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ON (GORENSTEIN) INJECTIVE AND (GORENSTEIN) FLAT
DIMENSIONS OF RIGHT DERIVED SECTION FUNCTOR OF
COMPLEXES

CYRUS JALALI

ABSTRACT. Let (R, m) be a commutative Noetherian local ring, a be a proper ideal
of R and M be an R-complex in D(R). We prove that if M € DL (R) (respectively,
M € DY,(R)), then idgRIa(M) = idr M (respectively, fdgRIo(M) = fdrM). Next,
it is proved that the right derived section functor of a complex M € D=(R) (R is not
necessarily local) can be computed via a genuine left-bounded complex G ~ M of
Gorenstein injective modules. We show that if R has a dualizing complex and M is an
R-complex in Dé(R), then GfdrRI'a(M) = GfdgM and GidrRI'«(M) = Gidr M.
Also, we show that if M is a relative Cohen-Macaulay R-module with respect to a
(respectively, Cohen-Macaulay R-module of dimension n), then GdeHEtMa(M) =
Gfdr M + n (respectively, GidgHy, (M) = Gidg M — n). The above results generalize
some known results and provide characterizations of Gorenstein rings.

1. INTRODUCTION

Throughout this paper, R is a commutative Noetherian ring, a is a proper ideal
of R and M is an R-complex. The category of R-complexes is denoted C(R), and
we use subscripts C, J and [ to denote genuine boundedness conditions. Also, the
derived category is denoted D(R), and we use subscripts C, 1 and O to denote ho-
mological boundedness conditions. The symbol ~ is the sign for isomorphism in D(R)
and quasi-isomorphisms in C(R). We also use superscript f to signify that the homol-
ogy modules are degreewise finitely generated. An R-complex [ is semiinjective if the
functor Homp(—, I) converts injective quasiisomorphisms into surjective quasiisomor-
phisms. A semiinjective resolution of an R-complex M is a semiinjective complex [
and a quasiisomorphism M —» I. For an R-complex M the injective dimension idg M
is defined as

idpM = inf {€ € Z | 527 TR T g, e
Several of the main results of this paper involve the hypothesis that R has a dualizing
complex. A complex D € Dé(R) is dualizing for R if it has finite injective dimension and
the canonical morphism y¥, : R — RHompg(D, D) is an isomorphism in D(R). If R has
a dualizing complex D, we may consider the functor —T = RHompg(—, D). The notion
of Gorenstein injective module was introduced by E.E. Enochs and O.M.G. Jenda in
[6]. An R-module M is said to be Gorenstein injective, if there exists a Homp(Z, —)
exact acyclic complex E of injective R-modules such that M = Ker(Ey — E_1). The
Gorenstein injective dimension, GidgM, of M € D(R) is defined to be the infimum

of the set of integers n such that there exists a complex G € Cg(R) consisting of
Gorenstein injective modules satisfying M ~ G and G,, = 0 for n < —/¢. Also, an
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R-complex F' is semiflat if the functor — ® g F' preserves injective quasiisomorphisms.
For an R-complex M the flat dimension fdgM is defined as

. 3 semiflat R—complex F such that
fdrM = inf {” € Z | pa in D(R) and Fu=0 for all U>n} :

An R-module M is said to be Gorenstein flat, if there exists an Z ® p — exact acyclic
complex F' of of flat R-modules such that M = Ker(Fy — F_1). The Gorenstein flat
dimension, Gfdg M, of M € D+(R) is defined to be the infimum of the set of integers
n such that there exists a complex F' € Co(R) consisting of Gorenstein flat modules
satisfying M ~ F and G,, = 0 for n < {. Let M be an R-complex in D(R). The right
derived section functor of the complex M is defined as RI'y(M) = I'4(E), where E is a
semiinjective resolution of M (see [3] and [16]).

