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Abstract

One of the deficiencies of previous fuzzy linear regression models is that with the increase of the magnitudes of independent
variables, the spreads of estimated fuzzy dependent variables are increasing, even though the spreads of observed dependent variables
actually decrease or remain unchanged. Some solutions have been proposed to solve this spreads increasing problem. However,
those solutions still cannot model a decreasing trend in the spreads of the observed dependent variables as the magnitudes of the
independent variables increase. In this paper we propose an enhanced fuzzy linear regression model (model FLR ), in which the
spreads of the estimated dependent variables are able to fit the spreads of the observed dependent variables, no matter the spreads of
the observed dependent variables are increased, decreased or unchanged as the magnitudes and spreads of the independent variables
change. Four numerical examples are used to demonstrate the effectiveness of model FLR .
© 2009 Elsevier B.V. All rights reserved.
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1. Introduction

Fuzzy linear regression (FLR) was first proposed by Tanaka et al. [25] as an extension of the classical regression
analysis, which is becoming a powerful tool to explore the vague relationship between dependent and independent
variables [3]. In fuzzy regression, some elements of the regression models are represented by imprecise data.

General FLR models for crisp input—fuzzy output data [25] and fuzzy input—fuzzy output data [21] can be represented
as follows, respectively:

Yi=Ao+Aixii+ -+ Ajxij+ -+ ApXim (FLRcr)

Yi=Ag+ A1 Xj+-+A; X+ -+ ApXim (FLRFF)

where A ;j is the jth fuzzy regression coefficients, x;; or X ij is the jth independent variable of the ith instance, x,-o(f( i0)

is 1, f’,- is the ith estimated dependent variable,i = 1,2, ...,n, j =0, 1, ..., m. A tilde character (~) is placed above
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the name of a fuzzy variable to distinguish a fuzzy variable from a crisp variable. As crisp numbers are special fuzzy
numbers, model FLR ¢cr can be treated as a special case of model FLR pr.

The methods to estimate the fuzzy regression coefficients can be roughly categorized into two groups. One is the linear
programming (LP) methods [18,23,25]; the other is the least-squares (LS) methods [1,4-6,16,27]. The LP methods
minimize the total spread of the estimated dependent variables or that of the fuzzy regression coefficients, subject to
the constraint that the estimated dependent variables include the observed dependent variables within a certain A-level.
The advantage of the LP methods is low computational complexity. However, the LP methods have been criticized by
Redden and Woodall [20] as (i) they are extremely sensitive to outliers [10]; (ii) they do not allow all observations to
contribute to the estimation; and (iii) the estimated intervals become wider as more data are collected. Multi-objective
fuzzy regression techniques are developed to overcome these deficiencies of the LP methods [18,19,22,26]. The LS
methods minimize the total difference between the estimated dependent variables and their observed counterparts. Thus,
compared with the estimations of the LP methods, the estimations of the LS methods have relatively small differences
between the estimated dependent variables and the observed ones. However, the LS methods have relatively higher
computational complexity. A comprehensive literature review of fuzzy regression can be found in [14].

As indicated in [2,11-13,17], a problem of model FLR rF is that with the increase of the magnitudes of independent
variables, the spreads of estimated dependent variables are increasing (refer to Section 2.3), even though the spreads
of observed dependent variables are roughly constant or decreasing. We call it spreads increasing problem (refer to
Section 2.3) in this paper. Some models [2,5,8,11-13,17], which address this problem, and their deficiencies are briefly
discussed below. More details are given in Section 3.

FLR models presented in [2,5,8] can avoid the spreads increasing problem by modelling centres and spreads of
dependent variables separately. However, the number of parameters to be estimated in model FLR ¢pog [2] proportionally
increases with the increase of the number of instances. Although more parameters involved in a regression model
increase the model fitness, these also decrease the model generality [13]. Therefore, model FLR cpog is unsuitable for
large dataset regression (refer to Section 3.4). In models FLR ;> ;,...03 [8] and FLR coppios [5], the spreads of estimated
dependent variables are only determined by the centres of the estimated dependent variables. This limits the ability of
FLR )’ 1/5003a0d FLR coppioe to model the spreads of the dependent variables by independent variable (refer to Section
3.3).

Although solutions proposed in [11,12,17] also alleviate the spreads increasing problem, these solutions still cannot
model a decreasing trend in the spreads of the observed dependent variables, as the magnitudes of the independent
variables increase. For example, in these models [11,12,17], if the independent variables are crisp, the spreads of the
estimated dependent variables can only be a constant (refer to Section 3), even though the spreads of the observed
dependent variables are decreasing with the increase of the magnitudes of the independent variables, as shown in
Example 1.

Example 1. In Table 1, the independent variable is the height of the male candidates; and the fuzzy dependent variable
measures how a candidate’s height belongs to the concept high. L-type fuzzy numbers in the form of (my, o) are
used to describe high (for a detailed description of L-type fuzzy number, refer to Section 2). my, is the centre of a
fuzzy number, which measures the possibility of a given candidate’s height belonging to high. In this example, m, is
not greater than 1. o, is the spread of a fuzzy number, which describes the vagueness of m,. The taller a candidate’s
height is, closer the possibility of the candidate’s height is to 1, and lessens the vagueness of the candidate’s height
belonging to high. However, it is difficult to model this relationship between the candidates’ heights and high by model
FLRFF, because of the spreads increasing problem in model FLR r, which is that the estimated dependent variables
can only increase with the magnitudes of the independent variables. Moreover, neither the models proposed in [11,12]
nor the model proposed in [17] can capture the relationship between height and high, because in these models, when
the independent variables are crisp, the spread of the estimated dependent variable can only be a constant (refer to
Section 3), which is not true for datasetl in Table 1.

Note that another problem of modelling the relationship between the candidates’ heights and high by FLRgF is that
the estimated spreads of high maybe negative, since the relationship between the candidates’ heights and high is not
strictly linear. When the heights are greater than 2.1, the spreads of observed high stop decreasing and the spreads of
estimated high are negative. Following the arguments in D’Urso [8] and Coppi et al. [5], negative predicted spreads
can be interpreted as a lack of uncertainty and set to 0.
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Table 1

Datasetl.

i Height High(my, o)L
1 1.7 (0.60, 0.30),,
2 1.8 (0.70,0.25),
3 1.9 (0.80, 0.10).,
4 2.0 (0.90, 0.05),,
5 2.1 (1.00, 0.00),,

From the above, we can see that in the previous FLR models the increasing trend in the spreads of the estimated
dependent variable limits the ability of FLR to model the relationship between the dependent and independent variables.
To alleviate this problem, in this paper, we propose a flexible spreads FLR model (FLRgg). In our model FLR g, the
spreads of estimated dependent variables are able to fit the spreads of observed dependent variables, no matter if the
spreads of the observed dependent variables are increased, decreased or unchanged, as the magnitudes and the spreads
of the independent variables change.

