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Preface

These lecture notes are intented as a straightforward introduction to the
calculus of variations which can serve as a textbook for undergraduate and
beginning graduate students.

The main body of Chapter 2 consists of well known results concerning
necessary or sufficient criteria for local minimizers, including Lagrange mul-
tiplier rules, of real functions defined on a Fuclidean n-space. Chapter 3
concerns problems governed by ordinary differential equations.

The content of these notes is not encyclopedic at all. For additional
reading we recommend following books: Luenberger [36], Rockafellar [50]
and Rockafellar and Wets [49] for Chapter 2 and Bolza [6], Courant and
Hilbert [9], Giaquinta and Hildebrandt [19], Jost and Li-Jost [26], Sagan [52],
Troutman [59] and Zeidler [60] for Chapter 3. Concerning variational prob-
lems governed by partial differential equations see Jost and Li-Jost [26] and
Struwe [57], for example.
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Chapter 1

Introduction

A huge amount of problems in the calculus of variations have their origin
in physics where one has to minimize the energy associated to the problem
under consideration. Nowadays many problems come from economics. Here
is the main point that the resources are restricted. There is no economy
without restricted resources.

Some basic problems in the calculus of variations are:

(i) find minimizers,

(ii) necessary conditions which have to satisfy minimizers,

(iii) find solutions (extremals) which satisfy the necessary condition,

(iv) sufficient conditions which guarantee that such solutions are minimizers,
(v) qualitative properties of minimizers, like regularity properties,

(vi) how depend minimizers on parameters?,

(vii) stability of extremals depending on parameters.

In the following we consider some examples.

1.1 Problems in R"

1.1.1 Calculus
Let f: V +— R, where V' C R" is a nonempty set. Consider the problem
zeV: f(x) < f(y) forallyeV.

If there exists a solution then it follows further characterizations of the
solution which allow in many cases to calculate this solution. The main tool

9



10 CHAPTER 1. INTRODUCTION

for obtaining further properties is to insert for y admissible variations of x.
As an example let V' be a convex set. Then for given y € V'

flz) < flx+e(y — )
for all real 0 < € < 1. From this inequality one derives the inequality
(Vf(z),y—=x)>0 forally eV,
provided that f € C1(R").

1.1.2 Nash equilibrium

In generalization to the above problem we consider two real functions f;(x,y),
i = 1,2, defined on S; x Sy, where S; C R™i. An (z*,y*) € S1 x Sy is called
a Nash equilibrium if

fl(:E?y*)
fQ(x*a y)

The functions f1, fo are called payoff functions of two players and the sets
S1 and Sy are the strategy sets of the players. Under additional assumptions
on f; and S; there exists a Nash equilibrium, see Nash [46]. In Section 2.4.5
we consider more general problems of noncooperative games which play an
important role in economics, for example.

fi(x*,y*) for all z € Sy

<
< fao(z®,y*) forall y € Ss.

1.1.3 Eigenvalues
Consider the eigenvalue problem
Ax = ABz,

where A and B are real and symmetric matrices with n rows (and n columns).
Suppose that (By,y) > 0 for all y € R™ \ {0}, then the lowest eigenvalue A\

is given by
A

)\1 = m
yeR™\{0} (By,y)
The higher eigenvalues can be characterized by the maximum-minimum
principle of Courant, see Section 2.5.

In generalization, let C' C R™ be a nonempty closed convex cone with vertex
at the origin. Assume C # {0}. Then, see [37],

B (Ay,y)
= min
yeC\{0} (By,y)

A1
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is the lowest eigenvalue of the variational inequality

xeC: (Ar,y—x) > XN(Bx,y—z) for all y € C.
Remark. A set C' C R" is said to be a cone with verter at x if for any
y € C it follows that x +t(y —z) € C for all t > 0.

1.2 Ordinary differential equations
Set ,
B@) = [ fa.vla),/(a) da
and for given u,, up € R '
V ={veCa,b]: v(a)=uq v(b) = up},

where —0o < a < b < oo and f is sufficiently regular. One of the basic
problems in the calculus of variation is

(P) min,ey E(v).
That is, we seek a

ueV: Eu) < E(v) forallveV.

Euler equation. Let u € V' be a solution of (P) and assume additionally
u € C*(a,b), then

oL () (@) = ful u(z), (@)

in (a,b).

Proof. Exercise. Hints: For fixed ¢ € C?[a,b] with ¢(a) = ¢(b) = 0 and
real €, |e| < €, set g(€) = E(u + e¢). Since g(0) < g(e) it follows ¢'(0) = 0.
Integration by parts in the formula for ¢’(0) and the following basic lemma
in the calculus of variations imply Euler’s equation. O
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a b X

Figure 1.1: Admissible variations

Basic lemma in the calculus of variations. Let h € C(a,b) and

b
/ h(z)é(z) dz =0
for all ¢ € Cl(a,b). Then h(z) =0 on (a,b).
Proof. Assume h(zg) > 0 for an xg € (a,b), then there is a 6 > 0 such that
(xo — 8,20 +9) C (a,b) and h(x) > h(xg)/2 on (xg — J, ¢ + ). Set

b(z) = { ((52 — |z —a:0|2)2 %f x € (xo — 6,20+ 9)
0 if € (a,b)\ v 820+

Thus ¢ € C}(a,b) and

b T zo+9
[ hwpota) dn > 250 [ o) >

0—0

which is a contradiction to the assumption of the lemma. O

1.2.1 Rotationally symmetric minimal surface

Consider a curve defined by v(z), 0 < z < [, which satisfies v(z) > 0 on [0, ]
and v(0) = a, v(l) = b for given positive a and b, see Figure 1.2. Let S(v)
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Figure 1.2: Rotationally symmetric surface

be the surface defined by rotating the curve around the z-axis. The area of

this surface is
l
|S(v)| = 271'/0 v(x)y/1+ (v(x))? de.
Set
V ={veC'0,]: v(0)=a, v() =b, v(z) >0 on (a,b)}.

Then the variational problem which we have to consider is

min |S(v)].

Solutions of the associated Euler equation are catenoids (= chain curves),
see an exercise.

1.2.2 Brachistochrone

In 1696 Johann Bernoulli studied the problem of a brachistochrone to find
a curve connecting two points P; and P» such that a mass point moves from
P, to P, as fast as possible in a downward directed constant gravitional
field, see Figure 1.3. The associated variational problem is here

to 1(4)2 1(+)2
in V' ()? +y'(t) dt .

(z.y)eV Jyy y(t) — 1+ k

where V is the set of C'l[t;, to] curves defined by (z(t),y(t)), t1 <t < t9, with
(02 + 5/ (12 0, (@(t), y(tr) = Pr, ((t2), y(t2)) = P» and k == 0?/2g,
where vy is the absolute value of the initial velocity of the mass point, and
y1 := y(t1). Solutions are cycloids (German: Rollkurven), see Bolza [6]
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.

P
y 2

gl

Figure 1.3: Problem of a brachistochrone

and Chapter 3. These functions are solutions of the system of the Euler
differential equations associated to the above variational problem.
One arrives at the above functional which we have to minimize since

v = \/QQ(y —y1) + 02, v=ds/dt, ds = \/x1(t)? + v/ (t)2dt

to to
T:/ dt:/ ds.
t1 t1 v

where T is the time which the mass point needs to move from P; to Ps.

and

1.2.3 Geodesic curves

Consider a surface S in R2, two points P;, P» on S and a curve on S
connecting these points, see Figure 1.4. Suppose that the surface S is defined
by z = z(v), where z = (x1,22,73) and v = (v1,v2) and v € U C R2
Consider curves v(t), t; <t < tg, in U such that v € C1[t1, 5] and v} (¢)? +
vh(t)? # 0 on [t1, 2], and define

V ={ve O, t]: z(v(ty) = Pi, z(v(tz)) = Pp}.
The length of a curve z(v(t)) for v € V' is given by

/t2 \/dm v(t) da(v t( ) g

Set B = x4, - Ty, F' = Ty, - Typy, G = Ty, - Tyyy. The functions F, F' and G
are called coefficients of the first fundamental form of Gauss. Then we get
for the length of the cuve under consideration

/ © B0 (07 + 2F ()0 (uy(e) + Clo(0))vy(e)? b
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X3

Figure 1.4: Geodesic curves

and the associated variational problem to study is here

in L(v).
min L(v)

For examples of surfaces (sphere, ellipsoid) see [9], Part II.

1.2.4 Critical load

Consider the problem of the critical Euler load P for a beam. This value is
given by

. a(v,v)
P
V(o) b(v, )’
where
!
a(u,v) = EI/ o’ (z)v" (z) dx
0
2
b(u,v) = / o' (z)v (z) dx
0
and

FE modulus of elasticity,

I surface moment of inertia, E1 is called bending stiffness,

V' is the set of admissible deflections defined by the prescribed conditions at
the ends of the beam. In the case of a beam simply supported at both ends,
see Figure 1.5(a), we have
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|

@ (b)

Figure 1.5: Euler load of a beam

V ={veC?0,1]: v(0) =) =0}

which leads to the critical value P = EIn2?/I?. If the beam is clamped at
the lower end and free (no condition is prescribed) at the upper end, see
Figure 1.5(b), then

V ={veC?0,l]: v(0)=1'(0) =0},
and the critical load is here P = EIn?/(41%).

Remark. The quotient a(v,v)/b(v,v) is called Rayleigh quotient (Lord
Rayleigh, 1842-1919).

Example: Summer house

As an example we consider a summer house based on columns, see Fig-
ure 1.6:

9 columns of pine wood, clamped at the lower end, free at the upper end,
9 cm x 9 cm is the cross section of each column,

2,5 m length of a column,

9-16 - 10° Nm~2 modulus of elasticity, parallel fiber,

0.6 - 1 - 10° Nm~2 modulus of elasticity, perpendicular fiber,

I= // 2% dedy, Q= (—4.5,4.5) x (—4.5,4.5),
Q
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I =546.75 - 10~%m4,
E:=5x10° Nm~2,
P=10792 N, m=1100 kg (g:=9.80665 ms~2),

9 columns: 9900 kg,
18 m? area of the flat roof,
10 cm wetted snow: 1800 kg.

= BRT >
T . 3
L . A
~ P 5 Ky
-~

Figure 1.6: Summer house construction

Unilateral buckling

If there are obstacles on both sides, see Figure 1.7, then we have in the case
of a beam simply supported at both ends

V ={veC?0,1]: v(0)=v() =0 and ¢;(z) < v(zx) < ¢o(x) on (0,1)}.
The critical load is here

a(v,v)
P = inf :
o} bv, )

It can be shown, see [37, 38], that this number P is the lowest point of
bifurcation of the eigenvalue variational inequality

ueV: alu,v—u) > No(u,v—u) forallvelV.
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X

Figure 1.7: Unilateral beam

A real )\ is said to be a point of bifurcation of the the above inequality if
there exists a sequence u,, u, # 0, of solutions with associated eigenvalues
An such that w,, — 0 uniformly on [0,!] and A\, — A.

Optimal design of a column

Consider a rotationally symmetric column, see Figure 1.8. Let
[ be the length of the column,
r(x) radius of the cross section,
I(z) = 7(r(z))*/4 surface moment of inertia,
p constant density of the material,
E modulus of elasticity.
Set

a(r)(u,v) = /Ol r(z) " (z)" (z) do — 4—; /Ol </xl r(t)%it) o (z)v' (7) dx
b(r)(v,v) = /0 '\ (o) (@) d.

Suppose that p/FE is sufficiently small to avoid that the column is unstable
without any load P. If the column is clamped at the lower end and free at
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1

P

r(x)

Figure 1.8: Optimal design of a column

the upper end, then we set
V ={veC?0,1]: v(0)=1'(0) =0}
and consider the Rayleigh quotient
a(r)(v,v)

1) =5 w0
We seek an r such that the critical load P(r) = EwA(r)/4, where

A(r) = vergi\?o} q(r,v),

approaches its infimum in a given set U of functions, for example
l

U={reCla,b]: ro <r(x)<ry, 7r/ r(z)? do = M},
0

where rg, r1 are given positive constants and M is the given volume of the
column. That is, we consider the saddle point problem

wao (i a(r0)).

reU \weV\{0}
Let (rg,vg) be a solution, then

q(r,vo) < q(ro,v0) < q(ro, v)
for all » € U and for all v € V'\ {0}.
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1.2.5 Euler’s polygonal method

Consider the functional

b
Bw) = [ fv(e). (@) do
where v € V' with
V ={veCla,b]: v(a)=A, v(b) = B}
with given A, B. Let
a=20<21<...<Tp < Tpy1 =0

be a subdivision of the interval [a,b]. Then we replace the graph defined

by v(x) by the polygon defined by (o, A), (1,v1), - , (n,v0), (a1, B),
where v; = v(z;), see Figure 1.9. Set h; = x; — z;—1 and v = (v1,...,vp),
\/
a b X

Figure 1.9: Polygonal method

and replace the above integral by

n+1
6(1)) = Zf <xiavi7 %) hz
i=1 v

The problem min,cgn e(v) is an associated finite dimensional problem to
min,cy E(v). Then one shows, under additional assumptions, that the finite
dimensional problem has a solution which converges to a solution to the
original problem if n — oc.

Remark. The historical notation ” problems with infinitely many variables”
for the above problem for the functional E(v) has its origin in Euler’s polyg-
onal method.
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1.2.6 Optimal control

As an example for problems in optimal control theory we mention here a
problem governed by ordinary differential equations. For a given function
v(t) e U CR™, tg <t <t;, we consider the boundary value problem

y/(t) = f(tay(t)vv(t))7 y(tO) = $07 y(tl) = wl’

1

where y € R™, 29, 2! are given, and

f : [to,tl] x R™ x R™ — R".

In general, there is no solution of such a problem. Therefore we consider
the set of admissible controls U,4 defined by the set of piecewise continuous
functions v on [tg, ¢1] such that there exists a solution of the boundary value
problem. We suppose that this set is not empty. Assume a cost functional
is given by

t1

E(v) = £, y(1),v(t) dt,

to

where

O [to,t1] x R" x R™ — R,

v € Uyg and y(t) is the solution of the above boundary value problem with
the control v.

The functions f, f° are assumed to be continuous in (¢,y,v) and contin-
uously differentiable in (¢,y). It is not required that these functions are
differentiable with respect to v.

Then the problem of optimal control is

max F(v).
vEU 4

A piecewise continuous solution u is called optimal control and the solution
x of the associated system of boundary value problems is said to be optimal
trajectory.

The governing necessary condition for this type of problems is the Pon-
tryagin maximum principle, see [48] and Section 3.5.
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1.3 Partial differential equations

The same procedure as above applied to the following multiple integral leads
to a second-order quasilinear partial differential equation. Set

E(v) = /Q F(z,v,Vv) dz,

where Q@ C R" is a domain, x = (z1,...,2,), v = v(z) : Q — R, and
Vv = (Vgyy...,0g,). It is assumed that the function F is sufficiently regular
in its arguments. For a given function h, defined on 952, set

V={veC'Q): v=hondQ}.
Euler equation. Let u € V be a solution of (P), and additionally u €

C?(Q), then
"0
—F, =F,

in €.

Proof. Exercise. Hint: Extend the above fundamental lemma of the calculus
of variations to the case of multiple integrals. The interval (xg— 0, xg+0) in
the definition of ¢ must be replaced by a ball with center at zy and radius
J. O

1.3.1 Dirichlet integral

In two dimensions the Dirichlet integral is given by

D(v) :/Q (vg—kv;) dxdy

and the associated Euler equation is the Laplace equation Au = 0 in €.
Thus, there is natural relationship between the boundary value problem

Au=0 inQ, u=h on 0f)
and the variational problem

in D(v).
iy D)
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But these problems are not equivalent in general. It can happen that the
boundary value problem has a solution but the variational problem has no
solution. For an example see Courant and Hilbert [9], Vol. 1, p. 155, where
h is a continuous function and the associated solution u of the boundary
value problem has no finite Dirichlet integral.

The problems are equivalent, provided the given boundary value function
h is in the class H'/?(9Q), see Lions and Magenes [35].

1.3.2 Minimal surface equation

The non-parametric minimal surface problem in two dimensions is to find a
minimizer u = u(x1, z2) of the problem

min/ \1+0v2 +02 de,

veV Jqo

where for a given function i defined on the boundary of the domain €2
V={veCYQ): v=nhon o}

Suppose that the minimizer satisfies the regularity assumption u € C?(Q),

Figure 1.10: Comparison surface

then u is a solution of the minimal surface equation (Euler equation) in 2

0 U 0 U
v T 4+ Z2 =0
Oxy <\/1+\Vu]2> Oz <\/1+\Vu]2>
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In fact, the additional assumption u € C?(€2) is superfluous since it follows
from regularity considerations for quasilinear elliptic equations of second
order, see for example Gilbarg and Trudinger [20].

Let Q = R?. Each linear function is a solution of the minimal surface
equation. It was shown by Bernstein [4] that there are no other solutions of
the minimal surface equation. This is true also for higher dimensions n < 7,
see Simons [56]. If n > 8, then there exists also other solutions which define
cones, see Bombieri, De Giorgi and Giusti [7].

The linearized minimal surface equation over u = 0 is the Laplace equa-
tion Au = 0. In R? linear functions are solutions but also many other
functions in contrast to the minimal surface equation. This striking differ-
ence is caused by the strong nonlinearity of the minimal surface equation.

More general minimal surfaces are described by using parametric rep-
resentations. An example is shown in Figure 1.11'. See [52], pp. 62, for
example, for rotationally symmetric minimal surfaces, and [47, 12, 13] for
more general surfaces. Suppose that the surface S is defined by y = y(v),

Figure 1.11: Rotationally symmetric minimal surface

where y = (y1,y2,y3) and v = (vi,v2) and v € U C R2. The area of the
surface S is given by

Swi= [ VG- a.

! An experiment from Beutelspacher’s Mathematikum, Wissenschaftsjahr 2008, Leipzig
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where £ = vy, - Yu1s F = Yu, - Yvo» G = Yoy - Yu, are the coeflicients of the
first fundamental form of Gauss. Then an associated variational problem is

min ISy,

where V' is a given set of comparison surfaces which is defined, for example,
by the condition that y(0U) C T', where I' is a given curve in R3, see
Figure 1.12. Set V = C1(Q) and

X3

X
1

Figure 1.12: Minimal surface spanned between two rings

E(v)—/Q F(z,v,Vv) dx—/ g(x,v) ds,

o0

where F' and ¢ are given sufficiently regular functions and 2 C R” is a
bounded and sufficiently regular domain. Assume wu is a minimizer of E(v)
in V, that is,

ueV: E(u)<E(v) forallvelV,

then

n

Q

=1

— / gu(z,u)p ds =0
o0
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for all ¢ € C1(2). Assume additionally that u € C?(f2), then u is a solution
of the Neumann type boundary value problem

"9
> +-Fu, = F. nQ
o Oxi

n
ZFuini = g, on 0},
i=1

where v = (v1, ..., vy) is the exterior unit normal at the boundary 092. This
follows after integration by parts from the basic lemma of the calculus of
variations.

Set

1
E(v) = 5/9 \Vo|? do — /(99 h(z)v ds,

then the associated boundary value problem is

Au = 0 inQ
% = h on of)
ov '

1.3.3 Capillary equation
Let Q C R? and set

E(U):/ \/1+|VU|2d:r+g/ vzd:r—cosv/ v ds.
Q 0 o0

Here is k a positive constant (capillarity constant) and + is the (constant)
boundary contact angle, that is, the angle between the container wall and
the capillary surface, defined by v = v(x1,x2), at the boundary. Then the
related boundary value problem is

div (Tu) = kKu in Q
v-Tu = cosvy on 0f),

where we use the abbreviation
Vu

V1+[Vul?’

div (T'w) is the left hand side of the minimal surface equation and it is twice
the mean curvature of the surface defined by z = u(x1,x2), see an exercise.
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The above problem describes the ascent of a liquid, water for example,
in a vertical cylinder with constant cross section . It is assumed that
the gravity is directed downwards in the direction of the negative z3 axis.
Figure 1.13 showsthat liquid can rise along a vertical wedge. This is a conse-
quence of the strong nonlinearity of the underlying equations, see Finn [16].
This photo was taken from [42].

Figure 1.13: Ascent of liquid in a wedge

The above problem is a special case (graph solution) of the following
problem. Consider a container partially filled with a liquid, see Figure 1.14.
Suppose that the associate energy functional is given by

E(S) = olS| — 08IW(S)] + / Yp de,
Q(S)

where
Y potential energy per unit mass, for example Y = gz, g = const. > 0,
p local density,
o surface tension, o = const. > 0,
0 (relative) adhesion coefficient between the fluid and the container wall,
W wetted part of the container wall,
€); domain occupied by the liquid.
Additionally we have for given volume V of the liquid the constraint

u(S) = V.
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Figure 1.14: Liquid in a container

It turns out that a minimizer Sy of the energy functional under the volume
constraint satisfies, see [16],

20H = X+gpxr3 on Sy
cosy = [ on 08y,

where H is the mean curvature of Sy and + is the angle between the surface
Sp and the container wall at 9S.

Remark. The term —o|W/| in the above energy functional is called wetting
energy.

Figure 1.15: Piled up of liquid
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Liquid can pilled up on a glass, see Figure 1.15. This picture was taken
from [42]. Here the capillary surface S satisfies a variational inequality at
0S where S meets the container wall along an edge, see [41].

1.3.4 Liquid layers

Porous materials have a large amount of cavities different in size and geom-
etry. Such materials swell and shrink in dependence on air humidity. Here
we consider an isolated cavity, see [54] for some cavities of special geometry.

Let Q, € R3 be a domain occupied by homogeneous solid material. The
question is whether or not liquid layers §2; on (), are stable, where 2, is
the domain filled with vapour and S is the capillary surface which is the
interface between liquid and vapour, see Figure 1.16.

solid QS

Q
liquid

Figure 1.16: Liquid layer in a pore

Let
E(S) = 0[S+ w(S) — pu[Di(S)] (1.1)

be the energy (grand canonical potential) of the problem, where
o surface tension, |S|, |€2(S)| denote the area resp. volume of S, ;(S),

w(S) = — /Qv(s) F(z) dx (1.2)

is the disjoining pressure potential, where

F(z) = c/Q dy . (1.3)

, lz—ylP

Here is ¢ a negative constant, p > 4 a positive constant (p = 6 for nitrogen)
and z € R\ Q, where Q, denotes the closure od Q, that is, the union of
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Qs with its boundary 0€,. Finally, set
w=pkTIn(X),

where

p density of the liquid,

k Boltzmann constant,

T absolute temperature,

X reduced (constant) vapour pressure, 0 < X < 1.

More precisely, p is the difference between the number densities of the
liquid and the vapour phase. However, since in most practical cases the
vapour density is rather small, p can be replaced by the density of the liquid
phase.

The above negative constant is given by ¢ = /7%, where H is the
Hamaker constant, see [25], p. 177. For a liquid nitrogen film on quartz one
has about H = —10"20Nm.

Suppose that Sy defines a local minimum of the energy functional, then

—20H+F —p=0 onSp, (1.4)

where H is the mean curvature of Sp.
A surface Sy which satisfies (1.4) is said to be an equilibrium state. An
existing equilibrium state Sy is said to be stable by definition if

[j—;E(S(e))] >0

for all ¢ not identically zero, where S(€) is an appropriate one-parameter
family of comparison surfaces.
This inequality implies that
1 0F
—2(2H? = K) 4+ — == 1.
( )+08N>0 on Sy, (1.5)

where K is the Gauss curvature of the capillary surface Sy, see Blaschke [5], p.
for the definition of K.

1.3.5 Extremal property of an eigenvalue

Let Q C R? be a bounded and connected domain. Consider the eigenvalue
problem

—Au = Au in Q
v = 0 on JN.

58,
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It is known that the lowest eigenvalue A1 (2) is positive, it is a simple eigen-
value and the associated eigenfunction has no zero in 2. Let V be a set of
sufficiently regular domains 2 with prescribed area |2|. Then we consider
the problem
in A1(€2).

min Ay (%)
The solution of this problem is a disk Bg, R = 1/|Q2|/7, and the solution is
uniquely determined.

1.3.6 Isoperimetric problems

Let V be a set of all sufficiently regular bounded and connected domains
Q) C R? with prescribed length |9€2| of the boundary. Then we consider the
problem

max [{2].
QeV

The solution of this problem is a disk Br, R = |0€2|/(27), and the solution
is uniquely determined. This result follows by Steiner’s symmetrization,
see [5], for example. From this method it follows that

10Q)% — 47|Q| > 0
if  is a domain different from a disk.

Remark. Such an isoperimetric inequality follows also by using the in-

equality
1
/ lu| do < —/ \Vul|? da
R2 4 R2

for all u € C}(R?). After an appropriate definition of the integral on the
right hand side this inequality holds for functions from the Sobolev space
HZ(9), see [1], or from the class BV (Q), which are the functions of bounded
variation, see [15]. The set of characteristic functions for sufficiently regular
domains is contained in BV (€2) and the square root of the integral of the
right hand defines the perimeter of 2. Set

|1 s zeQ
YEXR=10 x &

then .
Ql < —109|°.
0] < [0
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The associated problem in R? is

max [Q|,
QeVv

where V is the set of all sufficiently regular bounded and connected domains
Q) C R? with prescribed perimeter |9€2|. The solution of this problem is a
ball Br, R = /|092|/(47), and the solution is uniquely determined, see [5],
for example, where it is shown that the isoperimetric inequality

109> — 367|Q* >0

holds for all sufficiently regular €2, and equality holds only if € is a ball.



1.4. EXERCISES 33

1.4 Exercises

1. Let V C R™ be nonempty, closed and bounded and f: V — R lower
semicontinuous on V. Show that there exists an z € V such that

flz) < f(y) for all y € V.

Hint: f . V — R" is called lower semicontinuous on V if for every

sequence zF — x, 2%, x € V, it follows that

liminf f (") > f(x).

2. Let V C R™ be the closure of a convex domain and assume f: V — R
is in C'(R™). Suppose that z € V satisfies f(z) < f(y) for all y € V.
Prove
(i) (Vf(z),y—=z)>0forally eV,

(ii) Vf(z) = 0 if = is an interior point of V.

3. Let A and B be real and symmetric matrices with n rows (and n
columns). Suppose that B is positive, i. e., (By,y) > 0 for all y €
R™\ {0}.

(i) Show that there exists a solution z of the problem

. (Ayy)
min _———
veR"\(0} (BYy, y)
(ii) Show that Az = ABz, where A = (Az,x)/(Bz,x).
Hint: (a) Show that there is a positive constant such that (By,y) >
c(y,y) for all y € R™.
(b) Show that there exists a solution = of the problem min,(Ay,y),

where (By,y) = 1.
(c) Consider the function

(A(z + ey),x + ey)
(B(z + ey, x +ey)’

gle) =
where €] < €, €p sufficiently small, and use that g(0) < g(e).

4. Let A and B satisfy the assumption of the previous exercise. Let C
be a closed convex nonempty cone in R™ with vertex at the origin.

Assume C # {0}.

(i) Show that there exists a solution z of the problem

. (Ay,y)
min
yeC\{0} (By,y)
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(ii) Show that z is a solution of
xeC: (Ax,y—z)> Naz,y—z) forally e C,

where A = (Az, z) /(Bx, ).
Hint: To show (ii) consider for x y € C' the function

(Al +e(y =), 2 + e(y — )
(B(z +e(y — 2)),x + €(y — x))

g(e) =

)

where 0 < € < €, € sufficiently small, and use g(0) < g(e) which
implies that ¢’(0) > 0.

5. Let A be real matrix with n rows and n columns, and let C C R"™ be
a nonempty closed and convex cone with vertex at the origin. Show
that

xeC: (Az,y—x)>0 forallyeC

is equivalent to
(Az,z) =0 and (Az,y) >0 forally e C.

Hint: 2z, x4+ye Cifzx, ye C.

6. R. Courant. Show that

! 1/4
E(v) = / (14 ('(2)?) Y da
0
does not achieve its infimum in the class of functions
V ={v e C[0,1] : v piecewise C*!, v(0) =1, v(1) = 0},

i. e., there is no u € V such that E(u) < E(v) for allv € V.

Hint: Consider the family of functions

e—x)/e : 0<zx<e<l
v(e;x):{( )/0 T >e€

7. K. Weierstraf}, 1895. Show that
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10.

11.

12.

does not achieve its infimum in the class of functions
V={veC'-1,1]: v(-1)=a, v(l) =b},

where a # b.

Hint:

a+b n b — a arctan(z/e)
2 2 arctan(1/e)

v(z;e) =

defines a minimal sequence, i. e., lim._,g E(v(€)) = inf,cy E(v).

. Set

b
o(e) = / f(,u(z) + (@), (x) + e (z) d,

where ¢, || < €, is a real parameter, f(z, z, p) in C? in his arguments
and u, ¢ € C'[a,b]. Calculate ¢’(0) and g”(0).

. Find all C?-solutions u = u(z) of

d

%fu’ = fU7

if f= 1+ ()2

Set

and
V ={veCl0,1]: v(0)=0, v(1) =1}

Show that min,ey E(v) has no solution.

Is there a solution of min,ecy E(v), where V = (10, 1] and

B 1 v(z) ,
E(v)—/o (/0 (l—i—C)dC) dx ?

