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ABSTRACT. Let u # const satisfy an elliptic equation L ou = Xa; jD;ju+Xb;Dju =
0 with smooth coefficients in a domain in R3. It is shown that the critical set
|Vu|~1{0} has locally finite 1-dimensional Hausdorff measure. This implies in par-
ticular that for a solution u # 0 of (Lo + ¢)u = 0, with ¢ € C°°, the critical zero set
u~ {0} N |Vu|~1{0} has locally finite 1-dimensional Hausdorff measure.

1. Introduction and Main Results

Let u # 0 be a continuous real valued solution of an elliptic equation in a domain
QcCR”?

(1].) LU = Z aijDiju—i—ijDju—&-cu:O.
2,j=1 j=1

Under various assumptions on the coefficients of L the zero sets of such solutions
have been investigated by various authors. In particular it has been shown that
under suitable assumptions on the coefficients the zero set u=1{0} has Hausdorff
dimension n — 1 [CF], and various interesting estimates for the n — 1-dimensional
Hausdorff measure of this set have been achieved [CM, DF1, DF2, DF3, HS, L,
N]. In other works concerning u~1{0} the behaviour of u near a zero is investi-
gated showing that u can be approximated by certain polynomials [Al,B, HOHOL1,
HOHO2, HOHON;, R].
For all such investigations the critical zero set

Yo :=u {0} N |Vu| {0}
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plays an important role. But in contrast to the 2-dimensional case [Al, D, DF3,
N], where ¥ consists of finitely many isolated points the existing results on 3¢ in
dimensions > 3 [CF, HS, H] are not as explicit [Y]. Essentially it has been shown,
if the coefficients of L are sufficiently smooth, then ¥, is countable n — 2-rectifiable
[HS, H, RS].

But even for the smooth case it is not known that X¢ has (locally) finite (n — 2)-
dimensional Hausdorff measure. In this paper we investigate this problem for the
case n = 3.

In the following we assume that a;;,b;,c € C*(2) and without loss let a;; =
aji, Vi,j. Further we assume that L is strictly elliptic in Q,Q C R3.

We shall not consider (1.1) in general directly. Instead we first investigate the
critical set |Vu|~1{0} of a solution u to (1.1) with ¢ = 0. The result about the
critical zero set of a solution of (1.1) with ¢ # 0 will then be an immediate conse-
quence.

Theorem 1.1. Let u # const satisfy in )

3 3
(12) Lo’u = Z aijDiju + ijDj’LL =0
ij=1 j=1
and let
(1.3) 2(u, Q) = {z € Q||Vu|(z) = 0}.

Then for every subset Q' of Q with Q' CC Q the 1-dimensional Hausdorff measure
of the critical set of u in Q'

(1.4) H*(2(u, ) < 0.

Therefrom we obtain the result on critical zero sets of solutions of (1.1), namely

Corollary 1.1. Let u # 0 satisfy in €

(1.5) (Lo + c)u=0.
Then VY, Q' CcC Q

(1.6) H(Zo(u, ) < 0o

where Lo(u, Q) = {z € V|u(z) = |Vu|(z) = 0}.

Proof of Corollary 1.1. Given zg € Q there is a neighbourhood U(zy) and a ug €
C>*(U(zg)) with ug > 0 and Lug = Loug + cug = 0 (see e.g. [BJS], p. 228). Let
w= uio, then an easy calculation shows that

3
Vu Vu

> aiDiju+(b— 2Au—00 - QU—OO)V/J =0,

ij=1
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where b = (by, b2, b3) and A = (a;;). Hence by Theorem 1.1, H*(Z(u, U(zo)) < oo,
and since clearly o(u, U(zg)) C 2(p, U(xo)), (1.6) follows O

Given the assumptions of Theorem 1.1 and given zg € €2, then there is a linear
coordinate transform T, such that with = = T,y and v(y) = u(x), v satisfies the
transformed equation (1.1)

(17) ZAijDijv+ZBijv =0
iJ J

where A;;(y0) = di5, yo = T;DI:I:O, and Dj, D;; denote the partial derivatives with
respect to the coordinates y;, 1 <j < 3. Obviously v — v(yo) also satisfies (1.7).
But this implies that there is a harmonic homogeneous polynomial Pyy,,) # 0, of
degree M (yo) > 1 such that for y — yo

(1.8) v(y) = v(Yo) + Prrcye) (¥ — %0) + 0|y — yo| @),

For the smooth case which we consider (1.8) is a well known result (for a more
general setting see e.g. [Bs]), and Ppy(,,) # 0 due to the strong unique continuation
property of (1.7).