This paper is organized as follows. In Section 2, we provide a brief introduction to fuzzy numbers and FLR, then
describe the spreads increasing problem in more detail. Related literatures to solve the spreads increasing problem are
reviewed in Section 3. In Section 4, a new FLR model, FLR rs, is proposed, which is able to model the linear relationship
between the dependent and independent variables better than the previous models. Four numerical experiments are
used to demonstrate the effectiveness of model FLR rs in Section 5. Section 6 gives our conclusions and future work.

2. Fuzzy number and FLR

In this section, we briefly introduce fuzzy numbers and the arithmetic rules of fuzzy numbers; then describe the
spreads increasing problem.

2.1. Fuzzy number
The definition of fuzzy numbers given by Dubois and Prade [7] is as follows.
Definition 2.1. A fuzzy number A is a convex normalized fuzzy set of the real line R; its membership function x ;(x)

satisfies the following criteria:

(i) o-cut set of A, My = {x|pz(x) =a}, is a closed interval;
(ii) py = {x|uz(x) = 1} is non-empty;
(iii) convexity: for 2 € [0, 1], uz(Ax1 + (1 — A)x2) = min(uz(x1), uz(x2)).

Definition 2.2. As defined in [5,8,29], an LR-type fuzzy number Ais

L (m” —x> for x <my

Oa

xX—m
R( a) for x > my

a

ui(x) =

where m, is called centre or mean value, and o, and f3, are called left and right spreads, respectively, a,, f, > 0. L(z)
and R(z) are reference functions that map %+ — [0, 1], and strictly decreasing for z > 0. Also, L (or R) satisfies the
following conditions: if L(0) = 1, L(x) < 1 for Vx > 0; L(x) > O for Vx < 1; L(1) = 0, or [L(x) > 0, Vx and
L(+00) = 0]. A can be denoted as A = (my, o4, BrLr.- If 0, = B, then Ais symmetric, A = (myg, og)r, which is
called L-type fuzzy number.
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Definition 2.3. If L(x) = R(x) = 1 —x, Aisa triangular fuzzy number.! Furthermore, if «, = B, then Aisa

symmetric triangular fuzzy number.

2.2. Arithmetic operations on fuzzy numbers

By applying Zadeh’s extension principle [28], the arithmetic operations of fuzzy numbers can be expressed as follows:

(A4 B)z) = sup T(A(x) + B(y))
X+y=z

(A% B)(z) = sup T(A(x)+ B(y))

Xxy=7

where T'(-) is a triangular norm. The T-norm based LR-type fuzzy number addition preserves the shape. However,

multiplication is not shape preserving, namely, the product of two LR-type fuzzy numbers may not be LR-type.
Dubois and Prade [7] provided an approximation form for LR-type fuzzy number multiplication. According to their

approximation formulas, the multiplication of two LR-type fuzzy numbers can be presented as follows:

(i) if A > 0Oand B > 0,
(ma, oas BLR - (Mb, b, Bp)LR & (Mamp, Moty + Mpota, Mafy +mpPy)Lr
(i) if A < 0and B > 0,
(ma, %as BLR - (Mb, b, Bp)LR & (Mamp, —ma By + Mmpota, —maop +mpP,)LR
(iii) if A < 0 and B < 0,
(Mma, %ay BILR - (Mp, 0, Bp)Lr X (Mamp, —mg P, — mpf,, —maop — Mpoty) LR

2.3. Spreads increasing problem

For simplicity, most research considers /ij, X; ; and Y; in model FLRf as LR-type fuzzy numbers or triangular

fuzzy numbers. By using the approximation formulas of Dubois and Prade [7], Yang and Lin [27] described model
FLRfgr as

Yi=Ag+ A X1+ + ApXim ~ (ms,, o5, By, LR

m
mg, = Mgy + Zmajmxij
Jj=1

m
aj},- = Olgg + Z [Sij(majax,'j —}—mxl.jocaj) + (l - Sij)(maj(xxij - mx,-jﬂaj)]

Aj>0,j=1
m
+ Y Isij(=ma By +maoa) + (1= sip)(=ma; B, — Mo By (1
Aj<0,j=1
m
ﬁyAi:ﬂao_’_ Z [sij(majﬁxij+mx,-_/-,8aj)+(1_Sij)(majﬁx,-j _mx,-j“aj)]
Aj>0,j=1
m
+ Z [Sij(_m(l_,' i + My;; ﬂaj) +d - Sij)(_ma_,' Oy — Mx;jOa; )] (2
Aj<0,j=1

Sij = 1 iff(,'j}O; Sij =0 if;(,'j <0

For easy explanation, we assume that all LR-type fuzzy numbers in this paper are triangular fuzzy numbers.
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From Eqgs. (1) and (2), we can see that as the magnitude of the independent variable (i.e., |my;;|) increase, the spreads
of the estimated dependent variable (i.e., o, and ﬁ)@i) increases. For example, when A j > 0and X ij > 0, the left and

right spreads of ¥; are

m m
x5, = tay + Z (a0 + My %), By = Poy + Z [Sij(majﬁxij +mx,«,-ﬁaj)]
Aj>0,j=1 4;>0,j=1

which increase with the increase of |my;; |. Similarly, we can deduce that the spreads of Y; increase as Imy,; | increase,
whenAj > Oandf(ij < O(Aj < Oand)?ij < 0; orAj < Oand)}ij > 0).

It is the inherent property of model FLR ¢ that determines the spreads of Yi increasing with the increase of |my;|.
This property will affect the regression performance of model FLRfr, when the spreads of the observed dependent
variable are not increasing as the magnitude of X; ;j increase. We name this property as spreads increasing problem of
model FLRfF in this paper.

3. Review on related literatures

The spreads increasing problem has been addressed in several papers [2,5,8,11,12,17], and some solutions have been
proposed. However, the previous solutions still have some deficiencies.

3.1. Models FLR g co2 and FLR g co3

Kao and Chyu [11] proposed a crisp coefficients FLR model (FLR g cq2) to tackle the spreads increasing problem,
which can be expressed as follows:

Yi=ao+aiXi+ - +ajXij+ -+ anXim + 7 (FLRk c02)
e=(0,1,r)Lr
where each coefficient a; is a crisp number, j =0, 1, ..., m; £is a triangular fuzzy error term; f(,-j:(mx,.j, Oy s ﬁx,-j)LR'

A two-stage methodology is proposed to obtain the crisp coefficients and the fuzzy error term. The first stage is to
estimate crisp coefficients a; by applying the classical LS method to the defuzzified (such as centroids) independent and
dependent variables. In the second stage, fuzzy error term ¢ is determined by minimizing the total difference between
the membership values of the estimated dependent variables and those of the observed dependent variables. Totally,
there are m + 3 parameters to be estimated in model FLR g cg2, which are [, 7, and a;’s.

For crisp independent variables, a deficiency of model FLR k¢ is that the spreads of each estimated response
variable are the spreads of &, which are always constants. An example of model FLR g ¢ for a single crisp independent
variable is as follows:

Y; =4.95+ 1.71x; + (0, 3.01, 1.80). & 3)

In the above model, the left and right spreads of all the estimated response variables are the spreads of & which is 3.01
and 1.80, respectively, even though the spreads of the observed response variables change as the independent variables
change.

