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Abstract

In his 1984 proof of the Bieberbach and Milin conjectures de Branges used a positivity
result of special functions which follows from an identity about Jacobi polynomial sums
that was found by Askey and Gasper in 1973, published in 1976.

In 1991 Weinstein presented another proof of the Bieberbach and Milin conjectures,
also using a special function system which (by Todorov and Wilf) was realized to be the
same as de Branges’.

In this article, we show how a variant of the Askey-Gasper identity can be deduced
by a straightforward examination of Weinstein’s functions which intimately are related
with a Lowner chain of the Koebe function, and therefore with univalent functions.

1 Introduction

Let S denote the family of analytic and univalent functions f(z) = z + ag2? 4 ... of the unit

disk ID. S is compact with respect to the topology of locally uniform convergence so that

ky, = max la,,(f)| exists. In 1916 Bieberbach [3] proved that ky = 2, with equality if and only
X

if f is a rotation of the Koebe function

K(2) ::ﬁ:%((“rz):z—l):im", (1)

1—2

and in a footnote he mentioned “Vielleicht ist iiberhaupt k, = n.”. This statement is known
as the Bieberbach conjecture.

In 1923 Lowner [13] proved the Bieberbach conjecture for n = 3. His method was to embed
a univalent function f(z) into a Léwner chain, i.e. a family {f(z,t) |t > 0} of univalent
functions of the form

flz,t) =e'z4+ ) a,(t)z", (z€D,t>0,a,(t) € C (n>2))
n=2
which start with f
f(2,0) = f(2) ,
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and for which the relation

2,1
Re p(z,t) = Re (%) >0 (z € D) (2)
is satisfied. Here ' and * denote the partial derivatives with respect to z and ¢, respectively.
Equation (2) is referred to as the Léwner differential equation, and geometrically it states
that the image domains of f; expand as t increases.

The history of the Bieberbach conjecture showed that it was easier to obtain results about
the logarithmic coefficients of a univalent function f, i.e. the coefficients d,, of the expansion

p(z) =1 ?) =) d,2"
n=1

rather than for the coefficients a, of f itself. So Lebedev and Milin [12] in the mid sixties
developed methods to exponentiate such information. They proved that if for f € S the Milin
conjecture

n

4
Zn+1—k (kdk|2;><0

=1
on its logarithmic coefficients is satisfied for some n € IN, then the Bieberbach conjecture for
the index n 4+ 1 follows.

In 1984 de Branges [4] verified the Milin, and therefore the Bieberbach conjecture, and in
1991, Weinstein [18] gave a different proof. A reference other than [4] concerning de Branges’
proof is [5], and a German language summary of the history of the Bieberbach conjecture and
its proofs was given in [10].

Both proofs use the positivity of special function systems, and independently Todorov [16]
and Wilf [19] showed that both de Branges’ and Weinstein’s functions essentially are the same
(see also [11]),

T (1) = —kAL(1) (3)
77 (t) denoting the de Branges functions and A} (¢) denoting the Weinstein functions, respec-
tively.
Whereas de Branges applied an identity of Askey and Gasper [2] to his function system,
Weinstein applied an addition theorem for Legendre polynomials to his function system to
deduce the positivity result needed.
The identity of Askey and Gasper used by de Branges was stated in ([2], (1.16)) in the form

, ml (1/2); (22)  (2£2) (0 —2j)! s 2\
ZPJ'(Q’O)(@—Z i ((HS) )n(;+g )ni% d (Cv(za;j)/ ( 1; )) , o (4)

‘T)nﬂj (a + 1)7172.7'

where C}(z) denote the Gegenbauer polynomials, Pj(a’ﬂ)(m) denote the Jacobi polynomials
(see e.g. [1], § 22), and

['(a+7)

(a)j i=ala+1)---(a+j—1)= 0



denotes the shifted factorial (or Pochhammer symbol).

In this article, we show how a variant of the Askey-Gasper identity can be deduced by a
straightforward examination of Weinstein’s functions which intimately are related with the
bounded Lowner chain of the Koebe function.

The application of an addition theorem for the Gegenbauer polynomials quite naturally arises
in this context. We present a simple proof of this result so that this article is self-contained.