It has been shown in [7, Theorem 6.5] that the right derived section functor (with
support in any ideal a) sends complexes of finite flat dimension (respectively, finite
injective dimension) to complexes of finite flat dimension (respectively, finite injective
dimension). In section 2, as a main result, we prove that if (R, m) is a local ring and M €
D]é (R), then idgM and idgRT'q(M) are simultaneously finite, and that idgRI'q(M) =
idrM (see Theorem 2.6). Then, as a corollary, we provide a characterization of Goren-
stein rings which recovers [20, Corollary 2.7]. Also, in 2.10, we prove that if (R, m) is
a local ring and M is an R-complex in Dé (R) with supRI'4(M) = infRI'4((M) = —n,
then idpM and idgH_,,(RI'4(M)) (H_,,(RI'4(M)) is considered as a module) are si-
multaneously finite and there is an equality idgH_,,(RI'4(M)) = idgM — n. Notice
that, this result is a generalization of [20, Theorem 2.5].

In section 3, as a main result, a Gorenstein flat version of 2.6 is demonstrated. In-
deed, it is shown, in Theorem 3.5, that if (R, m) is a local ring and M € Dé (R),
then fdgM and fdgRI'¢(M) are simultaneously finite, and that fdgRI'q(M) = fdg M.
Next, as an application of Theorem 3.5, we prove a Gorenstein flat version of 2.10 (see
Theorem 3.7). It has been proved in [41, Theorem 5.9] that if M € Dg(R), then

GidgM < 0 = GidRRFa(M) < 00.

Moreover, if R has a dualizing complex, the above implication may be reversed if a is in
the Jacobson radical of R and M € Dé(R). In Theorem 3.10, as a main result, we show
that if (R, m) is a local ring admitting a dualizing complex and M is an R-complex in
Dé(R), then GfdgpRI'(M) = GfdgM. Then, as a corollary, we prove that if M is a
relative Cohen-Macaulay R-module with respect to a, where is defined as in [20], and
that n = grade(a, M), then GfdgH} (M) = GfdgM + n.

In section 4, we prove that if C'is an I'g-acyclic R-complex in C(R), then RI'(C') ~
['4(C) (see Theorem 4.5). As an application of this Theorem, in Corollary 4.7, we show
that, the right derived section functor of a complex M € D(R) can be computed
via a genuine left-bounded complex G ~ M of Gorenstein injective modules. Also,
as a main result, we show that if (R, m) is a local ring admitting a dualizing complex
and M is an R-complex in Dé(R), then GidgRI'4\(M) = GidgM (see Theorem 4.10).
As a corollary, we provide a characterization of Gorenstein rings which recovers [20),
Corollary 3.10] and [19, Theorem 2.6]. Next, in Theorem 4.12, we prove a complex
version of 2.6 which improves [20, Theorem 3.8]. As a corollary, in 4.13, we deduce
that GidpHp (M) = GidgM — n, wherever (R, m) is a local ring and M is a Cohen-
Macaulay R-module with dimpM = n (without assuming that R is Cohen-Macaulay).
This corollary improves [20, Corollary 3.9].
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2. RIGHT DERIVED SECTION FUNCTOR AND INJECTIVE DIMENSION

We recall the following lemma which shows that the right derived section functor
can be computed via Cech complexes.

Lemma 2.1. Let a be a proper ideal of R, and let M be an R-complex in D(R).

If x = x1,--- ,x, is a generating set for the ideal a and CVQ the corresponding Cech
complex, then }
RI (M) ~ M @% C,.

Proof. see [15, Theorem 1.1(iv)]. O

The following proposition is one of the main results of this section which has led to
some interesting results.

Proposition 2.2. Let (R,m, k) be a local ring, and let M be an R-complex in D-(R).
Then
RHomp(k,RT4(M)) ~ RHomp(k, M).