For fuzzy independent variables, a deficiency of model FLR g ¢ is that the spread of each estimated response variable
cannot be less than a constant. For instance, the left spread of the ith instance cannot be less than ajoy,, + - - - + ap 0y, -
However, ajoy;, + - -+a,, 0, has no relationship with the left spread of the i th observed response variable. A numerical
example of model FLR g ¢ for a single fuzzy independent variable is as follows:

Y: = 3.5724 4+ 0.5193X; + (0, 0.24, 0.24) . & 4)

The left spreads of the estimated responses are 0.5193a,; + 0.24. However, crisp coefficient 3.5724 and 0.5193 are
determined by applying the classical LS method to the centroids of the independent and dependent variables, which
have no relationship with the spreads of the observed dependent variables.
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The model proposed in [12] (FLR g co3) has a similar form with model FLR g co2. Except in FLR g o3, as shown in
the following, centre c of error term £ can be any crisp number, not only the origin:

Yi=ao+aXii+ - +ajXij+ -+ anXim + & (FLRk c03)

eé=(c,I,r)Lr

Model FLR g ¢o3 is not able to avoid the deficiencies of model FLR g cq» either, which are described above.
3.2. Model FLR y n04

The spreads increasing problem in model FLRgr is caused by the fuzzy arithmetic rules. To avoid the spreads
increasing problem, Nasrabadi and Nasrabadi [17] defined new arithmetic operations for symmetric fuzzy numbers
and used these operations in fuzzy regression analysis. The arithmetic operations defined in [17] are as follows:

For any L-type fuzzy numbers A= (mg, 0q)rL, B = (mp, 0p)r, and an algebralc 0perat10n x on N, ® is the
corresponding algebraic operation of x on L-type fuzzy numbers. ® is defined as: A®B = (mq xmp, g X 0p)L..

Based on the above definition of the arithmetic operations, FLR gr can be written as follows:

Yi=Ao+AiXit+ -+ AuXim

m m
= | mg, + Z Mg,My;,, Lag + Z %a, Ox;), (FLR v no4)
p=1 p=1 I
To some extent, model FLR y yo4 can avoid the spreads increasing problem, because in model FLR yx4, the spreads of
estimated dependent variables have no relationship with the magnitudes of independent variables. However, a deficiency
of model FLR yyo4 is that the spreads of the estimated dependent variables can only depend on the spreads of the
independent variables, because the spreads of the observed dependent variables may also depend on the magnitudes of
the independent variables, such as the example shown in Example 1.

3.3. Models FLR py’(},.,03 and FLR coppios

The models proposed by D’Urso [8] and Coppi et al. [S] are able to circumvent the spreads increasing problem by
modelling the centres of dependent variables by classical regression methods, and meanwhile modelling the spreads
of the dependent variables on their estimated centres. N y

For multiple independent variables X; = (X;1, ..., Xjj, ..., Xim) and single dependent variable ¥; = (m,,, ay,,
ﬁy )LR, estimated response Y = (m;

WhICh Xl] - (mx,'js O‘x,-jv ﬁxij)LR'

50 05 [391,) Lr obtained by the regression model proposed in [8] is as follows, in

my, =mg, + &, my =Mga+Agr+Bys  (5) (FLR py’ /5003)

oy, = o5, + Ai, o5 =myb+d (6)

ﬁyi=ﬁ9i+pi’ ﬁf’isz’ig—i_h (7
where ¢;, A; and p; are residuals; My; = (1, my,,, ey Mg sy ) Axi = (1, 0y, R T s Oy )s Bri =
(1, By, - ﬂx ..... ; By,,); (m + 1) dimension vectors a, r and s are the regression parameters for centres my,, a =
(ag, a1, ...,am) ,r=(ro, T, ..., ), 8 =(80,81,....8m) ;i =1,2,....,n;and j = 1,2, ...,m;band d (g and h)

are the regression parameters to estimate left (right) spreads oy, (f8,,). Model FLR ), 03 is based on three sub-models.
The first one as shown in Eq. (5) estimates the centres of the dependent variables. The other two sub-models in Eqgs.
(6) and (7) model the left and right spreads of the dependent variables based on the estimated centres that are obtained
in Eq. (5).

Model FLR p .03 is able to avoid the spreads increasing problem, because of Egs. (6) and (7), in which o5, and
Bs, only depend on my, that can increase or decrease with the increase of o,;’s and ﬁx, s. For instance, assume that
regression parameter rk is negative and b is positive. Then, m, decreases w1th the increase of oy, (the left spread of
the kth independent variable), and o5, increase with the increase of my,. This makes oy, decrease with the increase of

Ol -
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However, in model FLR p ;. 03, o3, (ﬁﬁi) is determined by my,. That limits the ability of FLR ;. 3 to model
Oty; (ﬁYi) by independent variable X;. For single independent variable, the three sub-models of FLR .03 can be

rewritten as follows:

my, = (1,my) * (a0, a)" + (1, o) * (ro. 11)" + (1, ) * (s0. )"
=aymy; + iy, +Slﬁx,- +k (8)

o5, = (1, my,) * (ag, @)’ + (1, o) * (ro, v + (1, B,.) * (so, s))b + d
=ajbmy, +riboy, +s1bf,, +kb+d ©)

ﬁ}A’i = ((13 le‘) * (30, al)T + (11 O‘X,‘) * (1'(), rl)T + (ls ﬁxi) * (SO, SI)T)g + h
=aibmy;, +r1boy, +s1bf,, +kg+h (10)

where k = ag + ro + so. Assume that in a single independent variable dataset, m,y,’s (the centres of the dependent
variables) increase with the increase of o, ’s and f3,,’s (the spreads of the independent variables); and .y, ’s (the spreads
of the dependent variables) increase with the increase of oy, s, but decrease when f3,’s increase. According to Eq. (8),
my, is able to describe the relationship between m; and X (e, m 5, increases when o, and 8, increase. This requires
r; and s to be positive.). However, a5, is not able to describe the relationship between oy, and X; properly because
when oy, increases with the increase of «y,, b needs to be positive, and meanwhile oy, decreases with the increase of
B, that requires b to be negative. Thus, in this case, model FLR ), 03 is not able to properly describe the relationship

between X ; and 17,
Similarly, the model proposed by Coppi et al. [5] is also composed of three sub-models. For crisp inputs x; =

(xi1, ..., xim) and LR-type fuzzy outputs 17,- = (my,, oy, ﬂyi) LR, estimated responses 17,- = (myi, o3, » ﬂi’i)L g obtained
by the regression model proposed in [5] is

my, =mg, +¢&, ms =Fx)a  (11) (FLR coppios)
Oy, = a3, + A, o3, =m§ib+d (12)

where F(x;) = [f1(x;), ..., fx Xi), ..., fp)(xi)], fi’s are suitably chosen functions. For crisp input—fuzzy output, model
FLR ;5 175003 18 @ specification of model FLR coppios, in which F(x;) = [1, x;1, ..., Xj;]. Similar to model FLR ;> ;.. 035
the sub-models of FLR cyppios shown in Egs. (12) and (13) also depend on the sub-model given in Eq. (11). Thus,
FLR coppioe has the same problem as FLR ;. ,03, Which is that oy, (f,,) cannot be linearly modelled by X; freely.

