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SUMMARY

We formulate H” control problems for linear systems with delays in input and output,
and discuss possibility of finite-dimensional characterizations of solutions. In the case
when delay exists in control input and controlled output, first, we derive an output
feedback H” control formula of the central solution type, which is given by using
solutions of finite- and infinite-dimensional Riccati matrix inequalities. Second, we
show that, if the controlled output is chosen such that it satisfies the “prediction
condition”, the solution to the infinite-dimensional Riccati inequality can be calculated
by solving a finite-dimensional Riccati inequality. We provide a system theoretic
interpretation for the prediction condition, and show that, if the prediction condition is
satisfied, there is an equivalent H” control problem for finite-dimensional linear
systems with no delay. Finally, the equivalence result is extended to the case when
delay exists also in measurement output.

KEY WORDS. H” control; linear time-delay system; input delay; output delay;
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1. Introduction

This paper is concerned itself with finite-dimensional characterizations of general

state space solutionsto H™ control problems for linear systems with delays in input
and output. The fact that the state space of systems with delay is infinite-dimensional
leads generally to infinite-dimensional characterizations for analysis and synthesis in
systems with delay. Actualy, the standard H® control problem for linear systems
with delay was solved, as a specia case of H” control problems for distributed
parameter (infinite-dimensional) systems, in the state space form based on two Riccati
operator (infinite-dimensional) equations (see, e.g. [1]). Later, more explicit and
feasible solutions, which are based on two algebraic Riccati equations and a differential
or transcendential (still, infinite-dimensional in kind) equation, were presented by
focusing the cases with delays in control input or measurement output [2-4]. The
infinite-dimensional equations are hard obstacles in implementing the solutions. To
bypass or overcome this difficulty, a lot of approaches have been proposed: The H”
control synthesis via delay-independent linear matrix inequality (LMI) would be one of
such approaches [5-7]; further, the delay-dependent LM approach has been devel oped
for the state feedback case [7-8] and the output feedback case [9]. In [10-11], the
infinite-dimensional LMI characterization of the solutions together with a
finite-dimensional LMI algorithm has been proposed. The discretization technique of
infinite-dimensional Lyapunov functional also should be mentioned [12].

In this paper, we formulate an output feedback H* control problem for linear
systems with delays in control input and controlled output, and discuss possibility of
finite-dimensional characterizations of the solution along the same line as developed in
[13-14] where generalized controlled outputs are introduced so that the spectrum
decomposition and/or prediction of the state variable can be exploited for
finite-dimensional solutions to LQ control problems in linear systems with delays in
state and control input. First, we derive an output feedback H* control formula of
the central solution type constructed by wusing solutions to finite- and
infinite-dimensional Riccati matrix inequalities. Second, we show that, if the
controlled output is chosen such that it satisfies the “prediction condition”, the solution
to the infinite-dimensional Riccati inequality can be caculated by solving a
finite-dimensional Riccati inequality and the H* control formula is deduced to the
finite-dimensional one. We provide a system theoretic interpretation for the prediction
condition, and discuss a relation between the prediction condition and the robust
stabilization result of [15]. It isalso shown that, if the prediction condition is satisfied,
there is an equivalent H” control problem for finite-dimensional linear systems with
no delay. Finally, the equivalence result is extended to the case when delay exists not
only in control input and controlled output but also in measurement outpui.



