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Summary

Cat -groupsand crossedmodulesare equivalentformulationsof 2-groups(a two-
dimensionalgeneralisatiorof the conceptof group). A linear representatiorof the
cat-group¢ is definedto bea 2-functor¢ : ¢ — Chﬁ? into the 2-catgyory of lengthl
chaincomplexesof vectorspace®verafixedfield. Thisdefinition,andto alarge extent
thetheoryof cat -grouprepresentationss basecbn analogywith the classicatheoryof
grouprepresentationsThereexist cat analogue®f mary definitionsandresultsfrom
grouprepresentatiotheory Theseincludethe notion of a faithful representatiomnd
the existenceof regularrepresentationgivenby Cayley’s theorem.However, thereare
alsodivergencesetweerthetheories.For example theregularrepresentatiofor cat -
groupsis not necessarilyfaithful. Every cat-group, ¢, hasan associatedat -group
algebraK (¢), which is obtainedby first applyingthe group algebrafunctorto ¢ and
thenfactoringthe top level by a givenideal in orderto introducerelationsnecessary
to make the kernelconditionswork in the algebra.Representationsf a cat -groupare
equialentto modulesoverits cat-groupalgebra.Sincerepresentationare 2-functors,
thereis a 2-functor2-cat@ory Rep, of representationsnorphismsbetweerthem(nat-
ural transformations)andhomotopieshetweernthe morphismsmodifications). Many
of the resultson the structureof group representationdpr exampleMaschle’s theo-
rem,will generaliseo the next dimensionalthoughwe have only justbegunto scratch
the surfaceof this theory Sinceit is possibleto passfreely betweencat -groupsand
crossednodulesijt is alsopossibleto describeepresentatiotheoryfor 2-groupsn the
languageof crossednodules.
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Intr oduction

Aims and Background

In grouptheory theideaof arepresentatiors to find a groupof permutationsor linear
transformationsith the samestructureasa given, abstractgroup (see,for example,
[48]). Formally, arepresentationf agroupG is ahomomorphisnG — I’ wherel' is a
‘concrete’groupsuchass,, (leadingto apermutatiorrepresentatiopor GL,,(C) (lead-
ing to alinear representatiof Notethatwhile someauthors(usuallythoseconcentrat-
ing on matrix representationg)setheterm*linear representationin a morerestricted
sensemeaningrepresentation& — K whereK is afield, we shallusethetermmore
generallyfor ary situationwherethetargetis a groupof lineartransformations.

Permutatiorrepresentationsf groupsare intimately relatedto actionsof groups
[49]. If ¢ : G — Sy isarepresentatiorthenG actson X by % := ¢(g)(x); corversely
anactionof G on a set X definesa representatioby associatingo eachg € G the
permutationg(g) thattakesz € X to % (thefactthatthis is a permutationis anim-
mediateconsequencef the definitionof groupactions).Linearrepresentationsiay be
definedashomomorphismsf G into GL,,(K) for afield K, giving aninvertiblesquare
matrix for eachelementof G. They mayalsobe defined[67] ashomomorphismnto
GL(V) whereV is a K-vectorspacegiving a linearisomorphismof V' for eachele-
mentof G. Thesewo versionsare,of course gssentiallythe samesincethereis adirect
correspondencketweerinearisomorphismsandinvertible matrices.More abstractly
linearrepresentationsay be definedin termsof modulesover thegroupalgebraof G.
This extra level of abstractiorgiveslinear representationa majoradvantageover per
mutationrepresentationsllowing easiergeneralisatiorio infinite groupsanda much
richerdevelopmentof theabstractheory Also, ary permutatiorrepresentatiomaybe
canonicallycorvertedto a linear representationso nothingis lost by concentratingon
thelatter.



The theoryof representations animportantandwell-developedbranchof group
theory (see,for example,the books[24] and[25] by Curtis and Reiner). It is com-
putationallyvaluable,as calculationsare generallymuch easierwith well understood
operationson objectssuchas matricesand permutationghanwith abstracioperations
on abstractobjects. Also, representatiotheory helpsto elucidatethe structureof ab-
stractgroups aswell asproviding importantlinks betweergrouptheoryandotherareas
of algebra.

The work of R. Brown on higherdimensionalanalogueof the Van Kampenthe-
oremled to a more generalprogrammeof “higher-dimensionalgrouptheory” [9, 12].
Many classicakesultshave analogues$n higherdimensionsthe Van Kampentheorem,
which largely motivatedBrown’s researchis of courseone example. While mary ar
easof grouptheoryhave beensuccesfullygeneralisedo higherdimensionstherehas
previously beenno systematiadevelopmentof representatiotheorybeyonddimension
one. Sincerepresentatiotheoryis sousefulandinterestingfor groups,it is reasonable
to supposedhata higherdimensionalversionmight alsobe usefulandinteresting.The
principalgoalof thisthesisis to explorethis supposition.Thisis not merelyanattempt
to fill in afew gapsin somebodyelses programmea successfutepresentatiotheory
of 2-groupsshouldhave the samebenefitsfor higherdimensionafgrouptheorythatthe
theoryof grouprepresentationsasfor grouptheory bothfor facilitating computation
andfor understandinghe abstracstructuredetter Somereasonswhy we might want
to studyhigherdimensionafroupsin thefirst placewill betouchedon below.

Brown'’s programmencludesmore generalhigherdimensionalgroupoids,but for
simplicity we shall concentrateon the caseof groupsin dimensiontwo. It shouldbe
fairly straightforvardto generalis®urresultsto groupoidswvith mary objects.Lik ewise
we shallconcentrat®n thegeneralisatiofirom dimensiononeto dimensiorntwo, which
Brown [9] describess“a significantone”. Again, generalisatiorio higherdimensions
shouldbe possiblejndeed,conceptuallyit maywell be easietthantheinitial leapfrom
dimensiononeto two, althoughthe notationis necessarilyeven morecomplicatedand
visualisationust aboutimpossible.

Thereareseveral candidategor thetitle of “2-dimensionalgroup” [18], andwhile
theseareequialent,they arenottrivially so. Of thesewe shallconcentraten crossed
modulesof groupsandcat -groups. Theformerwerehistoricallythefirst onthescene,
appearingn thelate 1940sin thecontext of homotoyy theory;they arenow well-known
to beequialentto internalcateyoriesin Cat [29]. Thelatter, datingbackto about1982,



arerelatively easyto picture as 2-catgorieswith a single object,in which all 1- and
2-cellsareinvertible. In dealingwith higherdimensionahlgebrajt is commonto take
acatayory theoreticapproachandthisis theway we shallproceedn thisthesis.There-
fore it will be helpful to remind oursehesof the cateyorical interpretationof groups,
andto seewhatrepresentation®ok lik e in this context.

Viewing agroupG asa category with a singleobjectandinvertible morphismswe
find that a functor G — Set correspondg$o a permutationrepresentatiof GG (each
elementof G is mappedto a bijection on a fixed set, and functoriality preseresthe
structureof GG). Similarly, linear representationgrepresentinghe elementsof G' as
matrices/lineatransformationsgaregivenby functorsG — Vecty for K afixedfield.
Thisimmediatelysuggestshatrepresentationsf 2-groupsshouldbe 2-functorsinto a
suitable2-catgory. For permutationrepresentationthis may well be the category of
groupoidsandfor linearrepresentationse investigatethe 2-cateory Chg) of length
onechaincomplexesof vectorspacesLinearrepresentationsf a 2-group will bede-
finedas2-functors® — Chﬁ? . In fact,thefunctorialimageof € givenby arepresenta-
tion naturallylieswithin a2-subgroupoief Chgp obtainedoy takingonly theinvertible
chainmapsover a singlelengthonechaincomplex togethemwith homotopiesdetween
them. This substructurds denotedby Aut(é) and hasthe structureof a cat-group.
Thereforea representationf an abstracttat-group ¢ realisest asa cat -subgroupof
a cat -groupwith linear structure,in the sameway that a representatioof an abstract
groupd realiseghatgroupasa subgroupof ageneralineargroup.

Takingthe above asa working definition of 2-grouprepresentationsghe first major
taskis to prove suchthingsexist. As Heath[35] pointedoutin the commentaryto his
translationof Euclid, “a definition assertsiothingasto the existenceor non-«istence
of thething defined”. To ensureghatwe arenot studyingnon-istentthings,we simply
needto comeup with someexamplesof representationsFor group representations,
we canfind ad hoc examplesfor particulargroups,andthereis an existencetheorem
(Cayley’s theorem)that constructsa representatioiithe regular representationfor any
group. Following this lead,we shall examineboth specificexamplesanda generalised
versionof Cayley’s theoremfor 2-groups.

A representatiotheory that merely definedrepresentationand shaved that they
exist would not be very exciting, but the groupcasesuggestshata lot moreshouldbe
possible(a mereglanceat the size of CurtisandReiners tome[25] indicatesthatthis
is a big subject). We arrived at the definition of cat-grouprepresentationby analogy



with grouprepresentationgndanalogiesuggesthemselesfor mary otherfacetsof
grouprepresentatiotheory Analogyis a powerful mathematicatool [60], but it must
be usedwith caution. While analogieswill suggestpotentialdefinitionsand results,
they do not prove thatthesedefinitionsaresensibleor theresultstrue (thoughthey may
suggestvaysof attemptingthe proof).

Faithful representationsf groupsarethosewhich areinjective ashomomorphisms;
theseare particularly important, sincethey presere the structureof the group more
completelythanary otherrepresentationsThey correspondo faithful functors. Per
hapsthehardesthingaboutgeneralisinghemto dimensiortwo is finding adefinitionof
faithful 2-functor Anotherimportantstrandof elementaryepresentatiotheoryis the
ideaof reducibility. Thisinvolvesbreakingrepresentationdown into smaller simpler
partswhich cannotbe further broken down, andis somavhat akin to prime decompo-
sition of integers. A centralresultin this areais Maschle’s theorem,which roughly
stateghat, underfairly generalconditions,representationarewell-behaed andbreak
up nicely. Again, suchtheoryimmediatelysuggeststself for generalisationo the next
dimensionandwhile the extralevel addsa certainamountof complicationthe problem
is notinsurmountable.

Representationare functors, so natural transformationgprovide morphismsbe-
tweenthem. This naturallyleadsto a definition of the cateyory of representationasa
functor categyory. For 2-groups modificationsprovide “homotopies’betweerthe mor-
phisms,andthe cateyory of representationsecomesa 2-functor2-catgory. As with
ary category we may askwhat propertiesit has,for examplewhetherit is abelian,or
monoidal,andsoon.

As statedearlier while we have concentratednthecaseof 2-dimensionagjroupoids
with asingleobject,theresultsshouldgeneralisén afairly straightforvardway bothto
higherdimensionandto n-groupoidswvith mary objects.Both of thesesituationsvould
requiremore comple, cumbersomenotation, but the conceptsnvolved are scarcely
moredifficult. Thereareseveralalgebraianodelsfor homotogy (n + 1)-typesavailable,
includingcat’-groups[51], crossechi-cubeq28] andhypercrossedoduleq21] (for 3-
types,theseareequialentto 2-crossednoduleg22]). Thelinks betweerthesemodels
areexploredin [57]. Togetherwith longerchaincomplexesof vectorspacesandthe
correspondindpigherdimensionabersionof Aut(d) thesevouldtake careof thehigher
dimensionalgroupversions.Moerdijk and Svenssor[56] treat2-groupoidsasa wider
caseof algebraic2-types,andthesetoo could be generalisedo higherdimensions.



Thefield K cropsup mary timeswithin thesepagesandwe shallbe spendinga lot
of time working with K -algebrasandvectorspacesHowever, exceptwherenoted(for
example,the constructiorof section2.3),thedefinitionsandresultsgivenwork equally
well when K is allowedto be a more generalcommutatve unitary ring (andthe term
“vectorspace’replacedy “ K-module”). Occasionallyit will benecessaryo allow K
to beanintegral domain(Z beingthe classicexample).For the mostpart, however, the
reademaytake K to beafield andwill notlosevery muchgeneralityby assumingt to
beR or C throughout.The expositionis mostlygivenin termsof fieldsfor expositional
cornvenience so that the more familiar languageof vectorspacesanbe usedandthe
existenceof basesassumed.

Structur e and Principal Results

At the startof eachchapteris a brief summaryof whatthatchaptercontains.Theidea
for this was borraved from Milne [54]. For cornveniencehereis an overview of the
contentsandarrangementf this thesis.

Chapterl containsaccountsof somenecessaryreliminariesfor our studies— a
review of the elementsof linear representationsf groups;the definitionsof crossed
modulesandcat -groups;the propertiesof a 2-catejory, Chﬁ?, which generaliseshe
category Vectx of K-vectorspacesandthe constructiorof the groupalgebrak (G) of
agroupG andits usein representatiotheory

The 2-catgjory Chg) definedin chapterl is animportantstep,but not quite suffi-
cientfor afull explorationof representatiotheory In chapter2, thecat -group,Aut(4)
of automorphismsf a singlelineartransformationyhich is a subcatgory of Ch(l), is
investigated.The matrix formulationis consideredn somedepth,sincethisis particu-
larly suitablefor calculationsandseveralexamplesandspecialcasesareexplored. At
the endof this chaptey we statethe definition of a cat -grouprepresentatioralthough
we mustpostponeactuallyworking with themuntil we have exploredthe notion of a
cat.-groupalgebra.

Chaptei3 developsthemoduletheoreticaspect®f cat -grouprepresentatiotheory
After remindingthe readerof the definition of a cat -algebrawe definethe cat -group
algebraof a cat-group. While theideaof this is exactly what we might expect,based
on the notion of a groupalgebrathe detailsturn out to have a subtletwist. After this,



modulesover a cat -groupalgebraaredefinedandexplored.

In chapter4 we returnto the definition of a cat'-group representationand prove
that interestingexamplesactually do exist. The apex of this chapteris a cat-group
versionof Cayleg/’s Theorem,giving a constructve proof of the existenceof regular
representationsWe thenlook at someillustrative examples,and definethe notion of
faithfulnessor cat'-grouprepresentationsThe chapterclosesby briefly consideringa
directdescriptionof crossednodulerepresentations.

Sincewe are taking a categyory theoreticapproach,it is naturalto ask aboutthe
cateyory of representationsf a given cat-group, andwe do so in chapter5. After
settingthe scenewith the category of representationfor a group, we look at that for
a cat-group, which (unsurprisingly)is a 2-catgory. We then considersomespecial
propertiesof this cateyory. The chapterconcludeswith a consideratiornof how the
degreeof a grouprepresentatiomight be generalisedo dimensiontwo.

Oneof the mostimportantideasin grouprepresentatiomtheory andthe subjectof
chapter6, is the importantconceptof reducibility andirreducibility. The major land-
mark aimedfor is an analogueof Maschle’s theoremwhich stateshatfor grouprep-
resentationsiny representatiors semisimpleprovidedthatthe orderof thegroupdoes
notdividethecharacteristiof thefield underlyingtherepresentatiospace .Thismeans
that,underthesequitegeneratonditions gveryrepresentatiosplitsup nicely into well-
behaed chunks.While a full two-dimensionalersionof Maschle’s theoremwill not
beachiesed,thischaptemill make progressowardsthatgoalby analysingheclassical,
one-dimensionalesultandconsideringvaysin which it couldbe generalised.

Unfortunately constraintof time andspacepreventthe developmentof acomplete
representatiomheorywithin this thesis. Chapter7 considerghe progressmadeso far
and looks at someaspectof the theorythat | have not yet hadtime to develop, but
whichwould beinterestingsubjectdor furtherresearchThesencludethe questionof
Hopf algebraandLie algebrastructureson the cat -groupalgebramotivatedby (i) the
Hopf algebrastructureof the groupalgebrak (G) (promptingthe question:“is there
somekind of Hopf 2-algebrastructureon K (€)?) and (i) somediagramsin Quillen
[65] thatrelategroupalgebrado Lie algebras.

Appendix A containssomeexamplesof matricescorrespondingo Chﬁ? for the
caseK = R. Thisis a worked examplefor section1.3.6, but is removed to the ap-
pendixto facilitate the flow of the narratve. AppendixB is a dictionary showving the
correspondencbetweenanalogousstructuresn grouprepresentationandcat -group



representationsThethesiscloseswith anindexed glossaryof notation,a bibliography
andanindex.

A note on notation

Thereis a profusionof different notationand terminologyusedby differentauthors
whendealingwith any mathematicakubject,andthosetreatedhereareno exception.
| have tried to make clearthe notationl am employing, which hasoften beensynthe-
sisedandadaptedrom a variety of sourceslt hasoften beennecessaryo make fairly
arbitrarychoices. A casein pointis the decisionbetweenleft andright actions;both
have their supportersandl have adoptedheformer. Clearly, new conceptsio nothave
existing notationor terminology so thesehave beeninventedfrom scratch,often by
analogywith existing cases.In general,l shalleconomiseon notationandomit orna-
mentation(suchassubscripts}hatis renderedgsuperfluoudy thecontet. In particular
summationsirealwaystakenover all theindicesunlessotherwisestatede.g.,>  r., is
takento bethesumoverc € C andp € P, while) .. r.,isthesumoverC for afixed
valueof p). Finally, | have usedthe standarcsymbolO (which, somehav, hascometo
standfor quoderat demonstandun) to indicatethe endof a proof. This symbolis used
evenwhereno actualproofis given,sinceit helpsto make the resultstandout from the
surroundingext.

Working with vectors,we move freely betweenwriting a vector x in the form
> v (Where(vy,. .., v,) is abasis)andwriting it asann-tuple (o, ..., a,). In ei-
thercasehecoeficientsdependnthechoiceof basiswhenthisis notmadeexplicit for
ann-tupleover C or R thestandardasis,e; = (1,0,...,0),e, = (0,1,0,...,0),...,
may be assumedWe shall tacitly assumehatary givenbasisis orderedin ascending
numericalorderof subscriptssincethis shall facilitate writing n-tuples(we shall not
usen-tupleswhendealingwith basesndexed by multiple subscripts)In generalt will
be mostcorvenientto userow vectors.However, whenworking with matriceswe shall
insteadusecolumnvectors(a, - . ., a,) T

ThisthesiswastypesetusinglATEX.



Chapter 1
Preliminaries

In which somefoundationsare laid for our study: group representationsyarioustypesof 2-
groups,a 2-dimensionatategory of vectorspacesandtheextremelyusefulgroupalgebra func-
tor.

Before commencinghe study of cat -group representations/e mustassemblen
arsenabf basictoolsto use.Thischaptercontainsno new material(althoughsectionl.3
is a somavhat disguisedspecialcaseof well-known materialthat appearslsavhere),
but is intendedto keepthis thesisreasonablyself-containedandto fix the notationthat
we shallemploy lateron. Sectionl.1 consistsof a brief overvien of someof the most
basicdefinitionsin thetheoryof linearrepresentationsf groups.Sectionl.2will review
the definitionsof crossedmodulesand cat -groups. In section1.3 we shall examine
a 2-groupoidbuilt from linear transformationf vector spacesthe aim of this is to
provide a suitabletamget for the functorsto be constructedvhenwe definecat -group
representationsSectionl.4 detailsthe groupalgebrafunctor.

1.1 Linear Representationsof Groups

Let K beafieldandV a K-vectorspace.Thecollectionof linearisomorphismd” — V'
forms a group undercomposition,denotedGL(V). If V is finite dimensional with
dimensionn, thenV = K™ andlinearisomorphismscorrespondo invertiblen x n
matriceswith coeficientsin K, soGL(V) is equvalentto GL,(K), thegeneal linear
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group'.

Definition 1.1.1. Let G beagroupandV a K-vectorspace A K-linear representation
of G with representatiorspacel” is ahomomorphism

¢:G— GL(V).
Thedimensionof V' is calledthe degreeof ¢.

The representationp assignsto eachelementg € G a linear isomorphism
#(g) : V — V. Theimage¢(G) is a subgroupof GL(V') and, by the fundamental
homomorphisntheorem,G /ker ¢ = ¢(G). Particularly importantis the casewhen¢
is amonomorphismfor thenker ¢ = {15} andG itself is isomorphicto a subgroupof
GL(V).

Definition 1.1.2. A representatiow : G — GL(V) is faithful when¢ is a monomor
phism.

Example 1.1.3. Thefollowing aresimpleexamplesof representationsver C (they also
work overR):

(i) LetG beary groupandn € N* anddefineu,, : G — GL(C") by u,(g) = id for
every g € (. Thisis thetrivial representatiorof G in degreen, andis clearlynot
faithful unless is thetrivial group. Thecasen = 1 givesu = u; : G — C* with
u(g) = 1 for every g € G; thisis theunity representatio.

(i) For permutatiorgroups,a moreinterestingdegreel representatiothanthe unity
representatiors definedasfollows. Define( : S,, — C* by ((z) = 1 whenz is
anevenpermutatiorand¢(z) = —1 whenz is anodd permutationThefactthat¢
is ahomomorphisnamountgo thefactthata productof evenor oddpermutations
is even,while a productof anevenandanodd permutationis odd [49].

(iii) Moregenerallyary degreel representationf afinite groupG over C mapseach
elementof G to aroot of unity in C*.

1GL,(K) is oneof Weyl's classicalgroups[33], at leastwhen K = C. Throughoutmostof this

thesis,K maybethoughtof asC or R if desired.
2Theterm*“unity representationis atranslationof Serres représentatiorunité [67].
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(iv) Suppose : G — S, isapermutatiorrepresentationf degreen, wheres,, is con-
sideredto be the groupof permutation®f theintegersi,...,n. Let{es,...e,}
beabasisfor C*; then¢ : G — GL(C"), definedby ¢,(ex) := e,, ), is adegree
n linearrepresentation.

Sincelinearisomorphism®f finite-dimensionalectorspacesreequialentto non-
singular matrices,the definition of a representatiomwith finite degree can easily be
reformulatedin termsof matrices. This approachis lessamenableo theoreticalde-
velopment,or generalisatiorio representationsf infinite degree,but it doesfacilitate
calculations.

Definition 1.1.4. Let G be a group. A matrix representatiorof G over K is a homo-
morphism

®:G — GL,(K);

n € Nt is calledthe dggreeof . Therepresentatiod is faithful if it is a monomor
phism.

Example 1.1.5. Herearesomematrix representationsver C:

(i) The trivial representationsf example1.1.3(i) correspondo matrix representa-
tionsU, : G — GL,(C) with U,(g) = I, foreveryg € G.

(i) LetC,, = (z : ™) bethe cyclic groupof ordern, andlet w; (1 < j < n) be
thenth rootsof unity (which exist andaredistinctsinceC is algebraicallyclosed,;
see[69]). Definethemap®, : C,, - GL,(C) by Q,(z) := diag(wy, ..., wn).
Thenfor 1 < k < n, (Q,(z))* = diag(w?, ..., wk) = Q,(zF). In particular since

{w;} includesprimitive nth rootsof unity, 2,,(z*) # I, whenk < n. Thusthe
Q, (n € N™) provide faithful matrix representationsf ary finite cyclic group.

(i) Thesmalleshon-abeliargroupis S; = (o, 8 : a® = 3% = 1, a8 = Ba?), of order
6. Let A, B bethematrices:

0 0 1
A: v ’B:
0 w? 10

wherew is aprimitivecuberootof unity. Then¢ : S,, — GLy(C),a — A,3 — B
is afaithful representationf degree2.
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(iv) Supposer : G — S, is apermutatiorrepresentatioof G, andlet{ey,...e,} be
thestandardasisfor C,, with thee, columnvectors.Thenthematrix representa-
tion correspondingdo thelinearrepresentationf examplel.1.3(v) canbewritten
down by takingtheith columnof thematrix ®, to bee, ;.

It is alwaystruethatif V' hasdimensionn, thenGL(V) = GL,(K), but the exact
isomorphisnmdepend®n the choiceof basisfor V. Thereforethe matrix representation
obtainedby taking matricescorrespondindo elementsp(g) of a linear representation
(therepresentatioaffordedby ¢) depend®on the choiceof basis.

Lemmal.1.6. Let A, B € GL,(K). ThenA, B are affordedby the samelinear iso-
morphism¢ : K™ — K™, for (possibly)different bases,if and only if there existsa
matrix S € GL,(K) suhthatB = SAS™.

Proof:
Standardinearalgebra(see for example,[6]). O

Definition 1.1.7. Two matrix representation®, ¥ : G — GL,(K) areequivalentif
thereis amatrix S € GL, (K) suchthat

U(g) = SB(g)S™"
for everyg € G.

Corollary 1.1.8. Two matrix representationsare equivalentif and only if they are af-
fordedby the samédinear representationwith possiblydifferentbases).

Proof:
Immediatefrom Lemmal.1.6. O

Thematrix formulationlies at the pragmatic concreteendof the spectrunof repre-
sentatiortheory At the theoretical abstractendof this spectrumis found the module
theoreticapproachpioneeredoy Noether The key resultthatenableghis approachs
the bijection betweeenrepresentationsf a groupand modulesover its groupalgebra,
which we shallexaminein sectionl.4.
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1.1.0.1 Flavours of RepresentationTheory

We have definedrepresentationgverary field K. In factthey canbedefinedsomavhat
more generallyover commutatve rings with unity. Classically representationsvere
studiedover fields of characteristizero(suchasR, C); thetheoryof suchrepresenta-
tionsis calledordinary representatiortheoryin [26]. The studyof representationsver
fieldsof characteristip # 0 (e.g.thefieldsZ, for p aprime)wasdevelopedlargely by
RichardBrauer This theory calledmodularrepresentatiortheory, divergesmostsig-
nificantly from ordinaryrepresentatiotheorywhenp dividestheorderof thegroup(for
instance Maschle’s theoremthenfails). Representationsver integral domains(such
asZ) arecalledintegral representations

The sameterminologycanbe borrovedfor the 2-grouprepresentationge shallbe
studying. We shall usually formulatethe resultsfor generalfields, althoughin mary
caseghe readercansubstituteR or C if sodesired. In fact, mostof the resultswill
work for moregeneraktommutatve rings, althoughwe have choserto stateand,where
applicable prove themonly for fieldsfor the sake of exposition.Occasionallyit will be
necessaryo work in the greatemgeneralityof integral domains.

1.2 2-Group Analogues

Groupscanbe generalisedo higherdimensiondn several differentways, so we must
make a choiceasto how to proceed[18,50]). We shallrestrictour attentionto the two-
dimensionalcasein which the two-dimensionalelementsare lozenge-shapedEven
here,thereare at leastfive equialentstructures;a discussioncan be found in [18].
We shall concentraten crossednodulesand cat-groups. In this sectionall crossed
moduleswill becrossednodulesof groups.

1.2.1 CrossedModules

Crossednoduleswerefirstintroducedoy J.H. C. Whitehead72] asatool for homotopy
theory They alsooccurnaturallyin mary othersituationg(seeexamplesl.2.3below).

