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ABSTRACT

In this difference equation, Stability, Periodicity,
boundedness, global Stability.

We investigate some qualitative behavior of the solutions of
the difference equation
k k
Xpog =X, , + 20X, 1 2 BiX,; where the the
=0 i=0

initial conditions X_,,X_,,4,..., X, are arbitrary positive

real numbers such that I' = max{f, k} where
i,re {O,l,...} and @,q;, 3, are positive constants.
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1. INTRODUCTION

In this paper we deal with some properties of the solutions of
the difference equation

K
2 o X,
— i=0 —
Xpq =&, +—, n=012,..,(11)
2: /3ixn—i
i=0
where the the initial conditions  X_, ,X_, q,..., X, are

arbitrary positive real numbers such that I = MaX {E, k}

where i,l’e{o,l,...} and a,q;,[, are positive

constants. There is a class of nonlinear difference equations,
known as the rational difference equations, each of which
consists of the ratio of two polynomials in the sequence terms
in the same from. there has been a lot of work concenring the
global asympototic of solutions of rational difference
equations [2], [3], [4], [7], [8], [11] and [12].

Many reseaches have investigated the behavior of the solution
of difference equation for example:

Kulenovicl et al.[13] has studied the global asymptotic
stability of solutions of the equation

_ X, + X
70(n + éﬁ(n—l

n+1

M. Saleh et al.[15] investigated the periodic character and the
global stability of all positive solutions of the equation
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" Bx, +Cx, ,
Our aim in this paper is to extend and generalize the work in
[1], [6], [10], [13], [15], [16] and [17]. That is, we will
investigate the global behavior of (1.1) including the
asymptotical stability of equilibrium points, the existence of
bounded solution, the existence of period two solution and

investigate the oscillation property of the recursive sequence
of Eq. (1.1).

Now we recall some well-known results, which will be useful
in the investigation of (1.1) and which are given in [9].

Let | be an interval of real numbers and let
F ¥,

where F s a continuous function. Consider the difference
equation

X, =F(X,, X, 10X, b N=012,..., (12
with the initial condition X_,, X_, 1,..., Xy € l.

Definition 1 (Equilibrium Point)
Apoint X € | is called an equilibrium point of Eq. (1.2) if

X = f(x, Xyeeey x)
Thatis, X, =X for N2 0, is a solution of Eq. (1.2), or

equivalently, X is a fixsed point of f.

Definition 2 (Stability)
Let X e (O,oo) be an equilibrium point of Eq. (1.2). Then

i) An equilibrium point X of Eq. (1.2) is called locally
stable if for every & >0 thereexists 0 >0 such that, if
X ., X 4 Xg €(0,00) with

—r 3 N4l

‘x_, — X

+‘x_r+1—x‘+...+‘x0—x‘<5, then

Xn—X‘<€ forall N=—r .

ii) An equilibrium point X of Eq. (1.2) is called locally

asymptotically stable if X is locally stable and there exists
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y >0 such that, if X_,,X 4 Xg €(0,00) with

SSUEL

RO Y P P

Xg — X‘ <y, then

limx, =x
n—oo
iii) An equilibrium point X of Eq. (1.2) is called a global

attractor if for every X_., X . Xg € (0,00) we have

—r 1 Nr4lor

limx, =X

nN—oo

iv) An equilibrium point X of Eqg. (1.2) is called globally

asymptotically stable if X is locally stable and a global
attractor.

v) An equilibrium point X of Eq. (1.2) is called unstable if

X is not locally stable.

Definition 3 (Permanence)
Eq. (1.2) is called permanent if there exists numbers M and

M with O<m<M <oo such that for any initial

conditions  X_,, X 4 Xg €(0,00) there exists a

—r Nl

positive integer N which depends on the initial conditions
such that

m<x, <M foralln>—-N.

Definition 4 (Periodicity)
A sequence {Xn }OO

ne_r IS said to be periodic with period [

if X =X

nep 0 for al N=-r. A sequence

{Xn };O}r is said to be periodic with prime period P if
P is the smallest positive integer having this property.