These considerations will be of importance for the following. The investigations
in [CF, HOHO1, HOHO2, HOHON, R] and also the present ones are certainly
motivated by the desire to understand to which extent the zero set or critical set
of a solution can be described locally qualitatively by zero sets respectively critical
sets of harmonic polynomials. Noting that for a harmonic polynomial p # const
of degree M in R™

H" 2(%(P,By)) < c(n)M?
(see [HS]) one might expect that a more explicit version of Theorem 1.1 holds.
Namely, let B,(x¢) be a ball in Q' with radius p and centre xg, and let M be the
maximal order of vanishing of u in &', then M~2H"(%(u, B,/2(%0))) is bounded
(compare also conjecture 2 in [L]).

That the analogy between solutions of (1.2) and harmonic polynomials should
not be stressed too much can be seen from the following example: Consider in R?

the function
ui(x,y,z) for z >0
@y, z) = ug(z,y, z) for 2 <0, with

4 k
(71)k 82 02
u; =y + ;} (2k)' 22k @ + 8—342 (I4y4)

and up = xy + iyt
Consider first u; and uy in R3, then uy(x,y,0) = us(x,y,0) and 88"; (z,y,0) =
%(x,y,O). Furthermore u; is harmonic and hence u satisfies Au = Vu for, say

||, |y| < 1/2 with

0for z >0

V(z,y,2) = xy® + 23y

12Tx3y3 for z < 0,
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hence V' is bounded for |z|,|y| < 1/2. But for the critical zero sets we obtain
Yo(uz,{z <0}) ={(0,0,2)|]z <0}, i.e. a line of critical zeros, whereas ¥q(ug, {z >
0}) is empty. To see this just notice that u; has a term which depends only on
z (in fact a term ~ 2%), so |[Vui|(x,y,2) # 0 for small z,y and z > 0. So the
example illustrates that a critical line of zeros can in fact stop, something that
cannot happen for the analytic case.

The proof of Theorem 1.1 will be given in section 2. Thereby we need to show
that we can apply some results from singularity theory [AGV]. This amounts to
investigating properties of harmonic homogeneous polynomials or rather their com-
plexification in C3. These results which might be of independent interest are pre-
sented in section 3.

2. Proof of Theorem 1.1

Let for R > 0, Br(O) = {z € R3||z| < R}. We assume without loss that
Br(0) C Q, and that

Since u € C*(Q) and Vo € Q, u — u(xp) is a solution of (1.2) which vanishes
with some finite order M (z) in the point xg, i.e. for some homogeneous polynomial

ps\j‘&o) # 0 with degree M (zg) > 1

(2.2) w(z) — u(xo) = pﬁ?lo)(x — o) + 0|z — 20| M@, for 2 — x

and for every multiindex «, |a| < M (x¢)

(2.3) D%u(z) = Dapsx?(io)(f —zo) + o]z — $O|M(wo)—\a|)7

Therefrom it is easily seen that
(2.4) M = sup{M (x¢)|zo € X(u, BR(0))} < 00

Let 29 € X(u, Br(O)), then by the coordinate transform 7T}, considered above,

v(y) = u(Ty,y), v has a critical point in yo = T,,z¢ and due to (1.8) there is a har-
(o)
PIW(?JO
is well known (from Courant’s nodal theorem, or e.g. [C]) that the number of critical

points of a harmonic homogeneous polynomial Py, on the unit sphere is bounded by

a constant N(M). From the foregoing we obtain P]E};?l)/o)(y) = pg\fl(&o)(Twoy), where

M (z9) = M(yo), and PJS;”) and ps\‘?’) have the same number of critical points on

the unit sphere. This together with (2.4) implies that with N = N(M) < oo

monic homogeneous polynomial ) # 0 corresponding to this critical point. It

(2.5) sup  #EP 4 ST) < N
z0€X(u, B, (0))
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Lemma 2.1. Let Sy = {v;|lv; € S?,1 < j < 2N + 1} be such that any three of
the unit vectors v; are linear independent. Then the following holds: There is a
c=c(M,R,Sy) > 0 such that Vxo € %(u, BR(O)) one can choose v € Sy with

(2.6) (@) |<wly>|>c YweS? with Vpg\‘?zlo)(w) =0
(2.7) (b)  lminf | < ﬁp >|>ec

2€3(u,Br(0))

Proof of Lemma 2.1. We first show

Proposition 2.1. For K € N let Sg = {v;lv; € 52,1 < j < 2K + 1} with the
property that any three of the unit vectors v; are linear independent. Then there
exists ¢ > 0 such that for arbitrary wi, . wig € S2 one can find v € Sk with
|<vw;>|>¢c>0,1<j<K.

Proof of Proposition 2.1. Let w; € $? and denote wj- = {w € S?| < wlw; >= 0}.
Then due to the definition of Sk at most two elements of Sx belong to wj-. Since
this is true for 1 < j < K, then, at most 2K elements of Sk are involved. Hence
there is at least a v € Sk with < v|w; ># 0 for 1 <[ < K.

