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Theoretical Prediction of the Soil
Thermal Conductivity at
Moderately High Temperatures
The theoretical model of the present paper assumes the unit cell of the porous med
composed of a cubic space with a cubic solid particle at the center. The thermal con
tivity is evaluated by solving the heat conduction equation with the assumption of pa
isotherms within the cubic space. The liquid water in the porous medium is distrib
around the solid particle according to the phenomena of adsorption and capillarity.
thermal conductivity of the gas present within the pores takes into account the the
conductivity of the water vapor and dry air, without enhanced vapor diffusion. The m
simplifies the variation of the relative humidity, from dryness to the field capacity, w
linear increase. The predicted results, compared to experimental data, show
agreement is very good at the temperatures in the range (30–50°C) and acceptable a
70°C. At high temperature (90°C) the predictions are higher than the experiments a
better agreement could be obtained by decreasing the thermal conductivity of th
phase. Besides, the trend of the theoretical predictions is in good agreement
the experiments also at high temperatures.@DOI: 10.1115/1.1513573#
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Introduction
The prediction of the effective thermal conductivity of soils

very important in many heat and mass transfer phenomena re
to ground, including waste disposal in unsaturated geologic
dia, geothermal energy extraction, drying problems in multiph
heat and mass transfer in porous and fractured media, enha
oil recovery, radioactive waste storage, ground heat pumps
heat exchangers, forest fires and related problems, heat tra
from high voltage power cables, thermal soil remediation and
behavior under forest fires. The effective thermal conductivity
dependent on a wide variety of properties related to the soil,
cluding mineral composition of the solid particles, dry dens
porosity, temperature and water content.

A soil is a multiphase porous medium. A dry or water satura
soil is a two-phases medium, composed of solid particle and
or liquid water, respectively. A soil partially saturated by water
a three-phases medium, with the liquid water disposed among
solid particle by adsorption and capillarity@1#. In a partially satu-
rated soil, heat and mass transfer are coupled by several me
nisms of thermally induced and water potential-induced flow
water in liquid and vapor phases@2#. If the temperature is below
the freezing point, part of the water can be in the solid state a
according to the conditions in the porous medium, liquid wa
can coexist, as unfrozen water, with the solid ice to form a fo
phases medium. Besides the large spectrum of problems id
fied, the interest of the present paper is focused on three-ph
soils at temperatures in the range 30–90°C. Several experim
measurements are present in the literature at high tempera
@3–7#. The soils measured span many different types, varying
mineral composition, dry density, porosity and water content.
cause of the large variety of experiments, the present pape
cuses on the results of@3#, in order to show the general agreeme
and the trend of the theoretical predictions.

A review of the literature has revealed that many theoretical
experimental studies have been carried out to determine the e
tive thermal conductivity of porous media. In the past years so
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experimental results measured the thermal conductivity of s
rated and two-phases porous media. Theoretical models have
proposed, but the studies on the thermal conductivity of unsa
ated porous media are limited.

Two recent papers@8,9# compared some modeling approach
to predict the effective thermal conductivity of high temperatu
soils. Two of the models tested in@8# are modifications of the
original one of de Vries@4#. The third theoretical model was origi
nally proposed in@10# for four-phases soils in partially frozen
conditions and later modified for bricks@11#. A model for the
thermal conductivity of unconsolidated porous medium, based
capillary pressure-saturation relation, has been proposed in@12#. A
relation was obtained for the thermal conductivity of the unsat
ated porous medium whenKw /Ks<0.2. The stagnant therma
conductivity of spatially periodic porous media has been stud
in @13#. Two models to predict the effective thermal conductivi
of consolidated porous media, like cellular ceramics, have b
developed in@14#. A model to determine the thermal conductivit
of a bed of solid spherical particles, immersed in a static flu
when the conductivity of the matrix solid is greater than that
the gas, has been formulated in@15#.

The present paper presents a further enhancement of the m
proposed in@10#, with modifications that take into account th
specific nature of the soil investigated, including the Perman
Wilting Point and the Field Capacity. Permanent Wilting Point
defined as the water remaining in the soil in the smallest of
micropores and around individual soil particles. Field Capacity
the water content present in the soil after a day, when rain
stopped and the irrigation water has been shut off. At this time
examination of the soil will show water has moved out of t
macropores, its place has been taken by air, but the small p
remain filled with water.

