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Abstract

Dynamictextures are sequencesof images that exhibit
someform of temporal stationarity, such as waves,steam,
and foliage. We posetheproblemof recognizingandclas-
sifyingdynamictexturesin thespaceof dynamicalsystems
where each dynamictexture is uniquelyrepresented.Since
thespaceis non-linear, a distancebetweenmodelsmustbe
defined.We examinethreedifferent distancesin the space
of autoregressivemodelsandassesstheir power.

1. Introduction

Recognitionof objectsbasedon their imagesis oneof
thecentralproblemsin modernComputerVision. We con-
siderobjectsasbeingdescribedby their geometric,photo-
metric anddynamicproperties.While a vastliteratureex-
istson recognitionbasedon geometryandphotometry, less
hasbeensaidaboutrecognizingscenesbasedupontheirdy-
namics.In this paperwe considertheproblemof recogniz-
ing a sequenceof imagesbasedupona joint photometric-
dynamicmodel.This allows usto recognizenot just steam
from foliage,but fastturbulentsteamfrom haze,or to detect
thepresenceof strongwindsby looking at trees.

We representimagesof stationaryprocessesasthe out-
put of a stochasticdynamicalmodel. Themodelis learned
from thedata,andrecognitionis performedin thespaceof
models. The implementationof this idea,however, is not
simple. First, the mapfrom a sequenceto a model is not
necessarilyone-to-one:very differentscenescanbeoutput
of thesamemodel.Second,eventhesimplestlinearmodels
learnedfrom datarepresentequivalenceclassesof statistics:
thesamescenecanresultin very differentmodelsdepend-
ing on the initial condition. Recognitionin the spaceof
modelsamountsto doing statisticson quotientspacesthat
havea non-trivial Riemannianstructure.�
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Recognitionof complex motionpatternsin imagesis an
active areaof researchin computervision. Extensive work
hasbeenconductedfor the caseof humanmotion and in
particularfacial expressions,for instance[2, 8, 3, 16, 13].
Somemethodsarebasedon optical flow. For eachframe
theflow canbeapproximatedwith asmall-dimensionalvec-
tor in a suitablebasis,asin [7], andtherecognitionis done
with hiddenMarkov models(HMMs), or, asin [2], aspatio-
temporal representationof the optical flow can be built.
Otherslook at differentspatio-temporalfeatures[12].

In this paperwe take a different approach:we do not
chooselocal features,nor do we computeopticalflow. In-
stead,we start from the assumptionthat the sequencesof
imagesarerealizationsof second-orderstationarystochas-
tic processes(the covarianceis finite and shift-invariant).
We setout to classifyandrecognizenot individual realiza-
tions, but statisticalmodelsthat generatethem. This en-
tails choosinga distancebetweenmodels. This problem
hasbeenfirst addressedby Martin in [11], whereadistance
for single-input,single-output(SISO)linearGaussianpro-
cesseshasbeenintroduced.We proposeandanalyzethree
distances.The first usesprincipal anglesbetweenspecific
subspacesderivedfrom AR1 models.Thesecondis theex-
tensionof the distanceproposedby Martin. Both draw on
recentresultsof DeCockandDeMoor [4]. Finally, wealso
look at thegeodesicdistance.

2. From image sequences to dynamical models

We startfrom theassumptionthata sequenceof images�������
	������������� is a realizationof a second-ordersta-
tionarystochasticprocess.This meansthat the joint statis-
tics betweentwo time instantsis shift-invariant. Although
this mayseemlike a severelyrestrictive assumption,it has
beenshown in [14, 6] thatsequencessuchasfoliage,water,
smoke, andsteamarewell capturedby this model. These
sequencesarecalled“dynamictextures”.

It is well known that a positive-definitecovariancese-
quencewith rational spectrumcorrespondsto an equiva-

1AR standsfor autoregressive.



lenceclassof second-orderstationaryprocesses[10]. It is
thenpossibleto chooseasa representative of eachclassa
Gauss-Markov model– thatis theoutputof a lineardynam-
ical systemdriven by white, zero-meanGaussiannoise–
with the givencovariance.In otherwords,we canassume
that thereexistsa positive integer � , a process��� ������� (the
“state”) with initial condition ��� �"!$#&%(' �*)+	-,.� and

a symmetricpositive semi-definitematrix

/10 2243 5(6 7) such that � ��������� is the output of the following Gauss-
Markov “ARMA” model2:8 � ���:9;�����;< � �����=9?>@����� >@����� %A' ��)B	 0 �DC � ��)E��� ������������ F � �����=9AGH�����
C�GH����� %?' ��)B	 5 �

