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Abstract

Let R be a commutative ring. A finitely generated R-module M
can be converted into an R[X]—module by an R—endomorphism of M
(see for example [4]). In this work, we first give a structure Theorem
for finitely generated modules over local rings in term of Fitting ideals.
And then we consider an R[X]/(f(X))—finitely generated module M, ¢
induced on M by an endomorphism u which annihilate a monic poly-
nomial f(X). We establish a structure Theorem for M, ; which shall
have interesting applications in linear algebra.
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1 Introduction

In this paper, and except supplementary indication , R will be a commu-
tative ring with unit. Let M be a finitely generated R—module, and u an
R—endomorphism of M. The endomorphism u converts M into an R[X] finitely
generated module by X.m = u(m) for all m € M. We denote M as R[X]-
module via u by M,.

In the classical case, i.e. when R = K is a field and ¥ = K", F, is a
K[X] torsion module. The structure Theorem for finitely generated modules
over principal ideal domains says that F, decompose into a direct sum of



590 I. Akharraz and M. E. Charkani

cyclic torsion modules (i.e. there exists an integer r and elements py, ..., pp, in
K[X] with p;|py...|pm such that E, = ' R/(p;)). It is well known that this
structure Theorem is used to recover the possible canonical forms for matrices
of endomorphisms over K —vector spaces.

In the general case, i.e. when R is a commutative ring, the R[X]—module
structure induced by an endomorphism was used to study the classical problem
of classification of M —endomorphisms (see for example [4]). But the structure
of R[X] still an obstacle since there is no structure theorems over this ring.

In this paper we are concerned with the M —endomorphisms which annihi-
late monic polynomials in R[X]. So, if f(X) is a monic polynomial in R[X] can-
celled by an R—endomorphism u of M, we consider the ring A = R[X]/(f(X))
and define a A—module structure on M via u in the same way as above. Our
goal is to give a structure theorem for these modules. A structure theorem
for a finitely generated modules M over a commutative ring R is a cyclic de-
composition M = @=7R/(a;), with a; divides a;41. The uniqueness of such a
decomposition is always assured (see for example [6, Theorem 2.4]).

This paper is organized in the following way. In section 2, we exhibit some
properties of Fitting ideals of direct sum of finitely generated modules. This
properties allows us to show Theorem 2.6 , a structure theorem for finitely
generated modules over local rings.

In section 2, we suppose that w annihilates a monic polynomial f(X) in
R[X], we define the R[X]/(f(X))—module M, ; associated to M, and f(X).
Then we investigate a case in which M, ; shall have a structure theorem.
We give Theorem 3.5 which can be used to characterize, under assumptions,
invariant factors and canonical forms for endomorphisms and matrices over
some local rings.

2 A structure Theorem for finitely generated
modules over local rings

Let R be a commutative ring and M a finitely generated R-module. Let
z = (x1,...,2,) be a set of generators of M. A relation of M is a vector
(a1, ...,a,)in R"™ such that 31" | a;xz; = 0. For a positive integer k = 0,...,n—1,
the k' Fitting ideal of M is defined to be the ideal Fy(M) generated by the
determinants of all (n — k) x (n — k)-submatrices of the matrix
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where the vectors (a1, ...,a;,) are the relations of M. If k > n, we define
Fi(M) = R. These ideals form an ascending sequence of invariant ideals for
M, independently of the choice of z, and have nice properties(see [7]).

In the following, we will denote by u(M) the minimal number of generators
of M. We define w(M) := min{k | F,(M) # 0}.

Proposition 2.1 Suppose R is a local ring. Let My and My be two finitely
generated R-modules. Then p(My & M) = p(My) + p(Ms).

Proof. Suppose R is a local ring with maximal ideal m. Let M = M; &
M, be the direct sum of two finitely generated R-modules. So M/mM =
My /mMy & Ms/mMs. Let (xq, ..., 2,,) and (Y1, ..., Yn,) be respective bases of
the R/m~vector spaces M;/mM; and My/mMs,. Tt is known that ny = p(M)
and ny = pu(Ms). Since (1, ..., Tny, Y1, -y Yny) 18 @ R/m-basis of M/mM, we
have (M) = ny + ny = p(My) + p(My).

