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Abstract

Dynamictextures are sequencesf images that exhibit
someform of tempoal stationarity sud as waves,steam,
andfoliage. We posethe problemof recaynizingand clas-
sifying dynamictexturesin the spaceof dynamicalsystems
whele eadh dynamictexture is uniquelyrepresented Since
thespaceis non-linear a distancebetweemmodelsmustbe
defined.We examinethree different distancesn the space
of autoregressivemodelsand assessheir power

1. Introduction

Recognitionof objectsbasedon their imagesis one of
the centralproblemsin modernComputetVision. We con-
siderobjectsasbeingdescribedoy their geometric photo-
metric anddynamicproperties.While a vastliteratureex-
istson recognitionbasedn geometryandphotometryless
hasbeensaidaboutrecognizingscenedasedipontheirdy-
namics.In this paperwe considerthe problemof recogniz-
ing a sequencef imagesbasedupona joint photometric-
dynamicmodel. This allows usto recognizenot just steam
from foliage,but fastturbulentsteamfrom haze or to detect
the presencef strongwinds by looking attrees.

We representmagesof stationaryprocessessthe out-
put of a stochastiadynamicalmodel. The modelis learned
from the data,andrecognitionis performedn the spaceof
models. The implementatiorof this idea, however, is not
simple. First, the mapfrom a sequencao a modelis not
necessarilyone-to-onevery differentscenesanbe output
of thesamemodel. Secondgventhe simplestinearmodels
learnedrom datarepresenéquivalenceclasse®f statistics:
the samescenecanresultin very differentmodelsdepend-
ing on the initial condition. Recognitionin the spaceof
modelsamountsto doing statisticson quotientspaceghat
have a non-trivial Riemanniarstructure.
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Recognitionof comple< motion patternsn imagesis an
active areaof researchin computervision. Extensve work
hasbeenconductedfor the caseof humanmotion andin
particularfacial expressionsfor instance[2, 8, 3, 16, 13].
Somemethodsare basedon optical flow. For eachframe
theflow canbeapproximatedvith asmall-dimensionafec-
tor in a suitablebasis,asin [7], andtherecognitionis done
with hiddenMarkov models(HMMs), or, asin [2], aspatio-
temporal representatiorof the optical flow can be built.
Otherslook at differentspatio-temporafleatureq12].

In this paperwe take a differentapproach:we do not
choosdocal featuresnor do we computeoptical flow. In-
stead,we startfrom the assumptiorthat the sequencesf
imagesarerealizationsof second-ordestationarystochas-
tic processegthe covarianceis finite and shift-invariant).
We setoutto classifyandrecognizenotindividual realiza-
tions, but statisticalmodelsthat generatethem. This en-
tails choosinga distancebetweenmodels. This problem
hasbeerfirst addressetly Martin in [11], whereadistance
for single-input,single-outpuiSISO)linear Gaussiarpro-
cessehasbeenintroduced.We proposeandanalyzethree
distances.The first usesprincipal anglesbetweenspecific
subspacederivedfrom AR! models.The seconds the ex-
tensionof the distanceproposedoy Martin. Both draw on
recentresultsof De CockandDe Moor [4]. Finally, wealso
look atthe geodesidistance.

2. From image sequences to dynamical models

We startfrom the assumptiorthata sequencef images
y(t), t = 1...7 is a realizationof a second-ordesta-
tionary stochastigrocess.This meanghatthe joint statis-
tics betweentwo time instantsis shift-invariant. Although
this may seemlik e a severely restrictve assumptionit has
beenshavn in [14, 6] thatsequencesuchasfoliage,water,
smolke, and steamarewell capturedoy this model. These
sequencearecalled“dynamictextures”.