(1)
for somematrices< �I!J#LKM# and F �N!$O.KM# , where

2 �PRQ GS�����T> 3 �����VU .
Thechoiceof matrices<H	WFX	 0 	 5 	 2 isnotunique,in the

sensethat thereareinfinitely many modelsthatgive riseto
exactlythesamemeasurementcovariancesequencestarting
from suitableinitial conditions:onecansubstitute< withY < Y[Z:\ , F with F Y[Z:\ , 0 with

Y 0 Y 3
,
2

with
Y 2

, and
choosethe initial condition

Y ��� , where
Y �A]=^ � � � is any

invertible �`_a� matrix,andobtainthesameoutputcovari-
ancesequence.In otherwords,thebasisof thestate-space
is arbitrary, andany givenprocesshasnot a uniquemodel,
but an equivalenceclassof models. In orderto be ableto
identify a uniquemodelof thetype(1) from a samplepath�@����� , it is thereforenecessaryto choosea representative of
eachequivalenceclass(i.e. abasisof thestate-space):such
arepresentativeis calledacanonicalmodelrealization. It is
canonicalin thesensethatit doesnot dependon thechoice
of basisin thestatespace(becauseit hasbeenfixed).

While therearemany possiblechoicesof canonicalreal-
izations(see[9]), we areinterestedin onethat is “tailored”
to thedata.Sincewe work with images,we will make the
following assumptionsaboutthemodel(1):bdc[c � CJeWfhg+iL�jF[�k� � (2)

andchoosea realizationthat makesthe columnsof F or-
thonormal: F 3 Fl�nm # � (3)

Thisguarantiesthatthematrix F is anelementin theStiefel
manifold o ��b`	 � � (thesetof � orthonormalvectorsin ! O )
andthat thestochasticrealizationcorrespondingto a given
datasetis uniquelydetermined.We shall seethat the clas-
sification/recognitionproblemcanbe posedby computing
statisticson sucha manifold.

The problemof going from datato modelscanbe for-
mulatedasfollows: givenmeasurementsof a samplepath
of theprocess:�@�����D	�������	-�@���B�
C$�pc[c � , estimate q<.	 qF�	 q0 ,
a canonicalrealizationof theprocess� �������
� . As described

2ARMA standsfor autoregressive moving average

in [14], thechoiceof F �ro ��b`	 � � resultsin acanonicalre-
alization. Ideally, we would want themaximumlikelihood
solutionfrom thefinite sample,thatis theargumentofstfvuwJx yzx {}| ���@�����D	������D	������B��~ <.	WFX	 0 �
� (4)

Noticethatwedonotmodelthecovarianceof themeasure-
mentnoisesincethat carriesno informationon the under-
lying process.In practice,for reasonsof computationalef-
ficiency, we settle for a suboptimalsolution describedin
[14]. From this point on, therefore,we will assumethat
we have available– for eachsamplesequence– a model
in the form � <H	WFX	 0 � . For thepurposeof recognition,we
considerprocesseswith differentinput noisecovarianceas
equivalent.Therefore,theproblemof recognizingdynamic
texturescanbe posedasthe problemof recognizingpairs� <H	WFS� estimatedfrom data.

2.1. Geometric structure of the space of models

Models, learnedfrom dataasdescribedin the previous
section,do not live in a linear space.While the matrix <
is only constrainedto bestable(eigenvalueswithin theunit
circle), thematrix F hasnon-trivial geometricstructurefor
its columnsform an orthogonalset. Let F ��o ��b`	 � � ,b 7 � be a point on the Stiefel manifold of � -frames
in !$O , F 3 F���m # , endowed with the Euclideanmetric�������r	W�S� ����We���� 3 ��� where �r	-� � Y o ��b`	 � � , the tan-
gentplaneto the Stiefel manifold. It is shown in [5] that
geodesictrajectoriesin o ��bN	 � � havethegeneralform5r� u��=���r����m O x #��}� � e � m O x # � / m #) 6 ��! O.KM# (5)

and
5 �d� ��b�� ; � is a skew-symmetricmatrix having

blocks � �� /�� ��� 3� ) 6 � (6)

Note that � belongsto a linear spacethat is isomorphic
to !$O�# Z #���#v� \����W� , and could thereforebe usedas a lo-
cal coordinatizationof the Stiefel manifold o ��b`	 � � . We
will use the structureof the geodesicin order to define
a distancein o ��b`	 � � as follows: considertwo pointsF \ 	WF � ��o ��b`	 � � and the geodesicconnectingthem:Ft�����a~$Ft��)���� Q F \a� U � uM�z��)E��m O x # � F \ and Ft�����¡�Q F \.� U � uM�:���r����m # x O �¢F � for a particularvalueof � , �
andfor any � , an orthogonalcompletionof F \ . Thenwe
define£R¤ o ��b`	 � � _¥o ��b`	 � � �L¦ ! Cd�jF \ 	�F � �k§¦©¨ �r� ¨Dª (7)

wherethesubscript
�

indicatestheFrobeniusnorm.