2 The Lowner Chain of the Koebe Function and the
Weinstein Functions

We consider the Lowner chain
w(z,t) =K '(e'K(2)) (€Dt >0) (5)

of bounded univalent functions in the unit disk ID which is defined in terms of the Koebe
function (1). Since K maps the unit disk onto the entire plane slit along the negative x-axis
in the interval (—oc, 1/4], the image w(ID, t) is the unit disk with a radial slit on the negative
r-axis increasing with £.

Weinstein [18] used the Lowner chain (5), and showed the validity of Milin’s conjecture if for
all n > 2 the Weinstein functions A? : R* — R (k =0,...,n) defined by

elw(z, )k >
— = AP ()" = W (2, t 6
1 — w?(z,1) nzj; k(1)2 k(2,1) (6)
satisfy the relations

Ag(t) =0 (teR", 0<k<n). (7)

Weinstein did not identify the functions A}(t), but was able to prove (7) without an explicit
representation.

In this section we apply Weinstein’s following interesting observation to show that A} (t) are
the Fourier coefficients of a function that is connected with the Gegenbauer and Chebyshev
polynomials.

The range of the function w = K~ '(e 'K) is the unit disk with a slit on the negative real
axis. Since for all v € R,y # 0 (mod 7) the mapping

z

h,(z) :

:1—2COS’}/'Z+Z2

maps the unit disk onto the unit disk with two slits on the real axis, we can interpret w as
composition w = h, ' (e th,) for a suitable pair (#,7), and a simple calculation shows that
the relation

cosy=(1—-e ") +etcosh (8)



is valid. We get therefore

hy(z) = e hg(w(zt)) = e'w < 1 — w? )

1—w?2\1—2cosf-w -+ w?

t 0 >
- <1 +23" w cos k9> =Wo(z,t) +2 3 Wi(z,t) cos ko

— 2
1—w e P

= Wy(z,t) +2 i (i Az(t)z”“) cos k. (9)

k=1 \n=k

[t is easily seen that (9) remains valid for the pair (6,7) = (0,0), corresponding to the
representation

K(z) = Wy(z,t) + 2 i Wi(z,1) .

Since on the other hand h.(z) has the Taylor expansion

MR = = > M D
1 —2cosy-z+22 ‘= siny

n+1

equating the coefficients of z"*! in (9) we get the identity

sin(n + 1)y "
———— = A{(t) +2 ) A}(t)cosk .
o= N0+ 23 () o

Hence we have discovered (see also [19], (2))

Theorem 1 (Fourier Expansion) The Weinstein functions A} (#) satisfy the functional
equation

Un((l —e ) +etcos 9) = C’T]l((l —e ")+ e " cos 9) =Aj(t) +2 Z Ay (t)coskf,  (10)
k=1

where U, (z) denote the Chebyshev polynomials of the second kind.
Proof: This is an immediate consequence of the identity

sin(n + 1)y

C'(cos~y) = U, (cosv) =
(C0s ) (cosy) sin

(see e.g. [1], (22.3.16), (22.5.34)). O



3 The Weinstein Functions as Jacobi Polynomial Sums

In this section, we show that the Weinstein functions A} (#) can be represented as Jacobi

polynomial sums.

Theorem 2 (Jacobi Sum) The Weinstein functions have the representation
A( ””ZP%O 2¢’),  (0<k<n).

Proof: A calculation shows that w(z,t) has the explicit representation
de~tz

(1—z4vVT— 2zt 22)

Here we use the abbreviation z = 1 — 2e~!. Furthermore, from

w(z,t) =

t
e'w 1—w
W, Z, t)=—=K(z )
o(z:%) 1—w? ()1+w
we get the explicit representation
z 1

Wolz, t) =
o(2,%) 1—2 1 —2x2+ 22

for Wy(z,t). By the definition of Wj(2), we have moreover

elwk+1
1— w?

Wi(z,t) = = wh Wy(z, 1) .

Hence, by (12) (13) we deduce the explicit representation

k+1 4k 1

zZ
Wi(z,t) =e o
L=2 V=202 428 (1 - o4 VT =222 1 22)

for Wy (z,1).