Proposition 2.2 Let M = My, & My be the direct sum of two finitely gen-
erated R-modules M, and My. Then :
(i) Fp(My) C Foyix(M) and Fyp(Ms) C Fp 1k (M), V k>0, with ny and ny
the sizes of two sets of generators of My and M, respectively.
(ii) Fyp(M;) C Frpq(M;).Foy (M) for any positive integer k < n; — 1, where
1=1,2 and n = ny + ns.

Proof. (i) Let 1 = (x1,...,x,,) be a set of generators of M; and z, =
(Y1, ---sYn,) & set of generators of M,. Then M is generated by (xy,x2).
Consequently, any relation of M; can be completed to a relation of M, for
1 = 1,2. Let k be a positive integer < n; and n = n; + ny. Then any
(ny — k) x (n; — k)-submatrix of a matrix whose rows are relations of z is
an (n — (ne + k)) X (n — (ng + k))-submatrix of a matrix whose rows are rela-
tions of (z1,x3). So, Vk < ny, Fi(M;) C F,,1r(M). This inclusion is trivial if
k > ny. Then we have (7).

(17) Let k be a positive integer < n; — 1 (i=1,2). The first step in computing,
by the Laplace method, the determinant of any (n; — k) x (n; — k)-submatrix
of a matrix whose rows are relations of z; gives an element 3, a;/3;, where
a; is a coefficient of some row of K (M) and f3; is the determinant of some
(n; —(k+1)) x (n; — (k4 1))-submatrix of a matrix whose rows are relations of
x;, Vi. Since the coefficients of K (M) are generators of F,_1 (M) and Fj1(M;)
is generated by the determinants of the (n;— (k+1)) x (n;— (k+1))-submatrices
from K (M;) (by Definition). This is true for ¢ = 1,2, and then we have the
result.

Proposition 2.3 Let M and M’ be two finitely generated R-modules such
that M=M' @ R/F,_(M), where r = u(M). Then Fy(M) = Fy(M')E,_1(M)

for any positive integer k < r — 1.
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Proof. Let k be a positive integer <r — 1. If M = M’ @ R/F,_,(M), then
F (M) = Fy(M)F,_1(M)+ Fy_1(M') +...4+ Fo(M") (by Proposition 10.8 page
487 in [5]). So Fi.(M) = F(M')F,_;(M)+F;,_1(M’) (the Fitting ideals form an
ascending sequence). So, by (i7) in Proposition 2.2, Fj,(M) = Fp(M)F,_(M).

Recall that an element in R is said to be regular if it is not a zero divisor
in R. We say that an ideal is regular if it contains a regular element. We also
say that an ideal I of R can be simplified if for any ideals J and J in R we
have 1J=IJ" implies J=J .

Proposition 2.4 Suppose R is a local ring. Let M and M be two finitely
generated R-modules such that M=M' @® R/F,_(M), r = u(M). If the Fitting
1deals of M are principal reqular ideals that can be simplified then

/

() w(M) =w(M).
(ii) The Fitting ideals of M are principal reqular ideals that can be simplified.

Proof. (i) Set w(M) =sand w(M') =s". Then s, s <r—1 and,by Propo-
sition 2.3, F,_1(M) = F,_1(M")F,_;(M) . So F,_y(M')F,_(M) = 0. Hence
F. (M)=0ands<s.SoF, (M)=F, (M)F,_(M).So F, (M)=0
(Fy_, (M) =0). Hence s < s. Thereby s = 5.