2. System Description and Problem Statement

Consider a linear system with delays in control input and controlled output. The
system is defined over theinterval [0,00) and described by

X(t) = AX(t) + BW() + Bu(t) + B,u(t ~h)
2(t) = Cox(t) + | Cua(B)Buu(t + B)dB + Du(t) &)

y(t) = Cx(t) + D,w(t)

with the initial condition such that x(0)=0 and u(f)=0,-h<pB <0. Here, x(t)
is the internal variable vector of the system; w(t) is the disturbance vector; u(t) is
the control input vector; z(t) isthe controlled output vector; y(t) isthe measurement
output vector. The number h denotes the length of time delay and h>0. The
parameters A, B,,B,,B,,,C,,,D,,C,,D, are constant matrices with appropriate
dimensions and the parameter C,(B) is a matrix function, whose elements are

bounded continuous functions, with appropriate dimension. It is noted that the future
tragjectory of the internal variable x(t),t >t isuniquely determined by the value Xx(t)

and the function B,u,, where u;:=(u(t+p),—h<p<0), if the future control input
ui),t<g<t and the future disturbance w(§),t<{ <t are given. From this
viewpoint, the pair (x(t), B,,1;) isthe state of the system (1), and the state space of the
system (1) is infinite-dimensional. Note also that the controlled output z(t) is a
general form of linear function of the state (x(t), B,,u,) and the control input u(t) .

At each time t, the output y(t) ismeasured and, in addition, the past history of the
input of u(t), thatis u,, isavailable at each time t, because u(t) isthe control input.
Thus, we consider the pair (y(t),u,) as the measurement output, and define each
admissible control input u(t) asabounded linear causal function of the measurement
output (y(t),u,). The H™ control problem discussed in this paper is to find an
admissible control u(t) which controls the system (1) such that |) the closed loop
system is asymptotically stable, and Il) the closed loop system satisfies the inequality:

j;” Z' (t) z(t)dt < j: w' (H)w(t)dt, vwe L,[0,) )

where “ 7" indicates transposition and L,[0,o0) denotes the space of vector functions
whose elements are square integrable over [0,0). Here we note that the inequality

(2) isequivalent to

R

w=0,wel, V\/”2




where T,, denotes the transfer function of the system (1) from the disturbance w to
the controlled output z and “|+|,” indicates the L,-norm. An admissible control
which satisfies|) and I1) iscalledan H” control.

The H” control problem formulated above is a special case of the standard H”
control problem for distributed parameter systems, and the set of solutions can be
characterized by two Riccati operator equations (see, e.g. [1]). The operator equations
are infinite-dimensiona in genera and so is this characterization. The
infinite-dimensional characterization would give us hard problems in computation and
implementation. Our concern is when finite-dimensional characterizations of the
solutions are possible.

3. Riccati-l1nequality-Based Solutions and Prediction Condition

We start to present an infinite-dimensional solution which is suggested by a general
characterization of solutions based on two Riccati operator equations. To simplify
presentation, we consider here a special case of the problem formulated in Section 2.
L et the system (1) be given in the following form:

X(t) = AX(t) + Gw(t) + B,u(t) + B,u(t — h)
FX(®)+ [ F(B)B,u(t+B)dp

u(t)
y(t) = sz(t) +W, (t)

z(t) = 3

where w,(t) and w,(t) are sub-vectors of the disturbance vector w(t) such that
w(t) = (W (t),w (t))" . This special form assures so-called orthogonality not only
between the system disturbance (w; (t),0")" and the measurement disturbance

(0", wj (1)) but also between the term of the state (x(t),B,u,) and the term of the
control input u(t) inthe controlled output equation.

Now we prepare a hotation for defining a quadratic form of the state. Denote by
{M,,M,,M;R,,R,} a quintet of five matrices M,, M (B), M,(a,B), R, and

R,(B) with the same dimensions such that M, and R, are constant matrices,
My (B) and R,(B) are matrix functions whose elements are in L,[-h,0] and



M,(c,f) isamatrix function whose elements arein L,([—h,0] x[-h,0]). A quintet
{M,,M,M;R,,R,} is caled symmetric if MJ =M, and M, (a,B)=M,(B,a).
For a given symmetric quintet {M,,M,,M,; R,,, R}, aquadratic form associated with
this quintet is defined as follows:

(¢0'¢l;\u )T{MO’ MOl’ Ml' ROZ’ RiZ} (d)O’(I)l’\V)
=Moo+ 200 [ Moy (BY(BYIB + [ [° 47 ()M, (o, B Yoy (B)cenlp

+20¢ Ry +2[ 6/ (@)R, (1) dovy

for constant vectors ¢,, v and a vector function ¢, in L,[-h,0]. A symmetric
quintet {M,,M,,,M;R,,R,} is caled positive (negative) definite, denoted as
{M,,M,,M;;R,,R,} >0(<0), if there exists apositive number ¢ such that

(OIOmY, )T{MO’ M1 My; Rops R} (€, 055w ) 2 8(1);(1)0 (< _Sd)gd)o)

for al (¢,,9,,w). For simplicity, a special quintet with R,=0 and R,=0 is
written as a triplet {M,,M,M} ={M,,M_,M;;0,0} , and its quadratic form is

defined by (¢g,d;) {Mg, Mgy, M} (5,0,) = (00,0 ) { Mg, M, M,; 0,0} (00,050 ) -

3.1 Infinite-dimensional solution. The central solution, which is given by two
Riccati operator equations, is ageneral H” control of infinite-dimension and plays a
fundamental role in parameterizing al the solutions [1]. We present a new
infinite-dimensional solution that is an extension of the central solution in such a way
that the Riccati operator equations, which are equivalent to Riccati type partial
differential equations for integral kernels, isrelaxed into some Riccati inequalities.

For atriplet {S,,S,;,S} andaconstant matrix P, introduce atriplet {Q,,Q,,,},

aconstant matrix I1,, andamatrix function IT, such that

Q)(S), S, P) = (A+ PRI F)' S + S (A+PRF)
+F, F,+S,PC,C,PS,

~H{S,By + $u(0)B}H{ B S, + B, S, (0)}

Qu(BPiS S0 S, P) = —% Su(B)+ SPFy Fi(B) + (A+ PR Fy)" S, (B)

+F R(B)+S,PC,C,PS,,(B)
HSBy + S (0)BH{ By S (B) + BAS (0.8)}



(0, $; S S S P) :=—(%+%)sl(a,s)

+F1T (@) FPSu(B) + Sgl(a)PFoT F(B)
+F (@)F(B) + S,(a)PC;C,PS, (B)
ol Sgl(a)Bzo +S(a,0)B, }H B;OS)l(B )+ BleSl(O, B)}

(S Sy) =S - Su(-h), I, (0 S, S) = Sgl(a) -S(a,—h)

Theorem 1. If there exist a positive definite matrix P and a positive definite triplet
{$,S,:;S} which satisfy the finite-dimensional Riccati inequality:

AP+PA" +GG' -P(C;C,-F/F,)P<0 (4)
and the infinite-dimensional Riccati inequality:

{Q,Q1,B,1, BB, T1,B,,, BLIT, B} <0 (5)
then, the output feedback control given by

u”(t) =—{BxS, + B, S (0} X(1)

i (6)
~[ {BLSI(B)+BLS,(0,8)}Byu(t+ B)dp

X(t) = AX(t) + B, (t) + B,u(t —h) + PC; (y(t) - C,X(1))

o 0 . (7)
+PFJ (R&(1) + [ R(B)Byu(t+B)dB),  X(0)=0

isan H” control.

Proof. For an admissible control input u, consider the quadratic functional
V(t) = (X(t) = X(1))" P (X(1) = X(1)) + (X(t), B,t) { S, S SHEK(), BW) )

along the trgjectory (x(t), X(t)), t >0 defined by the systems (3) and (7) where u® is
replaced with the admissible control u. Differentiating both sides of the quadratic
functional V(t) with respect to t, substituting the systems (3) and (7) where u” is
replaced with u into the right hand side, and rearranging terms, we have



