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Abstract

Satisfaction of different QoS demands for various broadband services in wireless
networks requires that multi-user packet scheduling intelligently use both channel
state information (CSI) and queue state information (QSI). A combination of queue-
channel-aware scheduling and power /rate allocation on each transmit dimension is
known as “cross-layer resource allocation”. This thesis investigates various aspects of
cross-layer resource allocation to illustrate its important role in multi-user communi-
cation systems. Of particular interest are downlink and uplink wireless systems that
use orthogonal frequency division multiplexing (OFDM) modulation and multi-input

multi-output (MIMO) transmission with multiple antennas.

There are four major contributions in this thesis: First, queue-proportional schedul
ing (QPS) is presented and is shown to exhibit superior throughput, delay, and fairness
properties. QPS provides a capability that can arbitrarily scale each user’s average
queueing delay relative to others, which makes QPS suitable for networks driven by
heterogeneous traffic. Second, geometric programming (GP) is applied for cross-layer
resource allocation in multi-user OFDM systems with CSI, where GP formulations
lead to numerical efficiency and strong scalability. Third, efficient power/rate opti-
mization algorithms are developed by using Lagrange dual decomposition for multi-
user MIMO-OFDMA (Orthogonal Frequency Division Multiple Access) systems with
CSI. Finally, cross-layer resource allocation in multi-user MIMO-OFDMA systems
with channel distribution information (CDI) is addressed. It is shown that outage
rate region for scheduling can be efficiently characterized by using a Gaussian approx-
imation of mutual information along with a successive feasibility check method. This

efficient approach is directly applicable to finding power/rate allocation for QPS as

v



well. Stochastic simulations on a variety of situations demonstrate that QPS outper-
forms other well-known scheduling policies in terms of throughput, average queueing

delay, and delay fairness among the users.
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Chapter 1
Introduction

The evolution of wireless communication systems has been dramatic in the past
decade. The main application of traditional wireless cellular systems has been voice
communications, where one of major design goals is seamless conveyance of stable
voice signals to many users with low delay. Along with the rapid evolution of In-
ternet, the need of data communications has been significantly increasing, and the
wireless systems such as wireless local area network (WLAN) have been developed to
support packet data services such as web-browsing and file transfer protocol (FTP).
Future wireless networks, as illustrated in Fig. 1.1, will be driven by a variety of ubiqg-
uitous broadband services such as portable telephony, mobile Internet, Voice over IP
(VoIP), and IPTV that require different Quality of Service (QoS). Hence, a key design
issue is satisfaction of different service classes’ QoS requirements. For example, if an
operator supports video, voice, and streaming, three different service classes can be
defined by the operator containing different sets of QoS parameters such as through-
put and delay. Table 1.1 presents an example for a pre-configured QoS requirement
of these service classes. In order to meet these distinct QoS demands, as well as
to guarantee fairness among the users, development of intelligent multi-user packet
schedulers is essential.

A recent breakthrough in wireless communications is the application of link adap-
tation to reduce the performance loss from channel fading. Channel fading is in-

evitable in a wireless environment and is caused by signal scattering of a number of
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Base Station
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Figure 1.1: Wireless network driven by various ubiquitous broadband services

objects in the channel [25]. Traditionally, fading is considered as a detrimental effect
and the design focus was on circumventing this effect through the use of diversity
techniques. However, if channel state information (CSI) such as channel gains is
available at transmitter, fading can be exploited by adapting the transmit power and
data-rate allocation according to the channel conditions [26]. The receiver’s CSI can
be delivered to the transmitter via a reliable feedback link, or if TDD (Time Division
Duplex) mode is utilized, channel reciprocity* can be assumed and the transmitter
can equate downlink CSI with the estimated uplink CSI. By opportunistically using

the channel fluctuation, achievable throughput can be significantly increased [27, 72].

*Channel reciprocity means that both downlink and uplink channels are identical. This property
can hold in the TDD mode if the channel coherence time is much longer than the half-duplex cycle
and the interference levels at both transmitter and receiver are assumed to be the same.
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The link-adaptation technique was first utilized in a stationary channel for DSL (Dig-
ital Subscriber Line) systems, where it is called loading [64]. Link adaptation can be
extended to wireless systems by carefully considering more rapid channel variations.
The multi-user scheduling issues in wireless systems have become more interesting
with the link-adaptation technique, which provides better capability to meet a vari-

ety of QoS requirements.

Table 1.1: Example for QoS requirement

Video Voice Streaming
Min Reserved Rate 500 kbps | 12.2 kbps | 50 kbps
Tolerated Delay Jitter | 50 ms 20 ms 80 ms
Max Traffic Burst 2 Mbps 150 kbps
Max Sustained Rate 1 Mbps 100 kbps

Realization of link adaptation for multi-user communication systems requires opti-
mal allocation of communication resources, such as the transmit power and data rate.
The architecture of many communication networks falls into one of two categories: the
broadcast channel (BC) and the multiple-access channel (MAC) [20, 19]. Examples
of BC and MAC are the downlink and uplink of cellular networks, respectively. In
the uplink MAC, a number of mobile terminals send independent information to the
base-station (BS), and in the downlink BC, the BS broadcasts messages, which are
often independent, to all the mobile terminals. With perfect CSI at both the BS and
each mobile terminal (MT), each user’s transmit power and rate in the downlink and
uplink can be determined based on the capacity regions of BC and MAC, respectively.
Much research work has focused on this information-theoretic approach to resource
allocation. However, because these approaches ignore the randomness in packet ar-
rivals and queueing, they have difficulty in guaranteeing each user’s throughput or
delay requirement. Therefore, satisfaction of each user’s QoS requirement needs to
consider queue state information (QSI), such as the current queue backlog size, in
addition to CSI when the scheduler selects each user’s operating data rate. Once ser-

vice rates are determined by a scheduler in the medium access control layer (MACL),
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the physical layer (PHYL) determines the corresponding power and rate allocation in
each transmit dimension. Because of this interplay between MACL and PHYL, such
a combination of queue-channel-aware scheduling and power /rate allocation is known
as cross-layer resource allocation. This cross-layer approach to resource allocation to
account for queueing parameters has been recently studied in [5, 45, 3, 73, 65] and
the references therein.

Reference [45] defines network capacity region as a set of all packet arrival rate
vectors for which it is possible to keep every queue length finite. For bursty input
traffic, it is generally difficult to estimate the packet-arrival rates. Thus, resource
allocation solely based on CSI is unable to update rate allocation properly accord-
ing to the dynamics of the input traffic. As a result, even for a packet arrival rate
vector within the network capacity region, some users’ queue backlogs may become
unacceptably large, causing long queueing delay as well as buffer overflow. Certain
schedulers assume infinite queue backlog and simply consider CSI only. On the other
hand in the packet switching systems, the channel can be described by the circuit
connection, so the concept of CSI is irrelevant. The above two schedulers are called
‘channel-aware scheduler’ and ‘queue-aware-scheduler’, respectively, to distinguish
them from the queue-channel-aware scheduler’. The network capacity region may
not be achievable with channel-aware scheduler that ignores queueing dynamics. In
addition, each user’s queueing delay, which is an important QoS parameter, is uncon-
trollable without considering queue sizes in scheduling. Therefore, it is essential to
design an intelligent scheduler that considers both CSI and QSI. It has been shown
that the entire network capacity region can be achieved by using this approach in the
fading BC and MAC [45, 67, 77].

With increasing demand for high data-rate services, Orthogonal Frequency Di-
vision Multiplexing (OFDM) has drawn much attention as a promising technique.
OFDM has been widely applied to a variety of telecommunication systems such as
WLAN, DVB (Digital Video Broadcasting), and to DSL systems in DMT (Discrete
Multi-Tone) form. By converting a frequency selective fading channel into parallel

frequency-flat fading subchannels, OFDM achieves high spectral efficiency, as well as

"In this thesis, ‘scheduling’ often implies queue-channel-aware scheduling for simplicity.
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lower equalization complexity, for channels with large delay spread [18]. With perfect
CSI at both base station and mobile terminals, as the number of tones goes to infinity,
OFDM with link adaptation is shown to achieve the capacity of Gaussian BC and
MAC with inter-symbol interference (ISI), or with frequency selective fading. OFDM
inherently provides a variety of advantages such as FFT (Fast Fourier Transform) re-
alization, simple channel equalization, no ISI, and high degree of design flexibility. Its
application to multi-user systems, multi-user OFDM has been considered as a strong
candidate for the platform of the future wireless systems. In multi-user OFDM sys-
tems, multiple users are allowed to transmit simultaneously from the intelligent tone
assignment to each user, which has triggered much work on the power/rate allocation
issues in this system.

Achievable throughput can be further boosted by applying MIMO (Multiple Input
Multiple Output) techniques to OFDM systems where the transmitter and receiver are
equipped with multiple antennas. In a rich scattering environment with the antenna
separation in the order of a wave length, each component of channel matrix undergoes
independent and identically distributed (i.i.d.) fading. Thus, it is possible to enhance
the performance by exploiting spatial diversity effects through the application of
space-time channel coding [1, 66]. If CSI is available at the transmitter, the channel
capacity, which is shown to be proportional to the number of transmit antennas,
can be achieved by optimizing the transmit power across the transmit antennas,
after precoding at the transmitter and postprocessing at the receiver based on SVD
(Singular Value Decomposition). Thus, MIMO-OFDM, the combination of MIMO
with OFDM modulation, has been considered as a key feature for the future wireless
systems.

Scheduling in multi-user MIMO-OFDM systems is much more complex than that
in TDMA (Time Division Multiple Access) systems where only one MT is allowed to
communicate with the BS in each time slot. Because of its simplicity, TDMA is one of
the most widely deployed transmission methods in wireless communication. Assum-
ing a single-cell environment, there are no multi-user interactions in each time slot
with TDMA, so the achievable rate region can be simply defined from the maximum

achievable rate of each user. Therefore, once each user’s maximum achievable rate is
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calculated, the scheduler at the BS can select which user communicates by considering
both the finite set of operation rates and QSI to meet delay, throughput, and fairness
criteria. Then, the power and rate on each transmit dimension are optimized for the
scheduled user. On the other hand, in multi-user MIMO-OFDM systems, multiple
users with different QoS demands can transmit at the same time; thus, characteri-
zation of the achievable rate region is much more complicated. It is also infeasible
to generate the finite number of operation points in PHYL and pass them over to
MACL. Thus, the queue-channel-aware scheduling and allocation of power/rate on
each tone and transmit antenna must be performed in a combined way.

This thesis comprehensively addresses various aspects of cross-layer resource al-
location in multi-user communication systems. The focus is on downlink and uplink
OFDM/MIMO-OFDM with or without CSI at the transmitter. Cross-layer resource
allocation shows significant improvement in throughput, delay, and fairness prop-
erties by intelligently utilizing both CSI and QSI. In particular, queue-proportional
scheduling (QPS) is presented, and its throughput, delay, and fairness properties are
shown to be superior to other well-known scheduling policies. In order to apply QPS
and other schedulers to downlink and uplink OFDM/MIMO-OFDM systems with
and without CSI, this thesis develops a variety of efficient power/rate optimization
algorithms. The rest of this chapter elaborates on practical motivations of this work

as well as overviews, and the main contributions of each chapter are outlined.

1.1 Motivation

With the increasing demands on multimedia services from applications such as video
streaming and IPTV, a variety of ubiquitous real-time and non-real-time broadband
services need to be simultaneously supported in the future wireless networks, where
each service demands a different QoS. Non-real-time best effort traffic such as web-
browsing and F'TP service targets maximization of throughput while tolerating some
degree of packet delay. On the other hand, real-time traffic such as potable telephony
has a more strict delay constraint with much lower data rate. In order to satisfy these

diversified QoS demands, design of intelligent multi-user packet schedulers becomes
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a key issue in wireless systems. In particular, schedulers must carefully use both CSI
and QSI to achieve better throughput, delay, and fairness properties.

TDMA has been widely applied in wireless systems where only one user transmits
at each time slot. However, many promising wireless systems under development
such as mobile WIMAX (Worldwide Interoperability for Microwave Access) [34] and
3GPP LTE (The 3rd Generation Partnership Project Long Term Evolution) [69]
adopt OFDMA (Orthogonal Frequency Division Multiple Access). These applica-
tions’” OFDM modulation allows simultaneous transmission by multiple users where
each tone can be occupied by only one user. In addition, mobile WiMAX and 3GPP
LTE systems incorporate MIMO transmission technique with multiple transmit and
receive antennas for further enhancement of spectral efficiency. This MIMO-OFDM
platform is a strong candidate for future wireless systems.

By simultaneously supporting multiple users with different classes of traffic, higher
throughput as well as effective controllability of queueing delay can be achieved with
smart scheduling policies. Hence, scheduler design becomes more important and chal-
lenging in multi-user MIMO-OFDM systems. With simultaneous multi-user trans-
mission, the scheduling operation is more intertwined with resource allocation; thus,
it is desirable to combine them. Optimal power/rate allocation in multi-user systems
based on OFDM modulation and MIMO transmission is an active and non-trivial re-
search area. For various cases, optimal resource allocation is an open problem. Even
for the cases with known optimal solutions, the numerical complexity is often very
high, which makes the optimal solutions intractable with practical system settings.

The typical procedures of cross-layer resource allocation in downlink and uplink
MIMO-OFDM systems are illustrated in Fig. 1.2 and Fig. 1.3, respectively. In the
downlink case (Fig. 1.2), when the channel is slowly varying, the BS is able to secure
each user’s downlink CSI via a feedback channel, or by utilizing channel reciprocity
in case of a TDD mode. Also, the output queues for each service are located at
the BS; thus, perfect CQI at the BS is available for the downlink. Then, cross-layer
resource allocation is performed based on both CSI and QSI at the BS to control the
power and rate allocation on each user’s transmit dimension. Finally, the BS delivers

information on power /rate allocation to each corresponding user via control channels,
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Figure 1.2: Downlink MIMO-OFDM systems

possibly at the same time with data packet delivery.

In Fig. 1.3’s uplink with a slowly varying channel condition, the BS obtains uplink
CSI from channel estimation. Since the queues are distributed at each MT in the
uplink, each MT’s QSI needs to be delivered to BS via a reliable link. Then, by using
both CSI and QSI at the BS, cross-layer resource allocation calculates the transmit
power /rate allocation, which is then delivered to each corresponding user via control
channels. Each MT updates its power/rate allocation based on this information and
transmits a new packet accordingly. However, in a highly mobile environment with
fast channel variation, both the downlink and uplink can experience discrepancies
between the CSI at the BS used for scheduling and the channel conditions when
actual data transmission happens. Thus, the value of CSI would be limited, which
may significantly degrade the system performance.

This thesis is motivated by the challenges and limitations mentioned above. The
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Figure 1.3: Uplink MIMO-OFDM systems

main objectives of this thesis can be summarized as follows:
e Corroboration of the advantages of cross-layer resource allocation.

e Design of intelligent schedulers suitable for meeting heterogeneous QoS require-

ment.

e Development of efficient power /rate optimization algorithms for cross-layer re-
source allocation in multi-user systems with and without CSIT (CSI at the

Transmitter) that are based on OFDM modulation and MIMO transmission.
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1.2 Overview of Thesis

This thesis is composed of seven chapters to cover the objectives listed in the previous
section. This section summarizes each chapter with its key contributions emphasized.
Chapter 2 introduces the fundamentals of queueing systems and schedulers. The
basics of queueing theory are essential to understand schedulers’ throughput and delay
performance. Considering a simple queueing system with Poisson packet arrivals and
exponentially distributed service time, average queue length is analytically derived,
and its relation to average queueing delay is addressed. Also, the stability analysis of
queueing systems is provided, which is crucial in characterizing achievable throughput
of schedulers. In addition, Chapter 2 illustrates models of the multi-user queueing
systems and schedulers that are used throughout this thesis. Basic concepts frequent
in the scheduling context such as a network capacity region and throughput optimality
are explained with simple illustrations. Finally, various well-known schedulers includ-
ing maximum weight matching scheduling (MWMS) are introduced, where they are
categorized into channel-aware, queue-aware, and queue-channel-aware schedulers.
With all the background built in Chapter 1 and 2, Chapter 3 presents another
scheduling policy called queue-proportional scheduling (QPS). The application of QPS
to stationary and time-varying channels is illustrated, and throughput, delay, and fair-
ness properties of QPS are analyzed in this chapter. It is discovered that the direction
of average queue length vector under QPS always converges to that of arrival rate
vector. Using this finding in addition to the queueing theories introduced in Section
2.1, QPS is proved to be throughput optimal. It is also shown that QPS has the capa-
bility of arbitrarily scaling the ratio of each user’s average queueing delay relative to
others. This unique delay-fairness property is desirable for satisfying diversified QoS
requirement in a network. Finally, stochastic simulation results with Poisson packet
arrivals and exponentially distributed packet lengths are presented for stationary and
fading Gaussian BCs. QPS and various scheduling policies introduced in Section 2.2
are considered in the simulation. The results demonstrate that queue-channel-aware
scheduling policies such as QPS and MWMS have much better throughput and delay

properties than other types of schedulers, which corroborates the cross-layer approach
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to resource allocation. In addition, QPS is shown to outperform MWMS in terms of
average queueing delay and to provide a more desirable delay-fairness property for
QoS satisfaction. Part of the work in Chapter 3 is presented in [56, 54, 55].

Cross-layer resource allocation is defined as the combination of queue-channel-
aware scheduling and power/rate allocation in each transmit dimension. Therefore,
given schedulers, an essential part of cross-layer resource allocation develops efficient
algorithms for power /rate allocation to support the scheduled rate tuple. Chapter 4-6
present a variety of efficient power/rate optimization techniques for multi-user broad-
cast and multiple-access systems based on OFDM modulation and MIMO transmis-
sion. As well as perfect CSIT situations (Chapter 4, 5), cross-layer resource allocation
with no CSIT is addressed (Chapter 6).

First, Chapter 4 introduces a powerful optimization tool, geometric programming
(GP) to cross-layer resource allocation for the OFDM BC and MAC with CSIT. GP
is a special form of convex optimization problems for which very efficient solvers have
been developed [10]. In an OFDM Gaussian BC with sum-power constraint, a de-
graded broadcast channel is formed at each tone where its capacity can be achieved
by applying the superposition coding at the transmitter and successive interference
cancellation at the receivers [24]. Also, the optimal encoding and decoding order
is unique, given each tone’s channel signal-to-noise ratio (SNR) [20]. By converting
capacity equations with careful consideration of optimal orderings, it is shown that
major resource allocation problems in the OFDM Gaussian BC can be formulated via
GP. Also, the duality relation between the MAC and BC is used to extend the GP
formulations in the BC to the MAC. The extension to fading channels is straightfor-
ward. With any additional rate constraints of linear form, the GP structure is still
maintained in the derived equations, which makes GP a convenient tool for satisfy-
ing various throughput QoS demands in the network. After the introduction to GP,
Chapter 4 derives GP formulations of QPS as well as of some other scheduling po-
lices. Also, the results of stochastic simulations performed by solving the obtained GP
equations are presented. Numerical efficiency and strong scalability of GP make GP
suitable for cross-layer resource allocation in multi-user OFDM systems with CSIT

driven by heterogeneous QoS requirement. Part of the work in Chapter 4 is presented
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in [56, 54, 58].

Chapter 5 is devoted to cross-layer resource allocation in downlink and uplink
MIMO-OFDMA systems with CSIT. In MIMO-OFDMA, it is assumed that each
tone is taken by at most one user; thus, a one-to-one MIMO channel is formed at
each tone where its capacity is well-known [68]. However, the optimal allocation of
power and rate in MIMO-OFDMA requires optimally assigning tones to each user,
which is a non-convex combinatorial problem with the exponential complexity in
the number of tones. If the number of tones goes to infinity, the infinite frequency
dimensions allow arbitrary frequency sharing within the small bandwidth. Thus,
the original problem effectively becomes convex, which results in zero duality gap
[80]. With zero duality gap, it is possible to apply Lagrange dual decomposition in
efficient solution of the optimization problem. However, with only tens or hundreds
of tones in practical systems, this argument is inapplicable and zero duality gap may
not be guaranteed, which complicates development of efficient optimal algorithms.
Chapter 5 shows that in MIMO-OFDMA BCs and MACs with CSIT, the duality
gap vanishes with only tens of tones for weighted sum-rate maximization (WSRmax)
and weighted sum-power minimization (WSPmin) problems. From this observation,
Lagrange dual decomposition is applied to develop efficient algorithms for optimal
allocation of power/rate on each tone and at each transmit antenna. Using derived
algorithms, the optimal achievable rate and power regions of MIMO-OFDMA BCs
and MACs with CSIT are calculated with the polynomial complexity. Part of the
work related to Chapter 5 is presented in [53, 12].

If the channel variation is fast over time, the instantaneous CSI sent to the trans-
mitter via feedback channel becomes unreliable. In a fast-varying mobile environment,
scheduling can be performed by utilizing long-term channel statistics. Chapter 6 ad-
dresses the cross-layer resource allocation in uplink and downlink MIMO-OFDMA
systems with CDIT (Channel Distribution Information at the Transmitter). Under
CDIT only, schedulers are unable to update transmission rates according to the in-
stantaneous channel mutual information, which may result in packet outages. Hence,
schedulers can select a rate tuple from outage rate region, which is defined as the set

of maximum achievable rates while satisfying each user’s specified outage probability



CHAPTER 1. INTRODUCTION 13

constraint [40, 29, 41]. However, characterizing outage rate region of MIMO-OFDMA
with CDIT involves very complicated numerical integration; thus, scheduling based
on the exact outage rate region becomes intractable.

Chapter 6 shows that the mutual information of the MIMO-OFDMA BC and
MAC can be well approximated using a Gaussian distribution. Also, reliable approx-
imations for the mean and variance of the mutual information appear, which can be
used to characterize the approximate Gaussian distribution. Based on the Gaussian
approximation, a successive feasibility check (SFC) efficiently characterizes the entire
outage rate region of MIMO-OFDMA BC and MAC with the linear complexity in the
number of users and tones. Also, the power/rate allocation under QPS can be effi-
ciently computed by directly applying this approach, i.e. the Gaussian approximation
of mutual information in conjunction with a SFC. On the other hand, other gradient-
type scheduling polices based on WSRmax, such as MWMS, exhibit the exponential
complexity in the number of users for resource allocation. Chapter 6 presents stochas-
tic simulations for the MIMO-OFDMA BC and MAC with CDIT that are performed
by using the outage rate region characterized by the Gaussian approximation. The
results corroborate superior throughput, delay, and fairness properties of QPS over
other scheduling polices. In addition to these fundamental advantages, QPS provides
high numerical efficiency that enables QPS to be a preferable scheduler for use in
cross-layer resource allocation when only CDIT is available. Part of the work related
to Chapter 6 is presented in [57].

Finally, Chapter 7 summarizes the key points in this thesis. Cross-layer approach
to resource allocation is essential in multi-user communication systems with hetero-
geneous QoS requirement. Considering its superior throughput, delay and fairness
properties as well as numerical efficiency, QPS is suitable for future wireless networks

driven by various ubiquitous broadband services.

1.3 Notations and Abbreviations

In this thesis, bold face letters are used to denote vectors and matrices where matrices

are always denoted by upper case letters. R™ denotes the set of real n-vectors and
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R? denotes the set of nonnegative real n-vectors. Given two column vectors x and y
of length n, > | x;y; is expressed as an inner product x - y. The curled inequality
symbol > (and its strict form >) denotes the generalized inequality [10]. It denotes
the component-wise inequality between vectors: x > y means z; > y;, ¢ = 1,2,--- . n.
A column vector with all entries being 1 is denoted as 1; the length of 1 will be clear
from context. [E, denotes expectation over the random variable x.

For a square matrix S, |S|, S™* and Tr(S) denote its determinant, inverse matrix,
and trace, respectively. For any general matrix M, M¥ is its conjugate transpose. I
and 0 represent the identity matrix and the matrix with all zero elements, respectively.
The Gaussian distribution of a vector with the mean vector x and the covariance
matrix ¥ is denoted by M (x,X). C**¥ is the space of x X y matrices with complex
entries. R™ denotes the set of real n-vectors and R, denotes the set of nonnegative
real n-vectors. For a square matrix S, S > 0 means S is positive semidefinite. 1{-}
is the indicator function, which takes the value of 1 if the argument is true, and zero
otherwise.