(i3) One has pu(M') = r — 1 (by Proposition 2.1). So if k is a positive integer
> r — 1 then Fy(M') = R. Suppose k < r — 1. Proposition 2.3 implies that
F (M) = F,(M')F,_(M). Let’s put Fy(M) = () for k =0, ..., — 1. Since
F.(M) C F,_1(M), there exists an element 3 in R such that ay = G;.c,._; for
k=0,..,7r—2. S0 (B)F_1(M) = Fo(M')E,_1(M). Consequently Fj,(M') =
(Bk) (since F._1(M)) can be simplified). Therefore it remains to show that
all the F,(M') can be simplified. Let I and J be two ideals in R and k a
positive integer such that Fj,(M')I = Fy(M')J. Hence F,(M)E,_(M)I =
F(MYE,_(M)J ( F,_y(M) is not nil). So Fj,(M)I = F,(M).J. Consequently,
by hypothesis, I = J. Hence the Fitting ideals of M can be simplified.

Proposition 2.5 Let Iy C I, C ... C I,, be an increasing sequence of ideals
in R. Let k be a positive integer. Set M = &'='R/I;. Then

Ty k=01, n— 1,
F’“(M)_{ R ik >n.

In particular, if aq,...,a, are elements of R such that a; divides a;iq for
i=1,...,n-1 then Fy(®='R/(a;)) = (ay...an_t), for k <n —1.

Proof.  We have Fi(®7R/L;) = Y+ vi,—k Fin(R/11)...F;,(R/1,,)(by
[5, Proposition 10.8]). So, by [5, Corollary 10.6], Fy(®=7R/I;) is sum of ideals
of the form I ...I, where (i1, ...,1,_4) are the (n — k)-tuples of {1,...,n}.

In—k
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Since [; C I;4q for 1 <i<mn, I;;..0; , € Iy...I,, for any n — k-tuple
(i1, -y in_p) . Consequently Fy(®Z'R/L) = Iyiy...1,.

Recall that a structure theorem for a finitely generated module M over a
commutative ring R is a cyclic decomposition M = &!=FR/(a;) with a; divides
a;y1. The following theorem gives a structure theorem for a finitely generated
R-module over a local ring.

Theorem 2.6 Suppose R is a local ring. Let M be a finitely generated R-
module. Let u(M) = r. Suppose that the Fitting ideals of M are principal
regular ideals. Then M = ®_;R/(a;) ® R®, where a; divides a; 41 for 1 <i <
r—s—1, s=w(M) and a1 R # R.

Proof.  To prove that (i) implies (ii) we proceed by induction on r = pu(M).
For r=1, we have M = R/Fy(M) (by [1, Proposition 4], since Fy(M) is
principal). The assertion is then true for r=1. For r > 1, [1, Proposition 4]
implies M = R/F,_y(M) & M', M is a finitely generated R-module and
w(M') = r — 1 (by Proposition 2.1). Furthermore, according to Proposition
2.4, the Fitting ideals of M  are principal and I(M') is regular (since the
Fitting ideals of M are principal and regular). So, by induction hypothesis,
M = (@Z777*R/b;R) @ R® where b; divides by for 1 <i<r—s5—1, s =
w(M"). Hence M = R/F,_ (M) @ (&= " *R/b;R) ® R*. Let a1 R = F,_1 (M)
and a; ;1 = b; fori = 1,...,7 — 1 — 5. We have F,_y(M') = byR = a, R and
F,_o(M') C F._;(M) (see Proposition 2.2 and 2.5). Then a; divides as. So
by Proposition 2.4, s = w(M') = w(M). So M = (&= *R/a;R) © R® where
a;lai4r for 1 < i < r—s—1and s = w(M). Furthermore, Proposition 2.5
implies a1 R = F,_1(M) # R.

3 Module induced by an endomorphism which
annihilate a monic polynomial

Let M be a finitely generated R—module, and u an R—endomorphism of M.
Let f(X) be a monic polynomial in R[X] cancelled by the endomorphism u.
Then, an R[X]|—module associated to u can be defined on M by X.m = u(m)
for all m € M. We denote M as R[X]-module via u by M,. Furthermore,
since f(X)R[X] C Annpx)(M,), we can converts the R[X]|—module M, into
a R[X]/(f(X))-module by g(X).m = g(u)(m), for all g(x) € A and all
m € M, where g(X) is the image of an element g(X) of R[X]|in R[X]/(f(X)).
We put A = R[X]/(f(X)) and we will denote M, as R[X]/(f(X))-module by
M, ¢. M,y is an R[X]/(f(X))-lattice, i.e., a R[X]/(f(X))-finitely generated
module, R—torsion free module.