To see that ¢ = ¢(K, Sk ), but does not depend on the choice of wy,...,wk, let

wlm) = (wﬁm), . ,w%m)), m € N, wj(»m) € S2%, and let

¢m = max min | < wl(m)|u > .
veSkg  1<Ki<K

Then due to the above ¢,;; > 0. Suppose now for contradiction that lim inf,, .. ¢ =

0. Then clearly for some &,,, @ € S?%, &,, — @ for m — oo and | < W,y > | — 0

Vv € Sk. Hence < &w|v >= 0 Vv € Sk which is a contradiction O

Now take K = N, then Proposition 2.1 together with (2.5) immediately implies
(a).
To verify (b) let ) € S (u, BR(0)), I € N with ) — x4 for I — oo, and using
polar coordinates =) — zy = 1w, with w; = w(ry). Without loss we assume that
w; — @ for | — oo, for some @ € S2. From the following it is straight forward to
see that Vpﬁ(mg)(dj) = O: From (2.3) we obtain with 2 = 2® for 1 < j <3

0= Dju(a®) = Dyple) ) (riwn) + o7,

Since Djpg\?zio) is homogeneous of degree M () — 1 this implies Djpg\?z)mo)(w) =0
for | — oc.

Now we conclude from (a) with w = @ that lim;_o. | <wijv > |=|<@lv > | >¢
verifying (b). This finishes the proof of Lemma 2.1 O

Lemma 2.1 provides some information on the location of the critical points of u
in the neighbourhood of a critical point g of u, which will be relevant later on.

We now assume without loss that « has a critical zero in the origin. So according
to (1.8) there is a harmonic homogeneous polynomial Py; # 0 of degree M > 2

such that
(2.8) u(x) = Py(x) + o|z|M) for |z| — 0
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Thereby M < M, M given accordingly to (2.4).

In the next step of the proof of Theorem 1.1 we need some properties of homo-
geneous polynomials of complex variables.

In the following a polynomial p : C* — C is said to be harmonic if

> o
Ap = ~5p=0.
= 0z;

Lemma 2.2. Let Py(z),z € C? be a harmonic homogeneous polynomial of degree
M, 2 < M < M, with real coefficients and let N = N(M) be given according to
(2.5). Then there exists Sy = {vj|lv; € S?,1 < j < 2N 41}, where any three of the
unit vectors are linear independent, with the following property:

(2.9)
Vi, 1<j<2N+1, Py(2) restricted to the complex plane

gj={z¢ C?l < vjlz >= 0}, has an isolated critical point in the origin.

Now suppose that Lemma 2.2 is proven (The proof is given in section 3). Then
Lemma 2.2 together with Lemma 2.1 implies that

(2.10)
2N+1
S(u, Br(0)) = | Ej, where
j=1

E; = {z¢ € ©(u, Br(0))|(a) and (b) hold with v = v,}.

Clearly the sets E; are not necessarily pairwise disjoint.

Since every critical point of u is also a critical point of u restricted to a plane
through this point, it will suffice to obtain information on the critical points of u
restricted to the planes
(2.11) gjr={reR’| <yjlr—vt >=0}, 1<j<2N+1

with 0 < [t] <tp, to small enough .

In the following we consider ul.,, as a perturbation of Py|cj, and because of
(2.9) this will allow us via arguments from [AGV] to show
Lemma 2.3. There exists 7 > 0 small enough, and a constant d = d(M), such
that Vt, [t| < to,to sufficiently small
(2.12) #Eo(u, €N ij) <d

Thereby Z; ; is the open cylinder with radius ¥ and azis {v;t|t € R}.
Proof of Lemma 2.4. The proof of this Lemma is based on
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Proposition 2.2. Let p(z1,22) be a homogeneous polynomial in C? of degree k
with real coefficients, and assume that p has an isolated critical point in the origin
in C2. Let further ¢ € C*(D,(0)), D.(0) = {z € R?||z| <r}, r > 0, with

o(y) =p(y) +o(lyl*)  for |y —0

and let oi(y) € C(D(O) xI) fort € I,I = [—tg,to] for some tg > 0, with py = .
Then there exists 7, 0 < 7 < r such that for |t| < to, to small enough, the number
of critical points of p¢(.) in Dz(O) is uniformly bounded by a constant d(k).

Proof of Proposition 2.2. For the proof we shall use some results of [AGV]. For
convenience we repeat some definitions given there: Let f : (C™, z9) — (C",0)
be a holomorphic map germ at a point zg. Let C{z},, denote the algebra of all
holomorphic function-germs at zp, and let Iy ., denote the ideal in this algebra,
which is generated by the germ of the components of f.

Definition: The multiplicity of f at zp is the dimension of the local algebra Q¢ .,

Mz [f] = dlm(c Qf,ZOa

where Q¢ ., denotes the quotient algebra C{z}.,/I .,.

By Theorem 2 ([AGV] p. 86) a holomorphic map germ fails to be of finite mul-
tiplicity at a point zq, if and only if 2; is a non-isolated inverse image of zero of the
germ.