Let u € C?(a,b) be a solution of Euler’s differential equation. Show
that u'f, — f = const., provided that f = f(u,u’), i. e., f depends
not explicitly on x.
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14.

15.
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Consider the problem of rotationally symmetric surfaces min,cy |S(v)],

where
!
|S(v)| = 271/0 v(x)\/1+ (V' (x))? de

and
V={veclo,l]: v0)=a, v(i)=>, v(x) >0 on (a,b)}.
Find C?(0,1)-solutions of the associated Euler equation.
Hint: Solutions are catenoids (chain curves, in German: Kettenlinien).

Find solutions of Euler’s differential equation to the Brachistochrone
problem min,cy E(v), where

V = {v e C[0,a)nC*0,a] : v(0) =0, v(a) = A, v(x) > 0ifz € (0,d]},

that is, we consider here as comparison functions graphs over the z-

axis, and
a /1 2
E(v) = / vitun dx .
o Vv

Hint: (i) Euler’s equation implies that

2

y(1+y?) =a* y=ylx),

with a constant «.
(ii) Substitution

(1 —cosu), u=u(z),

N O

y:

implies that z = z(u), y = y(u) define cycloids (in German: Rollkur-
ven).

Prove the basic lemma in the calculus of variations: Let 2 C R"™ be a
domain and f € C(Q) such that

/(ﬂ@ﬂ@dwzo
Q

for all h € C3(Q). Then f =0 in Q.

Write the minimal surface equation as a quasilinear equation of second
order.
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Prove that a minimizer in C*(Q) of

E(v):/Q F(x,v,Vv) dx—/ g(v,v) ds,

o0

is a solution of the boundary value problem, provided that additionally
u € C?*(9),

n

0
> ~F, = F, inQ
—~ Qx;
i=1

n

ZF“MW = g, on 01,
i=1

where v = (v1, ..., vy) is the exterior unit normal at the boundary 0.
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Chapter 2

Functions of n variables

In this chapter, with only few exceptions, the normed space will be the
n-dimensional Euclidean space R™. Let f be a real function defined on a
nonempty subset X C R". In the conditions below where derivatives occur,
we assume that f € C! or f € C? on an open set X C R".

2.1 Optima, tangent cones

Let f be a real-valued functional defined on a nonempty subset V C X.

Definition. We say that an element z € V defines a global minimum of f
in V, if
flz) < fly) forall yev,

and we say that x € V defines a strict global minimum, if the strict inequal-
ity holds for all y € V, y # .

For a p > 0 we define a ball B,(x) with radius p and center x:

By(z) = {y € R"; ||y — z|| < p},

where ||y — z|| denotes the Euclidean norm of the vector z —y. We always
assume that x € V' is not isolated i. e., we assume that V N B,(z) # {z} for
all p > 0.

Definition. We say that an element x € V' defines a local minimum of f in
V' if there exists a p > 0 such that

fz) < fly) forall  yeVNBy(z),

39
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and we say that x € V defines a strict local minimum if the strict inequality
holds for all y € VN B,(x), y # .

That is, a global minimum is a local minimum. By reversing the direc-
tions of the inequality signs in the above definitions, we obtain definitions
of global maximum, strict global mazximum, local mazimum and strict local
mazimum. An optimum is a minimum or a maximum and a local optimum is
a local minimum or a local maximum. If x defines a local maximum etc. of
f, then x defines a local minimum etc. of —f, i. e., we can restrict ourselves
to the consideration of minima.

In the important case that V' and f are convex, then each local minimum
defines also a global minimum. These assumptions are satisfied in many
applications to problems in microeconomy.

Definition. A subset V C X is said to be convez if for any two vectors
x,y € V the inclusion Az 4+ (1 — A)y € V holds for all 0 < A < 1.

Definition. We say that a functional f defined on a convex subset V C X
is convex if

FOz+ (1 =Ny) <Af(z)+ (1 =N F(y)

for all z,y € V and for all 0 < A < 1, and f is strictly convex if the strict
inequality holds for all x,y € V, x #£ y, and for all A\, 0 < A < 1.

Theorem 2.1.1. If f is a convex functional on a convex set V C X, then
any local minimum of f in V is a global minimum of f in V.

Proof. Suppose that x is no global minimum, then there exists an ! € V
such that f(z1) < f(x). Set y(\) = Azt + (1 — Az, 0 < A < 1, then

FlyN) < Af(@h) + (1= N f(@) < Mf(@) + (1= N\ f(z) = f(z).

For each given p > 0 there exists a A = A(p) such that y(\) € B,(x) and
f(y(X)) < f(x). This is a contradiction to the assumption. O

Concerning the uniqueness of minimizers one has the following result.

Theorem 2.1.2. If f is a strictly convex functional on a convex set V C X,
then a minimum (local or global) is unique.

Proof. Suppose that 2!, 22 € V define minima of f, then f(z') = f(2?),
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see Theorem 2.1.1. Assume ! # 2, then for 0 < A < 1

FOa! + (1= N2?) <Af(@h) + (1= N f(2?) = f(z1) = f(x2).

This is a contradiction to the assumption that !, 22 define global minima.
O

Theorem 2.1.3. a) If f is a convez function and V C X a convez set, then
the set of minimizers is conver.
b) If f is concave, V. C X convex, then the set of mazximizers is convex.

Proof. Exercise.

In the following we use for (fz,(x),..., fz,) the abbreviations f’'(z), V f(x)
or Df(z).

Theorem 2.1.4. Suppose that V C X is convex. Then f is convexr on V if
and only if

fly) = f(x) > (f(x),y —x) forallz, yeV.

Proof. (i) Assume f is convex. Then for 0 < A < 1 we have

fOy+ (A =Nz) < Af(y) + (1 =N f(2)
f@+Ay—2) < fl@)+Xfy) - f
f@)+ Mf(@)y =) +o() < fl@)+A(fly) - f
which implies that
(f'(2),y —2) < fy) - f(a).
(ii) Set for z, ye Vand 0 < A < 1

=(1—-Ny+Xx and h:=y—z'.

Then 1>
1
- ——h.
T=x \

Since we suppose that the inequality of the theorem holds, we have

Fw) = F) > (Fa)y— o) = () )
f@) - fah) > (fa)r— a2ty = LA ).
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After multiplying the first inequality with (1—X)/A we add both inequalities
and get

2 5) - 152 + (@) - £
(1= 0f() + M)~ (1= NfE) - M) 2 0.

v
o

Thus
(1= Nfy) +Af(2) > f(z') = F(1 = Ny — Az)

forall 0 < A < 1. O

Remark. The inequality of the theorem says that the surface S defined by
z = f(y) is above of the tangent plane T, defined by z = (f'(z),y—z)+ f(z),
see Figure 2.1 for the case n = 1.

z

Figure 2.1: Figure to Theorem 2.1.4

The following definition of a local tangent cone is fundamental for our
considerations, particularly for the study of necessary conditions in con-
strained optimization. The tangent cone plays the role of the tangent plane
in unconstrained optimization.

Definition. A nonempty subset C' C R™ is said to be a cone with vertex at
z € R if y € C implies that z + t(y — z) € C for each ¢t > 0.

Let V be a nonempty subset of X.
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Definition. For given x € V we define the local tangent cone of V' at x by

T(V,z) = {weR": there exist sequences z* € V, t,, € R, t}, > 0,

such that 2% — z and t;,(2 — 2) — w as k — oo}.

This definition implies immediately

T(V,X)

Figure 2.2: Tangent cone

Corollaries. (i) The set T(V,x) is a cone with vertezx at zero.
(ii) A vector x € V is not isolated if and only if T(V,x) # {0}.
(iii) Suppose that w # 0, then tj — 0.

(iv) T(V,z) is closed.

(v) T(V,x) is convez if V is convex.

In the following the Hesse matrix (fz,a;)f ;j—; is also denoted by f"(z), fuz(z)
or D?f(x).

Theorem 2.1.5. Suppose that V C R™ is nonempty and conver. Then

(i) If f is convex on V, then the Hesse matriz f"(z), x € V, is positive
semidefinite on T'(V,x). That is,

(f"(z)w,w) =0
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for all x € V and for allw € T(V, x).

(i) Assume the Hesse matriz f"(z), x € V, is positive semidefinite on
Y =V =V, the set of all x — y where x, y € V. Then f is convex on V.

Proof. (i) Assume f is convex on V. Then for all z, y € V, see Theo-
rem 2.1.4,

fly) = f(z) = (f'(z),y — ).
Thus

(f'(@),y —x) + %<f”($)(y — ),y —x) +o(|ly — z|*) (f'(2),y — )

(f"(@)(y =)y — ) +[ly —2[Pn(ly —«ll) = 0,

v

\Y

where lim;_o7(t) = 0. Suppose that w € T(V, ) and that t3, 2¥ — z are
associated sequences, i. e., z¥ € V, t;, > 0 and

wh =t (zF — ) - w.

Then
(f" () w", w*) + [[w”|Pn(||z* — z|) >0,

which implies that
(f"(@)w,w) > 0.

(ii) Since
Fl) = £@) — {7 (@)y = ) = 5"+ 5y — )y — )y @),

where 0 < § < 1, and the right hand side is nonnegative, it follows from
Theorem 2.1.4 that f is convex on V. a
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2.1.1 Exercises

1.

10.

11.

Assume V C R" is a convex set. Show that Y =V —V :={z —y:
x, y € V}isaconvex set in R", 0 €Y and if y € Y then —y €Y.

. Prove Theorem 2.1.3.
. Show that T'(V, z) is a cone with vertex at zero.

. Assume V C R™. Show that T'(V,x) # {0} if and only if z € V is not

isolated.

. Show that T'(V, z) is closed.

. Show that T'(V, z) is convex if V' is a convex set.

Suppose that V' is convex. Show that

T(V,x) = {w € R"; there exist sequences F eV, teR, t, >0,

such that t(zF — ) — w as k — oo}.

. Assume if w € T(V,x), w # 0. Then t;, — oo, where ¢ are the reals

from the definition of the local tangent cone.

. Let pe VCR" and |p|? = p? + ...+ p2. Prove that

f(p) = V1+|pl?

is convex on convex sets V.

Hint: Show that the Hesse matrix f”(p) is nonnegative by calculating
(f"(p)¢;¢), where ¢ € R™.

Suppose that f”(z), z € V, is positive on (V — V) \ {0}. Show that
f(z) is strictly convex on V.

Hint: (i) Show that f(y)— f(z) > (f'(z),y—xz) forallz, y € V, x # y.
(ii) Then show that f is strictly convex by adapting part (ii) of the
proof of Theorem 2.1.4.

Let V C X be a nonempty convex subset of a linear space X and
f+ V +— R. Show that f is convex on V if and only if ®(¢) :=
f(z+1t(y —x)) is convex on t € [0, 1] for all (fixed) z, y € V.

Hint: To see that ® is convex if f is convex we have to show

D(Asp+ (1 —N)s2)) < AP(s1) + (1 — N\)P(s2),
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0<A<1,s€]0,1]. Set 7= As1 + (1 — \)s2), then
O(r) = flz+7(y —x))
and

z+7(ly—z) = v+ Asi+(1—=XN)s2)(y—x)
= Az t+si(y—2)+ (1 =A) (@ +s2(y — ).
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2.2 Necessary conditions

The proof of the following necessary condition follows from assumption f €
C1(X) and the definition of the tangent cone.

We recall that f is said to be differentiable at z € X C R", X open, if
all partial derivatives exist at x. In contrast to the case n = 1 it does not
follow that f is continuous at x if f is differentiable at that point.

Definition. f is called totally differentiable at x if there exists an a € R"”
such that

fy) = (@) +{a,y — ) + o(|lz — yl])

as y — .
We recall that

) If f is totally differentiable at z, then f is differentiable at = and a =

(
f'(z).
(2) If f € CY(B,), then f is totally differentiable at every = € B,,.

(3) Rademacher’s Theorem. If f is locally Lipschitz continuous in B,, then
[ is totally differentiable almost everywhere in B,, i. e., up to a set of
Lebesgue measure zero.

For a proof of Rademacher’s Theorem see [15], pp. 81, for example.

Theorem 2.2.1 (Necessary condition of first order). Suppose that f €
CY(X) and that = defines a local minimum of f in V. Then

(f'(z),w) >0 forall weT(V, x).

Proof. Let tj, x* be associated sequences to w € T(V,z). Then, since z
defines a local minimum, it follows

0< fa®) = f(z) = (f'(x),2" — 2) + o|[a* — z]]),

which implies that

0 < (f'(x), t(z* — 2)) + [[t(a" — 2)[In(l|z* — =),



48 CHAPTER 2. FUNCTIONS OF N VARIABLES

where lim;_on(t) = 0. Letting n — oo we obtain the necessary condition.
O

Corollary. Suppose that V' is convex, then the necessary condition of The-
orem 1.1.1 is equivalent to

(f'(x),y—x) >0 forall yeV.

Proof. From the definition of the tangent cone it follows that the corollary
implies Theorem 2.2.1. On the other hand, fix y € V and define z¥ :=
(1=Xp)y+Aez, A € (0,1), Ay — 1. Thenz*F € V., (1-X\p) " (zF—2) = y—2.
That is, y —z € T'(V, x). O

The variational inequality above is equivalent to a fixed point equation, see
Theorem 2.2.2 below.

Let py (2) be the projection of z € H, where H is a real Hilbert space, onto
a nonempty closed convex subset V' C H, see Section 2.6.3 of the appendix.
We have w = py(z) if and only if

(pv(2) =2,y —pv(2)) 20 forally e V. (2.1)

Theorem 2.2.2 (Equivalence of a variational inequality to an equation).
Suppose that V' is a closed convexr and nonempty subset of a real Hilbert
space H and F' a mapping from V into H. Then the variational inequality

xeV: (F(x),y—xz)>0 foral yeV.
s equivalent to the fized point equation
z=py(z—qF(z)),

where 0 < q¢ < oo is an arbitrary fived constant.

Proof. Set z =x—qF(x) in (2.1). If z = py(z — ¢F(z)) then the variational
inequality follows. On the other hand, the variational inequality

x€eV: (x—(x—qF(z)),y—x)>0 forally eV

implies that the fixed point equation holds and the above theorem is shown.
O



2.2. NECESSARY CONDITIONS 49

Remark. This equivalence of a variational inequality with a fixed point
equation suggests a simple numerical procedure to calculate solutions of
variational inequalities: x**! := py(2* — ¢F(2*)). Then the hope is that
the sequence z* converges if 0 < ¢ < 1 is chosen appropriately. In these
notes we do not consider the problem of convergence of this or of related
numerical procedures. This projection-iteration method runs quite well in
some examples, see [51], and exercises in Section 2.5.

In generalization to the necessary condition of second order in the un-
constrained case, (f”(x)h,h) > 0 for all h € R"™, we have a corresponding
result in the constrained case.

Theorem 2.2.3 (Necessary condition of second order). Suppose that f €
C%(X) and that x defines a local minimum of f in V. Then for each w €
T(V,z) and every associated sequences ty, x* the inequality

0 < liminf t4(f(x), wb) + 3 (" (x)w, )
holds, where wk = ty,(z* — ).
Proof. From
flx) < flag)
= f@) +{f'(x),2" —z)+
[* — al 2 (|la* — a)),

S @)k~ 2),aF o)

where lim;_,on(t) = 0, we obtain

0 < tk(f’(:r),wk>+%(f”(w)wk,wkHIlwk\l2n(|1xk—wll)-

By taking lim inf the assertion follows. O

In the next sections we will exploit the explicit nature of the subset V.
When the side conditions which define V' are equations, then we obtain
under an additional assumption from the necessary condition of first order
the classical Lagrange multiplier rule.

2.2.1 Equality constraints
Here we suppose that the subset V' is defined by

V={yeR" gjly) =0, j=1,...,m}.
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Let g; € CYH(R™), w € T(V,z) and t, 2* associated sequences to w. Then
0= g;(z") — g;(x) = (gj(x), 2" — z) + o(||2" — ]|),
and from the definition of the local tangent cone it follows for each j that
(9j(z),w) =0 forall weT(V,z). (2.2)

Set Y = span {g}(z),...,9,(z)} and let R® = Y @Y be the orthogonal
decomposition with respect to the standard Euclidean scalar product (a, b).
We recall that dim Y+ =n —k if dim Y = k.

Equations (2.2) imply immediately that T'(V,z) C Y. Under an addi-
tional assumption we have equality.

Lemma 2.2.1. Suppose that dim Y = m (mazimal rank condition), then
T(V,z) =Y+

Proof. Tt remains to show that Y+ C T(V,z). Suppose that z € Y+, 0 <
€ < €, €p sufficiently small. Then we look for solutions y = o(¢€), depending
on the fixed z, of the system gj(z +ez+y) =0, j=1,...,m. Since z € Y+
and the maximal rank condition is satisfied, we obtain the existence of a
y = o(e) as € — 0 from the implicit function theorem. That is, we have
z(e) :==x 4+ ez +y €V, where y = o(e). This implies that z € T'(V, z) since
z(e) = x, x(e), £ €V and e }(z(e) —x) — z as e — 0. 0

From this lemma follows the simplest version of the Lagrange multiplier rule
as a necessary condition of first order.

Theorem 2.2.4 (Lagrange multiplier rule, equality constraints). Suppose
that x defines a local minimum of f in V and that the maximal rank con-
dition of Lemma 2.1.1 is satisfied. Then there exists uniquely determined
Aj € R, such that

@)+ Nigj() =0.
j=1

Proof. From the necessary condition (f'(x),w) > 0 for all w € T(V,z) and
from Lemma 2.2.1 it follows that (f'(z),w) = 0 for all w € Y+ since Yt is
a linear space. This equation implies that

f'(x) €Y =span {g)(z),...,gm(x)}.
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Uniqueness of the multipliers follow from the maximal rank condition. O

There is a necessary condition of second order linked with a Lagrange func-
tion L(x, \) defined by

L, \) = f@) + 3 Mg (@)
j=1

Moreover, under an additional assumption the sequence t ( f'(z), w*), where
w* := t(2F — ), is convergent, and the limit is independent of the sequences
2%, 1), associated to a given w € T(V, z).

We will use the following abbreviations:

L'(z,\) = f(x) +Z)\jg;(:1: and L"(x,\) —1—22/\]9J

Theorem 2.2.5 (Necessary condition of second order, equality constraints).
Suppose that f, g; € C?(R™) and that the mazimal rank condition of Lemma 2.2.1
is satisfied. Let x be a local minimizer of f in' V and let A = (A1,...,\p)

be the (uniquely determined) Lagrange multipliers of Theorem 2.2.4 Then

(1) (L"(x,\)z,2) >0 for al zeYt (=T(V,z)),

(44) lim ¢ (f’ Z A ( , wy =tk — x),

k—o00

for all w e T(V, ) and for all associated sequences ¥, t,

toweT(V,z) (=Y1).

Proof. (i) For given z € Y4, ||z|| = 1, and 0 < € < €, ¢o > 0 sufficiently
small, there is a y = o(€) such that g;(x + ez +y) =0, j=1,...,m, which
follows from the maximal rank condition and the implicit function theorem.
Then

flxtez+y) = Llx+ez+y,A)
= L(x,\)+ (L'(x,)\), ez +y)

+—(L"(z,\)(ez + 1), ez + y) + o(e?)

= flo)+

[N

L ez + ),s +1) + o),
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since L'(z,\) = 0 and z satisfies the side conditions. Hence, since f(z) <
f(z + ez +y), it follows that (L"(x, \)z,z) > 0.

(ii) Suppose that z* € V; ¢}, > 0, such that w* := t3(2* — 2) — w. Then

LzF, N = f=*) + )\jgj(ack)

s

Il
—

J

= Lz, \) + = (L"(z,\) (2" — z), 2% — z) + o(||z" — z]]?).

N —

That is,
f@®) = f(z) = %W’(% N(a® —z), 2" — ) + of|[«* — 2| |?).

On the other hand,

Consequently
1 m
(@), e —a) = 5 3 Nilgf (2)(a* — 20" — ) + of||2" — al[*),
j=1
which implies (ii) of the theorem. O

2.2.2 Inequality constraints

We define two index sets by I = {1,...,m} and E = {m+1,...,m+p} for
integers m > 1 and p > 0. If p = 0 then we set £ = (), the empty set. In
this section we assume that the subset V' is given by

V ={y eR"; g;j(y) <0 for each j € I and g;(y) =0 for each j € E}

and that g; € C*(R") for each j € IUE. Let z € V be a local minimizer
of fin V and let Iy C I be the subset of I where the inequality constraints
are active, that is, Ip = {j € I; g;(z) = 0}. Let w € T(V, z) and z*, t), are
associated sequences to w, then for k > kg, kg sufficiently large, we have for
each 7 € I

0> gj(a*) — gj(2) = (gj(x), 2" — z) + o(||z* — =[]).
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It follows that for each j € Iy
<g§»(:c),w> <0 forall weT(V,z).

If j € E, we obtain from

k

0 = g;(a") — g;(x) = (g)(x), «* — z) + o(||2* — 2]|)

and if j € E, then
(9j(x),w) =0 forall weT(V,z).
That is, the tangent cone T'(V, x) is a subset of the cone
K={zeR": (gi(x),z) =0, j € E, and (g;(z),2) <0, j € Ip}.

Under a maximal rank condition we have equality. By |M| we denote the
number of elements of a finite set M, we set |[M|=0if M =0 .

Definition. A vector z € V is said to be a regular point if

dim (span {g}(:v)}jeEuIO) = |E| + [Io].

It means that in a regular point the gradients of functions which de-
fine the active constraints (equality constraints are included) are linearly
independent.

Lemma 2.2.2. Suppose that © € V is a regular point, then T(V,z) = K.

Proof. 1t remains to show that K C T'(V,x). Suppose that z € K, 0 < e <
€0, €o sufficiently small. Then we look for solutions y € R™ of the system
gi(x+ez+y) =0, j € Eand gj(x +ez+y) < 0,5 € Iy. Once one has
established such a y = o(e€), depending on the fixed z € K, then it follows
that z € T(V,z) since z(e) ;= +ez+y €V, x(e) — z, z(e), z € V and
e (x(e) —x) — z as e — 0.

Consider the subset Ij C Iy defined by Ij) = {j € Io; (gj(z),2) = 0}.
Then, the existence of a solution y = o(e) of the system g;(x + ez +y) =
0, j € Eand gj(x + ez +y) =0, j € I follows from the implicit function
theorem since

dim (span {g;(x)}jeEU[{)) = |E| + |I}|
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holds. The remaining inequalities g;(z+ez+y) <0, j € Iy\ I)), are satisfied
for sufficiently small € > 0 since (gj(z),2) < 0 if j € Iy \ I}, the proof is
completed. O

Thus the necessary condition of first order of Theorem 2.1.1 is here
(f'(z),w) >0 forall weK (=T(V,z)), (2.3)

if the maximal rank condition of Lemma 2.2.2 is satisfied, that is, if z € V'
is a regular point.

In generalization of the case of equality constraints the variational in-
equality (2.3) implies the following Lagrange multiplier rule.

Theorem 2.2.6 (Lagrange multiplier rule, inequality constraints). Suppose
that x is a local minimizer of f in V and that x is a regular point. Then
there exists \j € R, \; > 0 if j € Iy, such that

F@)y+ D Ngjx) =0.

JEEUIy

Proof. Since the variational inequality (2.3) with

K = {zeR": (gi(x),2z) >0 and (—gj(z),z) >0 for each j € E,
and (—g(x),z) > 0 for each j € Iy}

is satisfied, there exists nonnegative real numbers p; if j € I, u(l) ifjek

J
and ,u§.2) if j € E such that

Fa) = 3w (—gi@) + D 1@ + 3 1 (~gi(2))

j€lp JjEE JjeEE
1 2
= =) wgi@)+) (u§ — )) g5(x).
j€lp JEE

This follows from the Minkowski—Farkas Lemma, see Section 2.6: let A be
a real matriz with m rows and n columns and let b € R™, then (b,y) > 0
Yy € R™ with Ay > 0 if and only if there exists an x € R™, such that x > 0
and ATz = b. O

The following corollary says that we can avoid the consideration whether
the inequality constraints are active or not.
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Kuhn—Tucker conditions. Let x be a local minimizer of f in V and
suppose that x is a regular point. Then there exists \; € R, \j >0 if j € I,
such that

)+ Y Ngje) = 0,

jEEUI

> Ngi(x) = 0.

jeI

As in the case of equality constraints there is a necessary condition of
second order linked with a Lagrange function.

Theorem 2.2.7 (Necessary condition of second order, inequality constraints).
Suppose that f, g; € C?(R™). Let x be a local minimizer of f in V which is
reqular and \j denote Lagrange multipliers such that

F@)+ Y Agia) =0,
JjeERUIy
where X\; > 0 if j € In. Let I = {j € Ip; \; >0}, Vo ={y € V; g;(y) =
0 for eachj €Iy}, Z={yeR": (g}(m),y) =0 for each j € EUI{} and
L(y,A) = f(y) + ZjeEulO Ai9;(y). Then

(4) T(Vo,z) = Z,
(i) (L"(x,\)2,2) >0 forall ze€T(Vy,z) (= 2),
. 1
(“2) klim tk<f/(x)7/wk> = 5 Z M(gﬁ'(x)w,w), wk = tk(xk - l‘),
o JEEUI,
for all w € T(Vy, z) and for all associated sequences "

tow € T(Vy,z) (= 2).

7tk

Proof. Assertion (i) follows from the maximal rank condition and the im-
plicit function theorem. Since f(y) = L(y, A) for all y € Vj, we obtain

F&) = 5@ = (LN, = 2) + (L@ Ny — )y~ )+ ollle — ol)
L@ Ny — 2,9~ ) + olllz — o).
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On the other hand
fly) = f(z) = (f'(z),y —x) + 1<f"(33)(y — ),y —x) +o(|ly — z||*).

2
Since f(y) > f(z) if y is close enough to x, we obtain (ii) and (iii) by the
same reasoning as in the proof of Theorem 2.2.5. a

2.2.3 Supplement

In the above considerations we have focused our attention on the necessary
condition that z € V is a local minimizer: (f’'(z),w) > 0 for all w €
C(V,x). Then we asked what follows from this inequality when V' is defined
by equations or inequalities. Under an additional assumption (maximal rank
condition) we derived Lagrange multiplier rules.

In the case that V is defined by equations or inequalities there is a
more general Lagrange multiplier rule where no maximal rank condition is
assumed. Let

V={yeR": gj(y) <0 foreach jeIand g;(y) =0 foreach je E}.

The case where the side conditions are only equations is included, here I is
empty.

Theorem 2.2.8 (General Lagrange multiplier rule). Suppose that x defines
a local minimum or a local maximum of f in V and that |E| + |Ip| < n.
Then there exists \j € R, not all are zero, such that

Xf'@)+ D Agie) =0,

jeEUIy

Proof. We will show by contradiction that the vectors f'(z), g;(z), j €
E U Iy, must be linearly dependent if x defines a local minimum.

By assumption we have g;(z) =0if j € EUIy and g;(z) < 0if j € I\ Io.
Assume that the vectors f'(z), ¢1(2), ..., 9n (%), 91,4y, (T),- - -5 G4y, () aTE
linearly independent, where Iy = {m +[y,...,m + I }. Then there exists a
regular quadratic submatrix of N =1+ m + k rows (and columns) of the
associated matrix to the above (column) vectors. One can assume, after
renaming of the variables, that this matrix is

fo () g1 (@) 0 gN-1a(T)
fxz(x) gl,:cz(x) gN*LxQ(‘/L‘)
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Here g; .; denote the partial derivative of g; with respect to x;. Set h = f(x),
then we consider the following system of equations:

fi, - YN, N1, - Tn) = htu
gj(y17“'7yN7xN+17”-7:1:n) - 0, ]GEUIO,
where y1, ..., yn are unknowns. The real number u is a given parameter in a

neighbourhood of zero, say |u| < ug for a sufficiently small ug. From the im-
plicit function theorem it follows that there exists a solution y; = ¢;(u), i =
1,..., N, where ¢;(0) = z;. Set z* = (é1(u),...,dN(U), TNF1,---,Tp).
Then f(z*) > f(z) if w > 0 and f(z*) < f(z) if w < 0, i. e., x defines
no local optimum. O

From this multiplier rule it follows immediately:

1. If z is a regular point, then A\g # 0. After dividing by Ag the new coef-
ficients )\9 = X/, j € EUIy, coincide with the Lagrange multipliers
of Theorem 2.7.

2. If Ap =0, then z is no regular point.
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2.2.4 Exercises

1. Suppose that f € C'(B,). Show that

fy) = f(x) + (f'(z),y — 2) + o(lly — =)
for every x € B, that is, f is totally differentiable in B,.

2. Assume g maps a ball B,(z) C R” in R™ and let g € C'(B,). Sup-

pose that g(z) = 0 and dim Y = m (maximal rank condition), where
Y = span{g|(z),...,g,,}. Prove that for fixed 2 € Y= there ex-
ists y(e) which maps (—e€g,€p), €o > 0 sufficiently small, into R™,
y € Cl(—eg,e0) and y(e) = o(e) such that g(z + ez + y(¢)) = 0 in
(—€o, €0)-
Hint: After renaming the variables we can assume that the matrix
Gizj» & J = 1,...,m is regular. Set y := (y1,...,Ym,0,...,0) and
fle,y) == (g1(z + €2+ ¥y),...,gm(x + €z + y)). From the implicit
function theorem it follows that there exists a C! function y = y(e),
le| < €1, €1 > 0 sufficiently small, such that f(e,y(e)) = 0 in |e| < €.
Since gj(x + ez +y(e)) =0, j =1,...,m and y(e) = ea + o(e), where
a=(ay,...,am,0,...,0) it follows that a = 0 holds.