The abbreviations used in this thesis are summarized in the following table:

Table 1.2: Summary of abbreviations

BC Broadcast Channel

BCHPR Best Channel Highest Possible Rate

BS Base Station

CDI Channel Distribution Information

CDIT Channel Distribution Information at the Transmitter
CSI Channel State Information

CSIT Channel State Information at the Transmitter
CTMC Continuous Time Markov Chain

DSL Digital Subscriber Line

FDD Frequency Division Duplex

FDMA Frequency Division Multiple Access

FTP File Transfer Protocol
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GP Geometric Programming

ISI Inter-Symbol Interference

IWF [terative Water-Filling

LQHPR Longest Queue Highest Possible Rate

LTE Long Term Evolution

MAC Multiple Access Channel

MACL Medium Access Control Layer

MDT Minimum Draining Time

MIMO Multiple Input Multiple Output

MT Mobile Terminal

MWMS Maximum Weight Matching Scheduling
OFDM Orthogonal Frequency Division Multiplexing
OFDMA Orthogonal Frequency Division Multiple Access
PFS Proportional Fair Scheduling

PHYL Physical Layer

PRmax Proportional Rate maximization

QoS Quality of Service

QPS Queue Proportional Scheduling

QSI Queue State Information

SDMA Spatial Division Multiple Access

SISO Single Input Single Output

SNR Signal-to-Noise Ratio

SRM Sum Rate Maximization

SVD Singular Value Decomposition

TDD Time Division Duplex

TDM Time Division Multiplexing

TDMA Time Division Multiple Access

VoIP Voice over [P

WiMAX Worldwide Interoperability for Microwave Access

15
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WLAN Wireless Local Area Network

WSP Weighted Sum Power

WSPmin Weighted Sum Power minimization

WSRmax Weighted Sum Rate maximization

ZMCSCG Zero Mean Circularly Symmetric Complex Gaussian
3GPP The 3rd Generation Partnership Project

16



Chapter 2
Queueing Systems and Schedulers

Performance of scheduling operation can be characterized by the properties such as
achievable throughput and queueing delay. With random packet arrivals, these prop-
erties are all related to the queueing behavior, which motivates full understanding of
queueing systems. The first section of this chapter presents fundamentals of queue-
ing theory. The most well-known queueing systems with Poisson packet arrivals and
exponentially distributed service time, called M /M /1 queue, is introduced and its av-
erage queue length is mathematically derived. In addition, Little’s law is explained,
which is one of the most powerful and general queueing theories that relates average
queue length to average queueing delay. Under some scheduling policy, a rate tuple is
declared achievable if the scheduler can keep the queue backlog size finite. Therefore,
in order to derive achievable throughput under certain schedulers, it is necessary to
find the stability condition of queueing systems. In this regard, the first section intro-
duces Lyapunov analysis and shows its application to finding the stability condition
of M/M/1 queue.

The second section elaborates on the models of multi-user queueing system and
scheduler that are used throughout this thesis. Also, the basic concepts required
for characterizing schedulers, such as the network capacity region and throughput
optimality, are defined in this section. The last section introduces a variety of well-
known schedulers categorized into three types: channel-aware, queue-aware, queue-

channel-aware schedulers.
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2.1 Queueing Theory Basics

This section introduces an M/M/1 queue, Little’s theorem for evaluating average
queueing delay, and a Lyapunov analysis technique for proving stability of queueing

systems [49)].

2.1.1 M/M/1 Queue

A queueing system is often described by the notation of A/S/s/k. A stands for the
arrival process such as Poisson, geometric, and deterministic, and S stands for the
service distribution such as exponential, geometric, and deterministic. s denotes the
number of servers and k stands for the buffer size where £ = co when k is absent. In
addition, full characterization of the queueing system behavior requires description
of the service discipline.

M/M/1 queue is a continuous-time queueing system that is widely applied in
modeling queueing systems. In the M/M/1 queue, the arrivals occur according to
a rate A Poisson process where the number of arrivals within a time interval has a

Poisson distribution.

6_/\t<)\t)k

P{N(t1,t2) =k} = X

(2.1)

where N (t1,ty) denotes the number of arrivals in an interval (t1,t9) and t = to — ;.
Let X, denote the time of the first arrival. Further, for n > 1, let X,, denote the
time between the (n — 1)st and the nth arrival. The sequence {X,,,n > 1} is called
the sequence of interarrival times. The event {X; > t} takes place if and only if no

arrivals occur in the interval [0,¢]. Thus,
P{X, >t} = P{N(t) =0} = e . (2.2)
Also, the distribution of X5 conditioned on X; is

P{X; > t|X; =s} = P{Noarrivalsin (s,s +t]|X; = s}
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Figure 2.1: M/M/1 queue

= P{No arrivals in (s, s + t]}
= e (2.3)

Therefore, from the above two equations, interarrival times are i.i.d. exponentially
distributed with the mean of 1/\. Service is also based on the Poisson process in
M/M/1 queue; thus, service times are i.i.d. rate p exponentials, and independent of
arrivals: P(S > t) = e #. The M/M/1 queue model is illustrated in Fig. 2.1.

Let Q(t) denote the number of information units in the queue at time ¢. Without
loss of generality, () is assumed to have nonnegative integer values. For 0 < t; <

to < t3, the queue-size process Q(t) has the following Markovian property:

P{Q(t3) = k|Q(t1) = i,Q(t2) = j} = P{Q(t3) = k|Q(t2) = j}. (2.4)

Thus, Q(t) forms a continuous-time Markov chain (CTMC), where the past has no
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influence on the future if the present is specified [52]. The queueing behavior can
be fully characterized once the transition rate from state ¢ to j, which is the state

transition probability divided by the average time in state ¢, is obtained.

= i (2.5)

where ¢;; is the transition rate from state i to j, p;; denotes the state transition
probability, and the average time in state ¢ is denoted by E[T;].

For CTMCs, p;; = 0; thus, po; = 1. When ¢ > 1, p; ;41 is equal to the probability
that an arrival occurs before the service. Therefore, the following equations can be

derived:

[o.¢] o0 )\
Piiv1 = / P[A<t,S € (t,t +dt)]dt = / (1—e Mpe dt = ——,(2.6)
0 0 A+

iic1 = 1 —Dpiit1 =~ —.
Pii—1 Pii+1 Yy

For ¢ = 0, the queue state changes only if there is an arrival. Thus, the average time

in state 0 is given by
> 1
E[T,] = Elarrival time] = / P[A > t]dt = T (2.7)
0

For i > 1, the state change is triggered by an arrival or a departure. Therefore, the

average time in each state is

E[T;] = E[min{arrival time, service time}] = / Plmin{A, S} > t]dt (2.8)
0
o0 [e.9] 1
= / P[A > t]P[S > t] dt :/ e MWt = ——
0 0 A+ p
Finally, from (2.5)-(2.8), the state-transition rate is
Qi = A (2.9)

Giiy1 = A, for 1 >1,

Giic1 = M, for ¢>1.
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Denote the equilibrium queue-length distribution by m; = lim;_, o, P(Q(t) = 1),
where Y ° m = 1. Since the rate at which the process enters and leaves state j is

equal, the following global-balance relations must be satisfied.

i Z Tji = Z Tii,j- (2.10)
i=0 =0

Thus, mj\ = w1 p for j =0,1,2,---, which results in

A J
= (/_j’) m, forj=0,1,2,---. <211>

If the arrival rate is greater than the service rate, i.e. A > p, then m; — 0o and the
queueing system becomes unstable. If A\ = u, m; = my for every j. Since 0 < 7; <1
and Z;io m; = 1, there is no equilibrium and the queueing system is critically stable.
On the other hand, when A\ < u, my = (1 — A/p) and 7; = (1 — A\/p)(A/u)’. Since
m; is exponentially decreasing, the queue backlog remains finite; thus, the queueing
system is stable.

Define p = A/u as the traffic intensity. For p < 1, m; = (1 — p)p; thus, the
expected queue length,

(2.12)

2.1.2 Little’s Law

In queueing theory, Little’s law states that the average queue size is equal to the
average arrival rate multiplied by the average waiting time in the queueing system.
This statement is quite general in that it is valid for any probability distributions
on arrivals and services as long as the system operates in a first-come-first-served
manner.

Suppose that a stable queue is empty at time 0. Denote the number of arrivals in
0,¢] by A(t), and let A = E[A(1)] be the arrival rate and D; be the delay of the ith
packet such that D; = W, + S; where W; and S; are waiting time and service time
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of the ith packet, respectively. Fig. 2.2 illustrates the progression of queue size with
time t.

From Fig. 2.2, the following equation can be derived.

Yo Q) _ Yl D A Y D

2.1
T T T A(T) (2.13)
By letting T' — oo, the equation for Little’s law is obtained,
E[Q] = AE[D]. (2.14)

For example, the average length of the M /M /1 queue is shown to be E[Q] = p/(1—p)
in (2.12). Hence, by Little’s theorem, the average packet delay in the M /M /1 queue

becomes

P . (2.15)

A ul=p) (k=N

In addition, the average waiting time is given by

E[W] = E[D] ~ EIS] = - -~ (2.16)

2.1.3 Stability and Lyapunov Analysis

This subsection addresses the stability of M/M/1 queue and presents its stability
proof based on Lyapunov analysis. Let X, denote a discrete-time Markov chain on
the countable state space S. Define a positive valued function L : & — R, which
is also called Lyapunov function. If lim,,_,., L(X,) is finite with probability one,
X, is declared to have weak stability. On the other hand, strong stability of X, is
equivalent to that lim,, .., E[L(X,)] is finite. Strong stability implies weak stability,
but the reverse is not always true.

Assume that X, is aperiodic and irreducible, and from any state, X, can only

transition to a finitely many states. Also, L(X, 1) is assumed to be finite if L(X,)
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Figure 2.2: Progression of queue backlog size over time

is finite. Define the set C' = {z € § : L(z) < B} such that L(z) is bounded in C.
Then, the strong stability of X,, can be described by the following theorem.

Theorem 1. If there exists a monotonically increasing positive function f such that

E[L(Xpn+1) = L(X0)|L(Xy) € C] < —€f(L(Xy)), limsup,, . E[f(L(X5))] < oc.

Therefore, the stability of X, is proved if a Lyapunov function L that satisfies the
above condition can be found. Consider M /M /1 queue and apply Lyapunov analysis
to prove its stability. Since the queue size is constant during the period when there
is no packet arrival or departure, time can be discretized to when either an arrival or
a potential service occurs. Then, the queue size is denoted by Q(n) for n =0,1,-- -,
which is a Markov chain. With the arrival rate A and service rate u, the probability
of Q(n+1) =Q(n)+1is A\/(A+p), and that of Q(n+1) = Q(n) — 1 when Q(n) > 0
is 1/ (A =+ ).

Assume the Lyapunov function L(n) is equal to the queue size Q(n). Then, for

Q(n) > 0, the expected value of conditional discrete derivative of the Lyapunov
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function can be derived as follows.

BlL(n+ 1)~ LO)IL(n)] = EQ(n+ 1)~ Q(n)|Q(n)] .17
= BlQ(+ DIQ()] - Q)
— Bl Q)+ 1)+ £ Q) - D Q)] - Q)
- (ﬁ—ﬁ) <0 if A<p

Hence, from Theorem 1, the M/M/1 queue is stable as long as the arrival rate is
lower than the service rate. In general, multiple Lyapunov functions can be used to
prove the stability of the same queueing system. If Q*(n) is chosen as the Lyapunov

function, then for Q(n) > 0,

E[L(n + 1) = L(n)|L(n)] = E[Q*(n + 1) — Q*(n)|Q*(n)] (2.18)

B (Qn) + 1) + ﬁ (Q(n) — 1)* = Q*(n)|Q%(n)]

A A—
:QQ(n)(A+M+AiM—1>+2Q(n) (ﬁ)—i—l

2
— ‘ A+
=2y/Ln){——— ) +1<0 if A<p and L(n) > (—) )
()( +u) " 2(n—X)
Thus, for L(n) is large enough, E[L(n + 1) — L(n)|L(n)] is negative if A\ < u, which
means the M/M/1 queue is stable.

2.2 Multi-User Queueing System and Scheduler
Model

This section describes the models of the multi-user queueing system and the packet
scheduler considered throughout this thesis. Also, the important concept of net-
work capacity region and throughput optimality is introduced. Figure 2.3 presents
the queueing system and scheduler model for the downlink. The transmitter has

K output queues and the packets destined to receiver k£ enter queue k and wait
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until they are served. {Aj(t),k = 1,--, K} denotes the arrival process, and user
k’s average bit arrival rate is denoted by Ai. The queue-state vector at time ¢ is
Q) = [Q1(t) Qa(t) -+ Qx(t)]" where Qx(t) denotes the number of bits waiting to
be sent to user k. In a very slow fading, instantaneous CSI for each downlink is ob-
tainable at the transmitter by using a reliable CSI feedback link in FDD (Frequency
Division Duplex) transmission mode or by utilizing the channel reciprocity in case
of TDD transmission. However, if the channel variation is fast, the instantaneous
CSIT becomes unreliable and only the long-term channel statistics may be available
at transmitter. Based on both CSI and QSI, the scheduler determines the rate allo-
cation on each user where user k’s rate is denoted by Ry(¢). In the uplink case, the
queueing system is distributed over the users and QSI needs to be reported to the BS
via a feedback link. Also, the BS can obtain uplink CSI from the channel estimation.
Other than these changes, the scheduling operation is basically the same as that for
the downlink.

In this thesis, the detailed assumptions on the above model are as follows: K
output queues are assumed to have infinite capacity, and K data sources generate
packets according to independent Poisson arrival processes { A;(t),i = 1, ---, K}, which
are stationary counting processes with lim; .o, A;(t)/t = a; < oo, and var(A;(t +
T) — A;(t)) < oo for T' < oo. Packet lengths in bits {B;} are i.i.d. exponentially
distributed with E[B;] = 7; < oo and E[B;%*] < co. We assume packet lengths are
independent of packet arrival processes; thus, user i’s average arrival rate in bits is
given by \; = a;7;. Packets from source 7 enter queue 7 and wait until they are served
to receiver i. The scheduling period is denoted by T5. A time interval [T, (I + 1)T%)
where [ = 0,1,2,--- is denoted by the time slot . At time ¢, the fading state is
represented as n(t) = [ny(t) na(t) -+ ng(t)]?, and the allocated rate vector at time
t is represented as R(n(t),Q(t)) = [Ri(n(t),Q(t)) - - Rx(n(t),Q(t))]*, which is
determined by the scheduler based on both fading and queue states. For simplicity,
R(t) and R (n(t), Q(t)) are interchangeably used.

This thesis considers a quasi-static fading channel where the channel condition
remains stationary within a time slot, and it changes over time slots based on inde-

pendent and identically distributed (i.i.d.) fading statistics. In addition, it is assumed
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Figure 2.3: Queueing system and scheduler for the downlink

that the rate allocation is determined at the beginning of each time slot and remains
unchanged until a new time slot begins. Thus, T;R(I7Ts) for [ = 0,1, 2, - - - is equivalent
to a vector denoting the number of bits supported by each user over the time slot [. If
R;(ITs) > 0, after the time slot [, a new packet is created for user i with the payload
size of TsR;(ITs) and modulated for transmission. Define Z;(t) as the number of ar-
rived bits at user i’s queue over the time interval [t, t+T). Then, after a scheduling pe-
riod, user i’s queue-state vector is equal to Q;(t+7) = max{Q;(t)—TsRi(t),0}+Z;(1).
In this thesis, each scheduling policy has an explicit constraint of T;R(t) < Q(t); thus,
max{-,0} operation can be simply removed. Without loss of generality, T, = 1 is as-
sumed throughout this thesis. Thus, a time interval [t,¢ + 1) with t = 0,1,2,--- is
denoted by the time slot t, and R(¢) for ¢ = 0,1,2,--- becomes a vector denoting the
number of bits supported by each user in the time slot ¢.

The stability definition of queueing systems given in [45] is adopted in this thesis.
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Figure 2.4: Network capacity region for two users

Thus, with the overflow function defined by g(M) = limsup,_, + f(f 1[Qi(7) > M]dr,
queue i is said to be stable if g(M) — 0 as M — oo. An arrival rate vector A is
stabilizable if there exists a feasible power-and-rate-allocation policy that keeps all
queues stable. A set of stabilizable arrival rate vectors forms the network capacity
region [45], and a scheduling method that achieves the entire network capacity region
is called throughput optimal.

Figure 2.4 illustrates the network capacity region for two user example. A bit
arrival rate vector with the unit of bits per time slot, [A\; Ao]” is declared to be within
the network capacity region if there exists some scheduler that is able to keep each
queue’s backlog size finite. Assuming that perfect CSIT is available and the total

transmit power is constrained in the downlink*, the instantaneous capacity region is

*For the uplink, the individual power is constrained
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defined on each time slot. If an infinite-length Gaussian codeword is assumed, the
entire capacity region can be achieved by applying capacity-achieving transmission
and reception schemes with the optimal power and rate allocation [61, 20]. Ergodic
channel capacity region with the sum-power constraint is defined as the instantaneous
capacity region averaged over all the fading states [7, 39]. Thus, with the assump-
tion of perfect CSIT and infinite-length Gaussian codewords, any arrival rate vectors
within the ergodic capacity region are stabilizable. On the other hand, the queue
backlog size eventually grows infinite for any arrival rate vectors outside the ergodic
capacity region. Therefore, the network capacity region becomes equivalent to the
ergodic capacity region for this case. In practical systems, the packet duration is
limited to the finite time-slot duration, which results in the finite codeword length;
thus, the deviation of achievable rate from the channel capacity is inevitable. This
deviation from the capacity can be addressed by using the gap parameter that prop-
erly scales down the received signal-to-noise ration (SNR) in capacity equations [17].
With imperfect CSIT or no CSIT, the network capacity region becomes completely

different from the ergodic capacity region.

2.3 Type of Packet Schedulers

This thesis divides schedulers into three types: channel-aware, queue-aware, and
queue-channel-aware schedulers. In this section, a variety of well-known schedulers

are introduced for each category.

2.3.1 Channel-Aware Scheduler

Channel-aware schedulers consider CSI in performing scheduling and tend to allocate
higher data rate on the user with a better channel condition. From this opportunistic
transmission, higher system throughput can be achieved by the multi-user diversity
effects [37, 72]. QSI is only considered in such a way that the allocated rate is kept no
more than the current queue backlog size. Thus, the user with a larger queue backlog

size is not guaranteed to be assigned a higher data, which may result in the instability
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of queueing system even when the arrival rate vector is within the network capacity

region. Three schedulers in this category are introduced in the following subsections.

Best Channel Highest Possible Rate Scheduling

Under the Best Channel Highest Possible Rate (BCHPR) scheduling policy, a user
with the better channel condition takes higher priority in resource allocation. Also,
user ¢ is served only if some transmit power remains after clearing queue backlogs
of users with higher priorities than user . When the queue backlog size is large
for every user, BCHPR operates as a type of TDM (Time Division Multiplexing)
scheduler that allocates the full power to the user with the best condition. BCHPR
is not a throughput-optimal scheduling policy since the queue size for the user with
bad channel conditions can grow infinitely even for the arrival rate vector within the
network capacity region. This algorithm is mathematically equivalent to allocating
a data-rate vector that minimizes the [;-norm distance from the current queue state
vector. The [;-norm of a vector x € R™ is defined as ||x||; = |z1|+-- - + |x,|. At time
slot ¢, the BCHPR policy for the downlink supports the rate vector Rpcgpr(t) that

is a solution of the following optimization problem.
min |Q(t) —r|; subject tor e C (h(t),P). (2.19)

where C' (h(t), P) denotes the capacity region of a broadcast channel when the channel

gain vector is h(t), and where the sum transmit power is constrained to P.

Sum-Rate Maximization Scheduling

The Sum-Rate Maximization (SRM) scheduling policy allocates a data rate vector
such that the sum rate of each time slot is maximized. Under SRM, it is possible to
support multiple users at the same time slot. SRM supports the rate vector Rggas (%)

at time slot ¢, which is a solution of the optimization problem given below.

K
maerk subject to r € C' (h(t), P) and r < Q(t). (2.20)

k=1
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Fig. 2.5 demonstrates the set of stabilizable arrival rate vectors under SRM for a two-
user fading BC. By definition of SRM, the expected rate vector supported by SRM
is a single boundary point of the network capacity region. Therefore, the arrival rate
vectors are stabilizable only if they are inside the shaded region B in Fig. 2.5. For
any arrival rate vectors outside the region B, which includes the region A within the
network capacity region, the queueing system becomes unstable. This illustration

shows the necessity of dynamic rate scheduling based on both CSI and QSI.

Proportional Fair Scheduling

In the practical scenario where each user has non-symmetric fading statistics, BCHPR
and SRM are unable to guarantee or control the fairness among the users in terms of
average throughput. For example, the users closer to the BS with a better average
SNR may enjoy higher throughput than others, which is uncontrollable under the
strategy. Therefore, for the case that the performance metric is defined as the average
throughput over certain time horizon, BCHPR and SRM are unable to satisfy the
condition.

Proportional Fair Scheduling (PFS) has been designed to meet the requirements
on average throughput over the delay time scale in addition to utilizing multi-user
diversity effects [72]. PFS converts SRM into the weighted sum-rate maximization
problem where user k’s weight at time slot ¢, wy(t), is defined as the inverse of user
k’s average throughput, Tx(t), in a past window of length t.. At time slot ¢, PFS

allocates the rate vector Rppg(t) which solves the next optimization problem.

K
Tk .
= . .
maxkz:; T subject tor € C (h(t), P) and r < Q(¢) (2.21)

Tk (t) can be updated by using an exponentially weighted low-pass filter

1- ti Te(t) + %Rk’PFS(t), if user k is served at time slot ¢

(2.22)

1— % Tk(t) otherwise.

The parameter ¢, is related to the latency time scale of the application. While still
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Figure 2.5: Stabilizable arrival rate vectors under SRM for a two-user fading BC
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extracting the multi-user diversity benefit, PF'S can also guarantee the proportional
fairness of average throughput. Nonetheless, PFS cannot guarantee throughput op-
timality nor provide the controllability of queueing delay since QSI is not properly

considered in this scheduling policy.

2.3.2 Queue-Aware Scheduler

Contrary to channel-aware scheduler, queue-aware scheduler mostly considers QSI
such that the user with larger queue backlog is guaranteed to have higher rate alloca-
tion. The consideration of CSI is merely for deciding the rate amount for the selected
users, and the better fading channel condition is never opportunistically exploited
to achieve the multi-user diversity effects. One good example is the Longest Queue
Highest Possible Rate (LQHPR) policy which schedules a data-rate vector such that
the longest queue length is minimized. LQHPR scheduling is equivalent to selecting
a rate vector minimizing the [,-norm distance from the current queue-state vector.
The [-norm of a vector x € R" is defined as ||x||c = max{|zy|,--- ,|z,|}. Hence, at
time slot ¢, the LQHPR policy assigns the rate vector Rpompr(t) that is a solution

of the following optimization problem.
min |Q(t) — r||, subject tor € C (h(t), P). (2.23)

Inherently, LQHPR tries to equalize every queue’s backlog size, but the absence
of multi-user diversity effects results in much smaller achievable rate region; thus,

LQHPR is not a throughput optimal scheduling policy.

2.3.3 Queue-Channel-Aware Scheduler

Queue-channel-aware scheduler is the combination of channel-aware and queue-aware
schedulers. By intelligently considering both CSI and QSI in scheduling, throughput
optimality can be achieved as well as the individual queueing delay can be controlled
to satisfy QoS requirement. This subsection introduces two well-known scheduling

policies in this category: maximum weight matching scheduling and exponential rule.
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Maximum Weight Matching Scheduling

Maximum weight matching scheduling (MWMS) maximizes the inner product of the
queue-state vector and the achievable rate vector [67, 42]. At time slot ¢, MWMS

assigns the following data-rate vector

Ranwars(t) = argmax Q'(t)"r

such that r € C' (h(t), P), (2.24)

where Q'(t) = [51Q1(t) -+ BxQx(t)]". B; is the user ’s priority weight which is set
to 1 for all users if everyone has the same priority. This algorithm tends to allocate
higher data rate to the user with longer backlog or better channel conditions. By
jointly considering queue and channel states, this MWMS policy is proved to achieve
throughput optimality in the fading broadcast and multiple access channels [45, 5].
The proof of throughput optimality for MWMS is provided in Appendix by using
Lyapunov stability analysis introduced in Section 2.1.

Recent applications of MWMS can be also found in OFDM downlink systems [63]
and MIMO downlink systems [73], [65]. Sometimes, a scheduling policy is called delay
optimal if it minimizes average queueing delay over all K users, which is defined as
limy oo B[ SE L Qi(1)] [77]). For the fading MAC, [77] shows that MWMS indeed
minimizes the average queueing delay over all users if symmetric channels and equal
packet arrival rates are assumed. This property is a consequence of the polymatroidal
structure of the MAC capacity region [71]. However, there are no such structural
properties in the fading BC capacity region so that even with symmetry assumptions,

MWMS cannot guarantee the minimum average queueing delay.

Exponential Rule

Ezponential (EXP) rule is another queue-channel-aware scheduling policy introduced
in [2] whose throughput optimality is analytically proved in [60]. Both MWMS and
EXP rule solve the weighted sum-rate maximization problem. While the weight vector

is linearly proportional to the queue-state vector under MWMS; it is a exponential
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function of the queue-state vector under EXP rule. In [59], the simulation study shows
that EXP rule provides better packet delays and guaranteed throughput compared
to SRM or PFS.
At time slot ¢, EXP rule assigns the following data-rate vector
- a;Q;(t)
Rexp(t) = arg mfbxkz:;%ﬂ exp (—ﬁ Y0 t)]’?)
such that r € C (h(t), P), (2.25)

where Q(t) = (1/K)X,a;Q;(t), and the positive constants i, -+ ,Vx,a1, - ,ax, 3,
and n € (0,1) are fixed. With EXP rule, the right selection of these listed positive

constants is crucial in the satisfaction of QoS requirement.

2.4 Summary

This chapter provides the fundamentals of queueing systems and schedulers that are
prerequisite for understanding queueing behavior and scheduling performance. First,
Little’s theorem and Lyapunov analysis are introduced. They are widely used for
calculating average queueing delay and for proving stability of the queueing system,
respectively. Also, the models of multi-user queueing systems and schedulers are
presented, and two important concepts required to understand scheduling perfor-
mance, network capacity region and throughput optimality, are elaborated. Multi-
user packet schedulers can be categorized into three types: channel-aware, queue-
aware, and queue-channel-aware scheduling policies. This chapter introduces various

well-known schedulers in each category.

TTDM constraints in original papers are relaxed in this formulation so that multiple users are
allowed to simultaneously transmit.