Recall that the k" determinantal ideal of an n x n square matrix A is the
ideal Dy(A) generated by all the (k x k)-minors of A. We put Dy(A) = R and
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Recall also that if M is a finitely presented module with finite presentation

R™ % R % M — 0, the kP Fitting ideal of M is the ideal Dy(A), where A
is a matrix of the homomorphism v (see [7]),

In the following proposition, we suppose M to be free of finite rank n
and we establish the link between the Fitting ideals of M, s and the ideals
Di(XI, — A), where A is the image in M, (A) of a matrix A of u and I,, the
unit matrix of size n.

Proposition 3.1 Suppose M is a free R-module of rank n. Then
(i) A\@rM 2% A@pM 2% u.f — 0 is an ezact sequence, where ¥, (g(X)®
m) = Xg(X)@m—g(X)@u(m) and ®,(g(X)@m) = g(X).m, for allg(X) € A
and all m € M.
(11) F,(My¢) = Dp—y(X.I, — A), forallk >0, A is the image in M,(A) of

a matriz A of u.

Proof. (i) Let ¢(X) in R[X] and m in M. Then &,.¥,(g(X) ® m) =
8,(Xg(X) © m — g(X) ® u(m)) = Xg(X)m — g(X)u(m) = g(X).u(m) -
g(X).u(m) = 0. So, Im(¥,) C Ker(®,). Conversely, Let z € Ker(d,)
and z = Y5 X ® m;. Then we have, ®,(z) = Y= uf(m;) = 0. So, z =
(X @m; — 1@ u'(my)) = Li5p(X —u)(l@m) = Sip(X —u)(1®
m;). Since u and X commute, X¢—u’ = (X —u) Y= X7 97L. Then
z=Y'= ‘I/u(zgjfl X7 (1 @ my;) € Im(V,). Consequently Ker(®,) C
Im(V,). So Ker(®,) = Im(V,). The sequence is then exact.
(i) According to (z), F,(M,) = Fy(V,), for any integer k > 0. Let (x;)1<i<n be
an R-basis of M.Then (1®x;)1<i<n is a basis of the A-free module A®g M. So,
if A= (ai)i<ij<n Vu(l®z) =x@2; —1Q1; = XQ@z; — 1A @ X127 ayz; =
X@z;— 0 a(10w;) = X(1y@2;) = 22T aij(1oz;) = 321 x(0;(1a @) —
a;;(1 ® x;), where ¢;; is the kronecker symbol. Hence X.I,, — A is a matrix of
V. The Fitting ideals of M, ; are then the determinantal ideals of X.I,, — A.

Proposition 3.2 Suppose M is a free R-module of rank n. Then
A
(’I,) wa ~A ®R[X} Mu
(11) Fy,(M, 5) = Fip(M,).A, for any integer k > 0.

Proof. The assertion (i7) is a direct consequence of (i) (by [3, Corollary
20.5]). For the assertion (i), we consider the bilinear map :
o: Ax M, — M,y
(A, z) — A

The universal property of the tensor product ensure the existence of an homo-
morphism of R[X|-module L, : A @ppx] M, — M, ¢ such that L,(A\ ® ) =
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Az, YAx &€ A, Vx € M, L, is also an homomorphism of A-module :
L,ANA®1) =L,(ANN)®@2) = (NN =XNA\x) = NL,(\® x). We will
show that L, has an inverse. Consider the application

77Z):]\4u,f — A®R[X] Mu
r — 1®ux.