Due to our assumption p(z) is a homogeneous polynomial with an isolated critical
point in the origin. By the above Theorem the multiplicity of Vp in O is finite,
polVp] =: d < .

Definition: A critical point O of a smooth function f : (R, O) — (R, 0) is said
to be of finite multiplicity u(f), if the gradient map V f is of finite multiplicity, i.e.

of OFN
oz’ Oz,

u(f) = dimg R[[2]]/ (

Thereby R[[z]] denotes the algebra of formal power series and ((’%{1’ e 887{) de-

notes the ideal generated by the components of Vf.

By the subadditivity of the multiplicity (see [AGV], Proposition 1, p. 94) we
conclude from the above that p(¢) < d, and again by the subadditivity of the
multiplicity there exists a Dz(0), 7 > 0, such that for [¢t| < tg, tp small enough
the number of critical points of ¢; in Dz(O) counted with their multiplicities is
bounded from above by d. O

Remark 2.1. We note that since p is semiquasi-homogeneous (compare [AGV],
p. 193) it follows from Bezout’s formula (see [AGV], Corollary 1, p. 200) that
d=(k—1)%

Now we apply Proposition 2.2 to our case: Representing the planes €;; as €;; =
{n1y1+ney2+vit|(y1,y2) € R?} with some ny,ny € 52, < nyfng >= 0, < nylv; >=0,
I =1,2, we then identify p(y) with Ppr(n1y1 +nay2), and ¢ (y) with u(nyjy; +noye +
tvj). Due to (2.8) we have

wo(y) = @(y) = u(niyr + nay2) = Par(niys + nayz) + o([y[™).
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Then by Proposition 2.2 there is a 7 > 0, such that for |t| < g, to small enough
the number of critical points of u|., ,nz, . is uniformly bounded by d(M) (actually
d = (M —1)?). This finishes the proof of Lemma 2.3. O

In the following let £ > 0 such that

(2.13) t < min(7, tg, 1) = fo.

In this last step of the proof of Theorem 1.1 we shall use Lemma 2.3 and Lemma 2.1
to show that the 1-dimensional Hausdorfl measure of the critical set of u is finite.

Lemma 2.4. For some C = C(M,c) < oo, ¢ given according to Lemma 2.1,
H' (S(u, By(0))) < C.

Given Lemma 2.4, then by translation of the coordinate system it follows that
Vzo € X(u, Q) the H'-measure of the critical set of u is finite in a neighbourhood
of zg. Let ' CC Q, then X(u, () is a compact set and it follows via Heine-Borel
that H'(X(u,Y)) is finite finishing the proof of Theorem 1.1.

Proof of Lemma 2.4. We first show

Proposition 2.3. Let X; = E; N B;(0), 1 < j < 2N + 1. Then for some C' =
C(M,c) < oo, HY(A) < C for every closed subset A of $;,V;.

Proof of Proposition 2.3. Let I; denote the line segment [—foyj,fouj] in R? and
denote by Z; the compact truncated cylinder with radius o and axis {v;t||t| < #o}.
Let A be a closed subset of ¥; and define Vo € A

mj(x) =< z|v; > v;

i.e. the orthogonal projection to the line segment I;. For y € I; let €;, denote the
plane orthogonal to v; with y € €;,.

Then we conclude from Lemma 2.3 that ¢;, N X(u, Z;) consists of at most k =
k(y, j) points, where k < d(M), hence

(2.14) Vyel;, #m;'(y) <d

So let y € I; and w{l(y) = {2M,..., 2™}, Now we use Lemma 2.1.: According

to the Lemma there is a ¢ > 0 and p; := p(x(l)) > 0, 1 <[ < k such that for some
cp>c

=20

2.15 < —F
(2.15) < g

lvj >|>e1 Vo€ X(u, B, (z1)).

Let po(y) = minj<;<x p(x) and do(y) := cpo(y). Further, for § > 0, we denote
the line segment [y — dv;,y + dv;], by I5 (suppressing the y-dependence).
We claim: There is a §(y) > 0, §(y) < min(6o(y),fo — ) =: 6, such that

(2.16) V& with 0 < & < 6(y)

k
- - ]
5 YWIs) lg B,(z"), where p = o



Note first that because of (2.15) we know that
~ k _
Vo with 6 <6, x e (Is)\ | By(z")
=1

implies

l
Now suppose for contradiction that (2.16) is not true. Then because of the above
there is a sequence

k
6 L 0 and 2™ € w7t (I,)\ | Bpo (), V.
=1

Since 2™ € A and A is compact, there is a convergent subsequence with limit z €
A and without loss let Z(™ — Z for m — oo. Obviously z € wj_l(y)\ Ule B, (1),
which is a contradiction since  must be equal to some sr:(l)7 1 <1 < k. This verifies
(2.16).