Chapter 3
Queue Proportional Scheduling

This chapter presents another throughput-optimal scheduling policy called queue-
proportional scheduling (QPS), which has more desirable delay and fairness proper-
ties than MWMS. Given the current queue state, QPS allocates a data-rate vector
such that the expected rate vector averaged over all fading states is proportional
to the current queue-state vector and is on the boundary of network capacity re-
gion. Reference [38] introduced the minimum draining time (MDT) policy, which
was shown to be throughput optimal and shown to minimize the draining time of the
queue backlogs in a fluid model with no further arrivals. Our work was performed
independent of [38], and QPS has the properties of the MDT policy. We present an-
other approach for proving the throughput optimality of QPS, which is different from
[38]. Also, using the new proof, QPS is shown to have the capability of arbitrarily
scaling the ratio of each user’s average queueing delay. This fairness property of QPS
is desirable for satisfying different Quality of Service (QoS) requirement of each user.
The queueing delay for Poisson packet arrivals and exponentially distributed packet
lengths is simulated under various scheduling policies. Numerical results corrobo-
rate the throughput optimality of QPS and indicate that QPS provides significantly
smaller average queueing delay than MWMS. Moreover, it is observed that with the
QPS policy, the fairness in terms of average queueing delay can be guaranteed for

any arrival rate vectors.

35
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3.1 Definition

In the stationary broadcast channels (BC), QPS assigns a maximum data-rate vector
that is proportional to the current queue-state vector. Assuming that every user has
equal priority and independent Gaussian noise with unit variance is added at each

receiver, the formulation of QPS is given by*

Rops(t) = Q(f)(max)
subject to Q(t)z € C(h,P) and x < 1. (3.1)

where C'(h, P) is the BC capacity region with the channel gain vector h = [hy, -+, hg]"
and total transmit power P. At time slot ¢, Rops(t) is the rate vector scheduled by

QPS, and the queue-state vector in bits is denoted by Q(t) = [Q1(t) Q2(t) - -+ Qx(t)]T.

The application of QPS to Gaussian BC is addressed in [21, 55]. By using the de-

gradedness of a Gaussian BC, the next chapter shows that (3.1) can be converted

into geometric programming (GP), which is a special form of convex optimization

problems with very efficient interior-point methods. In the stationary multiple-access

channel (MAC), the formulation of QPS is the same as (3.1) except that the BC ca-

pacity region, C'(h, P) is replaced by MAC capacity region denoted by C'(P;, - - - , Pk)

where P; is user i’s maximum transmit power.

For the queue-state vector Q(t), Figure 3.1 illustrates two distinct rate vectors
supported by MWMS and QPS. The two-user Gaussian BC is considered where user
1’s average signal-to-noise ratio (SNR) is 19dB and user 2’s average SNR is 13dB.
Since both bandwidth and scheduling period are assumed 1, bps/Hz is equivalent to
bits/slot. In other words, the rate region in Figure 3.1 shows how many bits can be
supported in each time slot. The given queue-state vector satisfies Q2(t) = 0.5Q+(t),
which results in Rgps(t) = [4.1 2.05]" and Rywums(t) = [6.34 0]T. From Fig.
3.1, it can be anticipated that as the queue state changes, MWMS will exhibit more

fluctuation in the supported rate vector compared to QPS. According to queueing

*Scheduling period and bandwidth are assumed to be 1. Thus, the capacity unit, bps/Hz becomes
equivalent to bits per time slot. In general, C(h, P) needs to be defined as the scaled version of
capacity region with the scaling factor T, W.
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Figure 3.1: Capacity region of two user Gaussian BC, and rate vectors of QPS
and MWMS when the queue-state vector is Q(¢) (User 1’'s SNR=19dB and user
2’s SNR=13dB).

theory, lower variance in service rate or arrival rate results in smaller queueing delay
[4]. Therefore, QPS can be expected to have smaller average queueing delay than
MWMS, upon which the next sections will elaborate.

On the other hand, in a time-varying BC, the QPS algorithm allocates the follow-

ing data-rate vector at time slot ¢.

Rst(t) eC (h(t), P) such that
Buy Rars(t)] = Q0 (o max ). (32)

Ql(t)xeoerg

where  is a scalar. Q'(t) = [31Q1(t) -+ BxQx(t)]T. [; is the user i’s priority

weight which is set to 1 for all users if everyone has the same priority. It is assumed
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Figure 3.2: Ergodic capacity region of a two-user Rayleigh fading BC, and expected
rate vectors of QPS and MWMS when the queue-state vector is Q(t) (P = 2, user
1’s average SNR=13dB and user 2’s average SNR=7dB).

in (4.13) that independent Gaussian noise with unit variance is added at each re-
ceiver. C'(h(t), P) is the instantaneous BC capacity region at time ¢ with the channel
gain vector h(t) = [hi(t), -, hkx(t)]" and total transmit power P. Also, Cepy(P)
denotes the ergodic BC capacity region with the total transmit power constrained to
P. Chapter 4 details the analytic expressions for C'(h(t), P) and Cepy(P).

Assuming equal priority on each user, Q'(t) = Q(t). Then, the average rate vector
under the QPS policy, En)[Rops(t)] is proportional to the queue-state vector and
also lies on the boundary surface of the ergodic capacity region. As shown in [70], each
boundary point of C,,,(P) in a fading BC is a solution to the optimization problem
max, p - r where r € C,,4(P) for some p € RE. When such p is given, Rgps(t) is a
solution to the optimization problem max, p - r where r € C (h(¢), P) for any fading
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state h(t). Therefore, the data-rate vector assigned by QPS at time slot ¢ can be

expressed as

Rops(t) = argmax pu’r
such that r € C (h(t), P). (3.3)

Under the QPS policy, p is determined based on the current queue-state vector as
well as the ergodic capacity region of a fading BC. On the other hand, as shown in
(2.24), MWMS only considers the queue-state vector in deriving the weight vector.
Figure 3.2 illustrates two distinct expected rate vectors supported by MWMS and
QPS for the queue-state vector Q(t). A two-user Rayleigh fading BC is considered
where P = 2, user 1’s average signal-to-noise ratio (SNR) is 13dB and user 2’s average
SNR is 7dB. Each user’s average SNR is defined as the average received SNR when the
total transmit power is allocated to that user. Since W = T, = 1 is assumed, bps/Hz
is equivalent to bits/scheduling period. Thus, the ergodic capacity region in Fig. 3.2
represents the set of vectors denoting each user’s expected number of bits served in
one scheduling period. Also, note that with W = T, = 1, the network capacity region
is the same as the ergodic capacity region. From Fig. 3.2, as the queue state changes,
QPS is expected to exhibit smaller variations in the average rate vector compared to
MWMS, which may result in a smaller average queueing delay as demonstrated in

Section 3.3.

3.2 QPS Properties

This section proves QPS to be throughput optimal in a fading BCT. Further, this
proof extends to show that QPS has the capability of arbitrarily scaling the ratio of
each user’s average queueing delay. This unique scaling/fairness property of QPS is

desirable for satisfying different QoS requirement of each user.

"Every proof in this section is directly applicable to any time-varying BC or MAC with the convex
achievable rate region.
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3.2.1 Throughput Optimality of QPS

The next theorem shows the convergence property of the expected queue-state vector

under QPS, which is crucial in showing throughput optimality and fairness properties.

Theorem 2. Under the QPS policy in a fading BC, as t — oo, the expected queue-
state vector conditioned on any initial queue state, converges to a vector proportional

to the arrival rate vector.

Proof. Let qo € RE be the initial queue-state vector, and denote the bit arrival rate
vector by X = [\ --+ Ag]T where A\; > 0. Consider time slot ¢ when some queues have
backlogs, and let Q(t) be equal to qs = [q11 qro -+ qi.x)". Without loss of generality,
assume ¢;; > 0. Then, q¢ can be represented as q¢ = w(t)[A1, Ao+ AXg, -+, Ag +
AXg]" where w(t) = g,1/\ and AX; € R such that w(t)(\; + AN;) = ¢ for i =
2,--- K. The expectation of Q(t 4+ 1) conditioned on Q(t) = q¢ becomes

E[Q(t+1)Q(t) =a) =at + A —E[Rgps(t)| Q(t) = qy - (3.4)

Under QPS, E [Rgps(t)| Q(t) = qi¢] = () (q¢/w(t)) where 7(¢) equals max = subject
to  (qg/w(t)) € Cepg(P). (3.4) can be converted into the following form.

E[Q(+ 1) Q(t) = qi) = (w(t) —r(t) + 1) x
AL Ag + (AN, -+ A + () AN]T, (3.5)

where v(t) = 1—1/(w(t)—r(t)+1). If ¢ € Cery(P), then w(t) = r(t); hence, y(t) =0
and E[Q(t + 1)|Q(t) = q¢] = A. Otherwise, w(t) > r(t) and ~(t) is strictly less than
1. Let the angle between A € RE and x € R be denoted by 0y (x) that is

A'x

0y (x) = cos™ (m) , 0<0)(x) <+ (3.6)

bo |

Since y(t) < 1, 0y(qs) > O (E[Q(t + 1)|Q(t) = q¢]). This chapter assumes i.i.d.

block fading and Poisson packet arrivals. Therefore, each user’s queue state is the
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1st-order Markov process, which allows the following relation to hold from Chapman-

Kolmogorov equations [52].

E[Q(t+1)[Q(0) = qo] =
EE[QE+1)QM]IQ(O) = qo] for t=1,2,---. (3.7)

Since 03 (Q(t)) > 05 (E[Q(t + 1)|Q(t)]), the right-hand side (RHS) of (3.7) has a
direction closer to A than E[Q(%)|Q(0) = qo]. Consequently, the following relation is

obtained.

O (E[Q(1)|Q(0) = qo]) > 0y (E[Q(t + 1)|Q(0) = qo])
for t=1,2,---. (3.8)

Define an infinite sequence 6, = 0y (E[Q(?)|Q(0) = qo]) for ¢t = 1,2,---. Since 0, is
monotonically decreasing and nonnegative, #; is a converging sequence. In the RHS

of (3.7), E[Q(t + 1)|Q(t)] = Q(t) + A — E[Rgps()|Q(t)] = (1 — ¢)Q(t) + XA where
¢ = maxr such that rQ(t) € Ce,4(P). Therefore, (3.7) can be expressed as

E[Q(t+1)[Q(0) = qo] =
(1-E[Q(t)|Q(0) = ao] + A, for t=1,2,---. (3.9)

By the convergence property, as t — 0o, the angle between E[Q(#)|Q(0) = qo] and
E[Q(t+ 1)|Q(0) = qo] becomes zero. Therefore, to satisfy the equality in (3.9) when
t — oo, the direction of these two vectors should converge to that of A. As a result, it

can be concluded that lim;_ ., #; = 0, which completes the proof of the theorem. [J

Based on Theorem 2, the throughput optimality of QPS can be proved by using
Lyapunov stability analysis technique introduced in Chapter 2.1.3.

Theorem 3. In a fading BC, the QPS policy is throughput optimal.

Proof. With W = T = 1, the network capacity region is equivalent to Ce,4(P). Thus,

we need to show that for any X € int C,,4(P) where int S denotes the interior of a
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set S, the queue lengths for all users can be kept finite. First, choose the Lyapunov
function L (Q(t)) = Zfil Q;(t). The evolution of L (Q(t)) in one scheduling interval
is L(Q(t+1)) = S8 Qit+1) = o8, (Qi(t) + Zi(t) — Ri(t)). Conditioned on
Q(t) = qs, the expected drift of the Lyapunov function is

K
E[L(Q(t+1)) - L(QE)|QE) = as) = > (A —E[R(1) Q(1) = a]) . (3.10)
i=1

To prove the throughput optimality of QPS, it is required to show that as queue
lengths grow sufficiently large, (3.10) becomes strictly negative for any A € int C.,,(P)
[74]. By Theorem 2, in the stationary regime, E [Q(t)] = w(t)A for some w(t) >
0. Thus, Q(t) can be represented as Q(t) = E[Q(¢)] + N(t) = w(t)X + N(¥)
where N(t) = [Ny(t) -+ Ng(t)]" and E[N;(t)] = 0 for i = 1,--- | K. As w(t)
increases, Q(t) = w(t)(A + N(t)/w(t)) — w(t)A with probability 1, which results in

E [Rops ()] Q1) = ai] — E [Raps(t) Q(t) = w(t)A] with probability 1.
ERqprs(t)|Q(t) = w(t)A] = A(max r) such that Ar € Cey(P). If A € int Cey(P),
then maxr > 1. Thus, when ||q¢|/oo grows sufficiently large, the Lyapunov drift in
(3.10) becomes strictly negative for any X € int Cy,4(P). O

3.2.2 Fairness and Delay Properties of QPS

This subsection shows that for any set of arrival rates, QPS can arbitrarily scale the
ratio of each user’s average queueing delay. Also, it is shown that without new packet
arrivals, QPS minimizes the expected time to empty all the backlogs. First, the next
theorem shows that QPS has a capability of guaranteeing fairness among users in

terms of average queueing delay.

Theorem 4. In a fading BC under the QPS policy, ast — oo, each user’s average

queueing delay becomes equalized.

Proof. From Theorem 2, the average queue-state vector becomes proportional to the
arrival rate vector as t — oo. By Little’s theorem introduced in Chapter 2.1.2; the

average queue length is the same as a product of the arrival rate and average queueing
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delay [6]. Therefore, with QPS policy, each user’s average queueing delay is equalized

after the convergence. O

In general, QPS can satisfy a different QoS for each user in terms of average

queueing delay. This property is shown in the following corollary to Theorem 4.

Corollary 1. Let B denote the priority vector on average queueing delay. For exam-
ple, 81 = 235 means that the average delay of user 1 should be half of user 2’s average
delay. This priority can be satisfied with the QPS policy by replacing Q(t) with the
modified queue-state vector Q'(t) = [31Q1(t) B2Qa(t) -+ BrQx(t)]T.

Proof. From Theorem 2, the average of a modified queue state vector Q'(t) converges
to Az for some z € R,. Thus, user i’s average queue length converges to (\;z) /i,

and by Little’s theorem, user ¢’s average queueing delay becomes x/[3;. O]

One reasonable way of choosing the priority vector 3 is to find a vector propor-
tional to each user’s maximum achievable average rate when no other users transmit.
The next theorem shows that without new packet arrivals, QPS minimizes the ex-

pected time to empty all the queue backlogs.

Theorem 5. Let the initial queue-state vector be Q(0) = qo € Rff, and assume that
there are no more packet arrivals after t = 0. Then, in a fading BC, the QPS policy
presuming the constant queue-state vector of qo for all t > 0 minimizes the expected

time until all the queue backlogs are cleared.

Proof. Let E[Tx| denote the expected time until a scheduling algorithm X empties
all the queue backlogs qo. The total supported data vector is qg. Thus, given
E[Tx], the average data vector allocated per each scheduling period can be expressed
as E[Rx] = gifg. Since Cery(P) is convex, E[Rx] € Cey(P) is always satisfied.
Therefore, E[Tx] is minimized by assigning R, (h(t),Q(t)) € C (h(t), P) at time
slot ¢ such that

En) [Ropt(h(t)yQ(t))]zqo( max )r). (3.11)

Ao7ECerg (P
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From the definition of QPS, it can be easily seen that R, (h(t), Q(?)) is equal to
Rgps (h(t),qo), which completes the proof of the theorem. O

In actual systems with random packet arrivals, the property in Theorem 5 can be
approximated by replacing qo with the current queue-state vector Q(t). Therefore,
at each scheduling time, QPS tries to minimize the expected time to empty current
queue backlogs. This property of QPS results in low average queueing delay, which

will be demonstrated to be much smaller than MWMS in the next section.

3.3 Numerical Results

This section presents simulation results with Poisson packet arrivals and exponen-
tially distributed packet lengths for both the stationary Gaussian BC and the fading
Gaussian BC, in order to demonstrate stability, delay, and fairness properties of the
QPS algorithm. In the simulation, average packet length for each user, scheduling
period, and signal bandwidth are all equal to 1. Also, the average queue length over
all users is defined as lim; o E[+ S, Qi(1)]. Stochastic simulation results in Gaus-
sian BC are presented in Fig. 3.3-3.5. In these simulations, noise power is assumed
to be 0.1. In Fig. 3.3 and Fig. 3.4, the average queue length is evaluated for different
values of A\; with two users and ten users, respectively. Four scheduling algorithms
are compared in both figures: QPS, MWMS, Longest Queue Highest Possible Rate
(LQHPR) and Best Channel Highest Possible Rate (BCHPR). As explained in Chap-
ter 2.3, LQHPR allocates a data-rate vector such that the longest queue length is
minimized. Under the BCHPR policy, a user with the better channel condition takes
higher priority in resource allocation, user ¢ is served only if some transmit power
remains after clearing queue backlogs of users with higher priorities than user i.

For the two user case in Fig. 3.3, a Gaussian BC channel presented in Fig. 3.1 is
considered where the power constraint P = 2 and the channel gain vector is h = [2 1]7;
thus, user 1’s SNR=19dB, and user 2’s SNR=13dB. Also, the bit-arrival rate vector
satisfies A = A\;[1 0.5]7. From Fig. 3.1, A € int C'(h, P) if and only if \; < 4.1. Fig.
3.3 demonstrates that the average queue length of QPS is about 30% smaller than
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Figure 3.3: Average queue length vs user 1’s bit arrival rate under LQHPR, BCHPR,
MWMS and QPS (2 users, user 1’s SNR=13dB and user 2’s SNR=7dB, Ay = 0.5)).

that of MWMS for any \; < 4.1. Since MWMS is a throughput optimal policy, this
observation corroborates the throughput optimality of QPS. LQHPR and BCHPR,
which are not throughput optimal, have much longer average queue lengths than
MWMS. Simulation results with 10 users are shown in Fig. 3.4. The total transmit
power is P = 10 and user 4’s channel gain h; = 2 — 0.1(i — 1) and \; = X;(0.9)*"!
for i = 1,---,10. QPS provides about 40-50% smaller average queue length than
MWMS, which is a more prominent difference than in the two user case. BCHPR
is also observed to have around 20% smaller average queue length than MWMS at
small A\;. However, as \; approaches to the boundary of a network capacity region,
the average queue length of BCHPR grows faster than MWMS.

The fairness properties of QPS, MWMS and BCHPR with 10 users are illustrated
in Fig. 3.5. The simulation environment is identical with Fig. 3.4 and A\; = 1.32

is considered. Fig. 3.5 shows the arrival rate vector as well as each user’s average
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Figure 3.4: Average queue length vs user 1’s bit arrival rate under LQHPR, BCHPR,
MWMS and QPS (10 users, user ¢’s channel gain h; = 2—0.1(i—1) and \; = X;(0.9)*"!
fori=1,---,10).

queueing delay in slots for above three scheduling policies. It is observed that fairness
among users is not satisfied under the BCHPR, which results in intolerably long
average queue length for users with worse channel conditions. In this simulation
result, MWMS tends to equalize each user’s average queue length. Since each user has
a different arrival rate, by Little’s theorem, MWMS shows smaller average queueing
delay for the user with higher arrival rate. On the other hand, the average queue
length of QPS is shown to be almost proportional to the arrival rate vector so that
each user’s average queueing delay is equalized. Therefore, under the QPS policy,
fairness among users is guaranteed in terms of average queueing delay.

Fig. 3.6-3.8 provides the simulation results in the fading BC. For the two user
case in Fig. 3.6, the Rayleigh fading BC channel presented in Fig. 3.2 is considered

where the total power constraint P = 2, user 1’s average SNR=13dB, and user 2’s
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Figure 3.5: Each user’s bit arrival rate and each user’s average queueing delay under
BCHPR, MWMS and QPS (10 users, user i’s channel gain h; = 2 — 0.1( — 1) and
A\ = 1.32(0.9) for i = 1,--- , 10).

average SNR=7dB. Also, the bit arrival rate of user 2 is assumed to be the half of
user 1’s. Thus, the bit arrival rate vector can be represented as A = A;[1 0.5]7. From
Fig. 3.2, A € int C,,y(P) if and only if A; < 3.9.

In Fig. 3.6 and Fig. 3.7, average queue lengths are evaluated for different values
of A\ when K = 2 and K = 10, respectively. In both figures, QPS, MWMS, BCHPR,
and LQHPR are compared. Fig. 3.6 shows that the average queue length under
QPS is about 30% smaller than that of MWMS for any A\; < 3.9. Since MWMS is a
throughput optimal policy, this observation corroborates the throughput optimality
of QPS in a fading BC. LQHPR and BCHPR, which are not throughput optimal, have
about 12% and 5% throughput loss, respectively. Simulation results with 10 users are
presented in Fig. 3.7. P = 10 and user ¢’s average SNR is equal to 20— (i—1) (dB) for

1=1,---,10. Also, the bit arrival rate is identical for all users. QPS provides about
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Figure 3.6: Average queue length vs user 1’s bit arrival rate under five scheduling
policies (K = P = 2, M = 10, user 1’s average SNR=13dB, and user 2’s average

a 40-50% reduction in average queue length compared to MWMS,; a larger difference
than in the two user case. The throughput loss of LQHPR and BCHPR is around
30% and 10%, respectively, which is also much greater than in Fig. 3.6.

Delay fairness properties for the above four scheduling policies are illustrated in
Fig. 3.8 where K = 10, P = 10, user ¢’s average SNR is 20 — 0.5(i — 1) (dB),
and \; = 1.55(0.9)! for i = 1,---,10. Fig. 3.8 demonstrates each user’s average
queueing delay in slots. It is observed that fairness among the users is not satisfied
under BCHPR, which provides intolerably long average queueing delay for the users
with worse channel conditions. Also, in Fig. 3.8, MWMS tends to provide smaller
average queueing delay for the users with higher bit arrival rates. On the other hand,
QPS guarantees fairness by equalizing every user’s average queueing delay. Moreover,

from Corollary 1 in Chapter 3.2, the ratio of each user’s average queueing delay is
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Figure 3.7: Average queue length vs user 1’s bit arrival rate under five scheduling
policies (K = P =10, M = 10, user i’s average SNR (dB) = 20— (i—1), and A\; = )\
fori=1,---,10).

arbitrarily scalable by applying a modified queue-state vector to the QPS algorithm.

3.4 Summary

This chapter presents queue-proportional scheduling (QPS) and investigates its inter-
esting properties. The throughput optimality of QPS is proved and it is shown that
QPS can arbitrarily scale each user’s average queueing delay relative to others, which
is essential in satisfying each user’s different QoS demand. Stochastic simulation re-
sults in both stationary and fading broadcast channels demonstrate the advantages of
QPS over other schedulers such as maximum weight matching scheduling (MWMS),
in terms of throughput, delay, and fairness. QPS is a promising queue-channel-aware

scheduling policy for use in cross-layer resource allocation.
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Figure 3.8: Each user’s average queueing delay under four scheduling policies (K =
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Chapter 4

Application of Geometric

Programming

This chapter introduces yet another powerful tool, geometric programming (GP),
into the family of numerical algorithms for cross-layer resource allocation problems
in OFDM MAC and BC with CSIT. GP is a special case in convex optimization for
which very efficient interior-point methods have been developed [10]. Reference [15]
presents many interesting applications of GP in communication systems.

To achieve the channel capacity, superposition coding and successive decoding at
the base-station can be used on each OFDM tone for downlink and uplink systems,
respectively [32, 71]. With the application of such techniques, OFDM systems can
dynamically allocate power and rate to each tone such that various QoS requirement
of each user is satisfied. If each user’s target data rate is fixed, minimization of
transmit power reduces inter-cell interference levels in both up and down links as well
as extends the battery life of each mobile terminal in the uplink.

Much progress has been made on resource allocation for the scalar Gaussian MAC
and BC with ISI, where each user and the base-station are equipped with a single
antenna. Cheng and Verdu [13] characterized the capacity region of Gaussian MAC
with ISI and showed that the optimal input power spectral densities can be viewed
as a generalization of the single-user water-filling spectrum. However, the lack of

efficient numerical algorithms triggered much research for efficient resource allocation

o1
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by using the inherent structure of Gaussian MAC. A breakthrough was made by Tse
and Hanly [71], where polymatroid structure was used to characterize the capacity
region of fading MAC, and marginal utility functions were introduced to develop
algorithms that have strong greedy flavors. These results can be directly extended to
Gaussian MAC and BC with ISI [70].

Recently, [81] proposed an efficient algorithm applicable to sum-rate maximization
in the Gaussian OFDM MAC by using iterative water-filling (IWF) technique, which
was first introduced for power control in interference channels [79]. The application
of IWF has been further extended to the sum-power minimization problem in the
Gaussian OFDM MAC by [46]. However, for general weighted sum-rate maximization
or weighted sum-power minimization problems in the Gaussian OFDM MAC and BC,
finding numerical algorithms with lower complexity still remains non-trivial. Also,
because of the increasing demand in multi-media services such as video and audio
streaming, real-time and non real-time traffic often coexist in the network. Thus, the
constraints of resource allocation problems become more complicated, which requires
the development of new algorithms.

This chapter first shows that, in the fading broadcast channel (BC) with CSIT,
many schedulers including QPS and MWMS can be formulated via GP by using the
degradedness of BC. This formulation simply extends to SISO-OFDM systems. A
derived GP formulation allows simulation of the queueing delay for Poisson packet
arrivals and exponentially distributed packet lengths under various scheduling poli-
cies. Numerical results corroborate the throughput optimality of QPS and indicate
that QPS provides significantly smaller average queueing delay than MWMS. More-
over, QPS guarantees fairness in terms of average queueing delay for any arrival rate
vectors. Compared to other schedulers, QPS has more variables and constraints,
which may increase the complexity. This chapter also presents a scheme to sim-
plify QPS by approximating the ergodic BC capacity region to a hypersphere. This
method achieves the complexity of QPS comparable to other policies with a very
small increase in the queueing delay.