V() = (x(t) - X(t))" P (AP+ PA" + GG — P(C;C, — F) F,)P)P (x(t) — X(t))
+ ()’Z(t)! U U(t - h))T{QO! Qmle! B;-1Q1821; l_102821' B;1H12 le} (i(t)’ U, U(t - h)) (9)

~[z®)| + )| + Hu(t) - u*(t)Hz ~|wit) - w, @)

where “

" indicates the Euclidean norm and  w; (t) = (W[, (t),W.,(t))" isgiven by

W, (1) =GP (x(t) ~ X(1)
W, (1) =—C, (X()) - X() + C,P(SX(0) + | §,(B)B,u(t+B)dB)

(Stability) First note that, from the positive definitenessof P and {S,,S,,S} in
(9), there is a positive number &, such that V/(t) > &, (|x(t) - X@)| +[*®)|"). For the
choiceof u=u" and w=0, from the negative definiteness of the inequalities (4) and
(5) and the identity (9), it follows that there is a positive number ¢, such that
V(1) < —&,(|x®) — X[ +[|X®)["). Thus, we can see that (x(t),X(t)) >0 as t— oo,
and the closed loop system (3) given by (6) and (7) is asymptotically stable.

(L,-gain inequality) For the choice of u=u" and for any w in L,[0,), using
the inequalities (4) and (5) in right hand side of (9), we have V(t) < —||z(t)||2 +||W(t)||2.
Integrating both sides of this inequality with respect to t over [0,0) and using
V(0)=0 which isfrom zero-initial condition and V() =0 which isfrom stability in
the left hand side, we finally obtain 0< —||z||§ +||vv||§ which is equivaent to (2).

Q.E.D.

Remark. If a constant matrix P and a triplet {S,S,,S} saisfy the
infinite-dimensional matrix inequality given by

1 Q0($: S/ P) Q0 (B S, S S P)By (%, 9)By
> Blele(a;So’ S, S, P) BzT1Q1(a1B;Sb1 S0, S, P)By BI1,,(a; S, S1) B
Bl15 (S, S) By, IT1, (B S5 Sou) Bay 0
1 Q($: S, P) 0, (B;$: S, S, P)B,y ,($:8)B,
+5 B;lggl(a; $: S, S, P) Blegl(a,B;So’Sov S,P)B,, BleHn(a; S,S1)By | <0
Boul15,(S), S) Bl (B S S) By 0
Va,B €[-h,0]

T

where the elements of the matrix functions §; and S is continuously differentiable,
thematrix P and thetriplet {S),S,,S} satisfy the inequality (5). Such a sufficient



condition based on infinite-dimensional matrix inequalities as above are developed for
analysis and synthesis problems in linear time-delay systems by Azuma et al. [10] and
Azuma et al. [11]. Moreover, they propose a technique reducing infinite-dimensional
matrix inequalities to finite-dimensiona ones, when the inequalities are rewritten in the
linear form.

3.2. Prediction condition and finite-dimensional solution. The most hard problem in

implementing the H* control (6) is to find the solution of the infinite-dimensional
Riccati inequality (5). Here, we consider a particular case when this
infinite-dimensional inequality is reduced to a finite-dimensional one. To the
controlled output equation in the system (3), we introduce a structural assumption
described as

(Cl) Fl(B)821 = I:o(:'rA(BJrh) 8211 -h< B <0

Theorem 2. Suppose that the condition (C1) is satisfied. If there exists positive
definite matrices P and S which satisfy the finite-dimensional Riccati inequalities
(4) and

(A+PF,F,)"S+S(A+PF,F,)+F,F,-S(B,Bl -PC,C,P)S<0 (20)

where B, :=B,, +€""B,,, then, the positive definite matrix P and the positive
definitetriplet {S),S,;,S} defined by

S§:=S
S, (B) = Se AP .
S(a,B)= g A (a+h) g A(B+h)

satisfy the infinite-dimensional Riccati inequality (5). Moreover, in this case, the H”
control (6) isrewritten as

U (t) =-BI (1) (12)
p(t) = AB(t) + BU'(t)+ PC] (y(1) +C, | & *""B,u(t + B)dp ~C,p(t))
+PRIF,B,  P0)=0

(13)

Proof. The former half of this theorem is shown by direct substitution of the formula
(12) with (10) into the inequality (5) on the assumption of (C1). The form of (12) and
(13) is derived from the original form (6) and (7) by substituting the formula (11) into
(6) and (7) on the assumption of (C1) and setting



B(t) = X()+ [ e "M Bu(t+B)dp (14)
Q.ED.

