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ABSTRACT: The use of magnetorheological (MR) dampers for mitigating vibrations caused by
seismic motions in civil engineering structures has attracted much interest in the scientific com-
munity because of the advantages of this class of device. It is known that MR dampers can
generate high damping forces with low energy requirements and low cost of production.
However, the complex dynamics that characterize MR dampers make difficult the control
design for achieving the vibration reduction goals in an efficient manner. In this article, a semi-
active controller based on the backstepping technique is proposed. The controller was applied to a
three-story building with an MR damper at its first floor subjected to seismic motions. The
performance of the controller was evaluated experimentally by means of real time hybrid testing.
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INTRODUCTION

T
HE protection of structures has always been a major
concern in civil engineering, in particular when these

structures are built in places prone to hazardous weather
conditions (e.g., hurricanes, tsunamis), in zones of
intense seismic activity, or when the structure is
subjected to heavy loadings (e.g., heavy traffic on a
bridge). When structures are not well protected against
these phenomena, they could sustain severe damage and,
as a consequence, cause personal injuries or death, as
experienced in earthquakes in Mexico City (1985),
Kobe (1995), northwestern Turkey (1999), or those
that struck southern Asia in 2004 followed by tsunamis,
or more recently in China (2008).
In a first attempt to make structures resistant to

these hazardous phenomena, passive dampers were
designed to alleviate the energy dissipation of the main
structure by absorbing part of the input energy, thereby
reducing the structural damage. These dampers do not
need external power sources. However, once tuned,
there is no way to make them adaptable to different
loading conditions; non-linear devices such as lead-
rubber bearings, friction-pendulum bearings or high

damping rubber bearings are often used (Yoshioka
et al., 2002).

The adaptation limitation of passive dampers can be
overcome by active dampers. With active devices, it is
possible to determine the forces that stabilize the
structure, and the system can be adapted to changing
loading conditions. Active control devices, unlike pas-
sive ones, do require external power sources, and can
inject energy into the system. Additionally, sensors and
controllers are required (Spencer and Sain, 1997).

Some problems of active systems are the large power
requirements and the frequent lack of electrical supply,
for example during an earthquake or hurricane.
Moreover, these systems inject energy into the structure,
and may destabilize it in a bounded-input bounded-
output sense. These concerns, in addition to the limita-
tions of passive systems with respect to varying loadings,
have led to another solution: hybrid and semiactive
devices, which are particularly promising in addressing
a number of these problems (Dyke et al., 1998).

Semiactive control devices combine the features of
active and passive devices: their properties can be
adapted in real time, but they cannot inject energy into
the system. Semiactive devices have been shown to per-
form significantly better than passive devices, and as
well as active devices, without requiring large power
sources, thus allowing for battery operation (Spencer
and Song, 1999).
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MR fluid dampers are one of the most attractive
semiactive devices. Compared to other devices of their
class, MR dampers can generate a high yield strength,
have low costs of production, require low power, and
have a fast response and small size. The complex non-
linear behavior of the MR dampers makes mathematical
characterization challenging and controller implementa-
tion difficult for vibration control. Recently, a computa-
tional algorithm was presented for the modeling and
identification of MR dampers using wavelet systems to
handle the non-linear terms by Karimi et al. (2009).
A number of control techniques have been developed

for systems with MR dampers. The clipped optimal
control (Dyke et al., 1996) was one of the first control-
lers developed for this class of systems. An optimal con-
troller is designed to estimate the force that mitigates the
vibrations in the structure. However, the MR damper
dynamics are ignored and the control signal takes on
two values only, chosen according to an algorithm.
The control based on Lyapunov’s stability theory has

been used and successfully tested in structures such as
buildings, bridges, and car suspension systems
(Jansen and Dyke, 2000; Wang and Gordaninejad,
2002; Yang et al., 2002; Luo et al., 2003; Park and
Jeon, 2002; Nagarajaiah et al., 2006). The control objec-
tive was to choose control inputs in such a way as to
make the derivative of the Lyapunov function as nega-
tive as possible.
Other control methods have been proposed, such as

the bang-bang control (McClamroch et al., 1994;
McClamroch and Gavin, 1995; Jansen and Dyke,
2000); sliding mode control (Luo et al., 2003; Moon
et al., 2003; Villamizar et al., 2003); quantitative feed-
back theory control (Villamizar et al., 2004; Zapateiro
et al., 2008); and intelligent controls such as fuzzy logic
and neuro fuzzy control (Schurter and Roschke, 2001;
Kim and Roschke, 2006).
Backstepping control was first proposed in systems

with MR dampers by Villamizar et al. (2005) and Luo
et al. (2007). Backstepping control design consists in
selecting appropriate functions of state variables as
pseudo control inputs for lower dimension subsystems
of the overall system. Each backstepping stage is a new
pseudo control design in terms of the preceding stages.
The final result is a feedback design for the true control
input, which achieves the original design objective by
virtue of a final Lyapunov function formed by summing
up the Lyapunov functions associated with each individ-
ual design stage.
Numerical simulations and experiments on small-scale

specimens showed the feasibility of backstepping control
implementation in larger systems. This fact was explored
in this article. A backstepping controller was designed

for a large-scale structure equipped with an MR
damper, and experiments were run on a real-time
hybrid testing (RTHT) basis to evaluate its
performance.

