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Summary

Cat� -groupsandcrossedmodulesareequivalentformulationsof 2-groups(a two-

dimensionalgeneralisationof the conceptof group). A linear representationof the

cat� -group � is definedto bea 2-functor ������� 	�
� ���� into the2-category of length1

chaincomplexesof vectorspacesoverafixedfield. Thisdefinition,andto alargeextent

thetheoryof cat� -grouprepresentations,is basedonanalogywith theclassicaltheoryof

grouprepresentations.Thereexist cat� analoguesof many definitionsandresultsfrom

grouprepresentationtheory. Theseincludethe notion of a faithful representationand

theexistenceof regularrepresentationsgivenby Cayley’s theorem.However, thereare

alsodivergencesbetweenthetheories.For example,theregularrepresentationfor cat� -
groupsis not necessarilyfaithful. Every cat� -group, � , hasan associatedcat� -group

algebra������� , which is obtainedby first applyingthe groupalgebrafunctor to � and

thenfactoringthe top level by a given ideal in order to introducerelationsnecessary

to make thekernelconditionswork in thealgebra.Representationsof a cat� -groupare

equivalentto modulesover its cat� -groupalgebra.Sincerepresentationsare2-functors,

thereis a 2-functor2-category Rep� of representations,morphismsbetweenthem(nat-

ural transformations),andhomotopiesbetweenthe morphisms(modifications).Many

of the resultson the structureof grouprepresentations,for exampleMaschke’s theo-

rem,will generaliseto thenext dimension,althoughwe haveonly just begunto scratch

the surfaceof this theory. Sinceit is possibleto passfreely betweencat� -groupsand

crossedmodules,it is alsopossibleto describerepresentationtheoryfor 2-groupsin the

languageof crossedmodules.
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Intr oduction

Aims and Background

In grouptheory, theideaof a representationis to find a groupof permutationsor linear

transformationswith the samestructureasa given,abstract,group(see,for example,

[48]). Formally, a representationof agroup � is ahomomorphism��� � where� is a

‘concrete’groupsuchas  "! (leadingto apermutationrepresentation) or �$#%!&��'(� (lead-

ing to a linear representation). Notethatwhile someauthors(usuallythoseconcentrat-

ing on matrix representations)usetheterm“linear representation”in a morerestricted

sense,meaningrepresentations�)� � where � is a field, we shallusethetermmore

generallyfor any situationwherethetargetis agroupof lineartransformations.

Permutationrepresentationsof groupsare intimately relatedto actionsof groups

[49]. If ���*�+�  ", is arepresentation,then � actson - by .0/��012�3�54��6�7/"� ; conversely,

an actionof � on a set - definesa representationby associatingto each 498+� the

permutation�3�54�� that takes /:8:- to .;/ (the fact that this is a permutationis an im-

mediateconsequenceof thedefinitionof groupactions).Linearrepresentationsmaybe

definedashomomorphismsof � into ��#%!����<� for afield � , giving aninvertiblesquare

matrix for eachelementof � . They mayalsobedefined[67] ashomomorphismsinto��#=�?>�� where > is a � -vectorspace,giving a linear isomorphismof > for eachele-

mentof � . Thesetwo versionsare,of course,essentiallythesamesincethereis adirect

correspondencebetweenlinear isomorphismsandinvertiblematrices.More abstractly,

linearrepresentationsmaybedefinedin termsof modulesover thegroupalgebraof � .

This extra level of abstractiongiveslinearrepresentationsa majoradvantageover per-

mutationrepresentations,allowing easiergeneralisationto infinite groupsanda much

richerdevelopmentof theabstracttheory. Also, any permutationrepresentationmaybe

canonicallyconvertedto a linear representation,sonothingis lost by concentratingon

thelatter.

1
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The theoryof representationsis an importantandwell-developedbranchof group

theory (see,for example,the books[24] and [25] by Curtis andReiner). It is com-

putationallyvaluable,ascalculationsaregenerallymucheasierwith well understood

operationson objectssuchasmatricesandpermutationsthanwith abstractoperations

on abstractobjects.Also, representationtheoryhelpsto elucidatethe structureof ab-

stractgroups,aswell asproviding importantlinks betweengrouptheoryandotherareas

of algebra.

The work of R. Brown on higher-dimensionalanaloguesof the Van Kampenthe-

oremled to a moregeneralprogrammeof “higher-dimensionalgrouptheory” [9, 12].

Many classicalresultshaveanaloguesin higherdimensions;theVanKampentheorem,

which largely motivatedBrown’s research,is of courseoneexample. While many ar-

easof grouptheoryhave beensuccesfullygeneralisedto higherdimensions,therehas

previously beenno systematicdevelopmentof representationtheorybeyonddimension

one.Sincerepresentationtheoryis sousefulandinterestingfor groups,it is reasonable

to supposethata higher-dimensionalversionmight alsobeusefulandinteresting.The

principalgoalof this thesisis to explorethis supposition.This is notmerelyanattempt

to fill in a few gapsin somebodyelse’s programme;a successfulrepresentationtheory

of 2-groupsshouldhave thesamebenefitsfor higher-dimensionalgrouptheorythatthe

theoryof grouprepresentationshasfor grouptheory, both for facilitatingcomputation

andfor understandingtheabstractstructuresbetter. Somereasonswhy we might want

to studyhigher-dimensionalgroupsin thefirst placewill betouchedonbelow.

Brown’s programmeincludesmoregeneralhigher-dimensionalgroupoids,but for

simplicity we shall concentrateon the caseof groupsin dimensiontwo. It shouldbe

fairly straightforwardto generaliseourresultsto groupoidswith many objects.Likewise

weshallconcentrateonthegeneralisationfrom dimensiononeto dimensiontwo, which

Brown [9] describesas“a significantone”. Again,generalisationto higherdimensions

shouldbepossible;indeed,conceptuallyit maywell beeasierthantheinitial leapfrom

dimensiononeto two, althoughthenotationis necessarilyevenmorecomplicatedand

visualisationjust aboutimpossible.

