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An extended comparison of the reactive properties of the N + N2 exchange reaction calculated

on a non-collinear dominant potential energy surface using both a centrifugal sudden and a

J-shift quantum method is reported. The choice of carrying out such an investigation

for N + N2 is motivated by the fact that the best available (and currently used for spacecraft

re-entry simulations) computed set of kinetic data has been worked out using the low level

J-shift approximation though based on exact quantum zero total angular momentum

probabilities. The fact that our investigation is carried out for a heavy system and a potential

energy surface free of wells in the strong interaction region minimizes the occurrence of tunnel,

resonance and interference effects which would make the rationalization of the result difficult and

the centrifugal sudden treatment less accurate. The study has provided evidence of two important

limits of the J-shift approximation: the wrong determination of the maximum value of the total

angular momentum quantum number J contributing to reactivity and the lack of deformation

of the partial reactive probability dependence on energy at fixed J value. Accordingly, it has been

found that the J-shift state-specific cross sections underestimate the corresponding CS values

when the initial diatomic rotational energy is low while the situation reverses when the initial

diatomic rotational energy is high.

1. Introduction

To obtain accurate quantum estimates of the state-specific

cross sections and thermal rate coefficients of elementary

reactions one has to first determine the corresponding set of

exact probabilities. Most often the calculations of the required

set of exact quantum probabilities are simply unmanageable

even for the simplest reactive systems (as is the case of the

atom–diatom ones) especially when the masses of the intervening

atoms are heavy and/or the electronic structure is complex. In

these cases, the only way out is to reduce the amount of

memory and wall clock computing time by adopting approximate

computational schemes decoupling the dependence of the

probability on some parameters of the problem. However,

the assumptions on which the adopted approximations rely

need always be carefully pondered and the associated error

systematically checked against more accurate results. This is of

particular importance when, as is the case of the title reaction,

little comfort is obtained from experimental data1–3 and low

level model treatments (though based on exact zero total

angular momentum calculations of quantum reactive

probabilities) are adopted to evaluate cross sections and

thermal rate coefficients.4–10

Fortunately, some features of the N + N2 system make it

suited for high level quantum treatments. Although this will be

dealt with in more details later on, it is worth mentioning at

this point that N + N2 is a sufficiently light and simple

atom–diatom system to allow a rigorous close coupling

expansion of the partial waves while, however, being free of

very light atoms which generate highly structured and difficult

to rationalize probability plots.

The high level quantum treatment we have considered to

compare with the low level J-shift model11,12 results adopted in

the literature is the centrifugal sudden (CS) one13,14 which

drops from the Hamiltonian the centrifugal coupling term and

keeps constant the projection of the total angular momentum

J along the body-fixed (BF) Z axis. This allows decoupling of

K (the discrete projection of J onto the BF quantization axis)

exact quantum calculations at fixed J (the total angular

momentum quantum number) into several fixed K ones

at fixed J each of them not exceeding the memory size of the

J = 0 run. The (very popular) mentioned J-shift model,

instead, drastically reduces the calculations to the only (exact

quantum) J = 0 probabilities which are properly shifted in

energy in order to mimic the effect of increasing J. Clear

examples of failure of the J-shift model have already been

reported in the literature for systems containing hydrogen15,16

and have been attributed to the property of light atoms of

‘‘feeling’’ the formation of wells in the energy adiabats.

An advantage of the title reaction for both aspects

mentioned above is the fact that, as already mentioned before,

it is not made of light atoms and that the potential energy

surface (PES) adopted by us to carry out the dynamics

calculations does not contain wells (after all, this makes the

system also better suited for applying the CS method).
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On the calculation of cross sections and thermal rate