Since the Jacobi polynomials Pj(a’ﬁ)(x) have the generating function

ga+h 1 1

oo o '
> Pj( )(3:) 2 =
=0

(see e.g. [1], (22.9.1)), comparison with (14) yields

Wi(z, 1) = e " 1272 ZP%O o

(11)

(13)

(14)



Using the Cauchy product

1 2%.,0 N = (2K, n
— L@ = Y )2
j=0 n=035=0
we finally have
Wilz,t) = e MM STS™ PRI () 2n = 3T AR(E) 2 = 30 ApTR(r) 2
n=0;=0 n—k s
Equating coefficients gives the result. O

4 Askey-Gasper Inequality for the Weinstein Func-
tions

We would like to utilize the Fourier expansion (10) of Theorem 1 to find new representations
for the Weinstein functions, hence by Theorem 2 for the Jacobi polynomial sum on the left
hand side of (4). Hence, we have the need to find a representation for C} ((1 —e ") +e " cos 9).
We do a little more, and give a representation for

C’T]l(my+\/1—m2\/1—y2C) : (16)

from which the above expression is the special case © = y = /1 — e~ %, ( = cosf. Actually,
in the next section, an even more general expression is considered, see Theorem 5. Here we
outline the deduction for our particular case.

The function given by (16) as a function of the variable ( is a polynomial of degree n. Hence
it can be expanded by Gegenbauer polynomials C}(¢) (j = 0,...,n). We choose A = 1/2, i.e.

we develop in terms of Legendre polynomials P;({) = C’;ﬂ(() (see e.g. [1], (22.5.36)),

Oy + VI 1—y2¢) = 3 A% (1, C2(C) (17)
m=0

with A7 depending on z and y. By the orthogonality of the Gegenbauer polynomials,

if j=m
0 otherwise

felroaroa={ 5

multiplying (17) by C’_;-/Z(C), and integrating from ( = —1 to ( = 1, we get therefore

2

A (z,y) = 2+ 1 /C;(xy + VT =221 - y2¢)C;%(Q) dC . (18)

6



To eliminate the second (oscillating) factor C’_;-/Z(C), we utilize the identity

1

T(j+\) ) T
[rocxon -y 2R UL [ jtoig - epazag, )
-1 -1

which is valid for any j times continuously differentiable function f, and which can easily be
proved by iterative partial integration (see e.g. [9], Chapter VII, p. 140). Choosing A = 1/2

and
1(0) = Cp (wy+VI-221-y2()
we get (with the Gamma duplication formula (29))

1

[ Ci(ap/T=22\1-42¢) ¢} (¢) d(:%ﬂ/(l—C) %Cl(mﬁ—\/l 2\/1-y2%¢) d¢. (20)
Since furthermore

OO =2 ), 0 (21)

(see e.g. [17], p. 179), we get moreover

51 [0 = O VI A= Q) de = (1= a2 (1 = P Q) (22)

Qw.y) = [(1= Y Ot (o + VT =221 = 2 ) dC

Now observe that Q’;(T,y) is a polynomial in the variables x and y, of degree n — j each.
In the next section we will show that the integral Q;-‘(a:,y) has zeros at both the zeros of

C’,ﬁ]] (x) and C’f:;(y), hence, as a polynomial of degree n — j in = and y respectively, must be
a multiple of the product C2*}(z) C2*3(y). An initial value gives

n 2(]+1)j'2(77*j)' ] ]

Note that the complete proof of a generalization of statement (17)/(23) will be given in the
next section.
Therefore finally, combining (18) (23), we have discovered the identity

221 j12 (n — j)!

A3 (o) = 21+ D= )

(1 =22 (=225 () O3 (y) . (24)

n—j n—j

As a first step this leads to the following Askey-Gasper type representation for the Fourier
series (10).



Theorem 3 The Fourier series (10) has the representation

C’fl((l —e ) +etcos 9) = Z A7 (\/1 —e V1 - e*t) C’J]-/Q(cos 6) (25)
5=0
= J (n+j+1) ¢ ] '
Proof:  Set x =y =+1—e"and ( =cosf in (24). O

Since by a simple function theoretic argument the Legendre polynomials P;(cos §) on the right
hand side of (25) can be written as

j
Pj(cosB) = gigj1cos(j —20)0, (26)

=0

with positive coefficients
(21)!

g1 = e (27)
(see e.g. [15], (4.9.3)), we have at this stage the
Corollary 4 The Weinstein functions satisfy the inequalities (7),
Af#)>0 (teR*, 0<k<n).
Proof:  Combining Theorems 1 and 3 with (26)—(27) gives the result. O