2.2 Probability distributions on Stiefel manifolds

In orderto provideasimplestatisticaldescriptionon the
spaceof models,we assumethat < and F areindependent,



so that their statisticaldescriptioncan be addressedsepa-
rately. While specifyinga probability densityin the space
of transitionmatrices< is straightforward(indeed,we will
adopta Gaussiandensity),doingsofor theoutputmatricesF is not trivial since,aswe have just seen,thespacehasa
non-trivial curvature.In thisparagraphweintroduceaclass
of probabilitydensitieson theStiefelmanifold that canbe
usedto model the statisticsof F . Considerthe following
function | ¤ o ��b`	 � � �L¦ !

| �*F[� �� �« � uM�z�¬�We��V¯® 3 F[�-� (8)

where ® ��o ��b`	 � � , ¢�° 3 7 ) and
« �²± £ ,¥�jF[�

where

£ ,¥�*F[��� | �*F[� £ ®��jF[� with

£ ® the base(Haar)
measureon o ��bN	 � � . We call this function a Langevin
(or Gibbs) densityon o ��b`	 � � , owing to its similarity to
Langevin distributionsonthesphere.® playstheroleof the
modeof thedensity, and  playstherole of thedispersion.
It is easyto verify thattheabovedensityhasauniquemax-
imum for F²�³® . The functionalexpressionof | canbe
usedto computelikelihoodratiosfor recognitiononcethe
parameters® ,  , havebeeninferred.

In orderto estimatethesufficientstatisticsfrom samples,
let F¯´ , µ �¶�k�����-· bea fair samplefrom thedensity| �jF[� .
It follows from thelaw of largenumbersthat

qb �� �· ¸¹ ´»º \ F ´ �L¦�¼ F
£ ,¥�*F[� ��¡bI��®4	���D� (9)

Having a closed-formexpressionof the integral bI��®4	
�� ,
onecouldusesamplesto compute qb andusetheequation
above to computestatistics. However, we do not pursue
thatavenuefurtherhere.Instead,weconsiderthemaximum
likelihoodestimationof thesufficientstatisticsby consider-
ing the joint densityof a fair sample| �*F \ 	������D	WF ¸ ~ ®4	
�� ,whichcanbewrittenas

¸½´»º \ | �*F ´ ��� �¾ « ´ � u��=� ¸¹ ´»º \ �-e�fh¿ � �j¯® 3 F ´ �-� (10)

For example,for the case ¢�(m we can look for q® that
solvesthefollowing problem

s¥fÀuÁEÂEÃ ��O x # � | �*F \ 	������D	WF ¸ ~ ®z�¯�¡s¥fÀuÄ�-e�fh¿ � ��® ¸¹ ´»º \ F ´ �D�
Letting

\¸¡Å ¸´�º \ F ´ � ��Æ
2 Æ o 3Æ be a singularvalue de-

composition,then q®r� ��Æ o 3Æ �
Thisalsoclarifiestherelationshipbetweenthesamplemeanqb andthe samplemedian q® : the latter consistsof the or-
thogonalfactorsof the former, or in otherwords it is the
orthogonalprojectionof qb onto o ��b`	 � � .

3. Recognizing dynamical models

As wehavearticulatedin theprevioussection,adynamic
textureis describedby alineardynamicalsystemandrepre-
sentedby thematrices< , F ,

0
. This spacehasa non-trivial

curvaturestructurethat must be taken into accountwhen
doingstatisticsor comparisonsbetweenmodels.

In this sectionwe considerthreeapproachesto recog-
nition. One involvescomputinglikelihoodratios,with an
explicit form for theprobabilitydensityof themodels.The
secondinvolvescomputinganglesbetweensubspacesof the
measurementspan.Thethird only involvescomputingdis-
tancesbetweenmodels.