Proof. Let F be a semifree resolution of the residue field k. Let x = x1,--- ,x, be a
generating set for the ideal a and C, be the Cech complex with respect to z. Then, in
view of [2, Theorem 4.4.5(a)], there are isomorphisms

RHomp(k, M ®% C,) ~ RHomg(k, M) % C,
~ RHomp(k, M) @F (k@5 Cy)
in D(R). But, as in the proof of [11, Lemma 2.4, there exists a quasiisomorphism
F®prCy~Fin C(R). Hence k ®@% C, ~ k, and so
RHomp(k, M % C,) ~ RHomp(k, M).
The result therefore follows from the fact that M @& C, ~ RT(M). U

Corollary 2.3. Let (R,m,k) be a local ring, and let M be an R-complex in D (R).
Then the following statements hold.

(i) depthrRI'4(M) = depthp M.
(ii) If R admits a dualizing complex D, then
widthpRI g (M) = widthp M.
Proof. (i) Immediate from Proposition 2.2. (ii) By [2, Theorem 4.4.6(a)] and Proposi-
tion 2.2, there are isomorphisms
k ®% RHomg(RI4(M), D) ~ RHom(RHompg (k, RT4(M)), D)
~ RHompg(RHompg(k, M), D)
~ k ®% RHomg (M, D)
in D(R). The result now follows by definition of width. O

The following corollary, which is an immediate consequence of [10, Corollary 3.4.4]
and 2.2, determines the i-th Bass number pf(p, R4 (M)) := ,u%p (RI'4(M)p) of RI'4(M),
where is defined as in [2].

Corollary 2.4. Let (R,m, k) be a local ring, and let M be an R-complex in D (R).
Then pin(RT(M)) = p'y(M) for all i € Z; In particular, for every p € V(a) there is
an equality p'(p, RTq(M)) = pt(p, M) for alli € Z.

Next, we recall the following lemma which is needed in the proof of Theorem 2.6.
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Lemma 2.5. Let M be a complezx in D(R). Then
(i) idpM = sup{—infRHompg(T, M) | T is a cyclic R-module}; and
(ii) If M € D(R), then
idpM = sup{m € Z | 3p € SpecR : u (My) # 0}.

Proof. Parts (i) and (ii) have been proved in [2, Theorem 5.1.6] and [2, Lemma 6.1.19],
respectively. O

The following theorem, which is one of the main results of this section, provides a
comparison between the injective dimensions of a complex and its right derived section
functor.

Theorem 2.6. Let (R,m,k) be a local ring, and let M be an R-complez in D-(R).
(i) IfidrM < oo, then idrRI'4(M) < co.
(ii) The converse holds whenever M € Dé(R).

Furthermore, if M € D’E(R), then idgpRT' (M) = idgM.

Proof. (i) Let s := idgM < oo. Then, in view of Lemma 2.5(ii) and Corollary 2.4,
pits(p, RT4(M)) = 0 for all p € SpecR and for all i > 0. Therefore, it follows from
Lemma 2.5(ii) that idgRI'q(M) < s.

(ii) Let ¢t := idgRI'4(M) < oco. Then, by Lemma 2.5(i), infRHompg (7, RI'((M)) >
—t for all cyclic R-module T'. Hence, in view of Proposition 2.2, there are isomorphisms

H_, ;(RHompg(k,M)) = H_;_;(RHompg(k, R (M))) =0

for all i > 0. Therefore —infRHomp(k, M) < t, and so idgM <t < oo by [2, Theorem
6.1.13]. The final assertion is a consequence of (i) and (ii). O

The following corollary, which recovers [20, Corollary 2.7], is an immediate conse-
quence of the previous Theorem.

Corollary 2.7. Let (R, m) be a local ring. Then the following statements are equivalent:
(i) R is Gorenstein;

(ii) idgpRI4(R) < oo for any ideal a of R;

(iii) idgrRI'4(R) < oo for some ideal a of R.