With more generalization, GP formulation completely characterizes the achiev-

able rate region as well as the achievable power region for both the OFDM broadcast
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and multiple access channels with CSIT. The GP perspective of multi-user OFDM
resource allocation provides numerical efficiency as well as strong scalability for any

additional constraints of GP form. First, the next subsection presents brief introduc-
tion of GP.

4.1 Geometric Programming

GP is a class of nonlinear optimization problems with a special form. Although GP in
the standard form is a non-convex optimization problem, simple change in variables
can convert it to a convex optimization problem that provides strong numerical effi-
ciency [10]. A variety of recent algorithms allow efficient and reliable solution of GP
[9]. GP applications can be found in many communication fields such as information
theory, coding and signal processing, resource allocation, and queueing theory [15].
GP uses monomial and posynomial functions. A monomial function has the form

5,1 ).45,2 aj,n

of hj(x) = cjx" 'z, - xy”", where x > 0, ¢; > 0 and a;; € R. A posynomial is a

. a; a; a; .
sum of monomials f;(x) = >, ey xy™? - 2", Then, GP is

minimize fy(x)
subject to  fi(x) < 1 (4.1)
hj (X) = 1

where fy and f; are posynomials and h; are monomials. Although this is not a convex
optimization problem, a change of variables: y; = logz; and b;;, = log ¢;, converts it

into a convex form:

minimize po(y) = logXyexp(al,y + box)
subject to  pi(y) = logXyexp(aly + by) <0 (4.2)

g(y) = ajy+b;=0.

The solution of this problem can be readily found by using well-developed efficient
GP algorithms [9, 15].
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As an example of GP formulation, consider the problem

maximize  x°/y
subject to 1<x<5h (4.3)
3+ 222y < V2

x/z =9?,

where x,y, z > 0. This problem can be readily turned into GP in the standard form

as follows:

minimize %y

subject to 27! <1 (4.4)

X <
-z <1

5

2312 2y_123/2 <1

ry 2zt =1.

This standard GP formulation can be transformed into a convex optimization

problem in = logx, y = logy, and Z = log z:

minimize —2T +y
subject to  —2 <0 (4.5)
T —1logh <0

log (exp(3% — 1/22) 4+ exp(—7y + 3/2Z + 1og2)) <0

F—2j—Z%=0.

4.2 QPS via GP in a Fading BC with CSIT

This section presents GP formulations of QPS as well as other scheduling methods
such as MWMS, BCHPR and LQHPR for the fading BC with CSIT. First, the next

subsection describes the model of a fading BC.
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4.2.1 Fading Broadcast Channel Model

A block fading channel is assumed where the fading state is constant over one schedul-
ing period and each scheduling period undergoes independent and identically dis-
tributed (i.i.d.) fading. Also, both the transmitter and receivers are assumed to have
perfect knowledge of CSI. The capacity region of a Gaussian BC can be achieved by
using superposition coding at the transmitter in conjunction with successive inter-
ference cancellation at each receiver [20]. With this optimal scheme, one user can
remove the interference caused by other users’ messages encoded earlier. Consider
a Gaussian BC with a single transmitter sending independent messages to K users
over two-sided bandwidth 2W. It is assumed that the transmitter has a peak power

constraint of P on each transmission. At time ¢, the received signal of user i is
Yi(t) = ()X (@) + (1), i=1--- K, (4.6)

where the transmitted signal X (¢) is composed of K independent messages, the com-
plex channel gain of user i is denoted by h;(t), and z;(t)’s are i.i.d. zero-mean Gaussian
band-limited noises with power NyW. The models of fading broadcast channels and
queueing systems that are used in this section are summarized in Fig. 4.1. As in [39],
the channel gain can be combined with the noise component by defining an effective

noise Z;(t) = z;(t)/h;(t). Then, the equivalent received signal is given by
Yit) = X(t) +2(1), i=1- K (4.7)

where the power of Z;(t) conditioned on the channel gain is defined as n;(t) =
NoW/|h;(t)|2. Without loss of generality, W = 1 is assumed for simplicity. The
effective noise power n = [ny ny --- nK]T is used to denote a fading state. The er-
godic capacity region of a fading BC is the set of all long-term average rate vectors
achievable in a fading BC with arbitrarily small probability of error. A power control
policy P over all possible fading states is defined as a function that maps from any
fading state n to each user’s transmit power P;(n). Let Q2 denote the set of all power

policies satisfying the sum-power constraint P, which is given by
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Figure 4.1: (a) Block diagram of the queueing system and scheduler. (b) Fading
broadcast channel models.
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Q= {79 : > Pi(n) < P, for all n} : (4.8)

For each fading state, the channel is a degraded Gaussian BC where the capacity
region is achieved by later encoding a message of the user with smaller effective noise

power. With this optimal ordering, user i’s capacity for a fading state n is

Pl — 1o P(n)
R; (P(n)) = log, (1+m+25:1 Pl >M]> (4.9)

where P(n) = [Py(n) Py(n) -+ Pg(n)]? and 1[] is the indicator function, which
equals 1 if its argument is satisfied; 0 otherwise. Then, the capacity region of a

Gaussian BC for the fading state n and transmit power P is

C(H,P):{RIRZ SRz(P(n)), 221,27 ,K,
where ) " P;(n) = P}. (4.10)

Let Cpc(P) denote the set of achievable rates averaged over all fading states for a

power policy P
Cpo(P)={R;: R <E,[R;(P(n))], :=1,--- | K}. (4.11)

With the sum-power constraint P and perfect CSI at the transmitter and receivers,

the ergodic capacity region of a fading BC is given by [39]

Cerg(P) = U OBC(P) (412)
where the region C.,,(P) is convex.

4.2.2 GP Formulation of QPS

The QPS algorithm presented in Chapter 3 allocates the following data-rate vector

at time slot ¢:
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Rops (n(t),Q(t)) € C (n(t), P) such that
Eut [Rors (n(t), Q)] = Q1) ( nax x> | (4.13)

Q'(t)2€Cerg(P)

where x is a scalar. Assuming equal priority on each user, Q'(t) = Q(¢). Then, the
average rate vector under the QPS policy, E,)[Rgps(n(t), Q(t))] is proportional to
the queue-state vector and also lies on the boundary surface of the ergodic capacity
region. As shown in [70], each boundary point of C.,,(P) in a fading BC is a solution
to the optimization problem max, p - r where r € C,,(P) for some g € RE. When
such p is given, Rgps(n(t), Q(t)) is a solution to the optimization problem max, g -r
where r € C (n(t), P) for any fading state n(¢). Therefore, the data-rate vector
assigned by QPS at time slot ¢ can be expressed as

Rops (n(t), Q(t)) = arg max plr
such that r € C' (n(t), P) . (4.14)

Under the QPS policy, p is determined based on the current queue-state vector as
well as on the ergodic capacity region of the fading BC. By contrast, as shown in
(2.24), MWMS only considers the queue-state vector in deriving the weight vector.
By utilizing the degradedness of the BC for each fading state, the rate allocation
of QPS can be formulated via GP. Assume that the M most recent fading states are
sampled, which are denoted by {n(l), .. ,nM )}. To reduce the correlation among
samples, the sampling period needs to be extended in consideration of fading coher-
ence time. The sampling period is simply assumed equal to one scheduling period
because of i.i.d. block fading over each scheduling time. Without loss of generality,
n™) is assumed to denote the current fading state n(¢). Then, consider a family of M
parallel Gaussian broadcast channels, such that in the mth component channel, user
(m)

constraint of P. At time slot ¢, QPS allocates the data-rate vector Rops(n™), Q(#))

1 has effective noise variance n; ', rate Rgm), and power Pi(m). Each BC has a power

that is a solution of the following optimization problem.
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% Z RQPS (n(m), Q(t)) = Q(t) < max #) Q?)

Q(t)fecerg

Rops (n(m), Q) eC (n(m), P) for all m. (4.15)
From (4.9) and (4.10), the capacity region of the mth Gaussian BC is given by

m p) _ (pm . pm
C(n'™,P) ={R"™, R

TTm (1) —

1 <1 + Ot P
082 m) m ’
M) T > i<i Y

i=1,2,---, K where Za;j”j(i) =1}, (4.16)

(m)

(m)

Tm (2

(m) (m)
) <<y ey and o )

where 7,,(+) is the permutation such that n
is the fraction of the total transmit power used for user m,,(i)’s signal in the mth
Gaussian BC. When R is on the boundary of the capacity region, solving the

afrrz)(i)’s in terms of the rate vector R yields the following equations.

>l P =

=1 7

l
X exp <log 2> R;jf)(j)> —n{,, =1 K, (4.17)

j=i

(m) (m)
(”ﬂm(i) - ”nm(iq))

l l
—1

where n;ni)(o) = 0. As shown in [39], (4.16) is equivalent to

K
m _ plm) . (m) (m)
C(n( )’ P) - {Rﬂ'm(l) : Z <n7rm(7:) o nﬂm(i_l))

i=1

K
X exp (10g 2> REZ)U)) — e <P

j=i

and R >0, i=1,2,- K}, (4.18)
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Using this relation, (4.15) can be converted into

minimize lo

subject to  lo

i=1 P+n7rm(K)
K
(m)
X exp <log22 me(])> <0, Vm
Jj=i
M
Q(t)x — LS Rrm (4.19)
M m=1 7

where the second set of constraints is added to avoid allocating redundant power

to some users with short queue lengths. If the optimization variable is defined as
y = [z (RM)T ... (RONTT ¢ REMY (4.19) is a standard geometric program
with the globally optimal solution y* = [z* (R*")T ... (R*™)T]T Then, the data-
rate vector supported under the QPS policy is Rgps(n®) Q(t)) = R* ™), and the
corresponding power allocation can be obtained by solving (4.33) for m = M. This
GP formulation of QPS can be extended to OFDM systems, as discussed in the next

subsection.

4.2.3 Extension to OFDM Systems

In a fading BC with inter-symbol interference (ISI), the ISI can be completely removed
by exploiting OFDM techniques with sufficient number of tones, i.e. the frequency
response can be made flat within each tone [18]. OFDM systems will have K users
and L tones. On each tone, the channel is equivalent to a fading BC without ISI,
which becomes a degraded Gaussian BC for the fixed fading state. Therefore, by
extending the results from Section 4.2, QPS for OFDM systems in a fading BC can
be also converted into GP. At tone [, M sampled fading state vectors are denoted by
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{n®Y ... nGMY where nt™ = nitm ny(’m)]T. For the mth sampled fading
state, ngl’m), RE’”"), and Pi(l’m) denote the effective noise variance, rate, and power on

user i’s tone [, respectively. Without loss of generality, the Mth sample is assumed
to denote the current fading state. Also, a total-power constraint of P is imposed
on each transmission of OFDM symbols. Define ;,,(-) as the permutation such that
nfrll’z)(l) < nfrll’;nn)@) < < nffltz)( x)- By carefully applying above updates to (4.18) and

(4.19), QPS in OFDM systems can be converted into the following GP:

minimize  log (exp(—x))

g
subject to  log (exp (—R,El’m))> <0, Vi, I, and m

L
log (exp (—Qi(t)) exp <Z RE”“)) <0, Vi
=1
L S ()

log Z Z mm (i) ”m(g:')—l)

L
= o \ Pt Mty (K)

K
X exp (log 2 Z Rfrll’:)(j)> <0, Vm

J=1
1 M
Q(t)r — 5~ > R =, (4.20)
m=1 [=1

where "™ , = 0. Denote the optimization variable by y = [z (RGN ... (REMNTT

7Tl,’m(o

€ RSFKLMH). Then, (4.20) is a standard geometric program with the globally optimal
solution y* = [z* (R*OT ... (R*EMNTIT - Consequent rate allocation on tone
[ under the QPS policy is Rg)PS(n(l’M), Q(t)) = R*&M) for | = 1,--- L, and the
corresponding power allocation can be obtained by applying (4.33) on each tone with

m= M.

4.2.4 Other Scheduling Policies via GP

This subsection provides GP formulations of three other scheduling methods in a
fading BC: Maximum Weight Matching Scheduling (MWMS), Best Channel Highest
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Possible Rate (BCHPR), and Longest Queue Highest Possible Rate (LQHPR).

Maximum Weight Matching Scheduling via GP

At time slot ¢, the rate allocation under MWMS can be found by solving (2.24), which
is the weighted sum-rate maximization problem over C'(n(t), P) considering the queue
state vector Q(t) as the weight vector. Using (4.18), MWMS can be formulated as
the following GP:

minimize  log (exp(—Q(t)"r))
subject to  log (exp(—r;)) <0, Vi

be the solution of (4.21), then Rywus (n(t), Q(t)) = r*.

Best Channel Highest Possible Rate via GP

Under the BCHPR policy, a user with the better channel condition takes higher
priority in resource allocation. Also, user 7 is served only if some transmit power
remains after clearing queue backlogs of users with higher priorities than user i. This
algorithm is equivalent to allocating a data-rate vector that minimizes the /;-norm
distance from the current queue-state vector. The [;-norm of a vector x € R” is
defined as ||x||1 = |zi| + -+ + |zn|. At time slot ¢, the BCHPR policy supports
the rate vector Rpoppr (n(t), Q(t)) that is a solution of the following optimization

problem.

min |Q(¢) — r|; subject tor € C (n(t), P). (4.22)
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With the constraint of r < Q(¢), the solution of the above problem is unaffected

by S2K. Qy(t). After removing this summation from the objective, (4.22) can be
converted into the following GP.

minimize log (exp (— 1Tr))

subject to log (exp(—1;)) <0, Vi

K
X exp <log2 Z rﬂ(j)> <0. (4.23)

Let r* be the solution of (4.23), then Rpcppr (n(t), Q(t)) = r*. When Q(¢) = r

for any r € C'(n(t), P), the BCHPR policy solely depends on channel conditions. At
each scheduling time, it allocates total power to the single user with the best channel

condition, which is a sum-rate maximizing scheme in a fading BC [72].

Longest Queue Highest Possible Rate via GP

LQHPR schedules a data-rate vector to minimize the longest queue length, which is
equivalent to selecting a rate vector that minimizes the [,-norm distance from the
current queue-state vector. The [.-norm of a vector x € R” is defined as ||x||o =
max{|zy|, - ,|z,|}. Hence, at time slot ¢, the LQHPR policy assigns the rate vector
Rionrr (n(t),Q(t)) that is a solution of the following optimization problem.

min | Q(t) — r||,, subject tor € C (n(t), P). (4.24)

Let 2 denote the upper bound on ||Q(t) —r||, such that —z1 < Q(t) —r < z1.

Then, the above equation can be represented as

minimize log (exp (7))
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subject to log (exp(—r;)) <0, Vi
log (exp (—Qi(t)) exp(—z + ;)
)

- )
log (exp (Q;(t)) exp(—z —r;)) <0, Vi

o N (4) (t) - nﬂ—(i_l) (t)
oz 2 ( P 4 (i (2) )

=1

K
X exp <log2 Z r,r(j)> <0. (4.25)

j=i

Define the optimization variable as y = [x rT]T then, (4.25) is a standard geometric

* 717 The data-rate vector

program with the globally optimal point y* = [z* r
supported under LQHPR is Rpompr (n(t), Q(t)) = r*.

4.2.5 Hypersphere Approximation of the Ergodic Capacity
Region of a Fading BC

At each scheduling time, QPS solves (4.19) which has KM + 1 optimization variables
and KM + 2K + M constraints*. In order to capture the fading statistics, QPS
requires the number of sampled fading states, M > 1. Even though GP can be
efficiently solved and the constraint matrix of (4.19) is sparse, M > 1 implies that
the computational complexity of QPS can be higher than other scheduling polices such
as MWMS, which has K variables and 2K + 1 constraints. The expected rate vector
under QPS is a boundary point of the ergodic capacity region that is proportional
to the current queue-state vector. The rate allocation satisfying this condition can
be obtained by solving (4.14) with a proper weight vector p determined from the
current queue-state vector and ergodic capacity region. With the QPS policy, p is a
normal vector of the tangent plane, which is drawn at the boundary point of C,,(P)
supported by QPS. Thus, if the boundary surface of C.,,(P) can be characterized with
a simple function, finding g becomes much easier, and the computational complexity

of QPS becomes comparable to other scheduling policies.

*In OFDM systems with L tones, QPS solves (4.20) that has KM L + 1 optimization variables
and KML + 2K 4+ M constraints.
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This section proposes a simple method to approximate the boundary surface of
Cerg(P) by a hypersphere. By allowing a small increase in the average queueing delay,
this hypersphere-approximation method solves the complexity issue of QPS. First,
K + 1 boundary points on Ce,.4(P) are sampled to characterize the K-dimensional
hypersphere. K points correspond to each user’s average rate when total transmit
power is allocated to that user. They are equivalent to the intercept of each user’s
rate axis with Ce,4(P). The remaining point is the maximum average sum-rate vector
achieved by transmitting only to the best user at each scheduling period. The next
lemma provides the uniqueness of K-dimensional hypersphere constructed by using

these K 4+ 1 rate vectors.

Lemma 1. In a fading BC with K users, there exists a unique K -dimensional hyper-
sphere characterized with each user’s maximum average rate vector and the maximum

average sum-rate vector.

Proof. Let user +’s maximum average rate vector be denoted by x; = a;e; € ]Rf where
e; is a unit vector whose 7th element is 1 and the others are 0’s. Also, denote the
maximum average sum-rate vector by x, € RE. In a fading BC, the sum rate is
maximized by allocating full power to the best user. When excluding the trivial case
where the best user is always identical, x, exists outside the K — 1 dimensional hy-
perplane that passes through x;’s for : = 1,--- , K. The center of the K-dimensional
hypersphere is denoted by x. € RX. Then, ||x. — X,z = [|xc = xi||o fori =1,--- | K.

Therefore, the following linear equation is obtained.

[ 2(x; — x,)7 ]
Ax.,=b where A= 2% _ x)! € REXE
] 2(xp —x4)T |
[ xTx, — xTx, |
and b = %% _ XX, € RFxL, (4.26)
I X kX | xI'x, |
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Figure 4.2: Average queue length under QPS vs user 1’s bit arrival rate for M=2, 5,
10, and 20 (K = P = 2, user 1’s average SNR=13dB, and user 2’s average SNR=7dB,
Ay = 0.5A1).

A is nonsingular since every row of A is independent of the other rows. Thus, x. has

a unique solution, which is x. = A~ 'b. Il

Let xp, denote a boundary point of the hypersphere that is proportional to the
current queue-state vector. Then, x, = kQ(t), where k£ > 0. The value of k can be
found by solving ||x. — X1||2 = ||xc — kQ(t)]|2. If the weight vector for QPS acquired

from the hypersphere approximation is denoted by p’, then pu’ = xp, — xc.

4.2.6 Numerical Results and Discussion

By using the GP formulations derived in the previous subsections, this subsection

presents simulation results with Poisson packet arrivals and exponentially distributed
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packet lengths to demonstrate stability, delay, and fairness properties of the QPS
algorithm. In the simulations, the average packet length for each user, the scheduling
period, and the signal bandwidth are all equal to 1. Also, the average queue length
over all users is defined as lim;_.., E[+ S Qi(t)]. First, Fig. 4.2 demonstrates the
effect of the number of sampled fading states, M on the average queue length under
QPS. A Rayleigh fading BC presented in Fig. 3.2 is considered where P = 2, user
1’s average SNR=13dB, and user 2’s average SNR=7dB. Also, the bit-arrival rate
of user 2 is assumed to be half that of user 1’'s. Thus, the bit-arrival rate vector
can be represented as A = A\[1 0.5]7. From Fig. 3.2, XA € int C,y(P) if and only
if Ay < 3.9. The average queue lengths are for different values of A\; when M=2,
5, 10, and 20. Fig. 4.2 shows that as M increases, larger throughput and smaller
average queue length can be achieved with QPS. About 10% throughput loss occurs
with M = 2, compared to the maximum achievable throughput. However, this loss
quickly vanishes with larger M, which becomes much less than 1% for M = 5. Also,
it is shown that for M > 10, the additional decrease in average queue length is quite
small, which suggests that about 10 independent fading samples are sufficient in using
QPS.

Fig. 4.3 and Fig. 4.4 present average queue lengths for different values of A\; when
K =2 and K = 10, respectively. Both figures use M = 10 and compare five schedul-
ing algorithms: QPS, QPS with the hypersphere approximation, MWMS, BCHPR
and LQHPR. For the two user case in Fig. 4.3, the channel and input traffic condi-
tions are assumed to be the same as in Fig. 4.2. Fig. 4.3 shows that the average queue
length of QPS is about 30% smaller than that of MWMS for any A\; < 3.9. Since
MWMS is a throughput optimal policy, this observation corroborates the throughput
optimality of QPS. LQHPR and BCHPR, which are not throughput optimal, have
about 12% and 5% throughput loss, respectively. QPS using the hypersphere ap-
proximation of C.,,(P) slightly increases the average queue length compared to QPS.
However, its average queue length is still much smaller than MWMS. Simulation re-
sults with 10 users are presented in Fig. 4.4. P = 10 and user i’s average SNR is
equal to 20— (i—1) (dB) for i = 1,--- ,10. Also, the bit arrival rate is identical for all

users. QPS is observed to provide about a 40-50% reduction in average queue length
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Figure 4.3: Average queue length vs user 1’s bit arrival rate under five scheduling
policies (K = P = 2, M = 10, user 1’s average SNR=13dB, and user 2’s average

compared to MWMS, a larger difference than in the two user case. The throughput
loss of LQHPR and BCHPR is around 30% and 10%, respectively, which is also much
greater than in Fig. 4.3. Accuracy of the hypersphere approximation is somewhat
lower than in the two user case, but this method still gives about a 30% decrease in
the average queue length compared to MWMS.

The fairness properties of QPS, QPS with the hypersphere approximation, MWMS
and BCHPR with 10 users are illustrated in Fig. 4.5 and Fig. 4.6. P =10, M = 10,
user i’s average SNR is equal to 20 — 0.5(z: — 1) (dB), and \; = 1.55(0.9)""! for
1 =1,---,10. First, Fig. 4.5 demonstrates each user’s average queue length in bits
for the above four scheduling policies. It is observed that fairness among users is

not satisfied under the BCHPR, which provides intolerably long average queueing
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Figure 4.4: Average queue length vs user 1’s bit arrival rate under five scheduling
policies (K = P =10, M = 10, user i’s average SNR (dB) =20—(i—1), and \; = )\
fori=1,---,10).

delay for users with worse channel conditions. MWMS approximately equalizes every
user’s average queue length. Since each user has a different arrival rate, by Little’s
theorem, MWMS provides smaller average queueing delay for the user with higher
bit arrival rate. On the other hand, each user’s average queue length under QPS
is shown to be proportional to the bit arrival rate vector so that average queueing
delay of every user is equalized. Therefore, under the QPS policy, fairness among
users is guaranteed in terms of average queueing delay. QPS with the hypersphere
approximation also shows a similar tendency with QPS, but some deviation from the
arrival rate vector is observed because of the approximation error. Fig. 4.6 presents
each user’s average queueing delay in slots, which indicates that QPS equalizes every

user’s average queueing delay.
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Figure 4.5: Each user’s average queue length under four scheduling policies (K =
P =10, M = 10, user i’s average SNR, (dB) = 20 — 0.5( — 1), and \; = 1.55(0.9)*"!
fori=1,---,10).

4.3 GP for OFDM BC and MAC with CSIT

This section further extends the GP formulation to various resource allocation prob-
lems for the OFDM MAC and BC with CSIT. The primary focus is on the following
three major resource allocation problems in OFDM MAC and BC: weighted sum-
rate maximization (WSRmax), weighted sum-power minimization (WSPmin) and
proportional-rate maximization (PRmax). These problems are essential in perform-
ing cross-layer resource allocation to guarantee each user’s QoS satisfaction. With
the appropriate choice of the weight vector, WSRmax can be used to support any
gradient-based scheduling policies such as MWMS and PFS. For services requesting
constant-rate, WSPmin is useful in minimizing the inter-cell interference as well as
maximizing the battery power of mobile terminals while allowing different priorities

on each user. PRmax can be used for guaranteeing proportional fairness among users
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Figure 4.6: Each user’s average queueing delay under four scheduling policies (K =
P =10, M = 10, user i’s average SNR, (dB) = 20 — 0.5( — 1), and \; = 1.55(0.9)*"!
fori=1,---,10).

or to perform QPS that provides desirable delay and fairness properties as shown in
Chapter 3. By using the degradedness of the BC on each tone, as well as duality
relation between MAC and BC [35], this section shows that all these resource alloca-
tion problems in the OFDM MAC and BC can be formulated as GP problems. This
GP perspective of multi-user OFDM resource allocation problems provides numerical

efficiency as well as strong scalability for any additional constraints of GP form.

4.3.1 System Model and Problem Formulation

In this subsection, OFDM downlink and uplink system models are described, and the
WSRmax, WSPmin, and PRmax problems are mathematically formulated. Consid-
ering a transmission system with K users and N tones where the base-station (BS)

and each user are equipped with a single antenna, it is assumed that inter-symbol
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interference (ISI) is completely removed by exploiting OFDM techniques, i.e. the
frequency response is flat within each tone. In the downlink case, total transmit
power is constrained to P, and in the uplink case, each user’s individual power is
constrained to P; where 7 is the user index.

