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An algebraR over a fieldF is full matricial if it is isomorphic to the algebra ofn× n matrices
with entries inF , for some positive integern. We say thatR is matricial if it is isomorphic to a
finite product of full matricial algebras, and locally matricial if it is isomorphic to a direct limit
of matricial algebras (all over the same fieldF ). Of course, every locally matricial algebra is von
Neumann regular, that is, it satisfies the axiom(∀x)(∃y)(xyx = x). As the(∨, 0)-semilatticeIdcR
of a von Neumann regular ringR is distributive, this holds a fortiori forR locally matricial.

The present paper is concerned with the converse problem. It has been proved by the reviewer
in [Israel J. Math.103(1998), 177–206;MR1613568 (99g:06023)] and [Proc. Amer. Math. Soc.
127 (1999), no. 2, 363–370;MR1468207 (99c:06007)] that there are distributive semilattices of
sizeℵ2 (or any larger cardinal number) that are not isomorphic toIdcR, for any von Neumann
regular ringR. A well-known unpublished note by G. M. Bergman from 1986 shows that every
distributive semilattice which is either countable or strongly distributive (i.e., every element is a
finite join of join-irreducibles) is isomorphic toIdcR, for some locally matricial algebraR (over
any given field). The main result of the present paper states that every bounded distributive lattice
(so not only those semilattices) is isomorphic toIdcR, for some locally matricial algebraR (over
any given field). The construction is very sophisticated, and it is given by an explicit formula. It
also gives a new proof of Bergman’s above-cited results.

In the last section of the paper, the author uses his main result to solve the so-calledΓ-invariant
problem, stated by P. C. Eklof and J. Trlifaj in 1998. So he proves, in particular, the following
(Theorem 5.1): For any uncountable regular cardinalκ, every subset ofκ (modulo the closed
unbounded filter) appears as theΓ-invariant of some strongly uniform module over a unit-regular
ring.

Reviewed byFriedrich Wehrung
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