This article is organized as follows. Section
‘Backstepping Control’ explains the basic concepts
about backstepping control. Section ‘Experimental
Setup’ describes the experimental environment and the
structure model that was used for control design.
Section ‘Backstepping Controller Formulation’ presents
the details of the backstepping controller formulation
for the experimental structure. Section ‘Experimental
Results’ presents the experimental results and the
controller performance analysis. Finally, the conclusions
are outlined in section ‘Conclusions’.

BACKSTEPPING CONTROL

The general idea behind the backstepping control
design is based on the following assumption
(Krstic et al., 1995):

Assumption 2.1. Consider the system:

_x ¼ f ðxÞ þ gðxÞu, f ð0Þ ¼ 0, ð1Þ

where x2R is the state and u2R is the control input.
There exists a continuously differentiable feedback
control law u¼ �(x) with �(0)¼ 0 and a smooth, positive
definite, radially unbounded function V : R

n
!R, such

that

@VðxÞ

@x
½ f ðxÞ þ gðxÞ�ðxÞ� � �WðxÞ � 0, 8x 2 R

n, ð2Þ

where W : R
n
!R is positive semidefinite.

Under this assumption, the control u¼ �(x) guaran-
tees the global boundedness of x(t) and via the
LaSalle�Yoshizawa theorem:

lim
t!1

WðxðtÞÞ ¼ 0 ð3Þ

The following lemma states the basis for the backstep-
ping design:

Lemma 2.1. Let the system of Equation (1) be augmen-
ted by an integrator:

_x ¼ f ðxÞ þ gðxÞ�

_� ¼ u,
ð4Þ
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and suppose that _x satisfies Assumption 1 with �2R as its
control. If W(x) is positive definite, then:

Vaðx,�Þ ¼ VðxÞ þ
1

2
½� � �ðxÞ�2, ð5Þ

is a control Lyapunov function for the full system of
Equation (4), that is, there exists a feedback control
u¼ �(x, �) which renders x¼ 0, �¼ 0 the global
asymptotic stable equilibrium of Equation (1). If W(x)
is only positive semidefinite, then there exists a feedback
control that renders Va��Wa(x, �)� 0, such that
Wa(x, �)> 0 whenever W(x)> 0 or � 6¼ �(x). This guaran-
tees global boundedness and convergence of [x(t), �(t)]T to
the largest invariance set Ma contained in the set Ea

{[x, �]T2R
nþ1
jW(x)¼ 0, �¼�(x)}.

The backstepping technique introduced in this section
can easily be extended by recursion to larger order
systems and more general cases.

EXPERIMENTAL SETUP

This section describes the experimental environment
where the controller was tested. Experiments were
executed in an RTHT configuration available at the
Smart Structures Technology Laboratory, University
of Illinois Urbana, Champaign (USA), shown in
Figure 1. It consists of a computer that simulates
the structure to be controlled and generates the

commanding signals (displacements and control sig-
nals); a small-scale MR damper that is driven by a
hydraulic actuator, which in turn is controlled by a
servo-hydraulic controller; and Digital Signal
Processor, Analog-to-Digital (A/D) and Digital-to-
Analog (D/A) hardware for signal processing. Sensors
available include a linear variable displacement trans-
former (LVDT) for displacement measurements and
a load cell for measuring the MR damper force. In
Figure 1, xcmd is the commanded displacement, fmr is
the MR damper force measured by the load cell, xmeas

is the displacement measured by the LVDT and i is the
control current sent to the hydraulic actuator. A fully
detailed description of this RTHT implementation can
be found in Carrion and Spencer (2007).

Structure Model

The schematic of the three-story building to be con-
trolled is shown in Figure 2. The building was modeled
with the second-order motion equation:

Ms €xþ Cs _xþ Ksx ¼ Gs f �MsLs €xg, ð6Þ

where the matrices and vectorsMs, Cs, Ks, Gs, and Ls are
given by:

Ms¼

m1 0 0
0 m2 0
0 0 m3

2
4

3
5¼ 20253 0 0

0 20253 0
0 0 20253

2
4

3
5kg ð7Þ

Real-time hybrid simulation loop

Servo-control loop

PID

Servo-hydraulic
controller

LVDT

Load cellMR damper

Hydraulic
actuator

DSP

fmr

xm

xmeas

fmr

i

xcmd

xcmd

Figure 1. RTHT system schematic.
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Cs ¼

c11 c12 0

c21 c22 c23

0 c32 c33

2
64

3
75¼

7243:2 �2070 0

�2070 4138:2 �2070

0 �2070 2070

2
64

3
75Ns=m

ð8Þ

Ks ¼

k11 k12 0

k21 k22 k23

0 k32 k33

2
64

3
75¼

9932 �5661 0

�5661 11338 �5661

0 �5661 5661

2
64

3
75N=m
ð9Þ

Gs ¼ �1, 0, 0½ �
T Ls ¼ 1, 1, 1½ �

T
ð10Þ

x is the vector of relative displacements, i.e., with
respect to the ground; f is the MR damper force and
€xg is the incoming earthquake acceleration. xai is the
absolute acceleration of the i-th floor. The absolute dis-
placement is measured with respect to an inertial frame,
so the relationship between relative and absolute
coordinates is: x¼ xa� xg. The natural frequencies and
the damping ratios of the structure corresponding to the
first, second, and third mode were 1.09 Hz (0.31%), 3.17
Hz (0.62%), and 4.74Hz (0.63%), respectively.

MR Damper

The MR damper used in the experiments was the
RD-1005 manufactured by the Lord Corporation
(Cary, NC, USA � www.lord.com), shown in Figure 3.
The damper was 216mm long in its extended position,
38.1mm in diameter and had a stroke of 25.4mm. It
contained 50mL of MR fluid and could generate

forces up to 3000N. The magnetic field was generated
by the current from a PWM amplifier (the RD-1002
Wonder Box, from Lord Corp.).

The dynamics of the damper can be modeled by the
Bouc�Wen model (Spencer et al., 1997), as shown in
Equations (11)�(12):

fmr ¼ c0a þ c0buð Þ _x1r þ k0a þ k0buð Þx1r þ �a þ �buð Þz

ð11Þ

_z ¼ ��j _x1rjzjzj
n�1 � � _x1rjzj

n þ A _x1r, ð12Þ

where fmr is the damper force, x1r is the piston displace-
ment, c0¼ c0aþ c0bu is the damping coefficient (voltage
dependent) and k0¼ k0aþ k0bu is the damper stiffness
(voltage dependent); z is an evolutionary variable that
describes the hysteretic behavior of the damper; A, �, �,
and n are design parameters that can be adjusted to fit
the hysteretic response of the damper; u is the output of
the first-order filter introduced to account for the time
that the MR fluid takes to reach rheological equilibrium:

_u ¼ ��ðu� vÞ ð13Þ

where � is a parameter obtained experimentally. The
parameters of the MR damper were fitted using
non-linear least squares parameter estimation to fit the
experimental response of the damper. The damper was
subject to sinusoidal and random displacements and
varying voltages between 0 and 5V. As a result, the
parameters obtained were: �a¼ 33.27N/m, �b¼
182.65N/mV, c0a¼ 754.41N s/m, c0b¼ 712.73N s/mV,
k0a¼ 1137.57N/m, k0b¼ 1443.50N/mV, x0¼ 0m,
�¼ 4209.8m�2, �¼ 4205.2m�2, A¼ 10246, n¼ 2,
�¼ 57 s�1. The following scaling factors were used to

Current
driver

Control
computer

fmr

xal

x
:

xg

:

xa2

:

xa3

:

Figure 2. Schematic of the 3-story building with MR damper.

Figure 3. MR damper and PWM system.
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integrate the physical small-scale MR damper to the
numerical large-scale structure: the first floor relative
displacement was reduced by a factor SL¼ 7.25 to
obtain the damper piston displacement and the MR

damper force was increased by a factor SF¼ 60 to
obtain the input force on the structure.

Figures 4 and 5 show a comparison between the
experimental dynamics of the MR damper and that
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Figure 5. Time behavior of the MR damper characteristics: random displacement and voltage.
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Figure 4. Time behavior of the MR damper characteristics: sinusoidal displacement and switching voltage.
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predicted by the Bouc�Wen model (Equations (11) and
(12)) after parameter estimation. In the first case, the
damper was subject to sinusoidal displacement at 5Hz
and 0.254 cm amplitude. The voltage periodically
switches between 0 and 5V. The force, measured by
the load cell, was recorded and compared to that in
the model. In the second case, a similar experiment
was carried out, but the damper was subject to
random displacement and random voltage excitations.