Now let J = {Is5(y)/s5ly € I;}. It is a standard covering result (see e.g. Lemma
1.9., p. 10 [F]) that there exists a (finite or) countable disjoint subcollection J’ of .J
such that the following holds: with J" = {I5(5,)/5]i € N}, I; C U;c; I C Usen sz
Therefrom and from (2.16) we obtain

(2.17) A=771(I)) C wj—l(U Isg)
1€EN

k(i)
= Jm " Isy) € U U Bsgnyyel@®).

ieN €N (=1

Now we use that .J' is a disjoint subcollection of .J, so that . d(%:)/5 < |L;].
Since k(7;) < d(M) the above leads to

k(1) - —
(2.18) S b /e < 2D 10 - D7

c C C
€N [=1

Because of (2.16), 6(y) can be taken arbitrarily small. Hence by (2.17) and (2.18),
AC UZ Ul B;;, where the diameters d;; of the balls B;; are bounded from above
by some § > 0. Taking § arbitrarily small and applying (2.18) we obtain

(2.19) > da(d) < w =:C(M,c)
.l

Let {U;} denote a d-cover of A, d(U;) denoting the diameter of U;, so that d(U;) < 6.
Let

Hi(A) := inf d(U;).
HA) = it > v
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Then the Hausdorff 1-dimensional outer measure of A is defined by H'(A) :=
lims_o H} and H'(A) = sups~o H} (A). But because of (2.17) and (2.19) we obtain
for § > 0 arbitrarily small, H'(A) < C(M, c) and hence H'(A) < C(M, ¢), verifying
Proposition 2.3. O

We proceed in the proof of Lemma 2.4 by showing that (u, B;(O)) can be
represented in a particular way as countable union of closed subsets of the ¥;’s.
For this we introduce the following: For k > 2 let

[y = {% € B(u, B;(O))|u vanishes of order k in z}.

This means for each Z there is a homogeneous polynomial pff) of degree k, p,(f) Z0,
such that

u(z) —u(@) = p(x —z) + oz —z*) forz— 2.
Let
. 1
Tin = {x €Tyl dist (z, U r;) > ﬁ}’ neN

j>k+1

Note that since ¥ < M (compare (2.4)), I'; = 0,V; > M. T, is a closed subset
of ¥(u, B;(O)), which follows easily from the smoothness of u and from (2.3).
Furthermore

(2.20) Ty = | Tk
neN

This can be seen as follows: suppose for contradiction that for somez € I'y, € I'y, ,
Vn. Then there is a sequence {z(™}, (™ € Ty | k,, > k + 1,Vm with (™) — z
for m — oo. Because of (2.2) and (2.3) we obtain for every multiindex o with
|a| = k, that for m — oo

Du(z™) = Do‘p,(f) (2™ — z) +0(1).
Since for suitable «, Do‘pf)(O) # 0 and D®u is continuous we obtain

Du(z) = lim D%u(z™) = Do‘pf) (0) £0.

m— 00

On the other hand since k,, > k + 1 Vm, D%u(z(™) = 0 Vm, which leads to a
contradiction. ;jFrom (2.20) we obtain that

M
(2.21) S(u, B(0)) = |J | Tkn

To show that H!(Tk,,) can be bounded uniformly in n we need:
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Proposition 2.4. Let Z € 'y, and assume that T € ¥;, then there exists p(Z) > 0
such that T, N Bz (T) C 5.

Proof of Proposition 2.4. Suppose for contradiction that there is a sequence {x(m)},
(™ € Ty, Ym, 2™ — & for m — oo, with (™) ¢ 3, Vm Due to Lemma 2.1(a)
and the definition of X; this implies that ¥m there is a w(™ € §2 with

2™
v Ny =0, | <w™y > | <e

Let @ be an accumulation point of {w(™)}, and without loss assume w(™ — & for
m — o00. Then clearly we obtain
(2.22) | <@ly; >|<ec.

Suppose we have shown that @ is a critical point of p,(C ), then since z € Xj,
Lemma 2.1(a) is in contradiction to (2.22) and the proof of the Proposition is
finished. o

Therefore we show that the critical points w(™) of p,(f ) tend for m — oo to the

critical point @ of pf): According to (2.3) we have for every multiindex 3, |5 = k
DPu(z) = Dﬂpg(w)(az — (™) +0(1) for £ — (™

(m _
where p,(f ))( ) =2 al=k a™M e, vm and analogously we have for z, p,(f)(;v) =

Yja|=kbar®. Therefore DBy (z(m)) = ﬁ'a Vm, V@ with |G| = k. By the smooth-
ness of u
lim DPu(z™) = DPu(z)

m—00

(m)

and hence lim;, o ay "’ = ag, Vf3, |8] = k. This implies in particular that

())

(2.23) |V Vp,(f)| — 0 for m — oo

pointwise uniformly. By the triangle inequality we have

z z 2(m) 2(m)y 2(m) m
(224) [VpP(@)] < VP (@) — Vpi @) + Ve (@) - vl (W),

But because of (2.23) and because

— 0

CONI 2™
IDip" (@) = Dip” (@) < 3T al™] - [(Dig®)ams — (Diz®)] o
la|=k

for m — oo, the right hand side of (2.24) tends to zero for m — oo. Thus @ is a
critical point of p®). O
Clearly we have I't.n C Uzer, , Bp(z) (%), with p(Z) given according to Proposi-

tion 2.4. Since I'y ,, is a compact set, there is due to Heine Borel a finite cover of
balls centered in Z;, 1 <7 < Ly 5, for some Ly ,, < oo such that

Lin
(2.25) Thn C U A;, where A; = Bz, (i) N T .

