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CHARACTERS OF SPEH REPRESENTATIONS AND
LEWIS CAROLL IDENTITY

GAETAN CHENEVIER AND DAVID RENARD

ABSTRACT. We give a new and elementary proof of Tadi¢ formula for charac-
ters of Speh representations of GL(n, A), A a central division algebra over a
non-Archimedean local field, based on Lewis Caroll determinantal identity.

1. INTRODUCTION

Let F' be a non-Archimedean local field of characteristic zero, let A be a cen-
tral division algebra over F' and let G,, = GL(m, A). The unitary dual of G,,
was described in [I4] ([I3] in the case A = F'), and the missing part of the proof
(conjectures U0 and U1 in [I4]) were obtained respectively in [I1] and [2]. Speh
representations are building blocks for the unitary dual of G,,, in the sense that
an irreducible unitary representation of G,, is always fully parabolically induced
from a tensor product of Speh representations or complementary series starting
from a tensor product of two copies of the same Speh representation (see Section
[)). Since there is a well-known formula for the character of a parabolically induced
representation, in terms of the character of the induced representation, characters of
irreducible unitary representations of G, can be computed from characters of Speh
representations, and a formula for them has been given by Tadié¢ in [12] in the case
A = F, and generalized in [I5] for any A. Let us explain briefly what these char-
acter formulas are. By Langlands classification, the Grothendieck group of finite
length representations of GG, has two bases—the obvious one by irreducibles and
the one consisting of “standard” representations, i.e. the ones which are paraboli-
cally induced by essentially square integrable representations. Therefore, any irre-
ducible character can be expressed as a linear combination of characters of standard
representations. Tadié¢’s result is an explicit formula for the character of Speh rep-
resentations in the second basis. In general, such formulas for irreducible characters
can be obtained only by combinatorially very complicated Kazhdan-Lusztig algo-
rithms (computing relevant Kazhdan-Lusztig-(Vogan) polynomials, [§], [7]). It is
remarkable that a closed formula can be given for Speh representations. For an-
other instance of such closed formulas, for unipotent representations of complex
groups, see [4].

The proof in [12] is rather indirect. It uses a character formula for Speh rep-
resentations of GL(m,C) due to Zuckerman (here Speh representations are one-
dimensional, i.e. in the complex case, they are just characters) and a formal argu-
ment allowing a comparison between GL(m, C) and GL(m, A) based on a formula
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for the end of complementary series (in the p-adic case as well as in the complex
case; for the p-adic case this is the formula in Theorem [B.1)). For GL(m, A), the
irreducible constituents of the end of complementary series can be obtained by ele-
mentary arguments, but unfortunately, this was not the case for GL(m, C) (see the
proof in [12], using results of S. Sahi [10]). A direct proof of the character formula
was therefore desirable. It was clear from [I2] that a direct argument could be given
once a combinatorial identity was proved. We remarked that Tadi¢’s formula for
the characters of Speh representations is given by the determinant of a matrix, and
that the combinatorial identity needed can be reinterpreted as a curious identity
of determinants. We proved this identity, learning later that it was already known
under the name of Lewis Caroll identity [I], [6]. We finish this introduction by
remarking that in the case of GL(m, C), the argument can be reversed, and that it
gives a direct proof for the composition factors of the ends of complementary series,
from Zuckerman formula, much simpler than the one in [12] and [10].

Finally, let us mention that these character formulas are essential in the exten-
sion of the local Jacquet-Langlands correspondence from tempered representations
to all irreducible unitary representations ([3], [I5]) and also to get the global cor-
respondence ([3]).

2. SPEH REPRESENTATIONS
We follow [14] for notation. Let us denote by v the morphism
v:Gp =GL(m,A) — RY, g+— |[RN(g)|r

where RN (g) is the reduced norm of the algebra M,,(A) of all m by m matrices
over A (with values in F) and |.|p is a normalized p-adic norm for F.
If 7; is a smooth representation of G,,, i =1,...,r,

T X Ty X ... X Ty

is then the representation of G, +...4+n, induced parabolically from the represen-
tation m ® M2 ® ... ® 7, of the standard Levi subgroup G,, X Gn, X ... X G,
(standard parabolic subgroups are the one containing upper triangular matrices.