Theoretical Approach
The present model is based on the assumption that the unit

of the soil is composed of a cubic space with a cubic solid part
at the center. Figure 1 presents the cubic cell in the case
two-phases medium where the continuous phase can be air~dry
soil! or water~fully saturated soil!. The main physical assumptio
of the cubic cell, no contact among adjoining particles, is

1;
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answer to spherical particles with a point of contact, which i
negligible cross section for heat transfer. When water is pre
the major contribution to heat conduction is given by the cr
section of the water bridge formed between the two particles.
porosity of the soil,«, is taken into account by the ratio of the vo
volume to the total volume of the cell. The dimensions of t
cubic cell, although reported in Fig. 1, do not need to be con
ered, because they can be expressed as ratios with the solid
ticle as in the following. The ratio of the lengths of the cubic c
and of the solid particle, as reported in Fig. 1, is:

Fig. 1 „a… Cubic cell for two-phases dry soil; „b… cubic cell for
three-phases soil at low water content; „c… cubic cell for three-
phases soil in unsaturated conditions; and „d… cubic cell for
three-phases soil near saturation conditions
1002 Õ Vol. 124, DECEMBER 2002
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(1)

wherers is the solid particles density andrd the dry density of the
soil.

The effective thermal conductivity of the unit cell can be eva
ated by solving the heat conduction equation, with the assu
tions of parallel isotherms or parallel heat flux lines. The para
isotherms assumption, adopted in@10–11#, is based on the hypoth
esis of a very high thermal conductivity in the transverse dir
tion, while the parallel heat flux lines is valid when the therm
conductivity, in the transverse direction, is zero. Both assumpti
have been tested in@16# for two-phases media.

The effective thermal conductivity of the medium has be
evaluated in the present paper with the parallel isotherm hyp
esis and is calledKT . For the two-phases porous medium of Fi
1~a!, KT is given by:

1

KT
5

b21

Kc•b
1

b

Kc•~b221!1Ks
(2)

where Kc is the thermal conductivity of the gas~air and water
vapor in general but water if fully saturated!, andKs the thermal
conductivity of the solid particle. The first term in Eq.~2! corre-
sponds to the thermal resistance of the gas in the cross sectionl t

2)
and length (l t2 l s), while the second term is the thermal resi
tance of the materials gas-solid in the cross section (l t

2) and length
( l s).

When the soil is neither dry nor fully saturated by water, wa
is distributed inside the cubic cell according to adsorption a
capillarity. If the water content is very low, water is adsorb
around the solid particle, as assumed in Fig. 1~b!. The adsorbed
water Wc , is assumed empirically to be a fraction of the wat
content at the permanent wilting pointWP , according to@17#, as

WC5cWP (3)

where the constantc depends on the type of soils investigate
The present paper assumesc'0.375 as suggested in@18#. The
adsorbed waterWc , as given by Eq.~3!, is the only empirical
assumption of the present model.

When the water content,W, is greater thanWc , water bridges
are establishes among the six solid particles surrounding the c
cell, with the distributions assumed in Fig. 1~c! or 1~d!, depending
on the amount of water content. The effective thermal conduc
ity of the unit cell can be evaluated, with the assumption of p
allel isotherms, and the expressions are reported in Appendix

Comparisons With Experimental Results
The soils investigated in@3# are reported in Table 1 below. Th

soils of Table 1 belong to three textural groups of soils: coar
medium-fine and fine, as reported in the first column. The nam
the soil is in the second column. The third column presents
range of dry density measured. The quartz content percentage
the fourth column. The thermal conductivity of the solid particl
of each soil, according to the evaluation carried out in@3#, is
reported in the fifth column. Volkmar soil has a thermal condu
tivity more than two times higher than the other soils because
quartz content is 97 percent. In the other soils the quartz con
vary from 35 percent for Palouse B to 55 percent for Mokins. T
sixth column shows the porosity range, corresponding to the
densities of the third column, as evaluated in@3#. The last two
columns show the Permanent Wilting Point water contentWP ,
and the Field CapacityWF , as evaluated in@8#. The experimental
data of@3# were found with the transient thermal probe metho

The thermal conductivity of water is assumed a function of
temperatureTC , ~in °C!, according to:

Kw50.56911.88 1023 TC27.72 1027 TC
2 (4)
Transactions of the ASME
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The thermal conductivity of air, equal toKa50.026 W/m K at
27°C, is assumed variable with the temperatureTC , ~in °C!, ac-
cording to the following equation:

Ka50.0240810.0000792•TC (5)

In a partially saturated soil the thermal conductivity of the g
present in the pore space, is due to water vapor mixed to air.
apparent thermal conductivity of the mixture of air and wa
vapor is then given by:

Kapp5Ka1f•Kvs•j (6)

wheref is the relative humidity of the gas mixture andj is the
mass transfer enhancement factor, assumed by some inve
of Heat Transfer

attransfer.asmedigitalcollection.asme.org on 07/02/2019 Terms of Use
s,
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tions asj.1, because of the phenomenon of enhanced va
phase diffusion. The thermal conductivity of water vapor is@8#:

Kvs5
HL•D

Rv•T
•

pb

pb2pvs
•

dpvs

dT
; (7)

where

Rv5
R

Mw
; (8)

HL5250322.3•TC ; (9)
Fig. 2 „a… Effective thermal conductivity versus water content in L -soil †3‡; „b… effective thermal conductivity versus water
content in L -soil †3‡; „c… Effective thermal conductivity versus water content in L -soil †3‡; and „d… effective thermal conductivity
versus water content in L -soil †3‡
DECEMBER 2002, Vol. 124 Õ 1003
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Fig. 3 „a… Effective thermal conductivity versus water content in Royal soil †3‡; „b… effective thermal conductivity versus water
content in Royal soil †3‡; „c… Effective thermal conductivity versus water content in Royal soil †3‡; and „d… Effective thermal
conductivity versus water content in Royal soil †3‡
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D52.25•1025F T

273.15G
1.72

. (10)

In the present model, on the basis of the discussion carried
in @19#, the mass transfer enhancement factorj is assumed 1.

The Field Capacity of a soil is the condition when water h
drained out of the larger pores but the small pores remain fi
with water. In this situation, the air, trapped among the wa
bridges, contains water saturated vapor, i.e., the relative humi
f, of the gas space is equal to 1. On the other hand,f50 only in
perfect dry conditions; i.e., with water content equal to zero. T
is in agreement with@2# where the relative humidity is a functio
of the soil water content, according to ans-shaped curve, variable
from zero, at zero water content, up to 100 percent, at a w
content which depends on the type of soil. In order to simplify
present theoretical model, this work assumes the relative hum
as linearly variable from zero, at full dryness, to 100 percent
the Field Capacity water content.

In summary, the thermal conductivity of the gas phase~air and
water vapor! is given by Eq.~6!, with j51, and the relative hu-
midity is linearly variable with the water content, from dryness
field capacity, as

f5W/WF (11)

The linear variation is only a hypothesis which can be remo
with the more correct assumption of as-shaped curve, but, in a
simple theoretical model like this, and with several complica
theoretical relations it seems very plausible.
1004 Õ Vol. 124, DECEMBER 2002

: https://heattransfer.asmedigitalcollection.asme.org on 07/02/2019 Terms of Use
on

as
led
ter
ity,

his

ter
he
dity
at

to

ed

ed

Substituting the numerical values of Eq.~7–10! in Eq. ~6!, the
apparent thermal conductivity is given by

Kapp5Ka10.120•f; at 30°C, (12)

Kapp5Ka10.335•f; at 50°C, (13)

Kapp5Ka10.962•f; at 70°C, (14)

Kapp5Ka14.474•f; at 90°C, (15)

where the thermal conductivity of dry air is variable with th
temperature according to the Eq.~5!. Above the Field Capacity
water content,WF , the apparent thermal conductivity of the gas
given by

Kapp5Ka1Kvs (16)

Figures 2–6 present the theoretical predictions of this wo
Each prediction can be subdivided in four regions. The first
gion, extending from zero water content toWC , given by Eq.~3!,
corresponds to the condition of water adsorbed around the s
particle ~Fig. 1~b!! and it gives the lowest thermal conductivit
because of the absence of water bridges between the adjo
solid particles. The first discontinuity between the first and
second region is due to the appearance of water bridges. In
second region, fromWC to WF , water bridges are present amon
Transactions of the ASME
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Fig. 4 „a… Effective thermal conductivity versus water content in Palouse A †3‡; „b… effective thermal conductivity versus water
content in Palouse A †3‡; „c… effective thermal conductivity versus water content in Palouse A †3‡; and „d… effective thermal
conductivity versus water content in Palouse A †3‡
n

a

o
s

d

t
0

r

to

the
1

nt
eri-

e of
pe
ults,

ity,

the
al-
ade
res

of

the
the solid particles, due to capillarity~Fig. 1~c!!. A continuous
increase ofKT , up to the Field Capacity of the soil,WF , is
predicted because of the variation of the relative humidity,
given by Eq.~11!. A second discontinuity in the model is prese
at the Field Capacity,WF . The third region starts atWF extending
up to the third discontinuity, which is due to the transition fro
the water configuration of Fig. 1~c! to that of Fig. 1~d! and is
specific of the present theoretical model. The fourth region st
at the third discontinuity and extends up to saturation. In the th
and fourth regions, at the two highest temperatures~70°C and
90°C!, the effective thermal conductivity decreases forW.WF ,
because the thermal conductivity of water~at saturation! is lower
than the apparent thermal conductivity given by Eq.~6!.