=1
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(From Proposition 2.4 we concluded that Vi, A; is a closed subset of some X;;.
Since this is a finite union of closed sets we rewrite (2.25) as

2N+1
(kyn)
j=1

where A;k’n) are closed subsets of X;.
(From Proposition 2.3 we have
APy <o, 1<j<aN+1

which together with (2.26) leads to

2N+1
(2.27) YTyn) < Z HY(A < (2N +1)C.

Noting that obviously T'x,, C Ik ny1 Vn, {Tknlnen is an increasing sequence of
sets and therefore (see e.g. Lemma 1.3 [F])

H'(|J Tom) = lim H'(Ty).

n—oo
neN

This together with (2.27) yields

(2.28) H'(|JTem) <@N+1)C, 1<k<DM.
neN

Finally using (2.21) we obtain
H'(X(u, Bf(0))) < M(2N + 1)C

finishing the proof of Lemma 2.4 and of Theorem 1.1. O

3. Properties of harmonic homogeneous
polynomials and the proof of Lemma 2.2

To prove Lemma 2.2 we first collect some properties of harmonic homogeneous
polynomials:

Theorem 3.1. Let P : C3 — C, P # 0 be a harmonic homogeneous polynomial
with real coefficients. Then the set of critical points of P is the union of at most
finitely many straight lines in C3 through the origin.

The proof of Theorem 3.1 will be given later.
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Remark 3.1. (i) The assumption that the coefficients of P are real is essential
as can be seen from the example P(z1, 22, 23) = (21 — i29)? : P is harmonic and
homogeneous, but all points (z1,22,23) with z; = ize are critical points of P.
(ii) That P is harmonic is also necessary as can be easily seen from the example
P(21, 29, 23) = 2?2 where the critical set of P is the plane z; = 0.

Via Theorem 3.1 we obtain

Proposition 3.1. Let P : C3 — C be a harmonic homogeneous polynomial with
real coefficients and let P, denote the restriction of P to the complex plane €, =
{2 € C¥| < v|z >=0}, v € S%. Then the set

F = {v € S?|0 is not an isolated critical point of P,}

is the union of at most finitely many analytic curves and finitely many isolated
points.

Proof of Proposition 3.1. From Theorem 3.1 it follows that the critical set of P
is the union of straight lines in C3,g;,1 < j < N (N depending on the degree of
P). Let F; = {v € Flg; C &,} and g; = {A\zU)|\ € C}, then z € R? satisfies
< z|2U) >=0 if and only if v = 1o € Fi

Since zU) # O, the general solution of < z|z() >= 0 is at most a 2-dimensional
subspace of R3, and therefore Fj is either a great circle on S2, isolated points or
empty.

Now it remains to consider F\ Ujvzl F;: Solet v e F\ U;V:1 JF; which implies
that the complex plane €, has the following property: O is not an isolated critical
point of P, and g; Ne, = {O} V1 < j < N. Since P, is again a homogeneous
polynomial the critical set of P, consists of finitely many complex straight lines
i, 1 < i < n, through the origin, and every critical point of P, is a zero of P,.
Hence Vz € v;, P(z) = 0 and clearly ¢, is tangent to the surface P = 0 in these
points, so VP # O.

Due to the homogeneity of P we can locally represent the zero set of P (away
from the critical set) by a holomorphic function f, so that for a domain U C C,
P(T(w)) =0Vw e U, with T'(w) = (w, f(w),1) and VP(T'(w)) # O.

Let e(w) denote the tangent plane to P = 0 in the point I'(w) and let n(w) =
VP (w)) /|VP(I'(w))|. Then the components of n(w), n;(w), 1 < j < 3 are
holomorphic functions. Clearly e(w) NR3 is a 2-dimensional manifold in R? if and
only if for some X € C, An(w) € R3.

If all components of n are constants, then P = 0 is a plane and since P is
homogeneous and harmonic, P must be linear. Hence P has no critical points at
all.

Therefore it suffices to consider the case that two of the components, say j,[, are
not constant. Since n;(w) is holomorphic, n; has only isolated zeros and away from
them nj(w) = % is holomorphic. To find out for which w, nj;(w) € R, note that
Imny; is a real valued harmonic function in two real variables. Since Imnj; # 0 this
implies that the zero set of Imnj; considered as a subset of R? is locally the union
of finitely many analytic curves.