Remark 2.8. Note that if M is an R-complex in D(R) such that supRI'\(M) =
infRI'4(M) = —n, then there is an isomorphism RI'\(M) ~ H_,,(RI'4(M)) in D(R).
Hence X"RI'4(M) is equivalent to the module X"H_,,(RI'4(M)) in the category of
R-modules. We will abbreviate X"H_,,(RI4(M)) to HY (M) when supRI'((M) =
infRI'((M) = —n.

Example 2.9. Let (R, m) be a Gorenstein local ring with dim(R) = d, and let M be
the R-complex

0— P ERp) - P ER/) - ERMm) —0.
peSpec(R) peSpec(R)
htp=0 htp=1

Since M ~ R, idgM = d. On the other hand, RI'y (M) ~ H_4(RI'w(M)), and so
YIRI (M) =2 E(R/m). Therefore
idpROm(M) = d = idp M.

The following theorem, which is an immediate consequence of Theorem 2.10, is a
generalization of [20, Theorem 2.5].
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Theorem 2.10. Let (R, m) be a local ring, and let n be an integer. Suppose that M is
an R-complex in D (R) such that supRI'q(M) = infRI'4(M) = —n.

(i) IfidpM < oo, then idpHY (M) < oo.

(ii) The converse holds whenever M € Dé(R).
Furthermore, if M € Dé(R), then idpH} (M) = idgM — n.
Proof. Parts (i) and (ii) follow from Theorem 2.6 in view of Remark 2.8.

For the final assertion, we notice that, since RI'q(M) ~ H_,(RI4(M)), there are
equalities

ARE() = s MO (RE(00)
=idpX"H_,(RI,(M)) +

Then, in view of Remark 2.8, idgH (M) = idrRI'¢(M) — n. The desired equality now

follows from Theorem 2.6. O

3. RIGHT DERIVED SECTION FUNCTOR AND (GORENSTEIN) FLAT DIMENSION

The following proposition is one of the main results of this section which has led to
some interesting results.

Proposition 3.1. Let (R,m, k) be a local ring, and let M be an R-complex in D(R).
Then
k @k R (M) ~ k &% M.

Proof. Let x = z1,--- ,x, be a generating set for the ideal a and éﬁ be the Cech
complex with respect to z. Then, there exists an isomorphism k ®% CV’2 ~ k in D(R)
(see 2.2). Hence, we have

kb C, b M~ keb M
But C, ®% M ~ RI'4(M). Therefore k @% RT(M) ~ k @% M as desired. O

Corollary 3.2. Let (R,m, k) be a local ring. Suppose that M and N are R-complezes
in D(R). Then the following statements hold.
(i) widthgRI4(M) = widthpM.
(ii) If N is an R-complex in D-(R) and M € D+(R), then
depthrkRHompg(RI'\(M), N) = depthrRHompg (M, N).
In particular, If R admits a dualizing complex D, then
depthpRI(M)" = depthz M.

Proof. (i) Immediate from Proposition 3.1. (ii) A straightforward application of [2,
Proposition 5.2.6], part (i) and Corollary 2.3(i). O

The following corollary, which is an immediate consequence of [10, Corollary 3.4.4]

and 3.1, determines the i-th Betti number 5;(p, RT'((M)) := BZR'“ (RTo(M),) of R (M),
where is defined as in [2].

Corollary 3.3. Let (R,m,k) be a local ring, and let M be an R-complex in D(R).
Then BE(RT(M)) = BE(M) for all i € Z; In particular, for every p € V(a) there is
an equality B;(p, RTq(M)) = Bi(p, M) for all i € Z.

Next, we recall the following lemma which is needed in the proof of Theorem 3.5.

Lemma 3.4. Let M be a complex in D(R). Then



6 C. JALALI

(i) fdg M = sup{sup T ®@% M | T is a cyclic R-module}; and
(ii) There is an equality

fdr M = sup{m € Z | Ip € SpecR : Bﬁf(Mp) # 0}.