coefficients of the N + N2 reaction there is a significant

ongoing amount of research also because of their importance

for modeling the spacecraft re-entry.5–7,17,18 As a matter of

fact, widely accepted now is the idea that, despite satisfactory

agreement obtained between the values of the thermal rate

coefficient4,8,10,19–24 calculated on the collinear dominant

LEPS PES25 originally proposed for this reaction and the

measured ones,1–3 the LEPS potential energy surface is

incorrect in the energy and geometry of the system at the

saddle to reaction. Extended ab initio calculations4,26,27 clearly

indicate, in fact, that the energy at the saddle is higher and the

geometry of the system is bent. This has prompted the fitting

of some new PESs, the most used of which are L3,28

WSHDSP4,29 and L4.30 On all these PESs exact quantum zero

total angular momentum state-to-state reactive probabilities

have been calculated and used to evaluate the thermal rate

coefficients to be compared with the experiment using the

already mentioned J-shift model.4–10,31–34 This makes the

calculated values to a large extent uncertain and undermines

the meaning of their disagreement with the experiment. On the

contrary, the comparison performed in our work represents

the highest level analysis that could be performed using

presently available computer facilities, also bearing in mind

that it is carried out to assess the tools used to determine a

suitable PES rather than produce a set of results on a solidly

demonstrated accurate potential energy surface.

To carry out the calculations reported in this paper we made

a combined use of the high performance platformMareNostrum

of the Barcelona Supercomputing Centre35 and of the

distributed computing power of the segment of the production

grid of EGEE36 made available to the COMPCHEM virtual

organization.37,38

The paper is, accordingly, organized as follows: in section 2

the details of the calculations are given, in section 3 the CS and

J-shift quantum probabilities are analyzed and compared, in

section 4 the comparison is extended to the CS and J-shift

cross section values, and in section 5 some conclusions

are drawn.

2. Details of the calculations

To compute the exact quantum three-dimensional state-

specific reactive probability of atom–diatom reactions for a

given value of the total angular momentum quantum number

J, PJ
vj(E), one takes the square modulus of the corresponding

detailed S matrix element S
Jp
vjK ;v0j0K 0 ðEÞ:

39

PJ
vjðEÞ ¼

1

ð2Kmaxþ1Þ
X

v0

X

j0

XKmax

K¼�Kmax

XK 0max

K 0¼�K 0max

X1

p¼0
jSJp

vjK;v0 j0K 0 ðEÞj
2

ð1Þ

where E is the total energy of the system, K is the body-fixed

projection of the total angular momentum, p is the total

parity, v and j are the initial vibrational and rotational

quantum numbers, and Kmax = min(j,J) (with priming

referring, as usual, to final states). In this summation, for

the particular case of the N + N2 reaction, probabilities for

even j0 states contribute twice because the nuclear spin of the

N atom is one,40 i.e. a factor of 4/3 is applied if j0 is even and a

factor of 2/3 is applied if j0 is odd.

From the partial state-specific probabilities the corresponding

partial state-specific cross sections, sJvj(E), and the state-

specific cross sections, svj(E), can be evaluated using the

following expression:39

svjðEÞ ¼
XJmax

J¼0
sJvjðEÞ

¼
XJmax

J¼0

p
k2vj

ð2J þ 1Þ
ð2j þ 1Þ ð2Kmax þ 1ÞPJ

vjðEÞ

ð2Þ

where k2vj = 2mEtr/�h
2 (in which Etr is the relative collision

energy and m the reactant reduced mass) is the wavenumber of

the system in the vj state. Jmax represents the value of the total

angular momentum quantum number beyond which no

further reaction takes place.

According to the J-shift scheme, the J = 0 exact quantum

detailed S matrix elements for a sufficiently wide energy

interval and all the initial vibrational states relevant to the

evaluation of the N + N2 rate coefficients in the temperature

interval spanned by the experiment were calculated first. From

the calculated J = 0 quantum reactive probabilities, PJ=0
vj (E),

the J-shift state-specific probabilities, P�Jvj ðEÞ, were evaluated

as follows:

P�Jvj ðEÞ ¼
1

ð2Kmax þ 1Þ
XKmax

K¼�Kmax

PJ¼0
vj ðE � DEJKÞ ð3Þ

in which the energy shift DEJK depends both on J and on K

according to the relationship:

DEJK = �BJ(J + 1) + (A � �B)K2 (4)

that is based on the (approximate) assumption that the

geometry of the system at the saddle is a symmetric top one.

In eqn (4), �B is defined as (B + C)/2 while A= 6.7 � 10�4 eV,

B = 6.0 � 10�5 eV and C = 5.5 � 10�5 eV are the three

rotational constants of the N3 triatom at the saddle. As is

apparent from eqn (4), the additional K term appearing in the

J-shift correction for reactive systems having a bent geometry

at the saddle further displaces to higher energy the large

J partial probabilities.