This finishes the proof of Proposition 3.2 [
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Lemma 2.2 is now an immediate consequence of the foregoing Proposition.
Finally we give the

Proof of Theorem 3.1.

The proof is based on some well known results from algebraic geometry (see e.g.
the books [S, M]), which are collected in the following:

Proposition 3.2. (i) Let V' be the complex algebraic set defined by the single
polynomial equation f(z) = 0,z € C3, with f irreducible. Then every polynomial
which vanishes on V is divisible by f.

(ii) Let f(z),z € C3 be an irreducible polynomial, then the zero set of f has
complex dimension 2 whereas the critical set of f is at most 1-dimensional.

Remark 3.2. A k-dimensional algebraic set in C" is away from its critical points
a smooth manifold of complex dimension k (see e.g. [9]).
Note first that since the polynomial P is homogeneous the critical set of P is
given by
Y(P) = {z € C3|P(z) = [VP(z)| = 0}.

We shall exclude that ¥(P) is 2-dimensional. Then since the critical points of P
lie on straight lines through the origin (because of the homogeneity of P) it follows
by the analyticity of P that there are only finitely many such lines.

We suppose now for contradiction that X (P) is 2-dimensional. Then Proposition
3.2 (ii) implies that P is reducible. Furthermore P can be represented as

(3.1) P= p? - ¢, where p, g are homogeneous polynomials and p is irreducible .

This can be seen as follows: suppose for contradiction that P = H§:1 g, (k> 2),
g; irreducible, and let N; denote the zero set of g;-. If for ¢ # j, IV; N N; has
dimension < 2, then it is easily seen that X(P) cannot have dimension 2. So
assume without loss that N1 N Ny is 2-dimensional. Then due to Proposition 3.2
(i) and the irreducibility of ¢; and g2, ¢ = const g2 follows verifying (3.1).

Consider now the zero set of p, N(p) = {z € C3|p(z) = 0}. Let 29 € N(p) with
[Vp(20)| # 0.

Case (i): There is a neighbourhood € of zg, such that N(p) N Qg is not char-
acteristic with respect to the Laplacian in C3. Then the Cauchy problem Au = 0,
with Cauchy data u = 0, 9yu = 0 on N(p) N has due to the Theorem of Cauchy-
Kowalewsky for the complex case (see e.g. [H3]) only the trivial solution u = 0.
But AP =0in C3 P =0 in N(p), and since

VP = 2pqVp + p*Vq,

also [VP| =0 in N(p). This implies P = 0 which is a contradiction to our assump-
tion.
Case (ii): N(p) is characteristic with respect to the Laplacian, i.e.

3 () o

Jj=1
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Lemma 3.1. Let p be a homogeneous irreducible polynomial in C3, where N(p) is
characteristic with respect to the Laplacian. Then p is either linear or equals (up
to a constant multiplicative factor) 23 + 23 + 23.

Suppose we have proven Lemma 3.1, then the case P = (2% + 23 + 23)2q can be
excluded as follows: Let M, M > 4, denote the degree of P. It is well known (see
e.g. [SW]) that a homogeneous polynomial ¢ of degree M —4 (with real coefficients)

can be written in polar coordiantes w = %, r = || for x € R3 as
2m
grw) =M= Vi (W)
§=0
with

{ (M —4)/2 for M even

L (M —=5)/2 for M odd,

where Y;(w) are suitable spherical harmonics, i.e. the restriction of a harmonic
homogeneous polynomial of degree [ to the unitsphere S?. But since P(rw) =
rMYy (w) = r*q we obtain from the above for r = 1

2m

YM = ZYM,AL,j on 52
7=0

which is a contradiction, since
/ Y dw # 0 and YyuYidw =0 for M #k.
S2 S2

Therefore we obtain from (3.1), Lemma 3.1 and the above that
(3.2) P(z) = L*(2)q(2) with L(z) =< alz >, a € C*\{O}
where the plane ¢ = {z € C3| < a|z >= 0}

is characteristic with respect to the Laplacian. Hence
3
Za? =0, a=(a,a2,as).
j=1

Clearly ¢ N R? is a 1-dimensional subspace of R3. Without loss we choose our
coordinate system such that ¢ = {z € R3/2z; —iz, = 0}. Then eNR?® = {(0,0,\)|\ €
R} and denoting the real parts of 21, 22, 23 by ,y, 2 we have

(3.3) P(x,y,2) = (z — iy)*q(z,y, 2) for (x,y,2) € R3.

Now we use that P has real coefficients and that P is harmonic: Since P restricted
to S? is a spherical harmonic Y it follows (see e.g. [C]) that the order of vanishing
of Pin (0,0,1), say M, is equal to the number of nodal lines of ¥ passing through
(0,0,1). Since (x — iy)?|s> has the only zeros (0,0,1) and (0,0, —1), these nodal
lines are nodal lines of g|g2. But then the order of vanishing of ¢ in (0,0,1) is
at least M. On the other hand the order of vanishing of P in a point is equal
to the sum of the orders of vanishing of the factors ¢ and (z — iy)?, which is in
contradiction to the foregoing.