Proof. Parts (i) and (ii) have been proved in [2, Theorem 5.1.9] and [2, Lemma 6.1.15],
respectively. O

Theorem 3.5, which is a flat version of 2.6, is one of the main results of this section.
This theorem recovers some interesting results that have currently been appeared in
the literature.

Theorem 3.5. Let (R,m,k) be a local ring, and let a be a proper ideal of R. Suppose
that M is an R-complex in D(R).

(i) If fdgM < oo, then fdgrRI'q(M) < cc.

(ii) The converse holds whenever M € D{,(R).
Furthermore, if M € Dé(R), then fdgpRI'q(M) = fdg M.

Proof. (i) Let s := fdgM < oo. Then, in view of Lemma 3.4(ii) and Corollary 3.3,
Bi+s(p, RTq(M)) = 0 for all p € SpecR and for all i > 0. Therefore, it follows from
Lemma 3.4(ii) that fdgRI'q(M) < s.

(ii) Let ¢ := fdgRI'\(M) < co. Then, by Lemma 3.4(i), supT @k RI'w(M)) > ¢t for
all cyclic R-module T'. Hence, in view of Proposition 3.1, there are isomorphisms

H (k@B M) = Hy (k@B RIL(M)) =0

for all + > 0. Therefore supk ®% M < t,and so fdgM <t < oo by [2, Theorem 6.1.13].
The final assertion is a consequence of (i) and (ii). O

Example 3.6. Let (R, m) be a Gorenstein local ring with dim(R) = d, and let M be
as in 2.9. Since M ~ R, fdgM = 0. On the other hand, RT'(M) ~ H_;(RT'w(M)),
and so L9RI, (M) = HZ(R). Hence, by [21, Corollary 3.4], fdgRI'w(M) + d = d.
Therefore

fdpRT (M) =0 = fdrM.

The following theorem, which is an immediate consequence of Theorem 3.5, is a flat
version of 2.10.

Theorem 3.7. Let (R, m) be a local ring, and let n be an integer. Suppose that M s
an R-complex in D(R) such that supRIq(M) = infRT'((M) = —n.

(i) If fdpM < oo, then fdgH7 (M) < oo.

(ii) The converse holds whenever M € D];(R).
Furthermore, if M € Dé(R), then fdpHY (M) = fdgM + n.

Proof. Parts (i) and (ii) follow from Theorem 3.5 in view of Remark 2.8.
For the final assertion, we notice that, since RI'q(M) ~ H_,(RI4(M)), there are
equalities
fdgRIT4 (M) = fdpX " (X"H_,,(RT 4 (M )))
=f{drYX"H_,(R[4\(M)) —
Then, in view of Remark 2.8, fdpHY (M) = fdgRI'4(M )+ n. The desired equality now
follows from Theorem 3.5. O

In the rest of this section, we make a comparison between the Gorenstein flat dimen-
sions of a complex and its right derived section functor.
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Proposition 3.8. Suppose that M is an R-complex in Dp(R). Then
GfdrRI'((M) < Gfdg M.
Proof. Notice that if GfdgM = oo, then there is nothing to prove. So, we may assume
that GfdgM < oco. Hence, it follows from [4, Theorem 5.9] that GfdgRI'((M) < oo.
Now, by [9, Theorem 8.8], there exists p € V(a) such that
GidpRI'4(M) = depthR, — depthp (RT'q(M)),.
But, by [10, Corollary 3.4.4] and Corollary 2.3(i), depthg, (RI'a(M)), = depthp M,.
It follows, again by [9, Theorem 8.8], that
GfdgRI'o(M) = depthR, — depthp M, < GfdgM
as desired. 0
Proposition 3.9. Let (R,m, k) be a local ring, and let M be an R-complex in Dé(R)
such that GFdrM < co. Then
GfdgM < GfdrRI'(M).
Proof. By [4, Theorem 5.9], GfdgRI'4(M) < oo. Hence, by [9, Theorem 8.7] and
Corollary 2.3(i), there are equalities
sup(E(k) ®@% RI'4(M)) = depthR — depthzRT (M)
= depthR — depthy M = sup(E(k) @% M).