Definition 1.2.1. A crossedmoduleX = (C, P, 0, «) consistf groupsC, P together
with ahomomorphisnd : C — P andaleft actiona : P x C' — C of P onC, written
P := «(p, ¢), satisfyingthe conditions
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CM1 9(%) = pd(c)p~*

CM2 2 = ¢dle.

We shall sometimesassumehat C, P arefinite, with |C| = c and|P| = p. When
the actionis unambiguousye may write X asthetriple® (C, P, d). Crossedmodules
may also be dravn asC 2, P,orPxC % C 2, P if the actionmustbe stated
explicitly.

Remark: Theterminologyassociateavith crossednoduless notentirely standard-
ised, but the following usefultermsare sometimesencountered.The homomorphism
0 : C — P is calledthe boundary while the groupsC' and P arereferredto as, re-
spectvely, thetop groupandthe baseof the crossednodule. Thetwo crossednodule
axiomsalsohave nameswhich areinconsistentlyapplied. CM1 is sometimesknown
asequivariance CM2 is calledthe Peiffer identity (see[13] for an explanationof this
name).A structurewith the samedataasa crossednoduleandsatisfyingthe equivari-
anceconditionbut not the Peiffer identity is calleda precrossedmodule

The crossednoduleaxiomsimposesomerestrictionson thekernelandimageof 0.
Thefollowing resultis well known. A proofis includedfor corvenience.

Proposition1.2.2. Letd : C' — P beacrossednodule Then
(i) o(C) < P,and
(i) kerdisa P/0(C)-module

Proof:
Standardyrouptheoryensureghatker 0 < C ando(C) < P.

(i) 0(C) = {0(c) : c € C} < P. Supposer € 9(C) andp € P; thenz = 9(c) for
somec € C, andpd(c)p~* = d(*c) by equivariance Now, % € C, hencepzp* € 9(C)
asrequired.

(i) kerd ={ce C:9(c) =1p} < C. Letc € C, k € ker 0. ThePeiffer identity
ensureshatc = kck™!, but 0k = 1p s0%:c = ¢, whenceck = kc andkerd < Z(C),
thecentreof C.

Theactionof P on C inducesanactionof P onker 0; it is sufficientto checkthat
Pk € ker 9 wheneverk € ker 0. Thisistruebecaus@ (k) = pd(k)p ' = plpp ' = 1p.
Thereforeker 0 is a P-module.

3Mostauthordeave theactionimplicit asamatterof course LavendhommeandRoisin[47] explicitly
includeit, definedasahomomorphismP — Aut(C) (usingdifferentlettersfor therelevantgroups).
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From (i), 0(C) < P, so P/0(C) is defined. The actionof P on ker 0 inducesan
actionof P/9(C) onker 0 with Yk := 7% for p € P,k € ker d andv : P — P/9(C)
the naturalmap. This is well-defined sinceif ¢ € P with v(q) = v(p), thereisac € C
with ¢ = pdc andso% = P9% = Pckc™' = Pk sinceker 0 is central. O

Remark: Sincepart(i) of propositionl.2.2dependnly on equiarianceit is true
for ary precrossednodule. However, part (i) usesthe Peiffer identity, so it neednot
be true of a generalprecrossednodule. The proof of (ii) shows thatthe kernelof any
crossednoduleis centralin C andhenceabelian.

Example 1.2.3. Certaingenericsituationsgive rise to crossednodules.Somearede-
tailed here,othersmay be foundin [1, 32,58]. Our first two examplesmay be thought
of ascorversego propositionl.2.2.

(i) SupposeN < G is a normalsubgroup.ThenG actson N by conjugation;this
actionandtheinclusion. : N — G form aconjugationcrossednodule (N, G, ¢).

(i) If M is a G-module,thereis awell-definedG-actionon M. This, togethermwith
thezerohomomorphisnd : M — G (sendingeverythingin M to theidentity in
G) yieldsa G-modulecrossednodule (M, G, 0).

(i) A centrl extensionof the group P is anepimorphismr : E —» P whereK =
kerm € Z(E), thecentreof E. A maps : P — E suchthatzrs, = p for
eachp € P picksout atransersalof P = FE/K. Although s may not be a
homomorphism,

Spp = SpSp'k

for somek € K. Thisfactandthe centralityof K ensurethatthe action? :=
s,,es;l is well-definedand, togetherwith 7, yields a central extensioncrossed
module (E, P, 7).

(iv) Let G beary groupandAut(G) its groupof automorphismsThereis anobvious
actionof Aut(G) on G, anda homomorphismp : G — Aut(G) sendingeach
g € G to theinnerautomorphisnof conjugationby g. Thesetogetherform an
automorphisntrossedmodule (G, Aut(G), ¢).

(v) Any groupG maybethoughtof asa crossednodulein two ways. SinceGG always
hasthe two normalsubgroups{1} andG, we canform the conjugationcrossed
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modules{1} — G andid : G — G. Note thatthe homomorphisnG — {1}

with thetrivial actionforms a crossednodulewhenerer G is abelian,otherwise

the Peiffer identity fails andtheresultis a precrossednodule.

Theseexamplesprovide strongmotivationfor studyingcrossednodules.As Norrie

[58] wrotein herthesis:“crossednodulessimultaneouslgeneralizenormalsubgroups,
modulesoveragroupandcentralextensionof groups.Furthermoreany grouptogether
with its automorphisngroupgivesrise to a crossednodule,andarny groupmay itself
beregardedasacrossednodule’

Example 1.2.4. In additionto the genericexamplesof crossedmodulesconsidered
above, it will be usefulto have at handsomesmall, easily checled, examplesof in-
dividual crossednodules.Thesewill provide testcasedor laterconstructions.

() LetCy = (z : 2%) andl = {1}. ThenC, — I is acrossednodule(thereis
no choicefor eitherthe homomorphisnor theaction).

(ii) LetCs = (x : %) andC, = (y : y?). Thezerohomomorphisnandthetrivial
action,1, (with % = z) make (C3, Cs, 0, 1) acrossednodule.

(iii) With the samegroupsandboundaryas (ii), definethe twisting action,r, of
Cs, onC3 as¥r := z?. Thisalsoyieldsacrossednodule(Cs, Cs, 0, 7).

(iv) LetCy, = (z : 2*) andCy = (y : y?) (Wherey = z?). Action by conjuga-
tion fixeseachelementof C,, andtogetherwith the boundaryo definedby
x — y, givesacrossednodule,(Cy, Cy, d). SinceC, is abelian,actionby
conjugationfixesevery elementof C,, andwe suppresxplicit mentionof
theaction.

Definition 1.2.5. If X; = (Cy, Py, 01, 1) andXy = (Cy, Py, 05, ) arecrossedmod-
ules,thena crossedmodulemorphism¢ : X; — X, consistsof a pair of grouphomo-
morphismspe : C; — Cs and¢p : P, — P, thatcommutewith 0; andpresere the
action. Thatis, ,¢¢c = ¢p0, andoc(Pc) = *#Plps(c). Theseconditionsareencapsu-
latedin the commutatvity of thefollowing diagrams:

Cy be Cy , P x Cy " C
o 02 (¢P,¢c)l ¢c
P1 P2 P2 X CQ 02

Q2
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Example 1.2.6. Let X = (Cs5, C5,0,1) and®) = (Cs, Cy, 0, 7) bethecrossednodules
of examplel.2.4(ii) and(iii) respectiely. Then¢ : X — 9 with ¢¢, : x — z? and
¢, + y — 1is acrossednodulemap;in factit is the only non-trivial map between
thesecrossednodules.Thereis no non-trivial map%) — X.

Thereis an obvious compositionof crossedmodule morphismsthat leadsto the
categgory XMod of crossednoduleg(of groups)andtheir morphisms.

An importantconstructionon crossedmodules,which relatesto their homotopy
theoreticorigins, is the classifyingspace [11,31,51]. Thisis a functor B from XMod
to the catggory of CW-complexessuchthatfor any X € XMod, BX is a connected
CW-complex with m; BX = coker § = P/0(C'), me BX = ker § andm; BX = 0 for every
i # 1,2. Also, for ary connectedCW-complex with ; = 0 for i # 1,2, thereis a
crossednodulewith thatcomplec asits classifyingspaceln thisway, crossednodules
of groupsarealgebraicmodelsfor 2-types. We may slightly abusenotationandwrite
m; X for m; BX. The classifyingspacefunctoris a generalisatiorof Segal’s classifying
spacefunctorfor categyories(andhencegroups)describedn [45,46].

1.2.2 Cat'-groups

Cat -groups(originally called 1-catgroups)arethe first in a seriesof modelsfor ho-

motopy n-typesintroducedby Loday[51]. They are sometimegeferredto simply as

cat-groupg31] if the highercat'-groupsarenot alsobeingconsiderett thetermcate-

gorical group|[3] is usedfor similar structuresn whichinversedor thegroupoperations
areonly definedup to isomorphisn{37].

Definition 1.2.7. A cat'-group ¢ = (G, P, i, s, t) consistsof groupsG and P, anem-
beddingi : P — G andepimorphisms, ¢t : G — P satisfying:

CGl si=ti=idp

CG2 [ker s, kert] = {15}

We shall oftenassumehatboth groupsarefinite, andwrite g for |G|. A morphism
v : € — &, of cat-groupsconsistsof a pairyg : G; — G5 andvyp : P, — P, that
commutewith the homomorphismef ¢€; and&,. With the obviouscomposition there
is acategory Catl of cat -groupsandtheir morphisms.

4Although we shall not be consideringcat®-groupsfor n > 2, we shall continueto usethe term
cat -groupin theinterestsof greatergenerality
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Remark:  As with crossedmodules,the groupsG and P of a cat-group may be
referredto asthe top group® andbaserespectiely. The morphismss, ¢ (standingfor
souice andtarget respectiely) are calledstructural (homo)morphismand: is thein-
clusion(ajustifiableterm,since P canalwaysbethoughtof asa subgroupof G). CM1
may betermedtheidentityconditionandCM2 is the kernelcondition A structurewith
the samedataas a cat -group and satisfyingthe identity condition but not the kernel
conditionis calleda precat-group.

Example 1.2.8. We shall not needto defineary specificexamplesof cat -groupsdi-
rectly since,aswe shall seebelaw, we canobtaincat -groupsfrom ary crossednod-
ules. However, in consideringtrivial cat-groups,notethatthe top group may not be
trivial unlessthe baseis alsotrivial, for the identity conditionwould be violated. The
simplestcat -groupsarethosefor which the baseandtop group arethe same,andall
morphismsheidentity. Any groupG formsa precat-groupwith trivial base.

Thereis a useful structuraldecompositiorof the top group of a cat-groupasa
semidirectproductinvolving the baseandoneof the structuralhomomorphismsFirst
we recallthe definition of a semidirectproduct.

Definition 1.2.9. If G and H aregroups,with aleft actionof H on G, the semidiect
productof G by H isthegroupG x H = {(g,h) : g € G, h € H} with multiplication
(g,h) (g, W) := (g"', hh'). Theinverseof (g, k) is (*“'¢g~1, hY).

Of course the semidirectproductG x H hasthe sameunderlyingsetasthe direct
productG x H,so|G x H| = |G||H|. Since for ary cat -group,ker s<<G and: P < G,
thereis anactionof i P onker s by conjugation Hence thesemidirecproductker s x P
is defined.

Lemma 1.2.10. For a cat'-group (G, P, i, s, t),
G X kers x P.

Proof:

Let ¢ : G — kers x P with ¢(g) := (gis(g '),s(g)) andy) : kers x P —» G
with ¥ (c, p) := ci(p). It is straightforvardto checkthat ¢, v arehomomorphismsind
Y=¢" 0

SBrown andLoday call this the big groupin their definition of cat*-groups[14].
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FromacrossednoduleX = (C, P, ) we canconstrucia cat-group,&(X):

CxP s:Z P
~t -
Heres,t : C x P — P,i: P — C x P aredefinedass(c, p) = p, t(c,p) = d(c)p and
i(p) = (1¢,p). Thens |p=1t |p=idp and[ker s, ker t] = 1oy p.

Notethat (c,p) € kers < p = 1p, i.e.kers = {(¢,1p)} = C; hencet(c,1p) =
d(c)1p = 0(c), S00 =t |ker s andwe canrecover X from €(X). Thesametrick enables
us to constructa crossedmodule X(¢€) from ary given cat-group €, if we first use
lemmal.2.10to decomposé¢hetop group. Theseconstructiongeadto the well-known

equivalencebetweercrossednodulesandcat -groups[51].

Example 1.2.11. Eachof the crossedmodulesof example 1.2.4 yields a cat -group
accordingto thegivenrecipe:

(1) FromC, — I we getthe cat-group(C,, I,1,0,0) wheres is the inclusion
(1 — 1) ands, t boththezeromap.

(i) Thesemidirecproductcorrespondingo (Cs, Cs,0,1) is C3xCy = Cg andso
¢(X) = (Cs,Co,1, s, s), wherethe structuralhomomorphismsreidentical
andsendodd powersof the generatoof Cy to the generatoof C,; andeven
powersto theidentity.

(iii) (Cs,C4,0,7) givessemidirectproductCs x Cy, = S3, sothe corresponding
cat-groupis €(9)) = (Ss,Cy, 1, s,s). Theinclusioni mapsy to a transpo-
sitionin S3, while s mapsevery odd permutationto the generatoof C; and
every evenpermutatiorto theidentity.

(iv) (Cy, Cy, ) with actionby conjugationyieldsC, x Cy, = Cy x Cy andleads
to the cat-group (Cy x Cy, Cy, 1, s,t) with s the projectiononto C, andt¢
the homomorphismrsendingboth (z, 1) and (1, y) (thatis, the generatorof
Cy x C) toy.

All of thesecat -groupsareincludedin the first few rows of Alp andWenslg's table

[1].



CHAPTER1. PRELIMINARIES 19

Sincecat -groupsare equivalentto crossedmodules,it follows thatthey too must
be algebraiomodelsfor 2-types.lIt is alsopossibleto constructhe classifyingspaceof
acat-group,andestablisithis factdirectly. The constructiondetailedin [19] for caf’-
groups startsby forming thenene of €, asimplicial group. Theclassifyingspace B¢,
of € is definedto betheclassifyingspaceof its nene. As with thecrossednodulecase,
thehomotoyy groupsof B¢ canbefound,andwe shallwrite ;& for 7; BE. Garzonand
Miranda[31] statethatm; € = coker (s, t) (the coequalisepf s, ¢, usingthe notationof
[7]) = P/t(ker s) andmy€ = ker sNker ¢, while all otherr; aretrivial. Theseresultscan
alsobe obtainedfrom generalformulaegivenin [57] (usingthe factthata cat -group
is, equivalently, a simplicial groupwith Moore complex of length1). Someauthors,
including Garzonand Miranda, shift the suffixesandhave 7, andr; respectrely for
the groupswe are denotingasw; andm,. The choiceof suffix corventionemployed
dependson whetheryou principally interpreta cat -groupasa 1- or a 2-dimensional
structure(seepage?l).

1.2.3 Composition

We have seenthat crossednodulesandcat -groupsare equivalent. Thatis, they may
be consideredasdifferentwaysof looking at the samething. They arealsoequivalent
to 2-catgyories[7, 44,70] with certainrestrictions.This categoricalview is particularly
useful for two principal reasons.Firstly, it provides a more visual understandingf
the structureq2], andwhile a visualintuition breaksdown in higherdimensions- and
cannotentirely be relied upon even in the lowestdimensions- it can provide useful
insights. Also, the full weightof categorical machinerymay be broughtto bearon the
problemin hand;this usuallyopengheway to moreelegantmethodshana bruteforce
approach.

A cat-groupis more-orlessimmediatelyan internal cateyory in the cateyory of
groups|[21,51]. Thisfactis uncoveredin section12.80f [52], enrouteto shawving the
equialenceof internal catggoriesand crossednodulesof groups,althoughMaclLane
doesnot explicitly usetheterm ‘cat'-group’ in his account. The essencef the argu-
mentis thatthe kernelconditionof the cat -groupis equivalentto a cateyorical compo-
sition which is a grouphomomorphisn{i.e. thereis aninterchangdaw betweenthis
compositionandthe multiplicationin thetop groupG).
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We now shaw thattheseare equivalentto 2-group$. P is a group,soits elements
canbetakenasarravs (1-cells)with a uniquevertex (denotedx). The multiplication
in P becomesompositionin the categyorical view. We may write this asq#qp = qp
(meaningfirst p theng’); the subscriptO indicatesthatthetwo elementsarejoined by
acommonfacein dimensionzero;in this case thereis only onepossiblesuchface(x)
so compositionis alwaysdefined. We shall usethe notationsof composition(#,) and
multiplication (juxtaposition)interchangeablyTheideabehindthis notationis thateach
compositiorfor ann-cellis denotedas#; with k = 0,1, ...n—1; k isthedimensiorof
the commonboundaryby which the adjacentellsarejoined. This notationis usefulin
2-dimensionahlgebraandcertainlyinvaluablein higherdimensionslt is quitecommon
in recentpaperson higherdimensionaklgebra(e.g.,[23]), thoughl am not surewho
introducedt.

By lemmal.2.10,G canbedecomposedsker s x P, soatypical elements (c, p),
with ¢ € ker s, p € P. Thens(c,p) = p andt(c, p) = 9(c)p sSowe canview (¢, p) asa
2-cellp = 9(c)p, with sources(c, p) andtamgett(c, p) (hencethenames):

p
* U(ep) *
d(c)p
Of course,G is itself a group, soit is alsoa category with one object,x (which may
be takento be the sameoneasfor P); its multiplicationis interpretedcateyorically as
composition. Supposgc, p) and (d, q) arein G, then(d, q)#o(c,p) = (d,q)(¢c,p) =
(d%, gp). Now 9(d%) = d(d)qd(c)q™", so(d%, gp) is a2-cellgp = d(d)qd(c)p. Picto-
rially,
P q q#op
* U‘ (C:p) * 'U’ (dzq) * = *U‘ (dqc,q#op) *

o(c)p o(d)q a(d)q#op

Thepicturemakesit obviouswhy thisis calledhorizontalcomposition

8]t is worth noting that the term ‘2-group’ is usedby grouptheoriststo meana groupwith ordera
power of 2 [66]. Thisis quite differentfrom the category theoreticmeaningusedhere,i.e. a 2-categyory
with invertible 1- and2-cellsandonly oneobject[3].
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Thereis analternatve compositionthat canalsobe defined. Suppos€¢’, 9(c)p) is
anotherelementin G, i.e. ¢ € kers. Thenwe cancompose(c,p) and(c, d(c)p) by
defining

(¢, 0(c)p)#1(c,p) == (c'c,0(c'c)p)

For this composition,the subscriptl indicatesthat the two elementgo be composed
sharea commonfacein dimensionone (an elementof P). Dueto the naturalway of
drawing 2-cells,this compositionis known asvertical composition

>@

*  U(ep) *
P

a(c)p /_\

= x J(d#ocp) %

(

o(c)p

)

a(de)p
* U (cd0(c)p) *

(

a(c)o(c)p

The secondcondition on cat -groupsestablishesan interchangdaw betweenthe
horizontalandverticalcompositionshencewe have a 2-catgory. Sincebothcomposi-
tionsareclearlyinvertibleandthereis only oneobject,it is in facta 2-group.

Corversely ary 2-groupis acat'-group. The sourceandtamgetmapsfrom 2-cellsto
1-cells,togethemwith theidentity mapfrom 1- to 2-cells,functionasthe structuralmor-
phismsandimmediatelysatisfythe identity condition. The kernelconditionis slightly
moresubtle,but comesfairly directly from theinterchangdaw betweenthe two com-
positionsin the 2-group,which essentiallystateghat vertical compositionis a homeo-
morphism[64].

At this pointwe mayalsonotein passinghata cat -groupcanalsobeinterpretechs
a strict monoidalgroupoid. This follows from the obsenationin [50] thata 2-cateory
with oneobjectis amonoidalcateyory. Becausef thisfact,acat -groupmaybeviewed
eitheras a two-dimensionaktructure(a 2-groupoidwith a single O-cell) or asa one-
dimensionalstructure(a monoidalcategory with inverses). We shall usually take the
first view, andthis will be reflectedin the notationwe employ. The readershouldbe
awarethatdifferentsourcesnay usedifferentnotationalcorventions.
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1.3 A 2-Groupoid of Very Short Chain Complexes

From a categorical viewpoint, a linear representatiorf a group G becomesa func-
tor from G to the category Vecty of K-vectorspaces.In sectionl.2.1we sawv thata
cat -groupis essentiallya 2-group,andin section4.1 we shallbe exploring cat -group
representationasa 2-catgjoricalgeneralisatiomf grouprepresentationsn orderto do
this, we needa 2-categorical analogueof Vecty, andit is to this problemthatwe now
turn. The constructionwe shall describen this sectionis essentiallya specialcaseof
GabrielandZismans 2-catejory of complexes[30].

1.3.1 First Steps

Let K beafield andlet Cy, C; bevectorspacesover K. If § : C; — Cy is alinear
transformationthenC : C, i>Co is alength1 chaincomplec of vectorspacesC can
beconsidereds... - 0 — C4 i>Co — 0 — ... andsocompositiontrivially gives
the zeromapand/ is a differential (a discussiorof the terminologyandbasictheory
of chain complexes canbe found in [39]). Thus, every linear transformationcan be
consideredasa chaincomple. It will sometimese convenientto blur the distinction
betweerthe lineartransformatiorandits chaincomple, andreferto ¢ itself asa chain
comple.

Suppose that in additon to C we have a chain compl
D: D ﬁ) D, (write 6¢ for the differentialin C to distinguishit). Thena morphism
betweerC andD is definedasfollows.

Definition 1.3.1. A chainmapf : C — D consistof components; : C; — D; and
fo : Co = Dg suchthaté? f; = £,6¢; i.e. thefollowing diagramcommutes:

f1

Cy D,
&¢ 80
Co Dy

fo
Supposef : C — D andg : D — & arechainmaps. Thenthe composite
g#of : C — Eisdefinedby (g#0f)i := gifi, wherei = 0, 1 andthecompositioronthe
right handsideis the usualonefor linear maps.The notationusedfor the compaosition
ontheleft handsideis the sameasthatdescribedn sectionl1.2.3,andis introducedn
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orderto facilitate explorationof 2-cellslateron. Eachchainmaphasa clearly defined
sourceandtamget,andmapscanbe composedvhenthetargetof onecoincideswith the
sourceof the next; compositionis clearly associatie. For eachchaincomplec C, there
is anidentity, id¢, underthis compositionwhere(idc); is theidentity on C;. Hencethe
collectionof all length1 chaincomplexesof vectorspacesover K, andall chainmaps
betweenthem,formsa category.

Definition 1.3.2. Let K be afield. The cateyory of length1 chaincompleesof K-
vectorspacesandchainmapsbetweerthem,is denotecChE,? .

This structureprovidesthefoundationfor a 2-groupoid.By restrictingour attention
to thosechain mapsthat are invertible we obtain a subgroupoidof Ch{Y, which we
shallwrite asinvChg). Fromdefinition1.3.1it is clearthatachainmapf : C — D is
invertible preciselywhenbothits componentsreinvertible.

Definition 1.3.3. A chainisomorphisms aninvertiblechainmapf : C — D.

Hencethe morphismsof invChgp arepreciselythe chainisomorphismf Chg).

As anaside,readerswith a penchanfor homologicalalgebrawill obsenre thatfor
ary C € ChYY, Hy(C) = ker 6¢ andH,(C) = coker 6¢ = Cy/5°(C4), while H,(C) =
0 for every othern € Z. We shallnot explicitly considerhomologyary furtherin this
thesis.

1.3.2 The Next Dimension

The next taskis to find a groupoidenrichmentfor Ch(lp (see[39] for anintroduction
to this concept). This will make it a 2-catgory in which the vertical compositionis
invertible;hence invCh{ will bea2-groupoid.

One of the standardmotivating examplesof a 2-category (given, for instance,in
[52]) is Top, in which the 2-cells are given by homotopiesbetweenthe continuous
maps. This suggestghat, for other suitablecateyories,homotogy might provide a 2-
cateyoricalstructure.Chaincomplexesof vectorspacehave awell-behaedhomotory
theory(in fact, several equivalenttheories).We shall considerhomotopiesof length 1
chaincomplexesover Vecty, with aview to demonstratingheir suitability asa 2-cell
structurefor Ch(I?. See[39] for amoredetailedtreatmenbf the elementarjhomotory
theoryof chaincomplexesin general.
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For any chaincomplex C, thereis achaincomplex C ® I definedas
CIl), =C,Cr®Cy, 4
with differential

§C®1 (2,y,2) := (0x — 2,0y + 2z, —62).

As usual,the superscripon the § will be omittedwherever possible.For ¢ € Ch'Y,
mostof the C; aretrivial andsoC ® I reducedo a chaincomple of length2:

0020000, CcyaC, — 0.

This constructionyields a functor — ® I : Chgp — Chg), WhereChg) is the
3-catgory of length 2 chain complees (to be discussedn section1.3.5.2). There
are naturaltransformationgy, e; : idCh%) — —-—®JIando: — Q1 — idCh%) with
eo(C)(z) = (2,0,0), e1(C)(y) = (0,9,0) ando(C)(z,y, 2) = (x + y). This functor
andthesenaturaltransformationgrovide a cylinder structureon Chgp, which allows
homotoyy to be defined.

Definition 1.3.4. Let f, f' : C — D be chainmapsin Chﬁ?. Then f is homotopic
to f', written f ~ f', if thereis achainmaph : C ® I — D with hey(C) = f and
he (C) = f'.

In practice homotopiesalongwith chaincomplexes,chainmaps,andothergraded
stuff, areusuallyviewed as“black boxes” which take the giveninput andproducethe
requiredoutputwithoutthe userhaving to worry aboutthedetails.At times,however, it
is usefulto beableto seeinsidethe box, soto speakandexaminewhatis happeningt
thelevel of theindividual objects/mapsThefollowing diagramillustratesthe definition
of homotoyy for Chgp:

0 Cy 0
57
(eo(C)1 hy
Cy Ci®C a0 D,
(e1(C)
§C 5(13®1 §D
(eo(C))o ho
Cy Co® Cy Dy
(e1(C))o
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Thecondition f = heo(C) impliesthath(z,0,0) = f(x) for ary = € C; likewise
h(0,y,0) = f'(y). Defineh'(z) := h(0,0, 2), thenforary (z,y,2) € CRI, h(z,y,2) =
f(z) + f'(y) + W'(2). Itis straightforvardto checkthatéh’ + h'6 = f' — f. Notethat
becaus€ andD arebothlengthl chaincomplexes,thehomotoyy is trivial in dimension
two.

