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Abstract

In the present paper, we study several qualitative
properties of a class of nonlinear switched systems un-
der certain switching laws. First, we show that if all
the subsystems are linear time-invariant and the sys-
tem matrices are commutative componentwise and sta-
ble, then the entire switched system is globally expo-
nentially stable under arbitrary switching laws. Next,
we study the above linear switched systems with certain
nonlinear perturbations, which can be either vanishing
or non-vanishing. Under reasonable assumptions, global
exponential stability is established for these systems.
We further study the stability and instability properties,
under certain switching laws, for switched systems with
commutative subsystem matrices that may be unstable.
Results for both continuous-time and discrete-time cases
are presented.

I. Introduction

Switched systems are hybrid systems that consist of sev-
erals subsystems and are controlled by switching law.
These switching laws may be either supervised or unsu-
pervised, and may be time-driven or event-driven. Re-
cently, there has been increasing interest in the stability
analysis of such systems ([1]-[8]).

The methodologies used in studying switched sys-
tems are very diverse. For example, multiple Lya-
punov functions were employed to establish certain gen-
eral Lyapunov-like results for both linear time-invariant
switched systems [1] and nonlinear switched systems [2],
and Linear Matrix Inequality (LMI) techniques were for-
mulated to study stability and robust stability problems
[5]. In [6], a class of general nonlinear switched systems
were treated as a special case of sampled-data control
systems with multiple sampling periods and some sta-
bility criteria were obtained. A conic switching law was
proposed in [7], [8] to study second-order linear time-
invariant switched systems, which was shown to be very
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efficient. However, this conic switching law does not
seem to be applicable to higher dimensional problems.
In [4], recent developments in the study of these issues
is summarized in detail.

In the present paper, we propose an approach to
study the stability properties of a specific class of non-
linear switched systems which differs significantly from
the existing works. The switched systems under inves-
tigation in the present paper consist of dominant linear
parts, for which the matrices are commutative, and cer-
tain nonlinear perturbation terms. We demonstrate that
under reasonable assumptions, the qualitative proper-
ties of the above linear time-invariant switched systems
are preserved if the perturbation terms are sufficiently
“small”.

The paper is organized as follows. In Section 2, the
stability analysis for continuous-time switched systems
is conducted, while in Section 3, similar results are es-
tablished for discrete-time switched systems.

II. Continuous-Time Switched System

We will consider three general cases for the class of
switched systems considered.
Case 1: All the dominant subsystems are linear
time-invariant and Hurwitz stable

Consider linear switched systems described by equa-
tions of the form

B(t) = Aw(t), i=1,2--,m, (2.1

where m > 2 is an integer and z(t) € R™, A; €
Rm1 Xm1 X

In the following, we will always assume that the so-
lutions of (2.1) are right differentiable. We will use the
notation {ix}r>0 C {1,2,---,m} to denote the switch-
ing sequence and we let [ty, tx+1) denote the time period
over which the ig-th subsystem is activated. Assume
that
(A1) limg_o0 tg, = o0;
(A2) the A;’s are all Hurwitz stable, i.e., for each i, all
the eigenvalues of matrix A; lie in the left-half complex
plane;

We have the following result.
Theorem 2.1. Assume that hypotheses (A2)-(A3) are
true. Then the equilibrium z, = 0 of switched sys-
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Figure 1: Phase plot of the switched system in Example
2.1 with initial value z1(0) = z2(0) = 0.2.

tem (2.1) is globally exponentially stable under arbitrary
switching laws satisfying (A1).

Proof :  Since the A;’s are Hurwitz stable, it is well-
known that there exist constants k;, a > 0, such that for
each i =1,2,---,m, the following inequality holds:

e

i=1,2,---,m. (2.2)

Now, for any initial condition (t,z0) (Without loss of
generality, we assume in the sequel that ¢, > 0) and
t € [tg,tgt+1), we have

z(t) = eAin (t=te) Ay (b —tr—1) eAl-l(t27t1)eAi0(t17t0)w0.