3. Find the smallest eigenvalue of the variational inequality
xeC: (Ax,y—z)> Nx,y—=z) forall yeC,
where C' = {z € R?; x1 > 0 and x3 < 0} and A is the matrix
2 -1 0

A= -1 2 -1
0o -1 2
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2.3 Sufficient conditions

As in the unconstrained case we will see that sufficient conditions are close
to necessary conditions of second order. Let z be a local minimizer of f € C?
in the unconstrained case V' = R", then f/(x) = 0 and (f"(x)z,2) > 0 for
all z € R". That means, the first eigenvalue \; of the Hessian matrix f”(x)
is nonnegative. If A\; > 0, then from expansion (1.2) follows that = defines
a strict local minimum of f in V.

Let V C R™ be a nonempty subset and suppose that = € V satisfies the
necessary condition of first order, see Theorem 2.2.1:

(%) (f'(x),w) >0 forall w e T(V,x).

We are interested in additional assumptions under which x then defines
a local minimum of f in V. For the following reasoning we will need an
assumption which is stronger then the necessary condition ().

Assumption A. Let w € T(V, z) and x¥ and t;, associated sequences. Then
there exists an M > —oo such that

liminf £2(f'(z), 2" —2) > M .
k—o0

Remarks. (i) Assumption A implies that the necessary condition () of
first order holds.

(ii) Assume the necessary condition (x) is satisfied and V is convex, then
assumption A holds with M = 0.

The following subcone of T'(V,z) plays an important role in the study
of sufficient conditions, see also Chapter 3, where the infinitely dimensional
case is considered.

Definition. Let 7}/ (V,z) be the set of all w € T(V,z) such that, if 2* and

ty = ||z%—z||! are associated sequences to w, then lim supy,_, o, t2(f'(u), z¥—
x) < 00.
Set

F)r ={yeR" (f(z),y) =0} .

Corollary. Suppose that assumption A is satisfied (this is the case if V is
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convex), then
Tp(V,x) CT(V,2)N f(z)* .

Proof. Assume that w € Tp/(V, x) and let t, and o* be associated sequences.
If w # 0, then t; — oo and assumption A implies that (f'(x),w) > 0, see
Remark 2.2. On the other hand, the inequality liminfy_ o t3(f'(z), 2" —x) <
oo yields (f(x),w) < 0. 0

From an indirect argument follows a sufficient criterion.

Theorem 2.3.1. Suppose that f € C?*(R"). Then a nonisolated x € V
defines a strict local minimum of f in V if Tp/(V,x) = {0} or if assumption
A is satisfied for each w € Tp(V,x) with an M > 0 and (f"(z)w,w) > 0
holds for all w € Ty(V,x) \ {0}.

Proof. 1If x does not define a strict local minimum, then there exists a
sequence zF € V, 2% — . 2% # x, such that

0 > f(z*)~ f(x)
= (f'(z),2" —2) + %<f”(fﬂ)($k —x),2" — ) +of|a" —2[”) .

Set tj, = ||z — z||71, then

0 > AU @)k~ 2+ S @)t ), - o))

o(||z* — z||?
R et
For a subsequence we have t;,(2* —2) — w, ||w|| = 1. The above inequality
implies that w € Ty (V,x). Since assumption (A) is satisfied with M > 0
it follows that 0 > (f”(z)w,w), a contradiction to the assumption of the
theorem. Since w € Ty(V,z) # {0} if = is no strict local minimizer, it
follows that x defines a strict local minimum if Ty (V, z) = {0}. 0

The following example shows that T’ (V, ) can be a proper subset of C'(V, z)N
fla)*.

Ezample. Let f(z) =29 —c(@? +23), c>0,and V={r e R?: 0< 2, <
oo and z{ < x9 < oo}, where 1 < a < co. Since f/(0) = (0, 1), the vector
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xz = (0,0) satisfies the necessary condition (f’(0),y —0) > 0 for all y € V.
We ask whether z = (0,0) defines a local minimum of f in V. A corollary
from above implies that Ty (V,z) = {0} or that Ty (V,z) = {y € R?; yp =
0 and y; > 0}. If 1 < a < 2, then Ty(V,x) = {0}, see an exercise. In this
case (0,0) defines a strict local minimum of f in V, see Theorem 2.3.1. In
the case 2 < o < oo we find that the vector (1,0) is in Ty/(V, x). Thus the
assumption of Theorem 2.3.1 is not satisfied since

£7(0) = —20< (1) ’ ) .

By taking a sequence y = (z1,2}), =1 — 0, it follows that (0,0) defines no
local minimum if 2 < o < oo. In the borderline case o = 2 it depends on ¢
whether or not (0,0) defines a local minimum.

2.3.1 Equality constraints

We assume here that the subset V is given by

where f and g; are C? functions. Set
Ly, \) = f) + > Xigi(y) .
j=1

where A = (A1,...,A\m), Aj €R.

Theorem 2.3.2 (Sufficient condition, equality constraints). Assume a
nonisolated x € V satisfies L'(x,\) = 0 and (L"(x,\)z,z) > 0 for all
z € T(V,z)\ {0}. Then x defines a strict local minimum of f in V.

Proof. Since f(y) = L(y, \) for all y € V we obtain for , ¥ € V
Fk) = f@) = (LN, = ) (N @ - ), o )
+o(|[* — z[?)

(L"(2,\)(z" — 2),2" — z) + of|]a* — a]|?) .

1
2
If z is no strict local minimizer, then there exists a sequence z* € V, 2% — «
and z* # 2 such that

0> ML/ (@, )(a* - a),a* = o) + of[l2* g
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holds, which implies that

1,y . . o(||z* — x|I*)
02 (L7 (z, Mtr(a” — @), t(2” — 2)) + TE =l
where t, := ||z¥ —z||~!. For a subsequence we have ty (¥ —2) — w, ||w|| = 1

and w € T(V,z), which is a contradiction to the assumption of the theorem.
Od

We recall (see Lemma 2.2.2) that the tangent cone T'(V,z) is a hyperplane
given by {y € R™; (g; (x),y) =0, for every j} if the maximal rank condition
of Lemma 2.2.2 is satisfied.

2.3.2 Inequality constraints

Here we use the notations of previous sections (inequality constraints, nec-
essary conditions).

Theorem 2.3.3 (Sufficient condition, inequality constraints). Suppose that
x €V is nonisolated and that there exists multipliers A; such that L' (z, \) =
0, where

Ly, ) =1+ Y. g,

JEEUI,

Aj > 0ifj € ly. Let I be the subset of Iy defined by I = {j € Ip; A\; > 0}.
Set Ty = {2 € T(V,x) : (gj(x),2) = 0 for each j € If}. Then z is
strict local minimizer of f in'V if To = {0} or if (L"(x,N)z,2) > 0 for all
z €Ty \{0}.

Proof. Set

Gy, ) === Njgi () ,

Tt
]GIO

then G(z,\) =0, G(y,\) >0 for all y € V and f(y) = L(y,\) + G(y, ).

If  is no strict local minimizer, then there exists a sequence z* € V, 2% —
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x, =¥ # x, such that
0 > f@a*)—f(x)
= L(z"A) = L(z,\) + G(z",A) = G(z,))
= (@A), ot — ) + L @ )@ o), 2 - o) + Gt )
+o(||lz* — )
= L@ N~ a),ak — ) + Gt ) + ot — )

Set ty = ||z% — z||7!, then

o[[* — =[*)

0>
B ||z* — ]2

(L (2, \) (tp (2% — ), tp(aF — 2)) + G (a5, \) + . (2.4)

DO | =

This inequality implies that t2G (z, A) is bounded from above. Since G(y, A) >
0 for all y € V, it follows that t,G(x*, \) — 0. On the other hand

o(||z* — =])

t,G(2%, \) = (G (z, \), t(a" — 2)) + llF — 2|

9

which follows since G(z*, \) — G(x, \) = G(2*, \) holds. Thus we find that
(G'(x,\),w) = 0, where w is the limit of a subsequence of t(z* — z), t; =
||z¥ — 2||71. Since w € C(V, ) we have (gj(z),w) < 0if j € Iy . Hence,
since per definition \; > 0 if j € I, we obtain from the definition of G(y, )
that

(gj(z),w) =0 for each j € I (2.5)

From G(z*,)\) > 0 it follows from inequality (2.4) that (L”(z, \)w,w) < 0.
This inequality and equations (2.5) contradict the assumption of the theo-
rem. Since the proof shows that Ty # {0} if x is no strict local minimizer,
it follows that x defines a strict local minimum if 7y = {0}. O

Remark. The above proof is mainly based on the observation that the
sequence t7G (z¥, \) remains bounded from above. In the general case of a set
V which defines the side condition we have that the sequence 2 (f'(z), zF —z)
remains bounded from above. In the infinitely dimensional case we must
exploit this fact much more then in the above finitely dimensional case

where it was enough to use the conclusion that (f’(z), w) = 0.
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2.3.3 Exercises

1. Show that assumption A implies that the necessary condition of first
order (f'(x),w) > 0 holds for all w € T(V, x).

2. Show that T (V,x) = {0} in the above example if 1 < o < 2 holds.

3. Assume f € C'(R") and that V is given by V = {y € R" : a; <y; <
b;}. Show that the variational inequality z € V :  (f'(z),y —x) >0
for all y € V is equivalent to the corresponding Lagrange multiplier
equation f'(z) = =3, Ajel, where \; > 0 if z; = b; and \; < 0 if
z; = a;. The index set Ip denotes the set of active indices.
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2.4 Kuhn-Tucker theory

Here we consider again the problem of maximizing a real function under side
conditions given by inequalities. Set

V={yeX: ¢y >0, j=1,...,m},

where X C R"” is a given nonempty convex set, and consider the maximum
problem

(P) maxyey f(y).

In contrast to the previous considerations, we do not assume that f or g;
are differentiable. But the most theorems in this section require that f and
g’ are concave functions. Define, as in the previous section, the Lagrange
function

L(z,\) = () + Y _ \ig ().
j=1

Definition. A couple (2%, \?), where 2z € X and A\ > 0 is called saddle
point of L(x, \) if

Lz, \%) < L(z%,A°) < L(2°, A)

for all x € X and for all A > 0, see Figure 2.3 for an illustration of a saddle
point. The relationship between saddle points and the problem (P) is the

 —

Figure 2.3: Saddle point

content of the Kuhn-Tucker theory.
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Theorem 2.4.1. Suppose that (z°,\°) is a saddle point. Then
J@@) > 0, j=1,...,m,

Z )\?gj(xo) = 0.
j=1

Proof. The assumption says that
F@)+> N7 (x) < £ + ) Mg/ (2%) < £(20) + D Aig? (2°)
j=1 j=1 J=1

for all z € X and for all A > 0. Set A\; = 0 if j # [, divide by A; > 0
and letting \; — oo, we get ¢g'(2°) > 0 for every I. Set A = 0. Then
Z;nzl )\?gj(aco) < 0. Since )\2 > 0 and ¢7(z%) > 0, the equation of the
theorem follows. O

Theorem 2.4.2. Suppose that (z°, \°) is a saddle point. Then 2° is a global
mazximizer of f in V.

Proof. Since

m
0 j 0
f@)+> N (z) < £(a°)
j=1
it follows that f(z) < f(z") for all 2 € X satisfying ¢/ (x) > 0. O
The following is a basic result on inequalities in convex optimization. We
write w > 0 or sometimes w >> 0, if all coordinates of the vector w are
positive.
Theorem 2.4.3. Suppose that X C R™ is nonempty and conver and g’ :
XeR,j=1,...,k, are concave. Assume there is no solution x € X of the

system of inequalities ¢’ (z) > 0, j = 1,...,k. Then there are \; > 0, not
all of them are zero, such that

k
> Nig(z) <0
j=1

forallx € X.
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Proof. Set g(z) = (¢*(x),...,¢"(x)) and define
Zy={z€R": 2 < g(x)}

and Z = UgexZ,. We have 0, ¢ Z, otherwise 0 < ¢/(x) for an z € X
and for all j, a contradiction to the above assumption. Since Z is convex,
see an exercise, it follows from a separation theorem for convex sets, see
Section 2.6, that there is a p® # 0 such that

®°,2) = (°,0)

for all z € Z. We have p° < 0 since with z = (z1,...,2,...,2) € Z
also 2/ = (21,...,t,...,2,) € Z for all t < 2. Dividing by negative ¢ and
let ¢ — —oo we find that every coordinate of p° must be nonpositive. Set
p=—p°, then (p,z) <0 for all z € Z. Another representation of Z is

Z ={g(x)—€e: ze X, e>0}

Thus,
(p,g(x) —€) <0

for all z € X and for all € > 0. Consequently (p,g(z)) <0 forall z € X. O
Replacing g by —g, we get

Corollary. Suppose X C R" is convex and all ¢/ : X +— R are convex.
Then either the system g/(x) < 0, j =, ...,k has a solution € X or there
is a p > 0, not all coordinates zero, such that (p,g(x)) >0 for all x € X.

The main theorem of the Kuhn-Tucker theory, is

Theorem 2.4.4 (Kuhn and Tucker [31]). Suppose that X C R" is nonempty
and convez, and let f, g7 : X +— R are concave. If 2° is a solution of problem
(P), then there exists nonnegative constants pg,pi, ..., Pm, not all of them
are zero, such that

A

pof(x) + ijgj(x) < pof(x®) forallz e X and
j=1

m .
> piga®) = o.
7j=1
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Proof. By assumption there is no solution x € X of the system g(x) > 0 and
f(x)— f(2°) > 0. Then there is no solution of g(z) > 0 and f(x)— f(z°) > 0
too. Then there are nonnegative constants pg, pi,...,Pm, not all of them
are zero, such that

po(F(x) = F(a) + Y _pig’(x) <0
j=1
for all z € X, see Theorem 2.4.3. Set 2 = 2, then it follows that
> pig? (%) < 0.
j=1

In fact, we have equality since p; > 0 and ¢’ (2°) > 0. O
Under an additional assumption (Slater condition) we have py > 0.

Definition. We say that the system of inequalities g(z) > 0 satisfies the
Slater condition if there exists an #' € X such that g(x!) > 0.

Theorem 2.4.5. Suppose that the assumptions of the previous theorem
are fulfilled and additionally that the Slater condition holds. Then there are
nonnegative constants )\?, j=1,...,m such that (z°,2\°), \0 = (A, ..., \0),
is a saddle point of the Lagrange function L(x,\) = f(x) + Z;nzl Ajg? ().

Proof. 1f po = 0, then Z;’lzlpjgj(x) < 0 for all x € X, and, in particular,
> i1 i’ (#') < 0 which is a contradiction to the Slater condition. Set
/\? =p;/po, j =1,...,m, then

fl@) + (X%, g(2)) < f(2).
Since (A%, g(z°)) = 0, we obtain that L(z,\°) < L(2° \°), and L(2, \%) <
L(2°, \) follows since A > 0 and g(z°) > 0. O

Lemma. Suppose that (z°,\°) is a saddle point of L(x,\), X is conver and
f, g€ CL. Then
(L' (2% 2%,z — 2% <0

forallz e X.

Proof. The lemma is a consequence of L(2°, \°) > L(z, \°) for all z € X.
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Definition The following equations and inequalities are called Kuhn- Tucker
conditions for (0, \0):

(i) (L ( 0N,z —2% <0forallzeX,

(ii) g(z%) >0,

) 00 o) =0,

(iv) A? > 0.

From the above Theorem 2.4.4, Theorem 2.4.5 and the previous lemma it
follows

Theorem 2.4.6 (A necessary condition). Assume X C R™ is convez, f, g
are in C' and concave on X and that the Slater condition holds. If x°

a solution of the mazimum problem (P), then there exists a vector A such
that the Kuhn-Tucker conditions are satisfied.

Theorem 2.4.7 (A sufficient condition). Suppose that X is convex, f, g’

are concave and in C1. If (% \0) satisfies the Kuhn-Tucker conditions then

20 is a global mazimizer in X of f under the side conditions g(z) > 0, that

is of the problem (P).
Proof. The function

L(z,\°) = f(z) + (A, g(2))
is concave in z since A\Y > 0. It follows that

L@ ) = L@\ < (I/(a% 20,2 — o)

<
< 0

for all x € X. The second inequality is the first of the Kuhn-Tucker condi-
tions. On the other hand we have

L(z%\) = L(2% 2% = (L% %), A=\
(g(z®), A =A%)

(9(2%), \)
0.

Vv

Thus we have shown that (2% A\°) is a saddle point. Then the assertion of
the theorem follows from Theorem 2.4.2. O
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Example: Profit maximizing

This example was taken from [3], p. 65. Suppose that a firm produces a
good and let ¢ be the real number of the produced goods (output). Assume
there are n different goods which the production needs (input) and let z;
the real number of the good j which are used. Set z = (x1,...,2z,) and
let » = (ry,...,r,) be the associated given price vector. We make the
assumption ¢ < f(x), where f denotes the given production function. Then
the problem of profit maximizing is

max (p ¢ — (r,x))

under the side conditions ¢ < f(x), x > 0 and ¢ > 0.
Define the convex set

X ={(¢z) eR"™: ¢>0, z >0}

and let
L(z,A) =pq—(rz) + A(f(z) —q)

be the associated Lagrange function. We suppose that f is concave in x > 0,
f(0) =0, f(z) > 0if z > 0 and not = 0, and f,,(0) > 0 for at least one j,
which implies that the Slater condition is satisfied. From above we have that
the Kuhn-Tucker conditions are necessary and sufficient that (¢°,z%) € X is
a global maximizer of the profit pg — (r, x) under the side conditions. That
is, we have to consider the following inequalities and one equation for ¢° > 0
and x > 0:

(i) (0= A (g—q")+ 20y (=rj + A fe; (20)) (2 —2Y) < 0 for all (¢, z) € X,
(ii) f(z°) —¢" >0,

(i) A°(f(2%) — ¢") =0,

(

iv) A > 0.

Corollaries. (a) ¢° = 0 implies that 2° = 0.
(b) If ¢° > 0, then A = p, f(2°) = ¢" and r; = pf, («°) if z; > 0.

Remark. If ¢° > 0 and 2 > 0, then z° is a solution of the nonlinear
system pf’(z) = r. If the Hesse matrix f”(z) is negative or positive definite
on z > 0, which implies that f is strictly concave, then solutions are uniquely
determined, see an exercise.
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2.4.1 Exercises

1. Set Z, = {z € R¥ . 2z < f(x)} and Z = UgexZ,, see the proof of
Theorem 2.4.3. Show that Z is convex if X is convex and f is concave
on X.

2. Prove that solutions z € R™, = > 0, of f'(x) = b, where b € R", are
uniquely determined if the Hesse matrix f”(x) is negative or positive
definite for all z > 0.
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2.5 Examples

2.5.1 Maximizing of utility

This example was taken from [3], p. 44. Set X = {z ¢ R" : z; >
0, 4,...,n}, which is called the consumption set. By writing x >> 0 we
mean that z; > 0 for each 7. Let p € R”, p >> 0, the vector of prices for
the n commodities z; and m denotes the available income of the consumer.
Concerning the utility function U(z) we assume that U € C?(X) is strictly
concave and U’ >> 0 Vo € X. The assumption U’ >> 0 reflects the
microeconomic principle “more is better”. Set V ={z € X : (p,x) < m}
and consider the problem of maximizing of the utility, that is, max,cy U(x)
under the budget restriction (p,z) < m. Assume z° € V is a solution, then
(p,2°) = m, which follows from the assumption U,, > for each i. Thus,
one can replace the above problem by max,cy: U(x), where V' = {z € X :
(p, z) = m}. From assumption on U it follows that a local maximum is also
a global one. The associated Lagrange function is here

L(z,\) =U(x) + AX(m — (p,x)) .

The necessary condition of first order is Uy; — )\Opj =0foreachj=1,...,n,
A0 € R. Hence \° > 0 since ij > 0. The vector z¥ is a strict local
maximizer if

(L"(2°, X% 2, 2) < 0

for all z € R™\ {0} satisfying (p,z) = 0. This equation is (¢'(z),z) = 0,
where the side condition is given by g(z) = (p, z) —m = 0. Or, equivalently,

(U"(2%)2,2) <0Vz€R™, 2#0 and (U'(z°),2) = 0.

The previous equation follows from the necessary condition of first order.
Consider the system U’(2?) — A% = 0, (p,2°) —m = 0 of n + 1 equations,
then it follows from the necessary condition of first order and the above
sufficient condition that the matrix

(5 ).

where p is a column vector and p’ it’s transposed, is regular (Exercise).
From the implicit function theorem it follows that there exists continuously
differentiable demand functions x; = f*(p, m) and a continuously function
A = f(p,m), |p—po| <&, |m —mg| < d, 5 > 0 sufficiently small, where
(2%, Xo) is a solution of U’(x) — Ap® = 0 and (p°, z) = mo.
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2.5.2 'V is a polyhedron
Suppose that f € C? and that V is given by

V={yeR": (l,y)<a; i=1,...,m},

where (l;,y) = > p_; LYk, lie € R, are given linear functionals. Assume
x € V is a solution of the variational inequality (f'(z),y — x) > 0 for all
y € V, (or equivalently of the corresponding Lagrange multiplier equation).
Define the cone

K={yeR" (liyy) <0foreachi=1,...,m and (f'(z),y) =0} .

Suppose that K = {0} or, if K # {0}, that A\; > 0, where

1!
M= min L ®)Y:Y)
yeK\{0} (Y, %)

)

then x is a strict local minimizer of f in V. If Ay < 0, then x is no local
minimizer. Equivalently, = is a strict local minimizer if K = {0} or if the
lowest eigenvalue of the variational inequality

weK: (f'(x)w,z—w)>Nw,z—w) forall z€ K

18 positive.

2.5.3 Eigenvalue equations

Consider the eigenvalue equation Az = ABx, where A and B are real and
symmetric matrices with n rows (and n columns).

To illustrate the Lagrange multiplier method in the case of equations as
side conditions, we will prove the following well known result.

Assume B is positive definite, then there exists n eigenvalues \1 < Ao <
... < \n such that the associated eigenvectors %) are B-orthogonal, that is
(Bx®) 20y =0 if k #1. The k-th eigenvalue is given by

(Ay,y)
(By,y) '

where the minimum is taken over y # 0 which satisfy (Bx(l),y) =0 for all
ILb1<I<k-1.

AL = min
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Proof. Set ) .
fly) = §<Ay7y> ;o g9(y) = §<By, y) -

Step 1. We consider the problem to minimize f(y) under the side condition
g(y) = 1. There exists a minimizer z(). The vector z(1) is a regular point
since Bz") # 0 which follows since B is positive definite. Then Lagrange
multiplier rule implies that there exists an eigenvalue A\; and that z() is an
associated eigenvector. Since (Az™M,2(M) = A\ (Bzx(M 2D} it follows that
A1 = min(1/2)(Ay,y) under the side condition (1/2)(By,y) =1 .

Step 2. We consider the problem to minimize f(y) under the side conditions
g(y) = 1 and (¢/(zM),y) = 0. We recall that ¢’(y) = By. By the same
reasoning as above we find a minimizer (2 which is a regular vector since
Bz and Bz® are linearly independent (Exercise). Then there exists
A2, w € R™ such that

Az® = \,Bz® + ,uB:U(l) .

By (scalar) multiplying with z(!) we obtain that x4 = 0, and by multiply-
ing with 2(®) we see that Ay = min(1/2)(Ay,y) under the side conditions
(1/2)(By,y) =1, (Bz™, y) = 0, which implies that A; < Ay is satisfied.
Step 3. Assume z®), k < n, is a minimizer of the problem min f (y) under
the side conditions g(y) = 1, (¢'(zM),y) = 0,...,(¢'(z*1,y) = 0, where
Bz ... Ba =1 are linearly independent and (Bz®, (™) = 0 if | # m.
Then there exists Ag, p1,-..,g—1 such that

k—1
Az = )\kBa:(k) + Z,ule(l) .
=1

From the side conditions it follows that the multipliers y; are zero. Moreover,
A = min(1/2)(Ay, y), where the minimum is taken over

1
{yeR" S(By,y) =1, (Ba,y) =0, 1=1,... .k -1}

Thus we obtain n linearly independent eigenvectors (), [ =1,...,n, which
satisfy (Bx(®) z()) = 26,;, where 8, denotes the Kronecker symbol defined
by 0 = 1 if k =1 and i = 0 if k # [. The associated eigenvalues satisfy
the inequalities A\ < A9 < ... < Ay

Another proof. Exploiting the special structure of the problem, we can
prove the above proposition more directly without relying on the Lagrange
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multiplier rule. Let z(*) be a minimizer of the problem min f (y) under the
side conditions g(y) = 1, and (¢'(z¥),y) = 0, 1 <1 < k — 1, where ()
are mutually B-orthogonal, that is, <B$(l),$(k)> = 26, and suppose that
Az = BzW, 1 <1<k —1. Equivalently, (¥ is a solution of

(Ay,y)
By.y) ~*

where the minimum is taken over all y # 0 which satisfy the side conditions
(g'(x®D),9) =0, 1 <1 <k—1. We will show that z*) is an eigenvector to
the eigenvalue A = ;. Set for €, |e| < €, €p sufficiently small,

min

(A + ey), 2™ + ey)
(B(z®) + ey), (k) + ey)

h(e) =

Y

where y is a fixed vector satisfying the side conditions
(f(zD),y) =0, 1<I<k-1. (2.6)
Then h(0) < h(e), which implies that A'(0) = 0 or
(A2®), y) = A (B, y) (2.7)

for all y which satisfy the above side conditions (2.6). It remains to show
that (2.7) is true for all y € R®. Set Z = span {z(),... 2 =D}, Then
R" = Z @ Z*, where the orthogonal decomposition is taken with respect
to the scalar product (Bz,y). For y € R™ we have the decomposition y =
Zk: Ler® + w, ¢ €R, weZt. We must show that

k—1
<Ax(k),chx( ) + w) = A\ Bak chx + w)
=1

holds. Since w satisfies the side condition (2.6) we have
(Az™® w) = A\ (Ba™  w).
If1<I<k-—1, then
(B2®) 20y = (BzW )y = (2.8)

since 2(®) satisfies the side conditions (2.6) and since B is symmetric. It
remains to show that (Az®) z(®) = 0. On the other hand, we have for
1 <1< k-1 the equations \(Bz®,y) = (42" y) are satisfied for all
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y € R™. It follows, in particular, that A (Bz®, z(®)) = (Az® z*)) which
implies that A\j(Bz®), 20} = (Az®) () = 0, because of equation (2.8) and
since the matrices A, B are symmetric.

As a corollary to the above theorem we obtain the maximum-minimum
principle of Courant. The advantage of this principle is that we can define
the eigenvalue )\, without the knowledge of the eigenvectors (1, ..., z(*=1).
For given k — 1 vectors z() € R™ set

1
Vk—l = V(Z(l), ,Z(k:_l)) = {y S R"™ : §<Byay> = 17
(B2 )y =0, 1=1,...,k—1}
and
Az 2Dy .= min = (Ay, y) .
V-1

O

Maximum-minimum principle of Courant. The k-th eigenvalue A\ is
given by

A = maxAk(z(l), .. ,z(kfl)) ,
where the mazimum is taken over all (k—1)-tuples of vectors PO Gl
Proof. Set 20 = 2@ k=D — (D where 2() denotes the above

eigenvector to the eigenvalue \;. Then
min — (Ay y) =\,

where the minimum is taken over V(z™, ... 2 =1). That is,

A < sup Ak(z(l), ... ,z(k_l)) )

20 (k=1

On the other hand, let 7 := Ele ez, where we choose coefficients ¢; such
that $(BZ,7) = 1, that is, >}, ¢f = 1 and (B21,3) =0,1=1,...,k —1,
for fixed vectors z(1), ..., 2k~ Then

_ 1 5,3)
Ak(z(l),...,z(k 1)) 5 A$ .%‘ ch)\l < )\chl =\ .

Consequently,
sup  Ap(zM, . 2y <

2, (k1) o

Since \p = Ak(x(l), e ,:c(k_l)), we can replace sup by min. O
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2.5.4 Unilateral eigenvalue problems

Discretization of some obstacle problems in mechanics lead to the following
type of problems. Let A and B be real and symmetric matrices with n rows
(and n columns). Set as above

fly) = %<Ay,y>, 9(y) = %<By,y>7 y € R",

and assume that the matrix B is positive definite and that the set of admis-
sible vectors is given by

V={yeR": a;<y; <b,i=1,...,n},

where a; € [—00,00) and b; € (—o0,00] are given and satisfy a; < b; for
each 4. If ay = —o0, then we suppose that y; satisfies the inequality —oo <
Y, if b = oo, then y < oo, respectively. The set V is a closed convex
subset of R™. Then we consider the eigenvalue problem

xeV: (Az,y—=x)>XNBz,y—=xz) forall yeV (2.9)

i. e., we seek a A € R such that (2.9) has a solution = # 0.
The constrained minimum problem
i , 2.10
min f(y) (2.10)
where My = {y € V; g(y) = s} for a given s > 0, is closely related to
the variational inequality (2.9) and vice versa. If x is a regular point with

respect to the side condition ¢g(y) = s and the side conditions which define
V, then there exists A\g, A; € R such that

Az = \Bzx — Z Ajel (2.11)
Jj€lo
where e/ = (0,...,0,1,0,...,0) denotes the vectors of the standard basis in

R"™, and Iy denotes the set of indices where the constraints which define V'
are active. One has \; > 0if z; = b; and \; <0 if 2; = a;.