Let R,,, be the Grothendieck group of the category of smooth representations of
G, of finite length. Parabolic induction defines a product on

R =P R

meN

It is understood that Gy = {1}, a group which admits a unique irreducible repre-
sentation og. The image of oy in R is the unit of R.

Let p be an irreducible cuspidal representation of G,,, and let s = s, be the inte-
ger attached to it in [I4] (this is the length of the Zelevinsky segment corresponding
to the essentially square integrable (modulo center) representation obtained from
p by the Jacquet-Langlands correspondence). Set v, = v®. It is proved in [14],
generalizing results of Zelevinsky [16], that

-1 =3 -3 -1

Up? pXUp2 pX...X XUy 2 pXUp 2 p
has a unique irreducible subrepresentation, denoted d(p, ), that §(p, () is essentially
square integrable (modulo center), and that all irreducible essentially square inte-
grable (modulo center) representations are obtained in this manner. More generally,
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if ¢ < j are integers, 0(p, [¢,j]) denotes the unique irreducible subrepresentation of
I/gp X ngp X ... X xuﬁflp X I/;p.

Let 6 = 6(p, 1) as above. The Speh representation u(d, n) is the unique irreducible
quotient (Langlands quotient) of

n—3 n—1

n—1

n—3
2 2 2 2
Up? OX1p? 6X...XV, 26XV, 2 0.

If p is unitary, so are § = d(p,!) and u(d,n) ([I3], [2]). The Speh representations
u(d(p,1),n), p unitary, are the building blocks in the classification of the unitary
dual of the groups GL(m, A) (see [13], [14], and Section M.

3. END OF COMPLEMENTARY SERIES

For a > 0, and p an irreducible cuspidal representation of G,, as in the previous
section, set

m(p,l,n, ) = vou(d(p,l),n) x v, “u(d(p,1),n).

fo<ax %, 7(p,l,n,a) is irreducible, and unitary if p is (complementary series
attached to u(d(p,1),n)).

At a = %, m(p,l,n,a) reduces. A formula for the composition series is given by
Tadié¢ ([15], Prop. 4.1).

Theorem 3.1. Let p, n,l be as above. In the Grothendieck group we have

viu(d(p.1),m) x v, *u(8(p,1),n)
=u(0(p,1),n+1) xu(d(p,1),n—1) +u(d(p,l +1),n) x u(d(p,l — 1),n).

When n =0 or [ =0, we set u(d(p,1),n) = oo (the unit in R).
In particular, when p is unitary, all the constituents of the ends of complementary
series are unitary, a result due to D. Mili¢i¢ in a much more general setting ([9]).

4. UNITARY DUAL OF G,

We are now in position to state the classification theorem of Tadi¢ ([13], [14]).
Let us denote by Irr* the set of irreducible unitary smooth representations of the
groups G,,, m € N. Conjecture U(0) of Tadié, proved by Bernstein [5] in the
field case, and Secherre [I1] for a division algebra asserts that if o, 7 are in Irr®,
then o x 7 is again in Irr". Let us denote by C* the subset of Irr" consisting of
supercuspidal representations.

Theorem 4.1. The set Irr", endowed with the product X, is a free commutative
monoid with basis

1}.

B ={u(d(p,1),n),7(p,l,n,a), pe C* n,l €N, a €]0, 5[

Thus, if ™ is an irreducible unitary smooth representation of some G, there exists
T, ..., T € B, unique up to a permutation, such that

T=m1 X ...X k.
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5. CHARACTER FORMULA FOR u(d(p,1),n)

Let p, n,l be as above. We will prove by induction on n a character formula for
u(d(p,1),n). In order to have uniform formulas, we adopt the following convention.
Recall that the representations §(p, [¢, j]) were defined above for integers i, j, i < j.
If j <i—1, weset (in R): §(p,[i,4]) =0, and §(p, [i,5 — 1]) = 1.

Theorem 5.1.

v u@(p,)m) = 30 (1) T80, i1+ w(i) 1)),

wEG, i=1
where l(w) is the length of the permutation w in the symmetric group &, (therefore
(=1)"®) s the signature of w).