Thereareseveralcandidatesfor the title of “2-dimensionalgroup” [18], andwhile

theseareequivalent,they arenot trivially so. Of these,we shallconcentrateon crossed

modulesof groupsandcat� -groups. Theformerwerehistoricallythefirst on thescene,

appearingin thelate1940sin thecontext of homotopy theory;they arenow well-known

to beequivalentto internalcategoriesin Cat [29]. Thelatter, datingbackto about1982,
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arerelatively easyto pictureas2-categorieswith a singleobject, in which all 1- and

2-cellsareinvertible. In dealingwith higherdimensionalalgebra,it is commonto take

acategory theoreticapproach,andthis is thewayweshallproceedin this thesis.There-

fore it will be helpful to remindourselvesof the categorical interpretationof groups,

andto seewhatrepresentationslook like in this context.

Viewing a group � asa category with a singleobjectandinvertiblemorphisms,we

find that a functor �@� Set correspondsto a permutationrepresentationof � (each

elementof � is mappedto a bijection on a fixed set,and functoriality preserves the

structureof � ). Similarly, linear representations(representingthe elementsof � as

matrices/lineartransformations)aregivenby functors �A� Vect� for � a fixedfield.

This immediatelysuggeststhatrepresentationsof 2-groupsshouldbe2-functorsinto a

suitable2-category. For permutationrepresentationsthis may well be the category of

groupoids,andfor linearrepresentationswe investigatethe2-category 	B
 � ���� of length

onechaincomplexesof vectorspaces.Linearrepresentationsof a2-group � will bede-

finedas2-functors�C� 	�
%� ���� . In fact,thefunctorialimageof � givenby a representa-

tion naturallylieswithin a2-subgroupoidof 	B
� ���� obtainedby takingonly theinvertible

chainmapsover a singlelengthonechaincomplex togetherwith homotopiesbetween

them. This substructureis denotedby Aut ����� and hasthe structureof a cat� -group.

Thereforea representationof anabstractcat� -group � realisesit asa cat� -subgroupof

a cat� -groupwith linearstructure,in thesameway thata representationof anabstract

group � realisesthatgroupasasubgroupof agenerallineargroup.

Takingtheabove asa working definitionof 2-grouprepresentations,thefirst major

taskis to prove suchthingsexist. As Heath[35] pointedout in thecommentaryto his

translationof Euclid, “a definitionassertsnothingasto theexistenceor non-existence

of thethingdefined”.To ensurethatwearenotstudyingnon-existentthings,wesimply

needto comeup with someexamplesof representations.For group representations,

we canfind ad hoc examplesfor particulargroups,andthereis an existencetheorem

(Cayley’s theorem)thatconstructsa representation(theregularrepresentation)for any

group.Following this lead,we shallexaminebothspecificexamplesanda generalised

versionof Cayley’s theoremfor 2-groups.

A representationtheory that merelydefinedrepresentationsandshowed that they

exist would not bevery exciting, but thegroupcasesuggeststhata lot moreshouldbe

possible(a mereglanceat thesizeof CurtisandReiner’s tome[25] indicatesthat this

is a big subject).We arrivedat thedefinitionof cat� -grouprepresentationsby analogy
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with grouprepresentations,andanalogiessuggestthemselvesfor many otherfacetsof

grouprepresentationtheory. Analogyis a powerful mathematicaltool [60], but it must

be usedwith caution. While analogieswill suggestpotentialdefinitionsand results,

they donotprovethatthesedefinitionsaresensibleor theresultstrue(thoughthey may

suggestwaysof attemptingtheproof).

Faithful representationsof groupsarethosewhichareinjectiveashomomorphisms;

theseare particularly important,sincethey preserve the structureof the group more

completelythanany otherrepresentations.They correspondto faithful functors. Per-

hapsthehardestthingaboutgeneralisingthemto dimensiontwo is findingadefinitionof

faithful 2-functor. Anotherimportantstrandof elementaryrepresentationtheoryis the

ideaof reducibility. This involvesbreakingrepresentationsdown into smaller, simpler

partswhich cannotbe further brokendown, andis somewhatakin to prime decompo-

sition of integers. A centralresult in this areais Maschke’s theorem,which roughly

statesthat,underfairly generalconditions,representationsarewell-behavedandbreak

up nicely. Again,suchtheoryimmediatelysuggestsitself for generalisationto thenext

dimension,andwhile theextra level addsacertainamountof complicationtheproblem

is not insurmountable.

Representationsare functors, so natural transformationsprovide morphismsbe-

tweenthem. This naturallyleadsto a definitionof thecategory of representationsasa

functorcategory. For 2-groups,modificationsprovide “homotopies”betweenthemor-

phisms,andthe category of representationsbecomesa 2-functor2-category. As with

any category we mayaskwhat propertiesit has,for examplewhetherit is abelian,or

monoidal,andsoon.

Asstatedearlier, while wehaveconcentratedonthecaseof 2-dimensionalgroupoids

with asingleobject,theresultsshouldgeneralisein a fairly straightforwardwaybothto

higherdimensionsandto D -groupoidswith many objects.Bothof thesesituationswould

requiremore complex, cumbersomenotation,but the conceptsinvolved are scarcely

moredifficult. Thereareseveralalgebraicmodelsfor homotopy ��DFE�GH� -typesavailable,

includingcat! -groups[51], crossedD -cubes[28] andhypercrossedmodules[21] (for 3-

types,theseareequivalentto 2-crossedmodules[22]). Thelinks betweenthesemodels

areexploredin [57]. Togetherwith longerchaincomplexesof vectorspacesandthe

correspondinghigherdimensionalversionsof Aut ����� thesewouldtakecareof thehigher

dimensionalgroupversions.Moerdijk andSvensson[56] treat2-groupoidsasa wider

caseof algebraic2-types,andthesetoocouldbegeneralisedto higherdimensions.
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Thefield � cropsupmany timeswithin thesepages,andweshallbespendinga lot

of time working with � -algebrasandvectorspaces.However, exceptwherenoted(for

example,theconstructionof section2.3),thedefinitionsandresultsgivenwork equally

well when � is allowed to be a moregeneralcommutative unitary ring (andthe term

“vectorspace”replacedby “ � -module”). Occasionallyit will benecessaryto allow �
to beanintegral domain( I beingtheclassicexample).For themostpart,however, the

readermaytake � to beafield andwill not loseverymuchgeneralityby assumingit to

be J or ' throughout.Theexpositionis mostlygivenin termsof fieldsfor expositional

convenience,so that the morefamiliar languageof vectorspacescanbe usedandthe

existenceof basesassumed.