To carry out a comparison with CS results, the calculations

were performed for all the J 4 0 (and all the related K) values

at several rotational states of the ground vibrational level

including the ones most populated at the temperatures of the

experiment (j = 14 and j = 24). The great advantage of

adopting the CS approximation is the possibility of calculating

all the partial terms of eqn (2) in a simplified way. In fact,

due to the decoupling of K, the total parity p (which selects

the values of K to be coupled) has no effect and the

related summation can be removed. In eqn (2) only the K

positive projections are considered, because SJ
vjK ;v0j0K 0 ðEÞ ¼

SJ
vj�K ;v0j0�K 0 ðEÞ due to the symmetry of the N + N2 system.

Moreover, in the present CS calculation the approximation

K0 = K (as indicated later) is adopted and consequently the

summation over K0 can be removed.
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The computational program used for our calculations is

RWAVEPR,41,42 a code based on the propagation of a complex

wave-packet in time. To set up the initial wave-packet, Jacobi

coordinates of the reactant arrangement are used. Then the

wave-packet is represented in the product Jacobi coordinates

of the channel of interest. The entire propagation is carried out

using the product Jacobi coordinates. At each stage of the

propagation, the overlap of the wave-packet with each of

the open product channels is calculated. At the end of the

propagation, the state-to-state S matrix elements for all

open product channels and all energies are calculated

using the overlap values calculated throughout the

propagation by a half-Fourier transform as suggested by

Gray and Balint-Kurti.43

The potential energy surface used is the L3 one19 of the

LAGROBO type44–46 showing a saddle to reaction of 1.40 eV

and almost the same bent transition geometry of WHSDSP

and L4.

CS is itself an approximation. However, the CS approximation

for the N + N2 reaction is expected to work well over the

whole range of coordinate values. One can, in fact, formulate

the CS approximation in the asymptotic and the strong

interaction regions. In the asymptotic region, where the

potential is zero, an ‘‘average’’ value of the orbital l quantum

number is assumed for all states with certain j and J quantum

numbers. Since the rotational constant B goes to zero at

infinity, the CS approximation holds good (all l states become

degenerate and one is free to choose appropriate linear

combinations to generate K states). In the strong interaction

region, different K states are well separated from each other by

the potential. Coriolis interactions are much weaker than the

energy difference between K states and K remains a good

quantum number. The problematic region is, instead, the

intermediate one where the potential is not strong enough to

separate K states from each other to a sufficient degree but the

B rotational constant is high enough to cause a significant

energy difference between l states (or to cause significant

Coriolis coupling between K states). A rough estimate of the

Coriolis matrix element (for low K and high j, J) is given by the

product BJj (in the intermediate region one can assume that

j is still a semi-good quantum number). Putting in the reduced

mass of the N + N2 system (and using example values of

j = 8, J = 70), the Coriolis interaction energy is around

0.345/R2 eV (with R expressed in a0). This term will reach

appreciable values (more than 0.01 eV) at R o 5.8a0.

However, at such distances the N + N2 potential angular

anisotropy is 0.12 eV, a value sufficiently high to achieve

separation of the K states.

As already mentioned, the initial wave-packet is set up in the

Jacobi coordinates of the reactant arrangement while the

product Jacobi coordinates of the channel of interest are used

for time propagation. This implies that the initial K state is

transformed into a linear superposition of K0 product states.

At this step the approximation K0 = K is introduced. The

identity K0 = K is satisfied at the reactant asymptote. In fact,

asymptotically, reactant and product Jacobi axes are either

parallel or antiparallel (depending on the convention choice)

and therefore if the K state can be described, as previously

commented, by a combination of l (degenerate) states, K0 will

be described by the same (excluding the sign if reactant and

product Jacobi axes are chosen antiparallel) combination of

l states. This asymptotic regime is also satisfied at R = 8.5a0,

where the initial wave-packet is initially placed and the

transformation to product Jacobi coordinates is performed.

In fact, at this distance the Coriolis coupling (estimated by the

product BJj) remains lower than 0.01 eV for values of the

product Jj as high as 1200, covering practically all the J values

contributing to the reaction at the reactant rotational states

considered.