On user k’s tone n, the channel gain is denoted by Hy(n), and a zero-mean in-
dependent and identically distributed (i.i.d.) Gaussian noise with variance o7 (n)
is added at the receiver. For the uplink case, op(n) is replaced with o(n) since
the BS is the only receiver. The channel SNR for user £’s tone n is defined as
gr(n) = |H(n)|?/o?(n), and ri(n) and pg(n) denote rate and power allocation on
user k’s tone n. Perfect CSI is assumed at both the BS and each user, which enables
dynamic allocation of power and rate on each tone according to channel conditions.
Multiple users are allowed to share each tone, and the base-station performs super-
position coding in the downlink and successive decoding in the uplink. Fig. 4.7
summarizes OFDM BC and MAC models. Formulations of each resource allocation

problem in OFDM BC and MAC are presented in the next two subsections.

Resource Allocation Problems for OFDM BC

In the downlink, the base station encodes multi-user messages using superposition
coding with a proper encoding order. Also, each receiver performs successive decoding
with a decoding order identical to the encoding order. It can be assumed that the
ordering is the same on every tone, which is shown to be sufficient for achieving the
overall capacity region [44]. Let 7(-) denote the message-encoding order at the base-
station, where (i) < 7(j) means that user i’s message is encoded earlier than user
J’s message. With superposition coding, one user can remove the interference caused
by other users’ messages encoded earlier. Therefore, the rate for user k’s tone n is

represented as

_ 1 o Pr(n)ge(n)
re(n) = 21 g2 <1 + L+ 96(n) D in(iysnr) ]%(n)) - (4.27)

First, WSRmax problem can be formulated as follows.
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Figure 4.7: (a) OFDM BC model. (b) OFDM MAC model.
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K N
maximize Z i Z rr(n)
k=1 n=1
K N
subject to Z Zpk(n) < P
k=1 n=1
pr(n) >0 Yk and Vn, (4.28)

where p, > 0 is the weight on rates assigned to user k. Under the total power
constraint, this problem finds the optimal power and rate allocation maximizing the
weighted sum rate. The boundary surface of achievable rate region in BC or MAC
can be traced by solving WSRmax for all possible weight vectors. WSRmax becomes
equivalent to MWMS if the weight vector is replaced by the current queue-state vector.
A dual version of WSRmax is WSPmin, which finds the rate and power allocation
minimizing the weighted sum power with minimum rate constraints on each user. In
the downlink, transmit power comes from a single source at the base station. Thus,
sum-power minimization (SPmin) problem is of particular interest in BC, which is

formulated as

K N
minimize Z Z pr(n)
k=1 n=1
N
subject to Zrk(n) > Ry Vk
n=1
pr(n) >0 Vk and Vn, (4.29)

where Ry is user k’s minimum rate constraint. The third problem is PRmax that

maximizes the sum rate while maintaining a preset ratio of each user’s data rate:

maximize Z Z rr(n)
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K N
subject to Z Zpk(n) < Pt

k=1 n=1

pr(n) >0 Vk and Vn (4.30)

Zrl(n):---:ZTK(n):71:~~:7K,

where {7;}X, is a set of non-negative values that defines the proportional fairness
among users. Under a total power constraint, the boundary point of achievable rate
region that satisfies the given proportional fairness is found by solving PRmax. If
v, is replaced with the current queue length of user k for £k = 1,--- , K, PRmax is
equivalent to QPS for the stationary channel, and its extension to the time-varying

channels is straightforward from Section 4.2.

Resource Allocation Problems for OFDM MAC

In the uplink case, the base station performs successive decoding with interference
cancellation, in which each user’s message is successively decoded and subtracted
from the received signal. As in the downlink, the same ordering can be assumed over
the tones without reducing achievable rates. Let 7(-) denote the decoding order at
the base-station, where 7(i) < 7(j) means that user i’s message is decoded earlier

than user j’s message. Then, the rate for user k’s tone n is represented as

_ l o Pr(n)ge(n)
ri(n) = 21 82 (1 + (S SR pz(n>gz(n)) . (4.31)

Using this definition of 7(n), formulations of WSRmax and PRmax in the MAC are
the same as those in the BC except for the power constraint. In the BC, the total
power constraint is considered, but each user has an individual power constraint in
the MAC. Thus, the total power constraint, Ele Zivzl pr(n) < Py, is replaced with
individual power constraints, S-°_| pg(n) < Py for all k in WSRmax and PRmax for
the MAC.

Compared with SPmin in the BC, WSPmin in the MAC includes the weight on

each user’s power in the objective. Therefore, S0 SN ) (n) in (4.29) is replaced
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with S0 A\ 3o pr(n) where A, > 0 is the weight on power assigned to user k.

Other than this change in the objective, all the constraints are identical in both cases.

4.3.2 Optimal Resource Allocation via GP

In this subsection, WSRmax, WSPmin and PRmax problems for the OFDM BC
and MAC are formulated as GP problems. The GP formulation of OFDM resource-
allocation problems is closely related to the message encoding and decoding order.
According to [44], the optimal ordering for various OFDM resource-allocation prob-
lems is identical across every tone, which implies that K! possible orderings exist
regardless of the number of tones. In the downlink, each tone’s channel forms a
degraded BC where the largest rate region is achieved by encoding the user with a
higher channel SNR later [20]. The next subsection shows that after determining
tone-dependent optimal orderings on every tone, WSRmax, SPmin, and PRmax in
the BC can be converted into GP problems. The optimal power/rate allocation ob-
tained by solving GP must conform to the optimal ordering that is one of the K!
tone-independent orderings. From the duality relation between the BC and its dual
MAC, WSRmax, WSPmin, and PRmax in the MAC can also be solved via GP.

GP Formulations for OFDM BC

In the OFDM BC, the achievable rate region of tone n can be represented as

K
Cpe <m(n)> ZPk(?’O) = {rm.)(n) : Trui)(n) <
k=1
—log |1+ - yi=1,--- K}, (4.32)
2 ( M, (i)(n) + Zj<i Pra(i) (1)
where the effective noise variance of user k’s tone n, myg(n) = 1/gx(n), m(n) =
[ma(n), -+ ,mg(n)]’, and m,(-) is the permutation at tone n such that my,q)(n) <
M, 2y(n) < -+ < My, )(n). That is, m,(-) is in order of decreasing channel SNRs

on tone n, which is reverse to the encoding order providing the largest rate region.

When r(n) = [ri(n), - ,rx(n)]’ is on the boundary of the capacity region, solving
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Pr,(i)(1)’s in terms of the rate vector r(n) yields the following equations:

l
me () =Y (M, (1) = 1, i1y () (4.33)
i=1

!
X exp (2 1n22r,rn(j)(n)> — M), =1, K,

j=i

where m, )(n) = 0. As shown in [39], (4.32) becomes equivalent to

Cpe (m(”)v Zpk(”)) = {rm.m(n) :

k=1
K K
Z (M) (n) = M, i—1)(n)) exp (2 In 2 Z T (j)(n)>
=1 Jj=t
K
< p(n) + me, oy (n), ri(n) >0, i=1,--- K}, (4.34)
k=1

From the above relations, the WSRmax problem given in (4.28) can be converted

into the following GP:

K N
minimize log exp (— Z i Z rk(n)>
k=1 n=1

subject to logexp (—rx(n)) <0, Vk,n
log i i mﬂ'n(k) (n> - mﬂn(k_l) (n>
— Py + Y0 () (1)

K
X exp (2 m2Y re. (n)> <0, (4.35)

i=k

where the optimization variables are r(n)’s. Once the optimal rate allocation is
found, the corresponding power allocation can be derived using (4.33).
The SPmin in (4.29) can also be formulated via GP since the optimal ordering on

each tone is the one achieving the largest rate region.
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N K
minimize log Z Z (M) (n) = M o1y (1))

subject to logexp (—rk(n)) <0, Vk,n (4.36)

log <exp(Rk) exp(— Zrk(n))> <0 Vk.

n=1

Similarly, PRmax in (4.30) can be converted into the following GP form:

subject to logexp (—rk(n)) <0, Vk,n

Y& M, (k) (M) = M, (k-1) (1)
o5 2 ( Prot + 32050 i 0y (1) )

ry =Y r(n) =0, (4.37)

where 4 = [y1, - -, 7x]7. Define the optimization variable asy = [z r(1)" --- r(N)"]"
e RUEN+DX1\With the optimal solution y* = [z* r*(1)" --- r*(N)"]7, the vector

x* denotes each user’s allocated data rate.

GP Formulations for OFDM MAC

By using duality relationship between BC and MAC, the results obtained for the
downlink can be extended for GP formulations of WSRmax, WSPmin and PRmax
in the uplink. Given a BC, its dual MAC has the channel SNRs and a total power

constraint that are the same as in the original BC. [35] showed that any points in
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the BC capacity region can be also achieved in its dual MAC if the decoding order
of the dual MAC receiver is reversed with respect to the encoding order in the BC
transmitter. Since the total power for both channels is identical, the rate allocation
that minimizes sum power in the MAC can be solved via GP of the dual BC by using
(4.36). From the above argument on ordering, the decoding order on tone n in the
MAC is equal to the permutation 7,(-) defined in the previous subsection. Once the
optimal rate allocation for SPmin is obtained by solving GP, the corresponding power

allocation in the MAC can be determined from the following equation.

(22rwn(k)(n) _ 1) ) 222'{(:k+1 T (i) (1)
Grn(k) (N)

Pratiy (1) = LY k,n, (4.38)
where 7, (k41(n) = 0 for all n. This equation is derived by applying the tone-
dependent optimal ordering to (4.31).

In the uplink case, each user has different power source so that the WSPmin prob-
lem is more useful than SPmin. With general non-equal weights, the tone-dependent
optimal ordering can be different from that defined in SPmin. However, by utilizing
channel scaling method, the optimal ordering for WSPmin in the MAC can be easily
determined, and this problem becomes solvable via GP as well. The scaled power is
P (n) = Aepr(n), where Ay, is the weight on user k’s power. Then, close observation of
(4.31) reveals that if the channel SNR is also scaled such that g, (n) = gi(n)/A, the
mutual information in terms of scaled powers and channel SNRs remains the same
as that before scaling [13]. Therefore, WSPmin in the MAC converts into SPmin in
terms of pj.(n) and g, (n), which is solved via GP.

GP formulation of WSRmax in the MAC is not straightforward compared to other
problems so far. The optimal tone-independent ordering is automatically determined
from the given weight vector, but this ordering doesn’t guarantee the feasibility of
GP formulations because of the individual power constraints. By employing Lagrange
dual decomposition, it is shown that WSRmax can be solved via iterative GP. First,
WSRmax in the MAC converts into the minimization problem by multiplying —1
and then taking the exponential of the objective. The Lagrangian of this problem is

defined over domain D as
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L({pr(n)}, {ri(n)}, A) = exp (— >y m(ﬂ))

k=1 n=1
+ Z >\k (Zpk(n) — Pk) s (439)
k=1 n=1

where A > 0 and the domain D is defined as the set of all non-negative py(n)’s for all

k and n. Then, the Lagrange dual function is represented as

)= minL({pu() (), ) (4.40)

For a fixed A, the minimization problem in (4.40) can be formulated via GP as the
following: First, the scaled power is pj(n) = Agpr(n) and the scaled channel SNR is
gr.(n) = g(n)/Ax. Then, in terms of pj.(n) and g (n), the minimization of Lagrangian
in (4.39) is equivalent to maximizing the weighted sum rate and minimizing the sum
power simultaneously. In the dual BC, the optimal encoding order on each tone for
WSRmax and SPmin is equal to the order of increasing scaled channel SNR. From

this reasoning, (4.40) can be converted into GP as follows.
K N
minimize log (exp (— Z Lk Z Tk (n))

+ 3> (mlyy(n) = mly oy (n))

n=1 k=1

K
X exp (2 In2 Z Trr (5) (n)) )
i=k

subject to logexp (—rx(n)) <0, V k,n, (4.41)

where mj,(n) = 1/g;,(n), and m,(-) is the permutation at tone n such that m7, ,(n) <
My, g)(n) < -+ <m, g(n), or m,(+) is in order of decreasing scaled channel SNRs
on tone n. With the optimal rate and power allocation obtained by this GP, f(A)
can be derived from (4.39).
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Finally, the dual optimal solution is obtained by maximizing f(A) over A > 0.
The original WSRmax in the MAC is a convex optimization problem with zero duality
gap; thus, the dual optimal objective always equals the primal optimal objective [10].
This maximization can be done by iterating the following steps until each user’s power
converges to individual power constraint: find f(A) via GP for a fixed A, and update A
to the direction of increasing f(A). A can be efficiently updated by using an ellipsoid
method, a type of sub-gradient search methods for non-differentiable functions. This
method converges in O(n?) iterations where n is the number of variables [10]. The
details of the ellipsoid method are provided in Appendix C. A sub-gradient for f(\)
required in the ellipsoid method is dy = Y2, pi(n) — P for all k, where {pj(n)}
optimizes the minimization problem in the definition of f(X).

PRmax in the MAC can be also converted into iterative GP following similar steps
as in WSRmax. For PRmax, the weighted sum rate is replaced with the sum rate, and
the constraint on proportional fairness is added when the Lagrangian is minimized.

Considering these changes, GP formulation of PRmax in the MAC becomes

K N
minimize log (exp (— Zrk(n)>
k=1

=1 n=1
N K
DD (il gy () = Ml oy ()
n=1 k=1
K
X exp (2 In2 Z T (3) (n)> )
i=k

subject to logexp (—7x(n)) <0, Vk,n

N
ry =Y r(n) =0, (4.42)
where the optimization variable is the same as in (4.37).

4.3.3 Numerical Results and Discussion

This subsection provides some simulation results generated using GP formulations

for multi-user OFDM resource-allocation problems. Fig. 4.8 presents two achievable
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3.5

Rate region of OFDM BC
3t = = = Rate region of OFDM MAC|

R, (bits/dimension)
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Figure 4.8: Rate regions of OFDM BC and MAC (N =64, K =2, P, = NK =128
in BC, P, =P, = % = 64 in MAC. Each user’s average channel SNR per tone = 10
dB)

rate regions of OFDM BC and MAC where N =64, K =2, P,,;, = NK = 128 in BC,
P =P = % = 64 in MAC. Channel SNRs are assumed to be i.i.d. exponentially
distributed with each tone’s average SNR of 10 dB. The same set of channel SNRs are
used for both BC and MAC. In Fig. 4.8, boundary points of rate regions are obtained
by solving WSRmax via GP for all possible weight vectors. Since P, + P, = P,; and
since both OFDM BC and MAC have the same channel SNRs, the duality relation
holds between these two channels. Therefore, both rate regions always share at least
one boundary point, which can be observed in Fig. 4.8.

Fig. 4.9 illustrates the power region for the same OFDM MAC as in Fig. 4.8,
with the target rate vector of R = [2.05 2.19]7 bits per dimension. Boundary points
of power region are characterized by solving WSPmin via GP for all possible weight

vectors. The given target rate vector is a boundary point shared by both OFDM BC
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Figure 4.9: Power region of OFDM MAC (N = 64, K = 2, target rates R =
2.05 2.19] (bits/dim), and the channel SNRs are the same as in Fig. 4.8.)

and MAC in Fig. 4.8. Thus, as can be seen in Fig. 4.9, the minimum sum power

required to support these target rates is equal to the total power used in Fig. 4.8.

4.4 Summary

In fading broadcast channels, the geometric programming (GP) formulation of QPS,
which is also applicable to OFDM systems, is presented. GP is a special form of
convex optimization problems with well-developed efficient algorithms. Stochastic
simulations performed by solving formulated GP problems demonstrate that QPS
provides significantly smaller average queueing delay compared to other scheduling
policies such as MWMS for any arrival rate vector within the network capacity region,
and it exhibits more desirable fairness property.

Furthermore, three major resource allocation problems in both downlink and
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uplink OFDM systems are formulated via GP: weighted sum-rate maximization,
weighted sum-power minimization, and proportional-rate maximization. Without vi-
olating GP structure, a variety of rate constraints can be added, which is essential in
performing cross-layer resource allocation to satisfy each user’s various QoS require-
ment. In multi-user OFDM systems, GP emerges as a powerful tool that provides

high numerical efficiency as well as strong scalability.



Chapter 5

Lagrange Dual Decomposition for
MIMO-OFDMA

One popular realization of multi-user OFDM systems is called orthogonal frequency
division multiple access (OFDMA), which assigns each subchannel or tone to at most
one user [31]-[14]. When a single cell environment is assumed, there is no multi-
user interference at each tone owing to this FDMA (Frequency Division Multiple
Access) constraint inherent in OFDMA systems. The spectral efficiency can be fur-
ther increased by employing multiple antennas at base stations and terminals in
rich-scattering environments [68, 22]. Such multiple-input multiple-output (MIMO)
systems enable a dramatic increase in capacity known as spatial multiplexing gain.
This chapter addresses MIMO-OFDMA systems where each tone is occupied by at
most one user, and the assigned user occupies the MIMO channel formed at the
corresponding tone as a one-to-one communication link.

If the instantaneous CSI is available at the transmitter via a reliable feedback link,
the transmitter of MIMO-OFDMA systems can dynamically allocate power and rate
on each tone and each transmit antenna to satisfy each user’s QoS demand, which is
essential in multi-user communication systems. For a single-user, single-tone MIMO
systems with CSIT, the MIMO channel capacity is achieved by multiplying precod-

ing and post-processing matrices at transmitter and receiver, respectively, based on

85
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SVD (Singular Value Decomposition) of channel matrix. The effective MIMO chan-
nel becomes equivalent to orthogonal parallel channels where each channel gain takes
the singular value. Thus, the capacity is achieved by waterfilling the transmit power
across these parallel effective channels [68, 50]. On the other hand, MIMO-OFDMA
systems have FDMA constraints that make the optimal tone assignment a combi-
natorial problem with the exponential complexity in the number of tones [31]. For
the single-input single-output (SISO) OFDMA systems, much previous work has con-
sidered convex relaxation methods by introducing time-sharing or frequency-sharing
variables for efficient suboptimal solution [51, 14]. However, this approach employs
a different system model from the original OFDMA system. Thus, it eventually re-
quires a heuristic approximation that might lead to a significant suboptimality in
some cases.

On the other hand, Yu and Lui [80] showed that in multi-carrier applications, even
though the original resource allocation problems are non-convex, the duality gap be-
comes zero as the number of tones goes to infinity. Therefore, with a very large
number of tones, Lagrange dual-decomposition methods can be used to find the opti-
mal solutions accurately. This argument is based on the fact that if the optimal value
of an optimization problem is a concave (or convex) function of the constraint vector,
the duality gap is zero regardless of convexity of the original problem. With infinite
dimensions, arbitrary time-sharing or frequency-sharing become feasible in resource
allocation, which enables this condition to be satisfied. In this chapter, motivated
by these results, downlink and uplink MIMO-OFDMA resource allocation problems
are solved in the dual domain by using Lagrange dual decomposition, and efficient
algorithms are developed for the following two major problems: weighted sum-rate
maximization (WSRmax) and weighted sum-power minimization (WSPmin). The ex-
isting duality gap is actually evaluated, and the results show that with the practical
number of tones, the optimal objective is virtually concave in terms of the constraint
vector, which validates the proposed dual approach.

The organization of this chapter is as follows: Section 5.1 presents the system
model and problem formulation. In Section 5.2, general theory on the duality gap of

non-convex optimizations is introduced, and duality gap of MIMO-OFDMA problems
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is closely investigated in Section 5.3. Section 5.4 presents efficient resource allocation
algorithms for downlink and uplink MIMO-OFDMA systems. Finally, numerical

results are discussed in Section 5.5 and Section 5.6 summarizes this chapter.

5.1 System Model and Problem Formulation

This section describes downlink and uplink MIMO-OFDMA system models and for-

mulates two resource allocation problems.

5.1.1 Downlink MIMO-OFDMA Systems

First, consider a downlink MIMO-OFDMA system with K users and N tones where
the base station (BS) is equipped with ¢ transmit antennas and K mobile terminals
with ry,---  rg receive antennas, respectively. It is assumed that the inter-symbol
interference (ISI) is completely removed by the cyclic prefix in OFDM techniques,
i.e. the frequency response is flat within each tone. The total transmit power is

constrained to P,,;. At user k’s tone n, a MIMO channel is formed, which is given by
yvie(n) = Hiy(n)xx(n) + zx(n), (5.1)

where y;(n) € C=*! Hy(n) € C=*! and x;(n) € C*! denote, respectively, the
received signal vector, the channel matrix, and the transmitted signal vector at user
k’s tone n. zp(n) € C™=*! is a vector of independent zero-mean complex Gaussian
noise entries with variance 1/2 per real component at user k’s receiver, i.e. zg(n) ~
N(0,1I). The MIMO matrix channel Hy(n) is assumed to be perfectly known to the
transmitter and user k’s receiver. Let S; denote the set of tones allocated to user i.
Because of the FDMA constraint in MIMO-OFDMA systems, each tone is allowed to
be used by at most one user; hence, S;NS; = 0 for i # 7 and Ufil S; €{1,2,--- ,N}.
Also, let the covariance matrix of the transmitted signal of user k’s tone n be denoted
by Si(n) = E[xx(n)xk(n)"]. Then, the total power constraint can be expressed as

the following;:
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Figure 5.1: Block diagram of MIMO-OFDMA BC

ZZTI'(S’CW)) - Zzzpkl(n) < Prot, (5.2)

k=1 n=1 k=1 n=1 [=1

where py;(n) denotes user k’s power allocation on tone n and transmit antenna .
Given Si(n), let 7 (n) denote user k’s rate allocation on tone n and transmit antenna
I'such that >7;_, 7,(n) is equal to or less than the mutual information Z(x,(n); yx(n))
over the choice of the distribution of xx(n). The block diagram of MIMO-OFDMA
BC is illustrated in Fig. 5.1.

As shown in [68] and [50], the maximization of this MIMO mutual information

can be achieved by using singular value decomposition (SVD). By applying SVD, the
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channel matrix Hy(n) can be written as
Hy(n) = Ug(n)(n) Vi(n)", (5.3)

where Uy (n) and Vi (n) are unitary matrices with dimension ry X r and ¢ X ¢, respec-
tively, and X (n) is a non-negative diagonal matrix with dimension 7 x ¢. The diag-

12 172 the non-negative square roots of

onal entries of ¥ (n) are oy 1(n) ey Ok, (N)
the eigenvalues of Hy(n)Hg(n)?, where L, = min(ry,t). Let yi(n) = Ug(n)fyr(n),
xi(n) = Vi(n)fxi(n) and zx(n) = Ug(n)?zy(n). Then, the original channel is

equivalent to the following channel.
yi(n) = Zi(n)xy(n) + zx(n), (5.4)

where z;,(n) has the same distribution as z;(n) and E[X;(n)Xx(n)"] = E[xx(n)xx(n)"].

Thus, the one-to-one MIMO channel is decomposed to L, independent subchannels:
Gra(n) = o ()2 (n) + Zea(n), 1 <1< Ly, (5.5)

Consequently, the rate allocation 74 ;(n) satisfies the following equality

Ly

> ria(n) = logy(1+ pra(n)or(n)). (5.6)

=1

If Tr(Sk(n)) is assumed to be constrained to Pisymi(n), the maximum value of

> ior Tra(n) is

¢ Ly,
max rea(n) = ) _[logy(pri(n)or(n))]", (5.7)
pk,l(n)2072§:1 Pkl (n)SPsunL,k(n) lzl: lzl: ?
where (2)* denotes max{z,0}, the optimal power allocation pj,(n) = (ur(n) —

ori(n)™1), and p(n) satisfies S (1 (n) — 031(n) ™) T = Paumi(n). In other words,
when Tr (Si(n)) is given, the optimal power allocation on each transmit antenna of

user k’s tone n is water-filling over the channel eigenvalues.
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Utilizing the above results, the WSRmax problem in downlink MIMO-OFDMA

systems can be formulated as

maximize E L E E Tki(n

neSE 1=1

subject to Z Z Zpk;,l(n) < Piot,

SinS; =0 Vi#j,

K
USkg{lazu 7N}7
k=1

pri(n) >0 Vk,n,and [, (5.8)

where the relation between the rate and power allocation is as defined in (5.13), and
i > 0 is the weight assigned to user k. Given the weight vector and the channel
matrices, the solution of this problem finds the power allocation that maximizes the
weighted sum rate with total power constraint. The boundary of the achievable rate
region can be traced by solving this problem for all possible weight vectors p. In
general, (5.8) is not a convex optimization problem since it finds the optimal set of
tones for each user, which is a combinatorial problem whose complexity increases
exponentially with N. This argument also holds for the following WSPmin problem
which is a dual problem of WSRmax:

minimize Z A Z Zpkz

TLGSk =1
subject to Z Z rei(n) > Ry, Vk,
nesSy =1

S;NS; =0 Vi,

K
Uskg{1727 7N}7
k

pry(n) >0 Vk,n,and [, (5.9)
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where A\, > 0 is the weight assigned to user k. Given the weight vector and the channel
matrices, this problem finds a power distribution that minimizes the weighted sum
power with minimum rate constraint on each user. In the downlink, the inter-cell
interference can be reduced by solving the WSPmin problem. This problem is of
particular interest in the uplink case since the battery life of the mobile terminal
is critical. Because of the FDMA nature of MIMO-OFDMA systems, the optimal
solution of WSPmin in the broadcast channel (BC) is equivalent to that in its dual
multiple access channel (MAC) where the role of transmitter and receivers in the BC

is reversed.