Structur eand Principal Results

At thestartof eachchapteris a brief summaryof what thatchaptercontains.Theidea

for this wasborrowed from Milne [54]. For conveniencehereis an overview of the

contentsandarrangementof this thesis.

Chapter1 containsaccountsof somenecessarypreliminariesfor our studies– a

review of the elementsof linear representationsof groups;the definitionsof crossed

modulesandcat� -groups;thepropertiesof a 2-category, 	B
� ���� , which generalisesthe

category Vect� of � -vectorspaces;andtheconstructionof thegroupalgebra������� of

a group � andits usein representationtheory.

The2-category 	�
� ���� definedin chapter1 is an importantstep,but not quitesuffi-

cientfor a full explorationof representationtheory. In chapter2, thecat� -group,Aut �����
of automorphismsof a singlelineartransformation,which is asubcategoryof 	B
� ���� , is

investigated.Thematrix formulationis consideredin somedepth,sincethis is particu-

larly suitablefor calculations,andseveralexamplesandspecialcasesareexplored.At

theendof this chapter, we statethedefinitionof a cat� -grouprepresentation,although

we mustpostponeactuallyworking with themuntil we have exploredthe notion of a

cat� -groupalgebra.

Chapter3 developsthemoduletheoreticaspectsof cat� -grouprepresentationtheory.

After remindingthereaderof thedefinitionof a cat� -algebra,we definethecat� -group

algebraof a cat� -group. While the ideaof this is exactly whatwe might expect,based

on thenotionof a groupalgebra,thedetailsturn out to have a subtletwist. After this,
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modulesoveracat� -groupalgebraaredefinedandexplored.

In chapter4 we return to the definition of a cat� -group representation,andprove

that interestingexamplesactually do exist. The apex of this chapteris a cat� -group

versionof Cayley’s Theorem,giving a constructive proof of the existenceof regular

representations.We thenlook at someillustrative examples,anddefinethe notion of

faithfulnessfor cat� -grouprepresentations.Thechapterclosesby briefly consideringa

directdescriptionof crossedmodulerepresentations.

Sincewe are taking a category theoreticapproach,it is natural to ask about the

category of representationsof a given cat� -group, and we do so in chapter5. After

settingthe scenewith the category of representationsfor a group,we look at that for

a cat� -group,which (unsurprisingly)is a 2-category. We thenconsidersomespecial

propertiesof this category. The chapterconcludeswith a considerationof how the

degreeof agrouprepresentationmightbegeneralisedto dimensiontwo.

Oneof themostimportantideasin grouprepresentationtheory, andthesubjectof

chapter6, is the importantconceptof reducibility andirreducibility. The major land-

markaimedfor is ananalogueof Maschke’s theorem,which statesthat for grouprep-

resentationsany representationis semisimpleprovidedthattheorderof thegroupdoes

notdividethecharacteristicof thefield underlyingtherepresentationspace.Thismeans

that,underthesequitegeneralconditions,everyrepresentationsplitsupnicelyinto well-

behavedchunks.While a full two-dimensionalversionof Maschke’s theoremwill not

beachieved,thischapterwill makeprogresstowardsthatgoalbyanalysingtheclassical,

one-dimensionalresultandconsideringwaysin which it couldbegeneralised.

Unfortunately, constraintsof timeandspacepreventthedevelopmentof acomplete

representationtheorywithin this thesis.Chapter7 considersthe progressmadeso far

and looks at someaspectsof the theory that I have not yet had time to develop, but

whichwouldbeinterestingsubjectsfor furtherresearch.Theseincludethequestionsof

Hopf algebraandLie algebrastructureson thecat� -groupalgebra,motivatedby (i) the

Hopf algebrastructureof the groupalgebra������� (promptingthe question:“is there

somekind of Hopf 2-algebrastructureon �����K� ?) and(ii) somediagramsin Quillen

[65] thatrelategroupalgebrasto Lie algebras.

AppendixA containssomeexamplesof matricescorrespondingto 	�
%� ���� for the

case� 1LJ . This is a worked examplefor section1.3.6,but is removed to the ap-

pendixto facilitatethe flow of the narrative. AppendixB is a dictionaryshowing the

correspondencebetweenanalogousstructuresin grouprepresentationsandcat� -group
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representations.Thethesiscloseswith anindexedglossaryof notation,a bibliography

andanindex.

A noteon notation

Thereis a profusionof different notationand terminologyusedby different authors

whendealingwith any mathematicalsubject,andthosetreatedhereareno exception.

I have tried to make clearthe notationI am employing, which hasoften beensynthe-

sisedandadaptedfrom a varietyof sources.It hasoftenbeennecessaryto make fairly

arbitrarychoices.A casein point is the decisionbetweenleft andright actions;both

have theirsupporters,andI haveadoptedtheformer. Clearly, new conceptsdonothave

existing notationor terminology, so thesehave beeninventedfrom scratch,often by

analogywith existing cases.In general,I shall economiseon notationandomit orna-

mentation(suchassubscripts)thatis renderedsuperfluousby thecontext. In particular,

summationsarealwaystakenoverall theindicesunlessotherwisestated(e.g., MONQP�R S is

takento bethesumover TU8�V andWC8�X , while M PZYQ[ NQP�R S is thesumover V for afixed

valueof W ). Finally, I have usedthestandardsymbol \ (which, somehow, hascometo

standfor quoderat demonstrandum) to indicatetheendof aproof. Thissymbolis used

evenwhereno actualproof is given,sinceit helpsto make theresultstandout from the

surroundingtext.