It is well known that a positive-definitecovariancese-
guencewith rational spectrumcorrespondgo an equia-

1AR standdfor autorgressie.



lenceclassof second-ordestationaryprocesse$lQ]. It is

thenpossibleto chooseas a representatie of eachclassa

Gauss-Markv model—thatis theoutputof alineardynam-
ical systemdriven by white, zero-meanGaussiamoise—

with the given covariance.In otherwords,we canassume
thatthereexists a positive integern, a process{z(t)} (the

“state”) with initial conditionzy, € R* ~ A(0,P) and

EAE
0 suchthat {y(¢)} is the outputof the following Gauss-
Markov “ARMA” modef:

{ z(t+1) = Az(t) + v(t)
y(t) = Ca(t) + w(t);

a symmetricpositive semi-definitematrix

o(t) ~ N(0,Q); z(0) = zo
w(t) ~ N(0, R)
1)

for somematricesA € R**™ andC € R™*", whereS =
E[w(t)vT (t)].

Thechoiceof matricesA, C, @, R, S isnotunigue,in the
sensehatthereareinfinitely mary modelsthatgive riseto
exactlythesamemeasuremerttovariancesequencstarting
from suitableinitial conditions: one cansubstituteA with
TAT-!, C with CT~, Q with TQT™, S with TS, and
choosetheinitial conditionT'zq, whereT € GL(n) is ary
invertiblen x n matrix, andobtainthe sameoutputcovari-
ancesequenceln otherwords,the basisof the state-space
is arbitrary andary givenprocesshasnot a uniguemodel,
but an equivalenceclassof models. In orderto be ableto
identify a uniguemodelof thetype (1) from a samplepath
y(t), it is thereforenecessaryo choosea representatie of
eachequivalenceclass(i.e. abasisof the state-spacekuch
arepresentatieis calledacanonicalmodelrealization It is
canonicaln thesensdhatit doesnot dependon the choice
of basisin the statespacegbecausét hasbeenfixed).

While therearemary possiblechoicesof canonicareal-
izations(se€[9]), we areinterestedn onethatis “tailored”
to the data. Sincewe work with images,we will make the
following assumptiongsiboutthemodel(1):

m >> n; rank(C) =n 2

and choosea realizationthat makes the columnsof C or-
thonormal:
ctc =1,. 3)

Thisguarantieshatthematrix C' is anelemenin the Stiefel
manifoldV (m, n) (thesetof n orthonormalectorsin R™)
andthatthe stochastiaealizationcorrespondingo a given
datasets uniquely determined.We shall seethatthe clas-
sification/recognitiorproblemcanbe posedby computing
statisticson sucha manifold.

The problemof going from datato modelscan be for-
mulatedasfollows: givenmeasurementsf a samplepath
of theprocessy(1),...,y(r); T >> n, estimated, C, Q,
acanonicalrealizationof the process{y(t)}. As described

2ARMA standdor autorgressie moving average

in [14], thechoiceof C' € V (m,n) resultsn acanonicate-
alization. Ideally, we would wantthe maximumlik elihood
solutionfrom thefinite sample thatis the argumentof

max p(y(l),...,y(’l’)|A,C, Q) (4)

A,C,Q
Noticethatwe do not modelthe covarianceof themeasure-
mentnoisesincethat carriesno informationon the under
lying process.n practice for reason®f computationakf-
ficiengy, we settlefor a suboptimalsolution describedin
[14]. From this point on, therefore,we will assumethat
we have available — for eachsamplesequence- a model
in theform {4, C, Q}. For the purposeof recognition,we
considermrocessewvith differentinput noisecovarianceas
equivalent. Therefore the problemof recognizingdynamic
texturescanbe posedasthe problemof recognizingpairs
{4, C'} estimatedrom data.

2.1. Geometric structure of the space of models

Models, learnedfrom dataasdescribedn the previous
section,do not live in a linear space. While the matrix A
is only constrainedo be stable(eigervalueswithin the unit
circle), thematrix C' hasnon-trivial geometricstructurefor
its columnsform an orthogonalset. Let C € V(m,n),
m > n be a point on the Stiefel manifold of n-frames
in R™, CTC = I,, endaved with the Euclideanmetric
9:.(X,Y) = tr(XTY) whereX,Y € TV (m,n), thetan-
gentplaneto the Stiefel manifold. It is shovn in [5] that
geodesidrajectoriesn V (m,n) havethegeneraform