A crucial aspect for the success of the related extended

computational campaign was the exploitation of two types of

massively concurrent platforms. One was the distributed

memory Marenostrum machine35 using GridSuperScalar

(GSS).47 GSS parallelizes at runtime and at task level sequential

applications and executes them on a computational grid. In

our case it was possible to parallelize the application as a set of

coarse grained tasks. The other platform used was the segment

of the production grid infrastructure of EGEE36 accessible to

the COMPCHEM virtual organization.37,38 In this case, we

designed a workflow articulated in three steps.24 The first step

creates the list of machines selected to run the jobs. The second

step creates all the needed information about the jobs (e.g., the

initial quantum labels v,j,J,K,p and the total energy range).

Then a sequence of ‘‘job submission-check-retrieve-rerun’’ is

iterated until completion of the set of tasks. The submission

procedure implies sending of both the specific input file and

the executable program to an available machine. The check is

performed periodically and controls the status of the jobs over

the grid. According to the status of the job the output files are

retrieved (correct completion) or re-sent (failure).

Computed S matrix elements are stored in a repository for

subsequent use and analysis. The calculation of the reactive

scattering properties is, in fact, carried out offline using

dedicated programs.

3. CS and J-shift partial probabilities

As already mentioned CS partial state-specific probabilities,

PJ
vj(E), were calculated at v = 0 and various rotational levels

by increasing J up to a value of 105 (the maximum value of

J contributing to the reaction) and E from 1.260 to 2.300 eV in

steps of 0.001 eV. For J r j calculations were performed at all

values of J while for J 4 j calculations were performed every

5 units. In all cases, however, all the K positive projections of

J were considered.

For illustrative purposes, the CS and J-shift PJ
v=0,j(E) values

calculated at different total energies are plotted in Fig. 1 as a

function of J. As shown in the figure, the maximum value of

J actually contributing to the reaction (Jmax) decreases with

the initial rotational state and increases with the total energy.

This features are predicted by both CS and J-shift approximations.

However, the J-shift values underestimate (overestimate) the

CS ones when the rotational excitation is low (high).

An additional discrepancy between the CS and J-shift

results is the appearance of some peculiar structures in the

CS PJ
v=0,j(E) plots. In fact, at j = 0 and low total energy

(bottom leftmost panel) the CS PJ
v=0,j=0(E) curve has a

maximum at J = 0 and then decreases smoothly as J increases

11458 | Phys. Chem. Chem. Phys., 2009, 11, 11456–11462 This journal is �c the Owner Societies 2009
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(in agreement with the basic J-shift concept that an increase of

J subtracts energy available for reaction). On the contrary, at

the highest energy considered (top leftmost panel), the value of

the CS PJ
v=0,j=0(E) increases in going from J = 0 to J = 60 at

which a maximum occurs. Then it suddenly decreases for

higher J values. When N2 is rotationally excited CS PJ
v=0,j(E)

has a structure at Jo j while it keeps a shape similar to that at

j= 0 at J4 j. At the same time, the absolute value of PJ
v=0,j(E)

increases with j at low total energy (bottom panels) and

decreases with it at high total energy (top panels). The

structure associated with J o j can be understood as a

stereodynamical bias of the reactive processes induced on the

relative atom–diatom orientation by the condition Kmax =

min(J,j) when the saddle to reaction is bent. However, since

this effect, though being non-negligible, occurs only at low J

values (and, therefore, scarcely impacts the final value of the

cross section), it will not be discussed any further in this paper.

On the other hand, the dependence on J of the J-shift partial

probabilities P�Jv¼0;jðEÞ well illustrates the result of adopting the
J-shift model. For all initial rotational states, the J-shift curves

have a monotonic decreasing evolution with J. This means

that the stereodynamical effects characterizing the low J

probability values go completely missed confining the possible

validity of J-shift approaches only to largely averaged

quantities. Significant differences are also observed when

comparing CS and J-shift results at low and high rotational

excitation. At j = 0 the J-shift probability decreases faster

than the CS one. This effect, which is small at low total energy,

becomes significant at high energy making the J-shift model

underestimate reactivity. However, the situation reverses as j

increases indicating that the J-shift results may not be

considered either a lower or an upper limit of the CS ones.

The discrepancies found between CS and J-shift results

imply that when increasing J the CS probabilities deviate

significantly from the ones derived from PJ=0
v=0,j(E) by the

energy shifting of eqn (4).