5.1.2 Uplink MIMO-OFDMA Systems

This subsection presents the system model and problem formulation for uplink MIMO-
OFDMA systems. The major differences from downlink MIMO-OFDMA systems are
that each mobile terminal has its own power constraint P,. Consider an uplink MIMO-
OFDMA system with K users and N tones where the base station (BS) is equipped
with r receive antennas and K mobile terminals with ¢, --- ,tx transmit antennas,

respectively. At user k’s tone n, a MIMO channel is formed, which is represented as
yi(n) = Hy(n)xy(n) + zx(n), (5.10)

where y;(n) € C™*, Hy(n) € C™% and x,(n) € C**! denote, respectively, the
received signal vector, the channel matrix, and the transmitted signal vector at user
k’s tone n. zp(n) € C™! is a vector of independent zero-mean complex Gaussian
noise entries with variance 1/2 per real component at the BS, i.e. z,(n) ~ N(0,1).
The channel matrix Hg(n) is assumed to be perfectly known to the receiver and

corresponding user’s transmitter. Then, user k£’s power constraint can be given as

> T (Sen) =Y priln) < B (5.11)

The block diagram of MIMO-OFDMA MAC is illustrated in Fig. 5.2.
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Figure 5.2: Block diagram of MIMO-OFDMA MAC

By using SVD as in the downlink case, the uplink one-to-one MIMO channel is

decomposed to M} independent subchannels as
Jra(n) = opy(n) 2 (n) + Zia(n), 1 <1< My, (5.12)

where M}, = min(tx,r) and other symbols denote the same quantities as in the down-
link case with only changes in dimension: L, — My, t — t, and r, — r. Conse-

quently, the rate allocation ry;(n) satisfies the following equality

tr M,
> rra(n) = logy(1+ pra(n)or(n)). (5.13)
=1 =1
If Tr (Skg(n)) is assumed to be constrained to a certain value, the optimal power
allocation on each transmit antenna of user k’s tone n is water-filling over the channel

eigenvalues as shown in the previous subsection.
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Formulation of WSRmax in the MAC is the same as in the BC except for power
constraints. Total power constraint, S 1 D nes, Sy Pra(n) < Piy, is considered in
the BC. On the other hand, in the MAC, each user has an individual power constraint,
D nes, Sk pra(n) < P for all k. As mentioned in the previous subsection, the
optimal solution of WSPmin in the MAC is equivalent to that in its dual BC where the
roles of transmitters and receiver in the MAC are reversed. Therefore, by solving (5.9)
with the number of transmit and user k’s receive antenna, r and t;, respectively, the
power and rate allocation for WSPmin can be obtained in the uplink MIMO-OFDMA
systems.

The next section shows that the duality gap for each of the aforementioned non-
convex problems is virtually negligible with realistic number of tones, which makes it

possible to develop efficient algorithms by using Lagrange dual decomposition.

5.2 General Theory on Duality Gap

This section introduces some conditions under which the duality gap is zero for general
non-convex optimization problems in multi-tone systems. With N tones and K users,

the optimization problem has the following general form.
N
maximize Z fn(xn)
n=1
N
subject to Zhn(xn) =P, (5.14)
n=1

where x,, € RX are vectors of optimization variables; f,(-) are R® — R functions,
which are not necessarily concave; and h,(-) are R®¥ — R functions that are not
necessarily convex. Constant P is an L-vector of constraints. The Lagrangian of
(5.14) is defined as

LOHx}A) =D fulxa) + A" (P —~ Zhn(xn)> , (5.15)
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where X is a vector of Lagrange dual variables. The dual objective g(A) is defined as an
unconstrained maximization of the Lagrangian such that g(X) = maxy,y L({x,}, A).

Then, the dual optimization problem becomes

minimize  g(\)

subject to A > 0. (5.16)

From duality theory, ¢g* > f* where f* and ¢* are primal and dual optimal values,
respectively. The duality gap d* is defined as d* = g*— f*. When f,,(x,,)’s are concave
and h,(x,)’s are convex, (5.15) is a convex optimization problem, which guarantees
zero duality gap. Zero duality gap implies that the globally optimal solution can
be obtained by using Lagrange dual decomposition. More fundamentals of Lagrange
dual decomposition and duality gap are provided in Appendix B. Though the above
optimization problem in (5.15) is non-convex, duality gap is zero if either of the

following two conditions is satisfied [80, 16].

Theorem 6. If x:(A) = argmaxy, L({x,}, ), as a function of A, is continuous at

A", the duality gap equals zero.
Theorem 7. Concavity of the optimal X, f,, in P implies zero duality gap.

The condition in Theorem 6 is sufficient for that in Theorem 7 but the converse is
not always true. Recently, [80] shows that in non-convex multi-carrier optimization
problems with the general form of (5.15), the concavity condition in Theorem 7 is
always satisfied when the number of tones goes to infinity. However, existing duality
gap for a problem with practical number of tones cannot be estimated from this
argument. In the next section, duality gap of MIMO-OFDMA resource allocation

problems is closely investigated.
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5.3 Duality Gap of Non-convex Optimizations

According to [80], more dimensions in resource-allocation problems for multi-carrier
systems result in higher likelihood of satisfying the time-sharing condition that guar-
antees zero duality gap. The extension from SISO-OFDMA to MIMO-OFDMA in-
troduces spatial multiplexing capability, which is effectively similar to adding more
parallel channels. Thus, the duality gap for MIMO-OFDMA is generally smaller than
that for SISO-OFDMA. Also, from the dual relation between the BC and MAC [35],
the solutions of WSRmax and WSPmin in the BC are directly linked to those in the
MAC*. This section analyzes the duality gap for the WSRmax and WSPmin problems
in downlink SISO-OFDMA systems.

First, consider the downlink WSRmax problem given in (5.8). For any fixed
subchannel assignment, {S;}, the optimal solution of this problem can be obtained

by multi-level water-filling [31] that is given as follows.

+
(,LLkY — #(n)) if ne Sk,

K Ly, —1_
v o Prot + 2 ket 2inesy, 2o{lipna(n) >0} zpam) . (5.17)

K L
Zk:l ZnESk Z{ll?pk’l(n)>0} Fek

Pk, (n) =

Finding the optimal subchannel assignment requires KV searches. Hence, in terms
of K and N, the overall optimization requires O(NK®™) operations, which is expo-
nentially complex. In general, the optimal subchannel allocation can change as total
power varies, which may destroy the concavity of the optimal objective function in
terms of total power. A simple example for this argument is illustrated for downlink
SISO-OFDMA systems in Fig. 5.3 when N =2, K =2, u = [1 2|7, and each user’s
channel SNR vectors are [10 160]” and [160 10]*. The maximum weighted sum rate

*For MIMO-OFDMA BC and MAC, WSPmin is basically an identical problem.

"The complexity order for performing SVD on an 7 x ¢ channel matrix is O(min(rt?, tr?)). Thus,
the overall complexity order becomes O(min(rt?,tr2) NKY). This SVD complexity in terms of the
number of transmit and receive antennas is ignored throughout this chapter since it is commonly
applied to every case.
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Figure 5.3: Maximum weighted sum rate in SISO-OFDMA BC versus P, (K = 2,
N =2, pu=[1 2] and channel SNR vectors are [10 160]7 and [160 10]T)

is plotted for P, = 3.3 ~ 3.5. At P,,; = 3.39, the optimal subchannel assignment
changes from S} = {2}, S2 = {1} to S; =0, Sy = {1, 2}. Since each user’s water-level
is different, a discrete change in the slope occurs at the transition point, which breaks
down the concavity at P,,; = 3.39. With the same subchannel allocation, the optimal
weighted sum rate is concave in total power. However, whenever the optimal set
of tones changes, a sudden jump in the slope appears, which might make the curve
non-concave with that total power. As the number of tones grows, changes in the
optimal subchannel allocation occur more frequently when the sum power varies.
On the other hand, the degree of the discrete slope change tends to decrease with
more tones since the bandwidth affected by each set change becomes narrower. Thus,
the overall curve is expected to be more concave as the number of tones increases.
Fig. 5.4 illustrates the maximum weighted sum rate versus total power in the SISO-
OFDMA BC when N =8, K =2, u=[1 2|7, and each user’s channel SNR vectors
are (1222 ... N?T and 5[N? (N —1)? --- 1%]. o denotes the noise power at
each tone. As P,, sweeps from 0 to 16, changes in the optimal subchannel allocation
occur at least five times on each of three plots in Fig. 5.4. However, discrete slope
changes are almost undetectable in this figure. Hence, in practical downlink MIMO-
OFDMA systems with more than a hundred tones, the duality gap of WSRmax in
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Figure 5.4: Maximum weighted sum rate in SISO-OFDMA BC versus P, (K = 2,
N =38, up=[1 2|7 and channel SNR vectors are %[1% 22 --- N?|T and 5[N? (N —
1)2 12]T)

the MIMO-OFDMA BC is expected to be virtually zero, and the optimal solution
can be derived in the dual domain.

The optimal solution for the WSPmin problem in (5.9) can be obtained by the
following steps: First, choose a subchannel assignment, and for each user, distribute
enough power over its assigned tones in a water-filling fashion to satisfy its rate
constraint Ry. User k’s power distribution for the given tone assignment, Si, can be

formulated as follows:
1\t .
(Mk—m> ifn e Sk,

( i, ) 1/ (Snese Sl oo 1)

L
Hnesk H{llfcpk,l (n)>0} Tkl (n)

pk,l(n) =

M, =

(5.18)

Second, after iterating the first step for all KV possible set selections, pick one of them
that minimizes the weighted sum power (WSP). Therefore, WSPmin also requires
O(NKN) operations. If the optimal WSP is a convex function of the constraint vector

R, the duality gap will be zero from the condition in Theorem 7. Similar to WSRmax
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Figure 5.5: Minimum weighted sum power in SISO-OFDMA BC versus rate con-
straints (K =2, N =2, A=[1 2], R = «a[2 1]7 (bits/symbol) and channel SNR
vectors are [40 160]7 and [10 90]7)

case, Fig. 5.5 shows that the convexity of the minimum WSP for SISO-OFDMA BC
may no longer hold when the optimal subchannel assignment changes. In this figure,
N =2 K=2 A=[1 2|7, the rate constraint vector is R = a[2 1|7 (bits/symbol),
and user 1 and 2’s channel SNR vectors are [40 160]7 and [10 90]7. When « varies
from 1.5 to 1.6, the optimal subchannel allocation changes from S; = {1}, Sy = {2}
to S; = {2}, Sy = {1}. This change causes sudden jump in the slope of the curve,
which results in non-convexity at this transition point of @ = 1.54. However, from
the same argument provided in WSRmax case, the amount of slope change decreases
when the number of tones rises as demonstrated in Fig. 5.6 where N =8, K = 2,
A=[1 2],R = a2 1]T (bits/symbol), and channel SNR vectors are the same as
those defined in Fig. 5.4. When a sweeps from 1 to 10, discrete slope changes seem
to be negligible in this figure. Therefore, in practice, the WSPmin problem in the
downlink and uplink MIMO-OFDMA systems can be solved in the dual domain with
much less computational complexity.

Based on the results in this section, Lagrange dual decomposition can be used to
derive efficient algorithms for both WSRmax and WSPmin problems as shown in the

following section.
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Figure 5.6: Minimum weighted sum power in SISO-OFDMA BC versus rate con-
straints (K =2, N =8, A= [1 2]",R = «a[2 1]7 (bits/symbol) and channel SNR
vectors are the same as those defined in Fig. 5.4.)
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5.4 Efficient Resource Allocation Algorithms

In this section, very efficient power and rate allocation algorithms are developed
by using Lagrange dual decomposition for solution of the WSRmax and WSPmin
problems in downlink and uplink MIMO-OFDMA systems.

5.4.1 Downlink MIMO-OFDMA Systems

The Lagrangian of WSRmax problem in (5.8) is defined over domain D as

K N t

L({pri(n)}, {rei(n ZukZZm
n=1 =1
K N t
—A <ZZZPM Ptot) ) (5.19)
k=1 n=1 [=1
where the domain D is defined as the set of all non-negative py;(n)’sfor k =1,--- | K,
n=1,---,N,and [ =1,--- ,t such that for each n, only one user can have positive

power allocation from the FDMA constraint. Then, the Lagrange dual function is

g(\) = max L({pgi(n)}, {rri(n)}, A). (5.20)

{pri(n)}eD

Equation (5.19) suggests that the maximization of £ can be decomposed into the

following N independent optimization problems

g,(\) = P {Z ukZm )\Zpr(n)}, (5.21)

k=1 l=1

forn=1,---,N. Then, the Lagrange dual function becomes

= 6,(\) + APt (5.22)

Assume user k is active on tone n. With a fixed A, the object of the max operation

n (5.21) is a concave function of py,(n). By taking the derivative of this object
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regarding py,(n), the next optimality condition is obtained, which maximizes g/ ().

1

am(n)

+
pk,l(n) = <Kk - ) ) l= 17 27 e 7Lk7 (523>

where Ky = p/(Alog2) and Ly = min(¢, 7). In case of Ly < t, pry(n) = 0 for

L; <1<t Initialize S, = () for k =1,--- , K. By searching over all K possible user

assignments for tone n, ¢/ (\) can be obtained as

=1
Ly, 1 +
—/\Z(Kk— ) } n=1,---,N. (5.24)

For tone n, if user u is associated with the value of ¢/,()\) in (5.24), S, U {n} — S,,

gn(A) = max {uk > log, <1 + (Kk o ll(n)) Uk,l(”))

and py(n) for k # u is set to zero.

Once the above equation is solved for all n, the overall Lagrange dual function
g(A) is derived from (5.22). Finally, it is required to find \* > 0 that minimizes g(\).
The update of A can be done by using a simple bisection method until the sum power
converges [10]. Hence, in terms of the number of users and tones, O(N K) executions
are required to find the optimal solution, which shows the linear complexity of the
proposed algorithm in N. If the converged sum power is equal to the total power
constraint, the duality gap is zero and this solution is in fact globally optimal. From
(5.24), the user selection at tone n can change at some level of A where a quantum leap
may occur in the sum power. Thus, if P, is within this gap, the sum power cannot
converge to P, by using above bisection method on A. However, the previous section
shows that the duality gap quickly vanishes as the number of tones increases, and the
solution obtained in the dual domain becomes a globally optimal solution. Therefore,
the subchannel assignment at A = A* can be assumed to be optimal, and the global
optimal solution can be found by doing multi-level water-filling with this set. The

algorithm for solution of the WSRmax problem can be summarized as follows:
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Algorithm 1: WSRmax in downlink MIMO-OFDMA with CSIT
10 Ain = 0, Amax = 0N where ¢ is sufficiently large

2: While \.x — A\in > €1

3: A = (Amax + Amin)/2

4 Find {pk;(n)} and {Si} by solving (5.23) and (5.24).
5 If Eﬁil ZnNzl Y11 Pri(n) < Pror, then

6: Amax = A

7 Else, \pin = A

8: End If

9: End While

10: If P, — Zszl 27]1\7:1 Zlepk,l(n) > €y, then
11: With the obtained {Sy}, perform multi-level water-filling by (5.17).
12: End If

13: Return {py,;(n)} and {Sk}

Similarly, the WSPmin problem can be also solved by using dual decomposition.

The Lagrangian of WSPmin problem in (5.9) is defined over domain D as

- Z U (Z rk,l(n) - Rk> . (525)

Then, the Lagrange dual function is represented as

g(p) = min__ L{{pri(n)}, {rei(n)}, p). (5.26)

{pr,i(n)}eD

From (5.25), the minimization of £ can be decomposed into N independent optimiza-

tion problems as follows
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t

9n(p) = {pkfl(lgﬁep {Z Ak Zpk,l(n> - Z o Z T’k,z(n)} ; (5.27)

k=1 I=1 k=1 1=1
forn=1,---, N. Thus, the Lagrange dual function is

N K

g() = gn() + > iRy (5.28)

n=1 k=1

With a fixed p, the object of min operation in (5.27) is a convex function of py(n).
Hence, taking the derivative of this object regarding px;(n) results in the following

condition, which minimizes g/, (u):

1 +
pk,l(”) = (Mk - ) ; [ = 17 27 T >Lk7 (529>

akyl(n)

where My = ug/(Aglog2). In case of Ly < t, pg,(n) = 0 for L < 1 < t. Initialize
Sg=0for k=1,---, K. By searching over all K possible user assignments for tone

n, gi.(w) is obtained as

9n(p) = min {Aki (Mk - ;n))+

— ok
— 1 1 M, — 5.30
,uklzl 089 ( + < k Uk,l(”)) Uk,l(”)) } g ( )
forn=1,--- | N. At tone n, if user u is associated with the value of g/ (u) in (5.30),

S, U{n} — S,, and py(n) for k # u is set to zero.

After solving (5.30) for all n, g(p) is derived from (5.28). Finally, the dual optimal
solution is obtained by maximizing g(p) over non-negative ug’s. Though g(p) is
concave, a search method based on gradient is infeasible since the dual function is
not differentiable. However, the search direction for non-differentiable functions can

be found by using subgradient-type methods. Suppose pu* maximizes g(u)¥, a vector

'In case the goal of optimization is to maximize the objective function like WSRmax, suppose
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d is called a subgradient of g(u) at p if and only if p* can not lie in the half-space
{p - Zszl di (1), — ;) > 0}. For the WSPmin problem, the subgradient must satisfy
g(p) < g(p) — Zszl di (1), — pg) for any g’ = 0. A subgradient of this problem is

derived in the following proposition.

Proposition 1. For the WSPmin problem with a dual objective g(u) defined in
(5.26), the following choice of d is a subgradient for g(w):

N t
de=Y Y rin)—Ry k=1 K, (5.31)

n=1 =1

where {r},(n)} and {p},(n)} optimize the minimization problem in the definition of

g().

Proof. Since {7} ,(n)} and {p};,(n)} are already in D, for any § = 0,

9(0) < L{pri(m)}{rri(n)},0)

= g(p) =D (0 — ) (Z > rhan) - Rk> . (5.32)

]

The update of p is efficiently performed with the ellipsoid method until every
user’s rate converges [80, 44]. The ellipsoid method is one efficient sub-gradient
search method for updating the dual variables, and it is known to converge in O(n?)
iterations where n is the number of variables [10]. The details of ellipsoid method
appear in Appendix C.

In terms of K and N, the overall optimization needs O(K?) runs of optimization
problem with the complexity of O(NK). Hence, O(N K?) executions are required to
find the optimal solution of WSPmin by using the proposed algorithm. As discussed
in WSRmax case, the discontinuity in power allocation can happen at p* for the
WSPmin problem as well. In this situation, a solution finds the subchannel assign-

ment at p*, and allocates power in a water-filling fashion to satisfy the rate constraint

p* minimizes g(u).
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for each user. By doing so, the global optimal solution is derived from a dual domain
in downlink MIMO-OFDMA systems. The algorithm for solution of the WSPmin

problem can be summarized as follows:

Algorithm 2: WSPmin in downlink MIMO-OFDMA with CSIT
Select a large ellipsoid and assign p as the center of the initial ellipsoid
While (the volume of the ellipsoid) > ¢
Find {pk;(n)} and {Si} by solving (5.29) and (5.30).
Update p by the ellipsoid method
End While

If 25:1 > nes, Z{Lzlfpk,l(npo} log, <Mj\€:’foi(§2 ) Rk‘ > €y, then

With the obtained {Sk}, perform multi-level water-filling by (5.18).
End If
Return {p;;(n)} and {Si}

5.4.2 Uplink MIMO-OFDMA Systems

The Lagrangian of WSRmax problem for the uplink MIMO-OFDMA systems is de-

fined over domain D as

L{pra(n)}, {rea(n ZMZZTH n)

n=1 [=1

—i <)\k22pkl ) (5.33)

n=1 [=1
where the domain D is defined as the set of all non-negative py;(n)'sfork =1,--- | K,
n=1,--- ,N,and [ = 1,--- ,t; such that for each n, only one user can have positive

power allocation from the FDMA constraint. Then, the Lagrange dual function is

o) = max_ L({pra(m)} {rum)} N (5.34)
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Equation (5.33) suggests that the maximization of £ can be decomposed into the

following N independent optimization problems

K th K te
9n(A) = puax {Z e Y rea(n) = A Zpk,z(n)} ; (5.35)
AT =1

k=1 k=1 I=1
forn=1,--- ,N. Then, the Lagrange dual function becomes
N K
9N =g N+ NP (5.36)
n=1 k=1

Under the constraints that user k is active on tone n and that A is fixed, the objective
of the max operation in (5.35) is a concave function of py;(n). By taking the derivative
of this objective with respect to py;(n), the next optimality condition is obtained,

which maximizes g/, (A):

1 +
n)= | Kur— , =12, My, 5.37
pk,l( ) < p,k Uk,l(”)) k ( )

where Ky, = /(A log 2) and M), = min(ty,r). In case of My < i, pri(n) = 0 for
M, < 1 < tp,. Initialize S, = () for k = 1,--- , K. By searching over all K possible

user assignments for tone n, g/, () can be obtained as

9,(A) = max { S o, (1 ¥ (Kup’k L )+ ak’,(m)

=1

My, 1 +
e > | Kopi — ., n=1---,N. (5.38)

I=1 oki(n)

For tone n, if user u is associated with the value of ¢/,(A) in (5.38), S, U{n} — S,
and py(n) for k # u is set to zero.

Once the above equation (5.38) is solved for all n, the overall Lagrange dual
function g(A) is derived from (5.36). Final solution requires determination of A* > 0
that maximizes g(X). As in the previous subsection, an efficient update of A uses the

ellipsoid method until every user’s power converges. A sub-gradient of this problem
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required for ellipsoid method is provided in the following proposition.

Proposition 2. For the uplink WSRmax problem with a dual objective g(X) defined
in (5.84), the following choice of d is a subgradient for g(\):

N tr
de =P, =Y > ppn) k=1-- K (5.39)
n=1 [=1
where {ry,(n)} and {p;,(n)} optimize the minimization problem in the definition of
g(A).

Proof. Since {r};(n)} and {p;,(n)} are already in D, for any § = 0,

9(0) = L{pri()}{rii(n)},90)

K

= g+ (6 — M) (Pk -3 Z p;l(n)) . (5.40)

O

Thus, suppose A* minimizes g(A), A* can not lie in the half-space {8 : Y"1 dj (6, —
At) > 0}. In terms of K and N, the overall optimization needs O(K?) runs of op-
timization problem with the complexity of O(NK). Hence, the proposed algorithm
requires O(N K?) executions to find the optimal solution of WSRmax in the uplink.
As discussed in the downlink case, the discontinuity in power allocation can happen
at A* for this problem as well. In this situation, a solution finds the subchannel
assignment, {Si}, at A* and allocates power in a water-filling fashion to satisfy each

user’s power constraint. This multi-level water-filling can be expressed as

(Yk — %>+ if n € Sy,

pri(n) = e
0 if n & Sk.
oo Bt Dnes tlipeatr>o) m( ) (5.41)

Znesk Z{l Pk,1(n) >0}

As a result, the global optimal solution is derived from a dual domain in uplink
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MIMO-OFDMA systems. The algorithm for solution of the WSRmax problem in the

uplink can be summarized as follows:

Algorithm 3: WSRmax in uplink MIMO-OFDMA with CSIT
Select a large ellipsoid and assign A as the center of the initial ellipsoid
While (the volume of the ellipsoid) > ¢;
Find {px;(n)} and {Si} by solving (5.37) and (5.38).
Update A by the ellipsoid method
End While

I S0 [P = Sacs, Sltyusoon 2ual)] > e, then

With the obtained {Sk}, perform multi-level water-filling by (5.41).
End If
Return {p;;(n)} and {Si}

As noted in 5.1, WSPmin in the MAC is equivalent to that in its dual BC where the

only difference is the reversed role between transmitters and receiver.

5.5 Numerical Results and Discussion

This section provides some simulation results generated by using proposed efficient
resource allocation algorithms for MIMO-OFDMA BC and MAC. Fig. 5.7 and Fig.
5.8 show achievable rate and power regions of SISO-OFDMA BC with N = 8 and
K = 2. The user 1 and 2’s channel SNR vectors are 10[1% 22 --- N?]T and 10[N? (N —
1) - 137 respectively. Each region is generated by using both optimal exhaustive
search and Lagrange dual-decomposition methods. Fig. 5.7 illustrates the achievable
rate region when P, = NK = 16. The boundary points are characterized by solving
WSRmax for all possible weight vectors. In this figure, the rate region obtained by
employing Lagrange dual decomposition is indistinguishable from the optimal rate

region, which implies zero duality gap in this case. Fig. 5.8 shows the achievable power
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Figure 5.7: Rate region of SISO-OFDMA BC obtained by using Optimal exhaustive
search versus Lagrange dual decomposition methods (N = 8, K = 2, channel SNR
vectors are 10[1? 22 --- N?7T and 10[N? (N —1)? --- 1?]T. B, = NK = 16)

region when the target rate vector R = [4.84 4.84]T bits per complex dimension®. The
boundary points are characterized by solving WSPmin for all possible weight vectors.
It can be observed that optimal exhaustive search and Lagrange dual decomposition
achieve the identical power region. Since the target rate vector lies on the boundary
of rate region in Fig. 5.7, the minimum sum power to achieve this rate vector must
equal P,; = 16, which can be verified in Fig. 5.8. The results in Fig. 5.7 and Fig. 5.8
suggest that in practical MIMO-OFDMA systems with much more than eight tones,
the proposed dual approach can find optimal solutions with the significantly lower
computational complexity than the optimal exhaustive search.