Since M € Dé(R), sup(E(k) ®% M) = GfdgM. The result now follows from the fact
that GfdgRI (M) > sup(E(k) @% RI(M)) (see [4, Corollary 3.6]). O

The following theorem, which is a Gorenstein flat version of Theorem 3.5, is one of
the main results of this section.
Theorem 3.10. Let (R, m) be a local ring, and let M be an R-complex in Dé(R).
(i) If GfdrM < oo, then GfdgRI'4(M) = GfdrM.
(ii) If R admits a dualizing complez, then GfdgRIq(M) = GfdgM.
Proof. (i) A straightforward application of Proposition 3.8 and Proposition 3.9.
(ii) In view of part (i), we may assume that GfdgRI'q(M) < oo. Hence, by [4,
Theorem 5.9], GfdgM < oo. The desired equality now follows from Proposition 3.8
and Proposition 3.9. O

The next theorem is a Gorenstein flat version of Theorem 3.7.

Theorem 3.11. Let (R,m) be a local ring admitting a dualizing complex, and let n
be an integer. Suppose that M is an R-complex in Dé(R) such that supRI'((M) =
infRI4(M) = —n.

(i) If GfdrM < oo, then GfdgH[ (M) = GfdgM + n.

(ii) If R admits a dualizing complez, then GIdrH} (M) = GfdgM + n.
Proof. Follows from Theorem 3.10 in view of Remark 2.8. O

Corollary 3.12. Let (R, m) be a local ring. Suppose that M is relative Cohen-Macaulay
with respect to a and that n = grade(a, M). Then GfdrH} (M) = GfdgM + n.

Proof. Notice that (R m) is a local ring admitting a duahzmg complex and M ® RR is a
relative Cohen-Macaulay R-module with respect to aR and that grade(aR M ®Rg R)

n. Hence, in view of [3, Theorem 4.27], we may assume that R is complete; and so it
has a dualizing compleX. The result therefore follows from Theorem 3.11. O
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4. RIGHT DERIVED SECTION FUNCTOR AND (GORENSTEIN INJECTIVE DIMENSION

In this section the category of R-modules is denoted C(R). Recall from [, Exercise
4.1.2] that the local cohomology modules of R-module M with respect to a can be
calculated by an I'g-acyclic resolution of M. First, we prove the complex version of this
exercise.

Definition 4.1. (see [17]) Let F : C(R) — C(R) be a left exact functor, and assume
that M is an R-complex in C(R). If 0 = M — C,op = C,1 — -+ = Cyy = is a

Cartan-Eilenberg injective resolutions of M, where is defined as in [13], define RY(FM)
to be H;(Tot(FC)).

Lemma 4.2. Let M and M be two R-complezes in C-(R), and let ( : M — M be a
morphism of R-complexes. Suppose that 0 — M — Cyog — Cy1 — -+ — Cy g — and

0= M— Cig— Cuy — -+ = Cuy — are Cartan-Eilenbery injective resolutions of
M and M, respectively. Then there exists a sequence {Cyq}qen, of morphisms (i q :
C,y — Ciq of R-complexes over (.

Proof. A straightforward application of [12, Theorem 19]. O
Lemma 4.3. Let F : C(R) — C(R) be a left exact functor, and let M and M be two
R-complexes. Then
(i) Any quasiisomorphism ¢ : M — M induces isomorphism
RY(FM) = R (FM)
for alli € Z; and
(i1) If M is F-acyclic R-complex in C(R), that is, M; is F-acyclic for alli € Z, then
RY(FM) = H;(FM)
for alli € Z.
Proof. Straightforward verification similar to the proof of [17, Corollary 5.7.7]. (]

The following theorem, which is one of the main results of this section, provide us
to prove some interesting results.