L,

Rexp(Xt)In,,, where Im,nz[ 0

] eR™™ (5)

and R € O(m); X is a skew-symmetricmatrix having

blocks Foar

X = [ n ] . ©)
Note that X belongsto a linear spacethat is isomorphic
to Rm»—(n+1)/2  and could thereforebe usedas a lo-
cal coordinatizationof the Stiefel manifold V' (m,n). We
will usethe structureof the geodesicin orderto define
a distancein V(m,n) as follows: considertwo points
Cy,Cy € V(m,n) and the geodesicconnectingthem:
C(t) | C(0) = [Ci Ulexp(0)In,, = Cy andC(t) =
[Ci Ulexp(Xt)I,n, = C, for aparticularvalueof X, ¢
andfor any U, anorthogonalcompletionof C;. Thenwe

define
d:V(m,n)xV(im,n) — R (C1,C2) — || Xt||lr (7)

wherethe subscriptF' indicatesthe Frobeniusiorm.
2.2 Probability distributionson Stiefel manifolds

In orderto provide a simplestatisticaldescriptiononthe
spaceof models,we assumehat A andC' areindependent,



so that their statisticaldescriptioncan be addressedepa-
rately While specifyinga probability densityin the space
of transitionmatricesA is straightforward (indeed,we will
adopta Gaussiardensity),doing sofor the outputmatrices
C is nottrivial since,aswe have just seenthe spacehasa
non-trivial curvature.In this paragraphwe introducea class
of probability densitieson the Stiefel manifold that canbe
usedto modelthe statisticsof C. Considerthe following
functionp : V(m,n) — R

p(C) = 2 exp(ix(SuC)) ®)
wherey € V(m,n), & = 7 > 0andZ = [dP(C)
where dP(C) = p(C)du(C) with du the base(Haar)
measureon V(m,n). We call this function a Langevin
(or Gibbs)densityon V' (m,n), owing to its similarity to
Langevin distributionsonthe sphere i playstherole of the
modeof the density andX playstherole of thedispesion
It is easyto verify thatthe above densityhasa uniqguemax-
imum for C = p. The functional expressionof p canbe
usedto computelik elihoodratiosfor recognitiononcethe
parameterg, 3., have beeninferred.

In orderto estimatehesufficient statisticfrom samples,
let C;, i = 1... N beafair samplefrom the densityp(C).
It follows from thelaw of large numberghat

i = iio — /CdP(C) =), (9)
N P K3 )

Having a closed-formexpressionof the integral m(u, X),

onecould usesamplego computerin andusethe equation
above to computestatistics. However, we do not pursue
thatavenuefurtherhere.lnsteadwe considethemaximum
likelihoodestimatiorof the sufficient statisticsby consider
ing the joint densityof a fair samplep(Ci,...,Cn|y, 2),

which canbewritten as

Hp

For example,for the caseX = I we canlook for ji that
solvesthefollowing problem

exp Z trace(Sul C;)) (10)

i=1

N
Ci,...,Cn|p) = maxt ).
JJmax | p(Ch N|p) = max rawe(uizz1 1)

Letting & YN, C; = UsSs V4!
compositionthen

T be a singularvalue de-

i =UsVs .

Thisalsoclarifiestherelationshipbetweerthesamplemean
m andthe samplemedianji: the latter consistsof the or-
thogonalfactorsof the former, or in otherwordsit is the
orthogonabprojectionof /i ontoV (m, n).

3. Recognizing dynamical models

Aswe havearticulatedn theprevioussection adynamic
textureis describedy alineardynamicalkystemandrepre-
sentedby the matricesA,C,Q. This spacehasanon-trivial
curvature structurethat must be taken into accountwhen
doingstatisticsor comparisonbetweermodels.

In this sectionwe considerthree approacheso recog-
nition. Oneinvolvescomputinglikelihoodratios,with an
explicit form for the probability densityof the models.The
secondnvolvescomputinganglesbetweersubspacesf the
measuremergpan.Thethird only involvescomputingdis-
tancesetweenmodels.