Here we present a system theoretic interpretation of the condition. When the condition
(C1) is satisfied, the controlled output in the system (3) is reduced to the form:

_ kFop(®)
z(t)_h u(t) 8 (15)
p(t):=x(t) + [ e "V B,u(t + B)dp (16)

From the formula (16), we can seethat p(t) (more precisely, e*"p(t)) corresponds to
the predictive value x(t-+h) of the interna variable x(t). Thus, if the condition
(C1) is satisfied, the problem becomes to control the predictive value of the interna

variable, and we call (C1) the “prediction condition”. It is aso noted that p(t)
defined by (11) satisfies afinite-dimensional linear system given as
p(t) = Ap(t) + Gw, () + B,u(t) 17)

Then, comparing our solution given by (12) and (13) with the central solution for
lumped parameter systems, we see that the corresponding measurement output should
be given in the following form

a) = YO +C, ], & *" M B,u(t+B)dp =C,p(t) + vy (1) (18)

As discussed in the next section, the finite-dimensional characterizations presented in
Theorem 2 come from the resultant descriptions of (15), (17) and (18).

4. Prediction Condition and Finite-Dimensional Problem

We come back to the general H® control problem formulated in Section 2. In the
general case, the condition corresponding to the condition (C1) in the special caseis

(CZ) Cll(B)BZI = CloeiA(Bm) 821, -h< B < 0

The implication of the condition (C2) is the same to that of the condition (C1). So we



call (C2) dso the prediction condition. On the condition (C2), we show a stronger
result in finite-dimensional characterizations of solutions without using Riccati
equations or inequalities.

Theorem 3. Suppose that the condition (C2) is satisfied. Then, the H” control

problem described by the criterion (2) and the system (1) is equivalent to the H”
control problem described by the criterion (2) and the following finite-dimensional
system:

p(t) = Ap(t) + BW(t) + B,u(t)
2(t) = C,oP(t) + D,u(t) (19)
a(t) = C,p(t) + D,w(t)

where p(t) is the internal variable with p(0) =0, q(t) is the measurement output
and B, =B, +e"B,,.

Proof. Let u(t)=I'(t,q(-),u) be a solution to the finite-dimensiona H” control
problem described by (2) and (19). Defining

x(t):= p(t)— | e " PV B, u(t + B)dp
- (20)

y®):=a(t) - C,[ e ** M B,u(t + p)dp

0
h

and using (C2), we can show from (19) that x(t) and y(t) defined above obey the
system (1) and the control u(t) :F(t,y(')+CZZ_0he‘A(B+h) B,,u(-+B)dB,u) is an

solution to the H™ control problem described by (2) and (1). Conversely, let
u(t) = A(t,y(-),u) beasolutiontothe H” control problem described by (2) and (1).
Defining

p(t):=x(t) + [ e APV B, u(t + B)lp

i (21)
A= y(1) + G, e XV B, u(t + )dp

and using (C2), we can show from (1) that p(t) and q(t) defined above obey the
system (19) and the control u(t) =A(t,q(')—CZZ e "PB, u(-+B)B,u) is an

0
~h
solution to the finite-dimensional H” control problem described by (2) and (19).
Thus, we obtain the conclusion of Theorem 3. Q.E.D.