If T;(to,t), i = 1,2,---,m, denotes the total time that
the i-th subsystem is activated during the time %y to t,
then we have that Y. | Ti(to,t) = t —to. Since the 4;’s
are commutative pairwise, we rewrite the above expres-
sion as
z(t) = eMTilot) . pAmTn(tot)y, (2.3)

By (2.2), we have
lz ()] < (T3, ki)e (Tt 4Tm(to:0) ||
= ([1", ki)e~*(=t)||zg]||, which implies that switched
system (2.1) is globally exponentially stable under arbi-
trary switching laws. a

It is natural to ask whether the above result remains
true if the subsystem matrices of (2.1) do not commute
pairwise. The answer is in general not true. Counterex-
amples can be found in [3] and [7]. Using the reversed
conic switching law as proposed in [7], we know that
even when every subsystem has stable foci, the entire
system may still not be asymptotically stable under ar-
bitrary switching laws. The following example shows
that there exist certain switching laws which make a
switched system unstable even though the subsystems
have stable foci.

Example 2.1. Consider the switched system (2.1) with
m = 2, and

-1 -13 1 -2
Al_[ 2 3} A2_[10 3}

For initial point (z1(0),22(0))" = (0.2,0.2)", we incor-
porate the following inverse conic switching law: when-
ever the trajectory is inside the region of subsystem
i (which is partitioned by two straight lines: zy =
0.0097z, and xzo = 3.734x1, as depicted in Figure 1),
subsystem A; is employed until the trajectory intersects
the above boundary lines. Then another subsystem will
be activated. From the phase plot, we know that the
two subsystems with stable foci are made unstable by
the switching law specified above. a

We may now ask: what happens if all the subsys-
tems are “almost commutative”? In the following, we
study the qualitative properties of system (2.1) under
certain perturbations, which may either be vanishing or
non-vanishing. Thus, we consider switched nonlinear
systems described by equations of the form

where the perturbation term f; are either vanishing in
the sense that

1fi(t, @) < [z @),

or are non-vanishing in the sense that

1fi(t, 2@) ] < ~llz@)]] + B(2),

where v is a constant and 3(-) is a nonnegative Lebesgue
integrable function such that fooo €™ B(1)dT < oo, where
a is the constant given in (2.2) or will be specified later.
Theorem 2.2. Assume that there exist constants k;,
«, v > 0 and a nonnegative Lebesgue integrable func-
tion B(-) such that conditions (2.2) and (2.6) hold. If
hypotheses (A2)-(A3) are true, then for switched sys-
tem (2.4) with initial condition (g, z¢), under arbitrary
switching law satisfying (A1), it is true that

i=1,2,---,m, (2.4)

i=1,2,---,m,  (2.5)

i=1,2,---,m, (2.6)

()] < Ko(/ eTB(r)dr + g )e (TR (2.7)
0

where Ko = H;’ll k;. Therefore, under the condition
that v < &, if B(t) =0, then z, = 0 is an equilibrium
which is globally exponentially stable. Otherwise, the
entire system is uniformly bounded and and the solu-
tions converge to the origin exponentially.

Proof :  For t € [tg,txy1), we have

t1
s(t) = Mot + [ A0 f (o),

to

to
2(ty) = e (2=t (1)) 4 / e £y, (o)) dr
t1

— ¢Ai (ta—t1)+Aiq (11 *to)mo
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to
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and by induction, we obtain that
Ajp (t—tr)+Asy | (te—tx—1)+-+ A (t1—10) ’I‘(to)
+J;t1 eA’k(t te)+Ai (B —te—1)+F+Ai(t1—7) O(T ’E(T))
+.ff1]2 eA,k(t )+ Aiy_, (t—th 1)+ +Ai (t2—T) f“(’r o(7))dr
4ot o 16A o (E—tr)+Ai | (te—T) ka 1(7_ CU( ))dT
+ftk eAi (1= T)fik (1, z(7))dr. (2.8)

Grouping the elapsed time intervals for each subsystem
as in the proof of Theorem 2.1, we have, since k; > 1,

lz ()] < Kole @) [zol + [y e~ (] (r)]
+B(M)dr + -+ [t e T (y]la ()| + B(r))dr
+ [i e Dz ()] + B(r))dr].

Therefore,

(1)l < Koe|ao|| + Ko [y, e
< Ko fo e B(r ))dT+6“t°||€U( )II)
+yKo [, ez (r)||dr.