Supposehattwo groupsof pointsonV (m, n) aregiven:
Ui, ..., Uy, fair sampledrom a Langevin distribution with
meanuy anddispersior®y, andVy, ..., V; samplesroma
distribution with meanuy anddispersiorn®y,. Givenanew
point C', we want to decideto which “group” it belongs.
Froma decision-theoretipoint of view, the goalis to con-
structa densitycorrespondingo eachhypothesisp(C|U),

p(CV), andto computethelik elihoodratio

p(C|U)

PO = pew)

(11)

wherethe parameter&y anduy in p(C|U) arecomputed
from thesampled/; asabove,andsofor ¥y anduy . A de-
cisioncanthenbe madebasenwhethertheratiois larger
or smallerthanone. This settingcanbe generalizedo de-
cisionsamonga numberof hypothese a straightforward
fashion[15].

While includedin the discussionlik elihoodratioswere
notpartof our experimentachemeln our experimentsve
focusedmainly on subspacanglesanddistancesetween
models.

Let A € R™*P and B € R™*P be two matriceswith

full columnrank. Theprincipalangled, € [0, Z] between
range@) andrangeB) aredefinedas

TATB
cos(fy) = |x y| for k =1,2,...,min(p, q)

zERP | Az|, 1 Byll,’

Subspaceanglesare the largestof theseangles. A closed
form solutionis presentedn [4]. We usesubspaceangles
betweerdynamictexture modelsto computedistances.

For thesale of simplicity in ourimplementationsve as-
sumedto be dealingwith AR models. So, we discussand
computeprincipalanglesandMartin distancedbetweemMR
modelsdefinedby {A, C} pairs. While this assumption
may seenvrestrictve, the resultsare nonethelesencourag-
ing (seeSection4.2).

Now, let M7 = (A1, Cy) andM, = (A2, C2) represent
two AR modelswith cepstruncoeficientse; (n) andca(n)
forn = 0, £1, £2. TheMartin distancds definedfor SISO
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Figure 1. Sampledrom the dynamictexture database We have collecteda total of morethan 250 sequences;on-
sistingof moving scenef foliage, water ocearwaves,smolke etc. Eachsequencés 150 frameslong and220 x 320
pixels. In ourexperimenteachsequencéasbeendividedinto two subsequenceax 75 framesfor atotal of morethan
500 sequencesFromthesesequence200 samplesvere selectedat randomto build the datasetwe usedto run our

experiments.

systemsas

d(Ml, MQ) = \/Z:o:() n |Cl (n) — C2(TL)|2-

As shawvn in [4] this distanceis relatedto the principal
anglesbetweenspecific subspaceglerived from the AR
model,namelytherangeof (extendedpbsenability spaces.
Theextendedobsenability matrixfor systemM; is denoted
by Oue(M;) = [CT ATCT (Ahret 0
The distancedefinedby Martin canbe expressedirectly
in termsof the principalanglesbetweerthe columnspaces
of [Oso(M1)] and [0 (M2)]. If we denoteby 6; the i*"
principal anglebetweenthesespacesthe distancedefined
by Martin is givenby

(12)

LT |
du (M, M) = IHH o0 (13)
i=1 v

The proof canbefoundin [4]. While this distanceis given
for scalarAR processespne can measurehe distancebe-
tweenmultivariateAR modelsusingthe sameconcept.

In ourimplementatiorwe approximatehe extendedob-
senability matrix directly with theobsenability matrixand
computeprincipalanglesp;, betweerobsenability spaces,
On(Ml) andOn(Mg).

4. Experiments

We constructeda comprehensie databaseof dynamic
textures; sequencesapturingnatural phenomenauchas
oceanwaves,steamandplants.Includedin thedatabasare
similar sequencesvith differentdynamics. For example,
we have waterstreamrecordedirom differentangles,thus
moving at differentorientationsand speeds.The database
includes76 differentkinds of dynamictextures. Each of
them s representedy 8 distinct instances. Eachsubse-
guenceconsistof 75 frames.All framesarein colorwhere
the sizeof anindividual frameis 220 x 320 pixels. Figure
1 shovs afew samplef theoriginal dataset.