Fig. 5.9 presents the rate and power regions for two user MIMO-OFDMA BC

and MAC with 1024 tones, two transmit and two receive antennas. These results

§Bits/complex dimension is equivalent to bits/tone/antenna
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Figure 5.8: Power region of SISO-OFDMA BC obtained by using Optimal exhaustive
search versus Lagrange dual decomposition methods (N = 8, K = 2, channel SNR
vectors are the same as those in Fig. 5.7, R = [4.84 4.84]7 bits/complex dimension)

are obtained by applying the proposed efficient algorithms based on Lagrange dual
decomposition. It is assumed that the average channel SNR on each tone is 10dB
for user 1 and 20dB for user 2. Also, the channel matrix Hy(n) is assumed to have
independent zero-mean complex-Gaussian entries with the same variance and undergo
independent fading across the tones. Fig. 5.9(a) shows the rate region of BC and
MAC where the total power constraint for BC is P,,; = 2048, and where the individual
power constraint for MAC is P, = P, = 1024. Since P; + P, = P,,;, at least one rate
tuple must be common in both BC and MAC rate regions, which can be observed
in this subfigure. Fig. 5.9(b) presents the power region when the target data rate
is R = [1.08 4.12]7 bits/complex dimension. This power region is identical for

BC and MAC since it is characterized by solving WSPmin for every possible weight
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Figure 5.9: Rate and power regions for MIMO-OFDMA BC and MAC (N = 1024,
K =2, Two transmit and two receive antennas)

vector. The target rate vector is on the boundary of achievable rate region for MIMO-
OFDMA BC in Fig. 5.9(a). Thus, the minimum achievable sum power should be
equal to the total power constraint for this MIMO-OFDMA BC, which is indicated
by the dashed line in Fig. 5.9(b).

5.6 Summary

In downlink and uplink MIMO-OFDMA systems with CSIT, efficient algorithms are
developed for weighted sum-rate maximization and weighted sum-power minimization
problems. Though these are originally non-convex problems with the exponential
complexity, the duality gap of each problem is shown to quickly vanish as the number
of tones grows. From this observation, Lagrange dual decomposition is employed to
efficiently solve both problems. Simulation results show that with only eight tones,

virtually optimal solutions are obtained by using the proposed dual approach.



Chapter 6

Scheduling in MIMO-OFDMA
with No CSIT

Previous chapters assumed that perfect instantaneous CSI is available at the trans-
mitter for use in cross-layer resource allocation. However, if the coherence time of
fading channels is not sufficiently long, the current channel state may be quite differ-
ent from the CSI delivered through the feedback channel, which would limit the value
of CSIT. Thus, in a highly mobile environment, instantaneous perfect CSIT becomes
infeasible, and the transmitter may only have long-term channel distribution informa-
tion (CDI) of fading states. In multi-user MIMO systems, if the instantaneous CSI is
available at the transmitter via a reliable feedback link, it is possible to apply spatial
division multiple access (SDMA) where data streams sent through multiple transmit
antennas simultaneously can be destined to multiple users rather than a single user
[11, 78, 62]. Without instantaneous CSIT, not only is the application of SDMA quite
difficult, but also SDMA’s throughput gain might become insignificant.

This chapter considers cross-layer resource allocation in MIMO-OFDMA systems
with CDI at the transmitter (CDIT) where only the long-term statistics of fading
states are available at the transmitter. MIMO-OFDMA implies that each tone is
occupied by at most one user, and the assigned user makes use of the MIMO channel
formed at the corresponding tone as a one-to-one communication link. With only

CDIT, an outage event inevitably occurs since the transmitter is unable to adapt the

112
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data rate to the current channel mutual information. An outage is declared when
the mutual information of the instantaneous channel is below the transmission data
rate. In this situation, the receiver cannot successfully decode the original data, and
a packet error occurs. Thus, the outage probability can be generally considered as
the packet-error probability, and in practical systems, the base station selects the
maximum transmission rate to achieve the target packet-error rate. If the target
outage probability is given for each user, and the transmitter knows the statistics of
fading channels, it is possible to characterize the maximum achievable rate region,
called the outage rate region [40, 29, 41]. All rate tuples within this region can be
supported while satisfying the target outage probabilities.

Characterization of the outage rate region for MIMO-OFDMA systems is non-
trivial since the statistics of the mutual information lack closed-form expressions and
require complicated numerical integrals. In [30, 47, 75], it is shown that the mutual
information of MIMO channels can be well approximated as having a Gaussian distri-
bution, an approximation that becomes more accurate as the number of transmit and
receive antennas increases. Since the mutual information of MIMO-OFDMA chan-
nels takes the form of a summation of the mutual information of MIMO channels
on each tone, the Gaussian approximation can be extended to MIMO-OFDMA sys-
tems. Based on the Gaussian approximation method, this chapter presents efficient
numerical algorithms to characterize the outage rate region of downlink and uplink
MIMO-OFDMA systems. Given a rate tuple and outage probabilities, this algorithm
checks the feasibility of the given rate vector, and if feasible, finds the tone assignment
for each user in an efficient manner. Thus, the data rate of each user can be quickly
updated without violating the target outage probabilities.

In addition to characterizing the outage rate region of MIMO-OFDMA BC and
MAC, the Gaussian approximation in conjunction with a successive feasibility check
can be directly used in efficiently finding the rate and power allocation on each tone
under queue-proportional scheduling (QPS), which makes it easy to apply QPS to
MIMO-OFDMA BC and MAC with CDIT. On the other hand, it is generally difficult

to apply other gradient-based scheduling policies* such as maximum weight matching

*Gradient-based scheduling policies require maximization of weighted sum rate.
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scheduling (MWMS) to MIMO-OFDMA with CDIT because of the high numerical
complexity. Stochastic simulation results demonstrate that QPS provides much more
desirable delay and fairness properties compared to other well-known schedulers.
The organization of this chapter is as follows: Section 6.1 describes the overall
system models, and Section 6.2 provides a discussion on the mutual information of
MIMO-OFDMA channels and its Gaussian approximation. Section 6.3 presents an
efficient numerical algorithm for characterizing the outage rate region as well as its
application to QPS. Finally, Section 6.4 presents numerical results and a discussion,

and concluding remarks appear in Section 6.5.

6.1 System Models

This section presents the models of downlink and uplink MIMO-OFDMA systems as

well as queueing systems for use in cross-layer resource allocation.

6.1.1 Downlink MIMO-OFDMA Systems

First, consider a downlink MIMO-OFDMA system with K users and N tones where
the base station (BS) is equipped with ¢ transmit antennas and K mobile terminals
with r{,--- ,rg receive antennas, respectively. It is assumed that the inter-symbol
interference (ISI) is completely removed by the cyclic prefix in OFDM techniques,
i.e. the frequency response is flat within each tone. The total transmit power is

constrained to Pi,. At user k’s tone n, a MIMO channel is formed, which is given as
yr(n) = Hi(n)xi(n) + z(n) = | CEH L ()xu(n) + 2 (n), (6.1)

where y;(n) € C=*! Hy(n) € C=*! and xz(n) € C™*! denote, respectively, the
received signal vector, the channel matrix, and the transmitted signal vector at user
k’s tone n. zp(n) € C™=*! is a vector of independent zero-mean complex Gaussian

noise entries with variance 1/2 per real component at user k’s receiver. The block
diagram of MIMO-OFDMA BC is provided in Fig. 5.1.
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The channel matrix, Hy(n), is assumed to be perfectly known to the receiver and
unknown to the transmitter; thus, it is impossible to adapt the transmission strategy
in response to the instantaneous channel matrix. p, denotes user k’s channel SNR
per receive antenna at each tone. Hy(n) = /py/tH'x(n), and the elements of H';(n)
are assumed to be independent zero-mean circularly symmetric complex Gaussian
(ZMCSCG) random variables’ with variance 1/2 per real dimension. The channel
SNR pi is only a function of the user index k, and for each user, it is assumed to be
the same across every tone. This is not exactly true if the propagation loss increases at
higher frequencies. However, the increment in loss depends on the ratio of the carrier
frequency to the signal bandwidth; a larger ratio reduces the difference in propagation
loss across the tones. In practice, the carrier frequency is much larger than the
signal bandwidth?, a fact that validates the constant variance assumption over every
tone. Across each user’s tones, the MIMO channels are correlated depending on the
coherence bandwidth.

From the ZMCSCG property of channel matrices, every antenna is assumed to
transmit independent Gaussian distributed signals with equal average power as in
[30]. Also, it is assumed that each user allocates equal power on assigned tones to
that user. Since the channel statistics on the same user’s tones are identical, this equal
power allocation is optimal for uplink OFDMA systems with CDIT. In addition to
the uplink, [33] shows that the equal power allocation over the whole bandwidth is
the best strategy for downlink OFDMA systems with CDIT. Thus, when the total
transmit power is constrained to P, the allocated power on one transmit antenna of

each tone is equal to £t and user k’s SNR per receive antenna at each tone is given

N
by pj, = prEet. Consequently, the mutual information between x;(n) and yx(n) with

a given Hy(n) is represented as the following [68].

Zr(n) = log, I+ %H’k(n)H’k(n)H (bits/sec/Hz). (6.2)

TA complex Gaussian random variable Z = X + jY is ZMCSCG if X and Y are independent
real Gaussian random variables with zero mean and equal variance [48].

fFor example, mobile WiMAX systems have carrier frequency greater than 2 GHz and system
bandwidth of 1.25~20 MHz.
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Let S; denote the set of tones allocated to user 7. Because of the FDMA con-
straint in OFDMA systems, each tone is allowed to be used by at most one user;
hence, S;NS; =0 for i # j and Ufil S; C€{1,2,---,N}. Then, the mutual informa-
tion for user k, i.e. between {xx(1),- - ,xx(N)} and {yx(1),--- ,yx(N)} with given
{Hy(1), - Hpy(N)} is

neSk neSk

I+ %H’k(n)H/k(n)H (bits/sec/Hz). (6.3)

If the channel matrix is approximately constant during a transmission interval, given a
target rate Ry, an outage is declared for user k when {Z;, < R.}?, and the probability
of this event is called outage probability of user k. It is difficult to express the
distribution of Z, in a simple closed form, and characterizing the relation between the
target rate and the outage probability may require complicated numerical integrals,
which are intractable even for the single-user case. The next section shows that the
mutual information can be well approximated by a Gaussian distribution, and using
this result, efficient algorithms are presented to characterize the outage rate region
given each user’s outage probability.

The models of queueing system and scheduler in this chapter are basically the
same as those described in Chapter 2.2 except for the additional consideration of
outage events. The rate vector at time slot ¢, R(¢) is determined by the scheduler
based on the outage rate region and perfect QSI. Because of the outage events, user

i’s queue-state vector after one scheduling period¥ is expressed as

max{Q;(t) — R;(t),0} + Z;(t) w.p. 1—Prob{R;(¢) is in outage};

) (6.4)
Qi(t) + Z;(t) w.p. Prob{R;(t) is in outage}.

Qit+1) = {
where w.p. means ‘with probability’. In practice, the outage event is detected at
the receiver, and notification of the outage to the transmitter may result in some

delay effects. For simplicity, those effects are ignored by assuming that the outage is

$During each scheduling period, one codeword is assumed to be sent across user k’s tones with
the transmission rate of Ry bps/Hz
9T, is assumed to be 1
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immediately known at the transmitter.

6.1.2 Uplink MIMO-OFDMA Systems

In uplink MIMO-OFDMA systems, the major differences from downlink MIMO-
OFDMA systems are that each mobile terminal (MT) has its own power constraint,
and the queueing systems are distributed across the users. Thus, as noted in the
introduction, a feedback link is required to send each user’s queue backlog to the BS.
Consider an uplink MIMO-OFDMA system with K users and N tones where the BS
is equipped with r receive antennas and K mobile terminals with ¢y, --- ,tx transmit

antennas, respectively. At user k’s tone n, the following MIMO channel is formed:

yr(n) = Hy(n)xy(n) + z,(n) = %H/k(”)xk(”) + zi(n), (6.5)
where yi(n) € C™! Hy(n) € C™% and x,(n) € C**! denote, respectively, the
received signal vector, the channel matrix, and the transmitted signal vector at user
k’s tone n. zp(n) € C™! is a vector of independent zero-mean complex Gaussian
noise entries with variance 1/2 per real component at the BS. As in downlink case,
the MIMO matrix channel is assumed to be perfectly known to the receiver and
unknown to the transmitter. p, denotes user k’s channel SNR per receive antenna at
each tone. The block diagram of MIMO-OFDMA MAC is presented in Fig. 5.2.

The entries of H'y(n) are ZMCSCG random variables with variance 1/2 per real
dimension. In addition, the channel SNR on each tone, p; is only a function of the
user index k. Therefore, each mobile terminal transmits an independent Gaussian
distributed signal with equal average power on each antenna per allocated tone. If
tone n is occupied by user k, the allocated power on one transmit antenna at tone
n is equal to %, where Py represents user k’s power constraint and |Si| denotes
the cardinality of the set S, i.e. the number of tones assigned to user k. There-
fore, user k’s SNR per receive antenna at each tone is given by p) = pkﬁ. As
a result, the mutual information for user k, i.e. between {xx(1),---,xx(N)} and

{yr(1), -+, yr(N)} with given {Hg(1),--- ,Hy(N)} is represented as
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I, = % sz(n) = % Zlng

neSy neS

I+ f—f:H'k(n)H’k(n)H (bits/sec/Hz). (6.6)

The stochastic properties and models of queueing systems and schedulers are the
same as in the downlink case. The only difference is that in the uplink, each MT has
one output queue assumed to have infinite capacity. Thus, each MT’s QSI needs to
be sent to the BS through a reliable feedback channel. The delay in reporting QSI to
the BS may cause some degradation in scheduling performance such as the increase of
queueing delay. As long as the packet arrival rate is not intensively high, the change
in queue states from new packet arrivals remains very slow. Also, previous rate
allocations can be tracked at the scheduler, which makes it feasible to compensate
the inaccuracy of QSI in case of large feedback delay. For simplicity, this chapter
assumes that perfect instantaneous QSI is available at the BS. The next section
presents efficient algorithms to characterize the outage rate region given each user’s
outage probability, based on a Gaussian approximation of the MIMO channel mutual

information.

6.2 Gaussian Approximation of Mutual Informa-
tion

Efficient evaluation of the mutual information is essential in characterizing the out-
age rate region given each user’s outage probability. However, the distribution for
the mutual information presented in the previous section takes a very complicated
form, and the evaluation of outage probability involves the integration of Laguerre
polynomials, a procedure that is numerically complex. Recently, [30, 75] show that
the mutual information of MIMO channels is close to a Gaussian distribution. In
MIMO-OFDMA systems, the MIMO mutual information is summed over multiple
tones as shown in (6.3) and (6.6). The sum of jointly Gaussian random variables also

has a Gaussian distribution. In addition, by central limit theorem, the sum of i.i.d.
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random variables with arbitrary distribution will have a distribution more like Gaus-
sian. Thus, as the correlation among the tones allocated to user k£ becomes smaller,
the mutual information for user £ in MIMO-OFDMA systems can be better approx-
imated by a Gaussian distribution compared to that of single MIMO channels. Fig.
6.1 illustrates the experimental distribution of the mutual information for multi-tone
MIMO channels as well as a Gaussian distribution with the same mean and variance
when N =5, ¢t =2, and r = 2. Each tone is assumed to fade independently. In this
figure, it can be observed that the Gaussian distribution shows a very good match to
the exact distribution at both low and high SNR ranges.

Therefore, if the mean and variance of the overall channel mutual information
is reliably estimated, the outage probability can be characterized by using Gaussian
approximation methods. However, it is difficult to exactly estimate the mean and
variance of the mutual information of MIMO channels. [36] provides a closed-form
analytical expression for approximate mean and variance values of the MIMO mutual
information. These are derived by characterizing the asymptotic probability distri-
bution of MIMO mutual information. In spite of the asymptotic nature, [36] shows
that the derived variance is quite accurate at all SNR ranges even for a small num-
ber of transmit and receive antennas. These results are presented and extended to

MIMO-OFDMA systems in the following two propositions.

Proposition 3. The mean of mutual information of user k’s channel in downlink
MIMO-OFDMA systems can be approzimated as follows:

t|S
BT ~ D eog, (14— pfote. )
+ log, (14 pie — pro(e, p)) — (log. 2)v(c, i), (6.7)

Piot
tN 7

where ¢ = &, pj. = pi |Sk| is the number of tones assigned to user k, and

1 1 1)?
v(c,p;)zé l+c+—— <1—|—c+—,) — e . (6.8)

P Pk

This equation is also valid for the uplink MIMO-OFDMA systems with the following
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Figure 6.1: Probability distribution of the mutual information for MIMO-OFDMA
channels (N =5, ¢t =r =2, and P,y = tN = 10)
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changes: t — ti, ry — r, and pj, = px t,f\jgkr

Proof. Each tone is assume to have the same distribution and the expectation of the
sum of random variables is equal to the sum of the individual expectations. Thus,
the approximation of the mean value is simply the right hand side of (11) in [36]
multiplied by |S|/N. O

Proposition 4. The variance of mutual information for user k’s channel in downlink

MIMO-OFDMA systems can be approrimated as

Var(Zy] ~ — (6.9)

(logy €) S SIS 5 8) ( v(c, p;f)
2 IOgQ 1 - )
N c

where the definition of each variable is the same as that in Proposition 3. o; ) denotes
the entry at the ith row and the jth column of >k e CISexISkl . ) g the normahzed
covariance matrix for mutual information of each tone assigned to user k, which has
unit diagonal entries. This equation is also wvalid for the uplink MIMO-OFDMA

systems with the same variable changes as in the previous proposition.

Proof. Let T, = 1/N Z'Sl x; where x = [z7 -+ x)5,|]" denotes a vector for the mutual
information of each tone assigned to user k& which has the mean of g = [y -+ pys,(]*-
Then, the normalized covariance matrix of x is defined as T%® = E[(x — p)(x —
w)T)/E[(z1 — p1)?] € CIS:IXISHIL Hence, the variance of I, = 1/N1Tx becomes equal
to E[(z1 — p1) ]/NQITE(k)l 17x %) Z‘S’J Z‘S’J Where a ) denotes the entry
at the ith row and the jth column of E(k As a result the approx1mat10n of Var[Z]
becomes the one in (13) in [36] multiplied by lek‘ le’“‘ Z(’I;.)/]\/Q. O

If all the tones assigned to user k fade independently, ai(’kj) = 0 for i # j. Thus,
Z'S’“‘ Z‘S’“l in (6.9) takes a value of |Sg|. When the tones are correlated, some
off-diagonal entrles of =™ become positive, which results in higher variance of mutual
information. The outage rate is defined as the maximum achievable rate to satisfy

the target outage probability. With larger variance in mutual information, the outage

INote that every tone is assumed to have the same fading statistics; thus, the same variance of
mutual information.
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Figure 6.2: Outage rate versus SNR per receive antenna (N = 5, P, = tN, and
outage probability=10%)

rate becomes lower for the same target outage probability. Therefore, it is desirable to
maximize the tone spacing by using distributed tone allocation in order to minimize
fading correlation among the adjacent tones.

Fig. 6.2 and Fig. 6.3 illustrate accuracy of the Gaussian approximation by using
derived mean and variance values. In these figures, the outage rate in MIMO-OFDMA
systems is evaluated for target outage probability of 10% and 1%, respectively, by
using the exact distribution of mutual information as well as the approximated Gaus-
sian distribution. N = 5 and a variety of antenna configurations are considered:
2x1,2x2,4%x2,and 4 x 4 where m x n denotes m transmit and n receive antennas.
It is assumed that each tone undergoes independent fading. Both figures show that
the outage rate obtained by using the Gaussian approximation is almost the same as
the exact outage rate for any channel SNR ranging from 0 to 20dB, even when there

are only two transmit or receive antennas. As the number of antennas increases, the
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Figure 6.3: Outage rate versus SNR per receive antenna (N = 5, P, = tN, and
outage probability=1%)

Gaussian approximation becomes more accurate, which will further reduce the gap

in outage rates.

6.3 Efficient Algorithms for Outage Rate Region
and QPS

Based on the Gaussian approximation derived in the previous section, this section
presents efficient algorithms to characterize the outage rate region of the MIMO-
OFDMA BC and MAC. In addition, it is shown that these algorithms can be directly
used in finding the rate and power allocation for QPS in MIMO-OFDMA systems. By

using the Gaussian approximation, the outage probability can be reliably estimated
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in a very efficient way. Furthermore, given the outage probability of each user, it
is possible to check the feasibility of a certain rate tuple, i.e. the rate tuple can be
checked if it is within the outage rate region with the given outage probabilities. The
outage probability constraint on user k is denoted by 0. Also, denote Ny = |Sk| where
Zszl Ny = N. The estimated mean and variance of user k’s mutual information are
denoted by Nyay, and (Ng + vx)b3, respectively, where vy, = Y. 4 01(7];). The quantities
ar and by are not related to Ni in the downlink, but they are so related in the uplink
since the channel SNR, py is inversely proportional to Ng. Also, the value of 4
reflects the fading correlation among the allocated tones, which is dependent on the
tone separation. It is assumed that given N, N, tones are distributively selected
from the set of available tones such that 7, is minimized. If user k’s target rate is
denoted by Ry, with an approximate distribution Zj, ~ N (Ngag, (Ny, + vi)b3), the

outage probability is represented as follows.

(6.10)

1 Ry — N
pk:P{Ik<Rk}:1—§erfc< k ROk ),

V2(Ni + i) b

where the complementary error function is defined as erfe(z) = 2//7 [ e~ dt. Since
pr < o from the constraint, for the fixed Nj, the maximum achievable data rate of

user k is given by

Rk,max = Nkak + \/ Q(Nk + vk)bkerfc_l(Q — 20k) (611)

In (6.11), Ry max always increases with a larger Ni. In multi-user systems, the
outage rate region is defined as the set of achievable rate vectors without violating
any given constraint on each user’s outage probability. The boundary of the outage
rate region generally can be characterized by solving either of the following two prob-
lems: weighted sum-rate maximization (WSRmax) or proportional-rate maximization

(PRmax) problems. First, WSRmax problem can be formulated as

K
maximize E wi Ry,
k=1
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subject to Ry, = Npag + V/2(Ni + yo)brerfe (2 — 201), k=1,2,--- | K
K

Z Np = N, and Ny is a nonnegative integer, (6.12)
k=1

where wy, > 0 is the weight assigned to user k such that Zszl wg = 1. The boundary
of the outage rate region can be traced by solving this problem for all possible weight
vectors. Because of the integer constraints on N, (6.12) may require an exhaustive
search to find the optimal solution for both uplink and downlink. The number of every
possible choice for { Ny, -+, Nk} is equal to the number of ways obtaining an ordered
subset of K — 1 elements from {1,2,---, N}. If each ordered element in the obtained
subset is labeled by {Ay, Ag, -+ ,Ax_1}, Ny = Ay — Aj_q forall k =1,--- | K where
Ap =0 and Ax = N. Thus, the number of all the possible cases for {Ny, -+, Nk} is
NPx_1=N!/(N—K+1)! and O(N!/(N — K +1)!) & O(N¥) executions are needed
to solve (6.12). This exponential complexity makes this problem intractable with the
large number of users or tones. Even when the integer constraint on Ny is assumed to
be relaxed, this problem is not a convex optimization problem, since the objective for
maximization is not concave in the practical situations where the outage probability
is less than 50%. Therefore, it is hard to solve (6.12) with the polynomial complexity.

On the other hand, the formulation of PRmax problem is as follows.

maximize T

subject to wrpx < Npap + \/ 2(Nk + ’yk)bkerfc_l(Q — 20k)7 k= 1,2,--- ’K
K

Z N, = N, and Ny is a nonnegative integer. (6.13)
k=1

where wy > 0 denotes the weight assigned to user k such that Zszl wy, = 1. Solving
(6.13) provides a rate tuple on the boundary of the outage rate region that is pro-
portional to the weight vector w = [wy, -+ ,wk]?. Therefore, the boundary can be
characterized by solving this problem for all possible weight vectors. This problem
can be solved very efficiently by using the following successive feasibility check (SFC)

algorithm, which is the combination of bisection search and rate feasibility check.
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Algorithm 4: Successive Feasibility Check

1: Main Function

2: Amin = 0, Anax = 0N where 9 is sufficiently large

3: Calculate a; and by for all k by (6.3) for the downlink (or (6.6) for the uplink)
4: While Aax — Amin > €

5:

10:
11:
12:
13:

14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

A = (Amax + Amin) /2
R, = w\ where w is a given weight vector
[No1,+ , Noi] = Check Feasibility(R,)
If feasible, then
Amin = A
Else, Ao = A
End If
End While
Return R, and [N, 1, -, N, k]

Function [N, 1, -, N, k] = Check Feasibility(R,)
Nyomain = N
Fork=1,--- | K
Forn=1,---, Neemain
Np,=n
Update ay and by using (6.7) and (6.9), respectively
R, = Npai + \/mmerfcfl@ — 20y)
If R, >= R,, then
Nyemain = Nremain — 1, Noj = n and break
Else If n = N,¢n4in, then
Return “Infeasible”
End If
End For
End For
Return “Feasible” and [N, 1, , N, k|
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Figure 6.4: Successive feasibility check for QPS

The parameter § used in initializing A,., needs to be large enough to guarantee that
AmaxW = NOw is outside the outage rate region.

If the weight vector is replaced with the current queue-state vector Q(t), the
PRmax problem becomes equivalent to finding the rate tuple supported by QPS and
its corresponding tone and power allocation. Fig. 6.4 illustrates the SFC algorithm
for use in applying QPS to two user MIMO-OFDMA systems. First, A, is set to
zero and A, is initialized with a large value such that the rate tuple, Q(t)Amaz
is guaranteed to be infeasible. Then, the target rate tuple is chosen to be R, =
Q(t)(Amaz +Amin) /2 and its feasibility is checked as shown in Algorithm 4. If feasible,
Amin — (Amaz + Amin)/2; otherwise, Aoz < (Amaz + Amin)/2. This procedure is

repeated until the difference between \,,;, and \,,.. becomes sufficiently small. As a
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result, SFC provides the rate tuple Rgps = R, as well as each user’s tone and power
allocation for QPS.