Hydraulic Actuator Dynamics

The MR damper was driven by a hydraulic actuator
that received its command signal to impose a displace-
ment from the computer running the simulation.
A block diagram showing the interaction between the
numerical model and the dynamic system is illustrated
in Figure 6.
The entire physical system can be modeled by a trans-

fer function Gxu (s), whose input uc is the commanded
displacement and output x is the piston displacement.
Modeling the dynamic systems was useful for simulating
the RTHT experiments. The transfer function Gxu (s)
varied according to the input voltage of the MR
damper. Two cases were identified corresponding to
the damper operating at V0¼ 0V (Gxu,V0

(s)) and
Vmax¼ 5V (Gxu,Vmax

(s)), respectively. These transfer
functions are given by:

Gxu,V0
ðsÞ ¼

1

ð0:0062sþ 1Þð2:639� 10�5s2 þ 0:059sþ 1Þ

ð14Þ

Gxu,Vmax
ðsÞ ¼

1

ð0:0094sþ 1Þð2:618� 10�5s2 þ 0:058sþ 1Þ

ð15Þ

A bumpless transfer algorithm was developed by
Carrion and Spencer (2007) to provide a smooth transi-
tion from Gxu,V0

(s) to Gxu,Vmax
(s) and vice versa when the

damper voltage varies during the experiments. A block
diagram of this algorithm is shown in Figure 7. The
Laplace transform of the model is described by:

XðsÞ ¼ XaðsÞ þ XbðsÞWðsÞ ð16Þ

XaðsÞ ¼ GaðsÞUcðsÞ ¼ Gxu,V0
ðsÞUcðsÞ ð17Þ

XbðsÞ ¼ GbðsÞUcðsÞ ¼ Gxu,Vmax
ðsÞ � Gxu,V0

ðsÞ
� �

UcðsÞ ð18Þ

WðsÞ ¼ GtðsÞVðsÞ, ð19Þ

where Gt(s) is used to model the dynamics of the actua-
tor associated with the change in the voltage of the MR
damper, providing a smooth transition between Ga(s)
and Gb(s), and is given by:

GtðsÞ ¼
1=Vmax

�tsþ 1
ð20Þ

where 1/Vmax¼ 0.2 and �t¼ 0.0048s is the transition
filter time constant. As the time constant becomes
smaller, the transition becomes faster, approaching a
simple switching algorithm, while for large values of
the time constant the transition is slower and smoother.

Structure
(num. model) Controller+

–
Servo-hydraulic

actuator Specimen

Feedback
interaction

ic xe fp

fL

uF

Figure 6. Numerical model and physical system interaction.

Gb (s)

uc xa

xb

w

x

X

v
Gt (s)

Ga (s) Σ

Figure 7. Block scheme of the actuator dynamics with bumpless
transfer.
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The output of the bumpless transfer can be written
as XðsÞ ¼ Gxu;V0

ðsÞUcðsÞ þ ðGxu;Vmax
ðsÞ � Gxu;V0

ðsÞÞUcðsÞ
GtðsÞVðsÞ. It can be seen that the action of either transfer
function is smoothly canceled by the filter until the
desired one remains active after the transition. Because
of the inherent dynamics of the physical system (e.g.,
time delays), a pre-compensator Gff (s) was added to
the system for compensation purposes. In this way, the
commanded displacement (uc, input to the physical
system) was calculated based on the desired displace-
ment (d, output from the simulations) and the inverse
dynamics of the physical system; as a result, x& d.
A schematic of the compensated system is shown in
Figure 8.
Once again, two compensators were designed: one

for the MR damper operating at V0¼ 0V (Gff,V0
(s))

and the other for the damper operating at Vmax¼ 5V
(Gff,Vmax

(s)). The transfer functions are given by:

Gff,V0
ðsÞ

¼
ð0:062sþ1Þð2:639�10�5s2þ0:059sþ1Þ

ð4:129�10�4sþ1Þð1:173�10�7s2þ3:909�10�4sþ1Þ

ð21Þ

Gff,Vmax
ðsÞ

¼
ð0:0094sþ1Þð2:618�10�5s2þ0:058sþ1Þ

ð6:289�10�4sþ1Þð1:164�10�7s2þ3:857�10�4sþ1Þ

ð22Þ

A similar approach to that of Figure 7 was followed
to provide a smooth transition between both compensa-
tors. The block diagram is shown in Figure 9 and the
model is described by:

Uff ðsÞ ¼ UaðsÞ þUbðsÞWðsÞ ð23Þ

UaðsÞ ¼ Gff, aðsÞDðsÞ ¼ Gff,V0
ðsÞDðsÞ ð24Þ

UbðsÞ ¼ Gff, bðsÞDðsÞ ¼ Gff,Vmax
ðsÞ � Gff,V0

ðsÞ
� �

DðsÞ ð25Þ

WðsÞ ¼ GtðsÞVðsÞ, ð26Þ

where Gt(s) is used to provide a smooth transition
between both compensators:

GtðsÞ ¼
0:2

0:0048sþ 1
ð27Þ

Figure 10 shows a comparison between the desired,
commanded, and measured piston displacement during
the execution of an experiment where a good match
between the desired and measured displacement was
observed. The lower curve is a close-up of the upper one.