Figures 2–3 compare the theoretical predictions of this w
with the experimental measurements of two of the coarse soil
Table 1 @3#. Figure 2 shows the data forL-Soil, which has the
smallest quartz content~38 percent!, Wilting Point ~5.2 percent!
and Field Capacity~9.9 percent!. Two theoretical predictions are
reported in each figure for two porosities, which correspond to
extremes values of the dry densities of Table 1. The two pre
tions are in fair agreement with the experiments at 30°C~Fig.
2~a!! and 50°C~Fig. 2~b!!, in the whole range of water conten
The predictions are a little higher than the experiments at 7
~Fig. 2~c!! and higher at 90°C~Fig. 2~d!!. Note that the change in
the slope of the predictions at the Field Capacity is in good ag
ment with the slope change of the experimental data@3#.

Figure 3 presents the predictions and the data for Royal s
Journal of Heat Transfer
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which has a moderate quartz content~42.5 percent! and Field
Capacity~20.3 percent!. The predictions are in good agreement
the experiments at 30°C~Fig. 3~a!! and 50°C~Fig. 3~b!!, in the
complete range of water content. Indeed, the data are within
predictions obtained with the two porosities reported in Table
@3#. At 70°C ~Fig. 3~c!! the predictions are in good agreeme
below the field capacity but somewhat higher than the exp
ments at higher water contents. At 90°C~Fig. 3~d!! the theoretical
predictions are higher than the experiments in the whole rang
water content. Also for Royal soil it is evident that the slo
change, in the experimental as well as in the theoretical res
occurs around the field capacity~20.3 percent!. Further on, at the
field capacity the soil exhibits the highest thermal conductiv
for the temperatures of 70°C and 90°C.

Figures 4–5 present the theoretical predictions compared to
experimental data of two medium-fine soils of Table 1; i.e., P
ouse A and Salkum. The conclusions are similar to those m
with Figs. 1–2. The agreement is fairly good at the temperatu
30°C and 50°C~Figs. 4~a,b! and 5~a,b!. It is acceptable at 70°C
up to the Field Capacity~Fig. 4~c! and Fig. 5~c!!. The predictions
are higher than the experiments at 90°C~Figs. 4~d! and 5~d!.

Finally Fig. 6 presents the predictions and the experiments
the only fine soil of Table 1; i.e., Palouse B. Figure 6~a,b! present
a fairly good agreement. Figure 6~c,d! show the model provides
higher values than the experiments with conclusions similar to
previous ones.
DECEMBER 2002, Vol. 124 Õ 1005
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Fig. 5 „a… Effective thermal conductivity versus water content in Salkum †3‡; „b… effective thermal conductivity versus water
content in Salkum †3‡; „c… effective thermal conductivity versus water content in Salkum †3‡; and „d… effective thermal conductivity
versus water content in Salkum †3‡
r
e
e

r

Conclusions
The theoretical model, used to simulate three-phases po

soils, gives predictions in very good agreement with the exp
mental results at the temperatures of 30°C and 50°C. At the t
perature of 70°C the agreement is fairly good from dryness to
Field Capacity. The predictions are somewhat higher than the
periments, above the field capacity. At 90°C the predictions
higher than the experiments almost everywhere and a better c
parison can be obtained only with a reduced apparent the
conductivity of the water-vapor and air mixture.
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Nomenclature

D 5 water vapor diffusivity in air,@m2/s#
HL 5 latent heat of condensation,@J/kg#

K 5 thermal conductivity,@W/m K#
l 5 cubic cell length,@m#

M 5 molecular mass,@g/mol#
p 5 pressure,@Pa#
R 5 gas constant,@J/mol K#

RV 5 water vapor gas constant,@J/kg K#
T 5 temperature,@K#

TC 5 temperature,@°C#
V 5 volume,@m3#
1006 Õ Vol. 124, DECEMBER 2002
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W 5 water content,@m3/m3#
WC 5 adsorbed water content,@m3/m3#
WP 5 permanent Wilting Point,@m3/m3#
WF 5 field Capacity,@m3/m3#

