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Nonlinear Incompressible Finite
Element for Simulating Loading of
Cardiac Tissue—Part Il: Three
Dimensional Formulation for Thick
Ventricular Wall Segments

A three dimensional incompressible and geometrically as well as materially
nonlinear finite element is formulated for future implementation in models of car-
diac mechanics. The stress-strain relations in the finite element are derived from a
recently proposed constitutive law which is based on the histological composition of
the myocardium. The finite element is formulated for large deformations and con-
siders incompressibility by introducing the hydrostatic pressure as an additional
variable. The results of passive loading cases simulated by this element allow fo
analyze the mechanical properties of ventricular wall segments, the main of which
are that the circumferential direction is stiffer than the longitudinal one, that its
shear stiffness is considerably lower than its tensile and compressive stiffness, and
that, due to its mechanically prominent role, the collagenous matrix may affect the

myocardial perfusion.

1 Introduction

In Part I of this article [1], a two dimensional finite element
(FE) has been proposed for the simulation of loading of thin
myocardial strips. Though providing insight into the
mechanical behaviour of the tissue, that element cannot serve
for the assembly of models for simulating the mechanics of the
thick walled left ventricle (LV), which requires the derivation
of fully three dimensional ones.

The present three dimensional FE incorporates both the
anisotropy and the material nonlinearity of the myocardium
by employing a recently formulated structural constitutive law
[2], which is based on the histological composition of the
tissue. It utilizes a large deformations total Lagrangian ap-
proach together with incompressibility, which requires to con-
sider the hydrostatic pressure (HP) as a fourth nodal variable,
in addition to the three displacement components. Unlike in
the case of infinitesimal deformations, incompressibility can-
not. be accounted for by equating Poisson’s ratio to 0.5 [3].

Following a preliminary verification, the FE serves for the
simulation of several passive loading cases. By performing
numerous loading combinations, a large range of mechanical
responses is obtained and is analyzed so as to infer the proper-
ties of the ventricular wall.
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2 Derivation of the Element Equation of Motion

The derivation of the element equation of motion is based
on a variational approach, originating from the requirement
of minimum potential energy [4, 5]. The total potential energy
of the element is given by:

O=U+V )

where U is the strain energy stored in the element and V is the
work performed on it by external loads.

Bearing in mind that the myocardium is treated as a
hyperelastic material [2], a strain energy function, W, from
which the stresses are derived, may be defined. Due to the in-
compressibility constraint, expressed by setting the value of
the third invariant of Green’s deformation tensor, /5, equal to
unity [4], this function has to be augmented by an additional
term:

W=W+P(;—-1) 2)
where P is a Lagrange multiplier, physically interpreted as the

HP in the element. Thus, the strain energy of the element is
given by:

ey P) = [, Wi+ PU =1} o+ ¥ 3)

The stationarity of the total potential energy requires that its
first variation in respect to both the strains and the HP should
vanish:
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Since this equality has to hold for any variation over ¢; and P,
which are unrelated, each of the two variations has to vanish
separately:

oIl 0 )
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Expression (5) leads to the equation of motion of the element,
while expression (6) leads to the incompressibility equation.
The derivation of the equation of motion, which may be
found in detail in other sources [4, 6], produces the following
general expression:

At Qi Ordyy
SOU t+ fS_/6[+AI€ dy = +AR (7)

where the 2nd Piola-Kirchoff stresses, §*4/S¥, and the Green-
Lagrange strains, §*4‘¢;, at time # '+ At, are referred to the in-
itial conf1gurat10n namely, a total Lagrangian approach is
employed (the notation is similar to the one in reference [6]).
The right-hand side of equation (7) represents the external
loads, generally including surface tractions and body forces.
Due to the geometric and material nonlinearities, the equation
of motion is nonlinear, and is converted to a sequence of
linear equations by incremental decomposition. This process is
similar to the one performed for the two dimensional FE [1],
however, the final form of the resulting equation is different,
since the total stresses at time #, derived from the strain energy
function (equation (2)), depend also on the HP:

(f)Sij — 6I:V(e) tP 31 ®)

0€ij 3045,1

Therefore, to obtain the stress increment, both the strains and
the HP have to be incremented:

31,8 9487
0€rs +
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where ,¢,, and (P are the strain and HP increments, respec-

tively. After substituting the total stress given by equation (8),
the resulting expression for the incremental stress is:

oSij:

oP ®
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When equations (8) and (10) are substituted for the total and
incremental stresses, respectively, in the incremental equation
of motion [6]:

S 0SY8.e; dv~|—S0 58Y8yn; %dv

=1HAR Sou 18780, %dv (11)
the resulting final form is:
Sou (:;Z(é?y +4P agj:gze,-j)"e”a"eif oy
SO oP : doey ‘dv + SOU ( 6;/{1)/6(;, +4P :;U)ﬁonu ody
='+A'R—SOU( a;;;(;) +iP ;I )50e %dy (12)

where oe; and 4n; are the linear and nonhnear parts of the
strain increment [6]. The components of the three dimensional
incremental strain tensor are:

(13)

T_
0" = [0€11 082 0€33 20812 20€13 20€23]
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Fig. 1 Outlay of the three dimensional isoparametric 8-21 nodes FE

and the components of the stress tensor at time ¢ are:
tsT [05‘“ 1Q22 £Q33 £Q12 1 Q13 6823] (14)

The nodal variables in the element are the three cartesian com-
ponents of the displacement and the incremental HP. The
present formulation is isoparametric, employing Lagrangian
interpolation for both the displacements and the HP. The
highest available interpolation order for the displacements is
parabolic, resulting in a maximally 21 nodes FE (Fig. 1). As
for the HP, it has been argued that its interpolation order
should not exceed, or should even be lower than that of the
displacements [4]. Consequently, parabolic displacement in-
terpolation calls for linear HP interpolation, and when linear
displacement interpolation is employed, the HP should be
taken as constant in the element.

The displacements in the element, referred to its cartesian
coordinate system, (r, s, f) (see Fig. 1), are given by:

=Hu (15)

where H is the displacement interpolation functions matrix
and u is the vector of incremental nodal displacements:

_ 1 g1 2 2 .2 .
ou” = [oul oty U3 oUif o3 U3 oY ot ouil  (16)

N being the total number of nodes. Similarly, the incremental
HP in the element is given by:

P(r,s,t)=HyP (17)

where Hj, is the HP interpolation functions vector and P is the
vector of incremental nodal HP:

oPT=[oP! (P2 P - - - ,PM] (18)

M being the total number of nodes employed for the HP inter-
polation, so that N > M.

The actual system of equations to be solved for the in-
cremental displacements and for the HP is obtained after ex-
pressing the linear and nonlinear parts of the strain increment
in equation (12) in terms of the incremental displacements, by
employing the appropriate strain-displacement transforma-
tion matrices B; and By, [6], respectively. The ensuing matrix
form of the equation of motion is:

2
{Sov oB7 [Oc(e) +6Hp §P (3 )2

u(r,s,t)

]OBL dv

al.
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al

where (8 ,, and (C,,, are the elastic part of the stress tensor
and of the elastic matrix, given by
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Fig. 2 The global and fiber-attached coordinate systems in a FE which
represents an endocardium-to-epicardium LV wall segment

oW,
B0 =50 (20)
and by:
PW,
o€ =502 @1)
respectively.

Expression (19) constitutes a system of N equations in N
unknown incremental displacements and M unknown in-
cremental HP. The additionally required M equations are ob-
tained by applying the condition of incompressibility.