Supposethattwo groupsof pointson o ��bN	 � � aregiven:� \ 	������D	 �kÇ , fair samplesfrom a Langevin distribution with
mean®=È anddispersion}È , and o \ 	������D	 oBÉ samplesfrom a
distributionwith mean® Ã anddispersion Ã . Givenanew
point F , we want to decideto which “group” it belongs.
Froma decision-theoreticpoint of view, thegoal is to con-
structa densitycorrespondingto eachhypothesis,| �*F¥~ � � ,| �jF¥~ o � , andto computethelikelihoodratioÊ@�*F[�k� | �jF¥~ � �| �jF¥~ o � (11)

wheretheparameters È and ® È in | �*F¥~ � � arecomputed
from thesamples� ´ asabove,andsofor  Ã and ® Ã . A de-
cisioncanthenbemadebasedonwhethertheratio is larger
or smallerthanone. This settingcanbegeneralizedto de-
cisionsamonga numberof hypothesesin a straightforward
fashion[15].

While includedin thediscussion,likelihoodratioswere
notpartof ourexperimentalscheme.In ourexperimentswe
focusedmainly on subspaceanglesanddistancesbetween
models.

Let < �Ë!$O.K�Ì and ÍÎ�1!JO.KEÌ be two matriceswith
full columnrank.TheprincipalanglesÏ Ç ��Ð )+	�Ñ �+Ò between
range(< ) andrange(Í ) aredefinedas¿DÓEÔ�� Ï Ç ��� s¥fvuÕhÂ�Ö�×ØÀÂ�Ö�ÙÛÚÚ �

3 < 3 Í � ÚÚ¨ < � ¨DÜ�¨ Í � ¨
Ü 	NÝ�ÓhekÞ¥�ß�h	�àM	��»�»��	-s�á»g:� | 	-âv�
Subspaceanglesare the largestof theseangles. A closed
form solutionis presentedin [4]. We usesubspaceangles
betweendynamictexturemodelsto computedistances.

For thesakeof simplicity in our implementationsweas-
sumedto be dealingwith AR models.So,we discussand
computeprincipalanglesandMartin distancesbetweenAR
modelsdefinedby � <H	WFS� pairs. While this assumption
mayseemrestrictive, theresultsarenonethelessencourag-
ing (seeSection4.2).

Now, let ã \ ��ä�*< \ 	WF \ � and ã � ��å��< � 	WF � � represent
two AR modelswith cepstrumcoefficients æ \ � � � and æ � � � �
for � �ç) , è ��	 è à . TheMartin distanceis definedfor SISO



Ocean Waves 1 Smoke Plant 3 Waterfalls

Figure 1. Samplesfrom thedynamictexturedatabase.We have collecteda total of morethan250sequences,con-
sistingof moving scenesof foliage,water, oceanwaves,smokeetc. Eachsequenceis 150frameslong and à�àv) _�é àv)
pixels. In ourexperimentseachsequencehasbeendividedinto two subsequencesof 75 framesfor a totalof morethan
500sequences.Fromthesesequences200sampleswereselectedat randomto build the datasetwe usedto run our
experiments.

systemsas£ � ã \ 	 ã � ���ßê ¹ìë# º � � ~ æ \ � � � � æ � � � ��~ � � (12)

As shown in [4] this distanceis relatedto the principal
anglesbetweenspecific subspacesderived from the AR
model,namelytherangeof (extended)observability spaces.
Theextendedobservability matrixfor systemã ´ is denoted
by í[ë � ã ´ � �� Q F 3´ < 3´ F 3´ ��������< 3´ � # F 3´ �����TU 3 .
The distancedefinedby Martin canbe expresseddirectly
in termsof theprincipalanglesbetweenthecolumnspaces
of
Q í ë � ã \ �VU and

Q í ë � ã � �TU . If we denoteby Ï ´ the µVî�ï
principal anglebetweenthesespaces,the distancedefined
by Martin is givenby£�ð � ã \ 	 ã � � � �nñ»g #½´»º \ �¿�Ó�Ô � Ï ´ � (13)

Theproof canbefoundin [4]. While this distanceis given
for scalarAR processes,onecanmeasurethe distancebe-
tweenmultivariateAR modelsusingthesameconcept.