One finds easily that x is a regular point if and only if at least one
coordinate of Bx with an index k ¢ I is not zero (exercises).

Thus we have shown

Assume that a solution x of the minimum problem (2.10) satisfies (Bx, e¥) #
0 for a k & Iy, then there exists Ao, \j € R, j € Iy, such that the Lagrange
multiplier rule holds, where A\; > 0 if x; = b; and \; <0 if x; = a;.
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Another useful observation is that

the variational inequality (2.9) and the Lagrange multiplier equation (2.11)
are equivalent.

Proof. (i) Assume z € V : (Az,y — x) > A\(Bz,y —z) for all y € V.
Set I ={l,....n}and I§ ={i€l: z;=a;}, I ={i€l: z; =b}.
The variational inequality implies that (Ax); = Ao(Bz); if ¢ € I'\ (I§ U
18), (Ax); > Mo(Bz); if i € I¢, (Az); < Ao(Bx); if i € I8. One can write
these inequalities as equation (2.11) with appropriate A;.

(ii) Multiplying the Lagrange multiplier equation (2.11) with y—x, we obtain

(Az,y —2) = Mo(Br,y—xz) == > Nlel,y—a) = > Ni(ed,y—2) >0
Jelg jerg

since \; <0, (e/,y —x) >0if j € I¢ and \; >0, (e/,y —z) <0if j € I.
O

Now we consider the question whether a solution (x, \g) € V xR, = # 0, of
the variational inequality (2.9) or, equivalently, of the Lagrange multiplier
equation (2.11) defines a strict local minimum of the functional

Ao

{(Ay,y) — 5 (By,y)

| =

F(y,Xo) :== f(y) — Aog(y) =
inV={yeR™ a; <y; <bi}.

The phenomenon that an eigenvector defines a strict local minimum of the
associated functional F(y, Ag) is due to the side conditions. There is no such
behaviour in the unconstrained case. In this case we have

Floty00) = F(Xo) + (@ 0),0) + 3(F' (5, )y, )

1
= F($, )\0) + §<F//(1U7 )\O)yv y)
= F(z,)\0) + (Ay — Ao By, y) .

Set y = ex, € # 0, then we obtain F(z + ex, \g) = F(x,\p). Thus x is no
strict local minimizer of F'(y, Ao).

In our example, the tangent cone T'(V,z) is given by

T(V,x) ={y e R": y; <0if x; =b; and y; > 0 if x; = a;}.
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Let Iy = {j € Ip : )\; # 0}, where the )\; are the multipliers in for-
mula (2.11), and set

To={2€T(V,z): zj=0if j € IF}.

It follows from the sufficient criterion Theorem 2.3.3 that (x, A\g) defines a
strict local minimum of F(y, Ao) if To = {0} or if A — AgB is positive on
To\ {0}, i. e., if ((A—XoB)z,z) >0 for all z € Ty \ {0}.

2.5.5 Noncooperative games

Noncooperative games are games without binding agreements between the
players. A noncooperative game consists of

(i) A set of n players N = {1,2,...,n}.

(ii) A collection of nonempty strategy sets S;, where S; is the strategy set
of the i-th player and a subset of a Euclidean space, say of R™i. The
set S = 51 xSy % --x 8, is the strategy set of the game and an element
s; € S; is a strategy for the player i and a point s = (s1, S2,...,8,) € S
is a strategy of the game.

(iii) A set of payoff functions f; : S — R. The value f;(s) is the payoff for
the i-th player if the players choose the strategy s € S.

We will denote such a game by {S;, fi}ien. To formulate the concept

of a Nash equilibrium we need some notations. Set S_; = 57 X S X -+ X
Si—1 % Sit1x-+-x Sy, and for a given strategy vector s = (s1,82,...,8,) € S
we define s_; € S_; by s_; = (s1,82,...,8i-1,Si+1,---,5n). Finally, set
S_i\t=1(81,82,...,8i—1,t,Sit1,---,8n), t € S;.

Example: Oligopoly

An oligopoly consists of n firms producing identical common products.
Firm ¢ has a cost function ¢;(g;) where ¢; is the amount of the product
which this firm produces. The inverse demand is given by p(r), where
r=q +q+ ...+ gn- A inverse demand function is the inverse of the
demand function which gives the amount of this product that consumers
will buy as a function of its price. The players are the n firms. The player ¢
chooses the strategy of his strategy set S; = [0, M;], where M; is the capacity
of the i-th firm. The payoff function of the i-th firm is its profit

mi(q) = plq1 + - .. + @n)gi — ci(qi).
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A generalization of an oligopoly is a monopolistic competition. Let p; =
pi(q1,42,--.,qn) be the inverse demand function for the i-th firm. Then the
payoff functions of a monopolistic competition are given by

7i(q) = p(q1, - -, @) — ci(qi)-

Definition. A point s* € S is a Nash equilibrium of the game {S;, f; }ien if
for every i € N

fl(s*_l \ S,’) < fl(s*) for all s; € S; .

To formulate the general existence result of Nash we define what indi-
vidually quasiconcave means.

Definition. A function f: V — R, where V is a convex subset of R", is
said to be quasiconcave on V if x1, x9 € V and f(x1) > ¢, f(x2) > ¢ implies
that f(Az1 4+ (1 — N)axg) > cforall A\, 0 < A < 1.

Each concave function is also quasiconcave, but there are quasiconcave func-
tions which are not concave, see for example f(z) = —2>+1on 0 <2 <1
and —z + 1 on [1,00) which is quasiconcave on [0, co].

Definition. The payoff function f; is said to be individually quasiconcave if
for each value s_; € S_; the function f;(s_; \t) is quasiconcave with respect
tot e S;.

We recall that a function f is concave if —f is convex.

Theorem (Nash [46]). Let {S;, fi}ien be a noncooperative game. Suppose
that the strategy sets S; C R™ are conver and compact and that the payoff
functions f; are continuous and individually quasiconcave. Then a Nash
equilibrium exists.

Sketch of proof. Define multivalued mappings u; : S — S; by
pi(s) ={z €S+ fils—i\z)= fyile%xfz(s—i \y)}

and set p(s) = X pi(s). Then s* € S is a Nash equilibrium if and only if

(2

s* is a fixed point of the multivalued mapping u, that is, if s* € p(s*) holds.
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The existence of such a fixed point follows from the fixed point theorem of
Kakutani [27, 22]. O

From this theorem it follows the existence of an equilibrium of an oligopoly
or an monopolistic competition if the involved functions satisfy additional
assumptions.

In generalization to local minimizers we define a local Nash equilibrium.

Definition. A point s* € S is a local Nash equilibrium for the game
{S;, fi}ien if there exists a p > 0 such that for every i € N

fi(sZ; \ si) < fi(s™) forall s; € S; N By(s;) ,

*

where B),(s]

) is a ball with center s} € S; and radius p > 0.

From the above definition of a local equilibrium we obtain immediately
a necessary condition for a local equilibrium. Set f;, s;(s) = Vs, fi(s), s; has
m; coordinates s; = (s},...,s!""). Then:

Suppose that f; € C' and that s* defines a local equilibrium. Then for every
ie N=A{1,...,n}

(fisi(s%),w) <0 forallw e T(S;,s;) .

Sufficient conditions follow from the results of Section 2.3. To simplify the
considerations assume that each S; C R™ is a parallelepiped S; = {x €
R™i; af <aF <bF, k=1,...,m;}. Define

fil, () ={y eR™ : (fis (s%),y) =0}

and
Ai = m3X<fi,sz',8¢(S*)y’ Y) s

where the maximum is taken over y € T(S;,s}) N llsl(s*) which satisfy
(y,y) = 1. In the case that T'(S;,s}) N f‘sz(s*) = {0} we set \; = —o0.

From Section 2.3 we obtain the following sufficient condition:
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Assume the payoff functions f; € C? and that s* satisfies the necessary con-
ditions. If A\; < 0 for every i, then s* defines a local equilibrium. If A; > 0
for at least one i, then s* defines no equilibrium.

Let S; be the interval a; <y < b;. Then

R if fis(s)=0
1 * * 1,8
3.8 S = (S R: ,8; S =0} = . o * .
f,z( ) {y f,S( )y } { {O} if fi,si(s ) #0
The necessary conditions of first order are

fisi(s")(y—s;) <0 forall yelS;.

Let N1, N2 € N be defined as follows: i € Ny if f;,(s*) # 0 and i € Ny if
fi,si(s*) = 0. Then s* defines a local equilibrium if f; s, s,(s*) < 0 for every
i € Ny, and s* is no equilibrium if f; ;, 5, (s*) > 0 for at least one i € Nj.
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2.5.6 Exercises

1. Show that the matrix, see Section 2.4.1,

(5%)

is regular.

2. Set
V:{yERnZ a; Syj Sbj, jzl,...,n},
where a; < b;. Suppose that Ag is an eigenvalue of the variational
inequality
xeV: (Az,y —x) > N(Bzx,y —x) forallye V.
Show that Ag > 0 holds, provided that the real matrices A and B are
symmetric and positive, and that a; < 0 < b; for all j.

Hint: The variational inequality is equivalent to the Lagrange rule (2.11).

3. Let
2 -1 0 1 00
A= -1 2 -1 |, B=|lo0o1o0
0 -1 2 0 0 1

and V={yeR3 5 <1,i=1, 2, 3}.

(a) Show that x = (1,1,1) is an eigenvector to each eigenvalue \g €
[1,00) of the variational inequality

reV: (Az,y—z) > N(Bz,y—x) forally e V.

(b) Show that z = (a,1,a), 0 < a < 1, is an eigenvector to the
eigenvalue A = 2 — (1/a) if a satisfies 1/v/2 < a < 1.

(c) Show that = = (1,a,1), 0 < a < 1, is no eigenvector.

Hint: Use that the inequality is equivalent to a Lagrange multiplier
rule.
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. Under which conditions on a define the eigenvectors and associated

eigenvalues of the previous exercise a strict local minimum of f(y) =

Hint: Use Theorem 2.3.3 (sufficient criterion).

. Show that a local equilibrium s* satisfies a system of Y " ; m; equa-

tions if s* is an interior point of S.

. Let

fi(s) = 2720000 s; — 33 600 s152 — 57 ,
f2(s) = 2720 000 s3 — 33 600 s152 — S5

and S} = Sy = [—100,90]. Show that s* = (—42.3582,90) defines a
local equilibrium.

. Consider the case n = 2 for an oligopoly, that is, a duopoly. Find

conditions under which Nash equilibria are no interior points.

. Suppose that the oligopoly has a linear demand function, that is,

p(r), r=>_1"¢ is given by

(r) = a—>br if 0<r<a/b
PAT) = 0 if r>a/b ’

where a and b are given positive constants. Assume that the cost
functions are linear, then the payoff functions are given by

n
mi(q) = p(r)gi — ciqi, 1= ZQk~
k=1

Show that these payoff functions are continuous and individually quasi-
concave. Consequently there exists a Nash equilibrium of this oligopoly.

. Consider the previous example. Find conditions under which Nash

equilibria are no interior points.

10. Let V={yeR": y; <1, i=1,...,n} and set
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Apply the projection-iteration method
P = py (2 — g(Aak — Aab)
of Section 2.2 to find eigenvectors of the variational inequality
x€e€V: (Ar—Az,y—z) >0 forallye V

which are no eigenvectors of the associated eigenvalue equation.

Hint: Type ”alg” after loading the following Mathematica program

and you will get some 2*.

n:=10

run:=20

q:=0.5

m:=1/(n+1)"2 ev

0:=6

ev:=20
pr[z_|:=Table[Which[z[[k]]>1,1,True,z[[k]]],{k,n}]
glx_,m_|:=q (a.x-m b.x)
alg:={x=x0;Do[Print[x];x=pr[x-g[x,m]],{run}] }
a:=Table[Switchli-j,-1,-1,0,2,1,-1,,0],{i,n},{j,n}]
b:=IdentityMatrix|n]
x0:=Flatten[Join[Table[0.5,{k,n-0}|, Table[1,{k,2 o-n}],Table[0.5,{k,n-
o}]]]

Remark. The above problem comes from a difference approximation
of the unilateral eigenvalue problem

b b
ueV: / o' (z)(v(z) — u(x)) dz > )\/ u(z)(v(z) — u(x)) dz

for all v € V, where V = {v € H}(a,b) : v(z) <1 on (a,b)}.

Let A and V be the same as in the previous exercise. Find eigenvectors
of the variational inequality

reV: (A%z —Nz,y—x)>0 forallyeV

which are no eigenvectors of the associated eigenvalue equation.
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Hint: Type 7alg” after loading the following Mathematica program

and you will get some z*.

n:=20

run:=20

q:=0.1

m:=1/(n+1)"2 ev

0:=15

ev:=40
pr|z_]:=Table[Which[z[[k]]>1,1,True,z[[k]]],{k,n}]
glx_,m_|:=q ((a.a).x-m a.x)
alg:={x=x0;Do[Print[x];x=pr[x-g[x,m]],{run}|}
a:=Table[Switch[i-j,-1,-1,0,2,1,-1,_,0],{i,n},{j,n}]
x0:=Flatten[Join[Table[0.5,{k,n-0}],Table[1,{k,2 o-n}|,Table[0.5,{k,n-
o}]]]

Remark. The above problem comes from a difference approximation
of the unilateral eigenvalue problem

b b
wev: / (@) (0(x) — u(@))" dz > A / o (2)(0(z) — u(@)) do

for allv € V, where V = {v € H?(a,b)N H{(a,b) : v(x) <1on (a,b)}.

Consider an oligopol with payoff functions

n
filw,y) = vila = b yras)a; — ciyiwi.
k=1
Let the strategy set of the i-th firm be 0 < z; < 1, the capacity bound
of the i-th firm is given by a positive constant y;, and a, b are positive
constants. Set
9i(2,y) = — fia,(2,y)

and V = [0,1]". Then a necessary condition that z* defines a local
Nash equilibrium is

z*: (g(ax*,y),x —x*) >0 forall z € V.

Apply the projection-iteration method zF*+1 = py (2% — gg(2*,v)), 0 <

q < o0, of Section 2.2 to find local Nash equilibria of an example of
the obove oligopol, i. e., for given data a, b, ¢; and y;.
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13.

Remark. According to the above sufficient criterion, z* defines a local
Nash equilibrium if f; 5, »,(z*,y) < 0 for all i where f; ,,(z*,y) = 0.
In this example we have f; , », = —2byi2. Thus x* is a local Nash
equilibrium since y; > 0.

Hint: Type "alg” after loading the following Mathematica program
and you will get some zF. Then type "test” and you will see whether
or not the final 2* defines a local Nash equilibrium.

n:=»5

m:=95

run:=10

q:=0.03
pr[z_]:=Table[Which[z[[k]]<0,0,z[[k]]>1,1,True,z[[k]]],{k,n}]
glx-y-]:=-q Table[f1[x,y][[k]],{kn}]
alg:={x=x0;Do[Print[x];x=pr[x-g[x,y]],{run}]}
test:=Table[Which[-0.05<f1[x,y][[k]]<0.05,£2[x,y][[k]], True,un],{k,n}]
f1[x_y J-=Table[N[y[[i] (a-b Sumly[[K]) x[[K]},(k,n}])-b y[i]"2
{1 elil) Sl ()]

f2[x_y_]:=Table[N[-2 b y[[k]]"2],{k,n}]

a:=10

b:=1

c:=Table[1,{i,n}]

x0:=Table[N[1/(b (n+1)) (a-(n+1) c[[i]]+Sum|c[k]],{kn}])],{i,n}]
y0:=-0.2

y:=x0+Flatten[Join[{y0},Table[1,{i,m-1}]]]

Consider the oligopoly of the previous exercise but with the additional

side condition
n

Z YrTp <

k=1
Then the strategy set of the i-th firm is

1 n
Si(x):{oﬁl“iﬁli OﬁﬂﬁiS;(%nykﬂfkﬂLyﬂi)},

¢ k=1

SIS

i. e., in fact S;(x) does not depend on x;. Set

V(z) = 5S1(z) x ... x Sp(x).
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Then we seek solutions of
e V(x®): (g(z*,y),x —x*) >0 for all V(x¥).
This variational inequality is equivalent to the fixed point equation

T = py()(z — q9(7,y))

with a given positive constant q.
Find solutions z*, for given data a, b, ¢; and y;, by using the iteration
procedure

k+1

2F T = py (27 — qg(a*,y)).

Remark. A problem where the strategy set of the i-th player depends
on the strategy of the other players is called a social system, see [11].

Hint: Type 7alg” after loading the following Mathematica program
and you will get some z¥. Then type "test” and you will see whether
or not the final zF defines a local Nash equilibrium.

n:=>»

m:=5

run:=10

q:=0.03
pr(z_x_,y_|:=Table[Which[z[[k]]<0,0,z[[k]]>Min[1,(1/y[[k]]) ((a/b)-
Sumly[[] x[[], {0+ yI[K]] x[K]] )],

Minf1,(1/y[[K])) ((a/b)-Sumly[H]) x[{l], {i.n}]+

y{[K]) <[] )} True,2{[K]] {n}]

glx-y-J:=-q Table[f1[x,y][[k]].{k,n}]
alg:={x=x0;Do[Print[x];x=pr[x-g[x,y],x,y],{run}]}
test:=Table[Which[-0.05<f1[x,y][[k]]<0.05,f2[x,y][[k]], True,un],{k,n}]|
f1fx_y J:=Table[N[y[[] (a-b Sumly[[]) x[[K]},(kn})-b y[i])"2
{1 efil) Yl {m))

2[x_,y_]:=Table[N[-2 b y[[k]]"2],{k,n}]

a:=10

b:=1

c:=Table[1,{i,n}]

s0:=s

5:=0.5

x0:=Flatten[Join[{s0},Table[s,{i,n-1}]]]

y0:=1
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y:= f Flatten[Join[{y0}, Table[1,{i,m-1}]]]
f:i=1

89
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2.6 Appendix: Convex sets

Some existence results for systems of linear inequalities as well as Lagrange
multiplier rules for variational inequalities follow from separation theorems.
2.6.1 Separation of convex sets

Here we consider separations by hyperplanes. There is not always a separa-
tion by a hyperplane of two given sets, see Figure 2.4.

Figure 2.4: Separation of sets

Definition. For given p € R", p # 0, and real « the set
H(p,a)={y eR": (p,y) = o}
is called hyperplane.

Definition. A hyperplane H(p, «) separates two nonempty sets A, B C R"
if one of the two conditions is satisfied for a p € R", p # 0, and a real a:

(i) (p,y) < aforally € A and (p,y) > «a for all y € B,
(ii) (p,y) > a for all y € A and (p,y) < «a for all y € B.

A hyperplane H(p,«) separates strictly two nonempty sets A, B C R" if
one of the two conditions is satisfied for a p € R™, p # 0, and a real a:
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(i) (p,y) < afor all y € A and (p,y) > « for all y € B,
(ii) (p,y) > afor all y € A and (p,y) < a for all y € B.

Theorem 2.6.1 (Separation of a closed convex set and a point). Let X C R"
be nonempty, closed and convex, and z ¢ X. Then there exists a hyperplane
which separates X and z strictly.

Proof. There exists a solution of
. 2 2
reX: |[z—z|" <z —y||* forallye X,

see Figure 2.5 for an illustration. Replacing y by = + Ay —x), 0 < A < 1,

z
Figure 2.5: Projection of z onto X

implies that
re€X: (xr—zy—x)>0 foralyeX.

Set p=2 —z and a = (x — z,x), then (p,y) > « for all y € X.
Inequality (p, z) < « holds since
<p,Z> = (x—z,z>
= —(z—z,2—2)+(x—2z01)
= lle—2IP+a

< o«

Then the hyperplane H(p,a*), where (p,z) < a* < «, separates X and z
strictly. O

Definition. A hyperplane H(p, «) is called supporting plane of X at x if

(pyy) >« forally € X and (p,z) =«
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or
(p,y) <« forally € X and (p,z) = a.

Theorem 2.6.2 (Supporting plane of closed convex sets). Suppose that X C
R™ is nonempty, closed, convex, and that the boundary 0X is nonempty. Let
x € 0X, then there exist a supporting plane of X at x.

Proof. Let € 0X. Then there exists a sequence z* ¢ X such that z* — z
as k — oo. Without restriction of generality, we can assume, see Theo-
rem 2.6.1, that there exists hyperplanes H(p¥, oy,) such that

(", y) > ap > (pF,2F) for all y € X.

Moreover we can assume that |[p¥|| = 1 since
k k
p Qg p k
(T ¥ 2 o 2 (e )
[p*I1” PFI IRl

for all y € X. Thus H(p¥,af), where p¥ = p*/|[p*|| and af = ax/||p"|l,
separate X and z*. Choose a subsequence of ¥ such that the associated
subsequences p* and aj converge, say to p and «, respectively. It follows
that

(p,y) > a > (p,x) forall ye X.

These inequalities imply that o = (p, z) since z € X. a

Remark. A supporting plane can be considered as a generalization of a
tangent plane in the case that this plane does not exist, see Figure 2.6.

Figure 2.6: Supporting planes

Theorem 2.6.3 (Separation of a point and a not necessarily closed convex
set). Suppose that X C R™, not necessarily closed, is nonempty, convex and
that z ¢ X. Then there exists a hyperplane which separates X and z.
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Proof. Assume z & cl X, where cl X denotes the closure of X. Then the
assertion follows from Theorem 2.2.9. In the case that z € ¢l X the theorem
is a consequence of Theorem 2.2.10. |

This theorem implies the following more general result.

Theorem 2.6.4 (Minkowski). Suppose that X, Y C R"™, not necessarily
closed, are nonempty, convex and that X N'Y = (). Then there exists a
separating hyperplane.

Proof. Set S = X — Y. Since 0 € X, there exists a hyperplane which

separates S and 0. That is, there is a p € R™, p # 0, such that (p, s) > (p,0)
for all s € S, or equivalently

(p,x) > (p,y)
for all x € X and for all y € Y. Thus

inf (p,z) > sup(p,y),
Inf (p,2) 2 y@g@ y)

which implies that there exists an a such that

{p,x) > a > (p,y)

for all x € X and for all y € Y. O

Figure 2.7: Separation of convex sets
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2.6.2 Linear inequalities

Important consequences from the previous separation results are theorems
about systems of linear inequalities.

Lemma. Let ' € R*, 1 =1,...,k are given, and set
k
C:={zreR": x:Z)\l:Ul, A > 0},
=1

then the cone C' is closed.

Proof. The proof is by induction with respect to k.
(i) Let k = 1. Suppose that y; := )\Ej)azl — y if j — oo, then

1
G )
jh—glo)\1 o (2, 21y’

provided that x! # 0.

(ii) Suppose the lemma is shown for all & satisfying 1 < k < s — 1. Then we
will show the lemma if k¥ = s. In the case that the cone C' contains all of the
1 ..., —z*, then C is a subspace of R". Then the lemma is shown
since a subspace is closed. Assume at least one of the vectors —z?,..., —2*

is not in C, say —x°. Then the cone

vectors —x

s—1
C'={zreR": x:Z)\lxl, A >0}
=1

is closed by assumption. Consider a sequence 3/ — 4 as j — co. Then
Y = 2+ A g3, 2 e c’, AU >o. (2.12)

Suppose first that the sequence AU) is unbounded. Let A" — oo for a
subsequence A", then it follows from the above decomposition (2.12) that

"

lim
j!'—0o0 5

= —T .

That is, —x® € C’ since C’ is closed. This is a contradiction to —z° & C’.
If the sequence A\ is bounded, then also the sequence 27 /, see the de-

composition (2.12). Then it follows from (2.12) that y = 2/ + Agx®, where

' € C" and \g > 0. O
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Theorem 2.6.5. Let A = A(m,n) be a real matriz with m rows and n
columns and letb € R™. Then there exists a solution of Ay > 0 and (b,y) <0
if and only if there is no solution x € R™ of ATx =b and x > 0.

Proof. (i) Suppose that there is no solution of A7z = b and = > 0. Set
S={secR": s=ATz, = >0}

and T' = {b}. The above Lemma implies that the convex cone S is closed.
Since S and T are disjoint, there exists a hyperplane which separates these
sets strictly. Thus there are p € R, p # 0, and « € R such that

(p,b) < a<(p,s)

for all s € S. Thus (p, ATz) > a for all z > 0. Set x = 0, then we see that
a<0. Let z = xjej, where z; € R and z; > 0, and e’ denotes the standard
basis vectors in R™. Then
(p, ATe) > -
Lj
for all positive x;. It follows that (p, ATe’) > 0 for every j = 1,...,m. Thus
p is a solution of Ay > 0 and (b,y) < 0.

(ii) Suppose that there is a solution y" of Ay > 0 and (b,y) < 0. Then there
is no solution of of ATx = b and « > 0, z € R™. If not, then

(b, 9°) = (ATx,y%) = (z, Ay°) > 0.

The next theorem is a consequence of the previous result.

Theorem 2.6.6 (Minkowski-Farkas Lemma). Let A = A(m,n) be a real
matriz with m rows and n columns and let b € R™. Then (b,y) > 0 for all
y € R™ satisfying Ay > 0 if and only if there exists an x € R™, x > 0, such
that ATz = b.

Proof. (i) Suppose that (b,y) > 0 for all y € R" satisfying Ay > 0. If there
is no solution of ATz = b, x € R™, 2 > 0, then the above Theorem 2.6.5
says that there is a solution of Ay > 0 and (b,y) < 0, a contradiction to the
assumption.

(ii) Assume there exists an z° € R™, 2% > 0, such that AT2° = b. If there
is a y € R™ such that Ay > 0 and (b,y) < 0, then there is no solution of
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ATz = b and = > 0, see Theorem 2.6.5, which is a contradiction to the
assumption. O

Another consequence of Theorem 2.6.5 is

Theorem 2.6.7 (Alternative Theorem). Fither there exists a nonnegative
solution of ATz < b or there is a nonnegative solution of Ay > 0 and
(b,y) < 0.

Proof. (i) Suppose that there is a nonnegative solution 2" of ATz < b. Set
2z = b— AT20, then there exists a nonnegative solution of ATz 4+ z = b.
Assume there is a nonnegative solution y° of Ay > 0 and (b,y) < 0, then

0> (b,y°) = (AT2% + 2,4°) = (2%, Ay%) + (2,3") > 0

since z° > 0, z > 0, y° > 0 and Ay® > 0.
(i) Suppose that there is no nonnegative solution of A2 < b. Then there

are no nonnegative x € R™, z € R" such that AT2 4+ 2z = b. Set w = (x, 2)
and BT = ATE,,, where

Since there is no nonnegative solution of BTw = b, we have a solution y° of
By > 0 and (b,y) < 0, see Theorem 2.2.13. Thus Ay > 0 and y > 0 since
these inequalities are equivalent to By > 0. O

2.6.3 Projection on convex sets

Let py(z) be the projection of z € H, where H is a real Hilbert space, onto
a nonempty subset V' C H defined by

v (2) = 2]l = min |ly = =[]

This projection exists if H = R™ and if V' is closed or in the case of a general
real Hilbert space if V' is closed and convex.
Thus we have w = py(z) if and only if w € V solves

weV: |Jw—z|]?<|ly—z|* forallyeV.
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Set y = w+€e(y —x), 0 < e <1, then we observe that this inequality is
equivalent to

(pv(z) —z,y—py(z)) >0 forally eV, (2.13)

see an exercise.

Corollary. The projection py of a real Hilbert space H onto a closed
nonempty convex subset V' is nonexpansive, i. e.,

v (z) = pv (W)l < [l —yll.

Proof. Exercise.

In the case that V is a closed convex cone K with vertex at the origin, then
there is an interesting decomposition result due to Moreau [45].

Definition. The cone
K*={veH: (v,u) <0 forallue K}
is called polar cone to K.

Moreau’s decomposition lemma. For given u € H there are uniquely
determined uy € K, ug € K* satisfying (ui,us) = 0, such that

U= Uy + us.
Moreover, u; = pr(u) and ug = pg+(u).

Proof. (i) Existence of the decomposition. Set u; = pgu, ug = u — uj.
Then, see (2.13), (u — u1,v —u1) <0 for all v € K. Thus

(ug,v —u1) <0 for all v € K. (2.14)

Replacing in (2.14) v by the admissible element

1 1
v+up =2 §v+§u1 ,

then
(ug,v) <0 forallve K. (2.15)
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Thus uz € K*. Replacing v in (2.14) by tuq, t > 0, we get
(1 — t)(ul, UQ> S 0,

which implies that (uj,ug) = 0.
(ii) Uniqueness and u; = px(u), us = pg=(u). Suppose that u = uy + ug,
where u; € K, ug € K* and (uj,u2) = 0. Let v € K, then

(u—wu1,v—uy1) = (ug,v —uy) = (ug,v) <0,

which implies that u; = pr(u), see (2.13). By the same reasoning we con-
clude that us = pg+(u) since for v € K* we have

(u —ug, v —u) = (ug, v —ug) = (ug,v') <0.