3 Derivation of the Element Equation of Incom-
pressibility

The equation of incompressibility is obtained by taking the
first variation of the total potential energy (equation (3)) in
respect to the HP, which, after employing the vector of inter~
polation functions for the HP, results in:

SOU Hp (I~ 1) do=0k=1,2, - - - , M) (22)
Similarly to the equation of motion, equation (22) has to be
brought to incremental form, which is performed in this case
by requiring that the equation still holds when the strains are
varied by a small increment:

S , ol

o, 0Flp, m pey; ddv=0 *k=12,- -, M) (23)

Expression (23) provides the additional M algebraic equa-
tions which complete the elemental system of equations. If the
HP is taken as constant in the element, expression (23) reduces
to a single algebraic equation. The incompressibility equation
is obtained in final form by writing the incremental strains in

terms of the incremental displacements:

[SOU oHp Fr. B, Odv]0u=0

4 Calculation of the Stress and Elastic Matrix
Expressions

24

The structural constitutive law employed here is based on
analysis of the histology of the myocardium and on a general
structural theory for fibrous tissues [7]. Its derivation assumes
that the main load bearing elements in the tissue are the net-
work of collagen fibers which interconnects the muscle fibers,
and the fluid matrix which embeds them. The process of
derivation of the stress expressions employs stochastic
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distribution functions for describing the spatial orientation
and the waviness of the collagen fibers, and is similar to the
one presented in reference [2]. The available anatomical data
[8] indicate that the assumption of linear variation of the mus-
cle fibers angle through the thickness of the ventricular wall,
which has been made in reference [2] for thin myocardial
strips, is still sufficiently accurate when considering the full
wall thickness (notwithstanding, other distribution functions
may be equally employed in the present formulation).

The muscle fibers angle is commonly assumed to vary be-
tween 60 deg at the endocardium to — 60 deg at.the epicardium
[8]. Therefore, when deriving the stress expressions, the
mechanical contribution of the interconnecting collagen fibers
(which are given the main mechanical role, [2]) should be sum-
med over this range. This leads to the following expression for
the six components of the 2nd Piola-Kirchoff stress tensor:

. /3 2r pw de
SY :SCS S So SE(e )R (a,0,0) 3 — J d¢ db do

—7/3 JO

i

ar,

+P
aeij
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where s, is the volumetric fraction of collagen fibers in the
myocardium, R, («a, 8, ¢) is their spatial distribution function,
Je(e,) is the uniaxial material law of an ensemble of initially
undulated collagen fibers, ¢, is their uniaxial strain and J is the
Jacobian of transformation from the fiber-attached cartesian
coordinates (r’, s’, t’) to the elemental global coordinates (r,
s, 1) (Fig. 2). These fiber-attached coordinates are rotated in
respect to the elemental ones around the ¢ axis, by a varying
angle denoted as a.

The members of the 6 x 6 elastic matrix are obtained by:

. asy
Ciirs =22 (26)
O¢,g
resulting in:
B x/3 2t pw € D (X)
comef 1 (122 o]
Se -3 Jo Jo LJo  1+42x ax
Jde, 0 I
Ro(a,0,8)—= 2 J do dgp df—P -2 22 1))
de;; Oey e, 0€;

where D, (x) is the collagen fibers waviness distribution func-
tion [2].

Due to its symmetry, the ensuing elastic matrix contains on-
ly 21 separate members.

5 Mode of Solution and Computer Implementation

The complete elemental system of equations for solving the
N incremental displacements and the M increments in the HP,
which includes the equation of motion (equation (19)) and the
equation of incompressibility (equation (24)) is:

K, Kp u { F }
o) le) -1

where K, is the N X N matrix of the coefficients of the in-
cremental displacemernts in equation (19), K, is the N x M
matrix of the coefficients of the incremental HP in the same
equation, and F is the vector of nodal forces. The M X N
matrix of the coefficients of the displacements in the equation
of incompressibility, is the transposed of Kp. Thus, the
assembled stiffness matrix of the element is symmetric, but,
due to the inclusion of the constraint of incompressibility, it is

not necessarily positive definite [9].
The equations are solved by an incremental-iterative