Each feasibility check requires O(NK') executions and one-dimensional bisection
search only adds constant scaling to the complexity order. Therefore, the overall
complexity order of the above SFC algorithm is O(NK). The characterization of
outage rate region as well as application of QPS in MIMO-OFDMA BC and MAC
with CDIT can be efficiently achieved by using the SFC algorithm. On the other
hand, in order to apply the gradient-type scheduling polices such as MWMS to MIMO-
OFDMA with CDIT, WSRmax in (6.12) needs to be solved, which has the exponential
complexity in the number of users. Hence, in terms of complexity, QPS has the
advantages over the gradient-type schedulers for use in MIMO-OFDMA BC and MAC
with CDIT.

With the application of a Gaussian approximation and a SFC, the next section

presents a variety of numerical results to compare the performance of different sched-
ulers in both up and down links MIMO-OFDMA systems with CDIT.

6.4 Numerical Results and Discussion

In MIMO-OFDMA systems with CDIT, stochastic simulations with Poisson packet
arrivals are performed to evaluate the average queueing delays achieved by different
schedulers. The outage rate regions for MIMO-OFDMA BC and MAC are charac-
terized by using the Gaussian approximation in conjunction with the SFC, and four
scheduling methods are applied: a fixed rate allocation, MWMS, LQHPR, and QPS.
The simulation parameters common to all the simulation results in this section are
as follows: 64 tones, two transmit and one receive antennas, 4 pusec OFDM symbol
period, tone spacing = 312.5 kHz, scheduling period = 10 msec, each user’s target
outage probability = 10%, and average packet size = 1 Kbyte. The packet length
is exponentially distributed and packet arrivals to each user have i.i.d. Poisson dis-
tributions. Over scheduling periods, i.i.d. block fading is assumed, and each tone

allocated to the same user is assumed to undergo i.i.d. Rayleigh fading.
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Figure 6.5: Outage rate region of two-user MIMO-OFDMA BC

6.4.1 Downlink MIMO-OFDMA with CDIT

This subsection presents the numerical results for MIMO-OFDMA BC with CDIT.
Fig. 6.5 shows the outage rate region of two-user MIMO-OFDMA BC obtained from
the exact distribution of mutual information and by employing the approximated
Gaussian distribution with SFC. The total transmit power, P, is assumed to be
equal to N = 64, and user 1 and 2’s channel SNR per receive antenna at each tone
are set to 10 and 16 dB, respectively. This figure shows that the outage region derived
by using the proposed approach is quite close to the exact one. It is also observed
that the outage rate region of MIMO-OFDMA BC takes a triangular shape with some
non-convexity, which makes this region slightly smaller than that achieved by TDM
transmission. However, if the effect of correlation among the tones is considered,
each user’s maximum outage rate will be significantly reduced since with every tone

assigned to the single user, adjacent tones may exhibit high correlation that increases
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Figure 6.6: Average queueing delay vs User 1’s average data rate for MIMO-OFDMA
BC with K =2

the variance in channel mutual information. On the other hand, when each user takes
significant portion of total bandwidth, the correlation among each user’s tones can be
kept relatively low by applying the distributed tone allocation. Therefore, the outage
rate region of MIMO-OFDMA BC will have more convex shape if the assumption of
i.i.d. fading across the tones is removed.

Fig. 6.6 and Fig. 6.7 present the stochastic simulation results for MIMO-OFDMA
BC with CDIT. The average queueing delay with Poisson packet arrivals is evaluated
for QPS, MWMS, LQHPR, and a fixed operation point. By Little’s theorem intro-
duced in Chapter 2.1.2, the average queueing delay over all users can be defined as
limy oo = S F U E[Qi(1)]/\; where ); denotes user 4’s average bit arrival rate or aver-
age data rate. In Fig. 6.6, two-user MIMO-OFDMA BC in Fig. 6.5 is considered.
In the simulation, the average queueing delay is evaluated when each user’s average

data rate increases while satisfying Ay = 1.04\;. The fixed operation point is set to
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Figure 6.7: Average queueing delay vs User 1’s average data rate for MIMO-OFDMA
BC with K =10

[20 40]T Mbps, which is on the boundary of outage rate region. Fig. 6.6 shows that
with this fixed operation point, user 1’s achieved throughput is 17.8 Mbps. Thus,
about 10% throughput loss from the target data rate is observed, which is caused by
the packet outage events. On the other hand, user 1’s achievable throughput is as
large as 24 Mbps under QPS, MWMS, and LQHPR. [27 28]7 Mbps is the boundary
point of outage rate region satisfying the condition, Ao = 1.04\;. With about 10%
throughput loss from this boundary point, 24 Mbps corresponds to user 1’s maxi-
mum achievable throughput, which corroborates the throughput optimality of QPS
and MWMS. One of TDM scheduling policies, LQHPR also happens to achieve this
maximum throughput since the outage rate region in Fig. 6.5 is very close to the
TDM rate region. In Fig. 6.6, it can also be observed that QPS provides smaller
average queueing delay than other schedulers.

In Fig. 6.7, ten-user MIMO-OFDMA BC is considered where P,,; = N = 64,
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Figure 6.8: Average queueing delay profile for MIMO-OFDMA BC with K = 10

and each user’s channel SNR per receive antenna at each tone is [10 11 --- 19]7
dB, respectively. The average queueing delay is evaluated when each user’s average
data rate increases while satisfying A\, = A\ for £ = 2,--- .5, and \, = 2)\; for
k = 6,---,10. The fixed operation point is chosen from the boundary of outage
rate region such that user 1’s target rate is 2.8 Mbps. Fig. 6.7 shows that with this
fixed operation point, user 1’s achieved throughput is about 2.4 Mbps, which can be
boosted up to 4 Mbps by applying QPS, MWMS, or LQHPR. Fig. 6.7 also shows
that QPS provides much smaller average queueing delay than MWMS and LQHPR.
This is because with the TDM rate region, only QPS supports multiple users at the
same time.

Fig. 6.8 presents each user’s average queueing delay for the same ten-user MIMO-
OFDMA BC as in Fig. 6.7. It can be seen that every user’s average queueing
delay is perfectly equalized under QPS. Furthermore, as shown in Chapter 3, QPS

can arbitrarily scale the ratio of each user’s average queueing delay to satisfy QoS
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Figure 6.9: Outage rate region of MIMO-OFDMA MAC with K = 2

parameters.

6.4.2 Uplink MIMO-OFDMA with CDIT

This subsection presents the numerical results for MIMO-OFDMA MAC with CDIT.
Fig. 6.9 provides the outage rate region of two-user MIMO-OFDMA MAC obtained
from both the exact distribution of mutual information and approximated Gaussian
distribution combined with SFC. Each user’s total transmit power, P, is assumed
to be N = 64 for £k = 1,2, and user 1 and 2’s channel SNR per receive antenna
at each tone are set to 10 and 16 dB, respectively. As in the downlink case, the
proposed approach is shown to provide a very good approximation of the actual
outage rate region. The outage rate region presented in Fig. 6.9 is much larger than
the outage rate region achieved by TDM transmission. As explained in the previous

subsection, the convexity of the outage rate region will be more pronounced if the
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Figure 6.10: Average queueing delay vs User 1’s average data rate for MIMO-OFDMA
MAC with K =2

effect of correlation among the tones is considered.

Fig. 6.10 and Fig. 6.11 present the stochastic simulation results for MIMO-
OFDMA MAC with CDIT. In Fig. 6.10, two-user MIMO-OFDMA MAC in Fig. 6.9
is considered. Each user’s average data rate increases while maintaining Ao = 1.84 ).
The fixed operation point is set to [16.6 64.8]T Mbps, which is on the boundary of
outage rate region. Fig. 6.10 shows that user 1’s achieved throughput is slightly less
than 16 Mbps with the fixed operation point and about 18.5 Mbps with LQHPR. The
throughput can be enhanced up to 24 Mbps by using throughput optimal schedulers,
QPS or MWMS. In Fig. 6.10, it can also be observed that QPS provides 30-40%
smaller average queueing delay than MWMS.

In Fig. 6.11, ten-user MIMO-OFDMA MAC is considered where P, = N = 64
for k = 1,---,10, and each user’s channel SNR per receive antenna at each tone

is [10 11 --- 19]7 dB, respectively. Each user’s average data rate increases while
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satisfying A\, = A\ for k = 2,--- 5, and A\, = 2\; for £k = 6,---,10. The fixed
operation point is chosen from the boundary of outage rate region such that user 1’s
target rate is 5.5 Mbps. In Fig. 6.11, user 1’s achieved throughput is shown to be
4.8 Mbps with this fixed operation point, 4 Mbps with LQHPR, and 7.2 Mbps with
QPS. Hence, around 80% throughput gain is achieved by QPS compared to LQHPR.
The numerical results for MWMS are excluded in Fig. 6.11 because of its exponential
complexity in the number of users. On the other hand, the rate allocation under
QPS can be efficiently searched with the linear complexity by using SFC. Fig. 6.12
provides each user’s average queueing delay for the same ten-user MIMO-OFDMA
MAC as in Fig. 6.11. It can be observed that every user’s average queueing delay is

kept much smaller as well as perfectly equalized under QPS.
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6.5 Summary

When only CDIT is available, characterization of the outage rate region is essential
for cross-layer resource allocation. This chapter efficiently characterizes the outage
rate regions of the MIMO-OFDMA BC and MAC with CDIT, by using a Gaussian
approximation of channel mutual information combined with a successive feasibility
check. The proposed approach is also directly applicable to the solution of power /rate
optimizations for QPS with the linear complexity in the number of tones and users.
On the other hand, power/rate optimizations for gradient-type schedulers such as
MWMS require the exponential complexity in the number of users. Stochastic sim-
ulations to evaluate average queueing delay are performed by using the proposed
method, which demonstrate superior delay and fairness properties of QPS to other
scheduling policies. With numerical efficiency as well as good delay and fairness prop-

erties, QPS is a promising scheduling policy for use in cross-layer resource allocation
for MIMO-OFDMA systems with CDIT.



Chapter 7
Conclusion and Future Work

With the dramatic increase in multimedia services, future wireless networks will have
more diversified QoS demands to support a variety of ubiquitous broadband services
such as portable telephony, mobile Internet, VoIP, and IPTV. In order to guarantee
QoS satisfaction, proper design of dynamic resource allocation will become one of the
key issues in the future wireless networks. This thesis illustrates the important role

of cross-layer approach to resource allocation in multi-user communication systems.

7.1 Conclusion

In Chapter 3, queue-proportional scheduling (QPS) is suggested as a promising queue-
channel-aware scheduler with good throughput, delay, and fairness properties. QPS
is shown to be a throughput optimal scheduling policy, and the stochastic simulations
demonstrate that QPS achieves smaller average queueing delay than other scheduling
policies such as maximum weight matching scheduling (MWMS). Furthermore, QPS
is capable of arbitrarily scaling the ratio of each user’s average queueing delay, which
is essential for satisfying various QoS requirement at the same time.

This thesis also investigates the application of QPS and other schedulers to the
multi-user systems based on OFDM modulation as well as MIMO transmission.
By using various optimization techniques, efficient power/rate allocation algorithms

are developed to employ those schedulers in downlink and uplink SISO-OFDM and
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MIMO-OFDMA systems with CSIT. In Chapter 4, geometric programming (GP) is
introduced and applied to cross-layer resource allocation for SISO-OFDM BC and
MAC with CSIT. With strong numerical efficiency and scalability, GP emerges as a
powerful tool for this application.

In MIMO-OFDMA BC and MAC with CSIT, finding the optimal power/rate
allocation on each tone is basically a combinatorial problem with the exponential
complexity. The analysis in Chapter 5 suggests that in resource allocation problems
for MIMO-OFDMA with CSIT, the duality gap vanishes with the practical number of
tones. From this observation, efficient algorithms based on Lagrange dual decompo-
sition are derived to solve weighted sum-rate maximization and weighted sum-power
minimization problems with the polynomial complexity.

In highly mobile environments, the value of CSI feedback is limited and the base
station needs to perform resource allocation only using channel distribution informa-
tion (CDI). In Chapter 6, cross-layer resource allocation in MIMO-OFDMA BC and
MAC with CDIT is investigated. A simple method to accurately characterize outage
rate region is presented, based on a Gaussian approximation of mutual information in
conjunction with a successive feasibility check. This method is directly applicable to
efficiently finding power /rate allocation under QPS with the linear complexity, while
supporting other gradient-type schedulers such as MWMS requires the exponential
complexity. In multi-user systems with only CDIT, QPS has clear advantages over
other schedulers in terms of numerical efficiency in addition to good delay and fairness
properties.

This thesis presents stochastic simulation results in a variety of situations by us-
ing the proposed efficient cross-layer resource allocation algorithms. In typical wire-
less networks based on MIMO-OFDM transmission, queue-channel-aware scheduling
achieves about 20-50% throughput gain over channel-aware scheduling, and it pro-
vides better queueing delay and fairness properties. Particularly, QPS enables precise
control of each user’s average queueing delay relative to others, which is crucial in sat-
isfying different QoS demands. Cross-layer resource allocation is essential for future

wireless networks driven by various ubiquitous broadband services.
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7.2 Future Work

Further analytical and experimental study on queueing delay property is recom-
mended to better understand performance of the QPS and other scheduling policies.
Stochastic simulations in this thesis mostly present the average queueing delay of each
scheduler. However, it is of great interest to characterize each user’s packet delay dis-
tributions. With specific QoS parameters imposed on each service, the probability
of violating delay constraints can be evaluated to provide more realistic comparison
of scheduling policies. Further, it is important as well as challenging to define the
fundamental limits on achievable queueing delay by multi-user packet schedulers.
Also, efficient power /rate optimization algorithms for cross-layer resource alloca-
tion in MIMO-OFDM BC and MAC with CSIT need to be developed. This thesis
focuses on the MIMO-OFDMA system without SDMA capability, where its system
throughput can be further increased by using SDMA. Though the capacity regions of
Gaussian MIMO-OFDM BC and MAC have been completely characterized [76, 43],
the complexity of finding the optimal solution is still prohibitively high. In practice,
it is required to find near-optimal solutions that can be easily found. Application of
zero-forcing beamforming (ZF-BF) [78] or zero-forcing generalized decision feedback
equalizer (ZF-GDFE) [12] can be good candidates for suboptimal multi-user MIMO
systems. Efficient power/rate optimization algorithms for these suboptimal systems
are required for schedulers to support any rate tuple in the achievable rate region.
Chapter 6 assumes that the packet outage is known at the transmitter and re-
transmission of the failed packet is ignored. New wireless systems such as 3GPP
LTE [69] and mobile WiMAX [34] employ an advanced retransmission strategy based
on hybrid automatic repeat request (H-ARQ) to achieve robustness and high spec-
tral efficiency [23]. It is an interesting topic to investigate the effects of H-ARQ on
scheduling performance and to design intelligent schedulers when H-ARQ is used.
This thesis mainly considers broadcast channels and multiple-access channels

where the full coordination at the base-station is feasible. Of great interest is to
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study cross-layer resource allocation in interference channels or relay channels with-
out full coordination. Interference channels can be encountered in many applications
such as multi-cell wireless networks and DSL networks. Also, relay channels can be
found in a multi-hop ad hoc wireless network where multiple hops are required for
efficient communication between mobile nodes far apart [28]. With no or partial co-
ordination, it becomes more challenging to satisfy each user’s different QoS demand

and to develop efficient power /rate optimization algorithms.



Appendix A

Throughput Optimality of MWMS

Throughput optimality of maximum weight matching scheduling (MWMS) can be
proved by applying the Lyapunov analysis introduced in Chapter 2.1.3. Without loss
of generality, such proof assumes that the scheduling period and system bandwidth
are equal to 1. A time interval [t,¢ + 1) with ¢ = 0,1,2,--- is denoted by the
time slot t. The rate allocation is determined at the beginning of each time slot
and remains unchanged until the new time slot begins. R(¢) for t = 0,1,2,--- is a
vector denoting the number of bits supported by each user in the time slot ¢. At time
slot t, MWMS assigns the data-rate vector that maximizes the inner product of the

queue-state vector and the achievable rate vector as formulated below.

Rywas(t) = arg max Q'(t)Tr

such that r € C(t), (A.1)

where r = [ry 7o - rg|T, C(t) denotes the instantaneous achievable rate region at
time ¢, and Q'(t) = [31Q:1(t) -+ BrQx(t)]T. B; is the user i’s priority weight which
is set to 1 for all users if everyone has the same priority. Define Z;(t) as the number
of arrived bits at user ¢’s queue in the time slot ¢. Then, after a scheduling period,
user i’s queue-state vector is equal to Q;(t + 1) = Q;(t) — R;(t) + Z;(t). With the
network capacity region denoted by C,., proving throughput optimality of MWMS

is equivalent to showing that for any A € int ()., the queue lengths for all users can
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be kept finite under MWMS.
First, choose the Lyapunov function L(Q(t)) = Zfil B;Q%(t). The evolution of
L(Q(t)) after one scheduling interval is

LQ(t+1) = Zﬁi@?(t +1) Zﬁz i i(t) + Zi(t))? (A.2)
< L(Q(t) - QZﬁiQi(t) (Ri(t) — Zs(t)) + Zﬁz‘ (Z2(t)+ RA(t)) .

Conditioned on Q(t) = qg, the expected drift of the Lyapunov function is

E[L(Q(t+ 1)) = LQM)IQ) = ae) < =2 Biges (B[R:(1)|Q(1) = ae] — \i)

i=1

+Zﬁz 0] + E[R}(1)]Q(t) = at]) - (A.3)

E[Z2(t)] and E[R%(t)|Q(t) = q;] are bounded since the bit arrival process Z;(t) has a
finite mean and variance and the size of network capacity region is finite. Hence, for

some positive © < oo,

K
N6 (BIZ2(0)] + B[R} (1)|Q(1) = a.]) < ©. (A4)

i=1
From definition of MWMS in (A.1), Zfil Biqeiy: is maximized over all the vectors
v =1[y1 -+ x| in the network capacity region C,.;. Therefore, for any arrival rate

vector A € U, the following inequality holds.

K K
Z Biqr i BIR:(1)|Q(t) = ai] > Z Biqt,iNi- (A.5)
i=1 i=1

Since A is assumed to be strictly in the interior of the network capacity region, a

T

positive vector € = [¢ -+ €]’ can be added to produce another vector A + € in the

network capacity region. Thus, from (A.5),
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Zﬂi%i (E[R:()|Q(t) = as] — Ai) > EZ Bi.i- (A.6)

By applying (A.4) and (A.6) in (A.3), the expected drift of the Lyapunov function

can be expressed as

E[LQ(t+1) — L(QW)IQ(t) = qi) <© — 262@-%. (A7)

By choosing any o > 0 and defining the compact region, then

K
O+«
AZ{QtGRKWmZOa Z@z‘%,iﬁ( 9 )} (A.8)

i=1

For q¢ € A, the expected drift of the Lyapunov function is less than —a; thus, MWMS
is throughput optimal.



Appendix B

Lagrange Dual Decomposition

An optimization problem in the standard form can be represented as

minimize  fy(x)
subject to  fi(x) < 0, i=1,---,m (B.1)
hi(x) = 0, i=1,---,p,

with variable € R". The domain D = (. ,domf; N (,_, domh; where domf
denotes the domain of the function f is assumed nonempty and the optimal value of
(B.1) is denoted by p*.

The main idea of Lagrange dual decomposition is to include the constraints in the

objective function by using the Lagrange multipliers associated with each constraint.
The Lagrangian L : R™ x R™ x R? — R of the problem (B.1) is

L(x, A, p) = fo(z) + Z Aifi(x) + Z pihi(x), (B.2)

where \; and p; are the Lagrange multipliers associated with the ith inequality and
the ith equality constraints, respectively. The vectors A and p are called the dual
variables.

Then, the Lagrange dual function g : R™ x RP — R is defined as the minimum
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value of the Lagrangian over x.

When the Lagrangian is unbounded below in x, the dual function takes on the minus
infinite value. The dual function is always concave since it is the pointwise infimum
of a family of affine functions in (X, w).

Because of the constraints, for any A > 0 and any u, the following condition holds

g p) = inf L(x, A, p) < LX) < fo(X), (B.4)

where X denotes any feasible point.
Therefore, g(A, ) < p* for any A > 0 and any p. The Lagrange dual problem
associated with (B.1) is defined as

maximize g(\, p)

subject to A > 0. (B.5)

The original problem (B.1) is sometimes called the primal problem. If (X*, u*) are
optimal for (B.5), they are called dual optimal variables. Regardless of convexity of
the primal problem, the above dual problem is always a convex optimization problem
since the objective and constraint are convex.

By definition, the optimal objective value of the Lagrange dual problem, d* is
the best lower bound on p* that can be obtained from the Lagrange dual function.
The optimal duality gap is defined as p* — d*, the difference between primal and
dual optimal values. If the primal optimization problem is a convex optimization
problem where the objective and constraints form convex sets, the zero duality gap
is guaranteed; thus, the optimal solution to the original problem can be obtained
by solving the Lagrange dual problem. However, for non-convex primal optimization
problems, the nonzero duality gap may exist.

The Lagrange dual decomposition can be given a simple geometric interpretation
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in terms of the set
G={(/i(x), -+, fn(x), (%), -, hy(x), fo(x)) € R" x R” x R[x € D}, (B.6)

which is the set of values taken on by the constraints and objective functions. Then,

p* can be expressed as
p* =inf {t|(u,v,t) € G,u<0,v=0}. (B.7)
The dual function at (A, p) is given by
g(A, p) =inf {(A, p, 1) (u,v,t)|(u,v,t) € G}. (B.8)

The maximization of this dual function over A > 0 provides the dual optimal value,
d*. Geometric interpretation of the primal and dual optimal values with only one
inequality constraint is illustrated in Fig. B.1, which shows that the duality gap
becomes zero when G is a convex set. It is shown that this statement holds when
multiple constraints are present. The convexity of G does not necessarily imply that
the primal problem is a convex optimization problem though the opposite argument
is always true. Thus, the convexity of G is a more general condition to guarantee the

zero duality gap.
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Au+t=g(4,)

AU+t =g
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v

(a) G is a nonconvex set
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Figure B.1: Geometric interpretation of dual function with one inequality constraint.
Given A, Au + ¢ is minimized over G = {(f1(x), fo(x))|x € D}, which provides a
supporting hyperplane with a slope of —\. ¢g(\) is the intersection of this hyperplane
with the t-axis.



Appendix C

Dual Update Methods

In order to solve the dual optimization problem, minimize g¢(X) for A > 0, efficient
updates of the dual variable A plays a critical role. All the components of A can be
updated simultaneously along some search direction, and because of the convexity of
g(A), this gradient-type search of optimal dual variable is guaranteed to converge to
the global optimum. Unfortunately, the gradient of g(A) is unavailable when the dual
function is not differentiable. However, it is always feasible to use the sub-gradient
in finding a search direction. A vector d is called a subgradient of g(A) at A, if the

following condition is satisfied for all A’
g(N) > g(A) +d" (N = N). (C.1)

Subgradient is a generalization of gradient, which can be also applied to the non-
differentiable functions. d is a subgradient if the linear function with slope d passing
through (X, g(A)) lies entirely below g(\).

The updates of dual variables can also be based on the cutting-plane methods.
The main idea is to localize the set of candidate A’s within some closed and bounded
set, and eliminate about the half of the region from the candidate set by evaluating
the subgradient of g(A) at an properly chosen center of such a region. The iterations
continue until the size of the candidate set converges to an optimal A. From the

definition of the subgradient in (C.1), g(A’) > g(A) for all A’ satisfying the following
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condition.
dT (N — ) >0. (C.2)

Thus, all A”’s in the half-plane defined by (C.2) can be removed at each step. This
cutting-plane method is a generalization of the single-variable bisection method to
multiple dimensions.

The ellipsoid method is a very efficient cutting-plane dual update method, where
the candidate region is defined as the minimized ellipsoid that includes all the candi-
date A’s. The key idea in the ellipsoid method is to localize A*, the optimal solution,
in a sequence of ellipsoids £*) with vanishing volumes so that A*, the centers of
these ellipsoids, eventually converge to A™ [8].

This iterative algorithm starts with an initial ellipsoid £() that contains A*. At
cach iteration, A® is chosen as the center of ellipsoid £*) and a subgradient of g(A)
at A® denoted by d® is determined. By definition of subgradient, d®) satisfies
gA® £ AN) > g(A®) £ AXTd® for any AX, which means that A* should be in the
half-ellipsoid as follows.

£¥ N {A . d®T ()\ - A“f)) < o} . (C.3)

k+1

In the next iteration, E*+V is defined as the minimum volume ellipsoid covering the

half-ellipsoid in (C.4). Suppose A®) is the matrix describing £*) as
T 1
gk — {)\ : ()\ _ A(k)) AR ()\ _ )\(k)> < 1} ) (C.4)

Given £® and d®, X*+Y and £ can be expressed as

N N B SN (SR 10 (C.5)
n+1 ’
2 9 o~
NG - n2n_ - (A(k) - 1A(k)d("z)d(":)r‘FA(k)) ) (C.6)

where d® = d® //d®TA®A® and n is the dimension of X. The volumes of these
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ellipsoids can be shown to decrease exponentially, i.e. Vol(£*+1)) < e=(1/20)Vo](£*)

and converge in O(n?) iterations. The iteration stops when vd®TAFd®) < e.
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