K*

Figure 2.8: Moreau’s decomposition lemma

2.6.4 Lagrange multiplier rules

There is a large variety of Lagrange multiplier rules for equations and in-
equalities, see for example [60]. We will present two Lagrange multiplier
rules. The following lemmas can easily extended to more than one side
conditions.

Let H be a real Hilbert space with the inner product (u,v), u, v € H.
Suppose that f(h) = 0 for all h € V N Z, where f is a bounded linear
functional on H, V' C H a nonempty subspace, Z = {h € H : g(h) = 0},
and ¢ is another bounded linear functional defined on H. Then we have



2.6. APPENDIX: CONVEX SETS 99

Lagrange multiplier rule (equation). There exists a real Ao such that

f(w) +Xo g(w) =0
forallweV.

Proof. There are F, G € cl V, where cl V' denotes the closure of V' with
respect to the Hilbert space norm, such that

f(h) = (F,h), g(h) = (G, h)

forallheclV. Set Y =span G, then cl V =Y @Y+, Then F = F, + F,
where F; € Y and I, € Y Since (F, F5) = 0, we get Fy = 0. Consequently
F+XMG=0,or

(Fyh) + Mo (G,h) =0

forall heclV. O

Assume f(h) > 0 for all h € K N Z, where K C V is a nonempty convex
cone with vertex at zero, Z = {h € H : g(h) = 0} and f, g are bounded
linear functionals defined on H. We recall that K is said to be a cone
with vertex at zero if h € K implies that ¢t h € K for all ¢ > 0. By C*
we denote the polar cone of a cone with vertex at the origin. The polar
cone of a cone C' C cl V with the vertex at zero is defined to be the cone
C*={vecV: (v,w) <0 for all we C}.

Lagrange multiplier rule (variational inequality). Suppose that there is
an hg € K such that —hg € K and g(hg) # 0. Then there exists a real Ao
such that

f(w) + Ao g(w) >0
for allw € K.
Proof. Following the proof of of the previous lemma, we find that (F,h) >0
forallh e cl KNecl Z. Thus —F € (cl KNecl Z)*. Then the proof is based
on the formula, see the lemma below,
(clKNelZ) =cl (K*+Z%).
Thus, since Z* = span {G}, it follows

—F ecl (K*+span {G}).
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Then there are sequences z, € K*, y,, € span {G} such that z, + y, — —F
in cl V. If the sequence ¥, remains bounded, then there is a convergent
subsequence ¥y, — y. Consequently z,, — z € K* which implies that
—F € K* +y. Thus there is a real )y satisfying —F — MG € K*, or
equivalently, (F'+ A\oG, h) >0 for all h € cl K.

Suppose that the sequence y, € span {G} is unbounded. Set w, =
Zn + Yn, then wy, —y, = 2z, € K *. Thus (w, —yn,h) <0 forall h € cl K, or

(wn, h) — Ap(G,h) <0

for all h € ¢l K. Since |\,| — oo, we get (G,h) < 0 for all h € ¢l K or
(G,h) > 0 for all h € ¢l K, which is a contradiction to the assumption of
the lemma. O

Extending [49], Corollary 11.25(b), p. 495, or [50], Corollary 16.4.2, p. 146,
to a real Hilbert space we get the following lemma.

Lemma. Let H be a real Hilbert space. Suppose that K1,..., K, C H are
nonempty, closed and convex cones with verter at the origin. Then

(Kin---NEp)* = el (Kf -+ K},)

Proof. (i) The inclusion
(Ky -+ K!)C(Kin---NKp)"

follows since we have for given v; € K} that (v;,h) < 0 for all h € K.
Consequently (v; + -+ + vy, h) < 0 for all h € Ky N--- N K,,. Thus
vt v, € (KiN--NKpy)".

(i) Set C = ¢l (Kj---+K}). Let w € (K1N---NK,,)* be given and
suppose that w ¢ C. From a separation theorem, see one of the following
exercises, it follows that there is a p € H such that (p,w) > 0 and (p,y) <0
for all y € C. We have (w,v) <0 forallve Kin---NK, and (p,y) <0
for all y € K7 ---+ K},. The previous inequality shows that p € K; for all
i. Then (w,p) < 0 in contrast to a separation theorem. 0
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2.6.5 Exercises

1.

Prove the related Theorem 2.6.1 where X is a closed and convex subset
of a real Hilbert space.

. Show that the closure of X is convex if X is convex.

. Let 2t € R*, 1 =1,...,k, are given linearly independent vectors, and

set
k

C:={zxeR": sz)\lxl, A > 0}
I=1
Show that C' is closed by using the following hints.
Hint: Let ¢/ € C,i. e., i = Zle )\l(j)z:l, A > 0, where )\{) > 0, and
y) — y as j — oo. Then consider two cases

(a) all sequences )\l(j ) are bounded,

(b) not all of these sequences are bounded. Then set

aj :maX{A(j),...,A,gj)}

and divide 3/ by aj.

. Suppose that V' C H is a nonempty, convex and closed subset of a real

Hilbert space. Show that
weV: |lw—z|?<|ly—z|* forallyeV
is equivalent to

weV: (w—z,y—w)>0 forally e V.

. Suppose that V C H is nonempty, convex and closed. Show that for

given z € H there exists a solution of
min ||v — z||?,
veV

and this solution is uniquely determined.

Hint: Theorem of Banach-Saks: let V' C H be closed and convex, then
V' is weakly closed.

. Show that the projection of a real Hilbert space on a nonempty closed

convex set is a nonexpansive mapping.

Hint: Use formula (2.13).
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10.

11.

12.
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Show that the polar cone K* is a convex and closed cone with vertex
at the origin.

Let K be a closed convex cone with the vertex at the origin. Show
that (K*)* = K.

Separation theorem. Let H be a real Hilbert space and V' a nonempty,
closed and convex subset. Let w € H and w ¢ V. Show that there is
a real A such that (p,y) < X < (p,w) for all y € V.

Hint: Consider the minimum problem minyey ||y — v||* and use the
Banach-Saks theorem that a closed convex subset is weakly closed.

Separation theorem. Let V in the previous exercise be a closed convex
cone C' with vertex at zero. Then (p,y) <0 < (p,w) for all y € C.

Generalization of the Lagrange multiplier rule for equations. Suppose
that f(h) = 0 for all h € V N Z, where Z = {h € H : g;(h) =
0, j =1,...N} and g; are bounded linear functionals on H. Then
there exists real A; such that

N
Fw) +> " Ajgj(w) =0
j=1

forallwe V.

Generalization of the Lagrange rule for variational inequalities. Let
K C V be a convex cone with vertex at the origin. Suppose that
f(h) > 0forall h € KNZ, where Z = {h € H: gj(h) =0, j =
1,...N} and g; are bounded linear functionals on H. Assume there
are hy € K, 1 =1,...,N such that —h; € K and g;(h;) = ;. Then
there exists real A; such that

N
Fw) + 37 Ajgj(w) = 0
j=1

for all w € K.
Hint: There are G; € H such that Z ={h € H: (G;,h) =0, j =
1,...,N}. Set M ={G € H: G=3YN,)\Gj;, \; € R} and show
that Z = M*.
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2.7 References

The main part of this material is quite standard. The first order neces-
sary condition and the concept of a local tangent cone was adopted from
Lions [34].

The presentation of the main results and proofs concerning Lagrange
multiplier rules was adopted from Hestenes [23], see also Luenberger [36].

Concerning applications, the study of eigenvalue equations is quite stan-
dard, see for example Courant and Hilbert [9]. The case of unilateral eigen-
value problems is a finite dimensional version of problems due to Mierse-
mann [37]. The first part concerning noncooperative games is adopted from
Luenberger [36]. The equilibrium concept for noncooperative games is due
to Cournot [10]. A first existence proof was given by Nash [46]. The con-
cept of a local equilibrium is a straightforward generalization. References for
noncooperative games with applications to economy are Debreu [11], Fried-
man [18] and Luenberger [36], for example. For other applications of finite
dimensional variational calculus to economics see [58].

A source for variational calculus in R” is Rockafellar and Wets [49] and
Rockafellar [50] for convex sets.
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Chapter 3

Ordinary differential
equations

The most part of this chapter concerns classical results of the calculus of
variations.

3.1 Optima, tangent cones, derivatives

Let B be a real Banach space and H a real Hilbert space such that B C H
is continuously embedded, that is, ||v||g < ¢||v||p for all v € B. Moreover,
we assume that ||v||p # 0 implies ||v||g # 0 for v € B.!

In most applications of this chapter we have B = Cl[a,b] and H =
H'(a,b), which is the Sobolev space of all functions v which have generalized
derivatives of first order which are, together with the functions itselve in
L?(a,b).

Let V C B be a nonempty subset and suppose that £ : V — R.

Definition. A u € V is said to be a weak local minimizer of E in V if there
is a p > 0 such that

E(u) < E(v) forallveV, |[v—ullp < p.

A weak local minimizer is said to be a strict weak local minimizer if F(u) <
E(w) forallveV,v#u, ||lv—ullp <p.

'More precisely, we assume that there is an injective embedding j : B +— H, i. e., j is
linear and bounded and ||v||p # 0 implies ||j(v)||z # 0.

105
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Remark. A local minimizer is said to be a strong local minimizer with
respect to a given norm which allows a larger class of comparison elements
as above. In the classical calculus of variations this norm is the C[a, b]-norm.

Definition. The local tangent cone T(V,u) of V at u € V is the set of all
w € H such that there exists sequences u, € V, t, € R, t,, > 0, such that
Up, — u in B and t,(up, —u) — w in H.

Corollaries. (i) The set T(V,u) is a cone with vertez at zero.
(i) If T(V,u) # {0} then u is not isolated.

(iii) Suppose that w # 0, then t, — oo.

(iv) T(V,u) is weakly closed in H.

(v) T(V,u) is convex if V is convex.

(vi) Assume V' is convex. Then

T(V,u) = {we€ H: there exists sequences u, € V, t, € R, t, >0,

such that t,(u, —u) — w asn — oco}.

Proof. Exercise.

Definition (Fréchet derivative). The functional E is said to be Fréchet
differentiable at uw € B if there exists a bounded linear functional [ on B
such that

E(u+h) = E(u) +1(h) + o(||hl|5),

as ||h||p — 0.

Notation: | = DE(u) Fréchet derivative of E at u.

Definition (Gateaux derivative). For ¢ € R and fixed h € B set ®(t) =
E(u + th). The functional E is said to be Gateauzr differentiable at uw € B

if there is a bounded linear functional [ on B such that ®'(0) exists and
®'(0) = I(h).
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Notation: | = E'(u) Gateaux derivative of E at u.

Corollaries.
(i) If f is Fréchet differentiable at u then f is Gateauz differentiable at u.

(ii) If E' exists and is continuous in a neighbourhood of u, then E'(u) =
DE(u).

Proof. Exercise.
Definition (First and second variation). The derivative

SE)(h) = | 4 Blu-+ )] -

if it exists, is said to be the first variation (or first Gateaux variation) of E
at u in direction h.

The derivative )

d
2 -

1) E(U)(h) = |:d€2E(u + 6h):| o 5
if it exists, is said to be the second variation (or second Gateaux variation)
of I/ at w in directin h.

The limits, if they exist,

and

0" B(u)(h) = tlg)%l<0 t

are called right variation and left variation, respectively.

Corollary. Suppose the Gateaux derivative exists then also the Gateauz

variation and 0E(u)(h) = (E'(u), h).



108

CHAPTER 3. ORDINARY DIFFERENTIAL EQUATIONS

3.1.1 Exercises

1.

Suppose that V' C H is not empty, where H is a Hilbert space. Show
that T'(V, x) is weakly closed in H.

Show that E'(z) = Df(u) if E'(v) exists and is continuous in a neigh-
bourhood of u.

Show that, in general, the existence of the Gateaux derivative does
not imply the existence of the Fréchet derivative.

Hint: Consider X = R? and the derivatives of f at (0,0), where
g )P
fly) = { (y%+52> © (y1,92) #(0,0)
0 : (y1,42) =(0,0)

Suppose that the Gateaux derivative exists. Show that the Gateaux
variation exists and (0F)(h) = (E'(u), h).

Set for y € R?

_ [ 3 £ 00
f(y) {y+y0  y=(0.0)

Show that there exists the first variation at (0, 0), and that the Gateaux
derivative at (0,0) does not exist.

(i) Show that dE(u)(h) is homogeneous of degree one, i. e.,
SE(u)(Ah) = M E(u)(h)

for all A € R.
(ii) Show that the right variation is positive homogeneous of degree
one.

Show that §?E(u)(h) is homogeneous of degree two.

Set ®(t) = E(u + th) and suppose that ® € C? in a neighbourhood of
t =0 . Show that

E(u+ th) = E(u) + t5E(u)(h) + §62E(u)(h) + ea(th),

where lim;_g ea(th)/t? = 0 for fixed h.
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3.2 Necessary conditions

Let u, h € B, and assume that the expansion
E(u+h) = E(u) + (E'(u), ) + n(||hl|5)| |l |a (3.1)

holds, as ||h||p — 0, where lim;_o7n(t) = 0 and (E’(u),h) is a bounded
linear functional on B which admits an extension to a bounded linear func-
tional on H.

This assumption implies that F is Fréchet differentiable at w.

Example. E(v) = 01 V'(2)? dx, (E'(u),h) = 2f01 ' (x)v'(x) de, B =
C'0,1], H = H'(0,1).

Theorem 3.2.1 (Necessary condition). Let V' C B be a nonempty subset
and suppose that u € V is a weak local minimizer of E in V', then

(E'(u),w) >0 for allw e T(V,u).

Proof. Let t,, u, be associated sequences to w € T(V,u). Then, if n is
sufficiently large,

E(u) < E(up)=E(u+ (u, —u))

= EB(u) + (E'(u), un — u) +n(|Jun — vllp)l|un — ulla,

thus
< (E'(w),un —u) + 0] |un — ullp)|lun — ulla,
0 < (E'(w),tn(un — w) + nl[un — ul|B)|[tn(un — u)|| g
Letting n — oo, the theorem is shown. |

3.2.1 Free problems
Set

b
E(v) :/ flx,v(z),v(x)) dx



110 CHAPTER 3. ORDINARY DIFFERENTIAL EQUATIONS

and for given uq, up € R
V ={veCla,bl: v(a) =u4, v(b) = up},

where —co < @ < b < oo and f is sufficiently regular. See Figure 3.1 for
admissible variations. One of the basic problems in the calculus of variation

y

a b X

u a |
Figure 3.1: Admissible variations
is
(P) min, ey E(v).

It follows from the necessary condition (Theorem 3.2.1) that

b
/ [fulz, u(z), w/'(2))p(2) + fur (2, u(z),u'(2))¢ ()] dz=0 (3.2)

for all ¢ € V — V, since the left hand side of (3.2) is equal to (E’(u), ¢) and
since V.—V C T(V,u). The previous inclusion follows from Corollary (v)
of Section 3.1, or directly since for given v € V' we have n(u, —u) = v — u,
where u,, := u + (v — u)/n, n an integer.

In our case of admissible comparison functions we can derive this equa-
tion under weaker assumptions.

Definition. A v € V is said to be a weak local minimizer of E in V if there
exists an ¢y > 0 such that

E(u) < E(v) forallveV: [Jv—ullciy <€
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A u €V is called strong local minimizer of E in V if there exists an ¢y > 0
such that

E(u) < E(v) forallveV: [[v—ullcy <e€

We say that u € V is a local minimizer if u is a weak or a strong local
minimizer.

Corollary. A strong local minimizer is a weak local minimizer.

Theorem 3.2.3. Let u € V be a local minimizer of (P). Assume the first
variation of E at w in direction ¢ € V —V exists, then equation (3.2) holds.
Proof. Set g(e¢) = E(u + e¢) for fixed ¢ € ® and |e| < €. Since g(0) < g(e)
it follows ¢’(0) = 0 which is equation (3.2). 0

Definition. A solution u € V of equation (3.2) is said to be a weak extremal.

From the basic lemma in the calculus of variations, see Chapter 1, it
follows that a weak extremal satisfies the Euler equation

o () (@) = ful, u(e) (@)

in (a, b), provided that u € C%(a,b). We will see that the assumption u € C?
is superfluous if f,/,v # 0 on (a,b).

Lemma (Du Bois-Reymond). Let h € Cla,b] and

for all ¢ € @, then h =const. on [a,b).

Proof. Set

Then
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Since ¢¢ € @, in particular ¢g(a) = ¢o(b) = 0, it follows

:/abhqbf)dac = /% dx+— dC/ (@
- /a<z>a<x>2

Thus

Theorem 3.2.5 (Regularity). Suppose that f € C? and that u € C'[a,b] is
a weak extremal. Assume

fu’U’<$vu($)7u(x)) 7é 0

on [a,b]. Then u € C?[a,b].

Proof. Set
- / FulCoulQ) Q) dc.

Then (3.2) is equivalent to

b
[ep+ g ar=o

for all ¢ € ®. The above lemma implies that f,, — P = const = ¢ on |a, b].
Set

Fe,p) = fulz, u(x /imc, (0),(C)) dC — .

Let 9 € [a,b] and py = u/(x¢). Since F(xo,pp) = 0 and Fp(xo,po) =
Jurw (o, u(zo), u'(x0)), it follows from the implicit function theorem that
there is a unique p = p(z), p € C! in a neighbourhood of x(, such that
p(zo) = po and F(x,p(z)) = 0 in a neighbourhood of xy. The uniqueness
implies that p(x) = «/(z) in a neighbourhood of x. O

Corollary. Suppose f € C™ in its arguments, m > 2, then u € C™[a, b).
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Proof. Exercise.

Example: How much should a nation save?

This example was taken from [55], pp. 13. Let

K = K(t) be the capital stock of the nation at time ¢,

C(t) consumption,

Y = Y (t) net national product.

We assume that Y = f(K), where f is sufficiently regular and satisfies
f/(K) > 0and f”(K) < 0. Then the national product is a strictly increasing
concave function of the capital stock. Further we assume that

Ct) = f(K(®) - K'(t),

which means that ”consumption=net production - investment”.
U(C) denotes the utility function of the nation. We suppose that U'(C) > 0
and U"(C) <0,
p denotes the discount factor.
Set
V={KcC0,T]: K(0) =Ky, K(T)=Kr},

where T > 0, Ky and Kr are given, and let

T
B(K) = / U (F(K(1) — K'(8) e dt.
0
Then we consider the maximum problem

max E(K).
KeVv

Set
Fit,K,K') =U(f(K) — K')e ",

then the associated Euler equation is

d
—Fyer = F)
K K
on 0 <t<T. We have
Fo = ~U'(f(K) - K')e

Fx = U'(f(K) - K)f'(K)e™
Frgr = U"(f(K)— K")e .
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It follows from the above assumption that a weak extremal K| satisfies
Frr <0, Fgrgr > 0 on [0,T]. Consequently a weak extremal is in C?2[0, T
if the involved functions are sufficiently regular.

The above assumptions imply that
T
(B"(K)¢,¢) = / (Fr(® + 2Fk (¢ + FrrgoC™) dt
0
< 0

for all K € V and for all ( € V — V. If additionally f” < 0, then

T
(B"(K)¢,C) < —e(K,T) /0 2 di

for all K € V and for all ( € V —V, ¢(K,T) is a positive constant, see an
exercise. This implies the following result.

A weak extremal Ky € V is a global maximizer of E(K) in'V. If additionally
" <0, then weak extremals are uniquely determined.

Proof. Set h(t) = E(Ko + t(K — Kp)). Then

h(t) — h(0) = W (0)t + /Ot (t —s)h"(s) ds.
Thus
E(K) - E(Ky) = (E'(Ko),K — Ko)
+ /01 (1 — s)(E" (Ko + s(K — Ko))(K — Ko), K — Kq) ds.
0

Consider again the general functional

b
E@w) = / f 0,/ (2)) de,

where v € V = {v € Ca,b] : v(a) = ug, v(b) = up}. We will see in the
next section that the following necessary condition of second order is close
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to a sufficient condition for a weak local minimizer. Set

b
(E"(u)d,d) = / (Furw (s u(a), o (2))6 ()
)

2
2 o (2, (), o () () ()
T funl u(). o () p(a)?) de.

Theorem 3.2.6 (Necessary condition of second order). Let u € V be a local

minimizer, then

(E"(u)¢,9) >0
forallp e V-V.

Proof. Set g(€) = E(u + €¢) for |¢| < e and fixed ¢ € @, then

9(0) < 9(e) = 9(0) + g (O)e + 56" (0)¢ + ofe)

as € — 0. Since ¢'(0) = 0 it follows ¢”(0) > 0, which is the inequality of the
theorem. )

From this necessary condition it follows a condition which is close to the
assumption from which regularity of a weak extremal follows.

Theorem 3.2.7 (Legendre condition). Assumeu € V satisfies the necessary
condition of the previous theorem. Then

fu’u’ ('7:7 u(x)v ul(x)) >0

on [a,b].

Proof. (i) Since the inequality of Theorem 3.2.6 holds for ¢ in the Sobolev
space H}(a,b) the following function ¢y, is admissible. Let ¢y (z) be contin-
uous on [a, b, zero on |z —xg| > h, ¢p(xo) = h and linear on xog—h < = < g
and xg < x < g + h. Set ¢ = ¢y, in the necessary condition, then

zo+h xo+h xo+h
zo—h zo—h xo—h

0— 0— 0—
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which implies

0 < 2hfyr (21, u(z1), ' (21)) + 4h?  max . | fuur| + 2h%  max . | fuuls
+

[mo_h):EO‘F [ZI?O—]‘L,:EO
where x1 = z1(h) € [z9 — h, 9+ h]. Then divide by h and letting h to zero.
(ii) The inequality of the theorem follows also by inserting the admissible
function

1 (12 2\2
(P =z —xo?)” i |z -zl <h
on(2) { 0 it Jo—xo| >h

O

Definition. A weak extremal is said to be satisfying the Legendre condition
if furw (z,u(z),u(z)) > 0 on [a,b] and it satisfies the strict Legendre condi-
tion if fyy > 0 on [a,b].

From the regularity theorem (Theorem 3.2.5) it follows immediately

Corollary. If f € C? and an extremal u satisfies the strict Legendre condi-
tion, then u € C?[a,b].

In the following we will derive a further necessary condition which follows
from (E"(u)¢,¢) > 0 for all ¢ € ®. From the strict inequality for all
¢ € @\ {0} it follows that u defines a strict weak local minimizer provided
the strict Legendre condition is satisfied. Set

R = fu,u,(m,u(:(;),u,(l‘)),
P = fuu(x7u(x)7u/ l’)),
Q = fuu’(:C?u(x)’u/(x))'

Suppose that u € C2[a,b]. This assumption is satisfied if u is a weak ex-
tremal and if R # 0 on [a, b], see Theorem 3.2.5 (regularity). Set

d
S = P — —
da:Q’
then the second variation is

b
(E"(u)o, ¢) = / (R¢* + S¢?) d.
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We recall that ¢(a) = ¢(b) = 0.

Definition. The Euler equation

Lv = %(Rv’) —Sv=0

associated to the second variation is called Jacobi equation.

Consider the initial value problem for the Jacobi equation

Lv = 0 in (a,b) (3.3)
v(a) = 0, v'(a)=1.

We suppose that the strict Legendre condition f,,, > 0 is satisfied on [a, b]
and that there exists Cl-extensions of R and S onto C'[a — §,b + §] for a
(small) 6 > 0.

Definition. The lowest zero (, a < ¢, of the solution of (3.3) is said to be
conjugate point of a with respect to L.

Theorem 3.2.8 (Necessary condition of Jacobi). Assume (E"(u)¢,p) > 0
for all g € ® and fyr (z,u(x), v/ (x)) > 0 on [a,b]. Then ¢ > b.

Proof. If not, then a < ¢ < b. We construct a w € H}(a,b) such that
(E"(u)¢, ) < 0. We choose a fixed h € C?[a,b] such that h(a) = h(b) = 0,
h(¢) > 0, for example h(z) = (z — a)(b — =) and define

w(x):{v($)+ﬁh(x) if a<xz<(

kh(z) if (<z<b’

where v is the solution of the above initial value problem (3.3). The positive
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constant k will be determined later. Then
¢ b
(B (uw)w,w) = / (Rw + Sw?) da +/ (Rw + Sw?) da
a ¢
¢
= —/ wLw dz + (Rw'w)(¢ — 0)
ab
—/ wLw dr — (Rw'w)(¢ + 0)
¢
¢
- / k(v + k) Lw dz + KR (C) + £A/(C))h(O)
b
—K? / hLh dx — k*R(C)N (C)h(C)
¢

b ¢
= kR(OV(OR() — K2 / hLh dx — K / vLh dz

a

. (2R(C)v’(()h(§) . / "hLh dx)

< 0

for all 0 < Kk < Ko, Ko sufficiently small. We recall that R(¢) > 0, v/(¢) <0
and h(¢) > 0. 0

Definition. The inequality ¢ > b is called strict Jacobi condition.

If the strict Jacobi condition is satisfied, then there is a solution of the
Jacobi equation which is positive on the closed interval [a, b]. Once one has
such a positive solution then we can rewrite the second variation from which
it follows immediately that this form is positive if ¢ # 0.

Lemma. Assume that the strict Jacobi condition is satisfied. Then there
exists a solution v of the Jacobi equation such that v # 0 on [a,b].

Proof. Consider the initial value problem Lv = 0 on (a, b), v(a) = a, v'(a) =
1, where « is a small positive constant. Let v(a;x) be the solution and ¢(«)
the lowest zero of v(a;x). Then ((a) — ((0) as a — 0, which is a result
in the theory of ordinary differential equations (continuous dependence of
solutions on data). O
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Let z € Cl[a,b] be an arbitrary function. Since
i(Zﬁbz) = 220¢ + 2'¢?
dx

it follows for ¢ € ¢ that
/ (220¢" + 2'¢%) dx = 0.

Consequently

b
(E"(u)p, ¢) = / ((S + 2?4 220¢" + R¢’2) dz.

The integrand of the right hand side is a quadratic form ) a;;(;(j, where
G =¢', ¢l =¢and a1 = R, a12 = 2z, ags = S+ 2. Set ( = U(x)n, where
U is orthogonal, then ) a;;(;(; = A1n? + Aon3. The requirement that one
of the eigenvalues of the matrix (a;;) is zero leads to

22 =R(S+7), (3.4)

which is a Riccati equation for z. Let V € Cl[a,b], V # 0 on [a, b], then the
substitution ”

z=—-R v (3.5)
transforms the Riccati equation into the Jacobi equation LV = 0 for V. On
the other hand, let V' # 0 on [a,b], then (3.5) is a solution of the Riccati
equation (3.4). The transformation (3.5) is called Legendre transformation.

Thus the second variation is

E" b A% d

E"(wod) = [ R(d+50)" o (36)
since S + 2/ = 22/R.

Theorem 3.2.9. Suppose the strict Legendre condition R > 0 on [a,b] and
the strict Jacobi condition ( > b are satisfied. Then (E"(u)d, @) > 0 for all
¢ € ® which are not identically zero.

Proof. From (3.6) it follows (E"(u)¢,¢) > 0 and 7 = 7 if and only if
¢ + (2/R)¢ = 0 on [a,b]. Since ¢(a) = 0, this differential equation implies
that ¢ is identically zero on [a, b]. O
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3.2.2 Systems of equations
Set )
B@) = [ f(a.0(a),/(z) da,
), V(@) = (v1(@), ..., vp (). Let

V={veCa,bl: v(a)=uqs v(b) =u},

and v(z) = (vi(x),...,vn(z)

where ug, up € R™ are given.

Theorem 3.2.10. Suppose that u € V is a C%(a,b) local minimizer of E(v)
iV, then u satisfies the system of Euler differential equations

d

forj=1,....,m.
Proof. Exercise.

Remark. For systems we have some related definitions and results as for
scalar equations. A weak extremal is in C2[a, b] if

det (fuguy (u(@), (@) #0

ij=1

on [a,b], see an exercise. A u € V is said to be a weak extremal if

b m
/ Z (fugcgb;g + fukcf)k) dr =0
¢ k=1
for all ¢ € V — V. The condition
> furw Gk = 0 for all ¢ € R™
ik=1

is called Legendre condition, and is called strict Legendre condition if the left
hand side is positive for all R™ \ {0}. As in the scalar case it follows from
E’(u)(¢,¢) > 0 for all ¢ € V —V that the Legendre condition is satisfied,
see an exercise.
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Example: Brachistochrone

Consider the problem of a Brachistochrone, see Section 1.2.2, to find a reg-
ular curve from

Vo= {(z(t),y(t)) € Clt1, 2] : 2 + ¢ #0,
(z(t1),y(t1)) = Pr, (z(t2),y(t2)) = P2}

which minimizes the functional

to

E(z,y) = ) [ty y) dt
1

in the class V, where

/1./2+y/2
Vy—u +k

For notations see Section 1.2.2. Since f, = 0, it follows from an equation of
the system of Euler’s equations that (f,/)’ = 0. Thus

f=

x/

fa:’ = = a, (37)
Va2 +y2Vy —y + k

with a constant a. Suppose that P} and P, are not on a straight line parallel
to the y-axis, then a # 0. Let ¢t = ¢t(7) be the map defined by

(1)

FIOEESTIOL = COST. (3.8)

Set xo(7) = x(t(7)) and yo(7) = y(t(7)). From (3.7) we get

1
yo(r) —y1+k = ﬁcos%'

= #(1 + cos(27)). (3.9)

Equation (3.9) implies that
yh (1) = —2asin(27), o :=1/(24%),
and from (3.8) we see that

zh(1) = +4acos® T.
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Set 27 = u — 7, then it follows that

r—r1+F = zalu—sinu)
y—y1+k = «afl —cosu),

where (z1,y1) = Pi and [ is a constant, and z(u) := zo(7), y(u) := yo(7).
Thus extremals are cycloids.