28)
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Fig. 3 The normalized difference between the displacements of a two
dimensional Mooney-Rivlin FE (straight line) and those of a three dimen-
sional one, under biaxial tension ,
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Fig. 4 Comparison between the experimentally measured stresses
(continuous line) and those calculated with the three dimensional FE
(dashed line) for three loading protocols of the same specimen (right
side—fiber direction, left side—cross-fiber direction)

method, similar to the one employed for the two dimensional
case [1]. The iterations in each load increment are terminated
once the Euclidean norm of the displacements converges, and
if the new configuration maintains incompressibility.

The present FE is implemented in a standard structural
analysis code [10] by adding subroutines and modifying ex-
isting ones at its elemental level. In order to avoid thorough
alterations at the global level of the code, which would be re-
quired if the HP was to be treated as a fourth nodal variable,
the HP is condensed and expressed in terms of the nodal
displacements [11}. Since the condensation requires to in-
troduce the kinematic boundary conditions at the elemental
level, only a single FE may be presently implemented. For the
purposes of this study, which are principally to present the FE
formulation and to verify its applicability for simulating
passive loading of ventricular wall segments, this option is
sufficient.

6 Preliminary Verification

Though similar FE formulations for three dimensional
hyperelastic materials, where incompressibility is introduced

urnal of Biomechadni,cal Engineerin
igitalcolleci
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Fig. 5 Kinematic boundary conditions and loading directions for the
three dimensional FE

through the HP, have been already performed [4], no com-
puter implementation and numerical results are available in
the literature for comparison. Therefore, prior to employing
the complete formulation including the structural constitutive
law, the FE is verified by implementing a Mooney-Rivlin
material model, which is also hyperelastic and incompressible
[4], and does appear in standard FE codes (i.e., in {10]) in two
dimensional plane-stress elements.

The presently formulated three dimensional FE is compared
to the existing two dimensional one by subjecting both of them
to identical equi-biaxial tension. When the displacements of
the three dimensional FE are compared to those of the two
dimensional one, the relative difference between them does
not exceed 1.5 percent (Fig. 3). The maximum strains reached
in this case are 0.098 in the loading directions and 0.151 in the
vertical direction. The incompressibility of the three dimen-
sional FE is found to be preserved within a relative error of
0.13 percent.

Since results of a similar three dimensional FE, containing a
structural material law, have not been previously reported, the
formulation of the element may be verified only by com-
parison to the results of mechanical tests. The only available
data are those published by Yin et al. [12], in which thin
myocardial strips are subjected to tension. In order to allow
comparison, the three dimensional FE is subjected to the same
three loading protocols as applied on one of the specimens in
reference [12] (specimen #2). The variation in the fibers direc-
tions through the element is set to be equal to the one in the
specimen (—7.5° — +7.5°), and the material constants ap-
pearing in the stress and elastic matrix expressions are ascribed
the same values previously estimated for that specimen [2].

The comparison of the calculated stress-strain curves to the
measured ones demonstrates an overall very good fit, with
average relative errors between 7 to 20 percent at the most
(Fig. 4). The errors are similar in magnitude to the ones ob-
tained when the material constants where initially estimated,
and reflect the fact that those estimates provide only a close
approximation, but not a perfect fit, to the results of the ex-
periments. Therefore, these errors cannot be further
diminished.

7 Results

Since the three dimensional FE allows to employ varying
fiber directions, it can serve for the examination of the passive
mechanical properties of whole segments of the ventricular
wall. The fiber direction is assumed to vary between 60 deg
at the endocardium to —60 deg at the epicardium [8]. Ac-
cordingly, one loading direction corresponds to the cir-
cumferential aspect of the LV wall (denoted as the X direc-
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Fig. 6 Stress-strain, hydrostatic pressure (P) and thickness strain
curves under uniaxial tension in the circumferential (@) and in the
longitudinal (b} directions

tion—see Fig. 5), while the other one corresponds to the
longitudinal aspect. The present FE may be applied for a
wider parametric study than previously performed with the
two dimensional FE [1], by adding loading in the vertical
direction and by examining the effect of altering the muscle
fibers range of distribution.