The linearized equation of Eq. (1.2) about the equilibrium

point X is defined by the equation

k
Zn+l = z pi Zn—i ! (13)
i=0
where
o, = FXXnX) g
OX

n—i

The characteristic equation associated with Eq. (1.3) is
k+l k k-1
AT =P = p AT == A=y =0, (1.4)

Theorem 1.2 [9]. Assume that F isa C*' —

function and let X be an equilibrium point of Eq. (1.2).
Then the following statements are true:

i) If all roots of Eq. (1.4) lie in the open unit disk |ﬁ,| <1,

International Journal of Computer Applications (0975 — 8887)
Volume 136 — No.8, February 2016

then he equilibrium point ; is locally asymptotically stable.
ii) If at least one root of Eq. (1.4) has absolute value greater
than one, then the equilibrium point ; is unstable.

iii) If all roots of Eq. (1.4) have absolute value greater than

one, then the equilibrium point X is a source.

Theorem 1.3 [14] Assume that P, € R, 1 =1,2,...,k.
Then

k
2 |pl<t
i=1

is a sufficient condition for the asymptoticcally stable of Eqg.
(1.5)

Yok + P1Yoiws -+ PY, =0, n=01..15) .

2. LOCAL STABILITY OF THE
EQUILIBRIUM POINT OF EQ. (1.1)

In this section we investigate the local stability character of
the solutions of Eq. (1.1). Egq. (1.1) has a unique nonzero
equilibrium point

_ 2o X
X =ax+—,
2 Bix
i=0
if 1> @, ofthe Eq. (1) has only positive equilibrium point
; is given by
k
_ Z(:)ai
— 1=
X= k
E)ﬂi (1_ a)
Let
k k
G=>a, Q=Y 4,
i=0 i=0
_ k _ k
i _ I __
G'=>a;and Q' =) 5.
i=0 j=0
j#i j#i
Then, we get
3= G
QL-a)
Let T : (O, oo)k+l - (0, oo) be a function defined by
k
Z(:) a;u;
i=
f(Ug, Uy, Uy, V) = AV + 20— 1)
> pu,

Therefore it follows that
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of (Ug, Uy .y U, V)

ov
(Bom -l Eem )
a U= a;U;
o (., v) P oz (w285 «)e-a
ou, - K 2 ' Gf(x, X,...,X,X)_ Vicoizj ! Vicoizj !
{E)ﬁiui} au, QG
k k
U | — u
af(uo,ul,...,uk,v) B “ [i_o,i,ﬂ ' 'j ﬁl(u_ozu:,ﬂa' 'j
R and
= k-1 (1
_ __ . 1-a
af(X,X,...,X,X)_(akié)'B' ﬁkga'j )
au, QG '
Then the linearized equation of (1.1) about ; is
k
k K lpa = Z PiZni- 22
. u. |- 8. u. i=0
8f(u0,u1,...,uk,v) B a’(i—gi;jﬁ'u'j 'Bl(i—%ﬂa'u'j
ou. - K 2 " Theorem 2.1 Assume that
: |:z ﬂiui:l K i i
=0 Z(aiQ -B.G )< GQ.
i=0
Than the equilibrium point of Eq. (1.1) is locally stable.
Proof. 1t is follows by Theorem(1.3) that, Eq. (2.2) is
locally stable if
|pk|+...+‘pj‘+...+|p1|+|p0| <1.
and That is ( )
k-1 k-1 : | aiQi _,BiGi (1_a)|
oy 2 B |- B Zay, |a|+z‘ G ‘<1'
of (Ug, Uy, Uy, v) M5 i = Q
au - k 2 ' L .
‘ [Z ﬂiui:| aQ' > G,
=0 this implies that
k
Then we see that - aQG-l-Z(O!iQi —ﬁiG‘)(l—a)< QG.
of (x, Xyoey X, x)_ a i=0
—6V ) TEUS
k k 3 (@Q - 5G')<GQ.
i=0
of ()_(,)_(’__’ )_(,)_() ~ (0{0 Eﬂ' ~ o giai j(l_ a) Hence, the proof is completed.
ou, B QG ’ Example 2.1 Consider the difference equation
0.125x, +0.25x,, ,
d : Xnia = 09K+ 0.5x. +0.5x
AN . — - (1—a % -1
of (X, Xyeery X, X) 3 [al i:(%‘:tlﬁl Py i—OZ,;‘f-lalj( ) where
ou, B QG ’ k=1¢=1a=0.5a,=0.125qa, =0.25,
B, =0.5,8 =0.5.