3.4. Model FLR cpog

To address the spreads increasing problem, a variable spread FLR model FLR ¢pog is proposed by Chen and Dang
in [2], which is a three-phase method.

In the first phase, regression coefficients are treated as fuzzy numbers and the membership functions of the LS
estimates of the regression coefficients are constructed, since Chen and Dang argue that the membership functions
of fuzzy sets are more capable of capturing the relationship between independent variables and dependent variables
than crisp numbers [2]. To avoid the spreads increasing problem, in the second phase, the fuzzy regression coefficients
are defuzzified by the centre of gravity method to crisp regression coefficients. In the third phase, for each instance,
fuzzy error term E; is determined by a mathematical programming method. The objective function of the mathematical
programming method is to minimize the total difference between the estimated and observed membership values of
response variables, Exc (refer Section 4.2), subject to the constraints that the spreads of each estimated response
variable are equal to those of the observed response variable. For predicting the response of an unseen instance, a
Mamdani fuzzy inference system [29] is applied to the derived regression model.

A generic model of FLR cpog is

= (bo)e + (b)) Xit + -+ B Xij+ -+ ) Xim + Ei (14) (FLRcpos)

¥
Ei =0, %.8)Lr (15)
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where (b;).’s are the defuzzified crisp regression coefficients; E; is the estimated error term of the ith instance;
i=1,2,...,n;j=0,1,...,m.

The parameters to be estimated in FLR cpog are regression coefficients, (b;).’s, and left and right spreads of error
terms, o;’s and f3;’s, respectively. Totally, there are m + 2n + 1 parameters in FLR cpos, which are proportional to
the number of instances, n, and the dimension of the dataset, m. For large datasets, n is usually significantly greater
than m. More parameters involved in a regression model increase the model fitness, but these also decrease the model
generality [13]. Thus, FLR cpog is unsuitable to large dataset regression, whose number of instances is large.

4. Flexible spreads FLR model FLR ¢

From the above sections, we have seen the shortcomings of the previous FLR models. In this section, we describe
our flexible spreads FLR model (FLRFs) that is able to overcome the problems mentioned above of the previous FLR
models.

4.1. Description of model FLR g

We first describe model FLR s for single regression, then extend it to multiple regression.

In fuzzy regression analysis, the spreads and magnitudes of independent variables are all the information that can be
obtained. A general case is that the spreads of dependent variables may depend on both the spreads and magnitudes of
the independent variables. Thus, a general FLR model should be able to allow: (i) the spreads of estimated dependent
variables depend on both the spreads and magnitudes of the independent variables; (ii) the spreads of the estimated
dependent variables can change freely (increase, decrease or fixed) as the spreads and magnitudes of the independent
variables change. FLR gy is a model that possesses these properties.

Also, considering the relationship between fuzzy numbers and crisp numbers, in FLR g the centres of estimated
dependent variables are modelled by the centres of independent variables, and the spreads of the estimated dependent
variables are modelled by both the centres and spreads of the independent variables. Since the centre of a fuzzy number
is the element belonging to a fuzzy concept with 100%, it can be treated as a crisp number. Thus, in FLR g the estimation
of the centres of dependent variables is based on classical linear regression. The spreads of fuzzy numbers can be treated
as the vagueness of the fuzzy numbers. The vagueness of dependent variables depends not only on the vagueness of
independent variables but also on the centres of the independent variables, such as the datasetl given in Table 1. To
capture this relationship between the spreads of the dependent variables and the independent variables, in FLRgg the
spreads of the dependent variables are estimated by both the centres and spreads of the independent variables.

Model FLRFs for single independent variable X i = (my;, oy, ﬁxl, )LR, can be described as follows:

A

Y =ko+kimy, +S; (FLR s single)
Si = (0, a5, By LR

o, = kot + kimmey; + kir By, + 1

Bs; = krix; + kemmy; + kir By, +

a, 20, B, 20, i=1,2,....n

where ko and k; are crisp regression coefficients; S’,- is a fuzzy spread term for ith instance; kj;, kim, Kirs kris krms krrs
¢; and ¢, are crisp spread coefficients. To achieve the fuzzy regression model, the parameters (i.e., ko, k1, ki1, kim, kir,
kr1, krms kv, ¢ and ¢,) need to be determined, subject to the constraints that the spread of S'i should be non-negative.
Parameters k;; and &, reflect the influence of the left spreads of the independent variables on the left and right spreads of
the dependent variables, respectively. Similarly, parameters k; and &, show how the right spreads of the independent
variables affect the left and right spreads of the dependent variables. Parameters k;,, and k&, give the information of
how the spreads of the dependent variables depend on the centres of the independent variables.

All parameters, ko, k1, ki1, kim, kir, kris krms krr, ¢; and ¢, can be positive or negative. Thus, the spreads of the
estimated dependent variables can increase or decrease freely as the spreads and magnitudes of the independent variables
change. Thus, the model FLR gy is able to avoid the spreads increasing problem.
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For L-type independent variable X i = (my,, 0y;)r and dependent variable 171- = (my,, ay,)r, a simplified FLR gg
model can be expressed as

A

?,‘ =k0+k1mxi —|—§,~
Si = (0, as,-)L’ Os; = kllax,- + klmmx,- +c

o; 20, i=1,2,...,n
A generalized model FLR g for multiple independent variables X; = ()2' ils oo X ifr e X im), can be described as
follows:

Yi=ko+ kimy, + -+ kjmy, + -+ kpmy,, + S; (FLR s multiple)
si = (07 OCSi, ﬁsi)LR

m m m
O‘S,‘ = Zklltaxi[ + Zklmtmxi, + Zklrlﬁx” + Cl
t=1 t=1 t=1

m m m

ﬁs;‘ = Zk"lla)‘ir + Zkrmtmx” + katﬁxit o
=1 =1 =1

o5, =0, ﬁsi20, i=1,2,....,n,j=0,1,...,m

where X ij = (my, s O ﬁx,—,-) LR, kj’s are crisp regression coefficients; S’,- is a fuzzy spread term for ith instance;
kiis’s, kimt’s, kirt’S, krit’S, krme 'S, krrt’S, €1 and ¢, are crisp spread coefficients. Model FLR g for multiple regression is
a generalization of model FLR g for single regression.

The parameters to be estimated in model FLR g are k;’s, kji’s, kim:’S, Kirt’S, krir’S, krmi’s, krri’s, ¢; and c,. The
number of the parameters is 7m+3, which is only proportional to the dimension of the dataset. Considering that
more parameters in a model decrease the model generality, FLR g is thus more suitable to low-dimensional dataset
regression.

As we can see from above, model FLRFg can be easily extended from single regression to multiple regression.
However, the computational complexity of model FLR gg will increase significantly with the increase of data size and
the dimension of the independent variables. A gradient-descent optimization strategy proposed in [1] deals with the
high-dimensional data linear regression.