The loading cases include uniaxial tension in the cir-
cumferential and in the longitudinal directions, biaxial tension
with several fiber distributions, biaxial tension combined with
compression in the vertical direction and simple shear. All the
loading cases are performed with a 8-nodes FE (Fig. 5), which
is found to provide for these loading modes the same accuracy
as a higher order 20-nodes element.

The values employed here for the material constants appear-
ing in the stress and elastic matrix expressions are identical to
the ones in the two dimensional FE [1].

The stresses shown in the accompanying figures are
Cauchey stress components referred to the present configura-
tion, and are plotted against their corresponding strains (7
VETSUS €,,, etc.). The HP is plotted against the thickness strain

(e20).

Uniaxial tension is performed by repeatedly applying twenty
increments of 1KPa, in the circumferential (X) and in the
longitudinal (Y) directions. The resulting peak strains are
0.098 and 0.133, respectively, indicating that, though the cir-
cumferential direction is stiffer than the longitudinal one, the
difference is considerably smaller than for parallel fiber ar-
rangement [1]. The HP magnitude reaches only 7 percent of
the total tensile stress, denoting that the participation of the
fluid matrix in load bearing under tension is small compared
to that of the collagen fibers (Fig. 6).

Biaxial tension is carried out by simultaneously applying the
same loads as in the former case, in the X as well as in the Y
directions. The circumferential direction is found again to be
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Fig. 7 Stress-strain, hydrostatic pressure (P) and thickness strain
curves under equibiaxial tension
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distribution range (a - for 5 KPa; b - for 12.5 KPa; ¢ - for 20 KPa).
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stiffer than the longitudinal one, the peak strains being 0.083
and 0.121, respectively. The HP reaches similar magnitude as
in the uniaxial case (Fig. 7).

In order to examine the effect of the fiber directions range
of distribution, the biaxial loading case is repeated for fiber
distribution ranges of =15, +30, £45 and +75 deg, in addi-
tion to the above =60 deg range. Comparison between these
cases shows that the difference in the stiffness between the cir-
cumferential and the longitudinal directions expectedly
decreases when the fiber arrangement becomes less unidirec-
tional. When the difference between the tensile strains in the X
and in the Y direction for several stress levels (of 5, 12.5 and
20 KPa) is plotted against the fiber distribution range, it is
found to decrease relatively slowly between +50 to +70 deg
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Fig. 9 Stress-strain and hydrostatic pressure (P) curves under
equibiaxial tension combined with vertical compression

(Fig. 8). Since the fiber ranges of distribution in the LV wall
are contained between those two values [8], the small variation
in the strain difference may indicate that the ratio of the
circumferential-to-longitudinal stiffness is relatively uniform
over most of the ventricular wall.

Biaxial tension and vertical compression: This case
resembles the loading pattern in the LV wall during the heart
cycle, when the tensile stresses in the circumferential and
longitudinal directions are accompanied by the cavity
pressure. The tensile loads are applied in twenty increments of
1KPa in the X and Y directions, and compression of the same
magnitude is applied in the Z direction. The tension reaches
the same order of magnitude as of the wall stresses calculated
by an existing LV FE model [13], and the maximal magnitude
of the compression is comparable to the peak intraventricular
pressure under normal conditions. The resulting strains in the
lateral directions are larger then those in the biaxial tension
case, being amplified by the vertical compression (Fig. 9). The
HP role is more pronounced relatively to the former cases, be-
ing the main component of the Z direction normal stress. The
compressive stiffness of the tissue turns out to be lower,
though not excessively so, than its tensile stiffness.