Working with vectors,we move freely betweenwriting a vector ] in the formM2^`_ ^bac^ (where d a �fehgQgQghe a !ji is abasis)andwriting it asan D -tuple � _ �keQgQgQg6e _ !*� . In ei-

thercasethecoefficientsdependonthechoiceof basis;whenthisis notmadeexplicit for

an D -tupleover ' or J thestandardbasis,l � 1m�nG ekopehgQgQgqeko � e lsr=1A� ote G ekopehgQgQgfeko � eQgQgQg ,
maybeassumed.We shall tacitly assumethatany givenbasisis orderedin ascending

numericalorderof subscripts,sincethis shall facilitatewriting D -tuples(we shall not

useD -tupleswhendealingwith basesindexedby multiplesubscripts).In generalit will

bemostconvenientto userow vectors.However, whenworking with matricesweshall

insteadusecolumnvectors� _ �qeQgQgQgqe _ !j�Zu .
This thesiswastypesetusingLATEX.



Chapter 1

Preliminaries

In which somefoundationsare laid for our study: group representations,various typesof 2-

groups,a 2-dimensionalcategoryof vectorspaces,andtheextremelyusefulgroupalgebra func-

tor.

Beforecommencingthe studyof cat� -grouprepresentationswe mustassemblean

arsenalof basictoolsto use.Thischaptercontainsnonew material(althoughsection1.3

is a somewhatdisguisedspecialcaseof well-known materialthat appearselsewhere),

but is intendedto keepthis thesisreasonablyself-containedandto fix thenotationthat

we shallemploy lateron. Section1.1consistsof a brief overview of someof themost

basicdefinitionsin thetheoryof linearrepresentationsof groups.Section1.2will review

the definitionsof crossedmodulesandcat� -groups. In section1.3 we shall examine

a 2-groupoidbuilt from linear transformationsof vectorspaces;the aim of this is to

provide a suitabletarget for the functorsto beconstructedwhenwe definecat� -group

representations.Section1.4detailsthegroupalgebrafunctor.

1.1 Linear Representationsof Groups

Let � beafield and > a � -vectorspace.Thecollectionof linearisomorphisms>v� >
forms a group undercomposition,denoted�$#w��>B� . If > is finite dimensional,with

dimensionD , then >yx1 � ! and linear isomorphismscorrespondto invertible D{z�D
matriceswith coefficientsin � , so ��#=��>B� is equivalentto �$#%!&���<� , thegeneral linear

8



CHAPTER1. PRELIMINARIES 9

group1.

Definition 1.1.1. Let � beagroupand > a � -vectorspace.A K-linear representation

of � with representationspace> is a homomorphism�|�}�+� �$#=�?>B� g
Thedimensionof > is calledthedegreeof � .

The representation� assignsto each element 4 8 � a linear isomorphism�3�74p�~��>@� > . The image ������� is a subgroupof �$#w��>B� and,by the fundamental

homomorphismtheorem,�������h�"� x1 ������� . Particularly importantis thecasewhen �
is a monomorphism,for then ���6�c��1��}G`��� and � itself is isomorphicto a subgroupof��#=�?>�� .
Definition 1.1.2. A representation���c��� �$#=�?>�� is faithful when � is a monomor-

phism.

Example 1.1.3. Thefollowingaresimpleexamplesof representationsover ' (they also

work over J ):

(i) Let � beany groupand D�8���� anddefine��!��t��� ��#=��' ! � by ��!��74p��1v��� for

every 4�8<� . This is the trivial representationof � in degree D , andis clearlynot

faithful unless� is thetrivial group.ThecaseDC1vG gives ��1�� � �}��� '=� with���54��31)G for every 4�8<� ; this is theunity representation2.

(ii) For permutationgroups,a moreinterestingdegree1 representationthantheunity

representationis definedasfollows. Define ���& "!�� 'w� by �"�5/"�F1�G when / is

anevenpermutationand ���7/"�1v $G when / is anoddpermutation.Thefactthat �
is ahomomorphismamountsto thefactthataproductof evenor oddpermutations

is even,while aproductof anevenandanoddpermutationis odd[49].

(iii) Moregenerally, any degree1 representationof afinite group � over ' mapseach

elementof � to a root of unity in '=� .

1 ¡¢"£j¤¦¥�§ is oneof Weyl’s classicalgroups[33], at leastwhen ¥�¨ª© . Throughoutmostof this

thesis,¥ maybethoughtof as © or « if desired.
2Theterm“unity representation”is a translationof Serre’s repŕesentationunité [67].
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(iv) Suppose¬��}�+�  "! is apermutationrepresentationof degreeD , where "! is con-

sideredto be thegroupof permutationsof the integers G eQghgQghe D . Let �Hl �qeQghgQg lj!s�
beabasisfor ' ! ; then ���}�+� �$#=��' ! � , definedby � . �7l}Q���01:l}®°¯ �  � , is adegreeD linearrepresentation.

Sincelinearisomorphismsof finite-dimensionalvectorspacesareequivalentto non-

singularmatrices,the definition of a representationwith finite degreecan easily be

reformulatedin termsof matrices. This approachis lessamenableto theoreticalde-

velopment,or generalisationto representationsof infinite degree,but it doesfacilitate

calculations.

Definition 1.1.4. Let � be a group. A matrix representationof � over � is a homo-

morphism ± �}�+� �$#!����<�f²D98³� � is calledthedegreeof
±

. Therepresentation
±

is faithful if it is a monomor-

phism.

Example 1.1.5. Herearesomematrix representationsover ' :

(i) The trivial representationsof example1.1.3(i) correspondto matrix representa-

tions ´�!µ�}�+� �$#%!&��'(� with ´�!��74p�1:¶6! for every 4·8�� .

(ii) Let V¸!�1 d�/+�/ ! i be the cyclic groupof order D , and let ¹�º��»G�¼�½9¼¾DK� be

the D�¿ÁÀ rootsof unity (whichexist andaredistinctsince' is algebraicallyclosed;

see[69]). Definethe map Â¸!Ã��V¸!<� �$#!���'�� by Â¸!��5/"���;1ÅÄ�ÆÈÇ�É��b¹ �keQgQgQg6e ¹�!j� .
Thenfor G$¼ËÊ�¼9D , ��Â¸!��7/"�Á�  1:Ä�ÆÈÇ�É��b¹ � eQghgQg6e ¹ ! �1ÌÂ¸!��7/  � . In particular, since�HÍÎºQ� includesprimitive D th rootsof unity, Â¸!��7/  �ÐÏ1m¶6! when ÊÒÑÓD . ThustheÂ¸! ( D<8���� ) provide faithful matrix representationsof any finite cyclic group.