Theorem 4.4. Let F : C(R) — C(R) be a left exact functor, and let M be an F-acyclic
R-complex in C-(R). Assume that I is F-acyclic and F(I) is injective for every injective
R-module I. Then F(M) ~ F(FE), for every semiinjective resolution E € C-(R) of M.

Proof. Let E be a semiinjective resolution of M with F, = 0 for v > supM, and let
C: M —=4 E be an quasiisomorphism. By [13, Theorem 10.45], there exist Cartan-
Eilenberg injective resolutions 0 — M — Ci.o — Cs1 — -+ — Cyyq — and 0 —
E — C/’*70 — C”*J — = C”*,q —. Hence, in view of Lemma 4.2, there is a sequence
{Csq}qen, of morphisms of R-complexes such that the diagram

0 s B —s Copp ——s Gy ——p e s Gy ——s
TC TC*,O TC*J TC*,q
0 M C*,o 0*71 C*7q —_—

commutes in C(R). By Lemma 4.3(ii), RP(F(M)) = H,(F(M)) for all p € Z, so
that the natural morphism F(M) — Tot(F(C)) is a quasiisomorphism. Similarly,

7

RP(F(E)) = Hy(F(E)) for all p € Z, so that the natural morphism F(E) — Tot(F(C))
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is a quasiisomorphism. Thus, by [2, Proposition 3.3.5(a)], there exists a quasiisomor-
phism Tot(F(C')) — F(E), since F(E) is injective.

But, by Lemma 4.3(i), there are isomorphisms RP(F(M)) = RP(F(E)) for all p € Z.
Hence the morphism ¢, : Tot(F(C)) — Tot(F(C)) is a quasiisomorphism, where

o= 3 FlGpg) : Tot(F(C)) — Tot(F(C)),
p+g=n

for all n € Z. Therefore, there are quasiisomorphisms
F(M) = Tot(F(C)) — Tot(F(C)) — F(E).
Now F(M) ~ F(FE) as desired. O

The next theorem, which offers an application of the previous theorem, is a complex
version of [1, Exercise 4.1.2].

Theorem 4.5. Let C' be an I'g-acyclic R-complezx in C—(R). Then RI'4(C) ~T4(C).

It should be noted that the following corollary, as an application of Theorem 4.5,
follows from the result of J. Lipman in [10, Corollary 3.4.3]; however, the proof below
is different from his.

Corollary 4.6. Let f : R — R’ be a ring homomorphism of commutative Noetherian
rings, and let [r: C(R') — C(R) to denote the functor obtained from restriction of
scalars (using f). Suppose that M' is an R'-complex in D-(R'). Then there is an
isomorphism

RIo(M'[r) =~ Rlap/ (M")[r
in D(R). In particular, H_;(RTy(M'[g)) 2 H_;(RL g/ (M"))[ g for all i € Z.
Proof. Let I' € C(R’) be an injective resolutions of M’. Note that M'[ g~ I'[g. But,
by [I, Theorem 4.1.6], I'[ is T'y-acyclic R-complexes in C-(R), and so, by Theorem
4.5, there is an isomorphism
RT(M'[r) ~Ta(I'[R)

in D(R). The result now follows, since I'q(I'[g) = Tar/ (I')[ & O

It has been proved in [14, Corollary 3.3] that if R admits a dualizing complex and
M € D (R), then GidgRI'((M) < GidgM. The next corollary together with [14,

Theorem 3.2] recover this result. Also, notice that [14, Theorem 3.4] is an immediate
consequence of 4.7.

Corollary 4.7. Let M be an R-complex in D=(R), and let G € C=(R) be an R-complex
of Gorenstein injective modules such that M ~ G. Then RT'q(M) ~ T'4(G).