Theorem 3 together with (26) immediately yields sum representations for the Weinstein func-
tions in terms of the Gegenbauer polynomials,

[n/2] N (94512
77+1 27)(25)" . 2j+1 —\) 2
Z 42J nr2t2y) WA D Gmme (e (Viee)

form=0,1,...,[n/2], and

[(n 1)/2] I'(n—2j)(2j+1)! |
n — 2j+1 IS s ) 1 ) ) —(2j+1)t 2j+2 — 7))’
Agpia (1) = g;n 4 T(n+3+2)) (45+3) gj—m Gj+1+me (Cnfzjf] ( l—e ))
form =0,1,...,[(n—1)/2]. Another form of this statement will be given in § 6.

5 Addition Theorem for the Gegenbauer Polynomials

In this section, we fill the gap that remained open in the last section by proving a generalization
of (17)/(23), the addition theorem for the Gegenbauer polynomials (see e.g. [7]).



Theorem 5 (Addition Theorem for the Gegenbauer Polynomials) Forv > 1/2, z,y €
[—1,1], and ¢ € C, the Gegenbauer polynomials satisfy the identity

C,';(:L"y+ V1—12%/1-— yQC) =
rov—1) 3 e s ()] Coai (=P () Cw) CE ) ).

Proof: The function
Cr(xy + V1 —a2%/1 — yQC)

as a function of ( is a polynomial of degree n. Therefore, for any A > 0, we can expand it in
terms of Gegenbauer polynomials C';‘(C),

Culay +VT= 1= 17¢) = 3 A (1) CAQ) (28)

the coefficients A7 being functions of the parameters x and y.
The orthogonality relation of the system C’;\(C) is given by

721722 T (§42))

/(1 — PPN O Q) d¢ = { TGO
-1

0 otherwise

if j=m

(see e.g. [1], (22.2.3)). Multiplying (28) by (1 — ¢?)*~1/2 C}(¢), and integrating from ¢ = —1
to ( = 1, we get therefore

72172 D(j 4 2))
JH(I+A)T(A)?

1
/(1 i CQ)/\fl/2 C;;(IU + V1 —22/1— y2 C)C])‘(C) dC = A;(l',?/)

Utilizing identity (19) with

F(Q) = i (ay+VI-221-y2C) .

we get

HFAADNTG4+A+1) [ oy &
" y) = 1 — )IA12 Z_ov (/1 — 221 —42¢) dC .

The derivative identity (21) then yields

2UHL (), TN T(j + A+ 1)

Az, y) =
iz, y) 7T (2) + 2))

(1 _ mQ)-j/Q (1 - y2)j/2

1

=yt (ay+ V=21 - ) dC

—1



Now we choose A := v — 1/2 (hence our assumption v > 1/2). This choice is motivated
by the calculation involving the differential equation that follows later, for which the desired
simplification occurs exactly when A = v — 1/2. Using the duplication formula

22z71
NZS

of the Gamma function to simplify the factor in front of the integral, we finally arrive at the
representation

['(2z) = I'(z)T(z+1/2) (29)

I'(2v—1)
I'(v)?

1
=@yt (s V=i - ) e

n _ ol-2w(o; 2\7/2 2 /2
Af(w,y) = 27725+ 20 — 1) (1— )/ (1 -y

for the coefficients A% (x,y). Hence, we consider the function

1
Qr.y) = [(1— At (ay + VT — a2\ /1~ y2¢) d
21

in detail. Observe that Q7 (x,y) is a polynomial in the variables x and y, of degree n — j each.
Note furthermore that Q7 (v, y) is symmetric, i.e. Q7 (z,y) = Q7 (y, 7).

In the following we will show that the integral Q7 (x,y) has zeros at both the zeros of C’:fg(x)
and C’Zj';(y), hence, as a polynomial of degree n—j in x and y respectively, must be a constant
multiple of the product Cy*(z) Ci ().

By the symmetry of Q7 (x,y) it is enough to show that Q7 (z,y) has zeros at the zeros of

C’Zi“;(r) Since C’Zi“;(r) is a solution of the differential equation

(1—a?)p"(x) — v +2j + 1) ap(x) + (0 — j)(n+j+20) pla) = 0, (30)

and since any polynomial solution p(z) of (30) must be a multiple of C’Zf; (x) (see e.g. [15],
Theorem 4.2.2 in combination with [1], (22.5.27)), we have only to check that p(z) := Qj (z,y)
satisfies (30).