(Y[l (r) [} + B(r))dr

By the Gronwall inequality (see, e.g., [9]), we have

lz()ll < Ko(fy~ e B(r Jdr + et lzole Kot —to) oot
< Ko( [y~ €7 B(r)dr + [lao||)e (1Kot

This proves the theorem. O

Application to switched interval systems
Consider switched interval systems described by
equations of the form

. A
z(t) = Bjx(t) =
where for each i, the in‘rerval matrix B; is centered at

A; en‘rryw1se with radii g (d; > 0, r,(cl) >0,k =
1,2,---,my), at the (k,1)-entry.

In order to guarantee the global exponential stabil-
ity of interval switched systems (2.9), we need to add
some constraints on the radii. Let d = maxi<i<m d;.
Then by Theorem 2.2, under the condition that

< dmaxicicm(Xp,, (r)?)F <

maxi<;<m [|A4|
ie.,

Ko
a ()23
d< K, 121;1"1( Z (Tkl )) 7z,

k=1

the switched interval system (2.9) is globally exponen-
tially stable.

Case 2: All subsystem matrices are unstable,
but the corresponding negative subsystem
matrices are Hurwitz stable

Rather than (A2), we now assume that the following
assumption holds for switched system (2.1):
(A4) —A; is Hurwitz stable for i =1,2,---,m.
Suppose that there exist constants k;,a > 0 such
that

7Az't < kieiat7

e i=1,2,--m. (2.10)

We have the following result.
Theorem 2.3. Assume that there exist constants
ki, a,y > 0 such that conditions (2.5) and (2.10) hold.
If hypotheses (A3) and (A4) are true, then for switched
system (2.4) with initial condition (tg,z¢), and under
arbitrary switching law satisfying (A1), it is true that
1

le(@)] > —e @ ® g,

e (2.11)

Therefore, if @ > Klo, then the switched system is expo-
nentially unbounded.

Proof :  The proof can be given by reversing the
process in the proof of Theorem 2.2. It is omitted due
to space limitation. O

Note that in the above theorem, condition (2.5) in-
stead of (2.6) is used.

Case 3: Mixed-type switched systems

When the switched systems consist of both stable
and unstable subsystems, their qualitative analysis be-
comes more difficult. In such cases, the trajectory be-
havior depends greatly on the switching law.
Example 2.2. Consider the switched system described
by

(1) = Asa(t), Alz[g _02} Az:[‘o‘1 H

It is not difficult to show that under different switching
laws, the properties of the solutions of this system vary
significantly. Assume that 7" > 0 is a constant:

i) if subsystems A; and A, are activated alternatively
with the same duration 7', then the entire system is
exponentially stable;

ii) if subsystems A; and A, are activated alterna-
tively with durations T and 2T, respectively, then the
entire system is uniformly stable but not asymptoti-
cally stable;

iii) if subsystems A; and A, are activated alterna-
tively with durations T' and 37, respectively, then the
entire system is unstable. O

From above we conclude that, in order to study the
qualitative properties of the switched systems of the
present case, the switching law has to be specified. De-
note {A4; : i =1,2,---,m} ={4;, :i=1,---,m}U
{A:r ci=mr+1,---,m}, where 1 <ry <m —11isan
integer, the A; ’s are Hurwitz stable, while the A s are
not. Assume that there exist k;, a1, as > 0 such that

”eA;t” S ki€7a1t7
e < ke,

i=1,2,--1  (2.12)

i=r+1,---m. (2.13)



In [1,t], let T~ (7,t) (resp., TT(r,t)) denote the to-
tal time period that stable subsystems from {4, : i =
1,---,71} (resp., unstable subsystems from {A] :i =
ry + 1,---,m}) are activated. In the next result, we
assume that
(A5) the switching law guarantees that for any given

(fo.t)

initial time #q, inf;>4, :ITﬂJfT = ¢ > 22, where a; and
ay are specified in (2.12) and (2.13).

Theorem 2.4. Assume that there exist constants
ki,a1,as > 0 and such that conditions (2.12), (2.13)
hold. If hypothesis (A3) is true, then for switched
system (2.1) with initial condition (tg,z0), and un-
der any switching law satisfying (A1) and (A5), then
llz(t)] < Koe @t with o = 214-22,

1+¢q
Proof : Notice that under assumption (A5), it is
true that

70[1T7(t0,t) + 02T+(t0, ) < 7(&1 — %)Ti(tg,t)
S —(a1 —%)1+q(t—t0) Oé(t—t(]).