Definition 1.3.5.If f,f' : C — D in Chg) thenamaph' : Cy — D; with #/§¢ =
fi— fianddPn’ = f§ — f, is calledachain homotopyfrom f to f:

J1

Cy D,
noT
| w7 2
7/
s Jo
Co Dy

fo

Thechainhomotopy conditionmaybewritten moresuccinctlyaséh’+h'd = f'— f,
bearingin mind thatthesearegradedmaps(é beingof degree-1, b’ of degree+1, and
thechainmapsf, f’ of degree0). Thisformulais alsovalid for longerchaincomplees.

From the foregoing discussionjt is clearthat every homotogy on Chﬁ? yields a
chain homotoyy. Corversely supposeh’ is a chain homotoyy from f to f'. Then
h(z,y,2) == f(z) + f'(y) + h'(2) is ahomotoypy. Indeed,the chainhomotofy con-
dition mayberearrange@dndthensubstitutednto this formulato yield:

h(z,y,z) = f(x)+ (6B + K6+ f)(y) + h'(2).

Thereforeany homotoyy is uniquely specifiedby its chainhomotopy andits starting
point, andwe may write h « (4, f) interchangeably Note that for chainmapswe
useprimes(’) to distinguishbetweendifferentmapshaving the samesourceandtarget,
while for homotopiesve useh’ to denotethe chainhomotopy componenbf the homo-
topy h, i.e. h'(z) = h(0,0,z). In practiceit shouldalwaysbe clearfrom the context
whetherwe arereferringto chainmapsor to homotopiessono confusionshouldoccut

It would becumbersoméo alwayswrite outthefull commutatve diagramdor chain
mapshomotopieshut the “black box” ideaenablesisto avoid this mostof thetime. A
homotoy h = (', f) : f =~ f' runsbetweertwo arravs (1-cells)of Chﬁ?, andsocan
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beviewedasa2-cell:

The 2-cell may be written morecompactlyash : f = f’, althoughit will sometimes
be more convenientto draw the full picture, particularlywhenhorizontalandvertical

compositionare considered.In practice,we shallflit freely betweerall of thesenota-

tions. Of coursejt will sometimeslsobe usefulto openup the blackbox andwork on

acomponentevel.

Note thatwhile the endpointsareimplicit in any homotoyy A, the chainhomotory
h' is notuniqueto f ~ f'. It is possibleto have f # g and f' # ¢' suchthatboth
O +hé=f'—fanddh' + h'é =g —g,i.e. f ~ f andg ~ ¢'. Thereforea 2-cellis
not completelydeterminedoy the chainhomotopy. We shallreturnto this obsenation
later.

Calculationswith homotopiesnay be doneusingeitherthe chainhomotoyy or the
cylindrical homotogy formulation,sincetheseareequivalent. We shallusuallyusechain
homotopies.In orderto geta feel for calculationsusing chainhomotopieswe shall
checkthathomotopy is an equivalencerelation. Note that homotogy is automatically
reflexive (this is a basicconsequencef the cylinder structure),but not neccessarily
symmetricor transitve. Theseare, however, desirablepropertiesfor a homotoyy the-
ory andfortunatelythe homotopy of chaincomplexes,like the standarchomotoyy of
topology hasthem.

Proposition 1.3.6. Homotopyon Chf,? is an equivalenceelation.

Proof:
It is sufficientto checkthethreepropertiedirectly.

Refleivity: Forary f € Ch{y, wehave 06 =0 = f, — f, and6?0 = 0 =
fo — fo; thusthe zeromapis a chainhomotoyy for f ~ f. Denotethe corresponding
homotoyy by 1, : f = f (for consisteng, we maywrite 1’; = 0).

Symmetry:  Supposé: : f ~ f’. Thenf, — f] = —h'§¢ andfy— f} = —0Ph' =
6P (—n"), so—h'isachainhomotopy f’ ~ f andthereis acorresponding-h : f’' = f,
asrequired.
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Transitivity: Supposé: : f ~ f andh : f' ~ f". Then,in additionto the
equationgor f;, f/ andh’ alreadyestablished'6¢ = f' — f', 6°h = fI — fi. Then
(W+1)6C = WC+hdC = fl—fi+f'—fl = fI'— f1 andéP (W' +h') = 6Ph/ +6PH =
fo—fo+ fi — f5 = f§ — fo hence(h' + i) is a chainhomotopy. Thushomotoyy is
transitve andhenceanequialencerelation. O

Transitvity allows usto definea compositionof homotopies.

Definition 1.3.7. Leth: f ~ f'andh: f' ~ " (f, f', f" : C — D). Thenthevertical
composite(fz#lh) : f ~ f" isthehomotogy with chainhomotofy component:

(h#t1h) == h + N (1.1)

Using 2-cells,this compositions picturedasfollows:

f
/_\
C Jh D
NS ¥
7 N
= C Uh#h D.
f’ \_/
TN .
C Uh D
\fﬂ/

The namevertical compositiorrefersto the way 2-cellsareusuallydravn’, anddistin-
guishesit from the horizontalcompositionto be definedbelov. The collectionof all
homotopiesetweenchainmapsin Chg) will now be consideredasa collectionof 2-
cellsin Chg). Eachhomotofy hasclearlydefinedsourceandtargetchainmapsand(by
composition)sourceandtarget chaincomplexes. The compositionis associatie. Re-
flexivity of homotoyy givesusanidentity 1, for eachchainmap f. Symmetryensures
that(—h+#.h)' = —h' + b’ = 0, soevery 2-cellis invertibleunderverticalcomposition.
ThusChg) hasa verticalgroupoidstructureon its 2-cells(with compositionwritten as
#1), andahorizontalcategory structureonits 1-cells(with compositiont#,). Notethat,
whereago geta groupoidstructurehorizontally(asin invCh'Y) we mustexplicitly re-
strict our attentionto invertible chainmaps,all 2-cellsareintrinsically invertible under

"Thenotationfor verticalcomposition(#;), andthatfor horizontalcomposition(#y), is the notation
introducedn sectionl.2.3in the context of cat'-groups.
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verticalcompositiondueto thepropertief homotoyy for chaincomplexes.It remains
to extendthe horizontalcompositionto the 2-cellsandestablisha relationshipbetween
thetwo typesof 2-cell composition.

1.3.3 Whiskers

As anintermediatestepto defininghorizontalcompositionfor 2-cells,we candefinea
compositionbetweera 1-cellanda 2-cell. Leth : f ~ f' : C — D beahomotogy and
g : D — &£ achainmap.With thechainhomotoyy »' we getthefollowing picture:

f

g1
Cl Dl El
T
§C 1% p 7 6D §E
7/
s Jo
CO Dl EO

g0
£

Sinceh’ andg, arecompatibldineartransformationsthey maybecomposedthe com-
positeg, b’ satisfies:

§g1h" = god"h' = go(f5 = fo) = 90fo — 9o fo
and
g6 = gi(fi — 1) = fi — 1 fr.
In otherwords, g,/ is achainhomotogy from g#, f to g# f’.

Definition 1.3.8.For h : f ~ f' : C — D andg : D — €&, the whislering
g#oh : g#of ~ g#tof' is thehomotopy with chainhomotogy component

(9#0h)" == gih'. (1.2)
This choiceof terminologyis explainedby the picture:

f g9#tof
N 9
C I D E = (C Ug#oh &
\/ \/

I g#of’

Sincethe natural“whisker” is the 1-cell g, which appear®n theleft in the notation
g#oh butontherightin thediagramwerefertoit asapostwhiskr (andto theoperation
aspostwhiskring) ratherthanawhisker ontheleft or ontheright.
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As might be expected,whiskering canalso be definedfor a 1-cell followed by a
2-cell,i.e. prewhislering. In thiscase(for f : C — D andk : g ~ ¢’ : D — &) the
homotogy k+#,f is definedby

(k#of) = K fo. (1.3)
g g9#of
C D Ik & =C Vk#f &
\/ \’;g_éf/i
g g #o0

1.3.4 Horizontal Composition

Now supposene have 2-cellsh : f ~ f': C - Dandk : g ~ ¢ : D — £. The
following picturesuggests possibledefinition of horizontalcomposition.

! g g ! ¢

AL

N TN TN 7N
C n D Ik & :=2¢C D bk £#:1C In D E.
A 4 ~_ 7 ~—_ 7 N~ T

S~ — 7

f g r g f
Thisis clearlywell-definedin thesenseahattheright handsideis theverticalcomposite
of two whiskerings whicharebothdefinedandhave acommonl-face.In orderto check

thatit is asensibledefinition,we needto ensurehatthe sumis indeeda homotopy. As
usual,we do this by consideringhe chainhomotory component.

Lemmal.3.9.1f h: f ~ f'andk : g ~ ¢’ are homotopiesthen(k#f')#1(g#0oh) IS
a homotopy

Proof:

Putg = (k#of')#1(g9#0h). Then
¢’ =gh +Kf
andit is sufficientto prove that¢’ is achainhomotoyy. Now,

§%¢' = 6" (gih + k' f3) = 6% g1k + 67K f = go6"h' + 67K f§

= gofo — 9ofo + 90fo — 90f5 = 90f5 — 9o o
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Similarly,

¢150:g1h1(50+klf660:glh160+1€15Df{

=g fi —guhi + o fi —afi = 91fl — 9 fr.
Henceg' is achainhomotopy and(k#oh) := ¢ : g#of =~ ¢'#0f' asrequired. a
Armedwith thislemma,we maynow formally definehorizontalcomposition.

Definition 1.3.10.Leth : f ~ f': C - D andk : g ~ ¢’ : D — £ be homotopies.
Thenthe horizontalcompositek#oh := (k#of")#1(9F0h) : g#of — g'#of' isthe
homotopy with chainhomotofy component

(k#oh)' = gih' + k' f5. (1.4)

In defining (k#oh), it was necessaryo arbitrarily choosehow to split the 2-cell
compositionasa sumof whiskerings. We choseto usek#qh := (k#of")#1(g9#0h),
but couldequallywell have takenk#oh := (g'#oh)#1(k#0f) instead.lt is easyto see
thatthis would alsoyield a homotoyy, but it is lessimmediatelyobviouswhetherthisis
the sameastheonewe have takenfor our definition.

Lemmal.3.11. (g,#oh)#l(k#of) = (k#of’)#l(g#oh)

Proof:
Considerthe chainhomotogy

[(g'#oh)#1(k#0f)] = gih' + K fo. (1.5)

Rearranginghe defining equationsof chain homotoyy we getg, = ¢ + k'6° and
fo = f} — 6P1'. Substitutingtheseinto (1.5) gives
Gih + K fo= (g1 + KP)W + K (fg — 6°H)
= gih' + K f§+ K'6PH — k'R
= gh' + K f

whichis, of course(k#,h)" asgivenby (1.4). O
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Thusit makesno differencewhich of thetwo formulaeis chosenmoreimportantis
to beconsistenbncetheinitial choiceis made— we shallusethe original choicegiven
in definition1.3.10.

We are now readyto establishthe interchangdaw for the vertical and horizontal
compositionsasdefined.

Supposedhath : f ~ f, h:fl~f" k:g~gandk:qg ~g" arehomotopies
(f, f', f": C —- Dandg,q,¢" : D — £). We canform horizontalcomposites#,h
andk+#,h andthencomposethesevertically:

f 9 g#tof g#of
A7

" —& =C — =C s &
W W \W 11 1
7 J" g Fof" g #of

whereg := (k#oh)#1 (k#oh).
Alternatively, we can start by forming the vertical compositesand then compose
thesehorizontally:

f 9 f 9 g#of
C —D —=& = C Uh#tth D Ukt E = C v &
fll gu g9 g9 0

wherey = (k#1k)#o(h#1h).

Looking atthe correspondinghainhomotopiesandusing(1.1)and(1.4), we get:
¢ = ((k#oh)#1(k#oh))' = (k#toh)' + (k#oh) = gih' + K fi + b/ +K'f5 (L.6)
and

¢' = ((k#:k)#o(h#t:h)) = gi(h#tih) + (k#tk)' f§ = gtk + ol + K f) + K £}
(1.7)

Then(1.6)- (1.7)gives

Gih + K fy— gk — K f) = (dh — g0 + K (f§ — £7)

= K'6Ph' — K'6Ph =0,
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whence¢’ = ¢'. Sincethesechainhomotopiesareidentical,the correspondindiomo-
topiesarealsoidentical;thuswe have:

(k#toh)#1 (k#oh) = (k#t1k)Fo(h#t1h).

Sincetheinterchangdaw is satisfied,Chg? is a2-catgory. Theinterchangdaw shavs
thathorizontalcompositionis ahomomorphisnwith respecto the (vertical) groupoid
structureon the Hom-setof Ch(lp . Theforegoingdiscussiorprovesthefollowing:

Theorem 1.3.12. ChYY is a Grpd-enrichedcategory.
O

The readeris referredto [43] for a treatmentof enrichedcategory theory By re-
stricting the chain mapsto thosewhich are invertible, invChg) is a 2-groupoid,or
groupoid-enrichedroupoid.

1.3.5 The Long and Short of It

From our startingpoint of length 1 chaincomplees,let us make two brief excursions
in oppositedirections.

1.3.5.1 Even Shorter Chain Complexes

The following elementaryobsenation may be usefulto help strengtherthe claim that
Chﬁ}) is a 2-catgorical generalisatiorof Vecty. A lengthO chaincomplex of vector
spacessjustavectorspaceC =... - 0 — C — 0 — .... Anylineartransformation
of vectorspacess a chainmapin this case(the commutatvity conditionis trivial) and
all homotopiesbeingdegreel maps,aretrivial. Thereforethe categyory of length0
chaincomplees,andchainmapsbetweerthem,which would be denotedasCh?, is
justVectg. It hasno non-trivial 2-category structure(givenby homotoyy, atleast).

Chgg), of course appearsasa full subcatgory of Ch(;), consistingof thosechain
compleeswith C; = 0.

1.3.5.2 Longer Chain Complexes

LengthO chaincomplexesgive usthe cateyory Chgg) = Vectg. Length1 chaincom-
plexesgive us Ch(l), which aswe have seen,is a groupoid-enrichedatayory, i.e. a
2-catgory with minimal extra structure.Thereis nointrinsic reasorwhy thingsshould
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stop at this level. Given ary naturalnumbern, it is possibleto definethe (n + 1)-
catgyory Chﬁ?) of lengthn chaincomplexes. Thereis also an co-cateyory, Chg‘("’),
whichincludesall finite caseg[50] discussesc-cateyoriesin general).

In the sequel,we shall mostly be working with subgroupoidsof Ch(,? andtheir
equialents but occasionallyit will be necessaryo considelongerchaincompleesof
vectorspacegor of modulesover a moregeneraking). Thesewould alsobe necessary
in orderto generaliseur resultsto higherdimensions.

Thedefinitionof achainmapextendsvery obviouslyto chaincomplexesof arbitrary
length;the definitionof homotoyy is equallyobvious. Thelevelwisedefinition of chain
homotoyy requiresjust a litle morework. If f, g arechainmapsC — D (so that
C:...>Cy —-C, - Cy — C_y — ...etc.)andf ~ g thenachainhomotory
consistsof mapsh!, : C,, — D,y satisfyingg, — f, = 02, ,hl, + hl,_,0S for each
n € 7.

dn+1
Cn+1

i
n
font1| |9In+1

Dn—|—1

Dn—l

D
dn+1 n dn dn—1

Thechainhomotopy conditionsfor length1 chaincomplexesarejust a specialcase
in which mostof the mapsaretrivial.

In this thesis,andconcevably in ary generalisatiorio higherdimensionsit is suf-
ficientto considemon-neative chaincomplexes.A non-n@ative chaincomplex is one
in whichthesubscriptsarenaturalnumber8. Thecateyory of all suchchaincomplexes,
in theslightly moregenerakettingof modulesoveraring, is calledCh andis discussed
in somedetail by KampsandPorter[40]. They show that Ch is in facta 2-groupoid
enrichedGray category. Our Ch%) is clearlya subcatgory of Ch. Sinceit hasnothing
atlevel 2 or beyond,the Gray-catgory structureis clearlytrivial.

1.3.6 A Matrix Formulation For Calculations

Perhapsone of the most beautiful resultsof elementarylinear algebrais that, up to
isomorphismthereis only one K -vectorspacdor each(finite) dimensiom. Theupshot

8We take N to includeO.
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of thisis thatany elemenin anabstracvectorspacd’ of dimensiom canbeconsidered
asann-tuplein K™. Lineartransformationdetweenvectorspacesare equialentto
matricesover K; assumingstandardbasesa linear transformationp : K" — K™
uniquelydeterminesandis determinedoy anm x n matrix ® (or® My or M (¢)) with
coeficientsin K. In particular a linearisomorphismK™ — K™ is equivalentto an
elementof GL,(K). Matriceshave the advantageover abstractinear transformations
that, at leastfor low dimensionscalculationscanbe performedeasily by handor by
computer

In Ch%), theobjectsarechaincomplexesof lengthl. As we have seenthesearees-
sentiallythe sameaslineartransformationsHencea chaincomple« C with differential
6¢ : C; — C, canberepresentethy ann, x n; matrix A¢, wheren; is thedimension
of C;.

SupposeD is anotherchaincomple, with differentiald” : D, — D,, wherethe
dimensionof D; is m;. A chainmap f : C — D is givenby a pair of matricesF;
(mq1 x mq) andFy (mgy X ng). Thecommutatvity of the chainmapwith thedifferentials
is thenexpresseds

FyAY = APFy, (1.8)

which is an my x n; matrix asrequired. Any chainmapf : C — D in invCh(,?

is invertible, so in this caseD; also hasdimensionn; andthe correspondingsquare
matricesarenon-singulari.e. F; € GL,,(K) andFy € GL,,(K). Equation(1.8) can
thenberewritten as

A° = Fy'APF,.

Usingmatricestheabstractompositiorof chainmapss, of coursereplacedy straight-
forward matrix multiplication. We will look at this in more detail later (seesection
2.1.2).

Moving up to dimensiontwo, a homotogy is determinedby its starting point (a
chainmap f) andits chainhomotopy. A chainhomotoyy is a lineartransformationso
corresponds$o a matrix. Supposein additionto themapsin the previousparagraphwe

%In generalwe shallusealowercaseGreekletter for anabstractineartransformationandthe corre-
spondinguppercasdetter for its matrix. Occasionallyhowever, it will be usefulto resortto oneof the
otherobviousnotations.
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have anotherchainmap f’ : C — D andahomotoy & : f ~ f'. Thenthereis achain
homotogy 4’ : Cy — D; with acorrespondingy; x ny matrix'® H suchthat

HA® = F| — Fy andAPH = F} — F,. (1.9)

If h: f— f andh: f' — f", thentheverticalcompositeh#; h, whichis givenby
the chainhomotoyy (1.1), correspondso the matrix sumH + H. Sinceboththe chain
homotopiesn questiorhave thesamesourceandtargetO-cells,the matricesarealways
compatiblefor addition.

Whiskering and horizontalcompositionare lik ewise modelledon the formulaefor
chainhomotopieggivenin equationg1.2), (1.3), and(1.4). Supposene have homo-
topiesh : f ~ f': C - Dandk : g ~ ¢ : D — £. Thenthe chainhomotopy
component®f g#oh, k#of', andk#,h arerepresentedy the matricesG, H, KFj,
andG, H + K F respectiely.

In thissectionwe have assumedhatthe standardasiss usedfor eachvectorspace.
In fact, it is possibleto useary basis,althoughthe matricesobtainedwill vary with
differentbasesin chaptel2 we shallconsideyin thespecialcaseof automorphismsver
aspecificlineartransformationtheeffectof achangeof basisonthematrixformulation.

Example 1.3.13. Theforegoingdiscussiormay be somevhatilluminatedby consider
ing someactualexamplesof matricesfor Chg). Sincethesenecessarilyake up afair
amountof spacethey have beenplacedin appendixA, soasnotto disruptthe flow of
thenarratve.

1.4 Group Algebras

The groupalgebraconstructions particularlyusefulin representatiotheory Not only
doesit provide a way of gettingan algebrafrom any given group, but alsoit allows
representationto be studiedby way of modules. For corvenience the expositionin
this sectionwill be given for the casewhere K is afield. In fact, the definitionsand
resultshold with little extra complicationwhenK is amoregeneracommutatve ring;
lateronwe shallsometimesieedthecaseK = Z.

10Sinceonly the chainhomotoyy is to be renderecasa matrix, the useof primesto distinguishchain
homotopiefrom homotopiess nolongernecessanyf desiredthehomotopy h canbethoughtof asthe
triple of matrices(Fy, H, F} ) satisfyingequationg1.8)and(1.9).
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1.4.1 Definition and Adjunction

Let G beary groupand X the underlyingset! of G. Let e, denotethe elementin
X¢ correspondindo g € G. Thenform the vectorspaceK (G) (over afixedfield K)
with basisX¢ = {e, : ¢ € G}. Thisis avectorspaceof dimensiorn#(X¢). A typical
elementof K(G) isof theform 3, rye,, with r, € K andonly finitely mary r, # 0
[59]. Suppose  s,.e, is anotherelementn K (G), then

Z re€q + Z Sg€q 1= Z(rg + 59)€y;

this additionis clearly commutatve, since K is anabeliangroup. If s € K, thenthe
scalamultiplicationis definedas

SE Tg€q = E STg€q.

Thegroupoperationn G inducesa multiplicationin K (G). If Y r,e, and) syep,
arein K(G), then

(Z Tgeg)(z sheh) = Z T9Sh€gh-

Togethemwith theadditionandscalamultiplicationthis makes K (G) analgebra.

Definition 1.4.1. Let G bea groupand K afield. Then K(G), asdefinedabove, is
calledthegroupalgebra of G.

We shall also usethe term group algebra when K is merelya commutatve ring,
althoughthetermgroupring is oftenusedwhen K = Z (technically we shouldignore
9eG Key,
where Ke, is a 1-dimensionali-vector space. The definition of multiplication for
K(G) ensureshatKe,Ke, = Key,. Also1 € Ke, is a2-sidedidentity. This means
that K (G) is a specialcaseof the definitionof r-algebrausedby Turaev [71].

Let f : G — H beahomomorphisnof groups.DefineK(f) : K(G) — K(H) by
K(f)(ey) := ey K(f)isahomomorphisnof groupalgebras.It hasthe properties
that K (id;) = idk(e and,if f' : H — J is a group homomorphismK(f'f) =
K(f"YK(f). Thesefactsaresummarisedn thefollowing proposition:

the scalarmultiplication if this nameis used). K(G) may be written as &

"The notation X is choserfor the underlyingsetto avoid confusionwith |G| usedfor the orderof
thegroupG. Whenspeakingaboutsetswe will referto the cardinalityof thesetX, writtenas#(X). Of
coursefor ary group,|G|= #(X¢a).
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Proposition1.4.2. K(.) : Gr — Alg is a functor
O

In fact,a groupalgebracanbe endavedwith a comultiplicationandan antipodeto
make it into a Hopf algebra(see[53]). We shallnotrequirethis extra structurejndeed,
for thepresentve shallmostlybeconcernedvith thevectorspaceunderlyingK (G) (i.e.
we ignorethe multiplication). To avoid cumbersomeaotationwe shallwrite K (G) for
this underlyingvectorspaceaswell. If G is finite, let g = #(X¢); thenK(G) = K&
andwe may write K¢ for K(G) to emphasise¢he dimensionof the vectorspace. To
abbreviate notation, we will usuallywrite ¢ for K(f), usinga Romanletter for the
grouphomomorphisnmandthe correspondingsreekletterfor the lineartransformation.

The groupalgebrafunctor providesa canonicalconstructionfor a K -algebrafrom
ary given group. Corversely thereare at leasttwo canonicalways of extracting a
groupfrom agiven K -algebra.Oneis to forgetthe multiplicationsandtake theadditive
(abelian)group of the algebra;this givesthe forgetful functor Alg, — Ab. Alter-
natively, the subsetof the algebraconsistingof elementswhich are invertible under
multiplicationformsa subgroupwith the operationof multiplication, of course)called
the groupof unitsof thealgebrathis givesafunctorU(.) : Algx — Gr. In generalthe
groupof unitsof a non-commutatie algebraneednot be abelian.

The following resultis well-known, but a proof is given sincethe ideascontained
within it areusefullater.

Proposition 1.4.3. Thegroupalgebra functor K(.) : Gr — Algg is left adjointto the
unit groupfunctorU(.) : Algx — Gr.

Proof:
Let G beagroupand A a K-algebra,andsupposef : G — U(A). Definea map
0.4 : Gr(G,U(A)) = Algk (K (G), A) by

Oc,4(f)(eq) == e

(this definesf;, 4 completely since{e, : ¢ € G} is abasisfor K(G) and,for every
g€ G,0c4(f)(e,) € KU(A) C A).

Supposep : K(G) — A. Theng¢ is completelydeterminedby {¢(e,) : ¢ € G},
andfor eachg € G

1a= ff)(egeg’l) = ¢(eg)¢(eg’1)’
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sog(e,) € U(A). Definethemap©g, 4 : Algx (K (G), A) — Gr(G,U(A)) by
Oa,4(9)(9) = d(ey).
Now [O,406,4(f)](9) = £(g) and[fs,4Oc,4(4)](g) = ¢(g), SO0 4 is abijectionand
Gr(G,U(A)) = Algx (K (G), A)

asrequired.
It remainsto showv thatf and© arenaturalin G and A. For 6 to be naturalin G
requiresfor ahomomorphisnu : G' — G,

Ocr,a(f o ) = Og,a(f) o Kp.

It is clearthatboth sidesof this equationare K -algebramorphismsK G’ — A, solet
e, beabasiselementof KG'. Then

Ocr,a(f o p)(eg) = €fou(e, ),

while

O.a(f) o Ku(eg/) = 6’G,A(f)(eug’) = €f(ug)-

Now, f(ug') = f o pg', whenceequality Theremainingcasesareprovedsimilarly. O

Corollary 1.4.4. Thegroupalgebra functorpreservegolimits.

Proof:
By propositionl.4.3,thegroupalgebrafunctoris a left adjoint. Theresultthenfollows
from standarccategory theory(see for example,[52]). a

Notethat K (.) neednot presere limits.

1.4.2 K(G)-Modulesand RepresentationTheory

The principal reasorfor the importanceof the groupalgebrafunctorin representation
theoryis the factthatthereis a bijective correspondencketweenk -linearrepresenta-
tionsof agroupG and K (G)-modules.This allows themorepowerful abstracmachin-
ery of moduletheoryto beusedto studyrepresentationsSincethisfactis soimportant,
it will beworth ourwhile to studyit briefly here.
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Lemma1.4.5. Let V bea K-vectorspace Thenthe collection, Endk (V), of all K-

endomorphismenV is a K-algebra, with GL(V") asits groupof units.
O

Definition 1.4.6. Let A bea K-algebraA left A-modulels a K -vectorspace)/, having
a K-linear morphismA x V- — V, (a,v) — av suchthatthe following axiomsare
satisfiedfor everya,a’' € A,v,v' € V,a € K:

l. a(v+v) =av+av/,
Il. (a+ad)v=av+adv,
. (ad')v =a(a'v),

V. 14v =,

V. (aa)v = a(av) = a(av).

An alternatve way of viewing an A-moduleis to regardit asaleft actionof the K-
algebraA onthe K-vectorspacel’. Thescalarmultiplicationav is rewritten as® and
the conditionsgo throughmutatismutandis In particulay since K (G) is a K-algebra,
this definition gives us the notion of a (left)!? K (G)-module,or equivalently a (left)
K (G)-actiononavectorspace.