Controlled outputs are chosen correspondingly to purposes of control design. We
comment briefly on meanings of the prediction condition (C2) (or (C1)) from the

10



viewpoint of control design. If it is required to control the predictive value of the
internal variable, the prediction condition will be satisfied automatically. In the
previous work [15], the authors proved the same equivalence as in Theorem 3 under the
assumption that the condition

(C3) C,(B)B,, =0, —h<B<0, C,AB, =0, i=012,--

and showed that the framework of H™ control problems for input delayed systems
satisfying (C3) includes the robust stabilization problems against additive or
multiplicative perturbations (including uncertain delay case). We can verify
immediately that the condition (C3) is a sufficient condition for the prediction condition
(C2) to hold, and therefore see that such robust stabilization problems can be handled
aso in the framework of this paper. To clarify more genera meanings of the
prediction condition from the viewpoint of control design is still an open problem of
interest.

5. Delay in M easurement Output and Prediction Condition

We finally discuss a possibility of applying the idea of prediction condition to the
case with delay in measurement output. Consider alinear system with delays not only
in control input and controlled output but aso in measurement output, which is
described by

X(t) = AX(t) + Bw(t) + Bou(t) + B,yu(t — h)
2(t) = CoX(®) + || Cu(B)B,u(t+ B)B +Dut) (22)

V(1) = CoX(®) + Coux(t—1) + | Coo(B)BW(E + B)dB +Dw()

Here y(t) isthe measurement output and, except for the measurement equations, the

system (22) and the system (1) is the same. In addition to the assumption for the
system (1), we assume that x(B)=0 and w(B)=0, —r <p <0, where r >0 isthe

measurement delay, C,,,C,, are constant matrices with appropriate dimensions and
C,,(B) isamatrix function, whose elements are bounded continuous functions, with

appropriate dimension. For the measurement output in the system (22), consider the
following condition:

(C4) C,(B)B =C,e”""B, -r<p<0

11



From the role of this condition in predicting the internal variable, as we will see in the
proof of the next theorem, we call aso this condition (C4) the prediction condition.

Theorem 4. Suppose that the condition (C4) is satisfied. Then, the H” control
problem described by the criterion (2) and the system (22) is equivalent to the H”
control problem described by the criterion (2) and the system (1) where C, in the

measurement output equation isreplaced with C, :=C,, +C,e™” such that

y(t) = C,x(t) + D,w(t)

Proof. Thistheorem is proved along the same line as in the proof of Theorem 3, if we
can show that the measurement data (Y (t),u,) in (22) isequivalent to the measurement

data (y(t),u,) in(1). Firstnotetheformula
&M X(t) = X(t—r) + j° e "B w(t + B)dp

+ e I (Bu(t+B) + Byu(t+ B ~1))dp
Using this formula and the condition (C4), we can see that

V(1) = Cx(©)+ Dt~ Cyy | €0 (Byu(t+B) + Byu(t+ B —r))dp

= Y1) ~C,,[ &0 (Byu(t + B) + Byu(t + B 1)

Thus, the equivalence follows. Q.E.D.

Differently from the case of controlled output, the form of the measurement output
equation in system (22) satisfying the prediction condition (C4) is rather restrictive,
because measurement outputs are generally determined a priori, eg. by physica
constraints and not chosen purposely by designers. On the other hand, if the
disturbance Bw(t) can be measured, so that the past history of the disturbance
{Bw(s),0<s<t} is avalable at each time t, we can aways obtain the form of

measurement output equation in (22) satisfying the prediction condition (C4) from the
measurement output equation of the form

() = CyoX(t) + C,yX(t — 1) + Dw(t)

12



6. Conclusion

We discussed the output feedback H* control problem for linear systems with delays
in control input, controlled output and measurement output, and showed that the
finite-dimensional characterization of the solution is possible if the prediction condition
on the controlled output and/or the measurement output is satisfied. We also discussed
the meaning of the prediction condition from the viewpoint of control design.
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