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2

1 þ z2
2

q
Þ; i ¼ 1;2. If 2u⁄ � k1 � 3(u⁄)2 < 0, a straightforward calculation yields:
h1 < 0; h2 > 0; h3 > 0; h4 > 0; h2h3 � h1h4 > 0:
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An application of Lemma 2.1 leads to the first conclusion of the theorem.
On the other hand, the assumption 2u� � k1 � 3ðu�Þ2 > 2b1w�

b2
yields h2h3 � h1h4 < 0, hence (u⁄,w⁄) is unstable by Lemma

2.1. h

Now we discuss the global stability of (u⁄,w⁄) by using Lemma 2.2 and Lyapunov function.

Theorem 4.5. Suppose that (u⁄)2 + k1 � 1 > 0 and k1k2u� � k2
2 � k2u� � k1 > 0 hold, then the positive constant solution (u⁄,w⁄) of

(1.5) is globally asymptotically stable.
Proof. Define a Lyapunov function:
Vðu;wÞðtÞ ¼
Z

X

a
b1

u2

2
� u k2 þ u�ð Þ þ k2ðk2 þ u�Þ þ k1 þ

k1u�

k2

� �
ln

uþ k2

u� þ k2
� k1u�

k2
ln

u
u�

� �
dx

þ
Z

X

w2

2
� w�ð Þ2 1þ ln

w
w�

� �� �
dx:
Obviously V is bounded below for all t > 0. Define:
bB ¼ k2ðk2 þ u�Þ þ k1 þ
k1u�

k2
; bC ¼ k1u�

k2
:

Calculating the derivative of V along the solutions of (1.5), we obtain:
dV
dt






ð1:5Þ
¼
Z

X

a
b1

u� k2 þ u�ð Þ þ bB 1
uþ k2

� bC 1
u

� �
ou
ot

dxþ
Z

X
wþw�ð Þ 1�w�

w

� �
ow
ot

dx

¼
Z

X

a
b1

u� k2 þ u�ð Þ þ bB 1
uþ k2

� bC 1
u

� �
DDuþ u 1� u� b1w2

u2 þ k1

� �� �
dx

þ
Z

X
wþw�ð Þ 1�w�

w

� �
Dwþ aw 1� b2w

uþ k2

� �� �
dx

¼ �
Z

X

Da
b1

1�
bB

ðuþ k2Þ2
þ
bC
u2

 !
jrujð Þ2dx�

Z
X

1þ ðw
�Þ2

w2

 !
ðjrwjÞ2dxþ

Z
X

a
b1

� u� u�ð Þðu2 þ k1Þ
uþ k2

1� u� b1w2

u2 þ k1

� �
dxþ

Z
X
aðwþw�Þðw�w�Þ 1� b2w

uþ k2

� �
dx

6 �
Z

X

Da
b1

bCðuþ k2Þ2 � bBu2

u2ðuþ k2Þ2

 !
ðjrujÞ2dx�

Z
X

1þ ðw
�Þ2

w2

 !
ðjrwjÞ2dxþ

Z
X

a
b1

� ðu� u�Þðu2 þ k1Þ
uþ k2

1� u� b1w2

u2 þ k1

� �
dxþ

Z
X
aðwþw�Þðw�w�Þ 1� b2w

uþ k2

� �
dx:
Since:
1� u� b1w2

u2 þ k1
¼ 1� u� b1w2

u2 þ k1
� 1� u� � b1ðw�Þ

2

ðu�Þ2 þ k1

 !
¼ �ðu� u�Þ � b1w2

u2 þ k1
� b1ðw�Þ

2

ðu�Þ2 þ k1

 !

¼ �ðu� u�Þ � b1w2

u2 þ k1
� b1ðw�Þ

2

u2 þ k1
þ b1ðw�Þ

2

u2 þ k1
� b1ðw�Þ

2

ðu�Þ2 þ k1

 !

¼ �ðu� u�Þ � b1ðwþw�Þ
u2 þ k1

ðw�w�Þ þ b1ðw�Þ
2ðu� u�Þðu� þ uÞ

ððu�Þ2 þ k1Þðu2 þ k1Þ

¼ �ðu� u�Þ � b1ðwþw�Þ
u2 þ k1

ðw�w�Þ þ u� u�

u2 þ k1
ðu� þ uÞð1� u�Þ

¼ �ðu� u�Þ u2 þ k1 � ðu� þ uÞð1� u�Þ
u2 þ k1

� �
� b1ðwþw�Þ

u2 þ k1
ðw�w�Þ
and
1� b2w
uþ k2

¼ �b2

uþ k2
ðw�w�Þ þ u� u�

uþ k2
;

then together with bC � bB < 0, we have:
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dV
dt