Theorem 1.4.7. Let G beagroupandV a K-vectorspace Thek is a bijectivecorre-
spondencdetweerrepresentations) : G — GL(V) and K (G)-modulestructureson
V.

Proof:

Suppose : G — GL(V) is arepresentation,e. ahomomorphisnof groups.Then
¢ extendsuniquelyto a K -algebramorphism¢* : K(G) — Endgk (V'), with:

¢*(Z ageg) = Z QgCoyg-

2Since K is commutatve thereis no distinction betweenleft andright X-modules. However, the
K-algebraA is not necessarilycommutatve so left andright A-modulesaredistinct. We shall only be

usingleft modules.
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Definea scalarmultiplication

KG)xV -V

(a,v) = av := ¢*(a)(v),

wherea € K(G) andv € V. With this multiplication, V' is a K (G))-module:condition
| of definition 1.4.6 holds becausep*(a) is K-linear; conditionsll, Ill andIV hold
becaus&* is K-linear; conditionV follows from the K-linearity of boththe map¢* and
theimagesy*(a) of eacha € K(G).

Corversely supposé/ is a K (G)-module.Then,define® : K(G) — Endg (V) by
sendingeacha € K(G) to ®(a) : V — V with ®(a)(v) := av. Conditionsl andV
ensurghateach®(a) is K-linearandhence® is well-defined.Conditionsl| - V ensure
that® itself is a K-linearmorphism.Forary g € G,

D (eg)B(e-1)(v) = Bleye,1)(v) = B(1)(v) = v,

so®(e,) isaunitin Endx (V). Hence® restrictsto ahomomorphism : G — GL(V)
whichis arepresentatiorasrequired. O



Chapter 2

Automorphismsof a Linear
Transformation

In which the automorphisncat' -group of a linear transformationis explored, togetherwith its

matrix formulation. Finally, we shall meetthe definitionof a linear representation.

In section1.3 we consideredhe groupoid-enrichedategory, Chg), of length 1
chain complexes over Vecty, whoseobjectsare linear transformationsof K-vector
spaceswith 1- and 2-cells givenrespectrely by chainmapsand homotopies.In or-
derto developthe representatiotheoryof crossednodulesandcat -groups,we shall
needthe extra algebraicstructureobtainedby concentratingpn the chainisomorphisms
andhomotopieglefinedon a singlelinear transformation After the definitionis given
andexamined,severalexamplesareconsideredln thesewe concentraten the matrix
formulation, which is particularly usefulfor calculations. The examplesculminatein
the generalcasefor a lineartransformatiorof vectorspaces.The definition of alinear
representationf a cat-groupis givenin section2.4, althougha detailedconsideration
of this definition,with exampleswill be postponedintil chapter4.

41
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2.1 The Automorphism Cat!-Group of a Linear Trans-
formation

Letd : C; — Cy bealinear transformationof vector spaces;this canandwill be
consideredgsanobjectin Chgp in theway explainedearlier Thecollectionof all chain
isomorphismg$ — ¢ andhomotopiedetweerthemformsa 2-subcatgory of Ch(;). In

fact, it is clearthatthiswill bea2-group.Fromthediscussionn sectionl.2.3,we know

thatthis is alsoa cat' -group. As isomorphismdrom an objectto itself arecommonly
known asautomorphisms we may call this structureanautomorphisncat -group.

2.1.1 The Definition of Aut(¢)

Definition 2.1.1. Leté : C; — C, bealineartransformatiorof K-vectorspacesThe
automorphisntat'-groupof §, Aut(¢), consistsof:

e thegroupAut(d); of all chainautomorphisms — 4,
¢ thegroupAut(d), of all homotopieon Aut(4),

e morphismss,t : Aut(6), — Aut(6), selectingthe sourceand target of each
homotopy,

e themorphismi : Aut(d); — Aut(d),, which providesthe identity homotogy on
eachchainautomorphism.

It maybeinstructive atthis pointto look morecloselyatthecellsof Aut(§) from the
2-catgory perspectie. Thereis but one0-cell, §, andso Aut(d), is a singleton;most
of thetime it remainsquietly behindthe scenesAut(4); consistf 1-cells:

f

0—=6,

while Aut(9), contains2-cells:

A
0 Y h 0 -
N

fl

The meaningof theterm“chain automorphism’shouldbe obvious.
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Thisisthe“black box” interpretatiorof thecells,whichis oftenthebestwayto view
them.Whenrequired however, a chainautomorphisny : § — § maybeunpacledasa
pair (f1, fo) of linearisomorphismsuchthatthe following diagramcommutes:

o, —n

Cy .

0 0

Co

Co

0
A homotoy i : f ~ f' decomposeasa pair (', f), with A’ achainhomotopy

fi
C1

!
7
i,

7 7/
h e
e

s Jo

Cy

4 0

Co Co

fo

and f (achainautomorphismjhe sourceof h. Togetherthese alongwith thetarget f,
satisfythechainhomotogy conditionsf} — f, = dh' andf]{ — f; = h'6. For corvenience,
we shall oftenabbreviate theseasthe singlecondition f’ — f = §h’ + h'é. Thiscauses
no problemaslong asit is rememberedhat f, f' andh’ aregradedmaps(both sides
aredegree0 maps).

The structuralhomomorphismsn Aut(d) arestraightforvard. The mapss, ¢ give
respectrely thesource,f, andtamget, /' = f+0h'+ h'§, of thehomotogy (4, f), while
i mapseachchainmap f to theidentity homotoyy 1, : f = f. Thechainhomotory
k' andthe sourcechainmap f togethercaptureall the informationof the homotoyy h.
Notethath’ onits own mayfunctionasa chainhomotoyy for severaldifferentpairsof
chainmaps.

The groupoperationin Aut(d); is compositionof chainautomorphismsfor which
we shall usethe notation g#,f introducedin section1.2.3. The identity is ids, the
chainmap consistingof the identity linear transformatiorat both levels. Sinceevery
f € Aut(d), is a chainautomorphismjt hasaninverse f~!, which is alsoa chain
automorphisnon § andhenceanelementof Aut(d);.

Horizontalcompositionprovidesthe groupoperationfor Aut(d).; the relatedoper
ation of whiskeringis a degeneratecaseof this. The notationemployedis againtaken
from the exampleof Ch'Y; in this casejf h = (&', f) andk = (k' g) arehomotopies,
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the compositek#,h is the homotoyy specifiedby the sourcechainmap g#, f andthe
chainhomotogy (¢:A' + %' fg), wheref' = f + 6h’ + h'6. Theidentity for this com-
positionis the homotoyy (0,ids) : ids = ids. Theinverseof (&', f) is the element
(=R ()~ 7).

The elementf Aut(d), canalsobe joined by vertical composition #;, which is
definedfor pairsof 2-cellsfor which the target 1-cell of the first is the sourceof the
second.Thatis, if h = (K, f) andh = (I, f + 6h' + K'6) arein Aut(4),, thevertical
compositeis h#,h = (b’ + I/, f). Thisis a groupoidoperation,with each1-cell f
having anidentity 1, = (0, f) for verticalcompositionandevery 2-cell (', f) having
theinverse(—#', f + dh' + h'd). The horizontalandvertical compositionsarelinked
by aninterchangéaw, which leadsto the kernelconditionbeingsatisfiedn Aut(d) (so
thatit really is acat'-group).

BecauseAut(d) is a cat-groupit hasa classifyingspaceas discussedn section
1.2.2,hencethe homotofy groupsm;Aut(d) canbe found. As always,thesearetrivial
for i # 1,2, while formulaeare given on page19 which allow usto find 7, andm,
withoutfirst calculatingBAut(4) explicitly .

Thenotationr; Aut(d) suggestshatthis groupshouldbe the fundamentagroupof
Aut(d), i.e. thegroupof homotopy classe®f the elementf Aut(d);. Thisis indeed
the case,andin facttheresultis alsotrue for a moregeneralkat -group¢. Recallthat
m & = P/t(kers). Now, t(ker s) = {d(c)|c € C'} (considethe2-cellstructureof C' x P
asdescribedn sectionl.2.3)andtwo elements, p’ € P aredefinedto be homotopic
preciselywhenthereis a 2-cell (¢, p) with §(c)p = p', which occurswheneer p andp’
arein the samecosetof ¢(ker s). Hencep ~ p' in € preciselywhenp = p' in 7, €, as
required.

We shall not requirea rigoroustopologicaljustification of the definition of 7€ as
ker s N ker ¢. Informally, a2-cellin € yieldsa discin B¢. Elementsof 7,& arediscs
whoseboundariesreidentifiedat a point, andthesearethe discscomingfrom 2-cells
with trivial sourceandtarget,i.e. thosewhich arein bothker s andkert. In the case
of Aut(d) the chainhomotopy conditionimposessomesevererestrictionson elements
of my. Supposdgh’, f) € mAut(d), thenboth the sourceandtamgetof (7', f) arethe
identity; hencegh' + h'd = f' — f = 0. If ker§ = 0, thenof coursedh’ + h'6 =0 =
h' = 0 andin this casehomotogy collapsedo equality(i.e. f ~ g = f = g). However,
if ker ¢ is non-zerahendh’ + h'd = 0 neednotimply thath’ = 0.
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2.1.2 Matrices for Aut(9)

We cannow specialisegheremarksof sectionl.3.6to obtainadescriptionof Aut(J) as
a 2-subgroupof Chgp in matrix terms. The principal benefitof this approachis thatit
allowsthe potentialuseof powerful computationaalgebragpackagesuchasMapleand
GAP for directcalculationwith Aut(§) (andhenceof cat -grouprepresentationst is,
then, worth outlining in somedetail the basicequationaformulationrequiredby this
approachlt is largely a straightforvardextensionof standardinearalgebraechniques,
but it will alsohave the advantageof providing us with somemore concrete generic
examplesof cat -groupsand hencecrossedmnodules,including somewhich seemto
have previously escapedhotice.

Oncebasesarechosenfor C; andCy, the linear transformation’ yields a unique
matrix, A. If C; andCy have dimensionn; andn, respectrely, A isanngy x n; matrix.
For the moment,assumehat the basesarefixed. Whenconsideringthe matrices,we
shallwrite Aut(A) insteadof Aut(d). We shallalsoadoptthe notation K™ (borroved
from [34]) to denotethe setof all m x n matriceswith coeficientsin K. Thisis an
mn-dimensionalK-vector spaceunderaddition and scalarmultiplication; K™™ is a
K -algebrawith matrix multiplication. Althoughthe generalinear groupis not strictly
asubobjecof K™™ (sinceit is agroup,ratherthanalinearspace)we shallemploy the
usualnotationthatblursthis distinction. As always,G L,, (K') denoteghe collectionof
invertiblem x m matrices,andthe operationsf additionandscalarmultiplicationas
well asmatrix multiplication.

An elementof Aut(d), is a pair I = (Fi, Fy) of matrices,F} € GL,,(K) and
Fy € GL,,(K) suchthat:

SinceF; andF; arebothinvertiblethis conditionmayberewrittento give A = FyAF; !
or A = F; 'AF;. Onemightthink that F;, and Fy arelinkedto theextentthatonceone
is choserthe otheris automaticallyfixed. In factthisis notso,andit is aneasyexercise
to find a counter@ample(appendixA containsonefor invCh(I? which caneasilybe
customised).

To getattheelementof Aut(é), it is easiesto usethe decompositiorof thehomo-
topy h : f = f' asthepair (/, f), chainhomotopy andsourcechainmap.Since?' is a
lineartransformationit givesann; x ng matrix H. Again, thecompatibility condition
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translatesasilyinto matrix notation,with multiplication replacingthe compositionof
lineartransformationsThis gives:

HA=F —-F, AH=F —F,. (2.2)

Notethat H € K"v", while A € K™™' soboth HA andAH aredefined. Thusan
elemenbf Aut(9), is apair (H, F'), with H and F’ satisfyingconditions(2.2)and(2.1).

Themapss, t andi work asfollows in the matrix formulation. Let F' = (F}, Fp),
F' = (F|,F}) € Aut(d); and(H,F) : F = F' € Aut(d),; thens(H,F) = F,
t(H,F) =F+ AH + HA = F' andi(F) = (0, F). Notethatthe zeromatrix is the
chainhomotogy componenfor ary identity homotoyy.

As with ChY, the formulaefor compositionin the matrix approachare derived
from the formulaein the moreabstractapproach.The compositionof chainautomor
phismssimply becomesnatrix multiplicationateachlevel — thisis now alwaysdefined
sincethematricesareall square Verticalcompositionof homotopiess replacedy ma-
trix addition. The slightly more complicatedformula for horizontalcompositiononly
involvesadditionand compositionof linear transformationsso this translatesequally
easilyto a matrix formulainvolving additionand multiplication. The formulaefor all
thesecompositionsanbe foundin the moregeneraldiscussiorstartingon page33.

Muchof thetimeit is possibleandcorvenientto keepthebase®f thevectorspaces
fixed (for example,usethe standardbasisof C*). Therearetimes,however, whenit is
necessaryr desirablgo changebasesThis meanspf coursethatthe sameunderlying
lineartransformatiorwill give adifferentmatrix. Themathematic®f changingoasess
standardinearalgebrawhich canbefoundin any standardext (suchas([6]). Herewe
shallrecallsomeof the basicresults mostlyfor notationalpurposes.

Firstly, supposd’ = (vi,...v,) andW = (wy,...,w,) arebasedor K". There
is a uniquenon-singulamatrix P € GL,,(K), whichwill be calledthe change matrix
from V to W, suchthatif x € K" is avectorexpressedn termsof coeficientswith
respecto the basisV/, then Px is the samevectorexpressedvith respecto the basis
W. Wherenecessaryve shall clarify which basiswe areusingby meansof subscripts,
writing xy- or xyy insteadof x. Of course,P~! is thechangematrix from W to V.

Now let¢ : K™ — K™ bealineartransformatiorandsupposé’” andW arebases
for K™, and V' and W’ basesfor K™, with changematricesP and P’ respectiely.
Denoteby @, thematrix obtainedirom ¢ usingthebased’, V', andby ®y, thematrix
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obtainedusingthebased¥V, W'. Then®, and®,, arerelatedby theformula:
(DW == P,(I)Vpil. (23)

All of theelementf Aut(d) aredefinedin termsof lineartransformationdetweerthe
vectorspaces”; and (), (the sourceandtarget of ¢), so this formula canbe applied,
with the suitablechangematrices,to find matricesfor everythingin Aut(é) usingary
basisdesired.

We shallconsiderchangeof basisfor Aut(é) asanall-or-nothingpackageln other
words,we insiston usingthe samepair of basesatary giventime for 6 andall its chain
mapsandhomotopies.If a changeof basisis made,it mustbe madeto everything. If
Ay is usedfor 6 thenwe mustalsouseF; ,, Hy andsoon.

2.2 Examplesof Aut(9)

In orderto developabetterintuition of whatAut(§) actuallylookslikeandhow it works,

let us considersomeexamples.We shall mostly concentraten the matrix formulation

of theseexamples sincethis is the versionmostconducve to calculation.Most of the

exampleswill bereasonablyeneric,but thefirst is both specificandfairly small. It is

includedto shawv the easewith which the foregoing methodscanbe appliedto analyse
individual cat' -groups. In practice the dimensionf C; andC, areusuallysufficient

to make handcalculationimpracticalbut the sametechniquesanbe usedwith standard
computeilinearalgebrgpackageso handlelargerexamples.

2.2.1 A Small, SpecificExample

Working over C andtakingthe standardasisfor eachvectorspacedefines : C2 — C
to bethelineartransformation:

This corresponds$o the matrix
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A chainautomorphismin Aut(A); will consistof a pair of non-singulamatrices,
one2 x 2 andtheotherl x 1, satisfyingequation(2.1). Suppose

A=(59) »=0
is a pair of suitablydimensionednatrices.Then
AF = (1 0) (Z d) =(a d),
c
while

FoA = (e) (1 0) = (e 0).

In orderto satisfy(2.1),then,it is necessaryo have d = 0 anda = e; in additiona and
¢ mustnot be equalto zero(in orderthat F; be non-singular).Therefore the elements
of Aut(A); will bepreciselythematrix pairsF' = (F, Fp) of theform:

re(2?) m- (o)

The simplestpossiblehasbothmatricesto betheidentity in their respectre dimen-

wherea, b, c € C, a,c # 0.

sions.This givesida = (idy, idy) with:

id1=<(1J ?) id0=(1).

It is straightforvard to checkthat Aid; = idgA(= A). Clearlyid, is the identity
chainmapon A. However, it is not the only chainautomorphisnon A. For instance,
F' = (F{, F}) with:

R-(12) m-()

is anotherxample(with AF] = FyA = (z 0)). Thereare,of coursejnfinitely mary.
Aut(A), is, of coursea group,sowe needto specifynot just the elementgwhich
we have donealready)but alsothe groupoperation.In this context, it is simply matrix
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multiplication at both levels. SupposeF' = (Fi, Fy) asabore andG = (G4, Gy) is
anotherchainautomorphismwhere

Glz(g 3) 6o = (o).

ThenF#,G is thechainautomorphisnwith (F'#,G), = FyGo and

ao 0
F =F = )
(FoG): 161 (boz + cf c*y)

We canfind homotopiesthe elementsof Aut(A),, by a similar process.Suppose
alsothat F' ~ G, i.e. thereis ahomotoyy (H, F) : F = G. We alreadyknow F’; the
chainhomotofy H (a2 x 1 matrix) mustsatisfyHA = G, — F; andAH = G, — Fy.

Let
H:(“).
14
Then
T AH:()
v 0 ’ k)
while

Gi—F = (;:Z VEC), Go—Fo=(a—a).

Therefore,to satisfythe homotopy conditionswe musthave o —a = u, 8 —b = v
andy — ¢ = 0. HenceF ~ G if andonly if v = ¢, andin this casethe uniquechain
homotopy suchthat(H, F) : F ~ G is

a—a
o) »

For example,the chainmapsid and F' definedabove are homotopic,with chain
homotoyy:
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As with thelowerlevel, Aut(A), is agroup.Its elementarethehomotopies H, F').
In this case the groupoperation(horizontalcomposition)is slightly morecomplicated
thanmerely multiplying the matrices.If (H,F) : F ~ G and(H', F') : F' ~ (' are
homotopiesthe horizontalcomposite H', F')#,(H, F) is definedto be the homotogy
with sourceF"#,F € Aut(A); andchainhomotoyy (givenby theformulaon page35)
FIH + H'G,.

SinceAut(A) is acat-groupverticalcompositionis alsodefined for suitablepairs
of homotopieslf (H, F) : F ~ F'and(H', F') : F' ~ F" thentheirverticalcomposite
is(H',F")#.(H,F) : F ~ F". Its sourceis thechainmap F' andits chainhomotopy
is thesumof thecomponenthainhomotopiesd’ + H.

In this example,the homotopy classef chainmapsarecharacterisetyy the coef-
ficient ¢ in the bottomright cornerof thetop groupmatrix. In otherwords,the funda-
mentalgroupm; Aut(A) = C.

The elementof mpAut(A) = ker s N ker ¢ have bothsourceandtargetequalto the
identity. Therefore,(2.4)impliesthat H = 0 for every elementof 7. In otherwords,
(0,id) is theunigueelementbf myAut(A), whichis thusthetrivial group.

This exampleis alsoa suitablevehicleto explorethe effect of a changeof basison
thematrices.Let S; andS, denotethe standardbaseson C?2 andC! respectiely (with
el = (1,0) etc.)andletT; = (t! = (4,0),t1 = (1, —7)) andT = (t? = (:)) beanother
pair of basedor the samespacesThechangematrix from S; to 7 is:

- -1
P1:<l )7
0 =

Py=(-i).

Thematrix A previously usedto represent wasfoundusingthe standarcasedor C?

while thatfrom S, to 7T is:

andC. Writing it moreexplicitly asAg, theformula(2.3) maybe usedto find Ay, the
matrix representing with respecto thebasedl;. Thus,A; = P,AgP ie.

Ar=(~i) (1 0) (é _11> =(1 ).

In thesameway, theformulacanbeappliedto give thechainmapsandhomotopieswvith
respecto thenew basis.This s left asanexercisefor thereader
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2.2.2 ldentity

For ary finite vectorspaceK™, onelineartransformatiorthatis guaranteedo exist is
theidentity 1,, : K™ — K™. AlthoughAut(1,,) maynotbewildly exciting, its ubiquity
makesit worthy of atleasta passingexamination.

Supposef : 1,, — 1, is achainautomorphism.Thenthe commutatvity condition
gives:

fO = fOln = 1nf1 = fl-

Thereforeary chainautomorphisntonsistsof the samelinear automorphisnrepeated
top andbottom;cornverselyary suchpair givesa chainautomorphismSupposef andg
arehomotopicchainautomorphismsThenthereis achainhomotogy A’ andwe getthe
following diagram:

The homotogy conditionsbothbecomeh = g — f. Thereforeary pair of chainauto-
morphismsarehomotopicto eachother with chainhomotofy givenby their difference.
In particulay 7 Aut(1,,) andmrAut(1,,) arebothtrivial.

Translatingto matrices.eachchainautomorphisn¥' = (F, F') consistof thesame
matrix F' € GL,(K) atbothlevels. Givenchainautomorphismg” andG, thereis a
homotoyy (H, F') betweerthem,whereH = G — F € K™".

The identity linear automorphismalso exists for infinite vector spaceshut since
thesearelessamenabldo matrix treatmentthey have not beenconsideredere.

2.2.3 Zero

Anothergeneralineartransformations thezeromap,which canbedefinedon ary pair
of vectorspacesThisis thelineartransformatiord) : K™ — K™ suchthatx +— 0 for
everyx € K". Sincethecompositeof a zeromapwith ary otherlineartransformation
is alsoa zeromap, it follows thatary pair (f1, fo) of linearautomorphismsf suitable
dimensionswill be a chainautomorphismin Aut(0). For homotopiesthis givesthe
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picture:

K™ K™
g0

Sinceh/0 = 0 = 04, thechainhomotofy conditionsbecomey; — f; = 0 andgy — fo =
0, hencef; = ¢, and f; = g,. In otherwords,while every pair of suitablydimensioned
linearautomorphismss a chainautomorphismdistinctchainautomorphismarenever
homotopic.Hencethereis a distincthomotopy classfor eachchainautomorphisnmand
som Aut(0) = Aut(0);. Any lineartransformatiom’ : K™ — K™ is a suitablechain
homotoyy for ary f ~ f andsotheelementf m,Aut(0) areof theform (', id).

Of course,this situationcan easily be translatedinto the languageof matricesif
needwe.

2.2.4 Inclusion

SupposeK™ is asubspacef K" (i.e. m < n) andd : K™ — K" theinclusion. Then
K™ canbedecomposeds K™ @& K?, with p = n — m, sothatthematrix corresponding

. I, . . . : .
todisA = ( 0 ) € K™*P™wherel,, istheidentity on K™™ and0 is thezeromatrix

in K7™ thus,forany x € K™, Ax = x

A chainautomorphisnin Aut(A); will consistof invertiblematricesF; € GL,,(K)
andFy € GL,,.,(K) suchthatthe chainmap conditionis satisfied,namely FpA =

A B
AF,. SupposeF, = (C D) whereA € GL,(K),B € K™ C € KP™ and

A F
D € GL,(K). ThenF,A = (C) andAF;, = <Ol> , whenced = F}, andC = 0.
ThereforeF' € Aut(A); hastheform (F}, Fy) where
F, B
FO = )
0 D

with F; and D invertible and B an arbitrary matrix. Since Aut(A) is a group, we
shouldalso considerits multiplication. SupposeF' is asabore andG = (G4, Gy) is
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!

B
). Then F#,G is the chainautomorphism

/!

anotherchainmap,with G, = (C;l
with (F#()G)l = FiG; and

G, FB'+ BD'
]

where G, € GL,(K), F;B'+ BD' ¢ K™P andDD' € GL,(K). Let K™P have
the structureof aleft G L,,(K)-moduleandaright GL,(K)-module.Then

AUL(A); 2 GL(K) x K™ x GL,(K)

with multiplication (A, B, D)(A', B', D') = (AA', AB'+ BD', DD").

Let F' andG bethechainautomorphismslescribecabore andsupposehat(H, F') :
F ~ @G. Thechainhomotofy H will beanm x n matrix, andcaninitially be given
asablock matrix H = (X Y), whereX € K™™ andY € K™" ™. The chain
homotopy conditionswill dictatethe actualpossibilitiesfor homotoyy. Firstly, X =
HA = G, — Fy. Secondly

XY Gi—-F B -B
:AH:GO—FOZ .
0 O 0 D'—D

Comparingcoeficients,we deducehe following lemma:

Lemma22l1. F~G& D=D
O

If F" ~ G theuniquechainhomotoyy is givenby <G1 - F B - B), whichis of
coursethetop (block) row of Gy — Fy. Thuswe have computedheelementof Aut(A)s,;
a descriptionof the compositionss left to the readey andcanbe easily obtainedfrom
thegenerakasebelow (2.3).

From the lemma,the homotogy classesf chainautomorphismsre characterised
by the invertible (m — n)-squarematricesD, hencer;Aut(A) = GL,(K). Theonly
chainhomotoyy id ~ id is thezeromatrix, som,Aut(A) is trivial.

2.2.5 Projection

Leté : K" & K™ — K™ betheprojectionof K™ & K™ onto oneof its direct sum-
mands. K" is a quotientspaceof K™ & K™ and so we can choosea basisV =
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{vVi, . Va, Vgl - - -, Vagm ) for K @ K™ andabasisV = {vy,...v,} for K" where
eachv; = v; + K™ (for i < n). With thesebasegshemapd actsasfollows:

n+m

5(2 O!Z'Vi) = En: ai\_ri.
i=1 i=1

A chainautomorphismy = (fy, f1) oné mustsatisfy fo o § = 6 o f;. Switchingto
the matrix formulationwith the baseslescribedabove, ¢ yieldsthe matrix

A= (I, 0)eKmmm,

To satisfythe chainmapcondition,matrix pairsmusthave thefollowing structure Sup-
poseF, € GL,(K) thenF; € K"t™"*™ hastheblock form:

E
F1: 0 0
¢ D

whereA € K™" andB € G L, ,(K). All theelementof Aut(A); areof this form.
Suppos€ is anotherchainautomorphismn matrix form, with

Go 0
Gi=1" .
c' D

Thenthemultiplicationon Aut(A); yieldsthe chainautomorphisnwith matricesFyG,
and

F1G1:( FoGo 0 )
CGy+ DC' DD’
If K™" is given the structureof a left GL,(K), right GL,,(K)-module,this yields
Aut(A); & GL,(K) X K™ x G Ly (K).