Consider the case where vy =0, P, = (0,0), and that P» = (z2,y2) satisfies
x9 > 0 and y9 > 0. Then

r = alu—sinu)

= ol —cosu),

where 0 < u < wy. For given P, = (z2,y2) one finds u; and « from the
nonlinear system

xe = o(u—sinu)

y2 = a(l—cosu),
see an exercise.
Example: N-body problem

Consider N mass points with mass m; located at () = (xg ),:):g ), x:(,) )) € R3.

Set
Z mzmj
J)‘

and consider the variational integral

t2 N d ()
E(m):/ z:mZ :1: —U(:L') dt,
t1
where z = (1), ..., (™). The associated system of the 3N Euler equations
is
2z
mlw = —Vx(i) U.
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3.2.3 Free boundary conditions

In previous sections there are ”enough” boundary conditions prescribed. In
many problems some further conditions follow from variational considera-
tions. A typical example is min,cy E(v), where

b
B(w) = [ f(a.0(a),/(a) do+ h(o(a),o(8).
Here is V = C'[a,b] and h(a, () is a sufficiently regular function. Let u be
a local minimizer, then for fixed ¢ € V'
E(u) < E(u+ €p)

for all €, |e| < €o, € sufficiently small,

b
/ (fu(mv u, u/)qb + fu’ (:Uv u, u/)qbl) dx
Fha(u(a)), u(b))p(a) + hs(u(a),u(b))d(b) = 0
for all ¢ € V. Assume that u € C?(a,b), then

b d b
[ (5= gt o ant thul! (3.10)
+ha(u(a)),u(b))d(a) + hs(u(a), u(b))e(b) = 0.
Since C¢(a,b) C V, it follows

b d
/a (fu— %fw) ¢ dr =0

for all ¢ € Ci(a,b), which implies that

d
fu_%

on (a,b). Then, from (3.10) we obtain

(fu®)(b) = fuw¢)(a) + ha(u(a)), u(b))d(a) + hg(u(a), u(b))d(b) = 0

for all ¢ € C'[a,b]. Choose a ¢ such that ¢(b) = 0 and ¢(a) = 1, it follows
fuw = ha at x = a, and take then a ¢ such that ¢(b) = 1, ¢(a) = 0, we
obtain f,, = —hg at x = b.

These boundary conditions are called free boundary conditions. These
conditions are not prescribed, they result from the property that u is a
minimizer of he associated energy functional.

Juw =0
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Mixed boundary conditions

If we choose V = {v € C'[a,b] : v(a) = us}, where u, is prescribed, as the
admissible comparison set instead of C'[a,b], then a local minimizer of E
in V satisfies the weak Euler equation and the additional (free) boundary
condition f,; = —hg at x = b.

Proof. Exercise.

Higher order problems
Set ,
B@) = [ fav(a)sn e (2) do

and let V. = C™[a,b] be the set of the admissible comparison functions.
That is, no boundary conditions are prescribed. From v € V' : E(u) < E(v)
for all v € V, [Jv — ul|glep < € for an € > 0, it follows the weak Euler
equation

b m
/ quoc) (x,u(x), ...U(m)(x))¢(k) dr = 0
@ k=0

for all € C™[a,b]. Assume that u € C?™[a,b], which is a regularity
assumption on wu, it follows by integration by parts the differential equation

STEDF ()™ =0

k=0

on (a,b) and the free boundary conditions (¢;)(a) = 0, (¢)(b) = 0, | =
0,....,m — 1, where
m—l

@ =Y (D (fuoer0)®

k=1
Proof. Exercise.
Example: Bending of a beam.

Consider the energy functional, see [33] for the related physics,

! !
J(v) = %EI/O (" (x))? dx —/0 f(z)v(z) dx,
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where v € C2[0,1], EI is a positive constant (bending stiffness), and f
denotes the force per unit length, see Figure (i). The Euler equation is here

EIu = f on (0,1).

and the prescribed and free boundary conditions depend on how the beam
is supported, see the related figures.

(i) (i)

(iii) (iv)

(i) Simply supported at both ends. Prescribed conditions: u(0) = 0, u(l) = 0,
free boundary conditions: u”(0) =0, v”(I) = 0.

(ii) Clamped at both ends. Prescribed conditions: u(0) = «/(0) = 0, u(l) =
u'(l) =0,
free boundary conditions: none.

(iii) Clamped at one end and simply supported at the other end. Prescribed
conditions: u(0) = 4/(0) =0, u(l) =0,
free boundary condition: u” (1) = 0.

(iv) Clamped at one end, no prescribed conditions at the other end. Pre-
scribed conditions: u(0) = /(0) =0,
free boundary conditions: u” (1) =0, v"'(I) = 0.

3.2.4 Transversality conditions

The condition which we will derive here is a generalization of the previous
case (iv), where the right end of the curve can move freely on the target line
which is parallel to the y-axis.
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Definition. A curve v in R? is said to be a simple C'-curve if there is a
parameter representation v(t) = (vi(t),v2(t)), to <t < tp, tq < tp, such that
vi € Ot ty), V()% + vh(t) # 0 and v(t1) # v(tz) for all t1, ta € [ta,ty)]
satisfying t1 # to.

Remark. A regular parameter transformation ¢ = ¢(7), i. e., a mapping
t € Clry, ) satisfying t(7,) = ta, t(1) =ty and t'(7) #0on 7, < 7 < 73,
Ta < T, maps a simply C'-curve onto a simple C'-curve.

Proof. Exercise.

Let v = v(7) be a given simple C'-curve and consider the set
V={v: v=o(t), 0<t<1, simple C! — curve, v(0) = P, v(1) € v},

where P ¢ « is given. Let v € V, then we consider the functional

1
B = [ ft.o(e),0(0) d
0
f given and sufficiently regular. Set f, = (fu,, fu,) and fur = (fur, fuy)-

Theorem 3.2.11. Suppose that u € V N C?[0,1] is a local minimizer of E
m V, then

— (fuw) = fu on(0,1)

Proof. Let 19 such that u(1) = v(79). Since E(u) < E(v) for all v € V,
where

VWw={veV:v0)=P v(l)=u(l)},
it follows the system of Euler equations

d
dt
in (0,1). The transversality condition is a consequence of variations along

the target curve ~, see Figure 3.2. There is a family v(¢,7) of curves such
that v € C1(D), where D = (0,1) x (19 — €9, 7o + €o) for an ¢y > 0, and

fu_ fu’zo

v(t,70) = u(t), v(0,7) =P, v(l,7)="~y(7).
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X2 Y ﬁ
y(7)

Y(tp)

Figure 3.2: Admissible variations

For example, such a family is given by
v(t, 7) = u(t) + (v(r) = 7(70)) n(t),
where n(t), 0 < t < 1, is a fixed C'*-function such that 7(0) = 0 and (1) = 1.

Set g(7) = E(v). Since g(79) < g(7), |7 — 70| < €0, it follows that ¢'(79) = 0.
Consequently

1
/0 (fu - ve(t,10) + fur - v (E,70)) dt =0,

where v/ = v;. Integration by parts yields

/01 <fu — %fu’) cvg(t, 7o) dt + [fu, et TO)]tzl —o.

Since the system of Euler differential equations is satisfied and since v(0,7) =
P, |7 — 1| < ¢, it follows

fuw(Lu(1),4' (1)) - v-(1,7) = 0.
Finally, we arrive at the result of the theorem since v(1,7) = v(7). O

Remark 1. If both ends move on curves 71, 72, respectively, see Figure 3.3,
then
fw Ly att=0, and f, Ly att=1,

if u(0) € y1 and u(1) € 2.
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Xy Yo

X
1

Figure 3.3: Both ends move on curves

Figure 3.4: Target is a surface

Proof. Exercise.
Remark 2. The result of the theorem and of the above remark hold in R".
Proof. Exercise.

Remark 3. Consider the case R? and let the target be a sufficiently regular
surface S, see Figure 3.4, then the transversality condition is f,; L S.

Proof. Exercise.
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N
>

Figure 3.5: Nonsmooth solutions

3.2.5 Nonsmooth solutions

Under additionally assumptions extremals of variational problems associated
to integrals of the type

b
/ f(z,v,v") dx or / F(z,v,Vv) dx
a Q

are smooth, that is they are at least in C?. In general, it can happen that
extremals have corners or edges, respectively, even if the integrands are
analytically in their arguments.

Example. Consider the class
V ={veC0,1] : v piecewise C*, v(0) = v(1) = 0}.

A u € Cla,b] is called piecewise in C* if there are at most finitely many
points 0 < t; < ty... < t;, < 0 such that u € C*[tg, txy1], K =0,...,m. Set
to=0and t,,11 = 1. Forv eV let

1
E(v) = / (v'(z)? - 1)2 dzx.
0
There is a countable set of nonsmooth solutions, see Figure 3.5.

Let V be the class of functions v : [t1,t2] — R™ in C[t1,ts], piecewise in C!
and v(t1) = uy, v(ta) = ug, where uj, ug are given. Consider the functional
to
E(v) = f(t,v(t),9'(t)))dt,

t1

where v € V' and f is given and sufficiently regular.
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Vo

u(t,)

Vi
Figure 3.6: Corner of the extremal

Let u € V be a weak extremal, that is,
to
| Gavos ) de=o
t1
for all ¢ € C&(tl,tg).
Theorem 3.2.12 (Weierstrass-Erdmann corner condition). Suppose that

uw €V and in C? on the closed subintervals where u is in C', and that v’ is
possibly discontinuous at to € (t1,t2), see Figure 3.6, then

[fur] (to) = fur(t,ult), ' ()], o — fur (t,ul), @ (1)), _o = 0.

Proof. Let n > 0 small enough such that there is no further corner of the
extremal in (to—n,to+n). Then for all ¢ € Ci(tg—n,to+n) we have, where
a=ty—nand b=ty+mn,

b
0 = / (Fu- 6+ fur- &) dt

to b
- / (fu- 6+ fur- &) dt+/ (fu- 6+ fur- &) dt

to

= [ (hem ) vt g

b d b
NI RTI
= —[fuw](to) - o(to)
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[ [ [ X
a c b

Figure 3.7: Corner of a graph extremal

for all ¢(tg) € R™. O

As a corollary we derive a related condition for nonparametric integrands.
Set

b
B = [ fav@). (@) do
where v : [a,b] — R, v € V and V is defined by

V ={v e Cla,b] : v piecewise in O, v(a) = uq, v(b) = up}.

Corollary. Suppose that u € V satisfying u € C?[a,c] and u € C?[c,b],
where a < ¢ < b, is a local minimizer of E in V, see Figure 3.7. Then

[f](e) =0 and | =/ fu(e) = 0.

Proof. The formal proof is to replace x through z = x(t), a <t < b, where
z is a C'-bijective mapping from [a, b] onto [a,b] such that =’ # 0 on [a, b].
Then

/ab [z, v(x), v () de = /ab ; (l‘(t),y(t)’ Zigg) 2 (t) dt,

where y(t) = v(x(t). Set

/
F(z,y, 2", y)=f (:v,y, %) ,
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then [F,/] (c) = 0 and [Fy/] (c) = 0, which are the equations of the corollary.
The following consideration is a justification of that argument. Let u be
a minimizer of E(v) in V. For fixed ¢1, ¢2 € C}(a,b) set

z(et) = t+epi(t)

ylet) = ult)+eda(t),
where ¢ € [a,b], |e| < €0, € sufficiently small. Then z defines a C! diffeo-
morphism from [a,b] onto [a,b] and 2’ # 0 for each €, |¢] < e9. Here we set

' = x(e;t). Let t = t(e; ) be the inverse of the first of the two equations
above, and set

Y(ez) =y(et(e ).
Then Y (¢;2) defines a C''[a, b] graph, i. e., Y € V, and

b b
/f(a:,u(a;),u’(:c))d:z: < / f(x,Y(e2),Y (ex)) do

_ /: f(x(e;t),y(e;t),?;:§22>x’(e;t) dt

= :g(e).
Since ¢g(0) < g(e), |e| < eo, it follows ¢'(0) = 0 which implies the conditions
of the corollary. O

Remark. The first condition of the corollary follows also by a direct applica-
tion of the argument of the proof of Theorem 3.2.12. The second condition
is a consequence of using a family of diffeomorphism of the fixed interval
[a, b], which are called sometimes “inner variations”.

There is an interesting geometric interpretation of the conditions of the
corollary. Let u be an extremal and a < g < b.

Definition. The function

n = f(xo,u(x0),&) =: h(§)

is called characteristic of f at (xo,u(zop)).

Let (&,m:), 7 =1, 2, two points on the characteristic curve of f at (c,u(c)),
a < ¢ < b, and let T; tangent lines of the characteristic curve at (&;,7;),
which are given by

n—"1m= fu’(ca U(C),fz)(g - 51)
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1 <,

Figure 3.8: Geometric meaning of the Corollary

Set

o= (W) =
m = [ =fleulc)u'(c=0)), m=f" = flc,ulc)u'(c+0))

and
fo = fule,u(e), (W)7), fo = fu(e ule), (@)F).
Then the two tangent lines are given by
n—f" = fu-)7)
n—f* = faE— )"
From the first condition of the corollary we see that the tangent lines must

be parallel, then the second condition implies that the lines coincides, see
Figure 3.8.

As a consequence of this consideration we have:

Suppose that h(§) = f(x,u,&) is strongly convex or strongly concave for all
(z,u) € [a,b] x R, then there are no corners of extremals.

Proof. If not, then there are & # & which implies the situation shown in
Figure 3.8. O

Thus, extremals of variational problems to the integrands f = v'? or f =
a(z,y)V1+v2, a > 0, have no corners. If the integrand is not convex for
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12

all v/, then corners can occur as the example f = (v2 — 1) shows, see

Figure 3.5.

3.2.6 Equality constraints; functionals

In 1744 Euler considered the variational problem min,cy E(v), where

b
B@) = [ flao(@),v'(@) do.
v=(v1,...,0y,). Let
V ={veCla,bl: v(a) =us, v(b) =up, gp(v) =0, k=1,...,m}
for given u,, up € R™, and define g by
b
au0) = [ (o v(a),/(2) d

The functions f and [ are given and sufficiently regular.

Example: Area maximizing

Set ,
E(v) :/ v(z) dx
and
V ={veCa,b]: v(a)=uq v(b) =up g(v)=L},
where

b
g(v) :/ V14 02(z) dz

is the given length L of the curve defined by v. We assume that

¢ >/(b—a)?+ (up —ug)?

Then we consider the problem max,cy E(v) of maximizing the area ||
between the z-axis and the curve defined by v € V, see Figure 3.9.
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a b X

Figure 3.9: Area maximizing

Example: Capillary tube

This problem is a special case of a more general problem, see Section 1.3.3.
It is also a problem which is governed by a partial differential equation, but
it is covered by the Lagrange multiplier rule below. Consider a capillary
tube with a bottom and filled partially with a liquid. The gravity g is
directed downward in direction of the negative xs-axis. The interface S,
which separates the liquid from the vapour, is defined by z3 = v(z), z =
(z1,x2), see Figure 3.10. Set

V = {v € Cl(ﬁ) : / vdr = const.},
Q

that is we prescribe the volume of the liquid. Let

E(v):/ ( 1+\Vv]2+gv2) d:c—cos*y/ v ds,
Q o0

where k is a positive constant (capillary constant) and 7 is the angle be-
tween the normals on the cylinder wall and on the capillary surface S at the
boundary of S. Then the variational problem is min,cy E(v).

A large class of problems fit into the following framework. Suppose that
E: B—Randgj: B—R,j=1,...,m. Werecall that B is a real Banach
space and H a real Hilbert space such that B C H is continuously embedded:
llv||m < ¢||v]|g for all v € B. Moreover, we suppose that ||v||p # 0 implies
l|v||g # 0 for v € B, that is, B C H is injectively embedded.

Assumptions: (i) The functionals E and g; are Frechéchet differentiable at
u € B.
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|9/\

X1

Figure 3.10: Capillary tube

(ii) For fixed u € B and given ¢1, ..., ¢, € B the functions
F(c) = E(u+)Y_ ci¢))
j=1
Gic) = gilu+) c;o;)
j=1

are in C! in a neighbourhood of ¢ = 0, ¢ € R™.

Set

Definition. A u € V is said to be a local minimizer with respect to m-
dimensional variations of E in V if for given ¢1,...,¢, € B there ex-
ists an € > 0 such that E(u) < E(v) for all v € V satisfying v — u €
span {¢1,...,¢m} and |ju —v||p < €.

Theorem 3.2.13 (Lagrange multiplier rule). Letu € V be a local minimizer
or maximizer with respect to m-dimensional variations of £ in V. Then
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there exists m + 1 real numbers, not all of them are zero, such that

ME' (1) + > Nigi(u) = 0p-.
=1

Proof. We will show by contradiction that the functionals lg = E'(u), Iy =
gi(u),....lm = g, (u) are linearly dependent in B. Suppose that these
functionals are linearly independent, then there are ¢; € B, j =0,1,...,m,
such that [;(vj) = d;;, see for example [28]. Set M = E(u) and consider for
small n € R and ¢ € R™ the system of m + 1 equations

F(e): = E(ut) ¢j¢;)=M+n
=0

Gi(e): = gi(u+> cjh;) =0,
=0

Set A(c,n) = (F(c)—M—n,G1(c),...,Gm(c))T, then we can write the above
system as A(c,n) = Opmt1. We have A(0,0) = 0pp+1, and, if the functionals
lo, - - .,lm are linearly independent, that the m x m-matrix A.(0,0) is regular.
From the implicit function theorem we obtain that there exists an ng > 0
and a C'(—ng,ng) function c(n) such that ¢(0) = 0 and A(c(n),n) = 0 on
—no < n < no. Then we take an n < 0 from this interval and obtain a
contradiction to the assumption that u is local minimizer of E in V, if u is
a maximizer, then we choose a positive 7. O

Corollary. If ¢i(u),...,g.,,(u) are linearly independent, then \g # 0.

3.2.7 Equality constraints; functions
Set )
B = [ flao@)f (@) da,
where v = (v1,...,v,), and
V = {vella,b): v(a) = uq, v(b) = up,
lg(z,v(x)) =0o0n [a,b], k=1,...,m}

Uq, up € R™ and [ and f are given sufficiently regular functions. We
assume m < n. The problem min,cy F(v) is called Lagrange problem.
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Set

F(z,v,0',\) = f(z,v,0) + Z Melg (7, 0).
k=1

Theorem 3.2.14 (Lagrange multiplier rule). Let u be a local minimizer or
mazimizer of E in V. Suppose that a fized (m x m)-submatriz of l,(z, u(x))
is regular for all x € [a,b]. Then there are functions N\, € C[a,b] such that

d
- u’:Fu
dx

on (a,b).

Proof. Suppose that
Ay, ...y lm)
8(1)1, . ,Um) v=u(x)

is regular for all x € [a,b]. Choose n — m functions 1, € Ct, r =
1,...,n — m, satisfying ny,+r(a) = 0, Npmir(b) = 0. Set

Wit (T, €) = Uy (T) + N (T),

where €] < €, €p sufficiently small, and consider on [a, b] the system

le(z,v1,. oy Oy W1 (2, €)y ..y wp(x,€)) =0,
k = 1,...,m, for the unknowns vi,...,v,,. From the implicit function
theorem we get solutions v; = wy(z,€), I = 1,...,m, v; € C! on [a,b] x

(—eo, €0) satisfying v;(z,0) = w(z) on [a,b]. These solutions are uniquely
determined in a C-neighbourhood of u(z). Thus lx(x,w(z,€)) = 0 on [a, b]
for every k =1,..., m. We have

Wintr (@, €) = Umir(a), Wmtr (b, €) = Upmir (). (3.11)
Hence, since the above solution is unique, we obtain for £k = 1,...,m that
wi(a, €) = ug(a), wi(b,€) = ug(bh). (3.12)

Thus w(x, €) is an admissible family of comparison functions. Set

ow
m(z) = 87! o’
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From (3.11) and (3.12) we get for [ =1,...,n that

m(a) = O, m(b) = 0.

Set

b
h(e) :/ flz,w(z,€),w (z,¢)) d.

Since h'(0) = 0, we see that

b n
a =1

From l(x,w(z,€)) = 0 on [a,b] x (—ep, €g) we obtain

Multiplying these equations with functions \x € Cla, b], we get

n b

Oly,
S Ae(@) =2m; do =0
. /a k(x)avjn] €z )
Jj=1

k=1,...,m. We add equations (3.14) and (3.14) and arrive at

b n
/ Z (Fumj + Fu;.%-) dz =0,
a =

139

(3.13)

(3.14)

(3.15)

where F' = f+ 3 1, A\plp. We recall that I;, are independent of u’. Suppose

for a moment that \; € C'[a,b], then

b n d
/a 21 (Fuj — %Fu;) nj dr =0
J:

(3.16)

Since we can not choose the functions n; arbitrarily, we determine the m

functions A\ from the system

d
FuL__Fu/:O, Z:1,7m
dr

That is from the system

d m
L Aol = 0,
fu; dxfﬂr; kbk,u;
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S

Figure 3.11: Geodesic curve

i=1,...,m. It follows that \; € C*[a,b]. Then (3.16) reduces to

b n—m J
/a Tzl (Fum+r - %Fu;n_w) N4 dr = 0.

Since we can choose 7,4, arbitrarily, the theorem is shown. O
Example: Geodesic curves

Consider a surface S defined by ¢(v) = 0, where ¢ : R3 — R is a C''-function
satisfying V¢ # 0. Set

V = {’U S Cl[tl,tg] : U(tl) = P, U(tz) =P, gb(v) = 0}

Then we are looking for the shortest curve v € V' which connects two given
points P, and P, on S, see Figure 3.11. The associated variational integral
which is to minimize in V is
t2
E(v) = / VO 0@ dt.
t1

A regular extremal satisfies

d o’
i (7r) =7
Choose the arc length s instead of ¢ in the parameter representation of w,
then
u’(s) = A(s)(Vo)(u(s)),
which means that the principal normal is perpendicular on the surface S,
provided the curvature is not zero.
We recall that V¢ L S, and that the principal curvature is defined by
u”(s)/k(s), where k(s) = ||u”(s)|| (Euclidean norm of ") is the curvature.
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Figure 3.12: String above an obstacle

3.2.8 Unilateral constraints

Let u, h € B, F: B~ R, and assume the expansion

E(u+h) = E(u) + (E'(w), h) +n(|hl|5)| |1 (3.17)
as ||h||p — 0, where lim;_gn(t) = 0 and (F'(u),h) is a bounded linear
functional on B which admits an extension to a bounded linear functional
on H.

Let V' C B nonempty and suppose that u € V is a weak local minimizer of
FE in V. Then, see Theorem 3.2.1.

(E'(u),w) >0 for all w € T(V,u).
If V is a convex set, then
(E'(u),v —u) >0 forallveV.
sincev —u € T(V,u) if v e V.
Example: String above an obstacle
Let
V ={vec'0,1]: v(0) =v(1) =0 and v(z) > (x) on (0,1)},

where ¢ € C1[0,1] is given and satisfies ¢(0) < 0 and ¢(1) < 0, see Fig-
ure 3.12. Set

1
E(v) :/0 (v'(:c))2 dx,
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and consider the variational problem min,cy F(v). Suppose that u is a
solution, then wu satisfies the variational inequality

1
ueV: /0 u'(z)(v(x) — u(x)) do for all v e V.

Remark. The existence follows when we consider the above problem in
the associated convex set in the Sobolev space H}(0,1). Then we find a
weak solution u € HE(0,1) satisfying u(z) > ¢(z) on (0,1). Then from a
regularity result due to Frehse [17] we find that u € C'[0,1], provided 1
is sufficiently regular. Such kind of results are hold also for more general
problems, in particular, for obstacle problems for the beam, the membran,
the minimal surface or for plates and shells.

Example: A unilateral problem for the beam

The following problem was studied by Link [32].2 Consider a simply sup-
ported beam compressed by a force P along the negative x-axis, where the
deflections are restricted by, say, a parallel line to the z-axis, see Figure 3.13.
It turns out that u(k;x) defines a local minimizer of the associated energy
functional

1 : " 2 P : / 2
J(v)ziEI ; v () dx—E ; v'(x)* dx,

where ET is a positive constant (bending stiffness), in the set
V ={ve H}0,))nH?(0,1) : v(z) <don (0,1)}

of admissible deflections if I/4 < k < /2 and it is no local minimizer if
0 < k < 1/4, see Section 3.3.3 or [40].

Remark. Related problems for the circular plate and the rectangular plate
were studied in [43, 44], where explicit stability bounds were calculated.

%I would like to thank Rolf Klstzler for showing me this problem.
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Figure 3.13: A unilateral beam

Example: Positive solutions of eigenvalue problems

Consider the eigenvalue problem

d

*%(p(fv)U'(fv))+Q(ﬂf)U($) = Ap(x)u(z) in (a,b)

u(a) =u(b) = 0.

We suppose that p € Cl[a,b], ¢, p € Cla,b], and that p, ¢ and p are positive
on the finite interval [a, b]. Set

b

a(u,v) = / (p(z)d/ (2)v' () + g(z)u(z)v(z)) dx
b

b(u,v) = / p(x)u(z)v(z) d.

Then the lowest eigenvalue Ag, which is positive, is given by

a(v,v)
min
veH\{0} b(v,v)

I

where H = H}(a,b). Then we ask whether or not the associated eigenfunc-
tion does not change sign in (a,b). In our case of this second order problem
for an ordinary differential equation it can be easily shown that each eigen-
value is simple. Instead of looking for minimizers of the above Rayleigh
quotient in H, we pose the problem directly in the set of nonnegative func-
tions. Define the closed convex cone with vertex at the origin

K ={v e Hj(a,b): v(x)>0on (a,b)}.
Let
a(v,v)

A — .
K uerlrél\]%o} b(v,v)
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As in Chapter 2 we find that A\g is the lowest eigenvalue of the variational
inequality

ue H\{0}: a(u,v—u)> Ab(u,v—u) forall ve H.
Under the above assumptions we have

Proposition. A\g = \g.

Proof. It remains to show that Ay > Ag. Let uy be an eigenfunction to
Afr, then
a(ug,v) = Agb(ug,v) forallv e H. (3.18)

Moreau’s decomposition lemma, see Section 2.6.3, says that ug = uy + e,
where u; € K, ug € K* and a(uy,uz) = 0. We recall that K* denotes the
polar cone associated to K. Inserting v = u; into (3.18), we get

a(u1,u1) = )\Hb(ul,ul)—i-)\Hb(uz,ul)

A

)\Hb(ul, ul)

since b(ug,u1) < 0, see an exercise. If u; # 0, then it follows that A\x < Ap.
If w3 =0, then uy € K*, which implies that —uy € K, see an exercise. O

Remark. The associated eigenfunction has no zero in (a,b).

Remark. One can apply this idea to more general eigenvalue problems.
In particular it can be shown that the first eigenvalue of a convex simply
supported plate is simple and the associated eigenfunction has no zero inside
of the convex domain Q C R?, see [39]. Plate problems are governed by forth
order elliptic equations.
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3.2.9 Exercises

1. Consider the example ”How much should a nation save?” Show that

T
(E"(K)C,C) = /0 (FrereC + 2F ki CC+ Freogr (™) dt
< 0

for all K € V and for all ¢ € V — V. If additionally f” < 0 is satisfied,
then

T
(E'(K)6.0) < ek, ) [ ¢t
0
forall K € V and for all ( € V =V, ¢(K,T) is a positive constant.

2. Consider the example "How much should a nation save?”. Find all
extremals if

1
UC) = ECH and f(K) = bK,

where v € (0,1) and b are constants. Suppose that b # (b — p)/v.

3. Suppose that [y, ...,y are linearly independent functionals on a Hilbert
space H. Show that there are vy,...,vn € H such that [;(v;) = J;;.

4. Consider the example of area maximizing of Section 3.2.6. Show that
Ao # 0, where \g and A1 are the Lagrange multipliers according to the
Lagrange multiplier rule of Theorem 3.2.1.

5. Consider the example of the capillary tube of Section 3.2.6. Show that
Ao # 0, where A\g and A; are the Lagrange multipliers according to the
Lagrange multiplier rule of Theorem 3.2.1.

6. Weierstra3. Show that the integral

b
/ Fat), 2/ (1)) dt,

where z(t) = (z1(¢),...,zy(t)), is invariant with respect to a regular
parameter transformation ¢ = t(7), that is, t € C! and ¢ > 0, if and
only if f(z,p) is positive homogeneous in p, i. e., f(z, \p) = Af(x,p)
for all positive real A.

Hint: To show that it follows that f(z,p) is positive homogeneous,
differentiate the integral with respect to the upper bound 73, and then
consider the mapping ¢t = 7/\, where \ is a positive constant.
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7.

10.

11.

12.

13.