In order to see the performance of the system model
discussed in this section, simulations were run to com-
pare such models with the experimental response.
In Figure 11 the MR damper piston displacement as
measured during an experiment is compared with that
obtained by the model of the overall system. That is, the
system of Figure 8 was implemented in Simulink and the
simulation results were compared with the experimental
response. To make this comparison, the El Centro
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Servo
control

Outer controller

Inner loop

Servovalve+– +–
Hydraulic
actuator

MR damper

Natural vel.
feedback

ic xe fpud QL

Figure 8. Diagram of the complete system with dynamics compensation.
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d ua

ub

w
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X
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Ga (s) Σ

Figure 9. Block scheme of the pre-compensator dynamics with
bumpless transfer.
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seismic motion records and MR damper voltage were
taken as inputs to the RTHT system. The results show
good accuracy of the system model.

BACKSTEPPING CONTROLLER

FORMULATION

To begin with the design of the backstepping control-
ler, the structure model of Equation (6) was divided into
two subsystems accounting for the first-floor dynamics,
where the MR damper was attached, and the rest of the
structure that accounts for the dynamics of all the floors
above the base. Thus, the building can be modeled by
the following set of equations:

Sm:Ms2 €x23a þ C2a _x23a þ Ks2x23a ¼ Bs2x1a þ Fg ð28Þ

Sb:m1 €x1a þ c11 _x1a þ k11x1a ¼ �fmr � fc þ fg, ð29Þ

where Sm stands for the main structure subsystem
(the two upper floors) and Sb is the first floor subsystem.
The a sub-index means absolute coordinates; x23a¼

[x2a, x3a]
T is the absolute acceleration vector of the

two upper floors and x1a is the absolute acceleration of

the first floor. Fg ¼ ½ðc21 þ c22 þ c23ÞÞ _xg þ ðk21 þ k22þ

k23ÞÞxg, 0�
T
� ½0, 0�T. The matrices Ms2, Cs2, Ks2, and

Bs2 are given by:

Ms2 ¼
m2 0
0 m3

� �
Cs2 ¼

c22 c23
c32 c33

� �

Ks2 ¼
k22 k23
k32 k33

� �
Bs2 ¼

�k21 �c21
0 0

� � ð30Þ

where fc is the coupling force between the base and the
main structure and fg is the force due to seismic motion:

fc ¼ c12 _x2a þ k12x2a ð31Þ

fg ¼ c11 þ c12ð Þ _xg þ k11 þ k12ð Þxg ð32Þ

The following assumptions about the intrinsic stabil-
ity of the structure were used in formulating some con-
trol laws (Luo et al., 2000):

Assumption 1. The unforced main structure subsystem Sm

is globally exponentially stable for any bounded initial
conditions.

Assumption 2. If the coordinates ðx, _xÞ of the base and the
coupling term Bs2x1a are uniformly bounded, then the
main structure subsystem is stable and the coordinates
ðx, _xÞ of the main structure are uniformly bounded for
all t� 0 and any bounded initial conditions.

In this way, the controller was designed for the first-
floor subsystem assuming that it would stabilize the
overall system. Finally, to proceed with the controller
formulation, Equation (29) was written in state space
form, so that the backstepping technique could be
applied:

_y1 ¼ y2 ð33Þ

_y2 ¼ �
k11
m1

y1 �
c11
m1

y2 �
1

m1
ð fmr þ fc � fgÞ, ð34Þ

where y1¼ x1a and y2 ¼ _x1a are the absolute displace-
ment and absolute velocity of the first floor. Now,
we could make use of Lemma 2.1 introduced in section
‘Backstepping Control’ to design the backstepping
controller for the more general form of Equations (33)
and (34).

Consider the system of Equations (33) and (34). The
following control law attenuates the vibrations and
stabilizes the main structure:

fmr ¼ðm1 � k11 þ h1h2m1Þ y1 þ ðh1m1 � c11 þ h2m1Þ y2

� fc þ fg, ð35Þ

where h1 and h2 are positive constants. To demonstrate
it, consider the following standard backstepping
variables:

e1 ¼ y1 e2 ¼ y2 � �1 �1 ¼ �h1e1 ð36Þ

Now consider the following Lyapunov function can-
didate and its derivative:

V ¼
1

2
e21 þ

1

2
e22 ð37Þ

_V ¼ e1 _e1 þ e2 _e2 ð38Þ

Substitution of Equations (33), (34), and (36) into
Equation (38) yields:

_V ¼ e1 _e1 þ e2 _e2

¼ e1y1 þ e2ð _y2 � _�1Þ ¼ e1y1 þ e2 _y2 þ h1 _e1

¼ e1y1 þ e2 �
k11
m1

y1 �
c11
m1

y2 �
1

m1
ð fmr þ fc � fgÞ

� �
þ h1y2 ð39Þ

Substitution of Equation (35) into Equation (39)
yields:

_V ¼ �h1e
2
1 � h2e

2
2 5 0 ð40Þ
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According to Lyapunov’s stability theory, e1! 0 and
e2! 0. Consequently, y¼ y1¼ e1! 0 and _y ¼ y2 ¼
e2 þ h1e1! 0. According to Assumptions 1 and 2, the
vibration of the base is asymptotically attenuated and
the asymptotic stability of the main structure is
guaranteed.
The control law of Equation (35) cannot be imple-

mented directly because the force to the MR damper
cannot be commanded. Instead, a voltage signal had
to be sent to the damper to approximately generate
the desired force. Two approaches were then considered
for determining the MR damper voltage that could pro-
duce the damping force required to mitigate the
vibrations.
The first approach was based on the Clipped Optimal

Control algorithm by Dyke et al. (1996). The algorithm
is graphically depicted in Figure 12. The dynamics of the
MR damper are ignored and the control signal (i.e., the
voltage) takes only two values, 0V and 5V, according to
the following algorithm:

u ¼ VmaxH fmr � fmeasð Þ fmeas

� �
, ð41Þ

where H{�} is the Heaviside function, fmr is the force
generated by the backstepping controller and fmeas is
the actual damping force actuating on the system.
The second approach consisted of using the

Bouc�Wen model of the MR damper so that its non-
linear dynamics were included in the controller design.
Substituting the model of Equation (11) and solving

for u, the following control law is obtained:

u ¼
m1 � k11 þ h1h2m1ð Þ y1 þ h1m1 � c11 þ h2m1ð Þ y2

SF c0b
_x1r
SL
þ k0b

x1r
SL
þ �bz

h i

�
þfc � fg þ SF c0a

_x1r
SL
þ k0a

x1r
SL
þ �az

h i
SF c0b

_x1r
SL
þ k0b

x1r
SL
þ �bz

h i , ð42Þ

provided that SF½c0b
_x1r
SL
þ k0b

x1r
SL
þ �bz� 6¼ 0, otherwise

u¼ 0. SF is the damper force scaling factor and SL is
the piston displacement scaling factor, as discussed in
section ‘MR Damper’. Due to measurements of
the accelerometers and the accurate fitting of the
Bouc�Wen model for the MR damper, all state
variables in Equation (42) were also available for feed-
back. Therefore, controller Equation (42) could be
implemented.

The stability of the controller of Equation (42) can be
proved in a similar way to that of Equation (35).
Consider again the backstepping variables of Equation
(36) and the Lyapunov function candidate and its deriv-
ative of Equations (37) and (38). Substitution of
Equations (11), (33)�(36), and (42) into Equation (38)
also yields _V ¼ �h1e

2
1 � h2e

2
2 5 0, which guarantees the

stability of the system.

EXPERIMENTAL RESULTS

The backstepping controllers were tested in the
RTHT setup described previously. The numerical
model, i.e., the three-story building and the controller,
were implemented in MATLAB/Simulink. The ordinary
differential equation solver used is the fourth-order
Runge�Kutta method with a time step Ts¼ 5� 10�4 s.
The structure was subject to three different earthquake
records, namely El Centro, Loma Prieta, and
Northridge, as shown in Figure 13; the scale amplitude
used was 0.4. The controllers were implemented with
h1¼ 1� 10�3 and h2¼ 1� 10�6.

The experiments were performed in five different
scenarios: no damper in the structure (uncontrolled);
damper in passive mode OFF, i.e., no current flow in
the damper coils (0V); damper in passive mode ON, i.e.,
the maximum current allowed flows through the damper
coils (5V); model-based backstepping controller ON
(Mod. based BS.); and finally, backstepping control
based on the modified version of the clipped optimal
algorithm (Clipped BS.). In order to evaluate the perfor-
mance of the damper in all cases, the peak displacements
and accelerations and the root mean square (RMS)
displacements and accelerations of each floor were
analyzed. In addition, the performance indices of

v = 

v = 

v = 0

v = 0

v = 0

v = 0

Vmax

Vmax

fmeas

fmr

Figure 12. Graphical representation of the clipped optimal
algorithm.
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Table 1 were used in performance evaluation. J1 is the
maximum floor acceleration in the controlled case,
normalized by the maximum floor acceleration of
the structure in the uncontrolled case. The index J2 con-
siders the norm of the acceleration in a manner similar
to J1; J3 and J4 measure the peak inter-story drift
between the 2nd and 1st floors and between the 3rd
and 2nd floors, respectively, and J5 is the ratio between
the peak control force and the weight of the whole struc-
ture. Finally, J6 measures the RMS control effort
damper.