We write n(z) := 2y + V1 — 22/1 — y2¢, and note that

so that

10



Hence we deduce

1

—@v+2j+ 1) %Q?(ﬂs, y) = / —(20+2j + 1) (@) (C1F) (n(2) (1 — 2y d¢

—Z ) N
v+ 2+ 1)Y= [ -y () i) de.

Similarly, using the identity

()T e 1=) = (= @)~ (1= (1= ).

1

(1 — _7;2) aa—;Q;(x; U) _ /(1 _ 77(-77)2) (C:jg)”(n(ﬂi))(l _ CQ)j+u71 dc

R [T T - ¢ () ol de

. v !
[ea—cyrr(ent) i) d
Combining these results, we arrive at the representation

0? . 0 . . .
(1= %) Qe y) — 0+ 2+ 1) 5 @) + (1~ )+ +20) Q(,y) =

/ (1 ¢y () (C) ") - o425+ 1) n(C) () + () (nekj+20) C ) )¢

B v v s o v

The first integral obviously vanishes since C’,,fg(a:) satisfies the differential equation (30). The
vanishing of the final parenthesized expression follows easily by partial integration. Therefore,
we have proved that Q7 (x,y) is a solution of (30), as announced.

Hence,

@ (,y) = a Oy (x) G (y) (31)

with a constant a (not depending on x and y). For y = 1, we deduce

; . . ) I'(7 2 .
Qe = [yt = IR e @

11



by an evaluation of the Beta type integral. On the other hand, by (31),

n v+i v+ij V4] n+j5+2v—1
Q) (x,1) = aCyM(z) Oy = aCyH(a) ("7 )

n—=17

(see e.g. [1], (22.4.2)), so that we get

0 — 9%+2w—1 I'(j+v)? /( n+j+2v— 1) — 92j+2v—1 (n =T +v)? ‘

I'(2j + 2v) n—j NOESETT)
Hence . 2
Q) =i BT IEUE ) criay i)
implying

24 (n — j)! T(j+v)”
I(n+j+2v) [(v)?

A7) = T(2v 1) (2)+20— 1) (L2 (1) €2 (@) € ),

n—j
and we are done. O
As a consequence, taking the limit v — 1/2, we get the following

Corollary 6 (Addition Theorem for the Legendre Polynomials) For z,y € [-1,1],
¢ € C, the Legendre polynomials satisfy the identities

P.(zxy + V1 — 22y/1 — g2 C) =
Pa() Paly) +2 Z4f b2 (/) = 0= CEP @) O ) T (33)
_ S (=) i
= Pu(z) Paly) +2)_ =5 Piz) Pi(y) T5(C) (34)
j=1 (n+j)!
where 7}(¢) denote the Chebyshev polynomials of the first kind, and
Pie) = (—1)7 (1 — 222 2 p 35
n(@) = (=17 (1= a")7 o Pa(2) (35)
denote the associated Legendre functions (see e.g. [1], (8.6.6)).
In particular, for y = x, one has
Po(z® + (1 — 2*) cosf) = Z I (1)% cos 76 . (36)

o n+7

12



Proof:  Since
and Ci(z) = ;im CXMx) foralla >0
—Q

(see e.g. [1], (22.5.4)), for v — 1/2 Theorem 5 implies

L2 (m/ + V1 — 221 — 2 C)
= Cy/(x) CY(y) +§4ﬂ' E” n 7§ ((1/2);)" (1= (1= CY%7 (2) Y% () 5 CO(C)

With C}/2(z) = P,(z), and j C?(¢) = 2T5(C) (see e.g. [1], (22.5.35), (22.5.33)), we get (33).
An application of (21) and (35) yields (34)
Using

T, (cos @) = cosnb

(see e.g. [1], (22.3.15)) finally yields (36). 0
Note that Weinstein used (36) in his proof of Milin’s conjecture.

6 Askey-Gasper Identity for the Weinstein Functions

Here, we combine the above results to deduce a sum representation with nonnegative sum-
mands for the Weinstein functions, and therefore by Theorem 2 for the Jacobi polynomial
sum.