14.
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Show that a solution of the weak Euler equation of the vector valued
variational problem, see Section 3.2.2, is in C?[a, b] if

et ( fugu (2, u(e), (1))

20
i,k=1 7&
on [a,b].

Consider the case of a system, see Section 3.2.2, and show that

(E"(u)¢,¢) >0

for all ¢ € V —V implies the Legendre condition

Z fuéu}CCZCk >0 for all C c R™.
ik=1

Hint: Set ¢; = (¢on(x), where ¢ € R™ and ¢y, is the function defined
in the proof of Theorem 3.2.7.

Find the Brachistochrone if P; = (0,0), P = (1,1) and v; = 0.
Determine the shortest distance between two straight lines in R3.

Find the shortest distance between the z-axis and the straight line
defined by x +y+z=1and x —y+ 2z = 2.

Find the the shortest distance between the origin and the surface (ro-

tational paraboloid) defined by z = 1 — 22 — 32,

Let

E@w) = / C gtV @) o) dt.

t1

v = (v1,v2) and g is continuous. Show that the corner points of
extremals are contained in the set {(x1,z2) € R? : g(z1,22) = 0}.

Let u be a solution of the isoperimetric problem

1
a d
1516‘;;/0 v(z) dx,

where V. = {v € C'[a,b] : v(0) = v(1l) = 0, l(v) = 7/2} with

(v) = [} 1+ @(x))? da.

Find .
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15.

16.

17.

18.

19.

Let u be a solution of the isoperimetric problem

1
mim/0 V1+ (v'(2))? dx,

veV

where V. = {v € C%a,b] : v(0) = v(1) = 0, I(v) = 7/8} with

l(v) = fol v(z) dz.
Find w.

A geodesic on a surface defined by ¢(z) = 0, € R3 and V¢ # 0
satisfies, see Section 3.2.7,

u”(s) = A(s)(V)(u(s)).
Find .

Find geodesics u(s), 0 < s < L, of length 0 < L < 7R on a sphere
with radius R.

Consider geodesics z(s) = (x1(s),x2(s),z3(s)) on an ellipsoid &, de-

fined by
2 2 2
(Z)+(F) +(2) =¢
a b c
where a, b, ¢ are positive constants. Let

Pl, Pgegm{iﬁeRg: $1:0}

Show that a geodesic connecting P; and Ps, P # P, satisfies z1(s) =
0.

Set
V={veC'-1,-1]: v(-1) =v(1) =0, v(z) > —z*+1/40n (—-1,1)}.

Find the solution of

min/1 (v (x))? de.

veV -1

Is the solution in the class C2(0,1)?

Set V = {v € Cla,b] : ¢¥1(x) <wv(z) <Y(x)}, where ¢; and ¢ are in
Cla,b], ¥1(z) < a(z) on (a,b), ¥ is convex and 1 concave on [a, b].
Let

62v = % (v(z+h) —2v(z) +v(x — h))
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20.

21.
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be the central difference quotient of second order. For fixed { €
Co(a,b), 0 < ( <1, define

Ve =0+ EC(S,%U,

where € is a positive constant. We suppose that h is a sufficiently small
positive constant such that v is defined on [a, b].
Show that v. € V, provided that 0 < e < h?/2 is satisfied.

Remark. Such type of admissible comparison functions were used by
Frehse [17] to prove regularity properties of solutions of elliptic varia-
tional inequalities.

Consider the example ”positive solutions of eigenvalue equations” of
Section 3.2.8. Show that v <0 on (a,b) if u € K*.

Hint: If u € K*, then u € H}(a,b) and
b
/ (pu'v" + quv) dz <0 for all v € K.

Inserting v(z) = max{u(z), 0}.

Consider the example ”Positive solutions of eigenvalue equations” of
Section 3.2.8. Show that a nonnegative eigenfunction is positive on
(a,b).

Prove the related result for the eigenvalue problem —Awu = Au in €,
u = 0 on 0. Here is ) € R™ a bounded and sufficiently regular
domain.
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3.3 Sufficient conditions; weak minimizers

3.3.1 Free problems

Consider again the problem min,cy E(v), where

b
() = / f (@, v(@), v/ (2)) da

and V = {v € Cl[a,b] : v(a) = uq, v(b) = up}. The next theorem shows
that an extremal u is a strict weak local minimizer if the assumptions of
Theorem 3.2.9 are satisfied. In contrast to the n dimensional case, the
assumption (E”(u)¢, ) > 0 for all ¢ € (V — V) \ {0} alone is not sufficient
such that u is a weak local minimizer. A counterexample is, see [53],

f=(@—ay*+(y—a)y”? a<xz<b.
The second variation admits the

(E"(u), ¢) = a(u)(¢, ) — b(u)(6, d),

where
b
a(u)(6, ) = / R&”? dz,
¢ b
b(u)(¢,¢) = — / (2Qo¢' + P¢?) dz.

If u € C*[a,b], then

b b
/ (2Q¢¢’ + P¢?) dx = / S¢? dx,

with
s_p_dg
N de ™’

If the strict Legendre condition is satisfied on [a, b], then u € C?[a,b] and
the quadratic form a(u)(¢, ¢) is equivalent to a norm on H = H}(a,b) and
b(u)(¢, @) is a completely continuous form on H.

Theorem 3.3.1. Suppose that
(i) uw € V is a solution of the weak Euler equation,

(ii) (E"(u)p, ¢) > 0 for all ¢ € (V —V)\ {0},
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(1) furw (z,u(x),u'(x)) >0 on [a,b].
Then u is a strict weak local minimizer of E in V.

Proof. Assumption (ii) implies that (E”(u)¢,#) > 0 for all ¢ € Hl(a,b). If
u is no strict local minimizer, then we will show that there is a ¢g € H (a, b),
¢o # 0 such that (E”(u)gg, ¢o) = 0. Thus ¢ is a solution of Jacobi equation
(E"(u)¢o,1) = 0 for all ¢ € Hi(a,b). A regularity argument, we omit the
proof here since this problem is addressed in another course, shows that
¢ € V — V. The idea of proof is a purely variational argument. We insert
for ¢ the admissible function ¢(x)y~"(x), where ¢ is a sufficiently regular
cut off function and ¥ ~" is the backward difference quotient. After some
calculation one can show that ¢g € H?(a, b) which implies that ¢g € C*[a, b].
Set B = C'la,b] and H = H}(a,b). If u is no strict local minimizer, then
there is a sequence u, — u in B, u, # uw in B, such that
E(u) > E(up)=E(u+ (u, —u))

= E(u) + (E'(u), un — u)
+%<E”(U)(un =), un —u) +0(||un — ull)l[un — ullF.

Then we can write the above inequality as

0 > a(u)(up, —u,up —u) — blu)(u, — u,up —u)

+([un = ulB)[un — ull?.
Set tn = (a(u)(tn — t, un —u)) "% and wy, = tn(un — u). Then

0 > a(u)(wy,w,) — blu)(wy, wy)

(| — ul| ) Jwal [

Since a(u)(wy, wy,) = 1 it follows for a subsequence w, — w that b(u)(w, w) >
1, in particular w # 0, and a(u)(w,w) < 1 since a(u)(v,v) is lower semicon-
tinuous on H. It follows a(u)(w,w) — b(u)(w,w) < 0. Since by assumption
a(u)(v,v) — b(u)(v,v) >0 for all v € H it follows that (E"(u)w,w) =0. O

There is an interesting relationship between (E”(u)¢,¢) > 0 for all ¢ €
(V—=V)\ {0} and an associated eigenvalue problem. Again, we suppose that
the strict Legendre condition fyr(x,u(z),u (z)) > 0 on [a,b] is satisfied.
Set H = H}(a,b) and consider the eigenvalue problem

we H\{0}: a(u)(w,v) = Ab(u)(w,v) for all ¢ € H. (3.19)
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Lemma. Suppose that there is a w € H such that b(u)(w,w) > 0. Then
there exists at least one positive eigenvalue of (3.19), and the lowest positive
eigenvalue )\;r s given by

()\IL)—l _ b(u)(v,v)

~verioy a(u)(v,0)°

Proof. The idea of proof is taken from Beckert [2]. Set
V={veH: a(u)(v,v) <1},
and consider the maximum problem

max b(u)(v,v).

There is a solution v; which satisfies a(u)(v1,v1) < 1. From the assumption
we see that a(u)(vi,v1) = 1. Then

b = maxb
max b(u) (v, v) = maxb(u)(v, v),

where V} = {v € H : a(u)(v,v) = 1}. The assertion of the lemma follows
since for all v € H \ {0} we have

b(u)(v,v)  b(u)(sv,sv)
a(u)(v,v)  a(u)(sv, sv)’

where s = (a(u)(v,v)) 2. O

Theorem 3.3.2. The second variation

(E"(u)¢, ¢) = a(u)(¢,¢) — b(u)(¢, ¢)

is positive for all ¢ € H \ {0} if and only if there is no positive eigenvalue
of (3.19) or if the lowest positive eigenvalue satisfies \| > 1.

Proof. (i) Suppose that the second variation is positive, then

b(u)(v,v)
a(u)(v,v)
for all v € H \ {0}. If b(u)(v,v) < 0 for all H, then there is no positive

eigenvalue of (3.19). Assume b(u)(v,v) > 0 for a w € H, then we obtain
from the above lemma that the lowest positive eigenvalue satisfies )\f > 1.

<1
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(ii) Suppose that there is no positive eigenvalue or that the lowest positive
eigenvalue satisfies )\f > 1.

(ila) Consider the subcase that b(u)(v,v) < 0 for all v € H, then
a(u)(v,v) — b(u)(v,v) >0
for all v € H. It follows that
a(u)(v,v) — b(u)(v,v) >0
for all v € H\ {0}. If not, then we have for a w € H\ {0} that a(u)(w,w) =
b(u)(w,w). Thus a(u)(w,w) < 0, which implies that w = 0.

(iib) Suppose that there is a w € H such that b(u)(w,w) > 0. Then there is
at least one positive eigenvalue and the lowest positive eigenvalue satisfies,
see the lemma above,

() s Aul,0)

a(u)(v,v)
for all v € H \ {0}. According to the assumption there is a positive € such
that
1—e= ()\1*)71 :

It follows that
a(u)(v,v) — b(u)(v,v) > ea(u)(v,v)

for all v € H. O
Remark. In general, the lowest positive eigenvalue )\f is not known explic-

itly. Thus, the above theorem leads to an important problem in the calculus
of variations: find lower bounds of A} .

3.3.2 Equality constraints
Suppose that E: B— Randg;: B—R,i=1,...,m, and for u, h € B

E(u+h) = E(u)+<E’(U)»h>+%(E”(U)h,m+77(||hHB)||h||§1,

(g7 (w)h, k) + (/1] B)IIAl 7,

N =

gilu+h) = gi(u) + (gi(u), h) +

where lim;_on(t) = 0, (E'(u),h), (¢g;(u), h) are bounded linear functionals
on B which admit a extensions to bounded linear functionals on H. We
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suppose that (E”(u)v, h) and (g} (u)v, h) are bilinear forms on B x B which
has continuous extensions to symmetric, bounded bilinear forms on H x H.

EXAMPLE: B = C[a,b], H = H'(a,b) and E(v) = [” (v/(z))? dz, then

a

b
E(u+h) :E(u)—l—/ o () (x) dat+%/ W ()W (2) da.

Set for (v,\) € B x R™
L(v,\) = E(v)+ i Aigj(v)
L'(v,\) = E'(v)+ i Ajgi(v)
L'(v,\) = E'"(v)+ ZAJgJ
Let

and assume

(L (u, ), hY = a(u, \°)(h, h) — b(u, \°)(h, h),

where a(u, \°)(v, h) and b(u, A\°)(v, h) are bounded bilinear symmetric forms
on H x H, a(u, \°)(v,v) is nonnegative on H and

(a) (a(u, )\0)(’0,1)))1/2 is equivalent to a norm on H,

(b) b(u, A°) (v, h) is a completely continuous form on H x H.

Theorem 3.3.3. Suppose that (u, \°) € V x R™ satisfies L'(u, \°) =0 and
a(u, \°)(h, h) — b(u, A°)(h, h) >0

for all h € H\ {0} satisfying (g;(u),h) =0 for every j =1,...,m. Then u
s a strict weak local minimizer of £ in V.
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Proof. The proof is close to the proof of Theorem 3.3.1. If u is no strict
local weak minimizer, then there exists a sequence u,, € V, ||u,, — ul|p # 0,
U, — u in B such that

0 > E(uy) — E(u) = L(uy, A”) — L(u, \%)
= (L'(u,\),u, —u) + %(L”(u, A (y — ),y — )
A0 (||un — ul[B)lfun — ullF
= %a(u, AN (wyy — w1y — 1) — %b(u, A (g, — Uy — w)
0 (||un — ul[B)lfun — ullF.

Set
tn = (a(u, AO)(un — U, Uy, — u))71/2

and wy, = t,(u, —u). Then
0> 1 = b(u, A”) (wn, wn) + 20(|[un — ul|B)||wnl[F-
Let w, — w in H for a subsequence, then
0>1— blu, \°)(w,w)

and
a(u, \°) (w,w) < 1.

Summarizing, we arrive at
a(u, \) (w, w) — b(u, A°)(w, w) <0
for a w # 0 satisfying
(gj(u),w) =0, j=1,...,m.
The previous equations follow from the above expansion of g;(u + h). O

There is a related result to Theorem 3.3.2 for constraint problems considered
here. Set
W={heH: (gi(u),h) =0, j=1,...,m}

and consider the eigenvalue problem

we WN\{0}: a(u, \)(w, ) = Xb(u, \°)(w,vp) forally € W. (3.20)
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Theorem 3.3.4. Suppose that (u,\°) € V x R™ satisfies L'(u, \°) = 0.
Then u defines a strict local weak minimizer of E in V' if there is no positive
eigenvalue of (3.20) or if the lowest positive eigenvalue satisfies )\f > 1.

Proof. Exercise.

3.3.3 Unilateral constraints

Assume F: B — R. Let V C B be a nonempty subset and suppose that
u € V is a weak local minimizer of E in V, then

(E'(u),w) >0 for all w € T(V,u),

see Theorem 3.2.1. For the definition of T'(V,u) see Section 3.1. We recall
that we always suppose that u is not isolated in V.
For given u € B we assume

E(u+h) = E(u) + (E'(u), h) + %(E”(U)h, Ry =+ n(|I2])[Al 7

where (E'(u),h) is a bounded linear functional on B which admits an ex-
tension to a bounded linear functional on H, and (E”(u)v, h) is a bilinear
form on B x B which has a continuous extensions to a symmetric, bounded
bilinear form on H x H. Moreover, we suppose that

<E”(u)h7 h) = a(u)(h7 h) - b(u>(h7 h)7

where a(u)(v,h) and b(u)(v, h) are bounded bilinear symmetric forms on
H x H, a(u)(v,v) is nonnegative on H and

(i) (a(u)(v, v))1/2 is equivalent to a norm on H,
(i1) b(u)(v,h) is a completely continuous form on H x H.

Definition. Let Tp/(V,u) be the set of all w € T'(V,u) such that, if u, and
tn = ||un, — ul|5;' are associated sequences to w, then

limsup t2 (F' (u), up, — u) < 0.

n—oo

Corollary. If u € V satisfies the necessary condition (E'(u),w) > 0 for all
w € T(V,u), then (E'(u),w) =0 for all w € Tg:(V,u).
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Proof. Exercise.

Theorem 3.3.5. Suppose that u € V satisfies the necessary condition of
Theorem 3.2.1 and that

liminf t2(E' (u), tu, — u) >0

n—oo

for all associated sequences uy, ty, to w € Tp/(V,u). Then u is a strict weak
local minimizer of E in'V if Tp/(V,u) = {0} or if

a(u)(w,w) —b(u)(w,w) >0 for all w € Tr:(V,u) \ {0}.

Proof. If u is no strict local weak minimizer of E in V, then there exists a
sequence u, € V satisfying ||u, — ul|p # 0, u, — u in B, such that

E(u) > E(u+u,—u)

= Eu)+ (E'(u),u, — u)
+§[(a(u)(un — Uy Uy — u) — b(w) (Uuy — u, Uy — u)]
+n([Jun — ul[B)|lun — ul 7.

Set
tn = (a(u)(up — u, upy — u))_1/2

and wy, = t,(u, —u). Then

1
0> t(E'(u), wn) + 5 [1 = b(u) (wn, wa)] + ([ Jun = ullp)|[wnllfr,  (3:21)
which implies that

limsup t2 (F' (u), up, — u) < 00.
n—oo
It follows, if wy is a weak limit of a subsequence w,s of w,, that wy €
Tr/(V,u), and inequality (3.21) yields

1
0 > liminf(E'(u), tywy) + =[1 — b(u) (wo, wo)].
n—00 2
Since the first term on the right hand side is nonnegative by assumption, we
get

0>1—b(u)(wo,wo),
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which implies that wg # 0. Since the square of the norm on a real Hilbert
space defines a weakly lower semicontinuous functional, we have

a(u)(wg,wp) < 1.
Combining the two previous inequalities, we obtain finally that
a(u)(wo, wo) — b(u)(wo, wp) < 1 —b(u)(wo,wp) <0,
which is a contradiction to the assumptions of the theorem. O
Remark. Assumption

lim inf t2 (B’ (u), ty — u) > 0

n—oo

is satisfied if V' is convex since (E'(u),v —u) > 0 for all v € V.

Corollary. A u € V satisfying the necessary condition is a strict weak local
minimizer of E in V if
sup b(u)(v,v) < 1,

where the supremum is taken for all v € Tg/(V,u) satisfying a(u)(v,v) < 1.
Proof. Inequality a(u)(v,v) — b(u)(v,v) > 0 for v € Tr/(V,u) is equivalent
to 1 — b(u)(v,v) > 0 for v € T/(V,u) satisfying a(u)(v,v) = 1. We recall
that Tg (V,u) is a cone with vertex at zero. O

It follows immediately

Corollary. Let K be a closed cone with vertex at zero satisfying Tr(V,u) C
K. Suppose that u € V satisfies the necessary condition. Then u is a strict
weak local minimizer of E in 'V if

p = max b(u)(v,v) < 1,
where the maximum is taken over v € K satisfying a(u)(v,v) < 1.

Remark. If K is convex and if there exists a w € K such that b(u)(w,w) >
0, then p~! is the lowest positive eigenvalue of the variational inequality,
see [37],

weK: alu)(w,v—w)> Ab(u)(w,v—w) forallve K.
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Example: Stability of a unilateral beam

Consider the example ” A unilateral problem for the beam” of Section 3.2.8,
see Figure 3.13. Set

V ={veHy(0,0)nH*(0,1): v(z) <don (0,1)},

!

a(u,v) = /0 o (z)v" (x) dx
l

b(u,v) = /0 o () () da

and . \
E(U, )‘) = 50,(1},2}) o 5()(’0,1)),

where u, v € V and A = P/(EI). The family of functions

g(ﬁersin(x/X:r:) s 0 <k
u=u(k;x) = d : k<z<l-k
d(\/X(l_w)+sin(\/X(1—x)) Cl—k<z<l

T

where 0 < k < /2 and A = (7/k)? defines solutions of the variational
inequality
weV: (E'(u,\),v—u)>0 forallveV,

where \ = (7/k)?.
Proposition. Suppose that 1/4 < k <1/2, then u = u(k;x) is a strict local
minimizer of E in'V, i. e., there is a p > 0 such that E(u,\) < E(v,\) for

all v € V satisfying 0 < [|u — v|[g2(0y) < p, and u is no local minimizer if

k<l/4.
Proof. The cone T/ (V,u) is a subset of the linear space
L(k) = {v € H}0,))nH?(0,1) : v(k) =v(l—k) =0, v'(k) =v'(I—k) =0},

see the following lemma. We show, see Theorem 3.3.5 and the second Corol-
lary, that a(v,v) — Ab(v,v) > 0 for all v € L(k) \ {0} if I/4 < k <1/2. We
recall that A\ = (7/k)2. Consider the eigenvalue problem

w € L(k): a(w,v) = pub(w,v) for all v e L(k). (3.22)
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In fact, this problem splits into three problems if 0 < k < [/2. The first one
is to find the lowest eigenvalue of a compressed beam of length [ — 2k which
is clamped at both ends, and the other two consist in finding the lowest
eigenvalue of the compressed beam of length k& which is simply supported
at one end and clamped at the other end. Thus the lowest eigenvalue 1

of (3.22) is
. T1\ 2 27 2
’“_mm{@) ’(l—2k> }

where 7 = 4.4934... is the lowest positive zero of tanx = x. Then u is a
strict weak local minimizer if

= () <

is satisfied. This inequality is satisfied if and only if /4 < k < 1/2.

If 0 < k < /4, then u(k; z) is no local minimizer since E(u+w; A) < E(u;\),
where w(z), k < x < [—k, is the negative eigenfunction to the first eigenvalue
of the compressed beam of length [ — 2k which is clamped at both ends x = k
andxz=10—k. On0<z<kandon!l—k <z <! weset w(x)=0. O

It remains to show

Lemma. The cone Tg/(V,u) is a subset of the linear space

L(k) ={ve H}0,)NnH?0,1): v(k)=v(l—k)=0, v'(1) =v'(1—k) =0}

Proof. Let w € Tg/(V,u), i. e., there is a sequence u, € V, u, — u in H
such that t,(u, — u) — w, where t, = ||u, — ul|;;* and

lim sup t2 (E' (u, \), ty, — 1) < oo.

n—oo

We have
wp(k) <0 and wy(l —k) <0,

where wy, = t,,(u, — u), and
<El(ua )‘)a wn> = _Alwn(k) - A2wn(l - k)a (3'23)

with
A = u'"(k: —-1), Ay= u”’(l —k+0)
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are positive constants. From the definition of Tg/(V,u) it follows that
(B (u, \), wy) < et b
By ¢; we denote positive constants. Set
P
en =1t, = ||lun — ul|m,

then
—Alwn(k) — Aan(l — k) S Cl1€p. (3.24)

It follows that wy(k), wy(l — k) — 0 as n — oo, which implies
w(k) =0 and w(l—k)=0.
Now we prove that
w'(k) =0 and w'(l —k)=0.
We have u + €,w,, = u,, that is u + e,w, < d on [0,l], or
enwy, < d—wu on [0,1]. (3.25)

Since u € H?(0,1), which follows directly by calculation or from a general
regularity result due to Frehse [17], and w,, € H?(0,1), we have the Taylor
expansions®

walk+h) = walk)+w,(k)h+ O <|h|3/2> ,
w(k+h) = u(k:)+u’(k)h—|—%u”(k:)h2+0<\h\5/2)
d+0(|hy5/2)

SLet x £ h € (0,1) and v € H™(0,1). Then

1

(m—1) m—1
=1 1)!11 (z)h + Rm,

v(z+h)=v(x)+o (@)h+...

where

h
R = ﬁ/ (h— )™ W™ (3 4 1) dt
—1i /.

which satisfies
2m—1

|Rin| < el[0™ | on|hl =
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since v/ (k) = u”(k) = 0. Then we obtain from (3.25) that
€ <wn(/<:) + !, (k)h — chh\?’/?) < sl (3.26)

We consider two cases.

Case 1. Suppose that w, (k) = 0 for a subsequence, then we get from (3.26)
that w/, (k) = 0 for this sequence, which implies w'(k) = 0.

Case 2. Suppose that wy, (k) < 0 for all n > ng. Set

From above we have that o, — 0 as n — oo. Assume 3,, > [ with a positive

constant (. Set

= 2 sign(uf (1),

then we obtain from inequality (3.26) that

3/2 5/2
€n (—an + 2an% — ¢ (%) ) <cs <%%> )

which implies

Consequently
en < csad)? (3.27)

n

for all n > ng, ng sufficiently large. Combining this inequality with inequal-

ity (3.24), we find
3/2

Ajay < cieqay

which is a contradiction to A; > 0. Consequently w),(k) — 0. Thus w'(k) =
0. We repeat the above consideration at = [ —k and obtain that w'(I—k) =
0. O
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3.3.4 Exercises

1. Show that the square of the norm on a Hilbert space defines a weakly
lower semicontinuous functional.

2. Set B = Cl[a,b], H= H'(a,b) and

b
:/ f(a,v(@), v/ (2)) de,

where v € B, and f is assumed to be sufficiently regular.
Show, if u, h € B, then

E(u+h) = E(u) + (E'(v),h) + %<E"(U)h7 Ry + nllklls)lA] [

where

b
(E'(u),h) = [fu(z,u, v )b+ fur(z,u, ' )h'] dz

b
(E"(u)h,h) = [fuu(, u, ' )R® + 2 f o (2, u, u' ) R

—i—fu/u/ (x,u,u )h’2] dzx,

and lim;_,on(t) = 0.
Hint: Set g(e) f f(z,u+ eh,u' + €h') dz. Then

9(1) = 9(0) + ¢(0) + 50"(0) + 1 [g"(3) — 4" (0))

where 0 < § < 1.
3. Set ,
a(u)(h, h) :/ fu/u/(x,u,u’)h’(x)2 dz,

where u, h € Cl{a,b]. Show that (a(u)(h,h))/? is equivalent to a
norm on H}(a,b), provided that the strict Legendre condition

furw (@, u(z),u (z)) >0

is satisfied on [a, b].
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Hint: Show that there exists a positive constant ¢ such that

/ab R (z)? dx > c/ab h(z)? dx

for all h € Ci(a,b).

. Show that the bilinear form defined on H x H, where H = H'(a,b),

b
) (6.9) == [ (60" + 60) + ] o
where fuu/, fuu € Cla,b], is completely continuous on H x H, i. e.,

i  b(u)(dn, v1) = b(u) (¢, )

n,l—oo
if ¢, — ¢ and ¢y — ¢ in H.
Hint: (i) The sequences {¢,}, {1} are bounded in H'(a,b).

(ii) The sequences {¢,}, {¢;} are equicontinuous sequences.
(iii) Use the Arzela-Ascoli Theorem.

. Prove Theorem 3.3.4.
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3.4 Sufficient condition; strong minimizers

The following consideration concerns a class of free problems. There are
related results for isoperimetric problems, see [6, 52, 19], for example. Set

V ={veCa,b]: v(a)=u4 v(b) =up}

and forv eV ,
Ew) = / f(,0(@), v/ (2)) da,

where f(x,y,p) is a given and sufficiently regular function f : [a, )] x RXR —
R.

We recall that u € V is called a weak local minimizer of F in V if there
exists a p > 0 such that E(u) < E(v) for all v € V satisfying ||v—ul|c1jq <
p. And u € V is said to be a strong local minimizer of E in V if there exists
a p > 0 such that E(u) < E(v) for all v € V satisfying [|v — ul[c[a,y) < p-

Let u € V be a weak solution of the Euler equation, that is
weV: (E'(u),p)=0 forallp € V —V.

If the strict Legendre condition is satisfied on [a,b], then u € C?[a,b], i. e.,
u is a solution of the Euler equation. Assume

(E"(u)¢,¢) > 0 forall ¢ € (V —V)\ {0},

then u is a weak local minimizer of F in V', see Theorem 3.3.1. If additionally
Jop(,y,p) >0 for all (z,y) € Ds(u) and p € R, where for a § >0

Ds(u) ={(z,y): a <z <b, u(z) - <y <u(z)+},
then we will prove that v is a strong local minimizer of F in V.

Definition. A set D C R? is said to be simply covered by a family of curves
defined by y = g(z,¢), ¢ € (c1,¢2), if each point (z,y) € D is contained in
exactly one of these curves. Such a family is called a foliation of D. If a given
curve defined by y = u(x) is contained in this family, that is u(x) = g(«, cp),
c1 < ¢g < c1, then w is called embedded in this family.

Lemma 3.4.1 (Existence of an embedding family). Let v € V N C?[a,b] be
a solution of the Euler equation. Suppose that the strict Legendre condition
fop(x,u(z), v (x)) > 0 is satisfied on [a,b] and that the second variation
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(E"(u)o, @) is positive on (V —V)\ {0}. Then there exists a foliation v(iu),
lu| <€, of Ds(u), provided § and e are sufficiently small. Every element of
this foliation solves the Euler equation, and v(0) = u.

Proof. Consider the family of boundary value problems

%fv/(x,v,v') = fo(z,v,v") on (a,b) (3.28)
v(a) = ug+p (3.29)
v(b) = w+p, (3.30)

where (1 is a constant, u € (—e, €), € > 0. Define the mapping

M(v,p) : C?a,b] x (—€,€) — Cla,b] x R x R

_%fv/(l‘v v, U/) + fv(xv va/)
M(v,p) = v

We seek a solution v(p) of M(v,u) = 0. Since M (v(0),0) = 0, where
v(0) = u, and M,(u,0) defined by

—&L(RK) + Sh
Mv(u, O)h = h(a)
h(b)

is a regular mapping from C2[a,b] — Cla,b] x R x R, it follows from an
implicit function theorem, see [28], for example, that there exists a unique
solution

o, 1) = u+ por () + () (3.31)

of (3.28), (3.29), (3.29), where r € C%([a,b] x (—¢,¢)), r(z,pu) = o(n),
lim,—or,(z, ) = 0, uniformly on [a,b], and v; is the solution of the Ja-
cobi boundary value problem.