Table 2 shows the peak and RMS values of displace-
ment and acceleration of the structure when subject to
the seismic motions and in each of the cases described
earlier. It can be noted that both backstepping control-
lers are able to reduce the displacement and acceleration
response compared with the uncontrolled case. This is
also true for the passive OFF case. In fact, when no
current flowed through the damper, no major differ-
ences were observed compared with the uncontrolled
case. For instance, the difference in the third-floor
peak and RMS acceleration between the uncontrolled
and passive OFF cases when the structure was subject
to the El Centro earthquake was 11.97% and 31.38%,
respectively. For comparison, these differences signifi-
cantly increased to 52.44% and 71.89%, respectively,
when comparing the uncontrolled and the backstepping
control cases.

On the other hand, results of the passive ON cases
show different performances. It could be noted that
the reduction of peak and RMS displacements achieved
in the passive ON cases was greater than that achieved
by the backstepping controllers. However, the reduction
in peak and RMS accelerations achieved by the control-
lers was in general greater than that achieved in passive
ON cases. For example, the differences between the
third-floor peak and RMS accelerations of the structure
when subject to the El Centro earthquake were 18.37%
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Figure 13. Records of El Centro, Loma Prieta, and Northridge earthquakes.

Table 1. Performance indices.

Index Description

J1 ¼ maxi, t
j€xai, cðtÞj
€xmax
a, u ðtÞ

 !
Normalized peak floor acceleration.

J2 ¼ maxi, t
k€xai, cðtÞk

k€xmax
a, u k

 !
Normed peak acceleration

J3¼max(jx2r(t)� x1r(t)j) Interstory drift between 2nd and 1st
floor.

J4¼max(jx3r(t)� x2r(t)j) Interstory drift between 3rd and 2nd
floor.

J5 ¼ maxt, i
j fmrdðtÞj

W

� 	
Maximum control force.

J6 ¼
1

�

Z �

0
½_xmðtÞ�

2dt

� 	1=2

RMS control power.
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and 12.5%, respectively. When the structure was subject
to the Loma Prieta earthquake, these values were 8.4%
and 13.55%, respectively; finally, in the Northridge
earthquake case, these differences were 28.18% and
9.72%, respectively. In this last case, a higher reduction
was achieved by the passive ON damper.
The performance indices for the different seismic exci-

tations are shown in Table 3. Performance indices J1�J4
showed that both backstepping controllers had a similar
performance. This also confirmed the results of Table 2,
which show a reduction in acceleration and displace-
ment response when compared with the uncontrolled
and passive OFF cases. It also shows that the controllers
have a similar performance to the passive ON case,

achieving in general a greater reduction in acceleration,
as discussed earlier.

An important result that can be found in Table 3 is
that of indices J5 and J6. These indices showed that the
control effort in the case of the controller based on the
modified clipped optimal algorithm was larger than that
of the controller based on the dynamics of the MR
damper. This could be explained by the fact that in the
first case, the voltage switched between two extreme
cases (no current flowing through the damper coil and
maximum current flowing through the damper coil). In
the second case, the control signal changed in a
smoother fashion and in turn, the control effort was
reduced. Furthermore, the reduction in RMS control

Table 2. Peak and RMS responses under El Centro, Loma Prieta, and Northridge earthquakes.

Measure Uncont. Pas. OFF Pas. ON Clipped BS. Mod. BS.