Finally we present two versions of the proof of Lemma 3.1, namely an analytical
and a geometrical one:
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Analytical proof of Lemma 3.1. Let p(z),z € C3 be a homogeneous and irre-
ducible polynomial, such that

i <§—2)2(z) =0 for z € N(p).

Jj=1
(Note that due to Proposition 3.1 (ii) 3(p) is at most 1-dimensional). For the
following it will suffice to consider N(p)\X(p) N {z3 = 1} = Ni(p). Since p is

irreducible, N1(p) can be represented as I'(w) = (w, f(w),1), w € C, with some
holomorphic function f, so

(3.4) p(T(w)) =0 VYw

which implies
(3.5) 0 = L p(P(w)) =< VpT(@)T(w) >
Noting that I'(w) = (1, f'(w),0), (3.5) becomes

(3.6) 2 (M) + 5 (M) () = 0

Let € denote the tangent plane to N(p) in the point 2 = I'(w), Z € N1(p). Then ¢
is given by

(3.7) <Vp(F)|lz—2>=0, zeC>

Since p(AZ) = 0 VA € C we have

0= Sp(05) =< Vp(F)|7 >,
which for A = 1 implies Vz € Ny (p)
(3.8) 0=<Vp(z)|z >
= 2w+ 22 (0(w)) f(w) + 22 (D(w))
- 0~ 029 0z3 .

Combining (3.6) with (3.8) we obtain

b
(923

_Op

(3.9) = 5

((w)) (C(w)(f' (w)w = f(w)).

Furthermore from (3.6) and (3.9) we have

(3.10) Vol () = 52

(C()(=f'(w), 1, f'(w)w = f(w)).
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Now we use that N(p)\X(p) is characteristic, which together with (3.6) leads to

) (2w = (Lwwn) a+rw)

For g—i(r(w)) # 0 we conclude via (3.9) and (3.11) that

(3.12) L+ f2w) + (f'(wyw = f(w))? =0.
Let w be as before and let a = (a1, a9, az) with
a =—f (@), ax=1, az=f(0)d— f(w).

We define L(z) =< a|z >. Clearly for z3 = 1 the zero set of L can be represented
by

(3.13) L(w,g(w),1) =0, weC

for some holomorphic function g. For Z = T'(w), Vp(2) = g—i(i)a, so that due to

(3.8) L(2) = 0. Therefore f(w) = g(w). Furthermore f and g satisfy the differential
equation

(3.14) 1+ F?+4 (wF?-F)*=0.

For f this is true due to (3.12) and for g this is straight forward to verify:
Because of (3.12), a2 +1+a2 = 0, and because of (3.13), ajw+g(w)+az = 0, V.
Therefore g(w) = —a;w—ag and ¢'(w) = —a; = —f/(w). Hence a3 = ¢'(w)w—g(w)
implying (3.14) with F = g.
Let without loss 1 + w? # 0, then we obtain from (3.14)

(3.15) F' =Gy (w, F), where

Gi(w, F)=(1+w?) N (wF +iV1+w?+ F2?).

If 1+ w?+ f2(w) # 0, there are neighbourhoods U(w) C C and V(f(w)) C C
where G4 (w, F') is holomorphic and |G+ (w, F)| bounded. Hence the initial value
problems

F'=Gy(w, F), F(w) = f()
have unique solutions in a neighbourhood of w. Now the foregoing implies that
f = g there, and by the analyticity f = g. Since p is irreducible it follows from
Proposition 3.2(i) that p equals L up to a multiplicative constant.

If 1 +w?+ f2(w) = 0, Yw, then p equals up to a multiplicative constant g(z) =
22 + 22 + 22 Since ¢ is homogeneous and irreducible the zero set of ¢ for z3 = 1
can be represented by w? + g(w)? + 1 = 0, with g holomorphic. We obtain f? = g2
which leads again by Proposition 3.2(i) to the desired result.

Geometrical proof of Lemma 3.1.. Denote by a the projective quadric Z?le?
in C? and let o* be tangent to the quadric « in C3*. If ¢;, 1 < j < 3, is a dual basis
in C3*, then a* has the form 2?215]2. Let v* C P(C?*) be the set of tangent planes
to the characteristic surface N(p)\X(p). Evidently, the characteristic property of
the surface implies that v* C im(a*) (see [B], ch.14.5). Since im(«*) is an algebraic
curve in P(C3*) we have: either v* is a point and thus p is linear, or v* coincides
with im(a*). In the last case it follows from Proposition 3.2(i) that v* is the image

of the quadric 2?:15? and hence p = const Z?zlzjz.
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