Model FLR g5 can be used for descriptive purposes to study the fuzzy relationship between dependent and independent
variables. Also, it can be used for prediction purposes. Based on the arguments of D’Urso [8] and Coppi et al. [5], if
non-positive predicted spreads are interpreted as a lack of uncertainty and can be set to 0 for practical purposes, model
FLRFs can then be used for prediction purposes.

Although models FLRrs and FLR ¢ ¢ have a similar form, they have several significant differences. (i) In model
FLRys, fuzzy spread variable S; is different for each instance, which is determined by the centres and spreads of
independent variables X ;. In model FLR g (2, & is an error term, which is fixed for all instances. (ii) In model FLR g,
regression coefficients, k1 and k;, describe the relationship between my, (the centres of the dependent variables)
and my, (the centres of the independent variables). In model FLR g c>, the regression coefficients are obtained from
modelling the relationship between the centroids of ¥; and X;; but they are used to describe the relationship between Y;
and X i

The similarity between models FLR .. 03 FLR coppios and FLR gy is that all of them model the centres and spreads
of dependent variables separately. There are also two differences between models FLR ;2 ;. .03, FLR coppios and FLR gs.
(i) In FLR py> ,.,03 and FLR coppioe, the centres of dependent variables are modelled by both the centres and spreads of
independent variables. As mentioned above, the centre of a fuzzy number can be treated as a crisp number. Therefore,
in FLR g the centres of dependent variables are determined by classical linear regression. (i) In FLR 5> ;,.,03 and
FLR coppios» the spreads of dependent variables are modelled by their corresponding estimated centres. In FLR gg, the
spreads of estimated responses variable are able to depend on both the centres and spreads of independent variables
linearly.
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4.2. Property of model FLR s

Property of FLRs. The feasible region of model FLR s contains the feasible regions of models FLR x o2, FLR x co3
and FLR yn04. Thus, models FLR g co2, FLR x co3 and FLR y 04 can be seen as special cases of model FLR .

Proof. For simplicity, we only proof the above property of FLRfs for single regression. For multiple regression, the
property can be proved in a similar way.
Model FLRFs for single regression can be rewritten as

f/i = (ko + klmxi s kll“xl‘ + klmmx,- + klrﬁxl- +ci, krlax,- + krmmx,- + krrﬂxi +¢r)LR (16)
(a) For single regression, both model FLR g cp2 and model FLR g co3 can be written as

Yi=ao+a1X; +&=ao+a(my, ox,, By, L& + (Me, % B)LR

_J (a0 +aimy; +mg, aroy; + 0, a1 By, + Brr if a1 >0 (17)
| (a0 + army; +me, a1y, + o, aroy; + Brr ifap <0 (18)

The feasible region of model FLR s contains the feasible regions of models FLR g o2, FLR k c03, since for any solution
of model FLR g co2 or FLRk co3 (ao, a1, me, o, f;), we can always find an equivalent solution in model FLRFg by
comparing the coefficients of Eq. (16) with those of Eq. (17), and the coefficients of Eq. (16) and those of Eq. (18):

for a1 >0 :

ko =ao +mg, ki =ky =k, =ay

kim = kiy = kym = kry =0, c1 =0z ¢ =p; (19)
for a; <0

ko =ao+me, ki =k =k =al
kim=ky=kim=k,=0, cg=0,, ¢ = ﬂa (20)

(b) In [17], model FLR y o4 is only considered with L-type fuzzy numbers. For a single independent variable, X ;=
(my; , oy, )1, model FLR yno4 can be expressed as

Yi = A~0 + Al)}i = (ma()’ O‘ao)L + (mal > Olay )L(m)q , O‘x,')L
= (mao + mg my;, gy + g, O()C[)L (21)

When all fuzzy numbers are L-type, model FLR g can be simplified as

Yi = (ko + kimy,, ko, + kimmy, + )1 (22)

The feasible region of model FLR s contains the feasible region of model FLR y 04, since for any solution of model
FLR yno4 (Mg, %ays May , %, ), We can always find an equivalent solution in model FLR g by comparing the coefficients
of Eq. (21) and those of Eq. (22):

ko = Mgy, ki = Mg, ky = %ay » kim =0, c= Xag (23)

However, not all solutions of model FLR g can have an equivalent solution in models FLR x o2, FLR g co3 or FLR y y04.
For instance, no solutions of models FLR x co2, FLR x co3 or FLR y y04 are equivalent to the solutions of model FLR g,
when the spreads of the dependent variables are determined or partially determined by the centres of the independent
variables.

Thus, for single regression, the feasible region of model FLRfs contains the feasible region of models FLR g g2,
FLR g co3 and FLR y yo4. Also, the conversion formulas from the parameters of solutions of models FLR g co2, FLR x c03
and FLR y y04 to the parameters of solutions of model FLR gy are given in Egs. (19), (20) and (23). For single regression,
models FLR ¢ c02, FLR ko3 and FLR y yo4 can be seen as the special cases of model FLRgg. [
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4.3. Parameters estimation

When model FLRFrg is adopted, the following task is to estimate the parameters. Minimizing the total difference
between estimated and observed response variables is a common criterion of parameters estimation. Various distance
measurements have been proposed to measure the total difference between the estimated and observed response variables
in fuzzy regression.

In [15], the error of estimation, Egpg, is defined as the ratio of the total difference between the estimated and observed
membership values of response variables to the total observed membership values of the response variables, which is
the shaded areas over the left triangle area, in Fig. 1. A formularized definition of Exp is given by

fsf,us§ iy () — ps ()l dx
fsy py (x) dx

where p;(x) and u;(x) are the estimated and observed membership functions of the response variables, Sy and § ; are

Ekp = (24)

the supports of py(x) and ,u):/(x).
Exc, avariation of Exp, was used in [11,12]. Ex¢c measures the total difference between the estimated and observed
membership values of response variables, which include all the shaded areas in Fig. 1:

S?US

Ere= [ In(0 - il dx 5)

In [9], the similarity of fuzzy numbers is used as a measurement to evaluate the effectiveness of regression, which is
defined as follows:

[ min(ug (o), s (x)) dx

[ max(up(x), () dx @0

H
In [8], the squared Euclidean distance between two fuzzy numbers Al = (m1, a1, f;)Lr and Ag = (ma, a2, Py)LR 1S
defined as
d* (A, Ay) = m1 — mao|Pme + l0m1 — 1) — (ma — 0)[m + [(my + B1) — (ma + Bo)l*mp

where 7., Ty and 7 are arbitrary positive weights.
In [5], a generalized squared Euclidean distance is used, which can be described as

A2 (A1, Ag) = |lmy — ma||* + ||(m1 — Jog) — (ma — Ja)||> + (m1 + pBy) — (m2 + pfy)|?
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where 1 = fol L Y w)dw, p = fol R~ (w) dw. From the definition of A2, we can see that 4° weights the centres and
spreads differently by means of 4 and p.