El Centro
Peak x1r (cm) 7.26 5.78 1.85 3.11 3.20
Peak x2r (cm) 11.23 9.09 3.48 4.75 4.63
Peak x3r (cm) 13.37 10.95 4.69 5.86 5.47
Peak €x1r (m/s2) 4.51 3.42 2.74 3.40 3.06
Peak €x2r (m/s2) 5.67 4.66 3.07 3.40 2.70
Peak €x3r (m/s2) 6.35 5.59 3.70 3.47 3.02
RMS x1r (cm) 2.97 2.02 0.37 0.59 0.81
RMS x2r (cm) 4.71 3.21 0.78 0.97 1.28
RMS x3r (cm) 5.67 3.86 1.05 1.21 1.55
RMS €x1r (m/s2) 1.54 1.09 0.76 0.73 0.54
RMS €x2r (m/s2) 2.25 1.54 0.71 0.67 0.68
RMS €x3r (m/s2) 2.74 1.88 0.88 0.77 0.83
Loma Prieta
Peak x1r (cm) 4.69 3.73 1.90 3.19 3.21
Peak x2r (cm) 7.39 6.28 3.58 5.09 5.17
Peak x3r (cm) 8.88 8.05 4.45 6.34 6.25
Peak €x1r (m/s2) 5.16 4.21 3.53 3.27 2.34
Peak €x2r (m/s2) 3.92 3.19 3.50 2.82 2.62
Peak €x3r (m/s2) 6.28 5.71 3.32 3.60 3.04
RMS x1r (cm) 2.39 1.39 0.34 0.50 0.59
RMS x2r (cm) 3.77 2.18 0.64 0.81 0.92
RMS x3r (cm) 4.54 2.63 0.84 0.99 1.11
RMS €x1r (m/s2) 1.50 0.93 0.69 0.58 0.41
RMS €x2r (m/s2) 1.84 1.09 0.61 0.55 0.50
RMS €x3r (m/s2) 2.27 1.34 0.67 0.60 0.59
Northridge
Peak x1r (cm) 6.77 6.56 3.63 4.61 5.81
Peak x2r (cm) 10.18 9.97 6.05 7.85 9.33
Peak x3r (cm) 11.97 11.64 6.94 9.17 10.95
Peak €x1r (m/s2) 5.81 4.80 2.83 4.51 3.29
Peak €x2r (m/s2) 6.15 5.85 4.61 5.88 5.70
Peak €x3r (m/s2) 8.21 7.21 4.79 5.67 6.14
RMS x1r (cm) 2.17 1.37 0.40 0.57 0.76
RMS x2r (cm) 3.41 2.16 0.71 0.94 1.17
RMS x3r (cm) 4.11 2.60 0.93 1.15 1.41
RMS €x1r (m/s2) 1.55 0.94 0.63 0.67 0.58
RMS €x2r (m/s2) 1.67 1.05 0.61 0.65 0.66
RMS €x3r (m/s2) 1.34 2.16 0.72 0.74 0.79
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effort (J6) achieved by the model-based backstepping
controller compared with the passive ON case was
39.86% (El Centro), 35.17% (Loma Prieta), and
29.20% (Northridge).
Figures 14�19 graphically depict some of the tabular

results. Figures 14 and 15 show the acceleration and
displacement response of each floor when the structure
was subject to the El Centro earthquake. All the cases
studied were mutually compared, i.e., the uncontrolled,
passive and control cases. It could be observed from
these figures that the passive OFF damper did not
improve the structure response in a significant way, as

can be seen in Tables 2 and 3. The first-floor accelera-
tion and displacement under the three earthquakes are
depicted in Figures 16 and 17, respectively. The uncon-
trolled, passive ON and model-based backstepping con-
trol cases are shown. It could be observed that the
acceleration response was significantly improved by
the backstepping controller, as discussed earlier. It
could also be noted that the displacement response of
the passive ON damper and that of the controller were
similar. Finally, Figures 18 and 19 show the perfor-
mance of the MR damper (the actual damper, i.e., not
scaled) and in particular, a comparison of the dynamics
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Figure 14. Structure acceleration response under the El Centro earthquake.

Table 3. Controller performance indices under El Centro, Loma Prieta, and Northridge earthquakes.

Earthquake Controller J1 J2 J3 (cm) J4 (cm) J5 J6 (N)

El Centro Uncontrolled � � 4.06 2.27 � �

Passive OFF 0.58 0.32 3.44 2.00 0.09 44.43
Passive ON 0.58 0.32 1.93 1.32 0.13 420.66
Clipped BS. 0.55 0.28 1.75 1.24 0.12 338.71
Mod. based BS. 0.48 0.31 1.72 1.08 0.08 253.42

Loma Prieta Uncontrolled � � 2.75 2.24 � �

Passive OFF 0.91 0.59 2.60 2.04 0.01 42.91
Passive ON 0.56 0.30 1.71 1.19 0.12 351.00
Clipped BS. 0.58 0.34 1.93 1.29 0.12 288.58
Mod. based BS. 0.48 0.34 2.01 1.09 0.09 227.54

Northridge Uncontrolled � � 3.89 2.93 � �

Passive OFF 0.88 0.62 3.70 2.58 0.09 36.25
Passive ON 0.58 0.33 2.62 1.71 0.12 326.37
Clipped BS. 0.72 0.38 3.49 2.03 0.12 286.87
Mod. based BS. 0.75 0.41 2.20 2.03 0.11 231.07
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predicted by the Bouc�Wen model and that obtained
experimentally when subject to the Northridge
earthquake.

CONCLUSIONS

In this article, a new semiactive controller based
on the backstepping technique has been proposed
for reducing the vibrations in a three-story building
equipped with an MR damper. Two variations
were presented: one based on a modification of the
clipped optimal algorithm and another based on the
non-linear dynamics of the MR damper. The control-
lers were experimentally tested in a RTHT setup.
Both controllers successfully achieved the proposed
goal of reducing the structure response when subject
to seismic motion. Furthermore, the backstepping con-
trollers significantly improved the acceleration
response of the structure when compared with a pas-
sive damper operating at the maximum power
allowed. This could be achieved with a reduction in
the control effort, despite the degradation of the dis-
placement response. Moreover, the backstepping

controller based on the damper dynamics showed the
best performance in reducing acceleration and control
effort.
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