(iii) Thesmallestnon-abeliangroupis  cÔ�1Ód _ e°Õ � _ Ô 1 Õ r 1)G e _ Õ 1 Õ _ r i , of order

6. Let Ö ek× bethematrices:

ÖË1 Ø ¹ oo ¹ rÚÙ e × 1 Ø o GG o Ù
where¹ is aprimitivecuberootof unity. Then �|�s "!�� ��#r���'(� , _ÜÛ�ÝÖ eÞÕ Û� ×
is a faithful representationof degree2.
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(iv) Suppose¬Ã�t�)�  "! is a permutationrepresentationof � , andlet �Hl �qeQghgQg lj!s� be

thestandardbasisfor V¸! , with the l} columnvectors.Thenthematrix representa-

tion correspondingto thelinearrepresentationof example1.1.3(iv) canbewritten

down by takingthe ß th columnof thematrix
± . to be l ® ¯ � ^ � .

It is alwaystruethat if > hasdimensionD , then �$#w��>B� x1 �$#%!����<� , but theexact

isomorphismdependson thechoiceof basisfor > . Thereforethematrix representation

obtainedby taking matricescorrespondingto elements�3�54p� of a linear representation

(therepresentationaffordedby � ) dependson thechoiceof basis.

Lemma 1.1.6. Let Ö ek× 8Ì�$#%!&���<� . Then Ö ek× are affordedby the samelinear iso-

morphism�)�¸� ! � � ! , for (possibly)different bases,if and only if there existsa

matrix  {8��$#!����<� such that × 1: ÖU (à&� .
Proof:

Standardlinearalgebra(see,for example,[6]). \
Definition 1.1.7. Two matrix representations

± eká �Î�â� ��#%!����<� areequivalentif

thereis amatrix  �8<�$#!����<� suchthat

á �54p�%12 ± �74p�Þ à&�
for every 4Ð8�� .

Corollary 1.1.8. Two matrix representationsare equivalentif and only if they are af-

fordedby thesamelinear representation(with possiblydifferentbases).

Proof:

Immediatefrom Lemma1.1.6. \
Thematrix formulationliesat thepragmatic,concreteendof thespectrumof repre-

sentationtheory. At the theoretical,abstractendof this spectrumis found themodule

theoreticapproachpioneeredby Noether. The key resultthatenablesthis approachis

thebijection betweeenrepresentationsof a groupandmodulesover its groupalgebra,

which weshallexaminein section1.4.
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1.1.0.1 Flavours of RepresentationTheory

Wehavedefinedrepresentationsoverany field � . In factthey canbedefinedsomewhat

more generallyover commutative rings with unity. Classically, representationswere

studiedover fieldsof characteristiczero(suchas J e ' ); the theoryof suchrepresenta-

tionsis calledordinary representationtheoryin [26]. Thestudyof representationsover

fieldsof characteristicW�Ï1 o (e.g.thefields I%S for W aprime)wasdevelopedlargely by

RichardBrauer. This theory, calledmodularrepresentationtheory, divergesmostsig-

nificantly from ordinaryrepresentationtheorywhenW dividestheorderof thegroup(for

instance,Maschke’s theoremthenfails). Representationsover integral domains(such

as I ) arecalledintegral representations.

Thesameterminologycanbeborrowedfor the2-grouprepresentationswe shallbe

studying. We shall usually formulatethe resultsfor generalfields, althoughin many

casesthe readercansubstituteJ or ' if so desired. In fact, mostof the resultswill

work for moregeneralcommutativerings,althoughwehavechosento stateand,where

applicable,provethemonly for fieldsfor thesakeof exposition.Occasionally, it will be

necessaryto work in thegreatergeneralityof integraldomains.

1.2 2-Group Analogues

Groupscanbegeneralisedto higherdimensionsin severaldifferentways,sowe must

makeachoiceasto how to proceed([18,50]). Weshallrestrictourattentionto thetwo-

dimensionalcasein which the two-dimensionalelementsare lozenge-shaped.Even

here, thereare at leastfive equivalent structures;a discussioncan be found in [18].

We shall concentrateon crossedmodulesandcat� -groups. In this sectionall crossed

moduleswill becrossedmodulesof groups.

1.2.1 CrossedModules

Crossedmoduleswerefirst introducedbyJ.H. C.Whitehead[72] asatool for homotopy

theory. They alsooccurnaturallyin many othersituations(seeexamples1.2.3below).

Definition 1.2.1. A crossedmoduleã�1A��V e X ekäKe _ � consistsof groupsV , X together

with ahomomorphismä �*V+� X anda left action _ �*X)zCV+� V of X on V , writtenS TU�01 _ �åW e T6� , satisfyingtheconditions
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CM1 ä � S T6�1�W ä ��T6�7Wcà&�
CM2 æ � P � Tfçp1ÌTqTkçåTQà&� g

We shallsometimesassumethat V , X arefinite, with è�V�è&1)é and è�X�è�1mê . When

the actionis unambiguous,we maywrite ã asthe triple3 ��V e X ekä � . Crossedmodules

may alsobe drawn as V æ  � X , or Xëz�V ì  � V æ  � X if the actionmust be stated

explicitly.

Remark: Theterminologyassociatedwith crossedmodulesis notentirelystandard-

ised,but the following useful termsaresometimesencountered.The homomorphismä �Ví� X is calledthe boundary, while the groups V and X arereferredto as,re-

spectively, the top groupandthebaseof thecrossedmodule.Thetwo crossedmodule

axiomsalsohave names,which areinconsistentlyapplied. CM1 is sometimesknown

asequivariance; CM2 is calledthePeiffer identity (see[13] for anexplanationof this

name).A structurewith thesamedataasa crossedmoduleandsatisfyingtheequivari-

anceconditionbut not thePeiffer identity is calledaprecrossedmodule.

Thecrossedmoduleaxiomsimposesomerestrictionson thekernelandimageof ä .
Thefollowing resultis well known. A proof is includedfor convenience.

Proposition 1.2.2. Let ä �}V�� X bea crossedmodule. Then

(i) ä ��V��%î�X , and

(ii) ���h� ä is a Xw� ä ��V�� -module.

Proof:

Standardgrouptheoryensuresthat ���6� ä î�V and ä ��V��F¼�X .