Exg, Exc, d* and A? range from zero to positive infinity, while Sy ranges from O to 1. Thus, compared with Egp,
Ekc, d? and A%, Sy can better describe the total difference between the estimated and observed response variables.
Therefore, to estimate the parameters of model FLR g, our objective function is set to maximize the average similarity
between the estimated and observed response variables. This is referred to as MaxSim solution for FLR gg, which can
be described as

1 n
M — Sy
ax " ; H;
J min(ug (x), fs (x))dx

st Sm = J max(ug, (), s (x)) dx

Yi=ko+kimy, 4+ +kjmy, + -+ kmmy,, +S;
L§l = (Oa O‘s,—a ﬁs,)LR

m m m
Os; = Zkllt“x;, + Zklmtmx;, + Zklrtﬁxi, +
=1 t=1 t=1

m m m
BS:‘ = Zkrlt(xx” + Zkrmtmx“ + Zkrrtﬁxi, + ¢
=1 t=1 t=1

o; 20, B =0, i=1,2,...,n, j=0,1,....,m Q7

5. Numerical examples

Note that the solution of the optimization problem MaxSim for model FLR rs depends on the initial values, since the
feasible region of solutions may not be continuous. In this section, we first provide a strategy of setting initial values,
which is adopted in our experiments. Then, the effectiveness of model FLR g will be demonstrated on four datasets:
dataset1 that has been shown in Table 1 in Section 1, and other three commonly used datasets (one is a single crisp
input—fuzzy output dataset (dataset2) from [24]; another is a single fuzzy input—fuzzy output dataset (dataset3) from
[22], and the other is a multiple fuzzy inputs—fuzzy output real world dataset (dataset4) from [8]).

5.1. Initial value setting

For practical reasons, in this section we provide an initial value setting strategy. The experimental results in Section
5.2 are based on this strategy. The purpose to provide this initial value setting strategy here is neither to demonstrate it
is the best strategy to set initial values nor to claim that it guarantees to achieve the global optimization.

For simplicity, in this section we only introduce the initial value setting strategy for single regression FLR . For
model FLR g dealing with multiple regression, the initial values can be set in a similar way.

Given observations (5(1, 17,-), where Xi = (my;, O, Bx,-)LR’ l?i = (my,, oy,, ﬂy,-)LR,l' =1, 2, ..., n, the task of fuzzy
regression is to find the parameters of model FLR rg, which maximizes Eq. (27), subject to its constraints.

In model FLR g, line ko + kym,,; describes the relationship between m,, (the centre of independent variable) and
my, (the centre of dependent variable). Thus, we apply the conventional LS estimation to get the linear relationship
between m,; and my,, i.e., my, = bg + bymy;. by and b; can be set as the initial values of ky and k.

In model FLRFs, there are three factors that can affect the spreads of response variables: ay;, f§ \, and my;. ki1
describes how o, (the left spread of dependent variable) depends on o, (the left spread of independent variable). Then,
the conventional LS estimation is applied to oy, and oy, to get their linear relationship: oy, = py + byoy,. If equal
weights is set to the three factors, oy, ﬁx,- and my,, by /3 can be set as the initial value of k;;. Similarly, k;, describes
how oy, depends on f,,. The LS estimation is applied to oy, and 8, to get their relationship: oy, = pjr + bir -
byr/3 can be set as the initial value of k;,. Parameter k;,, describes how oy, depends on m,,. By applying the LS
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Table 2

Dataset2.

i Xi Yi = (my,, 4y, Y= (mg;, o5,)L Su Ekc

1 1 (8.0, 1.8)1, (6.00, 2.80)1, 0.19 3.13

2 2 (6.4,2.2)1 (7.75,2.70) 0.36 2.33

3 3 9.5,2.6)1, (9.50, 2.60), 1.00 0.00

4 4 (13.5,2.6)1 (11.25,2.50) 0.19 3.51

5 5 (13.0,2.4)1, (13.00, 2.40), 1.00 0.00
Average 0.5462 1.7932

estimation to oy, and my,, their relationship oy, = pyn + byymy,; is obtained. The initial value of &, can be set as
bim /3. (pi1/3 + pir/3 + pim/3) can be set as the initial value of ¢;. Unequal weights can also be assigned to the three
factors oy, f3,, and m,,. For example, if the effect of my; is significantly greater than the effects of both ay; and f3,,
(i.e., by, > by and by,), the initial spreads of the estimated response variables can be set only based on m; .

Similarly, we can set the initial values of k,;, k., k- and ¢, in the same way.

5.2. Examples
The following experimental results are based on the initial value setting strategy described in Section 5.1.

Example 1 (Continue). As it is shown in Section 1, the dataset] cannot be modelled by FLR g, FLR g co2, FLR k co3
and FLR y o4 properly, because the spreads of the observed response variables tend to decrease as the magnitudes of
the independent variable increase. This decreasing trend in the spreads of the observed response variables can be fitted
by model FLRs. Applying L-type fuzzy numbers based FLR g model and the initial value setting strategy given in
Section 5.1, the following regression model is obtained:

Y; = —1.10 + my, + (0, —0.5m,, + 1.05), (28)

It can be seen from Eq. (28) that the spreads of the estimated response variables are decreasing with the increase of m;’s.
The estimated response variables for the five instances are (0.60, 0.20)r, (0.70, 0.15)r, (0.80, 0.10)z, (0.90, 0.05),
and (1.00, 0.00), respectively.

Note that when m is greater than 2.10, the centre of the estimated dependent variable is greater than 1.00 and the
spreads of the estimated dependent variable are less than 0, which can be interpreted as the height belongs to the concept
high with full confidence and a lack of uncertainty. For practical reasons, the estimated centres that are greater than
1.00 can be set to 1.00, and the estimated spreads that are less than O can be set to 0.

Example 2. In this example, we consider the crisp input-fuzzy output dataset given by Tanaka et al. [24], which
is shown in the left half of Table 2. x; is the observed independent variable, Y; is the observed dependent variable,
i=1,2,...,5.

As the observed dependent variables in dataset2 are symmetric, L-type fuzzy numbers based FLR rg model is adopted.
According to the initial value setting strategy given in Section 5.1, the initial values are set as

Initial values (a) : ko =4.95; ki =1.71; k;y=0; ki, =0.08; ¢ =2.08
Then, the following regression model is obtained:
Y; = (4.25 4 1.75m,,, —0.10m,, + 2.90) (29)

Estimated response variable 17,-, Sy and Egc for each instance of dataset2 are listed in the right half of Table 2.

Since model FLR fg is proposed to solve the spreads increasing problem, in this example model FLR g is compared
with models FLR g co2 [11], FLRg o3 [12], FLR ynyo4 [17] and FLRpog [2], which are able to avoid the spreads
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Table 3
Fuzzy regression models of dataset2.

FLR fs(MaxSim) (given initial values (a)) Yi=(425+ 1.75my; , —0.10my; +2.90),

FLRgco [11] Y; = (4.95+ 1.71m,,, 3.01, 1.80) &

FLR g co3 [12] Yi = (4.926 + 1.718m,,, 2.320),

FLR yno4 [17] Y; = (4.6812 + 1.73306m,, , 2.3221);,

FLR cpos [2] Yi =495+ 1.71my, + E;

Table 4

Comparison of the performance of difference methods on Dataset2.