ð1:5Þ
6 �

Z
X

Da
b1

bC � bB þ bCk2
2

u2ðuþ k2Þ2

 !
ðjrujÞ2dx�

Z
X

1þ ðw
�Þ2

w2

 !
ðjrwjÞ2dx

�
Z

X

a
b1

ðu� u�Þðu2 þ k1Þ
uþ k2

ðu� u�Þ u2 þ k1 � 1þ ðu�Þ2

u2 þ k1

 !
þ b1ðwþw�Þ

u2 þ k1
ðw�w�Þ

" #

þ
Z

X
aðw�w�Þðwþw�Þ �b2

uþ k2
ðw�w�Þ þ u� u�

uþ k2

� �
6

Z
X
� a

b1

u2 þ k1 � 1þ ðu�Þ2

uþ k2
ðu� u�Þ2 � ab2w�

uþ k2
ðw�w�Þ2

" #
dx�

Z
X

Da
b1

k1k2u� � k2
2 � k2u� � k1

u2ðuþ k2Þ2

 !
ðjrujÞ2dx

�
Z

X
1þ ðw

�Þ2

w2

 !
ðjrwjÞ2dx:
Hence if (u⁄)2 + k1 � 1 > 0 and k1k2u� � k2
2 � k2u� � k1 > 0, then:
dV
dt






ð1:5Þ
6

Z
X
� a

b1

uþ k1 � 1þ ðu�Þ2

uþ k2
ðu� u�Þ2 � ab2w�

uþ k2
ðw�w�Þ2

" #
dx 6 0: ð4:15Þ
By Theorem 3.1, u, w are bounded, so there are positive constants C1, C2 such that:
d
R

Xðu� u�Þ2dx
dt

¼
Z

X
2ðu� u�Þ ou

ot
dx ¼

Z
X

2ðu� u�Þ DDuþ u 1� u� b1w2

u2 þ k1

� �� �
dx 6 C1;

d
R

Xðw�w�Þ2dx
dt

¼
Z

X
2ðw�w�Þ ow

ot
dx ¼

Z
X

2ðw�w�Þ DDwþw 1� b2w
uþ k2

� �� �
dx 6 C2:
Apply Lemma 2.2, we obtain:
lim
t!1

Z
X
ðu� u�Þ2dx ¼ lim

t!1

Z
X
ðw�w�Þ2dx ¼ 0: ð4:16Þ
On the other hand, we find from (4.15) that there is C3 > 0 such that:
dV
dt






ð1:5Þ
6 �

Z
X

Da
b1

k1k2u� � k2
2 � k2u� � k1

u2ðuþ k2Þ2

 !
ðjrujÞ2dx�

Z
X

1þ ðw
�Þ2

w2

 !
ðjrwjÞ2dx

6 �C3

Z
X
ðjruj2 þ jrwj2Þdx,� gðtÞ:
Using inequality (4.1) and system (1.5), g0(t) is bounded in [1,+1). Therefore:
lim
t!þ1

Z
X
ðjruj2 þ jrwj2Þdx ¼ 0:
The Poincare inequality yields:
lim
t!þ1

Z
X
ðu� �uÞ2dx ¼ lim

t!þ1

Z
X
ðw� �wÞ2dx ¼ 0; ð4:17Þ
where �u ¼ 1
jXj
R

X udx; �w ¼ 1
jXj
R

X wdx and
jXj �u� u�ð Þ2 ¼
Z

X

�u� u�ð Þ2dx ¼
Z

X

�u� uþ u� u�ð Þ2dx 6 2
Z

X

�u� uð Þ2dxþ 2
Z

X
u� u�ð Þ2dx;

jXj �w�w�ð Þ2 6 2
Z

X

�w�wð Þ2dxþ 2
Z

X
w�w�ð Þ2dx:
Hence from (4.16) and (4.17):
�uðtÞ ! u�; �wðtÞ ! w� as t ! þ1: ð4:18Þ
According to (4.1), there exists a subsequence of {tm}, denoted still by {tm}, and nonnegative functions ~u; ~w 2 C2ðXÞ such that:
lim
m!þ1

kuðtm; �Þ � ~uð�ÞkC2ðXÞ ¼ lim
m!þ1

kwðtm; �Þ � ~wð�ÞkC2ðXÞ ¼ 0:
Combined with (4.16)–(4.18), we have:
lim
m!þ1

kuðtm; �Þ � u�kC2ðXÞ ¼ lim
m!þ1

kwðtm; �Þ �w�kC2ðXÞ ¼ 0:
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Since (u⁄)2 + k1 � 1 > 0 implies 2u⁄ � k1 � 3(u⁄)2 < 0, then the above equality and Theorem 4.4 yield the conclusion which
(u⁄,w⁄) is globally asymptotically stable. h
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