Proof. Since by [18, Lemma 1.1] every Gorenstein injective module is I'y-acyclic, the
result follows from Theorem 4.5. O

The following proposition together with [4, Theorem 5.9] recover [14, Corollary 3.3].

Proposition 4.8. Suppose that M is an R-complex in D (R) such that GidgRT' (M) <
oo. Then

GidgRT\(M) < GidgM.
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Proof. Notice that if GidgM = oo, then there is nothing to prove. So, we may assume
that GidgM < oo. By [5, Theorem 2.2], there exists p € V(a) such that

But, by [10, Corollary 3.4.4] and Corollary 3.2(i), widthg, (RI'«(M)), = widthg, M,.
It follows, again by [5, Theorem 2.2], that

GidgRI'4(M) = depthR, — widthg, M, < GidgM
as desired. 0

Proposition 4.9. Let (R, m) be a local ring, and let M be an R-complex in Dé(R)
such that GidgpM < oco. Then

GidpM < GidgRI4(M).
Proof. By [4, Proposition 6.3], there is an inequality
GidgRI4(M) > depthR — widthgRT(M).
But, by Corollary 3.2(i), widthgRI'4(M) = widthg M. Thus, we have
GidgRI4(M) > depthR — widthp M
= depthR — inf M.
The result therefore follows from [5, Corollary 2.3]. O

The following theorem, which is a Gorenstein injective version of Theorem 2.6, is
one of the main results of this section.

Theorem 4.10. Let (R,m) be a local ring admitting a dualizing complex, and let M
be an R-complex in Dé(R). Then GidgRI'((M) = Gidg M.

Proof. A straightforward application of [4, Theorem 5.9], Proposition 4.8 and Proposi-
tion 4.9. O

In [20, Corollary 3.10] a characterization of a Gorenstein local ring R is given. The
next corollary recovers that characterization. Also, notice that Corollary 4.11 together
with Corollary 2.7 recover [19, Theorem 2.6].

Corollary 4.11. Let (R,m) be a local ring admitting a dualizing complex. Then the
following statements are equivalent:

(i) R is Gorenstein;
(ii) GidrRI4(R) < oo for any ideal a of R;
(iii) GidrRI'4(R) < oo for some ideal a of R.

Proof. A straightforward application of Theorem 4.10 and [3, Proposition 3.11]. O

The next theorem, which is a Gorenstein injective version of Theorem 2.10, recovers
[20, Theorem 3.8].

Theorem 4.12. Let (R,m) be a local ring admitting a dualizing complex, and let n

be an integer. Suppose that M is an R-complex in Dé(R) such that supRI'4(M) =
infRIG(M) = —n. Then GidgHZ (M) = GidgpM — n.

Proof. Follows from Theorem 4.10 in view of Remark 2.8. O
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Let (R, m) be a local ring, and let M be an R-module. As a result, it has been shown
in [20, Corollary 3.9] that if R and M are Cohen-Macaulay with dimpM = n, then
GidgH} (M) = GidgM — n. We show that [20, Corollary 3.9] holds without assuming
that R is Cohen-Macaulay.

Corollary 4.13. Let (R,m) be a local ring, and let M be a Cohen-Macaulay R-module
with dimgM = n. Then the following statements hold.

(i) GidzRT 5(M @ R) = GidrM.
(i) GidgH™ (M) = GidgM — n.

Proof. Notice that (ﬁ, m) is a local ring admitting a dualizing complex and M ®p Ris

o~

a Cohen-Macaulay R-module of dimension n.
(i) A straightforward application of Theorem 4.10 and [3, Theorem 3.24].
(ii) It follows, by Remark 2.8, that

GidzRI(M ©p R) = GidsHA(M ®g R) +n

But, in view of [14, Lemma 3.6], GidgHZ (M ®r R) = GidgH"(M). The result now
follows from part (i). O
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