Figure(2.1), shows that the equilibrium point of Eq. (1.1) has
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locally stable, with initial data X, ; = 0.1, X, = 6.1.

X(i+1)=0.5*x(i-1)+(0.125* (i) +0.25*(i-1)/(0.5*x (i) +0.5*X i-1)))

Fig2.1
3. PERIODIC SOLUTIONS OF EQ. (1.1)

In this section we investigate the periodic character of the
positive solutions of Eq. (1.1).

Theorem 3.1 Eq. (1.1) has positive prime priod two
solution If

(i) ¢-odd,k —odd and

(6~ (u-2)1-a)>4y,
(ii) ¢—odd,k —even and
(6= 7)(u-A)1-a)> 4y,
(iii) ¢—even,k —odd and
(6= 7)(u=2)1+a)> 4y + A7),

(iv) ¢—even,k —even and
(6 =)= A)L+2a)> 4dau + A7)

(CRY)

32

Proof. For case(i) assume that there exists a prime period-
two solution

. P,q, P:q,...
of (1.1). |Let X, =0, X1 = P Since
¢—odd,k —odd we have X, , =P, X, =P .
Thus, from Eq. (1.1), we get
a,q+a,p+.+ap
ﬂ0q+ﬂ1p+"'+ﬂkp’

and
a,P+a,q+...+a,.q

p=ap+

g=ag+ .
Bop+B0+..+ 61

Let

oy +0, +...+a,, =7,

and
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o to,+..+a, =9,

and let

:Bo +ﬂ2 +---+:Bk—1 = H,

and

P+ s+ +f =

Than

p:ap+M'
pq -+ Ap

and

g=aq+ 7p+5q .
“4p+Aq

Than

100+ Ap® = aupq +aip® + 1+ p, (3.3)

and

HPQ +A0° =aupg +aig” +p + &, (3.4)
Subtracting (3.3) from (3.4) gives
A1-a)(p* -a*)=(5-7)(p-0)
Since P # ( , we have

o7

Al-a)

Also, since P and ( are positive, (0 —7%), Z(l— a)
shuold be positive. Again, adding (3.3) and (3.4) yields

240 + A(p* +9°%) = 2aupq +

p+q= (3.5)

(3.6)
aA(p®+9*)+y(p+a)+5(p+0q).
It follows by (3.5), (3.6) and the relation
p?+9”=(p+qa) -2pg, Vp,qeR,
that
S—
pa=— 197 (37)

A-a)(u-2)
It is clear now, from Eq. (3.5) and Eq. (3.7) that P and (
are the two distinct roots of the quadratic equation

tz_(5—7)t+f(7®—7) _o

AL-a) 1-a)'(u-2)

and so

[ 5—7j2_ a6-7)
Ml-a))  2@a-a)f(u-1)
which is equivalent to

(6 -7)(u-A)L-a)>4y.

The proof follows by induction. The cases where (ii), holds is
similar and will be omitted.