To understand the dependence on J of the J-shift partial

probabilities, the reference to the (exact) J = 0 probabilities is

due. The resulting values, plotted in Fig. 2 as a function of the

total energy, show for the initial rotational states considered a

behaviour typical of the reactive probabilities of barrier

controlled reactions. The rotational energies of 0.005, 0.052

and 0.148 eV associated with the considered j = 4, 14 and

24 rotational states, respectively, are clearly insufficient to

drive the system over the saddle that is 1.40 eV high. For this

reason they show an appreciable energy threshold and a

subsequent increasing trend with energy, that is easily reconciled

with the behaviour of a hard sphere model.

Yet, some important differences can be singled out when

comparing the detail of the probability curves for different

rotational states of the reactants. In fact, as is apparent from

Fig. 2, threshold energy decreases as rotational excitation

increases. This indicates an effective use of the rotational

energy to promote reaction. As a matter of fact, the threshold

energy for j= 24 (for which the fraction of energy allocated in

internal modes is large) is about 0.3 eV lower than that for

j = 0 despite the fact that the associated rotational excitation

amounts only to 0.148 eV. This feature was attributed in ref. 8

to the bent geometry of the saddle in the L3 PES as opposed to

the scarce effectiveness of the internal energy found for the

collinear dominant LEPS PES. Such a clear cut example is

confined, however, to the threshold region. At higher energies,

a sharper rise of the probability for lower rotational states

makes its value much larger at j=0 and 4 than at j=14 and 24.

Moreover, the j = 14 and 24 plots are roughly parallel in

the whole energy interval indicating that, at high rotational

excitation, the modification of the probability plot is close to

an energy shifting.

To understand in more detail the reasons for the inadequacy

of the J-shift model to reproduce the CS PJ
v=0,j(E) curves we

have studied also the dependence on E, J and K of the single K

contributions to the partial state-specific probabilities. For

illustrative purposes, the mentioned contributions calculated

at v = 0 and j = 24 are shown in Fig. 3. As is apparent from

the figure, J-shift probabilities well reproduce the CS ones at

Fig. 1 CS PJ
vj(E) (solid lines) and J-shift P�Jvj ðEÞ (dashed lines) partial

state-specific probabilities calculated at v = 0 and j = 0, 4, 14 and 24

plotted for three different values of the total energy as a function of J.

Fig. 2 Zero total angular momentum partial state-specific probabilities

PJ=0
vj (E), calculated at v = 0 and j = 0 (solid line), 4 (dashed line),

14 (long dashed line) and 24 (dotted dashed line) plotted as a function

of the total energy E.
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K = 0 and relative low values of J (J = 10 and 30). Larger

differences show up for J = 50 and, as K increases, the

agreement is even worse and deteriorates with energy.

For large J values the disagreement is strong also at K = 0.

The use of the J-shift model, therefore, does not find any

plausible justification but in the computer time saving that

nowadays with the advent of computing grid is less of an issue.

4. CS and J-shift cross sections

With the condition stated in the previous section we moved to

the analysis of the state-specific cross sections starting from the

partial ones. As is apparent from eqn (2), the main factor

involved in the calculation of the partial cross sections from

partial probabilities is the factor (2J + 1), which privileges the

reactivity at high angular momentum quantum numbers.

Moreover, the factor (2Kmax + 1)/(2j + 1) amplifies the effect

since its value is one when J Z j and lower than one when Jo j.

The values of the CS partial state-specific cross section,

sJv=0,j(E), corresponding to those of the partial probabilities of

Fig. 1 are reported in Fig. 4. As is apparent from the figure, in

all cases the partial cross section terms are small at J = 0.

Then they increase with J to reach a maximum and to rapidly

decrease to zero immediately afterwards. However, the value

of J at which the maximum occurs as well as the slopes of

increase and decrease with J, depends significantly on the

initial rotational and total energy of the system. At E = 2.3 eV,

for example, the partial cross section has its largest maximum

at j = 0 that is located at J = 75. As the energy decreases, the

j=0maximum lowers and moves to smaller values of J. As an

example, at E = 2.1 eV the maximum is located at J = 55,

20 units lower than that at E = 2.3 eV. An increase of

the rotational excitation of the reactants, however, does not

always have the same effect. In fact, at the highest total energy

considered, an increase of rotational energy results in a

decrease in the height of the maximum and its shift to lower

values of J (for example, at j = 14 the maximum is located at

J = 65). On the contrary, at low energy, the maximum of the

partial cross section increases and moves to larger values of

J as j gets larger (for example, the maximum moves from

J = 35 when j = 0 to J = 50 when j = 14 at E = 1.9 eV).