By Theorem 3 we have

47 3 (n —j)! ot
(n +j+ 1)

C’,ll((l —e ")+ e cos 0) zn: (27 +1 (C"Z,JI; (\/1 - e*t))2 Pj(cosb) ,

Jj=0

and, expanding P;(cos ) using (33) with z =y = 0, ( = cos#, this gives

= :)(27#1)% —jt (07+1 ( 1_67t>)2_2 kz'_:/ 4k 81:3' ((1/2) ) ]1/?}9%(0)2Tk(cos 0),

where Y indicates that the summand for k£ = 0 is to be taken with a factor 1/2. Interchanging
the order of summation, and using Ty (cosf) = cos k), gives

kz" 52(2j 4 1 L)

(n+j+ 1) (j+k)!

((1/2)k)267jt0;12k+k(0)2 (C’f:; (\/ 1 —e*t))2 cos kf.
Comparing with Theorem 1,

C’;((l —e )+ e "cos 9) =2 IAZ(t) cos kb

13



and equating coefficients yields for the Weinstein functions

AP (t) = fj(2j+1)4 ¢ X7 —g)! (). ((1/2) ) e tC A 0)? (Cat) ( 1—e*t))2 :

b (n+j+ 1) (j+k)!

Replacing n by k + n, and then making the index shift j,ew := joiq — k finally leads to

d PG+ R) 2= 0)5N/2)8)° - ’
htn (4 =GRt Ok ()2 (iR —et
A= 72%(2‘”2“1) 2k +n+j+1)!(j + 2k)! (@ (V)

Setting y := v/1—e~t, by Theorem 2
n n J+2k( 12(pn—7)14! 2 . .
Z Y (2y*-1) )=3(2742k+) )L U PO itz oz (caste ),

2k +n+7+ 117+ 2k)!

This is an Askey-Gasper type representation different from (4) that was given by Gasper ([6],
(8.17), and (8.18) with = = 0). Note that Gasper’s formula ([6], (8.18)) interpolates between
these two representations. Whereas Askey’s and Gasper’s deductions of the given formulas
prove the results for all & > —2, our deduction has the disadvantage that it is only valid for
a = 2k, k € INyg. On the other hand, the advantage of our presentation is that it embeds
this result in a natural way in Weinstein’s proof of Milin’s conjecture using only elementary
properties of classical orthogonal polynomials.

7 Closed Form Representation of Weinstein functions

Note that nowhere in our deduction we needed the explicit representation of the de Branges
functions = Weinstein functions, compare Henrici’s comment [8], p. 602: “At the time of this
writing, the only way to verify TZ" (t) < 0 appears to be to solve the system explicitly, and to
manipulate the solution”.

In this connection we like to mention that in [11] we proved the identity (3), which connects
de Branges’ with Weinstein’s functions, by a pure application of the de Branges differential
equations system (see also [14]), and without the use of an explicit representation of the de
Branges functions.

In this section we give a simple method to generate this explicit representation which was
used by de Branges, see also [19].

Since (1—e *)+e 'cos = 1—2e 'sin £, Taylor expansion gives using (21) and ([1], (22.4.2))

n 109) J
C’,]l((l —e ) +ecos 9) = C! (1 — 2¢ 'sin® g) = jz% C’”T() (—1) 277" (Sin2 g)
n o 0 J
= Z CHI ) 2% (—1)7 e 7" [ sin? =
2

. . 0 J
_ (TL +7+1 ) 227 ( 1)] eIt (Sin2 _> .

S\ 2

14



An elementary argument shows that

o0 J J ! (—l)k 24 0 J / (—l)k 23
(sm2 5) =2)" 57 (j —k)TQk (COS§> =2)" 5% (j 7k)cosk9

(see e.g. [17], p. 189). Changing the order of summation, we get therefore

C,ll((l —e " —i—eftcosﬁ) = Qi'i(—l)”k (77214]—1) (jQ_jk)ejt cos ko
k=0 j—k

= 2 Z’ Ay (t) cos k6
k=0
by (10). Hence

AL(t) = zn:(1).7+k(”+j+1)(.7.2jk)€jt

o
= j

_ P,kt(thlz:Jrl) n+k+2k+1/2,-n+k -
’ n—k )2 k+3/2,2k + 1 )
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