For case (iii) assume that there exists a prime period-two
solution

- P:g, pP.q,...
of (1.1). |Let

X, =0, X1 = P Since

¢—even,k —odd we have X, ,=0,X, =P .
Thus, from Eq. (1.1), we get
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The proof follows by induction. The cases where (iv), holds is
=ag+ At anpt..+ap similar and will be omitted. Now the proof is completed.
p=aq ’
Bol+Bip+...+ 5P Example 3.1 Consider the difference equation
and 0.002x_ +0.5x
o, P+a,q+...+a, q X =O'5Xn—l+ : = )
q=ap+ ) 0.9x, , +0.2x, ;
+ +...+
Fobt P+ +fid k—odd =1,/ —odd,a = 0.5, = 0.002,
€ where
oy +o, +..toy =7, a, =0.5,5,=09,/ =02
and Figure(3.1), shows that Eq. (1.1) which is periodic with
A+ Hata, =5 period twoX_; =0.7,X; =5.3.. Where the initial
and let data satisfies condition(3.1) of Theorem(3.1) (seeTable
3.1)
Po+ B+t By = 1,
and n | x(n) n | x(n) n | x(n) n | x(n) n| x(n)
131 + ﬁs +...+ ﬁk =A 1/0.7000 | | |17 [0.0392 | || 33 | 0.0255 | || 49 | 0.0253 | || 65 | 0.0253
Than 2 |5.3000 | || 18 |4.7454 | |[ 34 | 4.8832| |[ 50 [ 4.8862 | | | 66 | 4.8863
3 |04319 ||| 19 |0.0337 ||| 35| 0.0254 | | |51 |0.0253 | || 67 | 0.0253
p=aq+ +Pp 4 44801 |[ 2047954 ||| 36| 48844 |[52]48863]]68 48863
10+ Ap ' 5 (02773 || 21]0.0303 || 37]0.0254 | ||53]00253] |69 | 0.0253
q 6 |4.1959 | || 22 | 4.8286 | || 38| 4.8852| || 54 [ 4.8863] | | 70 | 4.8863
an 7 [0.1832 || |23 0.0283 | || 39 ] 0.0253| || 55 ] 0.0253] || 71 | 0.0253
—ap+ M+ 8 41877 || |24 | 48501 || 40 4.8856 | || 56 | 4.8863] || 72 | 4.8863
q=ap 1P+ Aq ' 9 [01241]|[25 00271 || 41]0.0253|||57 ] 0.0253] || 73| 0.0253
Than 10 | 4.3000 | || 26 | 4.8638 | || 42 | 4.8859 | || 58 | 4.8863 | | | 74 | 4.8863
) ) 11]0.0866 | | | 27| 0.0264 | | [ 43]0.0253 | | [59 | 0.0253 | || 75| 0.0253
HPg + Ap° = axq” +adpq + 1 + P, (3.8) |12 ] 44425 | || 28| 48724 | || 44 | 48861 | || 60 | 4.8863 || | 76 | 4.8863
and 13]0.0629 | || 29[ 0.0259 | || 45| 0.0253] || 61| 0.0253] | | 77 | 0.0253
2 _ 2 14 | 45715 | |30 | 4.8778 | || 46 | 4.8862 | || 62 | 4.8863 ] | | 78 | 4.8863
HPY +_m =amp + a_ﬂ“pq P+ (3.9) | 15 0.0482 || [ 31 [0.0257 | [47 [ 0.0253 | | 63| 0.0253 || [79 | 0.0253
Subtracting (3.8) from (3.9) gives 16| 46725 || 32| 48811 ||| 48| 48862 || 64 | 48863 80 |4.8863
2 2
(2+au)(p® -a*)=(5-7)(p-a) e
Since P #( , we have '
prg=L"
= X(i+1)=0.5*% (i-1)+(0.002*x (I)+0.5*(i-1)/(0.9*x (i)+0.2*x(i-1)))
A+au (3.10)
Also, since P and ( are positive, (O —y) shuold be 5
positive. Again, adding (3.8) and (3.9) yields
4
209+ A(p +07) =aulp’ +a% )+
! E3
2a)pq+y(p+9)+5(p+0q). -
It follows by (3.10), (3.11) and the relation )
2 2 2
p*+9’=(p+a) -2pg, Vp.qeR, 1
that
q — (5 B y)(&ﬂ + 2/}/) > . (312) 00 10 20 30 40 iﬂ 60 70 80 920 100
(L+a)(u-2)(2-au)
It is clear now, from Eq. (3.10) and Eq. (3.12) that P and Fig3.2
g are the two distinct roots of the quadratic equation g°
o S—y (5 _ 7/)(5&” 4 /17/) i Example 3.2 Con5|der0thf dlffer;nce equation
z =5 X,., = 0.005x 2o TRy
A+au) (@Q+a)(u-A)(A-au) n1 = U 2ty 0.02x_
and so Xnp T00Xn 4
2 k —odd =1,7—even,a =0.005,, = 0.1,
6-y 46— y)(Saw +2y) 0 where °
Prau) @ra)lu-A-a) e
L . Figure(3.2), shows that Eq. (1.1) which is periodic with period
which is equivalent to two. Where the initial data satisfies condition(3.2) of
(6= 7)(u—2)1+a)> 4w+ 2y ). Theorem(3.1) X, ,=6.7,%, =3.9,, = 2.9.
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(seeTable 3.2)