(i) ä ��V��F1Ó� ä ��Th�=��T�8ÜVÚ��¼ÌX . Suppose/Ü8 ä ��V�� and W<8ÜX ; then /|1 ä ��T6� for

someTU8�V , andW ä ��Th�5Wcà&��1 ä � S T6� by equivariance.Now, S TU8�V , henceW�/jWcà&�F8 ä ��V��
asrequired.

(ii) ���h� ä 1Ó��T�8�V�� ä ��T6�F1AGQï��ðî�V . Let T�8�V e Ê�8����h� ä . ThePeiffer identity

ensuresthat æ  Tw1vÊtThÊ�à&� , but ä Ê�1ÓGQï so æ  Tw1�T , whenceT6Ê�1�ÊpT and ���h� ä ¼�ñB��V�� ,
thecentreof V .

Theactionof X on V inducesanactionof X on ���h� ä ; it is sufficient to checkthatS Ê�8����6� ä whenever Ê�8����6� ä . This is truebecauseä � S Ê��1�W ä ��Ê��7W à&� 1�W�GQïpW à&� 1vGQï .

Therefore���6� ä is a X -module.
3Mostauthorsleavetheactionimplicit asamatterof course.LavendhommeandRoisin[47] explicitly

includeit, definedasa homomorphismò|ó�ôöõ�÷ ¤ùø§ (usingdifferentlettersfor therelevantgroups).
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From (i), ä ��V��úîËX , so Xw� ä ��V�� is defined. The actionof X on ���h� ä inducesan

actionof X=� ä ��V�� on ���h� ä with û � S � Ê��01 S Ê for WÜ8�X e Ê�8����6� ä and ü���XÓ� Xw� ä ��V��
thenaturalmap.This is well-defined,sinceif ýÚ8<X with ü���ý��Î12ü��åW�� , thereis a TU8<V
with ý$1ÒW ä T andso þ;Ê�1 S æ P Ê�1 S ThÊpTQà&�1 S Ê since ���h� ä is central. \
Remark: Sincepart (i) of proposition1.2.2dependsonly on equivariance,it is true

for any precrossedmodule. However, part (ii) usesthe Peiffer identity, so it neednot

be trueof a generalprecrossedmodule. Theproof of (ii) shows that thekernelof any

crossedmoduleis centralin V andhenceabelian.

Example 1.2.3. Certaingenericsituationsgive rise to crossedmodules.Somearede-

tailedhere,othersmaybefound in [1, 32,58]. Our first two examplesmaybethought

of asconversesto proposition1.2.2.

(i) SupposeÿâîË� is a normalsubgroup.Then � actson ÿ by conjugation;this

actionandtheinclusion �3�jÿ�� � � form aconjugationcrossedmodule, ��ÿ e � e ��� .
(ii) If

�
is a � -module,thereis a well-defined� -actionon

�
. This, togetherwith

thezerohomomorphismo � � � � (sendingeverythingin
�

to theidentity in� ) yieldsaG-modulecrossedmodule, � � e � eko � .
(iii) A central extensionof the group X is an epimorphism�2����� X where � 1���h�	�L8 ñB�
��� , the centreof � . A map �:�$X � � suchthat ���°Sª1 W for

each WA8mX picks out a transversalof X x1 �B��� . Although � may not be a

homomorphism,

�°SnS��1��°S��°S�ÈÊ
for some Êª82� . This fact andthe centralityof � ensurethat the action S�� �01
�°S � ��à&�S is well-definedand, togetherwith � , yields a central extensioncrossed

module, �
� e X e ��� .
(iv) Let � beany groupandAut ����� its groupof automorphisms.Thereis anobvious

actionof Aut ����� on � , anda homomorphism�Ó�F�Ý� Aut ����� sendingeach4{8�� to the inner automorphismof conjugationby 4 . Thesetogetherform an

automorphismcrossedmodule, ��� e Aut ����� e �c� .
(v) Any group � maybethoughtof asacrossedmodulein two ways.Since� always

hasthe two normalsubgroups�}G�� and � , we canform the conjugationcrossed
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modules �}G���� � � and ���³���â� � . Note that the homomorphism�â� �}G��
with the trivial actionforms a crossedmodulewhenever � is abelian,otherwise

thePeiffer identity fails andtheresultis aprecrossedmodule.

Theseexamplesprovidestrongmotivationfor studyingcrossedmodules.As Norrie

[58] wrotein herthesis:“crossedmodulessimultaneouslygeneralizenormalsubgroups,

modulesoveragroupandcentralextensionsof groups.Furthermoreany grouptogether

with its automorphismgroupgivesrise to a crossedmodule,andany groupmay itself

beregardedasacrossedmodule.”

Example 1.2.4. In addition to the genericexamplesof crossedmodulesconsidered

above, it will be useful to have at handsomesmall, easilychecked, examplesof in-

dividualcrossedmodules.Thesewill provide testcasesfor laterconstructions.

(i) Let V�r 1md�/Ü�p/ r i and ¶Ð1��}G�� . Then V�r � ¶ is a crossedmodule(thereis

nochoicefor eitherthehomomorphismor theaction).

(ii) Let V�Ô�1�d�/���/ Ô i and V�r¸1�d
�·��� r i . Thezerohomomorphismandthetrivial

action, G , (with �å/�1Ë/ ) make ��V�Ô e V�r ekote GH� acrossedmodule.

(iii) With thesamegroupsandboundaryas(ii), definethe twistingaction, � , ofV�r on V�Ô as � /��;19/ r . Thisalsoyieldsacrossedmodule ��V�Ô e V�r ekote ��� .
(iv) Let V���1Od�/{��/ � i and V�r�1Ld������ r i (where �<1�/ r ). Action by conjuga-

tion fixeseachelementof V�� , andtogetherwith the boundaryä definedby/ Û� � , givesa crossedmodule, ��V�� e V�r e°ä � . Since V�� is abelian,actionby

conjugationfixesevery elementof V�� , andwe suppressexplicit mentionof

theaction.