A homotopy F ~ G consistof thepair (H, F) whereH : K" — K™™™ isachain
homotoyy, givenby an(n + m) x n matrix. Supposenitially that H hasblock form

-

whereX € K™" andY € K™". To satisfythe chainhomotopy conditionsrequires
thatX = AH = Gy — Fy and

X 0 _ A - Go— Fy 0 .
Y 0 c'-C D'—-D
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We deducehat F' ~ G if andonly if D = D’; in otherwordsthelineartransformations
mustcoincideon the lower right-handblock, solemmaz2.2.1holdsin this situationas
well. Whenthis conditionis met,the uniquecorrespondinghainhomotoyy is

H= Go—Fo .
C'—C

Again, thesearethe elementsf the groupAut(A),; the compositioncanberecovered
from thegenerakasen 2.3.

Thehomotojy classe®f chainautomorphismsorrespondo the distinctinvertible
matricesD, som Aut(A) = GL,,(K). Sincethereis only onehomotoyy for which
the sourceandtargetareboththeidentity (namely the onewith zerochainhomotoyy),
moAUt(A) is trivial in this caseaswell.

Notethatthis exampleis a generalisatiorf thefirst, specificexample(2.2.1).

2.3 The General Form of Aut(§) Over A Vector Space

Having familiarisedourseheswith variousexamplesof Aut(9) for specificlineartrans-
formations,we cannow turn to consideran arbitrary linear transformationof vector
spaces.Note that, while the definition of Aut(9) itself works perfectlywell if vector
spacearereplacedy modulesoveracommutatve ring, the calculationof this section
(alongwith examples2.2.4and2.2.5)requireusto work with vectorspacessothatthe
directsumdecompositionsreguaranteedo exist.

Givenary lineartransformatiorof vectorspacesy : K™ — K*, with ker§ = K™,
it is possibleto rewrite ¢ in theform:

§:K"® K™ — K" K?,

wheren = r — m andp = s — n, suchthatd(x,y) = (x/,0) (x € K", etc.).Indeed,t
is possible(in principle)to choosebasesuchthaté(x,y) = (x,0). Thereforewith a
suitablechoiceof bases§ canbe expressedsa matrix

A= In 0 € Kntentm,
0 0

GivensuchaA theusualconditionson chainautomorphismandhomotopiesapply.
Althoughin practiceit will usuallybedifficult to expressa givenlineartransformation
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in this form, its generalitymakesit worth consideringhe structureof Aut(A) in some
detail. All theforegoingexamplesare,of course specialcasef this.

A chainmap F' consistof matricesF; and F, which commutewith A. For achain
automorphismye alsorequireboth F; and F to beinvertible,henceF; € GL,,;.,(K)
andFy € GL,.,(K). Suppose

A B u Vv
F1=( )andFoz( )
C D W X

aresuchmatricesgexpressedn block form (soA,U € GL,(K), B € K™™ etc.). Then

A B U 0
AF, = andF()A = .
0 0 W 0

SinceAF, = Fy,A, we deducethat A = U while both B and W are zero matrices.
Thereforethe generalblock form of a chainautomorphisn(relabellingthe blocksto

A 0 A D
F1: ,F():
B C 0 F

where A, C, E areinvertible. This is a typical elementof Aut(A);. SupposeG is

consere letters)is

!

, A0 A D
anothersuchelementwith G; = B C’) andGy = (O ) Thenthe product

FG = F#,G is thechainautomorphisnwith

A 0\ [A 0 AA’ 0
(F'#0G)1 = =
B C)\B C BA'+CB' CC'

A D\ (A D AA" AD'+ DFE'
(F#0G)o = = .
0 X 0 FE' 0 EFE'
With suitablemodulestructureson K™" and K™ thereare isomorphismgrom the
two levelsof Aut(A), to GL, (K) x K™" x GL,,(K) andGL,(K) x K"? x GL,(K)
respectrely.
Supposé H, F) : F ~ (. Thechainhomotoyy H is anelemenbof K"*™"*? soto

startwith assumaet hasform:
X Y
H= :
Z W

and
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with X € K™Y € K™, Z € K™" andW € K™P. As usual,thechainhomotopy
conditionsmustapply. This gives

I, 0 X Y XY A—A D'-D
AH: - :GO—F(): 3
0 0 4 W 0 O 0 E'—F

fromwhichwededucehatE’ = E, X = A'— AandY = D' — D. Also

HA:XY InO:XO:Gl—Flz A - A 0 ’
Z W 0 0 Z 0 B'-B C'-C

fromwhichC' = C, Z = B’ — B and,again,X = A’ — A. Thesecalculationgprove
thefollowing:

Lemma 2.3.1. Let F, G bechain automorphismasgivenabove Then
F~G& (O =CandE =E.

In this casea chain homotopyH sudthat (H, F) : F' ~ G is of theform

A—A D' —-D
B-B W )
whee W € K™? is arbitrary and the other blodks are determinedoy the souice and

target of the homotopy
O

Thusatypicalelemenbf Aut(A), isahomotopy (H, F') asdescribedy thelemma.
Oncethe sourceandchainhomotoyy (asencodedn thenotation)arechosenthetarget
is fixed. For (H, F') usingthe notationabove, thetargetis G = (G4, Gy) where

A4+ X 0 A+X D+Y
Gl = ) GO = .

B+7Z C 0 E
In the sameway, oncea chainhomotopy andtargetaregiven,the sourcemayberecor-
eredstraightavay. Unlike mostof thespeciakasesliscusse@bove,thechainhomotory
is notuniquelydeterminedy the sourceandtargetof ahomotoyy, sincethereis thear-
bitrary block W. This facthasramificationsfor the homotopy groupsof the classifying
spacewhich we shallreturnto afterdiscussinghe compositionson Aut(A)s.

We turn first to the group operationof horizontalcomposition. SupposeH is the
homotopy givenabove and (H, F) : F' ~ G is anotherhomotopy. Thenthe group
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operationon Aut(A), is horizontalcompositionwith (H, F)#,(H, F') the homotopy
having sourceF #, F andchainhomotory G H + HFy.

Comparedto the horizontal compositionof homotopies,vertical compositionis
straightforvard. It is only definedwherethe target of one homotoyy is the target of
the next, andthe chainhomotoyy is obtainedby addingthe chainhomotogy matrices
for the two homotopies.Suppose H, F) : F ~ F'and(H',F') : F' ~ F". Then
(H',F"\4,(H,F) = (H'+ H,F) : F ~ F",

It remainsto examinethestructureof ; Aut(A) andmsAut(A). Thefirst of theses
thegroupof homotogy classe®f chainautomorphisms Aut(A);. Lemma2.3.1showvs
that two chain automorphismsare homotopicpreciselywhen the lowerright blocks
of both levels (elementsof GL,,(K) and GL,(K) for top and bottom respectiely)
coincide. 7, is the subgroupof Aut(A), consistingof homotopieson theidentity. For
most of the exampleswe previously examined, 7, wastrivial sincea homotory was
uniquelydeterminedoy its sourceandtarget. However, in the generalcasethereis an
arbitrarym x p block in the lower right-handcorner Theseobsenationsleadto the
following theorem:

Theorem2.3.2. Letd : K" @ K™ — K™ & K? beanylinear transformationof K -
vectorspacesexpressedasthe matrix

Then: (i)
mAUt(A) =2 GL,,(K) x GL,(K).
(ii)

mAUL(A) = K™,

2.4 Linear RepresentationsDefined

In sectionl1.2.3we establishedhat a cat -groupis the samething asa 2-group(which
may be thoughtof asa gradedsetwith 3 non-emptylevels, the lowestof which is a
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singleton,andvariousgradedmaps). Thereforewe may look for representationsf a
cat-group ¢ as2-functorsinto a suitable2-cateory, taking elementsof P to 1-cells
andelementf C' x P to 2-cells,soasto presere the structuregall the 1- and2-cells
will have the sameobject,x, astheir 0-sourceandtamget,evenif thetargetcateyory has
mary objects).By analogywith groupsandgroupoidsthetarget2-category of alinear
representatioshouldinvolve vector spacesor modules. We have seenin section1.3
thatChﬁ? is a 2-catgyory which generalise¥ecty, sothisis suitablefor our purpose.
Althoughits ramificationswill be farreachingthe actualdefinition of arepresentation
is fairly obvious.

Definition 2.4.1. A linear representatiorof the cat-group¢ is a 2-functor

¢: € — Ch.

As an abstractdefinition, this seemsplausibleenough,and there clearly exists a
trivial representatiosendingeverythingto theidentity. Also, it collapsego theordinary
notionof grouprepresentatioim thespeciakaseof cat -groupswith top groupandbase
equal(seeexamplel.2.8). The bestway to shav that non-trivial representationsxist
is to find some. We shall postponesearchingfor representationsntil after the next
chapterin which we shall develop somemore usefultoolsto help us, but for now we
we may pauseo considemwhatdatais involvedin specifyingarepresentation.

Given €, the first steptowardsdefining ¢ is to find a chaincomple (i.e., linear
transformationjo actastheimplicit targetobject,d = ¢(x). Thegroupalgebrafunctor
of sectionl.4 providesa canonicalway of gettingfrom a grouphomomorphisnto a
linear transformationalthoughit will sometimese usefulto make a differentchoice.
Onced is chosenthe element®f the cat-groupmustbe mappedo elementof Ch&?,
with elementsf the basegoingto 1-cells(chainmaps)andelementsof the top group
goingto 2-cells(homotopies).For ¢ to be a functor, this mappingmustpresere iden-
tities andcomposition.Therefore theimageof € lies within Aut(é) (whichis why we
have studiedit in suchdepthearlierin this chapter).This ¢ is clearly analogougo the
representatiospaceof a grouprepresentatiorsinceit is a chaincomple ratherthana
vectorspacdt will becalledtherepresentatiorcomple of therepresentation.

RecallthatAut(d) is itself a cat -group,whoseelementsarelineartransformations.
Therefore anothemway of consideringhe representation is to take it asa cat -group
morphism

¢ : € — Aut(s).
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This is a similar situationto the group case,in which a linear representatiomgroup
reformulategheoriginal groupasa groupof lineartransformations.



Chapter 3
Cat!-Group Algebras

In which a cat! version of the group algebra functoris built, and modulesover the cat' -group

algebra are definedand usedto studyrepresentation®f the cat' -group.

A verycommonandfruitful, approacho grouprepresentatiotheoryis viamodules
overagroupor analgebra(seefor example[20], [24], or [26]). Linearrepresentations
of a group G arein one-to-onecorrespondenceith modulesover its group algebra,
K (G) (seesectionl.4). Whereaghe representationsn their matrix form, are con-
ducive to calculation,the moduletheoreticapproachs more elegantand powerful for
developingthetheory This providesmotivationfor exploringthecorrespondingotions
of algebrasandmodulesover a cat -group. Sincea cat -groupis a generalisatiorof a
group,it is naturalto askwhetherthereis a sensiblenotion of cat-groupalgebra.This
should,reasonablybea cat -algebrageneratedn a canonicalway from thecat -group.
Before constructinga definition of a cat -groupalgebrawe shall remind oursehesof
thedefinitionof generakat -algebras.

3.1 Cat!-Algebras

Cat-algebrasrewell-known, atleastasananaloguef cat -groupsin anothercategory.
Theirtheoryis notsowell developed however. A descriptionof cat -algebrasandtheir
equialenceto crossednodulesof algebrasappearsn Shammus PhD thesis[68] and
is implicit in moregeneralexpositionsof cat -objectsby Ellis [27] andPorter[62], but
to fix notationandto keepour accounteasonablgelf-containedve shallnow pauseo

61
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review the basicdefinitionandsomepropertief cat -algebras.

3.1.1 Definition

Firstly, recall the definition of a cat-algebra. Justasa cat-groupis equivalentto an
internalcategory in the category of groups(Gr) [63], a cat - K -algebrais equivalentto
aninternalcategoryin thecateyory of K-algebragAlg x), whereK is afixedcommuta-
tive ring with identity!. Wherethereis no ambiguity we shallreferto cat - K -algebras
simply ascat -algebras.

Definition 3.1.1. A cat'-K-algebra A consistsof K-algebrasA,, A; and K-algebra
morphismss, 7 : A; — Ag, ¢ : Ay — A; (calledstructural morphisms satisfying

CAl ov =71 =idy,,
CA2 kero.kert =0, kert.kero =0.

Thisis very similarto thedefinitionof a cat -group,exceptfor thekernelconditions
CA1, which aresuperficiallyquite different. ConditionCA2 stateghat.A is areflexive
internalgraphin Algx. The kernelconditionsensurethatthis is aninternal category
[52] for compositiondefinedasfollows.

Alg i is acompletecategory, sopullbacksexist. Definecompositionto be

o: A% Ay — Ay,
with
aofB:=a— oo+ 0,

whereca = 7(. Notethat,for ary o € Ay, a — woa € kero, sinces(a — woa) =
oca—owa =oca —oa = 0. Similarly, 3 — .73 € ker 7 for every g € A;.

In orderfor this definitionto beuseful,compositiormustbea K -algebramorphism.
Thisis trueif theinterchangdaw for addition,

(o B)+ (yod)=(a+7)o(6+9), (3.1)
andtheinterchangeéaw for multiplication
(aof)(yod) =ayo s, (3.2)

aresatisfiedwhenerer o o g and o § aredefined.

1As usual, K maybethoughtof aseitherR or C if desired.
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Lemma 3.1.2. Compositionp o 8 := a — toa + 3, is a K-algebra morphism.

Proof:
Supposex o § and~y o § aredefined.Thus,ca = 74 andoy = 76.
Now,

(@ofB)+ (yod)=a—wwa+B+vy—1oy+4
=a+vy—t(la+y)+6+9
= (a+7)o(F+9),

s0(3.1)is satisfied.
Also,

(@0 B)(yod) =(a—1wa+B)(y— 1wy +0)
= (@ —woa)y+ py+ (a — oa)(d — v7d) + B(§ — v79)
=y — ooy + By + ad — woad — autd + wo(ay) + 36 — Burd
=ayofBd+A+B

where
A=ad —1oad — autd + tooutd = (a0 — o) (6 — 176) € keroker 7
and

B = By — By — Buoy + irBroy = (B — vt B) (v — toy) € ker T.ker o.

However, the kernelconditionsensureghat A = B = 0, whence(3.2) is alsosatisfied.
O

Thislemmashows that,with thekernelconditionsof our definition,thecat -algebra
is aninternalcategory in Algx aswe would expect. Corversely supposave have an
internalcategory in Alg . This hasa compositionsatisfyingthe interchangdaws with
additionandmultiplication. Then

aofB=(a+0)o (toa—oa+ )
= (aowoa)+ (0o (—oa + B3))

=a—wa+ f.
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Thus compositionis expressiblein termsof addition, asin lemma3.1.2. Sincethe
interchangdaw for multiplication is satisfied,t follows that (o — toc)(6 — ¢76) = 0
and (8 — vtB)(y — woy) = 0. But thesearetypical elementf the kernelsof o and
T, so the kernelconditionsare satisfied. Henceevery internal category in Algx is a
cat-algebra.

If the elementsof A; are picturedas 2-cells, thenthe compositea o (3 is defined
whenthe 1-sourceof o coincideswith the 1-taigetof 5. This (vertical) composition
over a l-dimensionaboundarycould bewritten usingthe moresuggesire notation#;
which we usedfor cat -groups.However, both additionandmultiplication aredefined
for all the elementof bothalgebras4d, and A, andboth of thesemay bethoughtof as
horizontalcompositions Ratherthanextendingthe notation#, to distinguishbetween
theseoperationsye shallretainthetraditionalnotationof +, . for theseoperationsand
thusit makessenseo useo for the vertical compositionaswell. Thereis, of course,
alsoa scalarmultiplication at eachlevel, for which we shall usethe usualnotationof
juxtaposition.

By analogywith the groupcase a structureA satisfyingCA1 but not CA2 will be
calleda precat-algebra. Morphismsof cat -algebrascanalso be definedby analogy
with thegroupcase Thisleadsto thecateyory of cat - K-algebrasandtheir morphisms,
denotedCatlayq, ; Whennecessaryve shall write the catgyory Catl of cat-groupsas
Catlg, to distinguishit from this new category (or from ary other categoriesof cat
objectswe may have occasionto use). Note thatif the multiplicative structuresare
ignored, A yieldsanabeliancat -group.

3.1.2 Involution

It is well-known (afactobseredby Duskin,andpublishedby Brown andSpencef16])
thataninternalcategory in Gr is automaticallyan internalgroupoid. The sameresult
is truein Alg &, aswe shallnow demonstraté Let A beaninternalcategoryin Alg g,
usingthe notationof 3.1.1. We have seenthat compositionis expressiblein termsof
addition,asa o 8 = a — o + 3. Sinceadditionis commutatve andoa = 73 (for
compositionto bedefined) we alsohaveao § = 8 — 176 + «.

2Analogousresultshold in several other cateyories,andin factresultsare known asto the typesof
catagyoriesfor which suchresultsaretrue. We shallnot requirethis moregenerakheory however.
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Theorem 3.1.3. Everya € A; hasaninversefor compositionHenceA is aninternal
groupoidin Algg.

Proof:
Definea* := .o — o + v7ae. Then

oo =000 — oo+ oLt =T

and
Ta" = TI000 — T+ TITO = OQ.
Also,
aod =a—oa+ (loa—a+1Ta) = 1T,
while

a*oa=a—1ta+ (loa — a+Ta) = oa.

Thus o* is a 2-sidedcompositionalinversefor «. Suchan inverseexists for every
o € A O

Theexistenceof inversesallows usto defineaninternalendofunctoon A, whichis
aninvolution. For eachz € A definez* := z.

Proposition3.1.4. ( )* : A — A is a contravariantinternal functorin Algg, with
(a*)* = aforeatha € A;.

Proof:

A definition of internalfunctoris given by Borceux[7]. In Algg it consistsof a
pair of K-algebramorphismspreservingidentitiesand composition. A contrazariant
internalfunctorwill reversethecomposition.

For Aq, we have the identity morphism.For A, the mappinga — «o* is used.We
checkthatthisis a K-algebramorphism.Leta, g € A; and\,u € K.

(Aa+ pB)* = wo(Aa+ pf) — Ao+ puf) + vr(Aa + ppf)
= Moo+ uof — Ao — pf + Ara + et
= ANwa —a+ra) + p(of — + 1)
= A" + pf*.
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Also,

o' B = (oo —a+ra)(wof — B + 1)
= oo — atof + itaof —woaf + af —iraf + woatff — aut B + oot B
=w(af) —af+raf + af —woaf — arf + warf + aff — a3
—raf +rouof

= (af)" + (o — oa)(B — 17B) + (a — o1 8) (B — 1o B).

However, (a — o) (B — v73) € kerokert and(a — v73)(8 — to3) € ker T.ker 7.
SinceA is acat-algebrathekernelconditionshold, whence(a8)* = o* 3* asrequired.
Next, we checkfunctoriality. Supposera = 7.

Broa”=1w0f—pF+urf—w(of —F+urf) +ioa—a+iTa
=10l —B4+ B —1wf+wf— 1T+ 100 —a+ T
=1w0f—PB+wa—a+1Ta
=100 — (a — oa+ () + 1T
=w(aof) —aof+r(aof)
= (a0 B)".
Also, for arny x € A,
(tx)" = o1 — vz + vTir = = o(z").

Finally, thefunctoris aninvolution, since

(@) =1o(toa — a+11a) — (loa — a +117a) + 17(Loa — a + 1Ta)
=100 — Lo+ LT — L0+ Q. — LT + Lo — LTQ + LT

= Q.
O

We have useda* to denotethe inversefor o undercompositionin orderto dis-
tinguishit from the multiplicative inversea—. In fact, this distinctionis unnecessary
becausewhenthe multiplicative inverseexists (i.e. for every non-zeroelementof A,)
it is the sameasthe compositionainverse(which alwaysexists). Supposex : x = y.
Then

l=a'a=(lyoa ) (aol,1)=(la)o(a '1,1) =aoa .
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Similarly, « o o' = 1, whencex ! is a 2-sidedinversefor o undercomposition.The
uniquenes®f suchan inverseis a standardproperty Note that the interchangdaw
entailsa flipping of termswhenswitchingbetweemmultiplicationandcompositionj.e.

aa ' =aloa.

3.2 The Cat!-Group Algebra Construction

Justasary group G hasan associatedjroup algebra(with basi$ indexed by G' and
multiplicationinducedfrom (7), a cat-algebracanbe constructedrom ary cat.-group
¢. For groups(seel.4), the constructionis achiesed via the group algebra functor,
K(-) : Gr — Algk. A naive approachowardsconstructinga cat -groupalgebrais to
applythis functorto thegroupsandhomomorphismsnakingup €.

3.2.1 A First Approach

Suppose

C><1PS_>P
~t

i

is thecat -group€. Then,applyingthe groupalgebrafunctorgives

K(C x P) Z:iK(P)

where K (P) hasbasis{e, : p € P}, K(C x P) hasbasis{e., : c € C, p € P} and
themapso, 7, . actonthebasiselementsasfollows:

T(eC,ZJ) = €j¢cp (a =t ‘kera);

L(ep) = elyp'

Thesemapsextendlinearly to therestof K (P) and K (C x P).

3We mayassumek is afield or anintegral domainfor simplicity here,hence'linear independence”
and“basis” will make sensewithout complications.The algebraiccalculationswork in moregenerality
however.
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SinceK (-) is afunctor, conditionCAL1 is inducedfrom the equivalentconditionon
¢. Thus,K(€) is certainlyaprecat-algebra.

It remainsto examinethe kernel conditionsCA2. First of all, we shall needto
find basedor ker o andker 7. Forary e., € K(C x P), e., — €1, € kero; define

Vep = €cp — €1p-
Lemma3.2.1. Theset{v,, : ¢ # 1} is a basisfor ker o.

Proof:
Clearlyeveryv,, isin ker o. It sufiicesto shav thattheseelementspanker o andare
linearly independent.

Supposev € kero. Thatisv =37, > o Tepeep With o(v) = 0. Buto(v) =
>, rep)ep and, sincethe e, area basis, this is zeroiff » . 7., = 0 for each
p € P.

Now,
v = 2 : § :Tc,p(ec,p —epte,) + E :Tl,pel,p = § : E :Tc,pvc,p + E : E :Tc,pel,pa
P c#l P P c#l p c

but
Z Z Tc,pel,p = Z(Z rc)p)elap = 0’
p c p c

because) . 1., = 0 for everyp € P. Hencev = 7 > . 7cpVe, fOr every
v € ker o, sothev,, doindeedspanker o.
Now supposehatd " > ., 7cpve,p = 0. Then

Z Z Tep(€cp —€1p) =0 & Z Z Tep€ep — Z Z Tep€lp =0

p c#l p  c#l p  c#l
€22 Ty =0,
D c
;L ;L L I
whererg, = r., whenc # 1 andr} , = —>__,, r.,. Thisis alinearcombinationof

basisvectorse., in K(C x P), sor,, = 0 for eachc, p. In particulay thisis true for
c # 1,soeveryr., = 0 andthev,, arelinearly independentasrequired. O

Similarly, w., 1= e., — €5, € ker 7 foreveryc € C, p € P.

Lemma3.2.2. Theset{w,, : ¢ # 1} is abasisfor ker 7.
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Proof:
Theinversionfunctorof proposition3.1.4maybeappliedto K (<).

First, obsere thatif o € kero, thenta* = oca = 1, hencea* € ker 7, andvice
versa.Thus( )* interchangeshe kernelsof o andr. Further it is evidentthata basis
for ker 7 canbe constructedy takingtheinverseof eachelementof a basisfor ker o.

Theset{v,, : ¢ # 1} is abasisfor ker 0. Now,

*
€.p = L0€cp — €cp + iT€cp = €1p — €cp + €1,8¢p,

while

*

€ p =Clp—€i1pT e p=ep

Therefore

*
Vep = €lp —€cp T €19¢p — €1p

c,p
= €1,0cp — €cp

= ~Wep

Hence{—w_, : ¢ # 1} is abasisfor ker 7, andso (usingan obvious changeof basis)
{w.,p : ¢ # 1} is alsoabasis asrequired. O

To satisfythekernelconditions,jt would sufficethatv, ,.w, , = 0 andw, 4.v,, = 0
foreverye,d € C\ {1¢} andp,q € P.
However,

Vep-Wag = (€cp — €1p) (€4 — €1,0d9)
= €crdpg — €rd,pg — €c,padq T €1,pddg-

Thisis alinearcombinationof basiselementsvith non-zeracoeficients,sov, ,. wq, #
0 andthekernelconditionfails. Likewise for the otherkernelcondition. Hence K (€)
is notacat-algebra.

3.2.2 Fixing the Kernel Conditions

In orderto constructa cat -algebrafrom K (€) it is necessaryo imposesomerelations
sothatthe kernelconditionsare satisfied. Oncesuitableexpressionsare found, K (€)
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canbefactoredby theidealthey generateThisis analogougo themethodgivenin [13]
for producinga crossednodulefrom a precrossednoduleby factoringout the Peiffer

group.
Considerexpression®f theform:

€dcp — €cp — €docp + €1,0¢p (c,de C,peP) (3.3)

Thesecanberepresentegictorially as:

€1,9cp

e

€oep

€c,p €d,0cp

e €s(d
D . (de)p

Notethatin this diagram(andthoselaterin this section)the “composition” tracedout
is addition. The signsfor the termscan be obtainedby tracingin an anticlockwise
direction,giving a plussignto ary termtracedin thedirectionof thearrov andaminus
signto ary termtracedin the oppositedirection. If ¢ = id¢, then(3.3) becomes,;, —
e, — €4y + €1, = 0; similarly if d = id¢ (or both). In thesecasesye canrewrite the
conditionaseg., = €., — €4,9cp — €1,5¢p, SOthediagramcommutes.