Thus, the inequality in the above theorem can be derived
directly from (2.8). m
In the presence of perturbations, we have similar re-
sults to Theorem 2.2, yet we need to add more restrictive
condition (A6) on switchings.
(A6) Let t) < t3 <t <t < ... <t} <t < ...
(lim;_, o t; = 4+00) be the time instants such that for
switched system (2.1) only in intervals [t!,#?) is one of

[

the unstable subsystems A?‘ activated. Assume that

inf;>o % q > 52, sup{t; —t;} =T < oo and
t —tg < Ty, where T} > 0 is a constant and «; and as
are specified in (2.12) and (2.13).

We have the following result.
Theorem 2.5. Assume that there exist constants
ki a1, > 0 and a nonnegative Lebesgue integrable
function B(-) such that conditions (2.12), (2.13) and
(2.6) (with a = =4=22) hold. If v < 2 (where
Ko = 1%, k;) and hypothe51s (A3) is true, then for
switched system (2.4) with initial condition (tg, o),
there exist constants ¢y, c2,c3 > 0 such that under any
switching law satisfying (A1) and (A6), for t € [t},t},,),
1 =0,1,..., the following estimate holds.

le()ll < (cl||a:0||+02/ e B(r)dr)e(a— Ko —t0)
0

ti+(g+1)T
+0367Qt/ e B(r)dr
t!

Therefore, if 5(t) = 0, then 2. = 0 is an equilibrium
which is globally exponentially stable. Otherwise, the
entire system is uniformly bounded and the solutions
converge to the origin exponentially.

Proof :  'We calculate the following three numbered
inequalities and then combine them together.

First, for ¢t € [t7 + q(t7 — t}),t1,4], let (to, o) =

(2.14)

(th, z(t})) in

2(8)]] < Koe ™ (60 eo=T (0.0 ||z (23|

+Ko [ e T (0602 T (00 (3| a(7) | + B(r))dr + -

+Ko [,* e T (T T (g |l(7)|| 4 B(7))dr

+Eq [} em T 0002 00 (y |l (7) | + B(r))dr
(2.15)

(2.8), we have the following inequality.

where ¢, ...t are the time instants (between #} and t)
at which certain subsystem is enabled. Under assump-
tion (A6), for 7 € [t; 1,t;] (j = 0,1,...,k), we must
have

—an T~ (1,8) + T (7,8) < —(ar — 2)T~ (7,1
< —(a1 — )L (t—7) = —a(t — 7).

(2.15) yields lz@)]| < Koe ¢8|zt +
a(t=7)(~||z(7)|| + B(7))dr, which implies that

Thus,
K(] fttlJ e

oI < Ko(f;7 e B(r)dr + Ja(th) e~ (@Kot

(2.16)

(If for some i, t;,, —t7 = q(t7 —t}), the above inequality
still holds for t = tz+1 We can simply derive this by
allowing the last activated stable subsystem (before ¢t =
t;41) to be held until ¢ > ¢!, ;.)

Next, for t € [to,#}), only the stable subsystems are
activated, similar to the above arguments, we obtain
that

la()]| < Ko~ E=10)]|]|
+Ko [} e =0 (|a(7) | + B(r))dr

Using Granwall inequality, we have
tg

||’E(t)|| < (KOHTOH +K0/ eoﬂ'rﬂ(T)dT)e(*cn+7K0)(t7t0)_
to

Therefore,

Ty
|z (t)|| < Kollzoll + Ko/ e B(T)dr (2.17)
0

For t € [t} t7 + q(t? —t})), let to = t} in (2.8), we
have the following estimate
lz(8)]] < Koe= =10 (2}
+Ko [y e (y]la(r) | + B(r))dr

which implies that
(B <
(Kollo(i")]| + Ko [ F75 1) B(r)dr)elaz+Kon =)

< &l (e + de et ST e gy, (9.18)

where ¢1, ¢ > 0 are two constants.