Definition 1.2.5. If ã � 1¾��V �fe X �fekäp�qe _ � � and ã=r$1 ��V�r e X�r ekä r e _ rf� arecrossedmod-

ules,thena crossedmodulemorphism�Ã��ã � � ã=r consistsof a pair of grouphomo-

morphisms�"[9�öV � � V�r and ��ï��KX � � X�r that commutewith ä ^ andpreserve the

action. That is, ä rq�"[�1Ó��ï äp� and �"[� S T6�F1���� � S � �"[��Th� . Theseconditionsareencapsu-

latedin thecommutativity of thefollowing diagrams:V � �! �"#
æ�$&%'

V�r æ)(%'X � � � "# X�r
e X � z�V � ì $ "#

� �!� R �� s� %'
V �
�� %'X�rwz�V�r ì ( "# V�r
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Example 1.2.6. Let ã�1A��V�Ô e V�r ekope GH� and * 1m��V�Ô e V�r ekote ��� bethecrossedmodules

of example1.2.4(ii) and(iii) respectively. Then �9�KãA� * with �"[&+���/ Û� / r and�"[ ( �,� Û� G is a crossedmodulemap; in fact it is the only non-trivial mapbetween

thesecrossedmodules.Thereis nonon-trivial map *A� ã .

Thereis an obvious compositionof crossedmodulemorphismsthat leadsto the

category XMod of crossedmodules(of groups)andtheir morphisms.

An importantconstructionon crossedmodules,which relatesto their homotopy

theoreticorigins,is theclassifyingspace [11,31,51]. This is a functor × from XMod

to the category of CW-complexessuchthat for any ãy8 XMod , × ã is a connected

CW-complex with � �Á× ã x1�-!. ���h���ð1ÌX=� ä ��V�� , ��r × ã x 1 ���h��� and � ^ × ãË1 o for everyß�Ï1@G e / . Also, for any connectedCW-complex with � ^ 1 o for ß�Ï1@G e / , thereis a

crossedmodulewith thatcomplex asits classifyingspace.In thisway, crossedmodules

of groupsarealgebraicmodelsfor 2-types.We mayslightly abusenotationandwrite

� ^ ã for � ^ × ã . Theclassifyingspacefunctor is a generalisationof Segal’s classifying

spacefunctorfor categories(andhencegroups),describedin [45,46].

1.2.2 Cat 0 -groups

Cat� -groups(originally called1-catgroups)arethe first in a seriesof modelsfor ho-

motopy D -typesintroducedby Loday [51]. They aresometimesreferredto simply as

cat-groups[31] if thehighercat! -groupsarenot alsobeingconsidered4; thetermcate-

gorical group[3] is usedfor similarstructuresin whichinversesfor thegroupoperations

areonly definedup to isomorphism[37].

Definition 1.2.7. A cat� -group ��1¾��� e X e ß e � e ¿Á� consistsof groups� and X , anem-

beddingßÎ�}X21 � andepimorphisms� e ¿¸�}�3� X satisfying:

CG1 �Qß�1Ë¿nß�1+���jï
CG2 4����h�5� e ���h��¿76"1v�}G`���

We shalloftenassumethatbothgroupsarefinite, andwrite 8 for è �~è . A morphism9 ��� � � �"r of cat� -groupsconsistsof a pair 9 ����� � � �$r and 9 ï9�KX � � X�r that

commutewith thehomomorphismsof � � and �"r . With theobviouscomposition,there

is acategoryCat1 of cat� -groupsandtheir morphisms.

4Although we shall not be consideringcat
£
-groupsfor :<;>= , we shall continueto usethe term

cat? -groupin theinterestsof greatergenerality.
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Remark: As with crossedmodules,the groups � and X of a cat� -group may be

referredto asthe top group5 andbaserespectively. The morphisms� e ¿ (standingfor

sourceand target respectively) arecalledstructural (homo)morphismsand ß is the in-

clusion(a justifiableterm,sinceX canalwaysbethoughtof asasubgroupof � ). CM1

maybetermedthe identityconditionandCM2 is thekernelcondition. A structurewith

the samedataasa cat� -groupandsatisfyingthe identity conditionbut not the kernel

conditionis calledaprecat� -group.

Example 1.2.8. We shall not needto defineany specificexamplesof cat� -groupsdi-

rectly since,aswe shall seebelow, we canobtaincat� -groupsfrom any crossedmod-

ules. However, in consideringtrivial cat� -groups,notethat the top groupmay not be

trivial unlessthebaseis alsotrivial, for the identity conditionwould be violated. The

simplestcat� -groupsarethosefor which the baseandtop grouparethe same,andall

morphismstheidentity. Any group � formsaprecat� -groupwith trivial base.

Thereis a useful structuraldecompositionof the top group of a cat� -group as a

semidirectproductinvolving thebaseandoneof thestructuralhomomorphisms.First

we recall thedefinitionof asemidirectproduct.

Definition 1.2.9. If � and @ aregroups,with a left actionof @ on � , thesemidirect

productof � by @ is thegroup �BA�@O1��t�74 e À����}4~8Ü� e À|8C@Ü� with multiplication�74 e À��h�54sç e Àpç ���01��54ED¦4}ç e À�Àpç¦� . Theinverseof �74 e À�� is �FDHG $ 4&à&� e Àcà&�»� .
Of course,thesemidirectproduct �IAC@ hasthesameunderlyingsetasthedirect

product�{zJ@ , so è��KAL@{è�1Aè �~èùèM@{è . Since,for any cat� -group,���6�N�öî·� and ß�X�¼Ë� ,

thereis anactionof ß�X on ���h�N� by conjugation.Hence,thesemidirectproduct���h�5�,A X
is defined.

Lemma 1.2.10. For a cat� -group ��� e X e ß e � e ¿Á� ,� x1 ���6�N�JA�X g
Proof:

Let � �$� � ���h�N�OA9X with ���74p�Ã�;1 �54tßP�}�74 à&� � e �}�74p�Þ� and Q � ���6�5�OA9X � �
with Q ��T e W��U�01�Tfßk� W�� . It is straightforwardto checkthat � e Q arehomomorphismsand

Q�12�Kà&� . \
5Brown andLodaycall this thebig group in their definitionof cat

£
-groups[14].
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Froma crossedmoduleã�1Ó��V e X ekä � wecanconstructacat� -group, �%��ã � :
VRA�X S "#T "# X^UV

Here � e ¿F�}VBA�X+� X , ß��}X+� VRA�X aredefinedas �}��T e W��Î1�W , ¿6��T e W��Î1 ä ��Th�5W andßk� W���1��»G`[ e W�� . Then �Úè ïö19¿ è ï�1+���jï and 4����h�5� e ���h��¿76"1)G`[XW�ï .