We shallcall expression®f theform (3.3) cocyclesLet J betheideal

J = (edc,p —€cp— €49cp T €1,8¢p - Cs de C\ {10}, pE P)

generatedby thecogycles;J maybereferredto asthecocycleideal. Thenbothv, ,.w,
andw, ,.v., arein J, asdemonstratetdy thefollowing pictures:

Vep-Wd,g = €crdpg — €rd,pq — €cpadg T €1,p0dq

€1,p8dg

e

€padq

evd,pq €c pddq

e e
Pq e oPipg Ocpddg
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and
Wdq-Vep = €dic,gp — €dygp — €0dac,gdgp + €1,8dgp

€1,ddqp

)

€odgp

€d,qp ©€0dac,adqp

e e
qp T 0dqdcp

J <K (C x P) isatwo-sideddeal,sowe canform thequotientalgebrak (C x P)/J
with the naturalepimorphism

“:K(CxP)»K(CxP)/J

€cp = e+ J

For notationalcorveniencewrite e, , = e, + J. Fromthestructuralmorphismss, 7, ¢

we getinducedmapsa, 7 : K(C x P)/J — K(P) andi : K(P) — K(C x P)/J.

The basiselementsof ker o andker 7 mapto v, := v., + J andwg, := wq, + J

respectiely. Thedefinitionof v, is preseredby factorisatiorsincev,, = v., + J =

(ecp—erp)+J =(ep+J)—(e1p+J) =€.p—€1, Notethat(v,, : c #1) =kerd

and(wg, : d # 1) = ker7, sothatthev,, andw,, form generatingsetsfor their

respectre kernels. Theseare not, however, bases sincethe factorisationintroduces
lineardependencieasfollows.

Expression(3.3) canberewritten as

(€dep — €1,p) — (€cp — €1p) — (€d,0cp — €1,0cp) = Ve — Vep + Vdaep € J-

Sincethisis in theideal J, it will bekilled off by factorisation.Thus,in K(C x P)/J
we getvye, — Vep — Vaae = 0, hence

‘_/'dc,p - ‘_fc,p + ‘_fd,acp- (34)

Thereareredundancieamongthe v, ,, sothesedo not form a basis. Similar relations
hold for thew, ,.
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In thesameway, thebasis{e, ,} of K(C x P) inducesageneratinget{e.,} for the
wholeof K(C x P)/J. Thisalsofailsto beabasis becaus®f thelineardependencies

édc,p = éc,p + éd,acp - él,acp (35)

inducedby thefactorisation.Theserelationswill becalledcocyclerelations

Define K (¢) to betheprecat-algebra:

K(C x P)/J—= K(P)

inducedfrom K (¢€). Condition CAl is satisfiedby K (€) sincethesepropertiesare
preseredby thequotientmap.
Since,for everyc,d € C andp, ¢ € P, theexpressionsr,,.w,, andw,,.v,, are

in J, thekernelconditionsCA2 aresatisfiedn K (¢), hence:

Proposition 3.2.3. K(€) is a cat'-K-algebra.

We arefinally in a positionto make our principal definition.

Definition 3.2.4. For ary cat-group€ = (C x P, P,1, s, t), the cat'-group algebra of

¢ isthecat -algebrak (¢) = (K(C x P)/J,K(P),t,5,7), whereJ is theideal
J = (€dep —€cp — €d0cp T €1,9¢p - ¢, d € C, p € P).

K(P) hasabasis{e, : p € P} and K(C »x P)/J hasa spanningset{e.,} whose
elementssatisfyequation(3.5). The kernelof & is spannedy theset{v,, : ¢ # 1},
whoseelementssatisfy(3.4); ker 7 is generatedby {w., : ¢ # 1} with asimilar setof
relations.

Example 3.2.5. The cat.-groupalgebraconstructioncanbe appliedto eachof the ex-
amplesn 1.2.11.

(1) ¢ = (Cy,1,0,0,i), whereC, maybe morestrictly thoughtof astheisomor
phicCy x I, givesK (€) as:

ag
2
K*= K
N
L
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(ii)

(i)

whereo = 1 isthemap(z,y) — z + y and(z) = (x,0). In this case,
thereis only onev,, defined(namelyv, ;, whereg is the generatowof C5),
sokero = K is singly generated.The only non-trivial generatorof .J is

e —€,1 — €41 + €11, Sotheonly cogycle relationintroducedn K (<) is
Qég’l = Qél,l- (36)

If K is afield of characteristic# 2, this impliesthate,; = &;;, whence
K(C x P)/J = K andbotho andr aretheidentity. If K is afield of
characteristi@ (for example,Z,) or amoregeneraintegraldomain(e.g.Z)
thisis not the case.Indeed,for K = Z,, relation(3.6) breaksdown to the
tautology0 = 0, soin factno cogycle relationsareintroducedin Zy(Cs)/J
andZ,(Cy) = Z, is itself a cat -algebra.For K = Z we obsere that(3.6)
implies2v,; = 0, whenceker & = C, (thisis, of courseaZ-module,since
it is anabeliangroup).

¢ =(Cs,1,0,0,7) (againC; isreally C3 x I), givesK (<) as:

~
L
whereo = 7 isthemap(z,y,z) — = +y + z andi(z) = (z,0,0). Here,
ker o hastwo generatorsy,; andv ; (with g the generatoof Cs), while
thenon-trivial generator®f J reduceto the cogyclerelations

369’1 = 3ég2,1 = 36171

in K(€). Thus, for K afield of characteristic# 3, the three generators
coincideandK (C3)/J = K. For Zs or Z thesituationis alsoreminiscenbf
the previousexample:Z3(C3)/J = Zs andZ(Cs)/J = Cs.

¢ = (C5 x Cy,Cy, s, 8,1) gives:

o
E—
K6_T>K2
S
L

with ¢ = 7 sendinge.,, to e, for eachc € C5 andp € C, andi(e,) = e,
Therearefour elementsv, , with ¢ # 1, soker o = K*.
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3.2.3 The Cat!-Group Algebra asa Functor

The groupalgebraconstructionprovidesa functorfrom Gr to Algg; in the sameway
we may expectthe cat -groupalgebrato give a functorfrom Catlg, to Catlayg,. For
ary cat-group¢, definition3.2.4givesus a cat-groupalgebrak (¢), soit remainsto
defineamappingfrom cat -groupmorphismgo cat -algebramorphismsandcheckthat
it is functorial.

Suppose; = (C; x B, P;, s;, 1;,4;) arecat-groups(: = 1,2, 3), with ¢ : €, — &,
andy : € — Cs.

01NP1£>‘02>4P2£>03>4P3

S1 S92 S3

P P, P;

¢p ¥p
Sinceboth squaresn the diagramcommute(¢ and1) are cat-group morphisms)the
outerrectanglealsocommutes Similar diagramshold with s; replacedy t; andby i;.

Applying the groupalgebrafunctorto this setupgivesus the following diagramof
precat-algebraswhereK (¢c¢)(ecp) = €4(.p) €tC.

K€ x P) 2 k(0 % ) K k(04 % Py)

a1 02 g3

K(P) K(P), K(P)s

K(¢p) K(yp)
Again, therearesimilar diagramgor = and.. SinceK (-) is afunctor, bothsquaresind
therectanglecommuteherealso.

To getfrom hereto cat -algebrasye form theideals
JZ = <edici,pi - eci,pi - edi,acipi + el,acipi - G, dz € Ci7 Di € P’L)
Next factoreachK (C; x P;) by the corresponding/; andreplaceo; (or 7;, «;) by the
induceds; (7, #;). The factoringalsoinducesmapsK (¢¢) and K (y¢), which are

obviously well-defined.This givesusthediagram:

K K
K(Cy % P /T 59 K (Cy 3 By )0 S K (O % Py) /s

a1

K(P)
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Again, commutatvity is assured.Define K(¢) := K(¢€) andlet K(¢) be the cat-
algebramapwith K (¢.) definedasabove andK (¢p) := K (¢p).

Lemma3.2.6. K : Catlg — Catlag, is afunctor

Proof:
Theabove discussiorshavsthat K (19¢) = K () K (¢). It is easyto checkthat K also
preseresthetrivial morphismon a cat-group. a

Oneimportantpropertyof the groupalgebrafunctoris thatit is left adjointto the
unit groupfunctor (seepropositionl.4.3). Theclaim thatthe cat -groupalgebraunctor
is a good generalisatiorof the group algebrafunctor will be strengthenedf the cat -
groupalgebrafunctoris alsoleft adjointto something.It is reasonabléo supposehat
this “something”shouldbe a generalisatiorf the unit groupfunctor.

Givena cat -groupalgebraapplyingthe unit groupfunctorlevelwiseyields a cat--
group,with structuralhomomorphismgjivenby restriction. This constructiorprovides
uswith a unit cat-groupfunctorU : Catlag, — Catlg.

It remainsto verify the adjointnesof U and K. Thefollowing proposition,andits
proof, is closelymodelledon proposition1.4.3.

Proposition 3.2.7. Thecat'-group algebra functor K : Catls — Catlag, is left ad-
joint to theunit cat' -groupfunctorU : Catlayg, — Catlg.

Proof:
For notationalcorveniencewe shallwrite C for Catls, andA for Catlag, .

Let ¢ be a cat-group, A a cat-algebraand f : ¢ — U.A a homomorphisnof
cat-groups.Thenf € C(¢,UA). Foreverysuchf, K(f) € A(K¢, KUA). Clearly
KUA C A, sowe maydefine

fe s =iNCo K : C(€,UA) - A(KC,KUA),

whereinc is theinclusion. Sincebothinc and K arefunctors,fe 4 is well-definedfor
every choiceof ¢ and.A.

Now suppose) : K¢ — A € A(K¢, A). Theng is completelydetermineddy the
imagesof thebasiselementge,, : c € C,p € P} and{e, : p € P} indexedby thetop
groupandbaseof €. Further for ary (c, p) in thetop groupof ¢,

1a= ¢(ecp(cp)-1) = dlecp)d(ecp-1),
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whenceeachg(e, ) isin UA. Likewisefor ¢(e,). Define
Oca: A(KE A) — C(C,UA)

by ©¢.4(¢) = ¢ |c (We maycorvenientlyregarde,, and(c, p) to bethesameelement).
Now O¢ 4be,4(f) = f andbe 4Oc 4(4) = ¢, SO

C(C,UA) 2 A(KC, A).

It remainsto show thatthis bijectionis naturalin both € and.A. Thisis analogous
to theproofof 1.4.3,sowe shallomit the details. O

3.3 Modules Over a Cat!-Group Algebra

Armedwith adefinitionof cat -groupalgebrasye maynow begin to considemodules
over them. We have seenin 1.4 thatrepresentationsf a groupG with representation
spacel (a K-vectorspacepreequialentto K (G)-modulestructureon V. We would
expecta similar resultto be true for representationsf a cat-groupand modulesover
its groupalgebra.

A moduleover an algebraA is a vectorspaceV’ togetherwith an A-actionon V.
Sincewe aredealingwith cat -algebrasit is reasonabléo expecta modulein this case
to be a cat-vectorspaceor equivalently a 2-vectorspace endaved with an action of
the cat -algebra. Here we mustbe slightly careful, for thereare at leasttwo separate
definitionsof 2-vectorspacesvhich describequite differentobjects. Thefirst, usedby
Kapranw andVoevodsky [42], is not relevantto our purposedut the secondwhich
appearsn recentwork by Baezand Crans[4], tiesin very closely with ideasused
elsavherein thisthesisandis the definitionwe shalluse.

Definition 3.3.1. A 2-vectorspaceis aninternalcateyory in Vecty.

Thatis, it consistof avectorspace)j, of objectsavectorspacel; of arrons, and
morphismgstructural morphism¥selectinghe sourceandtargetof eacharrav andthe
identity arrov for eachmorphism togethemwith anassociatre compositionwhichis a
linear transformatiorof vectorspacesInternalfunctorsin Vect, areknown aslinear
functors, andthesearethe morphismsn the category 2Vect, of 2-vectorspacesover



CHAPTER3. CAT'-GROUPALGEBRAS 77

K. Thisisin facta 2-category, with 2-cellsgivenby linear natural transformationsi.e.
internalnaturaltransformationsn Vecty.

FurthermoreBaezand Cransshow that 2Vecty is equivalentto the cateyory they
call 2Term of 2-termchaincomplexesof K -vectorspaceswhichis noneothef* thanour
old friend Chg) . Thenatureof this equivalenceis very reminiscenpf theinterplaybe-
tweencat -groupsandcrossednodulesdiscussedh sectionl.2.2.Althoughwe studied
Chg) in thecasewhereK is afield, thedefinitionwould work for K merelyacommu-
tative ring with identity, althoughthe terminologyof vectorspacesvould in this case
be replacedoy thatof K-modules.In the sameway, we candefine2-K-modulesto be
internalcategoriesin K-Mod. For the sale of corveniencewe shallcontinueto speak
in termsof vectorspacesbut theresultscanbeframedmoregenerally It shouldalsobe
rememberedhat the terms“2-vectorspace”and“cat!-vectorspace”are,to all intents
andpurposesinterchangabléthe sameis true for “2-groups”/“cat -groups”etc.).

Supposewne have a cat-algebraA anda 2-vectorspace), suchthatboth V;; and
V; areleft modulesover their respectie levelsof .A. Hencethereis aleft actionof A,
on V; andaleft actionof Ay on V4 which provide scalarmultiplication at both levels.
Theseactionscommutewith the structuralmorphismsof V to definea left actionof A
onV.

Definition 3.3.2. A left A-actionof a cat-algebra4 ona2-vectorspace) consistof
aleft actionof A; onV; andaleft actionof 4, onV, whichcommutewith thestructural
morphismsof V.

SuchaV is calledaleft A-module

Of course,right A-modulescould be definedsimilarly if required. Becausethe
cat -algebramoduleconstructioris essentiallythe algebramoduleconstructiorapplied
levelwise,thecorrespondendeetweerrepresentationsf acat -groupandmodulesover
its cat -groupalgebrafollows from the groupcaseappliedlevelwise.

Theorem 3.3.3. Let ¢ bea cat'-groupand ) a 2-vectorspaceequivalentto the chain
comple é € Chgp. Repesentations : € — Aut(d) are in bijectivecorrespondence

with K (€)-modulestructureson V.

Proof:
Apply theoreml.4.7to bothlevelsof ¢ andAut(J). O

4In fact, 2Term useschainhomotopiesasits 2-cells, but we have seenthat theseare equivalentto
homotopies.
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Linear Representationsof a
Cat!-Group

In which representationsof cat'-groupsare foundto exist, both in specificcasesand in the

geneal constructionof regular representationsandthe concepf faithfulnesss explored.

Linearrepresentationsf cat' -groupswereearlierdefinedas2-functorsby analogy
with therepresentationsf groups.Thedefinitionis recalledn sectiord.1. Someexam-
plesof cat -grouprepresentationarethenintroducedin the following sectionsfirstly
for individual cat -groupsandthenvia the generalconstructionof a regular represen-
tation, which leadsto a versionof Cayley’s theoremin section4.2. Faithfulnesds an
importantpropertyof grouprepresentationso section4.3 exploresthe essencef this
propertyandattemptgo find a cat'-grouprepresentatioanalogue Finally, adirectde-
scriptionof representationsom the point of view of crossednoduless consideredn
sectiord.4.

4.1 Cat!'-Group Representations

Thedefinitionof alinearrepresentatioof acat -group,, wasstatedasdefinition2.4.1
in chapter2, namelythatit is a 2-functor¢ : ¢ — Ch%). We have alsoseenthat ¢(¢)
resideswithin Aut(é) whered = ¢(x), theimageof the uniqueO-cell in €, hencea
representatiocanalsobe consideredasa cat -groupmorphisme : € — Aut(6). We
arenow readyto begin huntingfor actualexamplesof representations.

78
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As a first example,we shall attemptto constructa representatiomf the simplest
cat -groupthatwe encountereith examplesl.2.11,namely€ = (Cy, I,4,0,0), wherel
is thetrivial group. We shallstartby taking C asthe basefield (i.e. K = C). Although
we areatliberty to chooseary § astheimageof x for our representationye shalltake
onewherethe dimensionf the sourceandtarget are closelyrelatedto the ordersof
the top groupandbaseof €. In this casethe§ of example2.2.1will do nicely. This,
recall,is thelineartransformation:

§:C* =C

()

We mustnow seekimagesfor the elementsof I and C, within, respectiely, Aut(d);
andAut(4),. Fortunately our explorationsin section2.2.1 have furnishedus with a
reasonablamountof informationaboutthe structureof Aut(d). To specifyarepresen-
tation, ¢ with representatiocomple §, we mustdesignatemagesunder¢ for all the
elementof €, andcheckthatthe mappingis functorial.

Thereis only oneelementof I to assign,andsincethis is theidentity it mustmap
to theidentity in Aut(d),. Henceg(1;) = ids, the chainmapconsistingof the identity
at bothlevels. For C, the situationis barelymore complicated sincethereareonly 2
elementgo worry about,oneof whichis theidentity. The otherelementmustalsobea
homotogy fromid; to itself, sincethisis the only chainmapavailable. The homotopies
ids = id; arepreciselythe elementf mAut(§) and,for this choiceof 6§, mAut(d) is
trivial hencey(g) is alsotheidentity (whereg is the generatoof C,). Sotherepresen-
tationis trivial andto find a non-trivial representatiome mustlook elsevherefor 4. In
particular we needr,Aut(d) to benon-trivial sothatwe canfind distinctimagesor the
elementof C.

Bearingthis last point in mind andlooking back over the examplesof chapter2,
we obsere that Aut(0) hasnon-trivial w2, where0 is a zerolineartransformation We
shall thereforetake 6 = 0 : C — C to bethe zeromap(z +— 0 for every z € C)
andtry to find suitableimagesfor the elementsof €. As before,the uniqueelement
of I mustmapto the identity chainmapid € Aut(0);. The identity elementof C;
must similarly map to the identity homotopy (0,id). Whereasin the previous case,
this wasthe only homotopy id ~ id, we now have sucha homotoyy for every linear
transformatiom’ : C — C. Sincethe setof linearendomorphismsen C is isomorphic
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to C itself this givesahomotopy («, id) : id ~ id for every o € C. Onthefaceof it, this
would seemto give us plenty of choicefor ¢(g). However, ¢ mustbe a functor, sowe
requireg(g)#o9(9) = ¢(99) = ¢(1) = (0,id). Now supposes(g) = («,id). Thenthe
chainhomotofy componendf ¢(g)#0¢(g) is a+ «, whencewerequire2a. = 0. Sadly
whena € C thisimpliesthata = 0 andfunctoriality forcesusto make ¢(g) = ¢(1)
andendup with anothettrivial representation.

All is not lost, however. If we abandonC andwork insteadwith Z, (which, of
coursejs afield of characteristi), the samealgebraenablesisto seta = = (thenon-
zeroelemenf Z,) andgeté(g) = (z,id) # ¢(1) = (0, id) with ¢(g)#oed(g) = (0, id)
asrequired.This givesusa non-trivial representation : € — Ch(ZIQ). In fact,thisis a
faithful representatiomgccordingo the definitionwe shallseein sectior4.3.

Now thatwe have demonstratethe existenceof non-trivial representationsye may
attemptto find a more systematiamethodfor constructinga representatiof a given
cat-group.

4.2 Regular Representations

The classicexistencetheoremfor non-trivial group representationgs Cayley’s theo-
rem, which explicitly constructgheregular representatiorof any group. Regularrep-
resentationsre a particularly importantclassof group representationsn which the
elementsactby multiplication. Theright regular permutatiornrepresentatioris defined
asp : G® — Sig with p(g)(h) := hg (it is corvenientto blur the distinction be-
tweenanelementh € G andthe corresponding: in the underlyingset,on which the
permutationacts). The sourceof p is G°°, the oppositecategory to G, ratherthanG
itself, sincethe naturaldefinition of right multiplication forcesp to be contravariant,
i.e. p(g192)(h) = h(g192) = (hg1)g2 = p(g2)p(g1)(h). Similarly, the left regular per
mutationrepresentatiors givenby A : G — S with A(g) (k) := gh; X is covariant.
Although usually statedfor permutatiorrepresentationge.g. [6,49]), it is easyto

1The choiceof left or right regular representatiomlependdargely on the notationemployed - usu-
ally one or otherof themis more naturalto use. For the postfix function notationoften employed by
grouptheoriststheright representatiors covariant(a homomorphism)while for the functionalnotation
more commonin otherbranchef mathematicgincluding category theory)it is contravariant(an anti-
homomorphism) Although mostauthorsonly dealwith representationashomomorphismsthereis no
intrinsic reasonwhy antihomomorphismsannotalsobe used.
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reformulateCayley’stheorentor linearrepresentationdor example,Serre[67] defines
the (left) regular representatioras a linear representationthough he doesnot men-
tion Cayley’s theorem). To the regular permutationrepresentationsf G therecorre-
spondregular linear representationg : G — GLg(K), A : G — GLjg(K), with
p(g)(en) := eny andA(g)(en) = ey, (Wheree, arethebasisvectorsin thevectorspace
K(G) outlinedin sectionl.4,andp(g), A(g) arematrices).Theright regularrepresen-
tationcanbethoughtof asanactionof G onthegroupalgebrak (G) by multiplication
on the right, with p(g)(es) = ‘%) = en,. Theleft regular representations similarly
a G-actionon K (G) by left multiplication. Regular representationsf a group, then,
reconstructhe elementof thegroupasautomorphismsf its groupalgebra.Fromnow
on, we shallconcentrat®n right regularrepresentations.
Regularrepresentationexist for every group,andthey arequite straightforvardto
defineanduse.An analogueof Cayley’s theoremfor cat -groupswould be a desirable
result,sinceit would enableusto constructarepresentatiom astraightformardmanner
for any cat-group.lt is to thesearchor suchatheoremthatwe now turn our attention.

4.2.1 The Regular Representationof a Cat!-Group

Supposave have acat-group¢ = (C x P, P, s,t,4). By analogywith thegroupcase,

we would expectaregularrepresentatioto take elementf € to automorphismsf its

cat -groupalgebra. We have alreadystudiedboth the cat-group algebraconstruction

(section3.2) andthe automorphisntat -groupof alineartransformatior(chapter2), so

we may attemptto combinethetwo to geta definitionof aregularrepresentation.
Thecat-groupalgebraof ¢, recall,is the cat-algebra

K(€) = K(C» P)/] —ZK(P),

where J is the cogycle ideal and factorisationby J introducesthe cogycle relations
neededo make the kernelconditionswork. We have notyetlookeddirectly attheauto-
morphismsof acat -algebrajput we have studiedAut(4), theautomorphisntat -group
of alineartransformatiory. Fromw we cangeta singlelinear transformatiorby
definingé : kerd — K(P) to be T |5 (We canalsoconstructd usingsimplicial
techniquesby observingthat K (¢) is a heavily truncatedsimplicial algebraand con-
structingits Moore comple<). We sawv in section3.2 that ker & hasa generatingset

{Vep:c# 1}, wherev,, = €., — €;,.
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Any representationf ¢ mapselementsof P to chainautomorphismsn Aut(¢);
andelementof C' x P to homotopiesn Aut(d), for somerepresentatiocomple 4.
For theregularrepresentatiory, we shallusethe describedabove, whichcomesrom
the cat -group algebra. We caninformally picture an actionof ¢ on K( @) by right
multiplication. Note that this is a left action,andthe elementsof ¢ appeaiin the left
on the pictures,while they appeaiontheright in thealgebraicnotation(hencetheterm
right multiplication). In the following diagramsthe dottedarrowvs denoteelementsof
the cat -group,while the cellsdravn with solid arravs arein its cat -groupalgebra.

A 1l-cellin €isanelemenp € P. Thiscanactbothonthel-cellsandthe2-cellsof
K (€). Theactionof p onai-cellis:

___________ Py S LI (4.1)

€q €q#op

___________ p N /} 4.2)
N SN
€jc.q €dc.q#op

A 2-cellin ¢ is anelement(c, p) € C' x P. This actson 1-cellsof K (€) by right
multiplication:

? ooy
"y €q =
Ceen S e = Goasy “3)
Bcp €q#00cp=®8(%)q#op

We do notrequiretheactionof (¢, p) ona2-cell.

Although thesepicturesshav anactionof ¢ on K (¢), we actuallywantto define
p asamapinto Aut(d), sowe needto do a little work. First of all, for eachp € P,
p(p) € Aut(d); mustbeachainautomorphismFrom(4.1), we define

p(p)(€qg) = €qsep

for thelower level (notethatthis shouldstrictly be (p(p)), butit will be clearfrom the
inputinto p(p) which level we areworking at, sothe subscriptscanbe safelyomitted;
we shall alsodrop #, for € andwrite multiplication by juxtapositionfrom now on).
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At thetop level, (4.2) immediatelysuggests(p)(€.,) = €.4- However, thetop level
of Aut(d) is ker 7, which is generatedy the elementsv, ,. Using (4.2) asa guide,

p(p) (‘_"c,q) = p(p) (éc,q - él,q) = €cqp — €1,9p = Veqpy SOUEfiNE

p(p) (Vc,q) = Vc,qp'

It is straightforward to checkthat p(p) is a chainmapon § and that the mappingis
contravariantlyfunctorial. Sofarwe have essentiallyconstructedheright regulargroup
representatiof P, andasa bonuswe alsohave an actionof P on the top level of
Aut(d).

For every (¢,p) € C x P, theremustbe a homotopy p(c,p) € Aut(d),. Since
p is to be a functor, it mustpresere the sourceandtarget of each2-cell, so we must
have p(c,p) : p(p) ~ p(dcp). As ahomotoyy in Aut(d) we canspecify p(c, p) by its
sourceand chainhomotopy. The source,aswe have seen,mustbe p(p). The chain
homotopy will be amap p'(¢,p) : K(P) — kera. We shall usediagram(4.3) to
getatentative definition for p'(c, p) andthencheckthatthis is a functor and satisfies
the chain homotofy conditions. As with the top level of p(p), the diagramsuggests
' (c,p)(eq) = &q,qp but we actuallywantatargetin ker & sowe shalldefine

Pl(ca P)(€q) = Vac gp-

Thefirst thing we shallcheckis thatthe chainhomotofy conditionsaresatisfied At
thelower level this checkis quite straightforward:

5/)/(@ p) (eq) = 0V, gp = 5(éqc,qp - él,qp) = €5(xc)gp — Cqp
= €g0cp — €gp = p(Icp)(ey) — p(p)ey, = [p(dcp) — p(p)](ey)-

For thetop level, theideais the same but the algebrais someavhat moreinvolved. We
canstartby working in from bothends.

p'(¢,p)0(Vaq) = p'(c,p)d(8aq — &1,4) = p'(c, ) (€04q) — P'(c,p) (&)

= Vodac,adgp — Vac,gp = Vdacd—1,0dgp — Vac,gp (4.4)

and

p(0cp)(Vay) — p(P)(Vaq) = Vagor — Va,gp- (4.5)
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For the chainhomotopy conditionto be satisfied,we need(4.4) = (4.5). Equivalently;
we mayshow that(4.5) — (4.4) = 0. Now,
(45) - (44) = Vd,q(’)cp - Vd,qp - vdch—l,adqp + vqc,qp- (46)

Sincethev,, arein ker ¢ therearerelations(givenby equation(3.4) of chapter3) which
comefrom the cogycle relationsinducedby factoring K (C x P) by J in thecat -group
algebra.Theserelationsin ker & will alsobe calledcogycle relations.In particulay the
relation

Vacgp T Vd,gaep = Vdic,gp

holdsin ker &, sowe canrewrite the right-handsideof (4.6) as

Vaicgp — Vdeed1,8dgp — Vd,gp>

which is equalto zeroby anothercogycle relation. Hencey' (¢, p) is a chainhomotopy
asrequired.