In our implementationweapproximatetheextendedob-
servability matrixdirectlywith theobservability matrixand
computeprincipalangles,Ï ´ , betweenobservability spaces,í # � ã \ � and í # � ã � � .
4. Experiments

We constructeda comprehensive databaseof dynamic
textures; sequencescapturingnaturalphenomenasuchas
oceanwaves,steam,andplants.Includedin thedatabaseare
similar sequenceswith different dynamics. For example,
we have waterstreamrecordedfrom differentangles,thus
moving at differentorientationsandspeeds.The database
includes76 different kinds of dynamictextures. Eachof
them is representedby 8 distinct instances. Eachsubse-
quenceconsistsof 75 frames.All framesarein colorwhere
thesizeof anindividual frameis à�àv) _ré àv) pixels. Figure
1 showsa few samplesof theoriginaldataset.

In our experiments,we used50 dynamictexture cate-
gories,eachwith four subsequences.In order to reduce

computationalcomplexity, we first filteredandsubsampled
theoriginal sequencesto ����) _ ��òh) pixels. We thenchose
a reducedpatchsizeof óEô�_Ió�ô pixels by carefully crop-
ping from eachsequenceregionsto includekey statistical
anddynamicalfeatures(e.g. the flameof a candlelight).
Finally, we transformedcolordatato 256graylevels.

4.1. Learning Dynamic Textures
Our experimentalparadigmconsistedof first learninga

reducedbasisandthencomputingthedynamicalsystempa-
rameter, < . To performthe learningprocesswe usedthe
closed-formsolutionproposedin [14]. Therefore,we view
the choiceof the matrix F as a dimensionalityreduction
step,andwe seekfor a decompositionof the framesin the
linearform (1) where F canbea setof principalaswell as
independentcomponents.Oncethe systemparametersare
identified,we computedistancesbetweenmodelsusingthe
geodesicdistance,subspaceangles,andMartin’s distance
generalizedto multi-input,multi-output(MIMO) models.

While principal componentanalysis(PCA) is basedon
secondorderstatisticaldependencies,independentcompo-
nent analysis(ICA) can be usedto obtain a basiswhose
componentsare maximally independent.In our formula-
tion of ICA weassumethefollowing model � 3 �n� 3 F 3 ,
whereimageframesflattenedinto columnvectorsmake up
the columnsof the datamatrix � . Here � 3 is assumed
to be a linear combinationof an unknown setof indepen-
dentsources,basisimages(i.e. thecolumnsof F ). In our
case,a typical 75 framesequencewasrepresentedusinga
reducedbasisof 20componentsfor bothICA andPCA.The
reducedICA representationwasobtainedusingBell andSe-
jnowski’s infomaxalgorithm[1].

4.2. Recognition
Given the model parametersof a dynamictexture, we

computedthe subspaceanglesanddistancesbetween200
dynamictextures.We thencalculatedtherecognitionrates
for eachdistanceandmodelrepresentation(ICA/PCA), see
Table1. A correctdetectionfor agivendynamictexturewas
definedashaving oneof thethreeotherdynamictexturesin
its categoryasits closestneighbor.
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(a) (b)
Figure 2. Figure(a) on the left is the resultof an experimentalrun on a small subsetof the database( ó ) dynamic
textures),usingMartin’s distanceandPCA basis. Moving alongthe vertical axis, we mark the first (o) andsecond
(x) nearestneighbors.For example,theclosestdynamictextureto Smoke1, alongtheverticalaxis,is Smoke2 along
the horizontalaxis. Similarly, the secondclosestdynamictexture to Smoke1 is Water Fall b1. Although this
subsampleddatasetis small, the discriminationpower of Martin’s distanceis alreadyvisible. Figure(b) on the right
displaysanotherrun on thesamesubsetof thedata.Herethedistancebetweenmodelswasthegeodesicdistance.The
poorrecognitionratefor thegeodesicdistanceis visible from thelargenumberof nearestneighbors(o) falling outside
of the“samefamily” grid lines. It shouldbenotedthat therecognitionratesreportedin Table1 wereobtainedusing
200dynamictextures.

GeodesicDist. Subsp.Angles Martin Dist.
PCA 5.5% 24.5% 89.5%
ICA 2% 35% 71%

Table 1. A summaryof therecognitionratepercent-
ages.We computetheprobabilityof correctrecogni-
tionsasthepercentageof thenumberof correctnear-
estneighborhits.

Simulationresultssuggestsignificantseparationamong
similar categoriesof dynamic texturesusing PCA as ba-
sis andMartin’s distance,leadingto a recognitionrateof
89.5%(with ICA andMartin’s distancewe reached71%).
The resultswere not encouragingwith the geodesicdis-
tance.While subspaceangleswerebetterthanthegeodesic
distance,the recognition rate of 24.5% (35% for ICA)
provedthemstill ineffective.
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