Models AveSy TotExc
FLRFs(MaxSim) (given the initial values (a)) 0.5462 8.9659
FLRkco2 [11] 0.4663 9.679
FLR g co3 [12] 0.4095 10.089
FLR yno4 [17] 0.4388 9.771
FLR cpos [2] 0.5198 7.857

increasing problem and also are provided experimental results on dataset2 by their authors. These five models are
listed in Table 3,2 where E;’s in model FLR cpos, are E; = (—1.8, 0, 1.8), E; = (—2.6,0, 1.8), E3 = (—3.4, 0, 1.8),
Es=(—1.8,0,3.4)and Es = (=3, 0, 1.8).

It is worth to note that the solution of a model also depends on the objective function to be optimized. Thus, it is not
easy to compare the solutions of different models that optimize different objective functions.

However, if the evaluation results of model M4 are better than these of model Mp when both objective functions
of M4 and Mp are used as the evaluation measurements, we can then say M4 outperforms Mp in terms of these two
evaluation measurements.

In this experiment, in order to compare model FLR s with models FLR x co2, FLR g co3 and FLR y n04, both average
similarity AveSy and total error TotExc are used as the evaluation measurements, which are defined as follows:

1 & Z
AveSy = ; ZSH,', TotExc = ZEKCi

i=1 i=1

because: (i) the objective function of model FLR gg is to maximize AveSy between observed response variables Y and
their estimated counterparts Y and (ii) the objective function of models FLR x co2, FLR g co3, FLR y ;y04 and FLR ¢ pog

is to minimize TotExc between Y and Y.

According to the definitions of AveSy and TotEkc, a better method in terms of these two measurements should have
a higher AveSy value and a lower TotEgc value.

Table 4 shows the performances of model FLRFg, and models FLR x co2, FLR k03, FLRyn04 and FLR cpog on
AveSy and TotEkc. From Table 4, we can see that the MaxSim solution of model FLR gg outperforms all other four
models in terms of AveSy, and outperforms the other three models in terms of TotExc except model FLR ¢pos.

Although model FLR g achieves better performances than other three models (FLR x co2, FLR g co3 and FLR y y04)
in terms of AveSy and TotEkc, and a better performance than FLR cpog in terms of AveSy, it cannot guarantee that
the solution of model FLR s given in Eq. (29) is the global optimization. The FLR model given by Hojati et al. [9] is
shown as follows:

Yi = (6.75 + 1.25m,,, 1.65 +0.15m,,);.

2In some papers, a fuzzy number is expressed by its lower bound, centre and upper bound. To keep the notation consistency in this paper, we
express a fuzzy number by its centre, left and right spreads.
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Table 5

Dataset3.

i X = (my; , 0 )L Y = (my, , oy, )L Y, = (my,, o5,)L SH Ekc

1 (2.0,0.5)1, (4.0,0.5)1, (4.0,0.5), 1.0000 0.0000
2 (3.5,0.5), (5.5,0.5), (4.7857,0.5) 0.0426 0.9184
3 (5.5,1.0)L (7.5,1.0)L, (5.833,1.6758), 0.0766 2.2952
4 (7.0,0.5) (6.5,0.5), (6.619,0.5), 0.6341 0.2239
5 (8.5,0.5)L (8.5,1.0)L (7.4048,0.5)1, 0.0000 1.0000
6 (10.5,1.0), (8.0,1.0) (8.4524,1.6758) 0.4957 0.9021
7 (11.0.0.5)1, (10.5,0.5),, (8.7143,0.5)1 0.0000 1.0000
8 (12.5,0.5) 9.5,0.5), 9.5,0.5), 1.0000 0.0000
Average 0.4061 0.7925

Their model obtains a higher AveSy value (0.5515) and a lower TotEgc value (8.3986) than model FLRgs given in
Eq. (29). This is because the MaxSim solution of model FLR s obtained in this experiment is a local maximum, not a
global one. Given appropriate initial values, model FLR g can also find the solution obtained in [9]. This is because
the solution given in [9] can be expressed by model FLR gg as follows:

Ko=6.75, ki =125, ky=0; ki, =0.15, ¢c=1.65

Although the solution given in [9] outperforms the solution of model FLR g given in Eq. (29) in terms of AveSy and
TotExc, the model proposed in [9] has the spreads increasing problem.

From this example, we can see that initial values are important for finding the MaxSim solution of FLRg. In Section
6, we will give a potential solution on how to set initial values in order to find the global optimization.

Example 3. In this example, we compare model FLR gg with other models using the fuzzy input—fuzzy output dataset
given by Sakawa and Yano in [22], which is shown in the left half of Table 5. X;’s are the observed independent
variables. Y;’s are the observed dependent variables.

The independent variables and the observed dependent variables in dataset3 are L-type. Thus, L-type fuzzy number
based FLR g model is adopted. According to the initial value setting strategy given in Section 5.1, the initial values
can be set as>

Initial values (b): kg = 3.5724; k; =0.5193; ky=1; ki, =0; ¢=0

Then, the following regression model is obtained:

~

Yi = (2.9524 + 0.5238m,,, 2.35160,, — 0.6758),, (30)

Estimated response Y i, Sg and Exc for each instance of dataset3 are listed in the right half of Table 5.

The MaxSim solution of model FLRFS is compared with the other four models: FLR x 92, FLR x co3, FLR y y04 and
FLR cpog, which are listed in Table 6. E;’s in model FLR cpog, are E; = (—0.234, 0, 0.234), E; = (—0.234, 0, 0.234),
Ez = (0,0, 0.935), Es = (—0.234,0,0.234), Es = (—0.234,0,0.234), E¢ = (—0.935,0,0), E; = (—0.234, 0,
0.234) and Eg = (—0.234, 0, 0.234).

To compare the performances of model FLRfgg, and models FLR g o2 [11], FLRgco3 [12], FLR 04 [17] and
FLRcpos [2], AveSy and TotEkc are also used as evaluation measurements in this example.

The comparison of the performances of different methods on AveSy and TotEkc is given in Table 7. From Table 7,
we can see that the average similarity of FLR g is significantly higher than that of the other methods. Also, the total

3 By applying the LS estimation to oy, and oy;, and ay; and my;, we get oy, = 1.0 % ay; and oy, = 0.5911 + 0.0045my; . Since 0.0045 <1, we
set the initial spreads of estimated response only depend on ay; .
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Table 6
Fuzzy regression models of dataset3.

FLR ps(MaxSim) (given initial values (b)) Y =(2.9524 + 0.5238m,,,2.35160,;, — 0.6758),

FLRgco [11] Y, =(3.5724 + 0.5193m,,,0.51930,;, + 0.24);

FLR g co3 [12] Y; = (3.554 + 0.522m,,;,0.52201; 4+ 0.951, 0.52201,; + 0.949)1 ¢
FLR yno4 [17] Y; = (3.5767 4 0.546Tm,; , o, )1

FLRcpos [2] Y; =3.5284 + 0.5298m,, + E;

Table 7

Comparison of the performance of difference methods on Dataset3.

