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SUMMARY 

Residuals are defined for the proportional hazards regression model introduced by Cox 
(1972). These residuals can be plotted against time to test the proportional hazards 
assumption. Histograms of these residuals can be used to examine fit and detect outlying 
covariate values. 
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1. INTRODUCTION 
The proportional hazards regression model (Cox, 1972) provides a method of 

estimating the effect of covariates on failure time. Kay (1977) derived residuals for this 
model (Cox & Snell, 1968). The present paper defines residuals which do not depend on 
time so that the 4th residual can be plotted against ti to test the proportional hazards 
assumption. Furthermore, they do not involve an estimated hazard function and this 
simplifies their asymptotic distribution. 

2. DEFINITIONOF THE PARTIAL RESIDUALS 

Suppose n individuals are indexed by i = 1, .. .,n and that each has .a  p-vector of 
covariates Xi = (Xi,, .. .,Xi,)'. The proportional hazards regression model specifies that 
the hazard function of the ith individual is 

where p is a vector of p parameters and A,(t) is an arbitrary function. 
Let D be the indices of the individuals who failed and let Ri be the indices of those 

under observation when the ith individual fails. Using partial (Cox, 1975) or marginal 
(Kalbfleisch & Prentice, 1980, p. 71) likelihood arguments one can estimate P by 
maximizing the likelihood function of the following model: for i E D, an index m E Ri is 
selected with probability 

In this model Xi is a random variable with 

and the maximum likelihood estimate of P is a solution to 
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Denote this solution by p and let @(xi,.Ri ) be E(Xi j  R i )with p substituted for P .( I 
Define the partial residual a t  ti as the vector = ( F i l , . . . , i p ) ' ,  where 

iik= Xik-I?(xik( R i ) .Thus the residual is the difference between the observed value of Xi 
and its conditional expectation given Ri.  Since 4, is a vector each ilkmust be examined 
graphically. This is feasible wherever computer graphics are available. 

3. THEASYMPTOTIC DISTRIBUTION OF ri 
Define ri to be Fi  with p replacing The { r i )  will have discrete distributions 

determined by Ri and will be uncorrelated (Cox, 1975). Let Ui be the p x p  matrix with 
(k,s)th element arik/ap, evaluated a t  /?. Furthermore, let U = xi, ,Ui .  When ii is 
expanded about /3 in a Taylor series, 

F i  = r i+ ui(p-/3) + op(n-*).  

When the score statistic is substituted for p-P this yields 

which expresses the F i ,  which depend on in terms of the ri .  
Since the ri are uncorrelated the variance covariance matrix of ii and F j  is asymp- 

totically dij Ui -Ui U -  ' US which can be used to find the variance of functions of the { i j ) .  
Since U - l  + 0 the ii are asymptotically uncorrelated. 

4. EXAMINING HAZARDS ASSUMPTIONTHE PROPORTIONAL 

If proportional hazards holds E(Fi)10 and a plot of Fik versus t i  will be centred about 
0. However, suppose that 

h i ( t )  = exp { P ' X i + B g ( t i )  X i k )  

with g ( t i )  varying about 0. Expanding E(XikI R i ) about g(ti)= 0, we have 

Since the term in brackets is positive the sign of E(i ik )will depend on the sign of g(ti).  
Thus changes in g ( t i )  will be reflected in a plot of iikversus t i .  

5 .  EXAMINING OF FITGOODNESS 

In  order to obtain residuals which have an approximately uniform distribution, let A ,  
be the set of identifiers j E Ri such that Xjk< Xi,. Define the uniform partial residual 

s i k  = x exp (Pxj)/1 exp (flfxj).
j~ Aik j e R i  

The residual aik will have a discrete uniform distribution a t  each Ri.  If there are many 
values of Xi,  the histogram of sikwill appear uniform. 

Figure 1 is a plot of the residuals of the data of Freireich (Cox, 1972). There is one 
covariate coded 0 or 1 .  Thus the residuals are 1 -E ( X  ( Ri)if Xi is 1 or -E ( X  I Ri)if Xi is 
0. This gives rise to the two horizontal bands of residuals seen in Fig. 1 .  Ties were broken 
by the addition of a small random number to each failure time. For T > 16 there are 
equal numbers of residuals a t  equal distances from 0. For 5 < T < 15 the positive 
residuals are closer to zero than the negative residuals but there are more positive 
residuals. Thus for T > 5 there is no time trend. For T < 5 there are no negative 
residuals indicating a failure of proportional hazards in this region. Using a chi-squared 
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Time 

Fig. 1. Plot of 6, versus time. 

goodness-of-fit test (Schoenfeld, 1980), dividing the time axis a t  T = 5 yields a p-value 
of 0.08, ignoring the post hoc nature of the decision to divide the data a t  T = 5 .  
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