Combining inequalities (2.16), (2.17) and (2.18), we
know that inequality (2.14) holds. O

Similar inequality results can be established as The-
orem 2.3 to Theorem 2.2.

Remark 2.1. It is always easy to choose a switch-
ing law that satisfies either (A5) or (A6). For example,
the switching law can be chosen as follows: beginning
with a stable subsystem, we alternatively require that
each stable subsystem be activated for a time period
between 3asT to 4a,T, while each unstable subsystem
be activated for a time period between a7 to 2a4T,
where 7' > 0 is a given constant. In fact, we do not
require that all the activating time periods be uniformly
bounded as time elapses. O
Remarks 2.2. Some of the above results can be gen-
eralized to switched systems that do not possess com-
mutative properties by using switching laws based on
average dwell time (see, e.g., [10], [11]). O

III1. Discrete-Time Switched System
For discrete-time switched systems, we can study
similar problems as was done in Section 2.
Consider discrete-time switched systems described
by difference equations of the form
z[n+1] = D;z[n],

i=1,2,---,m (3.1)

where m > 2 is an integer, z[n] € R™, D; €
R™>m 4 — 1,2,---,m. As in the continuous-time
case, we use the notation {iy}r>0 C {1,2,---,m} to de-
note the switching sequence and we let [ng, ng41) NN =
{ng,nr +1,--+ ,ngy1 — 1} denote the discrete-time in-
stants when the i;-th subsystem is activated. Without
loss of generality, we assume that in the subsequent dis-
cussion ng > 0. Assume that
(B1) the D;’s are Schur stable, i.e., there exist constants
k; > 1,0 < r <1 such that
ID| < ke, i=1,2,---,m. (3.2)
We have the following result.
Theorem 3.1. Assume that (B1) and (B2) are true.
Then the equilibrium z. = 0 of switched system (3.1)
is globally exponentially stable under arbitrary switching
law.
Proof :  Similar to the proof of Theorem 2.1. Omit-
ted. |
Next, we endow system (3.1) with perturbation
terms. Thus, we consider perturbed switched systems
described by equations of the form
z[n + 1] = D;z[n] + gi(n, z[n]),

i=1,2,--,m, (3.3)

with either vanishing perturbations described by

lgi(n, 2]l < plizln]ll, i=1,2,---,m (3.4)

or non-vanishing perturbations described by

lgi(n; z[n]) || < pliz[n]ll + g[nl,

where p > 0 is a constant and {g[n]},>¢ is a nonnegative
sequence satisfying the condition Z;io r=iqlj] < oo,
where 7 is either the constant in (3.2) or will be specified
later.

Theorem 3.2. Under hypotheses (B1) and (B2), as-
sume that (3.5) holds. Then for switched system (3.3)
with initial value (ng, zo), and under arbitrary switching
law, it is true that

i=1,2,--,m, (3.5)

[z[n]]l < Ko((1 + )||Zo||

+erl

)(pKo + )"0 (3.6)

where Kg = H . Therefore, under the condition that
p < 11;(:: if g[n ] = 0 for n > ng, z. = 0 is an equi-

librium of switched system (3.3) and is globally expo-
nentially stable. Otherwise, the entire system is uni-
formly bounded and the solution satisfies the condition
lim,, o 2[n] = 0.

Proof: By induction, for ny < n < ng41, we have

z[no + 1] = D,y z[no] + g4, (0, 2[10)),
z[no + 2] = Dy, z[na] + g4, (n1, z[na])
= sz[no] +Dioglo(n07 [’no]) gh(n1=z[n1])7
z[lni] = D?;"Oz[ng] + DZ)lfnoflgiO (no, 2[no])
+DZ)17"°7291-0 (no 4+ 1,2[ng +1]) +
+gi0(n1 —1,z[ny — 1)),

Tk—1

+Dn nank Ng — L

Te—1

D"1 "0 z[no)

DZﬁ " iy (no, 2[no]) +
+D” "D 1"'Dﬁr"‘gm( 1, 2[771*1])

i1 —
Dn nkD::c lnk 1, _szzfnl 1 ( [ ])
1,

b DD g 0y, 2 1)
+- +Dn nkD::c l’ﬂk 1— 1ng71(nk717 [nkfl])
+ - DZ " gie—1(ng — 1, z[ng — 1])
+D?[”’“719ik (nk, z[nk])
+--+gi.(n—1,2[n—1)).