n | x(n) n | x(n) n | x(n) n | x(n) n | x(n)

1 | 6.7000 17 | 4.6513 33 | 4.6290 49 | 4.6290 65 | 4.6290
2 | 3.9000 18 | 0.5565 34 | 0.5523 50 | 0.5523 66 | 0.5523
3 | 2.9000 19 | 4.6174 35 | 4.6290 51| 4.6290 67 | 4.6290
4 |1.0684 20 | 0.5519 36 | 0.5523 52 | 0.5523 68 | 0.5523
5 | 1.6253 21| 4.6209 37 | 4.6290 53 | 4.6290 69 | 4.6290
6 | 0.5417 22 | 0.5515 38 | 0.5523 54 | 0.5523 70 | 0.5523
7 |1.7153 23| 4.6276 39 | 4.6290 55 | 4.6290 71| 4.6290
8 | 0.3550 24 | 0.5521 40 | 0.5523 56 | 0.5523 72 | 0.5523
9 | 2.6942 25| 4.6297 41| 4.6290 57 | 4.6290 73 | 4.6290
10 | 0.3512 26 | 0.5523 42 | 0.5523 58 | 0.5523 74 | 0.5523
11| 4.2277 27 | 4.6295 43 | 4.6290 59 | 4.6290 75 | 4.6290
12 | 0.4824 28| 0.5524 44 | 0.5523 60 | 0.5523 76 | 0.5523
13 | 4.8260 29 | 4.6291 45 | 4.6290 61 | 4.6290 77 | 4.6290
14| 0.5593 30 | 0.5523 46 | 0.5523 62 | 0.5523 78 | 0.5523
15 | 4.7622 31| 4.6290 47 | 4.6290 63 | 4.6290 79 | 4.6290
16 | 0.5656 32 | 0.5523 48 | 0.5523 64 | 0.5523 80 | 0.5523

Fig3.2

X(i+1)=0.005*x (i-2)+ (0. 1*x (I)+5*X (i-1)/(9*x (1) +0.02*x (i-1)))

Fig3.3
4. BOUNDED SOLUTIONS OF EQ. (1.1)

Our aim in this section we investigate the boundedness of the
positive solutions of Eq. (1.1).

Theorem 4.1 For Eq. (1.1) every solution is bounded if
1>a.

Proof. Let {x, }"

n_x beasolution of Eq. (1.1). It follows
from Eq. (1.1) that

n+l n—

+

_Zk:ﬂi Xn—i Zk:ﬂl Xn—i
i=0 i=0

a X a,X
<ax, , +——" 40l

IBOXn ﬂlxn—l
a.
=ax,, +y — forall n>1.
B,
1

o X,

BeX i

alxn—l + ak Xn—k

k
Z ﬂi Xn—i
i=0
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By using a comparison, we can write the right hand side as
follows
k
i

a
Yo=Y, t+ 5!
e 2

then

k
n ai
Yyo=a'y,+ 5!

and this equation is locally stable because 1> @, and
converges to the equilibrium point

— 1 e
y=r——=) —.
(1_ a) ; ,Bi
Therefore
) 1 e,
limsupx, <——» —.
N0 (1_ a) ; B,

Thus, for Eq. (1.1) every solutoin is bounded and the proof is
completed.

Theorem 4.2 For Eq. (1b) every solution is unbounded if
l<a

Proof. Let {Xn }::_k be a solution of Eq. (1.1). It
follows from Eqg. (1.1) then

>ax, , forall n>1.