In our experiments,we used50 dynamictexture cate-
gories, eachwith four subsequencesin orderto reduce

computationatomplexity, we first filtered andsubsampled
theoriginal sequence® 110 x 160 pixels. We thenchose
a reducedpatchsize of 48 x 48 pixels by carefully crop-
ping from eachsequenceegionsto include key statistical
anddynamicalfeatures(e.g. the flame of a candlelight).
Finally, we transformecdtolor datato 256 gray levels.

4.1. Learning Dynamic Textures

Our experimentalparadigmconsistedf first learninga
reducedasisandthencomputingthedynamicakystenpa-
rameter A. To performthe learningprocesswe usedthe
closed-formsolutionproposedn [14]. Thereforewe view
the choiceof the matrix C' asa dimensionalityreduction
step,andwe seekfor a decompositiorof the framesin the
linearform (1) whereC' canbea setof principalaswell as
independentomponents Oncethe systemparametersre
identified,we computedistancedetweermodelsusingthe
geodesiaistance subspacengles,and Martin’s distance
generalizedo multi-input, multi-output(MIMO) models.

While principal componentanalysis(PCA) is basedon
secondorderstatisticaldependencieshdependentompo-
nent analysis(ICA) canbe usedto obtain a basiswhose
componentsare maximally independent.In our formula-
tion of ICA we assumehefollowing modelY” = X7TCT,
whereimageframesflattenedinto columnvectorsmake up
the columnsof the datamatrix Y. HereY7 is assumed
to be a linear combinationof an unknavn setof indepen-
dentsourcespasisimages(i.e. the columnsof C). In our
case,atypical 75 frame sequencevasrepresentedisinga
reducedasisof 20 componentor bothICA andPCA.The
reducedCA representatiowasobtainedusingBell andSe-
jnowski’s infomaxalgorithm[1].

4.2. Recognition

Given the model parameter®f a dynamictexture, we
computedthe subspaceanglesand distancesetween200
dynamictextures. We thencalculatedthe recognitionrates
for eachdistanceandmodelrepresentatiolCA/PCA), see
Tablel. A correctdetectiorfor agivendynamictexturewas
definedashaving oneof thethreeotherdynamictexturesin
its category asits closesmneighbor
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Figure 2. Figure(a) on the left is the resultof an experimentalrun on a small subsetof the database(40 dynamic
textures), using Martin’s distanceand PCA basis. Moving alongthe vertical axis, we mark the first (o) and second
(x) nearesheighbors.For example,the closestdynamictextureto Smmokel, alongthe verticalaxis, is Smoke2 along
the horizontalaxis. Similarly, the secondclosestdynamictexture to Smokel isWat er Fal | bl. Although this
subsamplediataseis small, the discriminationpower of Martin’s distanceis alreadyvisible. Figure(b) on theright
displaysanotherun on the samesubsebf the data. Herethe distancebetweermodelswasthe geodesidistance.The
poorrecognitionratefor the geodesidlistances visible from the large numberof nearesheighborqo) falling outside
of the “samefamily” grid lines. It shouldbe notedthatthe recognitionratesreportedin Table1 wereobtainedusing

200dynamictextures.

| Geodesidist. | SubspAngles | Martin Dist.
PCA H 5.5% ‘ 24.5% ‘ 89.5%

ICA 2% 35% 71%

Table 1. A summaryof the recognitionratepercent-
ages.We computethe probability of correctrecogni-
tionsasthe percentagef the numberof correctnear
estneighborhits.

Simulationresultssuggessignificantseparatioramong
similar catgyories of dynamictexturesusing PCA as ba-
sis and Martin’s distance Jeadingto a recognitionrate of
89.5% (with ICA andMartin’s distancewe reached? 1%).
The resultswere not encouragingwith the geodesicdis-
tance.While subspacanglesverebetterthanthe geodesic
distance,the recognitionrate of 24.5% (35% for ICA)
provedthemstill ineffective.
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