—%[R(J:,u,u') V'] + S(z,u,u’) v = 0 on (a,b)
via) = 1
v(b) = 1.
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The solution v is positive on [a, b]. To show this, we set {(z) = max{—wv1(x),0},
then

b
0 - / [—(Rv')'¢ + Sv(] da
b
= /(Rv’C’—i—SvC) dx
_ / (RC? + SC?) da
{—v1(z)>0}

b
— _/ (RC? + S¢?) da.

It follows that ¢ = 0, i. e., vi(z) > 0 on [a,b]. Assume there is a zero
xg € (a,b) of vi(x), then v'(z¢) = 0. Consequently v(z) =0 on [a, b], which
contradicts the boundary conditions.

Finally, for given (x,y) € Ds(u), 6 > 0 sufficiently small, there exists a
unique solution p = p(x,y) of v(x, ) —y = 0 since v, (z,0) = vi(x) > 0 on
[a,b]. O

Let v(x, 1) be the solution of (3.28)—(3.31). Set F(x,u) = v'(x,u). From
the previous lemma we have that for given (x,y) € Ds(u) there exists a
unique g = p(x,y) which defines the curve of the foliation which contains
(x,y). Set

O(z,y) = F(z, u(x,y)),
and consider the vector field A = (Q, —P), where

P(xvy) = f(x,y,cb(ac,y))—‘I’(:B,y)fp(x,y,@(x,y))
Q(xay) = fp(x,y,fb(w,y)).

Lemma 3.4.2 (Hilbert’s invariant integral). Suppose that C, is a curve in
Ds(u) defined by y = v(x), v € Ca,b], v(a) = us and v(b) = up. Then, the
integral

Uv) = /C P(x,y)dz + Q(z,y)dy,

is independent of v.

Proof. We show that P, = @, in . This follows by a straightforward
calculation. We have

Py = fy+ %y —Pyfp— q)(fpy + fppq)y)
Qe = fpo+ [opPa-
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Thus

Py - Qx = fy - (I)(fpy + fppq)y) - fpa: - fppq)ar
The right hand side is zero in Dg(u). To show this, let (zg,y0) € Ds(u) be
given, and consider the curve of the foliation defined by

y(x) = o(x,y(x))

y(zo) = o
We recall that
®(z,y) F(z,c(z,y))
= F(z,c(z,y(z)))
= O(z,y(2)),

if y(x) defines a curve of the foliation, since ¢(z,y) =const. along this curve.
Then

Y (z0) = ®(zo,y0)
Y (z0) = Pu(wo,y0) + Py(z0,90)y (20)
= ®u(z0,y0) + Py(0, yo) P (20, Y0)-

Inserting y'(xg) and y”(zg) from above into the Euler equation, which is
satisfied along every curve of the foliation,

fy - fpz - fpyy/ - fppy” =0,
we obtain that P, — Q, = 0 at (x0, y0) € Ds(u). O
On the weak local minimizer « in consideration we have

E(u) =U(u) (3.32)

b
U(u) = / [f(z,u(x), ®(x,u(z)) — ®(x, u(x)) fp(z, u(x), p(z, u(x))
+fp(z,u(z), ' (z))u' (z)] dz

b
= / f(x,u(x),u (x)) d.

We recall that u'(z) = ®(x, u(x)).
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Definition. The function
5(x7y>p7 q) = f(xayv Q) - f(:Ea yap) + (p - q)fp(‘rv yap)
is called Weierstrass excess function.

Corollary. Suppose that fyp(x,y,p) > 0 for all (x,y) € Ds(u) and for all
p €R, then £ >0 in Ds(u) x R x R.

Theorem 3.4.1. Let u € V be a solution of the weak Fuler equation, that
is of (E'(u),¢) =0 for all g € V. — V. Suppose that

(i) Fop(,u(@), ol (2)) > 0 on [a,b],

(ZZ) <E”(u>¢7 ¢> >0 fOT‘ all ¢ € (V - V) \ {0}7

(iii) E(x,y,p,q) > 0 for all (z,y) € Ds(u) and for all p, q € R.

Then u is a strong local minimizer of E in V.

Proof. Let v € V N Ds(u). From equation (3.32) and Lemma 3.4.2 we see
that

E(w)—E(u) = E()—U(u)

E
= / [f(x,v,0") — f(z,v, ®(x,v)
®(z,v) — V') fp(z, v, ®(z,v))] dx

=

E(z,v(x), ®(x,v),v") dx

a

v
o

EXAMPLE: Set V = {v € C'[0,1] : v(0) =0, v(l) =1} and for v € V

The solution of the Euler equation is u = sinx/sinl, provided | # km,
k = +1,42,.... Assumption (iii) of the above theorem is satisfied since
E(z,y,p,q) = (p— ¢)?, and assumption (ii), that is fol (¢? — ¢?) dx > 0 for
all ¢ € (V —V)\ {0} holds if the lowest eigenvalue \; = (7/1)? of —¢" = \¢
on (0,1), #(0) = ¢(1) = 0 satisfies \; > 1, see Theorem 3.3.2. Thus u is a
strong local minimizer of F in V if 0 < < 7.

In fact, u is a strong global minimizer of £ in V if 0 < [ < 7, see an exercise.
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3.4.1 Exercises

1. Suppose that [” (R¢ + S¢?) de > 0 for all ¢ € (V — V) \ {0}.
Show that there exists a unique solution of the Jacobi boundary value

problem
d / / !
—@[R(SU,U,U)’U]‘FS(I,U,U)U = g(ﬂj‘) on ((Z,b)
v(a) = v,
v(b) = v,

where g € Cla,b] and v,, v, € R are given.

2. Show that the solution u of the example defines a global strong mini-
mizer of £ in V.
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3.5 Optimal control

For a given function v(t) € U C R™, ty <t < t1, we consider the boundary
value problem

y'(t) = ft,y(t),v(t)), y(to) =2, y(tr) = ', (3.33)
where y € R", 20 and z! are given, and
f : [to,tl] x R" x R™ — R™.

In general, there is no solution of such a problem. Therefore we consider
the set of admissible controls U,q defined by the set of piecewise continu-
ous functions v on [tg, 1] such that there exists a continuous and piecewise
continuously differentiable solution of the boundary value problem. Such a
solution is continuously differentiable at all regular points of the control v.
A point ¢ € (to,t1) where v(t) is continuous is called a regular point of the
control v. We suppose that this set is not empty. Assume a cost functional
is given by
t1

E(v) = £t y(®),v(t) dt,

to

where

1Y [to,t1] x R" x R™ - R,

v € Uyq and y(t) is the solution of the above boundary value problem with
the control v.

The functions f, fY are assumed to be continuous in (¢,y,v) and contin-
uously differentiable in (t,y). It is not required that these functions are
differentiable with respect to v.

Then the problem of optimal control is

max E(v). (3.34)

vEUq

A piecewise continuous solution u is called optimal control and the contin-
uous and piecewise continuously differentiable solution x of the associated
system of boundary value problems is said to be an optimal trajectory.
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3.5.1 Pontryagin’s maximum principle

The governing necessary condition for this type of problems is the following
maximum principle, see Pontryagin et al. [48]. Set

H(t,y,v,p0,p) = pofOt,y,v) + (p, f(t,y,0)),

where pp € R and p € R™. This function H is called Hamilton function
associated to the above optimal control problem.

Theorem 3.5.1 (Pontryagin’s maximum principle). Let u(t) be a piecewise
continuous solution of the maximum problem, and let x(t) be the associated
continuous and piecewise continuously differentiable trajectory. Then there
exists a constant pg and a continuous and piecewise continuously differen-
tiable vector function p(t), not both are zero, such that

(i) p(t) is a solution of the linear system

P'(t) = —Ha(t, 2(t), u(t), po, p(t), (3.35)
i all reqular points.
(ii) In all regular points t of the optimal control u(t) we have

H(t,x(t),u(t), po,p(t)) = H(t,x(t), v, po,p(t)) for allveU.

(iii) po = 1 or pg = 0.
Definition. The vector function p(t) is called adjoint function.

Remarks. (i) In the case that we do not prescribe the endpoint !, which
is called the free endpoint case, then we have to add in (i) the additional
endpoint condition p(t;) = 0. For this case of a free endpoint there is an
elementary proof of the Pontryagin maximum principle, see below.

(ii) If the endpoint condition is y(t1) > z!, then p(¢;) > 0, and if the optimal
trajectory satisfies x(t1) > 0, then p(t1) = 0.

3.5.2 Examples

Example: Consumption versus investment
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This example was taken from [55], pp. 78. Suppose that the admissible set
of controls is V' = [0, 1], the cost functional is given by

T
E(v) :/0 U - o(t) dt,

and the differential equation and the boundary conditions which defines the
trajectory y : [0,7] — R are

y'(t) =v(t), y(0)=wo, y(T)= 1.
We suppose additionally that

o< x <29+ T (3.36)

For the utility function U(s), 0 < s < oo, we assume U € C2, U’ > 0 and
U” <o.

Economic interpretation: x(t) level of infrastructure at time ¢,

u(t) level of investment in infrastructure at ¢,

1 — u(t) level of consumption at t,

[0, T] planning period.

The Hamilton function is here
H = poU(1 —v) + pv,

then equation (3.35) is given by

Since H does not depend on y we find that p(t) = ¢ = const. and ¢ > 0, see
the second remark above. Thus, if u(t) is an optimal control then we have
in regular points ¢ the inequality

H =poU(1 —u(t)) + cu(t) > poU(l —v) +cv forallve[0,1]. (3.37)

We recall that the nonnegative constants pg and ¢ are not simultaneously
zero. Since Hy,, = poU” (1 — u), where py > 0 and U” < 0, we find from the
maximum property (3.37) three cases:

(i) w =0 is a maximizer of H, then H, <0 at u =0,

(ii) w = a, where a, 0 < a < 1, is a constant maximizes H, then H, = 0 at
u=a,
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(iii) w = 1 is a maximizer of H, then H, > 0 at u = 1.
Since H, = —poU’(1 — u) + ¢, we have for regular ¢: if

u(t) = 0, then ¢ < poU’(1), (3.38)
0<u(t) < 1, then poU’'(1 —u(t)) = ¢, (3.39)
u(t) = 1, then poU’(0) < c. (3.40)

We show that pg = 1. If not, then pg = 0. Then u = 1 is a maximizer
of H for all ¢. It follows from the differential equation z'(t) = u(t) = 1
that z(t) = t + xg, thus =(T) = T + xy. The assumption (3.36) implies
that the optimal trajectory satisfies z(T') > x;. This case is covered by
Section 3.5.3 (free endpoint) below. In this case we have ¢ = p(T) = 0.
Since pg = 1, the Hamilton function H = U(1 — v) + cv is strictly concave,
which implies that there exists a unique maximizer of H in [0, 1] which does
not depend of t since H is independently of ¢. Then the optimal control is
u(t) = u* = const., u* € [0, 1].

We have u* > 0. If not, then we get from 2/(t) = wu(t), x(0) = o, that
z(T) = xo, a contradiction to the assumption (3.36).

The inequality v* > 0 implies that ¢ > 0, see (3.38)-(3.40). Then z(T") = x;.
If x(T) > z1, then p(T') = ¢ = 0, see the remark above.

If u* = 1, then there is no consumption, which contradicts the side con-
dition (3.36) since in this case x(t) = t + z¢. Thus z(T) = T + =9, a
contradiction to z(T") > x1 and x1 < T + xg.

We get finally that u* € (0,1), which implies that z(t) = x¢ + u*t. Thus we
have

Ir1 — X
u(t) =u* =
since z(T') = x1, and the associated optimal trajectory is given by
1 — X
z(t) = xg + t.
(1) =20+ 27

Example: Workers versus capitalists
This example was taken from [55], pp. 222. Suppose that we have two

admissible sets of controls u(t) € U = [a,b],0 < a<b< 1, and v(t) € V =
[0, 1], and two cost functionals W and C' given by

T
Wu,v) = /O W(t)K (1) dt,

T
Clu,v) = /D (1= o()(1 — u(t)K () dt.
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and the differential equation and the boundary conditions which define the
trajectory K(t): [0,7] — R are

K'(t) = v(t)(1 — u(t))K(t), K(0) =Ky >0, K(T) free.

That is, no assumption on the final state is posed. We suppose additionally
that

1 1

Economic interpretation: K(t) capital stock of the firm. Rate of production
is proportional to K,

u(t) K (t) share of profit of the workers,

(1 —u(t))K(t) profit of the firm,

v(t)(1 —u(t))K(t) is investment of the company and the rest (1 — v(¢))(1 —
u(t)) K (t) remains for consumption of the firm.

We are looking for a Nash equilibrium, that is, for piecewise continuous
controls u*(t) € U, v*(t) € V such that

W (u,v*) forallueU
C(u*,v) forallveV.

Q
:%
<
VIV

Suppose there exists a Nash equilibrium, then the associated Hamilton func-
tions are given by, if pg = 1:

Hy = uK+po*(t)(1—-u)K

Ho = (1-0)(1-u(®)K +qo(l —u (H)K,

where p and q are the associate adjoint functions.

A discussion similar to the previous example leads to the following result,
exercise or [55], pp 224,
Case b>1/2. Set t' =T —1/(1 —b), then

u*(t) = a, v*(t)=1 ifte|0,t],
u*(t) = b, v*(t)=0 ifte T
Case b < 1/2. Set
1 1
t=T——, t"=% In | —
1-0 1—bn<%)’
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then

u'(t) = a iftel0,t",u*(t)=10b ifte (¢ T,
vi(t) = 1 ifte0,t],v"(t)=0 ifte (T
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3.5.3 Proof of Pontryagin’s maximum principle; free end-
point

Here we prove Theorem 3.5.1, where pg := 1, and the boundary conditions
in (3.33) are replaced by y(tg) = x°, no condition at t;. The proof is close
to a proof given in [24].

Let u(t) be an optimal control and let 7 € (to,t1) be a regular point. We
define a new admissible control u.(t), see Figure 3.14 by a needle variation

)

v o tE[T—é€T]

ue(t):{u(t) ot T —eT]

where € > 0 is sufficiently small and v € U. Let z.(t), see Figure 3.15, be

Z

7=V

/Zzi(t)\_/

Figure 3.14: Needle variation

X (0

1€ T t 1 t

to

Figure 3.15: Variation of the trajectory
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the perturbed trajectory associated to u.(t) defined by

)

xz(t) @ to<t<T—¢€
t_
ze(?) {x*(t) D T—e<t<th

y/(t) = f(tvy(t)vus(t)) T_6<t<t17
y(r—e) = z(r —e).

Since

(T —€) —x(r) = —a(7)e+ o(e)

z(t—¢€)—z(r) = —2'(7)e+ o(e)
as € — 0, it follows that

(1) = (1) +€[xl(r) — 2/ (7)] + o(e)
= + e[ f(T we(T),v) — f(7,2(7), u(T))] + o(€)
= () +e[f(r,2(7),v) — f(r,2(7),u(r))] + o(e).

8
—~

3
~—

The previous equation is a consequence of x.(7) = z(7) + O(e). We recall
that 7 is a regular point. Set

w(r,v) = f(7,2(7),v) = f(7,2(7), u(7)),
then the changed trajectory z(t) on 7 < t < t; is given by, see an exercise,
ze(t) = z(t) + €O(t, T)w(T,v) + o(e),
where O(t,7) is the fundamental matrix associated to the linear system
w'(t) = fa(t, (), u(t)) w(t),

where
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We recall that ©(¢,t) = I, I the identity matrix, and w(t) = ©(¢,7) a is the
solution of the initial value problem w'(t) = f,w(t), w(r) = a. We have

Blu) ~ Blw) = [ (£(taele),0) — £t o(0),ule))] de

[ 00(0) - P00, o)
=P ),0) — £ 26, ()]
# [ (44200000 ) — 20
+ol|ze(t) — x(t)])) dt
=P ),0)) — £ 2(6), u(e))]
v [ 00,0, 000) o),

where t* € [T — ¢, 7] and y(t) := O(¢, 7)w(T,v).
From the assumption E(u.) < E(u), € > 0, it follows

lim M <.
e—0

Combining this inequality with the previous expansion of E(u¢) — E(u), we
obtain

t1
FOryx(r),0)) = fO(m (1), u(r)) +/ (fa(t,2(t), u(t),y(t)) dt <0

for every regular 7 € (to,¢1). Then the theorem follows from the formula

/ 1 (fo(t (1), ult), y(8)) dt = (f(r,a(r),u(r)), p(1)) = (f (7, (1), v), p(7)),

(3.41)
where p(t) is the solution of the initial value problem

P(t)=—fip—fi, p(t1)=0.
Formula (3.41) is a consequence of
S P@®,u(®) = @0, y(0) + (p(1), ¥/ (2))

= —(fTp,y) — (2, 9) + (p, for)
= _<f:gay>



3.5. OPTIMAL CONTROL 179

3.5.4 Proof of Pontryagin’s maximum principle; fixed end-
point

Here we will prove Theorem 3.5.1, see [48], pp. 84. The following proof is
close to [48] and to [3], where an important part of the proof (see Case (ii)
below) is sketched. See also [59] for a sketch of the proof. We will give an
easy proof of Pontryagin’s maximum principle. See also [21], pp. 75, for a
proof, based on Brouwer’s fixed point theorem.

The idea is to use more than one needle variation of the given optimal
control in order to achieve the fixed target 2 with a perturbed trajectory. At
first, we transform problem (3.34) into an autonomous problem of Mayer’s
type, i. e., we maximize a single coordinate of a new trajectory vector.
Define the first new coordinate by the initial value problem

Un1(t) =1, ynia(to) = to,
which implies that y,41(¢) = t. The second new coordinate is defined by
Y0 (1) = 2 (ynr1(8), y (1), v(t)), yo(to) = 0.
Then the maximum problem (3.34) is equivalent to

t 3.42
ggfdyo( 1,0), (3.42)

where yo(t) = yo(t,v). Set
Y = (0,41, Yo Ynt1), F = (0 f1 . 0,
then the new trajectory satisfies the differential equation
V' = F(y,yn+1,) (3.43)
and the boundary and initial conditions are
yo(to) = 0, ynt1(to) = to, y(to) = 2%, y(t1) =z, (3.44)
where y = (y1,...,Yn)-

Let
P = (po,p,pnt1), P = (P1,---,Pn).

Define the Hamilton function by

H(?/,yn—i-lyv,P) - <P)F(y7yn+1uv)>-
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Suppose that u is an optimal control, i. e., a solution of problem (3.42), and
X is the associated trajectory satisfying

X, = F(myxn-‘rlau) = HP(ﬁ,ﬂfan_l,U), tO <t< tl)
where © = (z1,...,2,) and X = (20, %, Tnt1)-

We will show that there is a continuous and piecewise continuously differ-
entiable vector function P(t) # 0 which solves

Pl(t) = fHX(x,anrl,u, P), to <t <ty (3.45)
and at all reqular points t € (to,t1)
H(.’L‘(t), .’L’n+1(t>, u(t>7 P(t)) 2 H(l.(t)? $n+1<t)7 v, P(t)) (3'46)

forallve U, and
po(t) = const. > 0. (3.47)

We consider a finite set of needle variations at regular points 7; of the given
optimal control u(t) defined by replacing u(t) by a constant v; € U on the
intervals [r; — €a;, 7;], where ty < 7; < t1, 7; different from each other, a; > 0
are fixed and e > 0 is sufficiently small, see Figure 3.16. Consider the linear

V2

to T1—€a; T, T, -€a, T, 4

Figure 3.16: Needle variations

system
W' () = A(t) W(t), (3.48)
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where
0 - 0
o Tn+1
A= ...
fn+1 fn+1
o Tn+1

The matrix A(t) is piecewise continuous on (g, t1). As in the previous proof
we see that the perturbed trajectory is given by

Xe(t) = X(t) + € > a;Ot, 7)W(m,v:) + o(e), (3.49)
=1

where ©(¢,7) is the fundamental matrix to the system (3.48) and
W (i, vi) == F(X(7i),v:) — F(X(7), (7).

Define for an s-tuple z = (74,...,7s), to < 7; < t1, 7; are different from each
other, and for v = (v1,...,vs), where v; € U, the set

C(z,v) ={Y eR"™: Y = a;0(t1, )W (73, v1), a; > 0}.

i=1

This set is a convex cone with vertex at the origin. Denote by Z(s) the set
of all s-tuples z from above and let V(s) be the set of all s-tuples v such
that the coordinates are in U. Define the set

C= Ugil UzEZ(s),fUEV(s) C(Z, U)'

This set is a convex cone in R"*2 with vertex at the origin, see an exercise.

Consider the ray L = r eg, 7 > 0, where eg = (1,0,...,0) € R**2, If
L is not in the interior of C, then we will prove the maximum principle by
using separation results for convex sets. If L is in the interior of C, then
we are lead to a contradiction to the assumption that w is optimal. In this
case we will show by using Brouwer’s fixed point theorem that there is an
admissible needle variation which produces an associated trajectory X(t)
such that the first coordinate satisfies zg((t1) > xo(t1), where zo(t) is the
first coordinate of the trajectory X (¢) associated to the optimal control u(t).

Case (i). L is not in the interior of C. From Theorem 2.6.1 and Theorem 2.6.2
it follows, see two of the following exercises, that there exists a vector P; €
R"+2, Py # 0, such that

(P1,y) <0 forall y e C and (P,req) > 0 (3.50)
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Let IT be the plane defined by, see Figure 3.17,
II={zecR"™: (P,z2) =0}

Consider the initial value problem

Figure 3.17: Separation of C and L = reg

P'(t) = —Fx(x(t), zpy1,u(t)) P(t), P(t1) = P
Let ¥(¢,7) be the fundamental matrix of this system, then
P(t) = U(t,to) Plto), P(to) =T (t1,t0) P(t1).
Let t € (to,t1) be a regular point of the optimal control u(t). Set
W(t,0) = F(a(t), 2us1(6),0) — F(2(0), 3ns1 (1), u(t)), (3.51)

where v € U. Then
€O(t1,t)W(t,v) € C,

where € > 0. Then, see (3.50),
(P(t1), ©(t1, t)W(t,v)) <0.

Since WT(t,7)O(t,7) = I, where I is the identity matrix, see an exercise,
and from P(t;) = U(t1,t)P(t) we obtain

(P(t), W(t,v)) <0.
Consequently, see the definition (3.51) of W (¢, v),

H(a(t), 21 (8), u(t), P(£)) > H(a(t), 2 (t), v, P(1))
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for all v € U and for all regular points ¢ € (to, t1).

Finally, from H,, = 0 it follows that po(t) = const., and from the second
inequality of (3.50) we get that pg > 0. Thus we can assume that py = 0 or
po = 1. This follows since we can replace P; by Pi/pp in the considerations
above if py > 0.

Case (ii). Suppose that L is in the interior of C. Then z° = rpeq, ro > 0,
is in the interior of C, and there are n + 2 linearly independent A® € C such
that 2° is an interior point of the closed simplex S defined by

n-+2 n+2

doNAL XN =0, Y A<,
=1 i=1

see Figure 3.18. Let \;(z) are the (uniquely determined) barycentric coor-

L

o]

Figure 3.18: Simplex in consideration

dinates* of z € S, then
n+2

2= Ni(2)A
=1

4In fact, barycentric coordinates Ao, ..., Am of z € R™ are called the real numbers in
the representation z = ;" Az, Yoo =1, where z%,...,2™ € R™ are given and the
m vectors ' —z°, [ = 1,...,m are linearly independent. The m-dimensional simplex S

defined by such vectors is the set of all z = ;" Ma', where Ay > 1 and > " A\ = 1.
Thus z — 2° = > Aiz!, where \; > 0 and o<1
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We recall that A\;(z) are continuous in z, and z is in the interior of S if and
only if A\;(z) > 0 for every 7 and 3."*2 \;(z) < 1. From the definition of C
we see that

AT =) aiO(t, W (T, v)).
=1

Consider needle variations of the optimal control at Tli with associated /\ia}i,
vy, where 7/, a; and v; are fixed, and

n—+2

YNl Ao
=1

Since A’ are continuous with respect to Tli, which are all regular by assump-
tion, we can assume that all Tli are different from each other. Then the
associated perturbed trajectory at ¢ = t; is given by

n+2
Xe(tl) - X(tl) +e Z[Az + bZ()‘a 6)]‘417
i=1
where b;(\, €) are continuous in A, for each fixed €, 0 < € < €, ¢ sufficiently
small, and b;(\,€) — 0 as € — 0, uniformly on {A € R"™2: 0 < \; <1, i =
1,...,n+2}.
Let z be in the interior of S and let A;(z) are the associated barycentric
coordinates. Set
n-—+2 .
a0 = S (2) +bi(A(), )4l
i=1
n+2

24 bi(A(z), €A,
=1

and consider for fixed €, 0 < € < ¢, the mapping T : S — R"*2, defined by
T(z,€) =2z —q(z,€) + 2°.

This mapping is continuous in z and maps the closed ball Bp(zo) C R**2,
which is in the interior of S, into this ball, provided that ¢y is sufficiently
small. Brouwer’s fixed point theorem, see [8, 30, 22], says that there is a
z* € B,(29), 2* = 2*(e), such that T(z*,€) = z*. Set \; = X\;(z*) in the
needle variation above, we get finally

Xg(tl) = X(tl) + erpeop.
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3.5.5 Exercises

1. Consider the "Two sector model”, see [55], p. 89. Suppose that the
admissible set of controls is V' = [0, 1], the cost functional is given by

T
() = /0 ya(t) dt,

and the differential equations and the side conditions which define the
trajectory y : [0,T] — R? are

yi(t) = av(t)y(t), yi(0) =4
yh(t) = a(l—o(t)y(t) y2(0) =y,

where a is positive constant and the initial data y{ and ¢ are given.

2. Consider a model for ” Growth that pollutes”, see [55], pp. 92. Suppose
that the admissible set of controls is V' = [0, 1], the cost functional is
given by

T
E(v) = /0 (1 — w(t)un () — bya(8)] dt,

b is a positive constant, v(t) € V piecewise continuous, and the dif-
ferential equations and the side conditions which define the trajectory
y: [0,T] — R? are

yi(t) = v®)ui(t), 11(0) =yL, yi(T) free,
yo(t) = y(t), 12(0) =99, 1a2(T) < 3,

where the data 3 and 39 and y2 are given.

3. Consider a model for ”Consumption versus investment”, see [55], pp.
113. Suppose that the admissible set of controls is V' = [0, 1], the cost
functional is given by

T
E(v) = / (1 om0 g1,
0

where v(t) € V is piecewise continuous, and the differential equation
and the side conditions which defines the trajectory y : [0,7] — R are

y'(t) =v(t) y(t), y(0)= yo >0, y(T) free.
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4. Show that the solution z. of the initial value problem, see the proof of

Pontryagin’s maximum principle in the case of a free endpoint,

Zt) = f(t,z2(t),u(t)), T<t<t
2(t) = (1) + ew(r,v) + o(e€)
satisfies
z(t) = z(t) + €O(t, T)w(T,v).
Hint: z = (0z./0¢) L:O is the solution of the initial value problem

2(t) = fr 2(t), 2(7) = w(T,v).

Show that the mapping M, (u,0), see the proof of Lemma 3.4.1, is
regular.

Let 2 : [to,t1] — R be a C'[to, t1]-solution of the initial value problem
(t) = f(t,z(t)) in (to,t1),
z(t) = a,

where a is given and f is sufficiently regular with respect to (t,x).
Show that there exists a solution y(t) of

y'(t) = flty) in (to,t1),
y(r) = a+up,
where p € (—po, t0), 1 > 0 sufficiently small.
Hint: Consider the mapping

M(y,p) : C'ltg, t1] x R C[to,t1] x R

defined by

Mg = (VT

and apply an implicit function theorem, see for example [28].

. Let K C R" be a nonempty convex cone with vertex at the origin and

assume x ¢ cl K. Then there is a p € R™ \ {0} such that (p,x) > 0
and (p,y) <0 forally ecl K.

Hint: Apply Theorem 2.6.1.
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10.

11.

12.

. Let K C R™ be a nonempty convex cone with vertex at the origin, and

assume z € 0K. Then there is a p € R™\ {0} such that (p,z) > 0 and
{p,y) <O0forallye K.

Hint: Theorem 2.6.2 says that there are p € R™ \ {0} and o € R such
that (p,z) = a and (p,y) < afor all y € cl K.

. Show that the set C defined in Section 3.5.4 is a convex cone with

vertex at the origin.

Let A(t) be a continuous N x N-matrix, t9p < t < t;. Consider
the initial value problems w'(t) = A(t)w(t), w(r) = wo and v'(t) =
—AT(#)v(t), v(T) = vy, where T € (tg,t1). Denote by ©O(t,7) and
U(t,7) the associated fundamental matrix, respectively. Show that
YT (t,7)O(t,7) = I, where I denotes the identity matrix.

Hint: If t = 7, then O(7,7) = U(7,7) = I. Let £ € RV set y(t) =
U1 (t,7)O(t, 7)€ and show that y/(t) = 0. Thus & = W (t,7)O(t, 7)¢
for all ¢ € RY.

Define the fundamental matrix for the linear system Y'(t) = A(t) Y (¢),
where A(t) is a piecewise continuous quadratic matrix.

See [29], pp. 10. Let K C R™ be compact and convex and let F' :
K — K be continuous. Show that F' admits a fixed point by assuming

that there is a fixed point if K is a ball ¥ or an n-dimensional simplex
3.

Hint: Consider for x € ¥ the mapping F(pg(z)), where pg is the
orthogonal projection onto K.
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