The present loading case is repeated for a wall segment in
which the collagen volumetric fraction is doubled (10 instead
of 5 percent), in order to simulate the histological alteration
that the myocardium undergoes following infarction [14]. The
resulting strains are, expectedly, smaller, and the stresses are
considerably higher than those in the intact case (Fig. 10). The
peak HP, however, does not significantly exceed the one
calculated for the unaffected tissue.

Simple shear is carried out by applying twenty increments of
0.1 KPa tangentially to the four sides of the FE that are
parallel to the Z axiz. A peak shear strain of 0.109 is obtained
in the X-Y plane, accompanied by a 0.158 thickness strain, as
an effect of incompressibility (Fig. 11). The observed shear
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stiffness of the LV wall segment is considerably lower than its
stiffness to normal loading, but it is higher than that of a strip
which contains only uniformly directed fibers. This is prob-
ably because in the present case, a larger portion of the inter-
connecting collagen fibers are extended due to the wider range
of distribution of the muscle fiber directions.

8 Conclusion

Following a previous study, in which a two dimensional FE
is formulated and applied for simulating loading of thin
myocardial strips [1], a fully three dimensional FE is presently
proposed for implementation in LV models. This FE is
specifically devised for the myocardium, incorporating its
divers mechanical properties: incompressibility, anisotropy
and geometric and material nonlinearities. In so doing, it pro-
vides a more comprehensive tool for representing cardiac
mechanics than formerly available.

By subjecting a single FE to various loading conditions, the
mechanical behaviour of a ventricular wall segment is
simulated under passive loading. The results of the loading
cases demonstrate the different mechanical roles of the net-
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work of collagen fibers versus the fluid matrix. While the col-
lagen fibers mainly bear the tensile stresses, the fluid matrix
sustains the HP and is the main contributor to the compressive
stiffness of the myocardium. These observations are in accor-
dance with the original basic assumptions upon which the
presently employed structural material law is based [2]. The
evident mechanical importance of the collagenous network in
load carrying, and its reported numerous interconnections to
the capillaries, imply that it may affect the perfusion regime in
the myocardium, as already suggested by another source [15],
and as recently analyzed in detail [16]. Consequently, when
analyzing the coupling between the stress state in the ven-
tricular wall and the perfusion, the stresses in the solid phase
of the tissue should also be considered, in addition to the HP.
The HP becomes a prominent factor affecting myocardial per-
fusion probably when considerable compressive loads are ap-
plied on the wall, such as in systole, when the cavity pressure
reaches its peak value.

The circumferential stiffness of the LV wall is found to be
higher than the longitudinal one. This property, which is a
direct outcome of the —60 - +60 deg fibers distribution
range, may reflect the functional demands imposed on the LV
during the cardiac cycle, which probably result in larger loads
in the circumferential than in the longitudinal direction. The
+ 60 deg fiber distribution through the ventricular wall com-
pensates for the significantly more compliant cross-fiber direc-
tion [2], and modifies the circumferential-to-longitudinal stiff-
ness ratio, which would have been much larger for narrower
fiber distribution ranges. A similar conclusion is drawn by
Yettram et al. [17], which examined the effect of various fiber
distributions in a FE model of the LV.

The myocardium is significantly more compliant under
shear, compared to its behaviour when subjected to normal
loads. Low shear stiffness is also reported in histological
studies, where it is attributed to the architecture of the col-
lagen network, which easily permits lateral sliding of fiber
bundles [18]. This property may moderate the stresses which
develop in the ventricular walls when the heart twists during
the cardiac cycle [19].

All the results hitherto reported pertain to single segments
of the ventricular wall. Their implications to cardiac
mechanics may be extended and confirmed either by carrying
further studies with existing L'V models, or by implementing
the present FE into a complete model of the ventricle.
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