Proof. The identity to be proved can also be written, with m; ; = d(p, [1,1+j —1]),

l+n
vp® u(d(p,1),n) = det(m; j)1<ij<n-

Thus (m; ;);; is a matrix with coefficients in R. The formula is true for n = 1.
Suppose it is true up to n. From Theorem Bl we have

u(d(p,1),n+1) x u(d(p,1),n —1)
— vFu(d(p,1),m) x v Fu(d(p,1),m)
- u(&(p, I+ 1)777‘) X u(&(p,l - 1)a n)
Using induction hypothesis we get

I n—1
v ublp ) vy YD (<) T 0o, i i) — 1)

wES,, 1 i=1

=v, Y (=D H 8(p, i+ w(@) — 1)) x> (=1)!®) H5(p, [i,1 + w(i) — 1])

weS, i=1 wES i=1

= > DT i+ w@]) x v, Y (=DM T 6, [i L+ w(@) - 2]).

WwES, i=1 weS, i=1

Set m; ; = d(p, [i + 1,1 + j]) and rewrite this equality as

v u(3(p. 1), m+ 1) x det((mf 1< j<n)

= det((m] j)1<ij<n) x det((m; ;)o<ij<n—1)

—det((m] ;)o<i<n—1,1<j<n) X det((m; ;)1<i<n0<j<n—1)-
Lemma and the fact that R ([I4]) is a domain show that

I+n+1

vp 2 u(d(p,1),n+ 1) = det((m] j)o<i,j<n) = det((mij)1<ij<n+1)- 0

6. LEwis CAROLL IDENTITY

We give a quick proof of Lewis Caroll (i.e. Charles Dodgson) identity. Let R be
a ring and let V' be a free R-module, of dimension n + 1, with basis (eq,...,e,).
Let v be an endomorphism of V. Denote by At~y the induced endomorphism in
A"V and M = (m;;) the matrix of 7 in this basis.
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Recall that if p and ¢ are two integers such that p + ¢ =n + 1, we get a perfect
duality,
ANVoONV = ATV
Thus, we have
(A'V) =~ ATV @det 1.
This shows that
N7V edet = (APV) = AV AP (A" V @det )= A? (A" V) @ det 2.
Finally,
n—1 n—1 n+1 2 n
AN Vedt=A"VaAN T VA (A"V).
Therefore, the matrices in the natural bases deduced from (e, ...,e,), respec-
tively of
APl @ ATy = APy @ det(y)Id and A2 (AT )
are equal.
The matrix of A™y, in the basis €; = ey A... Aé A ... A e, is the transpose of
the comatrix of M. Let us denote it by Q = (gi;)i;-
The coefficient ((0,n), (0,n)) of the matrix of A?(A™) in the basis & A &;, 0 <
{ <.7 S n, is q009nn — qonqno-
In the basis é;;, 0 <i < j <n of /\"_1 V', where

éij:eo/\.../\él-/\.../\éj/\.../\en

the coefficient (0,7), (0,n) of the matrix of A"~ 1y is the “central” minor (n — 1) x
(TL — 1) of ]\47 i.e. det((mij)1§i7j§n_1).
Therefore, we obtain

det((mij)i<i,j<n—1) det M = qoognn — qondno-

But coefficients of the transpose of the comatrix are also minors. Writing them as
such, we get

Lemma 6.1.

det((mij)1<ij<n—1) det((mij)o<ij<n)
= det ((mi5)1<i,j<n) det((mij)o<ij<n—1)

—det ((mij)1<i<n,0<i<n—1) det ((Mij)o<i<n—1,1<<n)-

REFERENCES

[1] MIT, algebra course, http://www-math.mit.edu/18.013A /HTML/chapter_b/contents.html.

[2] A. I Badulescu and D. A. Renard, Sur une conjecture de Tadié, Glas. Mat. Ser. III 39(59)
(2004), no. 1, 49-54. MR2055385//(2005d:22016)

[3] Alexandru Ioan Badulescu, Global Jacquet-Langlands correspondence, multiplicity one and
classification of automorphic representations, Invent. Math. 172 (2008), no. 2, 383-438, With
an appendix by Neven Grbac. MR2390289

[4] Dan Barbasch and David A. Vogan, Jr., Unipotent representations of complex semisimple
groups, Ann. of Math. (2) 121 (1985), no. 1, 41-110. MR782556 (861:22031)

[5] Joseph N. Bernstein, P-invariant distributions on GL(N) and the classification of unitary

representations of GL(N) (non-Archimedean case), Lie group representations, II (College

Park, Md., 1982/1983), Lecture Notes in Math., vol. 1041, Springer, Berlin, 1984, pp. 50—

102. MR748505 (86b:22028)

Charles L. Dodgson, An elementary treatise on determinants, with their application to si-

multaneous linear equations and algebraic geometry, Macmillan, London, 1867.