1 is an homomorphism of A-module. Let A@x € AQpx] M. So YL, (A®@x) =
v(Ax) = 1® Azx. Put A = AM(X) + f(X)R[X]. So YL,(A®z) = ANX) ® =
Hence L, = Idagn, . This on the one hand, and on the other hand one has,
L,p(x) = L,(1 ®@ x) = x, for any x € M. Then L,y = Idy,. So ¢ is the
inverse of L., and hence L, is an isomorphism of A—module.

If R is local with maximal ideal m we denote by g(X) the image of a
polynomial g(X) of R in k[X], where k = R/m is the residue field or R.

Proposition 3.3 Suppose R is a local ring with mazximal ideal m and residue
field k. If f(X) = g(X)?*, where g(X) is irreducible in k[X] and o a positive
integer, then R[X]/(f(X)) is a local ring with mazimal ideal (m, g(x)), gen-
erated by m and g(x).

Proof. This result comes directly from [8, Lemma 4].

Proposition 3.4 Suppose R is a local ring with mazimal ideal m and residue
field k. Suppose f(X) = g(X)“, where §(X) is irreducible in k[X] and « is
a positive integer. If F,_1(M, ) is principal, then NJF,_1(M, ) is a direct
summand of M, ¢, 7= (M, ).

Proof. By the previous Proposition, A is a local ring. So the result comes
from [1, Proposition 4].

Theorem 3.5 Suppose R is a local ring with residue field k. Suppose f(X) =
g(X)*, where g(X) irreducible in k[X] and a a positive integer. Suppose
Fw(Muyf)(Mujf> is regular and Fi,(M,,r) is principal for any k > w(M, s). Then
My = @21 "N gi(X)A @& A*, where 7 = p(Myf), 9:(X)|gi+1(X) for i =
lL,.,r—s—1and s = w(M,y).

Proof. According to Proposition 3.3, A is a local ring. So we apply Theorem
2.6 to get the result.

Proposition 3.6 Suppose R is a local ring with only one prime ideal m. Let
k = R/m be residue field of R. Suppose f(X) is a monic polynomial. If f(X) =
g(X)*, where g(X) is irreducible in kK[X] and « is a positive integer. If h(X) €
R[X] divide f(X) then h(X)R[X] can be generated by a monic polynomial in
R/X].
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Proof.  Since h(X) divides f(X) in k[X], there exists a positive integer (3
such that h(X) = §(X)”. Let s be the degree of h(X). Set h(X) = a, X" +
..+ ag. Then n > s and ay is the coefficient of smaller index not belonging to
m. So a, is a unit in R. Besides, for any ¢ > s, if a; # 0 then a; € m. Since m
is the unique prime ideal of R, m is the nil radical of R. Then a; is nilpotent,
for i > s . Consequently, according to [1, Corollary 10.1], h(X)R[X] can be
generated by a monic polynomial in R[X].

Corollary 3.7 Suppose R is a local ring with only one prime ideal m and
residue field k/m. Let M be a free R-module of rang n. Suppose f(X) is a monic
polynomial and f(X) = g(X)*, where g(X) is irreducible in k[X] and o is a
positive integer. If Dy(X.1,—A) is principal, Yk > 0, and Dn,w(Muyf)(X.In—A)
is reqular then M, =g ®= °R[X]/(9:(X)) & (R[X]/(f(X))*, where the
9:(X) are monic polynomials such that g;(X) divides g;+1(X) and s a positive
nteger.

Proof. Let s = w(M,). We have M, ; = ®/=}~ sA/gZ( JA @ A®, with
r = u(M,y) and ¢;(X) divides g;—1(X) for i = 2,...,r — s (by (i) in the
previous theorem). Since A/g;(X)A = R[X]/(g:(X)) ( (X)) divides f(X), for
i=1,..,r—s, since f(X) € Anngpx)(M,) ), My, Zrix) ®=) °RIX]/(9:(X)) ®
(RIX]/(f(X))*, where f(X) is monic, g;(X) divides g;+1(X) and the g¢;(X)
can be chosen monic (by Proposition 3.6).
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