Both the increasing and the decreasing trend tend to vanish at

the highest rotational state. This figure also confirms the

practical irrelevance of the structures arising at J o j to

the end of determining the value of the cross section and the

dependence of the CS results on the specific reactant state.

In Fig. 4 the J-shift partial state-specific cross sections,

s�Jv¼0;jðEÞ, are also shown. Their comparison with CS values

tells us that, despite the similarities in shape, they largely

underestimate the CS values at low j values while they over-

estimate the ones at high j values, especially at large total

energy.

This is indeed what was found when calculating and

comparing CS svj(E) and J-shift s�vjðEÞ state-specific cross

sections. Fig. 5 plots both of them as a function of E (excitation

function). The excitation function (the dependence of the cross

section on energy) shows for all the initial rotational states

the typical behaviour of reactions occurring via a barrier

surmounting. However, significant differences can be

appreciated for both the various rotational states and the

approximations used for the calculations.

CS cross sections exhibit a clear dependence on the

rotational energy. In fact, the threshold energy of the reaction

moves to lower values as the rotational excitation increases.

This implies, as already mentioned, an efficient use of the

rotational energy for promoting the reactivity associated with

the bent geometry of the saddle. Therefore, the shift in energy

for the threshold depends on the rotational state involved.

The threshold energy moves slightly when going from j = 0 to

j = 4 (as expected because of the modest difference in energy).

On the contrary, when moving from j = 4 to j = 14 the effect

is more substantial (as expected from the larger difference

in rotational energy). However, the results show a saturation

point. In fact, when the rotational excitation increases from

Fig. 3 CS PJ
vj(E) (solid lines) and J-shift P�Jvj ðEÞ (dashed lines) single

K partial state-specific probabilities calculated at v = 0 and j = 24

plotted as a function of the total energy, E.
Fig. 4 CS sJvj(E) (solid lines) and J-shift s�Jvj ðEÞ (dashed lines) partial

state-specific cross sections, calculated at v = 0 and j = 0, 4, 14, 24

plotted for three different values of the total energy as a function of J.
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j = 14 to j = 24 (which corresponds to an ever larger increase

in rotational energy), the threshold hardly decreases implying

that above a certain value of the rotational energy no further

contributions to reactivity are obtained. On its side, the slope

of the past-the-threshold increasing trend of the reactivity with

energy depends significantly on the rotational energy. As a

matter of fact, the lower the rotational energy (and the higher

the threshold) the larger the positive slope. This trend results

in an inversion of the state leading to the largest cross section

at high energy, meaning that there the translational energy

becomes more efficient than the rotational one in promoting

the reaction.

J-shift calculations reproduce the threshold energy predicted

by the CS ones. However, the dependence of the slope on the

J-shift excitation function is clearly weaker than that of the

CS one. As a matter of fact, the slope is almost invariant with

j leading to the already mentioned shift from an underestimation

to an overestimation of the CS cross section in going from low

to high rotational excitation.

5. Conclusions

The possibility of relying on suitable model treatments

when dealing with the quantum calculations of the reactive

properties of heavy atom–diatom chemical systems (as N+N2)

is a clear advantage in trying to reduce the related

computational burden. In this paper, the popular J-shift

scheme, often adopted to extrapolate to large J values the

results of J= 0 exact quantum calculations, and its application

to the N + N2 system have been discussed. The evaluation of

the accuracy of the model has been carried out by comparing

the results obtained using a standard wave-packet approach to

calculate centrifugal sudden S matrix elements with those

obtained using only its J = 0 subset and then extrapolating

them to J values as large as 105 using a J and K dependent

energy shift. In this way, we have been able to point out that

the results of the J-shift model treatment represent neither an

upper nor a lower limit to the CS ones. It was found, in fact,

that the first limitation of the J-shift model is the wrong

determination of Jmax. This inaccuracy is, moreover,

accompanied by a second significant inaccuracy concerned with

the wrong dependence of the plots of the calculated

probabilities on energy or J. As a matter of fact the J-shift

excitation function depends on the initial diatomic rotational

energy more weakly than the CS one, leading to state-specific

cross sections higher (smaller) than the CS values at low (high) j.
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