It remainsto show that p is functorial atthe level of homotopiesThe mostdifficult
conditionto checkis that p presereshorizontalcomposition.Sincep is contravariant
onthel-cells,we expectthis compositiorto becontravariantalso. Thereforewe require

p(cfe, pp') = pl(c, p)(c, )] = p(c',p')#op(c, p)- (4.7)

It is clearthatboth endsof this chainof equationsare homotopieswith sourcep(pp'),
soit remaingo checkthatthe chainhomotopiescoincide.We do this by checkingtheir
actiononanelemente, € K (P). Firstly,

p'(ce, pp') (eg) = Ve(ere') qpp’ -
Fromtheformulafor the chainhomotoy of a horizontalcompositegivenin chapterd,

p(c', p")#op(c, p) haschainhomotogy? o' (¢, ') p(dcp)o + p(p')1' (¢, p), With

p'(c,0")p(cp)o + p(p')10 (¢, p)](eg) = p'(c', D) (€gacp) + P(P') (Vacgp)

= Vavene qaepp' + Vac,gpp'-

°Note that here,contraryto our usualpractice,we have includedthe subscriptson the levels of the
chainmapp(p) for the salke of clarity.
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Anothercogycle relationin ker & gives

anc?’c’,qacpp’ + ‘_’qc,qpp’ = ‘_fq(cpcl),qpp'u
sothat(4.7)is satisfied.
Finally, let (¢, p) and (¢, dcp) € C x P, sothatthe vertical compositeis defined
((C,, 5cp)#1(6,p) = (Clc,p)). Then
p'(c'e;p)(eg) = Ve

while p(c', dep)#1p(c, p) haschainhomotoyy p'(c, dep) + p'(e, p), giving

[PI(CI: dcp) + PI(Ca p)](eq) = Ve gdep + Vae,gp-

Thereis anothercogycle relationin ker ¢ of theform

Vae! gdep T Vacgp = Vacc,gp;

whence

pl(c’, Ocp)#1(c, p)] = p(c', Ocp)#1p(c, p)

asrequired.

Notethatthe functor p definedabove is contravariantin the horizontaldirection(at
bothlevels) but covariantin the vertical direction. It shouldthereforebe regardedasa
functor € — Chgp, usingthe corventiongivenin [44] thatary 2-catgory C hasa
dual C°P which reversesonly the 1-cells (and henceaffects both 1-cell and horizontal
2-cell composition)and anotherdual C* which reversesonly the 2-cells (and hence
affectsvertical2-cell composition).

This constructiorcanbe summarisedn the following definition.

Definition 4.2.1. The right regular representationof a cat-group ¢ is the 2-functor
p:eP - Chﬁ? sendingeachp € P to thechainautomorphism

p(p)(eg) := €gsop,  P(P)(Veg) = Ve
andeach(c, p) € C x P tothehomotogy p(c, p) : p(p) — p(dcp) with chainhomotogy
p'(c,p)(eg) = Vac,gp,

whereall chainautomorphismsndhomotopiesesidein Aut(d) for thelineartransfor

mationd := 7 |, Obtainedirom the cat -groupalgebrak (¢) of €.
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Sincethe constructionmay be appliedto ary cat-group, it givesus a cat-group
versionof Cayley’stheoremjn termsof linearregularrepresentations.

Theorem 4.2.2(Cayley). For any cat'-group €, the right regular representation,as

definedn 4.2.1,exists. -

4.2.2 A WorkedExample

In section4.1 we found an exampleof a non-trivial representatiotby trying several
possibilitiesuntil we found onewhich worked. Apartfrom proving thatrepresentations
exist, Cayley’stheoremgivesusarecipefor constructingarepresentatiofor arny given
cat-group. We cannow seehow this recipeworks in practiceby pluggingthe same
example€ = (Cy, I,1,0,0) into themachineryof Cayley’stheorem.

As before,we shall startby taking K = C. The first thing we needis 4, which

is obtainedby first forming the cat -groupalgebrak (¢€) andthenrestrictingthe target
mapto the sourceof the kernel. We have alreadyexaminedK (¢) for this particulare
in section3.2andhave seerthat,over C, it leadsto therathertrivial cat -algebrahaving
C asbothtop groupandbase with all mapstheidentity. Thusd = id andtheregular
representatiofrs trivial. This shavs animportantdifferencefrom grouprepresentation
theory in thatfor cat -groupsaregularrepresentationeednotbefaithful (thisparticular
examplefails spectacularly).

If we insteadtake the basefield to be K = Z,, the situationis quite different. In
this case the cogycle idealis emptysothat no relationsareinducedin the cat -group
algebra.nthiscases(z,y) = z+y = 7(z,y) andker g = Z,. Thisgivess : Zy — Z,
asthezeromap. Theregularrepresentatiobecomeg(1) = id onthechainmaplevel,
while p(1) = (0, id) andp(g) = (g, id) onthehomotoyy level (takingg asthegenerator
of Z,). In this casep is afaithful representation.

Sincewe have beenthrowing the term “f aithful representationaround,we should
pauseo checkthatwe know whatit meangor cat'-grouprepresentations.

4.3 Faithful Representations

What makesa representatiofiaithful? Is this a desirablepropertyof representations?
For groups,a representatioins definedto be faithful if every elementof the groupG
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hasa distinctimage;i.e. therepresentatiois a monomorphism.n cateyoricalterms,
this meanghatthe functor¢ : G — Vecty is faithful, sothatfor g, h € G, we have
#(g9) = ¢(h) = g = h. Thustheterminologiesof representatiotheoryandcateyory
theorycoincidefor the notionof faithfulness.

The fundamentapurposeof a representatiofs to reconstructin abstractgroupin
more concreteterms,andfaithful representationare particularlyusefulin this respect
sincethey alonepresere the groupstructurecompletely Let ¢ : G — GL,(K) bea
linearrepresentationf agroupG. Thenthefundamentahomomorphisntheorentells
usthat

G/ker ¢ = ¢(G) < GLn(K).

If ¢ is faithful, ker ¢ = 1 andso G itself is isomorphicto a subgroupof the general
linear group. If ¢ is not faithful, the kernelis non-trivial and somecollapsingoccurs.
In the extremecase thetrivial representatiosendsevery elementof G to the identity
of K, andthis givesusthetrivial groupasa representationWhile consideringgroup
representationst mayfinally be notedthattheregularrepresentatiors alwaysfaithful.
For, if p(g)(h) := hg then

p(g)h=p(¢dVh=hg=hgd = g=4.

Sincea cat -grouprepresentatiois givenby a 2-functor the obviousway to define
afaithful representatiors asa faithful 2-functor This leadsto theimmediatequestion
“what is a faithful 2-functor?”. Again, the obvious answerwould be a 2-functor ¢ for
which¢(a) = ¢(3) = o =  for ary 2-cellsq, 5 in thesourcecategyory. Thisdefinition
would encapsulatthe 1-functorideaof faithfulnessidentifying 1-cells f andg with the
2-cells1; andl,.

Strangely none of the standardreferenceson 2-categories (for example,[7,52])
seemdo give a definition of faithful 2-functors. However, a definition canbe pieced
togetherfrom several sources. In their review of 2-catgory theory [44], Kelly and
Streetmentionthata 2-category may be viewed asa Cat-cateyory (thatis, a cateyory
enrichedover Cat), andthatthis definition determineghe meaningsof 2-functorand
2-naturaltransformation Presumablythen,the definition of a faithful 2-functorshould
alsocomefrom enrichedcateyory theory

Turningto thestandardvork on enrichedcateyory theory alsoby Max Kelly [43], a
V-functoris definedasfollows. Let A, B be V-cateories,i.e. catgoriesenrichedover
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themonoidalcategory ). Thenthe V-functorT : A — B consistf anobjectfunction
T : |A| — |B| togetherwith mapsTy 4 : A(A, A") — B(T A, TA") for eachpair of
objectsA, A’ € | A|. Thesdatterarecompatiblewith composition(itself a)-morphism)
andidentities. A V-functoris fully faithful if eachT’ 4/ is anisomorphism.Implicitly,
aV-functoris faithful wheneachT’s 4 is amonomorphismthus,every distinct1- or 2-
cellin A(A, A") hasadistinctimagein B(T'A,T A"). ForV = Cat, thisyieldsprecisely
thedefinitionproposecearlier:

Definition 4.3.1. A 2-functor¢ : A — B is faithful if, for 2-cellsa, 8 € A,

¢(a) = ¢(b) = a = 0.

Armedwith this definition,we maynow definefaithfulnessof representations.

Definition 4.3.2. Let ¢ beacat-group.A representatios : ¢ — Ch%) is faithful if it
is faithful asa 2-functor

An immediatequestionis whethertheregularrepresentationf section4.2 s faith-
ful. Sinceatthe 1-cell level this reducedo the regulargrouprepresentation is clear
thatatthis level it mustbefaithful. However, the exampleswve consideredn 4.2.2pro-
vide acountergampleto theconjecturghattheregularrepresentatiors alwaysfaithful
onthehomotoyy level. Fortunatelythe sameexamplesalsoshaw thatfaithful represen-
tationscanexist andthatthe regular representatioganbe faithful for theright choice
of basefield.

4.4 CrossedModule Representations

In sectionl.2.1it wasshawn thatcat -groupsandcrossednodulesareequialent,and
both arewaysof viewing 2-groups.We have a definition of representationfor a cat -
group,andthis mayalsobe consideredsarepresentationf the correspondingrossed
module. Thereforewe might definea representatiomf the crossednodule X to be a
representatioof ¢(X) accordingto definition2.4.1.

However, adirectdefinitionof crossednodulerepresentationsould alsobe useful
sinceit is often more naturaland corvenientto work with crossedmodulesthanwith
cat -groups.Sincea crossednoduleis not a cateyory, we shouldnot expectthis to bea
functorialdefinition,but we might reasonablgxpectsomekind of crossednodulemap
wherethetargetis a crossednoduleof algebrasAn importantcriterionfor a definition
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of crossedmodulerepresentatiors thatit shouldbe equivalentto a representatiomf
the correspondingat -group,asdefinedabove.

Onepossibleway of proceedingwith a direct definition of a representatiotf the
crossednoduleX would beto first passto theassociatedat -groupe(x) (assuggested
above) andfind arepresentatiofor this, whetherthe regularrepresentationr another
Having obtainedhis representationyhichwould give usa mappinginto thecat -group
Aut(9) for our choiceof §, we could thenpassbackto the associate@¢rossednodule
of Aut(d). In principle, this bidirectionalexchangebetweerncrossednodulesandcat -
groupsis straightforward. In practice the notationandthe definition of compositionin
Aut(0) (particularlyatthetoplevel) makeit quitedifficult, andfurtherwork is necessary
to geta practicalworking definition of crossednodulerepresentationy this method.



Chapter 5
The Category of Representations

In which a category consistingof representationgndtheir morphismss definedandproperties

of this category explored.

Whenfacedwith a collectionof objects,it is naturalfor a cateyory theoristto look
for morphismsbetweernthoseobjects,n thehopeof finding a new cateyory. Therefore,
sincewe aretakinga categoricalview of representationgnobviousquestions whether
therearemorphismsetweermrepresentationsf acat -group,andwhetheme candefine
a catgyory of representationandtheir morphisms.As usual,the answerfor the group
casesuggestsan answerfor the cat -group case,so we shall begin by reviewing the
situationfor groups.

5.1 The Group Case

A representationf agroupG is afunctorG — Vecty, soit is naturalto definemor-
phismsof representationt be morphismsof functors;thatis, naturaltransformations.
This leadsto:

Definition 5.1.1. Thecategory of (K-linear) representationsf agroupG is thefunctor
catagory Rep¥ := (Vectyx)® whoseobjectsarethe functorsG — Vecty andwhose
morphismsarethe naturaltransformationdetweensuchfunctors.

We shall usually suppres®xplicit mentionof K andjust write Rep; whenthis is
unambiguous.

90
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Suppose, ¢ are K -linearrepresentationsf G with representatiospacesd” andV”’
respectrely. Thena naturaltransformatiors : ¢ — 1 is alineartransformatiorsuch
that

od(g) = P(g)o (5.1)

for every g € G, i.e. thefollowing diagramcommutes:

V—"—V
ot by
V——m—=V

Sucha o is sometimegeferredto in representatiotheory as an intertwining opera-
tor [52], so Reps; may be thoughtof asthe cateyory whoseobjectsare the K-linear
representationsf G andwhosearrons aretheintertwiningoperatordetweersuchrep-
resentations.

If o is alinearisomorphismthen(5.1) mayberewritten as:

¥(9) = op(g)o . (5.2)

By consideringmatricesfor ¢ (g), ¢(g) ando, it is clearthats and¢ yield equialent
matrix representationddence they arethe samdinearisomorphismup to a changeof
basis.

5.2 Onwards and Upwards

Sincea representationf a cat -groupis a 2-functor the obvious definition of a mor
phism of representationss as a 2-naturaltransformation. Thereforewe may expect
to geta functor category (Ch'Y)¢. However, the 2 dimensionaktructureof Chy al-
lows for arrows betweerthe 2-naturaltransformationstheseare modifications which
provide a 2-catgory structurefor (Ch&?)? For the generaltheory of 2-functor 2-
cateyories,a standardeferencge.g. [7, 52]) may be consulted.Following the defini-
tion of the 2-catgory of representationbelov, we shall considerthe structureof the
2-functor2-cateyory in this specialcase.
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Definition 5.2.1. The 2-cateyory of (K-linear) representation®f a cat -group ¢ is the
2-functor 2-catgory Repf := (Chﬁ?)C having asobjectsthe 2-functors(representa-
tions)¢ — Chg), asl-cellsthe2-naturaftransformationdetweerthem,andas2-cells
themodificationsbetweerthe 2-naturaltransformations.

As with grouprepresentationsye shallusuallyleave K implicit andsimply write
Repe.

If 6,9 : € — Ch%) aretwo representationsf € with representatiocomplexesd
and¢’ respectiely, a 2-naturaltransformatiorv : ¢ = ¢ isamapo : § — ¢’ suchthat
thediagram

$(p)
TN
6 Volep) §

¢0cp

Y(p)
7N
& Uvlep)
~_ "7

$0cp

commutes,.e. ¥(c,p)o = o¢(e,p). Isomorphismshetweenrepresentationare 2-
naturalisomorphismgi.e. o is invertible). Thesefunctionasintertwiningoperatorson
the representationgust as naturalisomorphismsare intertwining operatorsor group
representations.

In thesameway thatintertwiningoperatorsxist for grouprepresentationgrecisely
whenthereequialentmatrix representationshe 2-naturaisomorphismsn Repe offer
away of definingequivalencefor cat -grouprepresentationsamely:

Definition 5.2.2. Representationg and aresaidto be equivalentf thereis aninter-
twining operators € (Repe); suchthat

Y =o¢po .

Supposer, T : ¢ = 1 are2-naturaltransformationgnot necessarilyinvertible).
Thena modification= : ¢ = 7 hasa singlecomponent, alsodenoted=, whichis a

For ageneramodification thereis onesuchtwo-cell for eachobjectin the sourcecategory of ¢ and

.
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2-cell

which commuteswith ¢ ands in thefollowing way. Supposéc, p) is a2-cellin €, then

E#od(c,p) = Y(c, p)#oE. (5.3)
This canbe showvn in thefollowing diagram althoughit is debatablevhetherthis actu-

ally clarifiesthesituation:

5 ¥(p) 5

il

¢(p)

H , ¥(9cp)

Ear

¢(acp

5[

Thetopandbottomfacesshaw thato andr respectrely arenaturaltransormationsThe
remainingfacesareall 2-cells.Boththeleft andtheright faceareequalto = (a2-cellin
Repe), while the front andbackarerespectiely ¢(c, p) andy(c, p). Condition(5.3)is
interpretedasthe commutatvity of front andright with left andbackfaces.

Themodificationan Rep, maybethoughtof ashomotopiedpetweemmorphismsf
representations.

5.3 Propertiesof Repg

Upon discovering a new cateyory, the cateyory theoristwill naturally ask questions
aboutthe propertiesof that cateyory, viz. is it completeor cocomplete?is it addi-
tive, or abelian?is it monoidal?if so,is it strict andsymmetric?is it cartesiarclosed?
andsoon.

ThefactthatRepy is a 2-functor2-cateyory enablesusto usethe generatheoryof
functor categoriesto get a quick answerto several of thesequestions.Borceux[7, 8]
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givessomeresultsfor functor cateyorieswhich generalisen a straightforvard manner
to 2-functor 2-categyories. Several of theseresultsrequirethe sourcecategory (in our
casel) to beasmallcataory. In this situation,several propertiesof thetargetcategory
(Ch(I? for us)areinheritedby the functorcateory (Repe).

Proposition 5.3.1. Thecategory Ch(li) is:
(i) complete

(i) cocompletg

(iii) abelian,

(iv) monoidal.

Proof:

First of all it may be remarledthattheseareall well-known propertiesof Vecty. By
standardcategorytheory[52], acateyoryis completdf it hasall equaliserandproducts,
andcocompletdf it hasall coequaliserandcoproducts.

(i) Theproductof vectorspacess justtheusualCartesiarproduct,sothatthe prod-
uctof afamily V1, V5, ... of vectorspacess thevectorspacel; x V, x .... Thiscon-
structiongeneralisegmmediatelyto Chg). Suppos&® : C; — Cy ands? : D; — D,
arein Chg). Thenthe productis 6¢ x 6P : C; x D; — Cy x Dy. The productof an
arbitarycollectionof chaincompleesis definedlik ewise.

Fortwolineartransformationg, g : V. — W, theequaliseis thesubspaceer (f, g)
of V givenbyker (f,g) = {v € V : f(v) = g(v)}. Now suppose&’® ands” aretwo
elementof Ch(I? asbefore,andf, g : ¢ — §° arechainmaps.This givesthepicture:

J1

ker (f1,91)—C4 D,

g1

Jcker(h,yﬂl 8¢ oD

fo
ker (fo, go)—— Co _ Dy
g0
Supposev € ker (fi,g1) € Ci. Thenfi(v) = gi(v). Now fo6(v) = §Pfi(v) =
501 (v) = go6°(v), s08C (v) € ker (fo, go). Thisgivesusanequalisefor f, g € ChYY
(it is, of course uniqueup to isomorphism).
SinceCh%) hasproductsandequalisersit follows thatthe categyory is complete.
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(i) Coproductsand coequaliserslso exist for Vect,. Thesecanbe extendedto
coproductsand coequalisergor Ch(I? in the sameway as for their dualsconsidered
above. Therefore,ChS,? is alsococomplete.

(ii) Vecty is abeliart sinceit hasazeroobject,productscoproductsakernelanda
cokernelfor everyarrow, andeverymonomorphisnis akernelwhile every epimorphism
is acokernel.

We have seenabove thatproductsandcoproductsanbe constructedn Chﬁ? from
thosein Vecty by doingthe constructiorlevelwise. Similarly, azeroobject,kernelsand
cokernelscanbe constructedn Ch(li). Sinceamonomorphisnin Ch(I? is achainmap
for which both levels are monomorphismsn Vecty, it follows that every monomor
phismis akernel;similarly epimorphismarealvvayscokernels.HenceCh(,? is abelian
asrequired.

(iv) Vectg is a symmetricmonoidalcategory with the usualtensorproduct. This
constructiorcanbeappliedlevelwiseto Chgp, sothatthistoois asymmetricmonoidal
category. O

Asremarledabove,ary functorcategoryinheritsthepropertiesof (co)completeness,
abelianityandmonoidalityfrom its targetcategory, providedthisis small(asChgp iS).
Thereforewe getthefollowing resultfor free:

Corollary 5.3.2. Rep, is completecocompleteabelianand monoidal.

5.4 Degree

Every finite group representatiorover a field is partially characterisedy its degree,
whichis definedasthedimensiorof therepresentatiospacegquialentrepresentations
musthave the samedegree,althoughthe corverseis false. It is naturalto askwhether
this conceptgeneralise$o representationsf cat-groups.Beforewe turn to this ques-
tion, however, let us considerwhy the degreeis a usefultool in group representation
theory andwhich aspect®f it we mayhopeto presere for cat -grouprepresentations.

2We usethe definition of abeliancategory givenby Borceux[8] which at first sightis moregeneral
thanthat of MacLane[52] asit doesnot explicitly requirethe cateyory to be preadditve. However,
Borceuxgoeson to shav that an abeliancateyory by his definition can always be given an additive
structure.
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Althoughthedegreeoffersonly a partialcharacterisationf grouprepresentationg,
canbequiteuseful. For onething, aswith topologicalinvariantsfor homeomorphismit
providesaquick checkwhethentwo representationsould possiblybe equivalent. Also,
the possibledegreesof irreduciblerepresentationare constrainedy the degreeof the
groupthey arerepresentingWe shallreturnbriefly to this factin section6.1, oncewe
have seenthe definitionof anirreduciblerepresentation.

It is notimmediatelyclearhow thenotionof degreecouldbedefinedfor acat -group
representatiorsincethereis no singleconcepof dimensiorfor therepresentationom-
plex. However, onepossibility is to obsene thata representationf a cat -groupcon-
sistsof representationsf the baseandtop group(bothordinarygrouprepresentations)
tied togetherby somecompatibility conditions,andthereforeto considerthelist of the
degreesof thetop groupandbaserepresentations.

Definition 5.4.1. Let € = (C x P, P,s,t,4) beacat-groupand¢ : ¢ — Ch%) a
representationThe degreelist of ¢ is definedto bethelist (deg ¢(C x P), deg ¢(P)).

Thisis averytentatve definition,andit is not yet clearwhetherit providesa useful
invariantfor representations.



Chapter 6
The Structur e of Representations

In which webreaka representatiordowninto bite-sizecchunks jn orderto examineits structue.

An importantstrandof the elementarytheoryof grouprepresentationts the notion
of reducibility — breakingup a representatiomto smaller(andsimpler)parts,muchas
anintegermaybefactorised We shallremindoursehesof someof the basicdefinitions
for grouptheoryandthenexaminehow thesemight be generalisedo cat -groups.The
ultimate goal of this chapter which we shall not reach,is a cat -group analogueof
Maschle’s theorem. It is not yet completelyclear exactly what form sucha theorem
shouldtake, so herewe shall limit oursehesto exploring the backgroundand some
tentatve resultsleadingto anunderstandin@f the structureof 2-grouprepresentations.

6.1 Reducibleand Irr educible Group Representations

Thebasicdefinitionscomefrom moduletheory andmaybefoundin, for example [24].
We repeatthemherefor corvenienceandto fix our notation.Let R beacommutatve
unitaryring.

Definition 6.1.1. An R-moduleM is saidto bereducibleif it hasa propersubmodule
0 # N # M. Otherwise M isirreducible

Remark: Irreduciblemodulesarealsocalledsimplemodules.Theanalogywith sim-
ple groupsis clear Theirreducibility conditionimposesstrict limits on the mapsthat
canbe definedinto or out of a module[38]; this leadsto the resultthatthe endomor
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phismring Endg (M) of anirreduciblemodule, M, is adivisionring (Schurs Lemma).

As theforegoingremarksuggeststhe definition of irreducibility is actuallya rather
strongone. Anotherusefulnotion,andonewhich is someavhat easierfor a moduleto
satisfy is indecomposability

Definition 6.1.2. An R-moduleM is decomposablé it canbewritten asa directsum
of two non-trivial submodulesOtherwiseM is indecomposable

Thisdefinitionalsoholdsmoregenerallyfor objectsin ary preadditive cateyory [61]
(Popescts definition of irreducible however, is quite differentfrom the one adopted
here).

Clearly, if M isanirreduciblemoduleit hasno propersubmodulesndhencecannot
be written asa directsumof non-trivial submodulesThereforeary irreduciblemodule
is automaticallyindecomposable-However, the corverseis falsein general:ithereexist
indecomposablenoduleswhich have propersubmodules.

If amoduleis decomposablat canbesplit up asadirectsumof submodulesvhich
may themselesbe decomposabler not. A Krull-Remak-Skhmidt decompositior{or
K.R.S. decompositionfor short)of a module M is a directsum&p, M; = M where
eachM; is anindecomposablsubmoduleof M. In general,a K.R.S.decomposition
neednot be unique(unlessthe moduleis itself indecomposablan which casethe de-
compositionis trivial), but the Krull-Schmidttheoem stateshatif boththe ascending
and descending-hain conditionshold for modulesover the ring R, thenthe K.R.S.
decompositiorof arny R-moduleis unique.

If a moduleis decomposablé@ canbe expressedas a direct sum of submodules.
However, not every submoduléas necessarilya direct summand.The following defini-
tion captureghe strongerconditionin which every submodulas adirectsummand:

Definition 6.1.3. Let M be an R-module. Then M is completelyreducibleif every
submoduleN < M is adirectsummandf M, i.e. thereexistsa submoduleN’ < M
suchthatM = N @ N'.

Clearlyary irreduciblemoduleis completelyreducible,sinceit hasno propersub-
modulesto fail. A modulewhichis bothreducibleandcompletelyreducibleis decom-
posable However, adecomposablenoduleneednot be completelyreducible.

1Sometimeshis resultis referredto asthe Krull-Remak-Schmidtheorempr someotherpermutation
of thenamesof mathematiciang/ho contributedto its discovery.
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Remark: A moduleis completelyreducibleif andonly if it is a (direct) sumof ir-
reduciblesubmodules.Becauseof this, a completelyreduciblemoduleis also called

semisimple
Thesedefinitions,of course,make perfectsensewhen R is not just a ring but an

algebra.In particular we canspeakof irreducibleor reducible K (G)-moduleswhere
K (G) isthegroupalgebraoverafield K. Theoreml.4.7motivatesthefollowing:

Definition 6.1.4. A representationp : G — GL(V) is reducibleif V is a reducible
K (G)-module.Theotherterminologyfor modulegcompletelyreducible jndecompos-
ableetc.)is similarly extendedo cover representations.

Clearly, the submodule®f a moduleareimportantto the structureof the module.
Since K (G)-modulescorrespondo representationsf G, it is naturalto look for a
representatiotheoreticanalogueof K (G)-submodulesSupposes : G — GL(V) is
arepresentatiof G, andW is a K(G)-submoduleof V. Then,sinceWV is itself a
K (G)-module,p(g)(w) € W for everyw € W.