Models AveSy TotExc
FLR ps(MaxSim) (given the initial values (b)) 0.4061 6.3396
FLRgco [11] 0.1499 7.470
FLR g co3 [12] 0.2351 9.363
FLR yno4 [17] 0.2026 7.541
FLRcpog [2] 0.1854 7.000

error of FLR g is significantly lower than that of the other methods. Thus, model FLR s outperforms all four models
(FLR g co2, FLR g c03, FLR y yo4 and FLR ¢pog) in terms of both AveSy and TotEgc on dataset3.

Example 4. Inthis example, we investigate the effectiveness of model FLR g for multiple regression on the restaurants
data given by D’Urso [8]. The restaurants data listed in Table 8 are drawn from an Italian specialized book, which
concerns the performances of the 30 good-quality Roman restaurants, where fuzzy inputs X;1’s and X;,’s are decision
on cooking and decision on cellar, respectively, and Y is decision on service.

The independent variables are two dimensional. Thus, model FLR gg for multiple regression is adopted. According
to the initial value setting strategy given in Section 5.1, the following parameters of model FLR yg are obtained:

ko = —1.66; k1 =1.33; k» =0.00
k111 = —0.91; k[r1 = 0.00; klml = 0.63; k”z = —0.65; k1r2 = —1.48; k1m2 = —0.28; Cc] = 0.80
kyip =0.37; ke = 1.00; kppyp = —0.12; ko =0.09; kppp =0.20; ko = 0.03; ¢ =0.08 3D

The regression parameters of model FLR ;> ;.03 on dataset4 are estimated by minimizing the total squared Euclidean
distance d? between the estimated and observed response variables, which are listed as follows [8]:

a = (0.6498399, 0.4542534, 0.4924441)"

r = (—1.868527, 2.3604004, 0.7392849)"

s = (—0233325, —0.13392, 0.1271022)"

b=0.1173197, d = —-0.401173, g =0.2306911, h = —0.650102 (32)

In order to compare model FLRgs with model FLRy;.,0. both AveSy and sum of d? are used as the evaluation
measurements, because: (i) the objective function of model FLR rg is to maximize AveSy between Y and Y and (ii) the

objective function of FLR ). 03 1S to minimize total squared Euclidean distance d? between Yand Y.
The comparison of the performances of FLR g and FLR 75,03 on both AveSy and total d? is given in Table 9.
From Table 9, we can see that model FLR rg outperforms model FLR ;s ;.. o5 in terms of both AveSy and sum of d2.
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Dataset4: restaurants data.
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i

Xi1 = My, Oy s By, LR

Xia = (Myyy, Oy s By LR

Yi = (my,, o0y, By)LR

1 (7,0.5,1.25)L.r (8,0.75, )Lr (8,0.75, Drr

2 (7,05, 1.25)L.r (7,0.5,1.25) L (6,0.25,0.5)Lr

3 (6,0.25,0.5)L.r (7,0.5,1.25) L (6,0.25,0.5)Lr

4 (8,0.75, DLr 9,0, g 9,0, )r

5 (8,0.75, Drr (8,0.75, DLr (8,0.75, DLr

6 (6,0.25,0.5)L.r (7,0.5,1.25)Lr (5,0, g

7 (7,05, 1.25)Lr (8,0.75, )Lr (7,0.5,1.25) L.

8 (7,0.5,1.25)L.r (7,0.5,1.25)Lr (5,0, D)rr

9 (7,05, 1.25)L.r (8,0.75, DLr (7,0.5,1.25) L.
10 (6,0.25,0.5)Lr (7,0.5,1.25)Lr (6,0.25,0.5)Lr
11 (7,0.5,1.25)L.r (8,0.75, I)Lr (8,0.75, DR
12 (7,0.5,1.25)L.r (6,0.25,0.5)Lr (6,0.25,0.5)Lr
13 (7,05, 1.25)Lr (8,0.75, I)Lr 9,0, )Lr
14 (7,0.5,1.25)L.r (8,0.75, )Lr (8,0.75, )Lr
15 (7,05, 1.25)Lr (7,0.5,1.25) L (7,0.5,1.25) L
16 (7,0.5,1.25)L. (7,0.5,1.25)Lr (7,0.5,1.25)Lr
17 (6,0.25,0.5)Lr (7,0.5,1.25) (6,0.25,0.5)Lr
18 (7,0.5,1.25)L.r (8,0.75, I)Lr (7,0.5,1.25)Lr
19 (7,05, 1.25)Lr (7,0.5,1.25) L (8,0.75, D)Lr
20 (7,0.5,1.25)Lr 9,0, g (7,0.5,1.25)Lr
21 (7,0.5,1.25)1.r (8,0.75, I)Lr (7,0.5,1.25)
22 (7,0.5,1.25)Lr (8,0.75, I)Lr (6,0.25,0.5)Lr
23 (7,05, 1.25)Lr 9,0, g (7,0.5,1.25) L
24 (7,0.5,1.25)L (7,0.5,1.25)Lr (8,0.75, )Lr
25 (7,05, 1.25)Lr (7,0.5,1.25) L (6,0.25,0.5)Lr
26 (7,0.5,1.25)r (7,0.5,1.25)Lr (6,0.25,0.5)Lr
27 (7,05, 1.25)L.r (7,0.5,1.25) (7,0.5,1.25) .
28 (7,0.5,1.25)r (8,0.75, I)Lr (7,0.5,1.25)Lr
29 (7,05, 1.25)L.r (7,0.5,1.25) (7,0.5,1.25)
30 (6,0.25,0.5)Lr (7,0.5,1.25)Lr (6,0.25,0.5)Lr
Table 9
Comparison of the performance of difference methods on Dataset4.
Models AveSy Sum of d*
FLR ps(MaxSim) 0.5675 64.5683
FLR p’ 17,5003 0.2263 73.6945

6. Conclusions and future work

In this paper, we proposed model FLR g that has more flexible spreads compared with previous FLR models. A
property of model FLRFg is that the spreads of estimated response variables are able to fit the spreads of observed
response variables, no matter if the spreads of the observed response variables are increased, decreased or unchanged
when the spreads and magnitudes of the independent variables change. This property makes model FLRgg be able to
avoid the spreads increasing problem that exists in model FLR rr and overcome the deficiencies of models FLR x cq2,
FLR k c03, FLR v y04, and FLR j5> o2, which are mentioned in Section 3. The number of parameters in model FLR gg
only proportionally increases with the increase of the dimension of independent variables, while the number of param-
eters in model FLR ¢pog increases with the increase of both the dimension and the number of independent variables.
This makes FLR rg more suitable to dataset with large instance number than FLR ¢pog.
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The parameters of model FLR g are estimated by maximizing the average similarity between the estimated and
observed response variables. The experimental results show that model FLR g5 has a better performance than previous
models in terms of AveSy, TotExc and sum d>. Also, the experimental results show that initial value setting is important
for parameter estimation of FLR s when the objective function is set as maximizing the average similarity between
the estimated and observed response variables. Although we have given a strategy for the initial value setting, it cannot
guarantee that the generated regression model is the global optimization. Our future work is to find a more sophisticated
initial value setting strategy to achieve better solutions of model FLR rg. Genetic algorithms may be potential solutions
for the initial value setting problem of model FLR .
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