Greek Symbols

b5 l t / l s 5 lengths ratiod5W/12«
«5Vp /Vt 5 porosity

f 5 air relative humidity
r 5 density,@Kg/m3#
j 5 mass transfer enhancement factor
g 5 lengths ratio

g f 5 lengths ratio

Subscripts

a 5 air
app 5 apparent

b 5 barometric
c 5 gas phase
d 5 dry
p 5 pore
s 5 solid particle
T 5 parallel isotherm
t 5 total

v 5 water vapor
vs 5 water vapor at saturation
w 5 water

wa 5 adsorbed water
w f 5 funicular water
Transactions of the ASME
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Fig. 6 „a… Effective thermal conductivity versus water content in Palouse B †3‡; „b… effective thermal conductivity versus water
content in Palouse B †3‡; „c… effective thermal conductivity versus water content in Palouse B †3‡; and „d… effective thermal
conductivity versus water content in Palouse B †3‡.
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Appendix A
If the water content is lower thanWC , the effective thermal

conductivity is given by, Fig. 1~b!;

1

KT
5

b212d/3

b•Kapp
1

b•d

3@Kapp~b221!1Kw!]

1
b

Ks1
2

3
•d•Kw1KappS b2212

2

3
•d D (A1)

where

d5
W

12«
56•

l wa

l s
(A2)

The first term of Eq.~A1! is the thermal resistance of gas in th
section (l t

2) of length (l t2 l s22l wa). The second term is the the
mal resistance of the materials gas-water in the section (l t

2) of
length (2l wa). The third term is the thermal resistance of t
materials gas-water-solid in the section (l t

2) of length (l s). With
reference to Fig. 1~b! the three terms can be looked from above
below and also on the plane on the paper.

If W.Wc , Fig. 1~c! and 1~d! the amount of water accumulate
among the solid particles is the funicular one,Vw f /Vs , according
to @20#. In order to simplify the model,Vw f /Vs is assumed lin-
Journal of Heat Transfer
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early variable with the real porosity of the medium, betwe
0.183, for«50.4764, and 0.226, for«50.2595. The resulting ex-
pression is:

Vw f

Vs
5

Vw f

Vp
•~b321!

5F0.1831
0.22620.183

0.476420.2595
•~0.47642«!G•~b321! (A3)

The following variables are then defined:

g5
l w

l s
5A3 Vw

Vs
2

Vw f

Vs
11 (A4)

and

g f5
l w f

l s
5A Vw f /Vs

3•~b2g!
(A5)

In the configuration of Fig. 1~c!, whereg f,1, KT is given by:
DECEMBER 2002, Vol. 124 Õ 1007
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1

KT
5

b22b•g

Kapp•~b22g f
2!1Kw•g f

2 1
b•g2b

Kapp•~b22g2!1Kw•g2

1
b2b•g f

Kapp•~b22g2!1Kw•~g221!1Ks

1
b•g f

Ks1Kw•~g22112•b•g f22•g•g f !1A
(A6)

whereA5Kapp•(b22g222•b•g f12•g•g f)
The first term of Eq.~A6! is the thermal resistance of the m
a

l

s

y

o

m

n
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terials gas-water in the section (l t
2) of length (l t2 l w). The second

term is the thermal resistance of the materials gas-water in
section (l t

2) of length (l w2 l s). The third term is the thermal re
sistance of the materials gas-water-solid in the section (l t

2) of
length (l s2 l w f). The fourth term is the thermal resistance of t
materials gas-water-solid in the section (l t

2) of length (l w f). With
reference to Fig. 1~c! the four sections can be looked from abo
to below and also on the plane on the paper.

For g f.1, Fig. 1~d!, KT has the following expression:
1

KT
5

b22b•g

Kapp•~b22g f
2!1Kw•g f

2 1
b•g2b•g f

Kapp•~b22g2!1Kw•g2 1
b•g f2b

Kapp•~b22g222•b•g f12•g•g f !1Kw•~g212•b•g f22•g•g f !

1
b

Ks1Kw•~g22112•b•g f22•g•g f !1Kapp•~b22g222•b•g f12•g•g f !
(A7)
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The first term of Eq.~A7! is the thermal resistance of the m
terials gas-water in the section (l t

2) of length (l t2 l w). The second
term is the thermal resistance of the materials gas-water in
section (l t

2) of length (l w2 l w f). The third term is the therma
resistance of the materials gas-water in the section (l t

2) of length
( l w f2 l s). The fourth term is the thermal resistance of the mate
als gas-water-solid in the section (l t

2) of length (l s). With refer-
ence to Fig. 1~d! the four sections can be looked from above
below and also on the plane on the paper.
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