Definition 6.1.5. Let ¢ : G — GL(V) bearepresentationf G, andlet W bea sub-
moduleof the K (G)-moduleV. Thengw : G — GL(W), givenby ¢w (g9) = ¢(9) |w,
is asubepresentatiorof ¢.

If ¢ isdecomposablehenV = W @ W' with W < V andW’' = V/W, so¢ has
a subrepresentatiogy,. SincelV is a propersubmoduledim(W) < dim(V'), sothe
degreeof the subrepresentatias smallerthanthe degreeof therepresentation.

Turningto the matrix formulationof ¢, let {vy, ..., vpvmy1, - - ., v, } beabasisfor
V suchthat{vi,...,v,} isabasisfor W, and{v,,;1, ..., v, } is isomorphicto abasis
for W' asa K-vectorspace.Then,for ary v; € W andg € G,

o(g)(vi) e W

andhencethe correspondingnatrix ®(g) mustbe of theform:

(o)

whereA, B, C arerespectiely m x m, m x (n —m) and(n —m) x (n —m) matrices,
ando isthe (n — m) x m zeromatrix.

If ¢ is completelyreducible thensois V' = @}_,Wj. A basis{vy, .. Uk, © 1 <
k < n} canbefoundfor V' suchthat{vy, ..., } isabasisfor W for eachk. Then
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thematrixfor ¢ is block diagonal:

A 0 - 0
0 A

: 0
0 -~ 0 A,

Clearly, completelyreduciblerepresentationare particularlyhandy sincethey can
be broken up completelyinto a seriesof subrepresentationd herefore the following
resultis notonly very nice but alsovery useful:

Theorem 6.1.6(Maschke). Let G bea groupand K a field of characteristicp which

doesnotdividetheorder of G. Thenevery K (G)-moduleis semisimple
O

A sketchof the proofis givenin [25]. Dueto the correspondencbetweenk (G)-
modulesandrings, Maschle’s theoremcanbereformulatedirectly in the languageof
representationsChisis theversiongiven(with proof)in [24], but it canalsobederived
asaneasycorollaryof theorem6.1.6.

Corollary 6.1.7(Maschke’s Theorem - RepresentationVersion). Let G be a group
and¢ : G — GL,(K) arepresentationwhee K is a field of characteristicp 1 |G]|.

Theng is completelyreducible
O

While we areon the subjectof reducibleandirreduciblegrouprepresentationsye
may now returnto briefly considerthe relationshipbetweendegreeand irreducibility
alludedto in section5.4. The key resultis thefollowing.

Theorem 6.1.8. Let G be a finite group and K an algebraically closedfield of char-
acteristic zeio. Thenthe degree of any K-linear representationof GG is a divisor of

Gl.
O

A proof of thistheoremin a slightly moregeneraform canbefoundin [24] (where
it appearsastheorem33.7). The versiongiven hereis slightly simplified to avoid the
needfor introducingfurtherdefinitionswhich we shallnot need.
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6.2 Towards a Maschke Theoremin Dimension2

Givena cat-group¢ = (G, P,1,s,t), a cat-subgroupof ¢ consistsof a cat -group
D =(H Qi s t)whereH < G, Q < P andthe structuralmorphisms/’, s', ¢ are
restrictionsof the correspondingnorphismsn ¢. In the sameway, subobjectf cat -
algebrascat -modulesand othercat structurescan be defined. We canthen define
reducible/irreduciblend completelyreduciblecat -modules(ie. modulesover a cat -
ring) accordingto whetherthey have propersubmodule®r not, etc.

With thesedefinitionsin place, the definitionsfor reduciblerepresentationgtc.
shouldbe immediatefrom the equivalentmodulesover the cat-groupalgebra.A ver-
sionof Maschle’s theoremshouldstatethatunderfairly generalconditions,suchmod-
ules(andhencealsorepresentationghouldbe completelyreducible. The exactnature
of the conditionsneedsnvestigationsincetheideaof grouporderdoesnt immediately
generalisgo cat -groups(presumablythe conditionwill be thatthe orderof the base
field is coprimeto somethingalthoughit is not quite clearwhat).

As we have seennotionssuchasreducibility canbeinterpretedn anabstractmod-
ule theoreticway or moreconcretelyin termsof matrices.It shouldbe possiblealsoto
derive amatrix formulationfor the structureof cat -modulesandrepresentationsludg-
ing by the patternof the matrix formulationin chapter2, we would expectmatricesfor
both levels, with somecompatibility conditionslinking the two. The exact natureof
theseconditionswill requirefurtherinvestigation.



Chapter 7
Further Directions

In which we survey the resultsaccomplishedand considerpossiblefurther directionsin which

thisreseach could continue

In afinite amountof time, only a finite amountof work cangetdone,sothis thesis
representsn no way a completeaccountof every possiblefacetof 2-grouprepresen-
tationtheory Insteadit may be consideredasanintroductorysurwey of a new areaof
researchn higherdimensionahlgebra.t is my aimin this chapterto considemwhathas
beenachiezedsofar(section7.1),andto make somesuggestionasto possibleareagor
furtherresearcl{section7.2). Thislattersectionis notintendedo beanexhaustve list,
but only to highlight someof the questiongaisedby my work sofar which | have not
hadtime to explorefully asyet. Someopenquestionsareposedor hintedat, in earlier
partsof this thesis(in particular the questionof degreein section5.4 andthe issueof
reducibility in chapter6), soherewe shallconcentrat®n otherpossibleavenues.

7.1 The Story SoFar

In orderto begin working on two-dimensionarepresentatiotheoryit wasnecessary
to familiarisemyself both with the classicalone-dimensionatepresentatiotheory of
groupsand with the techniquesof higherdimensionalalgebra. Indeedit was while
exploring the latter, and consideringgroupsasa way to understan®-groups,thatthe
ideafor studyingrepresentationsf 2-groupsdeveloped.

While cat -groupsandtheir analoguesreby now reasonablywell-known andun-
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derstood thereis a lack of detailedelementarypresentationsuitablefor nencomers
to the areawho want more than just a definition of the structures. The early part of
this thesis therefore hasa strongemphasion the expositionof this materialasa way
of bridging this gap,in the hopethatit will be accessiblg¢o readerswithout a strong
backgroundn this areaof algebra. In this way, the thesismay also be of interestto
peoplewhosemain concernis not with representatiotheory Similarly, the otherma-
terial of chapterl andto a large extent the exposition of cat -algebrasn chapter3 is
notgroundbreakingiew materialbut is difficult to find in a straightforvardpresentation
elsevhere.

As remarledin sectionl.3, the catgyory Chg) canbe recoveredfrom a construc-
tion given by Gabrieland Zisman[30]. It alsocropsup undera differentnamein a
paperby BaezandCrans[4], which appearedometimeaftermy accountof Ch&? was
completedseealsosection3.3). The constructionof Aut(§) detailedin chapter2 is a
subcatgory of Chgp andis whatwe really needfor describingrepresentations-How-
ever, themoregeneraldiscussiorof Ch%) (whichwascompletedbeforetheneedfor an
explicit treatmenbf Aut(d) wasrealised)hasbeenretainedsincethis betterillustrates
theconnectiorwith vectorspacesandalsogeneralisegasilyto the higherdimensional
caseCh which would be requiredfor a moregeneralrepresentatiotheory of higher
dimensionak-groups.

The cat-group algebrais a new construction. The needto factor out the cogycle
conditionwasunforeseenvhenthe constructionwasfirst attemptedThis addsanextra
degreeof subtletyandinterestto the construction.The cogycle conditionis necessary
for the constructionof the regular representatiorio work (in orderfor the top level
of p to be a functor and a homotopy), andin factit wasin attemptingto verify this
constructiorthatthe needfor the cogycle conditionwasfirst broughtto light.

While mary of thecalculationsontainedwithin thisthesisareatafairly elementary
level, they oftencontaina numberof detailsto keeptrackof (andto trip up the unwary
mathematician)aswell asbeingsusceptible¢o confusionbetweenthe differentways
of viewing the variousentitiesinvolved. Becauseof this, performingactualcalcula-
tionswith representationsf cat -groupsis still quitetedious gvenfor reasonablgmall
examples.

Thesubjectof grouprepresentatiotheoryis avastone,andtherearemary different
directionsin which to exploreary generalisationo higherdimensionsin thisthesiswe
have travelled a numberof roadsto a greateror lesserextent, but have certainly not
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reachedheendof any of them.

7.2 The Road Ahead

Fromary crossednoduleX, thereis aninducedcrossednodulewith the kernelasthe
topgroupandacoinducedrosseanodulewith theimageatthetop (bothshareghesame
baseas X). Theseareof the form of someof our first genericexamples. Presumably
the associatedat -groupsshould also be relatedto eachotherin the sameway. It
might be possibleto reconstructrepresentationsf X (or €(X)) from a knowledgeof
the inducedand coinducedcrossedmoduleson the kernelandimage. Sucha result
would be particularly nice (anduseful) if thesegenericexampletypeshave restricted
possibilitiesfor their representationsPerhapghe interplay betweentop and bottom
groupsimposessevererestrictionson the possiblerepresentationdt may evenbethat
every representatioganbe built from representationsf thekernelandimage.If there
is only asmalllist of possibilitesfor each crossednodulerepresentationwill beeasily
characterisable.

It wasremarledin sectionl.4 thata groupalgebrahasa naturallyoccurringHopf
algebrastructure.lt seemsplausible therefore thatthereshouldbe somekind of cat-
Hopf algebrastructureon the cat'-group algebra. Any associatie algebranaturally
givesriseto a Lie algebraby definingthe braclet [z, y] := zy — yz (see for example,
[36]). The sametrick in the next dimensionworks to give a cat -Lie-algebrafrom
ary cat-algebra,including K (€). In the group case,thereare adjunctionsbetween
the categyoriesof groups,Hopf algebrasandLie algebraggivenin thefirst placeby the
groupalgebraunctorandits right adjointthe unit groupfunctor, andin thesecondlace
by theuniversalenvelopingHopf algebreof a Lie algebraogethemwith its adjoint[65]).
Theseadjunctionsshouldcarry throughto the cat casein muchthe sameway aswe
earliersav the adjointnesf the groupalgebra/unigroupfunctors(in 1.4) extending
to the cat'-groupalgebra(in 3.2.3). The detailsof the interactionsbetweerthesethree
structuresvould be aninterestingsubjectfor furtherstudy

As intimatedin previous chaptersa desireto facilitate computationof actualex-
ampleswas one of the main motivating factorsbehindthis work. In orderto do this
practically it would be necessaryo enlistthe help of computeralgebrapackagesThe
calculationsdevelopedin this thesis,andextensionsof them,could beimplementedn
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GAP or anothersuchpackage.

A recentpaperby BaezandLauda[5] detailsthe theoryof weakandcoherent2-
groups. Theseare 2-groupsin which inverseswork only up to isomorphism. A nice
theoremis that every weak 2-groupis equialentto somecoherent2-group,although
thesearenot in generalequivalentto strict 2-groups. Representatiotheory which in
this thesisis only developedfor strict 2-groups,could be extendedto cover coherent
2-groupsaswell. It seemgeasonabléo expectthatin this caseaweakversionof Chﬁ?
would berequired,andlax functorswould have to be considered.

As mentionedn theintroduction,the representatiotheorycould be extendedboth
to still higherdimensionsandto groupoidswith morethanoneobject. Also, permutation
representationsf 2-groupswould beworth exploring. It is lik ely that,aswith thegroup
case thesecould be modelledsuccessfullyby linear representationdyut even so they
might be of intrinsic interest. The 2-dimensionalnalogueof permutationson a set
would quite probablybe automorphism®f a graph. Somework on automorphismsf
graphshasbeendoneby R. Brown andhis collaboratorsn [10, 15].



Appendix A

Matrices for Ch([?

In which the matrix formulationfor Ch%) is dissectedvith theaid of someexamples.

This appendixcontainssomeexamplesof matricescorrespondingo the cells of
Chﬁ?, asdiscussedn sectionl1.3.6. For easeof computationwe shall work over R,
with thestandardasisfor eachR™. Someof thefollowing calculationshave beengiven
in detail; othersareleft asaneasy(andhopefully pleasantexercisefor thereader

Let A, B, C bethefollowing 2 x 3 matrices:

1 1 1 1
A= 0 0 . B= 0 0 o= 0
010 1 00 011

Then A, B, C areaffordedby lineartransformation®* — R2, which areobjects
in Chﬁg). For the sale of corvenience we may slightly aluselanguageand refer to
the matricessthemselesasobjectsof Chﬁg) — this presentsio problemsaslong asthe
basesrefixed. Similarly, the 1- and2-cellsof Ch}’ arepairsof lineartransformations,
calledchainmapsandhomotopiesespectely, satisfyinggivenconditions;the pairsof
matriceswhich arisefrom thesewill alsobereferredto aschainmapsandhomotopies.

Chainmapsbetweeneachpair of the objectsA, B, C will be pairsconsistingof a
3 x 3 matrix anda 2 x 2 matrix that satisfy the commutatvity condition (1.8). For
example,onechainmapis F' : A — B with

100
01
by = , Fi=[010
10
001
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The commutatvity conditionin this caseis FybA = BF;. It is easyto checkthatthis
conditionis satisfiedandin fact Ff, A = BF, = B. We couldreplaceF; by the matrix

F1:

w o =
s = o

0
of,
3

or indeedby any matrix with the sametop two rows andan arbitrary bottomrow, and
thecommutatvity conditionwould still be satisfied Anotherchainmapfrom A to B is

F':
1 0
Fl = , Fl=
01

Thistime we get F{A = BF| = A. A final exampleof achainmapA — B, using

o = O

1
0
0

= o O

slightly moreadventurouscoeficients,is F":

2 0 03
FII — , FII — 2 0
0 (o 3) ' 0o

Here,FjA = BF = (2339).
Someexamplesof chainmapsB — C now follow:

1 0
GOZ( )a G1:
01

= o O

s G()B:CG1 = B.

100
, GgB:Cng( )
110

o = O
o O =
o o O
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Chainhomotopiedetweernthesechainmapsarelineartransformation®? — R3, so
thecorrespondingnatricesare3 x 2. Thesemustsatisfythechainhomotopy conditions
of (1.9). A chainhomotopy betweenF' and F” is givenby:

It is straightforwardto checkthatthe homotopy conditionsaresatistied:

11
1 -1
BHz( 1 1>=F5—F0; HA=|1 -1 0|=F -F.
0 0 0

ThereforeH : F ~ F’, asclaimed. Similarly, the following are chain homotopies
betweersomeof the otherpairsof chainmapsabove:

2
0 . HI.FI:FII
0

-1 1
K=|1 o0o|; H:Gxd
0 O
1
K'=12 3|; H:G~qG".
0

Notethatin orderto fully specifyahomotopy, it is necessaryo give boththe chain
homotopy andits startingpoint. Thisis becaus¢he samechainhomotofy mayfunction
for differentpairsof chainmaps. A trivial exampleof this is the identity homotopy
idy : f = f forary chainmapf. In every casethechainhomotoyy is thezeromap(or
its correspondingeromatrix).

We now have enoughchainmapsandhomotopiego explore the matrix versionsof
the compositions.Compositionof chainmapscorrespondsimply to multiplication of
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matricesatbothlevels:

010
0 1
GoFoz(1 0>, GF=1|100]; GyFzA=CGF,=B.
000

2 6 2 6 0
G”F” — 7 G”F” =16 12 0]; G”F"A — CG"F” — )
0-0 (6 12) 11 0 oo 0-0 141 6 12 0

ThesearebothchainmapsA — C.
The vertical compositeof two homotopiesis found by addingthe corresponding

matrices.Thus:

-1 3
H+H=|2 -1|; F-F=BH+H),F'-F =(H +H)A.
0 0
0 2
K+K=1|33|; GI—-Gy=C(K'+K),G"— G, = (K'+K)B.
00

Thesegive,aswe wouldexpect,(H' + H) : F ~ F" and(K' + K) : G ~ G".

Pravhiskering corresponds$o multiplying the homotogy with the bottommatrix of
the chainmap, while postwhislering correspondso multiplying the top matrix of the
chainmapwith the homotopy. For example:

010\ (-1 1 1 -1
GH=|1o0o0||1 -1|{=]-1 1],
000/ \0 0 0 0
11 -1 1
, 10
FFRi=]1 o0 =[1 0
0 1
0 0 0 0

Both of thesegive homotopiesrespectiely GF ~ GF' andGF' ~ G'F'. These
homotopiesmay be addedtogether(i.e. composedvertically) to give the horizontal
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compositeof H andK:

G\H+KF) =

o o O
o = O

To verify thatthisis ahomotoly GF ~ G'F', checkthehomotopy conditions:

00
GyFy — GoFy = (0 1) = C(G1H + KFy);

0
0

o = O
o o O

The horizontalcompositeof H' and K’ is formed similarly. The readermay like to
checkthat:

GH+KF' =|5 11

andthehomotopy conditionsaresatisfied.
We maynow verify thattheinterchangeaw holdsfor thefour basichomotopieghat
we have sofar defined.Composindirst vertically, thenhorizontally:

2 5
Gi(H+H)+ (K'+K)F/ =15 12
0 0
Composindirst horizontally thenvertically:
2 5
(G1H'+K'F)+ (GiH+ KF)) = [ 5 12
0 0

Thesetwo matricesarethe same just aswe would expect.
Previously we took two chain mapsand searchedor a chainhomotopy between
them. Working this way round,we cannotguarantedinding a suitablematrix, for not
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all chainmapsbetweena given pair of objectsare homotopicto eachother To prove
this claim, considerthe following example. Let F' = (F}, Fy) : A — B bethechain
mapdefinedaboreandE = (F4, Ey) : A — B thefollowing chainmap:

1 3 0
1 2

E(): y E1: 1 2 0
13

5 12 13

Supposé H € R*? is achainhomotopy. Thenwe musthave AH = E, — F,, whence
H is of theform:

— O

3
H= 1
a b

for somea, b € R. For ary choiceof a, b, we get:

0 30
HB=1|11 01,
a b 0

in which the lower right handcornerentryis 0. However, the lower right handcorner
entryof E;,— F; is 12,whencat isimpossibleo find amatrix H satisfyingthehomotory
conditions.Thus,F' # E.

Corverselywe maystartwith achainmapF' (notneccesarilfheonedefinedabove)
andapotentialchainhomotogy H andlook for anotherchainmapF’ suchthat(H, F) :
F ~ F'is ahomotopy. In this casea suitablematrix may alwaysbe found. Suppose
F: A— Bwith A, B € R™". Put

F/=HA+F, Fy=BH+F,.

Theseareboth definedsinceall the matricesinvolved aretheright shape .Rearranging
theseformulae the chainhomotogy conditionsareautomaticallysatisfied.lt remaingo
verify that(Fy, F§) is achainmap.Now,
FyA = (BH + Fy)A = (BH)A + F,A
= B(HA)+ BF, = B(HA+ F,)
= BF,

!RecallthatR™™ is notationfor the vectorspaceof all m x n matricesover R.
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asrequired.Henceevery n x m matrix is a chainhomotoyy for a suitablychoserpair
of chainmaps.

We turn now to considerthe questionof inversesfor chainmapsandhomotopies.
It is clearfrom the definition that a chainmap will be invertible preciselywhenthe
lineartransformationst bothlevel areinvertible. In matrix terms,this meanghat ' =
(F1, Fy) is invertibleif andonly if both F; and F; (which arealwayssquarematrices)
arenon-singular For homotopiesinversesalwaysexist for verticalcomposition.Since
this compositionis simply additionin the matrix formulation, it is easyto seethatthe
inversefor vertical compositionof a chainhomotopy matrix is the additive inverseof
that matrix. For horizontalcomposition,(H, F) is invertible whenboth the sourceF
andthetarget F + A H areinvertible.

In our examples mostof the chainmapsarenotinvertible, sincethe top level ma-
tricesincludea columnof zeros.The exceptionis the chainmap E, for which both E,
and E; arenon-singular



Appendix B

A Dictionary of the Analogy Between
Group and Cat!-Group
Representations

In which we summarisesomeof the principal structues and resultsfor group representation

theoryandtheir analayuesin the next dimension.

The representatiortheory of cat-groupscontainedwithin this thesishaslargely
beendevelopedby analogywith theclassicatheoryof grouprepresentationdt is help-
ful to summarisehe analogybetweenthesetwo theories. The following table shavs
someof the principal structuresnvolved in group representatiortheory andthe cor-
respondingstructuresin the cat case. Throughoutwe shall assumethat K is a field,
althougha commutatve unitary ring could be substitutedvith minimal changesn the
terminologyandnotation.

Groups Cat'-groups
G group ¢ cat' -group
|4 K-vectorspace C:C4 LN Co length 1 chain comple
(a.k.a.lineartransformation)
of vectorspaces
Vecty catgyory of vectorspaces Ch%) 2-catgory of length1 chain
complees
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GL(V) group of linear automor Aut(9) 2-group of chain automor
phismson V phismson § andhomotopies
betweerthem

¢: G — GL(V) linear representatiorof G |¢: € — Aut(d) linear representationof ¢

(groupmorphism) (cat--groupmorphism)
|4 representatiospaceof ¢ 1) representatiosomple of ¢
¢ : G — Vecty linear representatiorof G| ¢ : € — Ch%) linearrepresentatioof & (2-
(functor) functor)
K(G) groupalgebraof G K(©) cat -groupalgebraof ¢

It will be obsenred thatthe representatior, both for groupsand cat -groups,ap-
pearstwice in thetable. It occursinitially asasa morphismof (cat-)groups,thenasa
(2-)functor(interpretingG asa category and¢ asa2-category, bothwith asingleobject
andinvertible morphisms) Similarly, V andé bothappearwice. Thefirst timeis their
definition (note that we used andC interchangeablyor the length 1 chain complex
whichis thecat analoguef avectorspace)while theseconds theirappearanci the
representationasthe objecton which the (cat -)group elementsarerealisedaslinear
isomorphismgchainisomorphisms/homotopies).

As well asthe structuregshemseles, mary of their propertieshave analogiesbe-
tweenthe two cases.For example,a faithful representatiowan be definedasonein
which the (2-)functor ¢ is faithful. The degreeof a grouprepresentations definedas
the dimensionof the representatiospacewhile the degreeof a cat -grouprepresenta-
tion is relatedto the degreesof the termsin the representatiomomple, althoughthis
definitionis notyetfully workedout.

Many of the resultsin group representatiortheory also have more-orlessdirect
analoguesn cat-group representatiortheory For example,in both casesCayley’s
theoremstatesthat representationsxist and provides a constructionof right regular
representationsThe cat analogueof Maschle’s theoremwhich we have not yet suc-
ceededn establishingcompletely will be a structuretheoremalong the lines of the
classicalMaschle theoremandis lik ely to involve a similar conditionon the character
of the basefield andthe ordersof the groupsinvolved.

Of course ananalogycanonly betakensofar. For example,thereis nothingin the
constructionof the groupalgebraK (G) to indicatethe problemof the cogyclesin the
cat casewhich necessitatefactoringoutthecogycle idealto getacat -algebra.



List of Notation

Thetablebelow indicatessomeof the notationemployedin this thesistogethemwith a
shortdescriptionanda referenceo the placewherethe notationis defined(or thefirst

pageonwhichit is used for thingsnot definedhere).

Notation Description Page
Cat Categyory of (small) categoriesandfunctors 3
Set Catagory of (small)setsandfunctions 3

Vecty Categgory of K-vectorspacesandlineartransformations 3
GL(V) Groupof linearautomorphismsef avectorspacel’ 8

GL,(K) Generalineargroup(invertiblen x n matricesover K) 8

N Naturalnumbers{0,1,2,... } 33
Nt N\ {0} ={1,2...}
Cx C\ {0} = GL.(C)
X Crossednoduleof groups(C, P, 9, «) 12
v:G — G/N | Naturalmapg — g + N whereN < G andg € G 13
(alsofor rings,modulesetc.)

Z(G) {c € G:cg = gcVg € G}, centreof G 14
Aut(G) Groupof automorphism& — G 14
XMod Category of crossednodulesof groups) 16

BX Classifyingspaceof the crossednoduleX 16

¢ Cat-group(G, P, i, s, t) 16

Catl = Catlg, | Category of cat-groups 16
¢(%) Cat -groupassociatedo crossednodulex 18
X(¢) Crossednoduleassociatedo cat -group€ 18

B¢ Classifyingspaceof the cat -group¢ 19
coker (f,g) Coequalisenf morphismsf, g in a cateory 19
#o (horizontal)compositioracrosscommonO-dimensionaboundary| 20
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LIST OF NOTATION 116
Notation Description Page
#1 (vertical) compositionacrosscommonl-dimensionaboundary 21
Chg) 2-catgory of length1 chaincomplexesover Vecty 23
invChg) Sub-2-groupoidf invertible elementof Chg) 23
Top Cateagory of topologicalspaceandhomeomorphisms 23
ColI Cylinderonthechaincomplex C € Ch%) 24
Chg?) (n + 1)-catgory of lengthn chaincomplexesover Vecty 32

Ch Gray-catgory of arbitrarylengthchaincompleesover Vecty 33

Xa Underlyingsetof groupG 35

Gr Cateyory of groupsandhomomorphisms 37

Alg g Cateyory of K-algebrasand K -lineartransformations 37
K(G) Groupalgebreaof G overafield K 37
U(A) Unit groupof a K -algebra,A 37
Endg (V) K-algebraof lineartransformationd” — V 39
Aut(6) Automorphismcat -groupof lineartransformation 42
K™n m X n matriceswith coeficientsin field K 45

¢p: € — Chg) Representatioof € 58
A,x,; B Pullbackover morphismsr : A —+ C andr: B —» C 62
Catlag, Category of cat -algebras 64
K(Q) Cat -groupalgebraof € over K 72
K-Mod Catggory of K-moduleg(K acommutatve ring) 77
p:CP— Ch%) Rightregularrepresentatioof ¢ 86
Repk& Catgory of K-linearrepresentationsf groupG 90
Repgf 2-Catgory of K-linearrepresentationsf cat -group€ 91

We generallyadoptthe following corvention with regardto choiceof lettersfor

homomorphismslinear transformationsand matrices. LowercaseRomanlettersare

usedfor homomorphismsf groups, lowercaseGreek letters for linear transforma-

tions and uppercasésreeklettersfor matrices. Wherethereis a correspondencbke-

tweenhomomorphismand linear transformationspr betweenlinear transformations

andmatriceswe shallusethe correspondindettersof the differentalphabetsSuppose

for example f : G — H is a grouphomomorphismthenthe linear transformation
K(f) : K(G) — K(H) is usuallywritten as¢. A matrix affordedby ¢ would be
written as®, or ®y if it is necessaryo make thebasisV” explicit.
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eguvalentrepresentation§1
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