We can written as follows

yn+1 = ayn—t,“
then
y,=a'y, (4.1)

and the Eq. (4.1) is unstable because 1< @, and

limy, =o.

n—o

Thus, the proof is completed.

5. REFERENCES

[1] R. DeVault, S. W. Schultz, On the dynamics of
Xn+1=%, Domm.  Appl.
Analysis,12 (2005), 35-40.

[2] E. M. Elabbasy, H. EI-Metwally and E. M. Elsayed, On

the periodic nature of some max-type difference
equations, Int. J. Math. Sci., 14 (2005), 2227-2239.

[3] E. M. Elabbasy, H. EI-Metwally and E. M. Elsayed. On
X ., =ax by

n+1 n T ox,—dx, ;"

Nonlinear

the difference equation

23



Adv. Difference Equ., pages Art. ID, 10 (2006), 82579.

[4] E.M. Elabbasy, H. El-Metwally and E.M. Elsayed.
Qualitative behavior of higher order difference equation.
Soochow J. Math., 33(4) (2007), 861--873.

[5] E. M. Elabbasy, H. EI-Metwally and E. M. Elsayed, On

the difference equations X ., = Lk’k, J. Conc.

ﬂ+7_l_]0 Xn—i
Appl. Math. 5(2) (2007), 101-113.
[6] E. M. Elabbasy, H. ElI-Metwally and E. M. Elsayed. On
(BgXn +83Xn g+ +2Xn i)
(bgXq +byXn g+ b X ) ?

Mathematica Bohemica, 133 (2008), No.2, 133-147.

the differencee quation X ., =

[71 S. N. Elaydi, An Introduction to difference equations,
Undergraduate Texts in Mathematics, Springer, New
York, NY, USA, (1996).

[8] M. A. EI-Moneam, E. M. E. Zayed, Dynamics of the
rational difference equation
_ DX Xk Xn_s
X = AX, +Bx,, +CX., o e
DCDIS Ser. A: Math. Anal. 21 (2014), 317--331.

[9] E.A. Grove, G. Ladas, Periodicities in nonlinear
difference equations, vol. 4, Chapman and Hall / CRC,
(2005).

[10] S. Kalabusic and M. R. S. Kulenovic, On the recursive

— ﬂnflJr‘)‘Xn—Z

= X 1D, ! J.difference. Equations
n-1 n—

sequence X,

IJCA™ : www.ijcaonline.org

International Journal of Computer Applications (0975 — 8887)
Volume 136 — No.8, February 2016

Appl., 9(8) (2003), 701-720.
[11] G. Karakostas and S. Stevic, On the recursive sequence
Xy = A+M, Comm. Appl. Nonlinear

Xn-1

Analysis, 11 (2004), 87-100.

[12] V. L. Kocic and G. Ladas, Global behavior of nonlinear
difference equations of higher order with application,
Kluwer Academic Publishers, Dordrecht, (1993).

[13] M. R. S. Kulenovic, G. Ladas and W. S. Sizer, On the

PPt Math. Sci. Res.

recursive sequence Xn+l = A

Hot-Line 2(5) (1998), 1-16.

[14] M.R.S. Kulenovic, G. Ladas, Dynamics of second order
rational difference equations with open problems and
conjectures, Chapman & Hall/CRC, Florida, (2001).

[15] M. Saleh and S. Abu-Baha, Dynamics of a higher order
rational difference equation, Appl. Math. Comput; 181
(2006), 84-102.

[16] E. M. E. Zayed and M. A. EI-Moneam, On the rational

— (9 +Bn 1+ P2+ K0 3) ]
(AX,+BX,_1 +CX,_p+Dx_3) !

Appl. Math. nd Computing, 22 (2006), 247-262.
[17] E. M. E. Zayed and M. A. EI-Moneam, On the rational
_ (Bt )
X,q = AX, + X

Cx,+D%p ¢ ) !

Comm. Appl. Nonlinear Analysis, 16 (2009), No.3, 91-
106.

recursive sequence X,

recursive  sequence

24