(3.7)

By (3.2) and (3.7), we have that

Izl < Ko(r™ =m0 [z[no]|| +r" "~ (pllz[no] ]| + glno])
+rm 02 (pllzne + 1 + glno +1]) + -
+(pllz[n = 1lI + g[n = 1])).

Therefore,

r|z[n]|| < Kor ™ (1 +
+%Z? o TNl B2 (D2 — 1
+r= )|z [n—2]|| + om0z [ng + 1]]])

< Kor (14 2]z [no]||+KoZ] or 7 alj]

+ 2 (p R Neln = 1)+~ 220 — 2|
+ oo (0D 2[ng + 1]|]). (3.8)

Dlizlnolll



We require the following intermediate lemma, to pro-
ceed.
Lemma 3.1. If for a nonnegative sequence {y[n]},>0,
there exist two constants hg, h; > 0 such that for every
n > ng (ng fixed) the inequality: y[n] < ho + hy(y[n —
1] +y[n — 2]+ -- -+ y[ne + 1]) holds, then y[n] < ho(1+
hy)mmo—1 for n > ng+1; If there exist two constants
ho, h1 > 0 such that for every 0 < ng < n (n fixed) the
inequality: y[no] < ho-+hy (ylno+1]+y[no+2]+- - —+yln—
1]) holds, then y[ng] < ho(1 + hy)" ™01 for ng >
n— 1.

Proof: By induction. Omitted due to space limita-
tion. O

By the first part of the above lemma and the inequal-
ity (3.8), we obtain that

—n — N, p
r " zln]l < (Kor 0(1+;)||2[no]||
Kop _
K, Jj— 1 n—nop
+ oz’l“ r ) ,
which implies that
p
]Il < Ko((1+ Z)llz[no]l
+Zr =) (r + Kop)™ .
Thus, Theorem 3.2 follows. O

When all the eigenvalues of D; lie outside the unit
disc, we have the following result.
Theorem 3.3. Assume that there exist constants
k; > 1,0 <r <1, p> 0 such that |D; "] < k"
fori=1,2,---,m and (3.4) holds. If hypothesis (B2) is
true and Kopr < 1, then for switched system (3.3) with
initial value (ng, z9), the inequality

11— Kgpr

(

lz[n]ll > 7 =)l (39)

holds. Therefore, if p < }{0:, then the equilibrium z, =
0 of switched system (3.3) is exponentially unstable.
Proof: By (3.7), we have that

z[no] = (D; (Di1)
,(D;’cl)n nk(DZkll)nk NEk—1 ...

X gip, (n — 1,721'[77 -1]) -

)n Nk N —Nk—1 , .,

; (D3, ") moz(n]
(D;o )n1 no

—(D (DL e "'(Dl0 )"0 gy, (e, 2[n])
_(D;kll)nk*nk—l ...(leol)m o gs. (ng — 1, 2[ng — 1))
e (D;il)(D;iQ)nkﬂfnkfz . (leol)nlfno

X Gin_y (Mk—1, 2[nk—1]) —

—(Dy, )2 (D)™ 0 giy (ne — 1, 2[ne — 1))

— = (D)D) gi, (nn — 1, 2[ny — 1])

—(D; "m0 gig(m — 1, 2[ny — 1])

— = (D; .M gio (no, 2[no)).-

Therefore, we obtain that || z[ng]|| > Ko(r" ™||z[n]|| +
pr " ||zl = 1] + - - + prilz[no]ll), i-e

|l z[no]ll > (1= Kopr) =" Ko(r"[|z[n]|]) + (1 = Kopr)~!
x Kopr(rott||z[ng + 1]|| + - - + 7" 'z[n — 1]])).

By the second part of Lemma 3.1 (fix n), we have that
| z[n]|| > (1 — Kopr) ™' Ko(r"||z[n]]])

x (1 + 1K}]{€;r)”’”°’1. Thus,

12[no]l| > 75 (FH2E5)™ " | z[no] |- O

For discret-time switched systems consisting of both
stable and unstable subsystems, we can establish similar
results as in Theorems 2.4 and 2.5.
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