6


http://www.ams.org/mathscinet-getitem?mr=2055385
http://www.ams.org/mathscinet-getitem?mr=2055385
http://www.ams.org/mathscinet-getitem?mr=2390289
http://www.ams.org/mathscinet-getitem?mr=782556
http://www.ams.org/mathscinet-getitem?mr=782556
http://www.ams.org/mathscinet-getitem?mr=748505
http://www.ams.org/mathscinet-getitem?mr=748505

452 GAETAN CHENEVIER AND DAVID RENARD

[7] David Kazhdan and George Lusztig, Proof of the Deligne-Langlands conjecture for Hecke
algebras, Invent. Math. 87 (1987), no. 1, 153-215. MR862716 (88d:11121)

[8] George Lusztig and David A. Vogan, Jr., Singularities of closures of K-orbits on flag mani-
folds, Invent. Math. 71 (1983), no. 2, 365-379. MR689649 |(84h:14060)

[9] Dragan Mili¢i¢, On C*-algebras with bounded trace, Glasnik Mat. Ser. III 8(28) (1973), 7—22.
MR0324429)(48:2781)

[10] Siddhartha Sahi, Jordan algebras and degenerate principal series, J. Reine Angew. Math.
462 (1995), 1-18. MR1329899[(96d:22022)

[11] Vincent Sécherre, Proof of the Tadic Conjecture UO on the unitary dual of GL(m,D),
J. Reine Angew. Math.

[12] M. Tadié¢, On characters of irreducible unitary representations of general linear groups, Abh.
Math. Sem. Univ. Hamburg 65 (1995), 341-363. MR1359141 (96m:22039)

[13] Marko Tadi¢, Classification of unitary representations in irreducible representations of gen-
eral linear group (non-Archimedean case), Ann. Sci. Ecole Norm. Sup. (4) 19 (1986), no. 3,
335-382. MR870688 (88b:22021)

, Induced representations of GL(n, A) for p-adic division algebras A, J. Reine Angew.

Math. 405 (1990), 48-77. MR1040995|(91i:22025)

, Representation theory of GL(n) over a p-adic division algebra and unitarity in the
Jacquet-Langlands correspondence, Pacific J. Math. 223 (2006), no. 1, 167-200. MR2221023
(2007b:22020)

[16] A. V. Zelevinsky, Induced representations of reductive p-adic groups. II. On irreducible rep-
resentations of GL(n), Ann. Sci. Ecole Norm. Sup. (4) 13 (1980), no. 2, 165-210. MR584084
(83g:22012)

[14]

[15]

CENTRE DE MATHEMATIQUES LAURENT SCHWARTZ, ECOLE POLYTECHNIQUE, 91 128 PALAISEAU,
FRANCE

CENTRE DE MATHEMATIQUES LAURENT SCHWARTZ, EcoLE POLYTECHNIQUE, 91 128 PALAISEAU,
FRANCE


http://www.ams.org/mathscinet-getitem?mr=862716
http://www.ams.org/mathscinet-getitem?mr=862716
http://www.ams.org/mathscinet-getitem?mr=689649
http://www.ams.org/mathscinet-getitem?mr=689649
http://www.ams.org/mathscinet-getitem?mr=0324429
http://www.ams.org/mathscinet-getitem?mr=0324429
http://www.ams.org/mathscinet-getitem?mr=1329899
http://www.ams.org/mathscinet-getitem?mr=1329899
http://www.ams.org/mathscinet-getitem?mr=1359141
http://www.ams.org/mathscinet-getitem?mr=1359141
http://www.ams.org/mathscinet-getitem?mr=870688
http://www.ams.org/mathscinet-getitem?mr=870688
http://www.ams.org/mathscinet-getitem?mr=1040995
http://www.ams.org/mathscinet-getitem?mr=1040995
http://www.ams.org/mathscinet-getitem?mr=2221023
http://www.ams.org/mathscinet-getitem?mr=2221023
http://www.ams.org/mathscinet-getitem?mr=584084
http://www.ams.org/mathscinet-getitem?mr=584084

	1. Introduction
	2. Speh representations
	3. End of complementary series
	4. Unitary dual of Gm
	5. Character formula for u((,l),n) 
	6. Lewis Caroll identity
	References