Note that ��T e W���89���6�N�ZY WÃ1ëGQï , i.e. ���6�[�·1¾�t��T e GQïc�f��x1 V ; hence¿6��T e GQïö� 1ä ��Th�fGQï|1 ä ��T6� , so ä 1�¿ è \7]F^ S andwecanrecover ã from �%��ã � . Thesametrick enables

us to constructa crossedmodule ãB����� from any given cat� -group � , if we first use

lemma1.2.10to decomposethetop group.Theseconstructionsleadto thewell-known

equivalencebetweencrossedmodulesandcat� -groups[51].

Example 1.2.11. Eachof the crossedmodulesof example1.2.4 yields a cat� -group

accordingto thegivenrecipe:

(i) From V�rµ� ¶ we get the cat� -group ��V�r e ¶ e ß ekopeko � where ß is the inclusion

( G Û� G ) and � e ¿ boththezeromap.

(ii) Thesemidirectproductcorrespondingto ��V�Ô e V�r ekote GH� is V�Ô_A¸V�r x1 Va` andso��7ãU��1 ��Va` e V�r e ß e � e �H� , wherethe structuralhomomorphismsareidentical

andsendoddpowersof thegeneratorof Va` to thegeneratorof V�r andeven

powersto theidentity.

(iii) ��V�Ô e V�r ekope �&� givessemidirectproduct V�ÔbA�V�r x1  cÔ , so thecorresponding

cat� -groupis �%��*�� 1O�� cÔ e V�r e ß e � e �H� . The inclusion ß maps� to a transpo-

sition in  cÔ , while � mapsevery oddpermutationto thegeneratorof V�r and

everyevenpermutationto theidentity.

(iv) ��V�� e V�r e ��� with actionby conjugationyields V��cAÜV�r x1 V��UzÜV�r andleads

to the cat� -group ��V��µz{V�r e V�r e ß e � e ¿Á� with � the projectiononto V�r and ¿
thehomomorphismsendingboth �5/ e GH� and �»G e ��� (that is, thegeneratorsofV�� z�V�r ) to � .

All of thesecat� -groupsareincludedin the first few rows of Alp andWensley’s table

[1].
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Sincecat� -groupsareequivalentto crossedmodules,it follows that they too must

bealgebraicmodelsfor 2-types.It is alsopossibleto constructtheclassifyingspaceof

a cat� -group,andestablishthis factdirectly. Theconstruction,detailedin [19] for cat! -
groups,startsby forming thenerveof � , asimplicialgroup.Theclassifyingspace,× � ,

of � is definedto betheclassifyingspaceof its nerve. As with thecrossedmodulecase,

thehomotopy groupsof × � canbefound,andweshallwrite � ^ � for � ^ × � . Garzonand

Miranda[31] statethat � � ��1 -!. ���h���d� e ¿Á� (thecoequaliserof � e ¿ , usingthenotationof

[7]) 1ËX=��¿6�����h�5�H� and ��rh�C1����h�5�Ee=���6�&¿ , while all other � ^ aretrivial. Theseresultscan

alsobe obtainedfrom generalformulaegiven in [57] (usingthe fact that a cat� -group

is, equivalently, a simplicial groupwith Moore complex of length1). Someauthors,

including GarzonandMiranda,shift the suffixesandhave �gf and � � respectively for

the groupswe aredenotingas � � and ��r . The choiceof suffix conventionemployed

dependson whetheryou principally interpreta cat� -groupasa 1- or a 2-dimensional

structure(seepage21).

1.2.3 Composition

We have seenthat crossedmodulesandcat� -groupsareequivalent. That is, they may

beconsideredasdifferentwaysof looking at thesamething. They arealsoequivalent

to 2-categories[7, 44,70] with certainrestrictions.This categoricalview is particularly

useful for two principal reasons.Firstly, it provides a more visual understandingof

thestructures[2], andwhile a visual intuition breaksdown in higherdimensions– and

cannotentirely be relied uponeven in the lowestdimensions– it canprovide useful

insights.Also, thefull weightof categoricalmachinerymaybebroughtto bearon the

problemin hand;thisusuallyopenstheway to moreelegantmethodsthanabruteforce

approach.

A cat� -group is more-or-lessimmediatelyan internal category in the category of

groups[21,51]. This fact is uncoveredin section12.8of [52], enrouteto showing the

equivalenceof internalcategoriesandcrossedmodulesof groups,althoughMacLane

doesnot explicitly usethe term ‘cat� -group’ in his account.The essenceof the argu-

mentis thatthekernelconditionof thecat� -groupis equivalentto a categoricalcompo-

sition which is a grouphomomorphism(i.e. thereis an interchangelaw betweenthis

compositionandthemultiplicationin thetop group � ).
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We now show that theseareequivalentto 2-groups6. X is a group,so its elements

canbe taken asarrows (1-cells)with a uniquevertex (denotedh ). The multiplication

in X becomescompositionin thecategorical view. We maywrite this as ý&ijf?W{�01mýqW
(meaning‘first W then ý ’); thesubscript0 indicatesthat thetwo elementsarejoinedby

a commonfacein dimensionzero;in this case,thereis only onepossiblesuchface(h )
socompositionis alwaysdefined.We shallusethenotationsof composition( ijf ) and

multiplication(juxtaposition)interchangeably. Theideabehindthisnotationis thateach

compositionfor an D -cell is denotedas iB with Ê�1 ote G eQgQghg D= ~G ; Ê is thedimensionof

thecommonboundaryby which theadjacentcellsarejoined.Thisnotationis usefulin

2-dimensionalalgebraandcertainlyinvaluablein higherdimensions.It is quitecommon

in recentpaperson higher-dimensionalalgebra(e.g.,[23]), thoughI am not surewho

introducedit.

By lemma1.2.10,� canbedecomposedas ���6�[�bACX , soa typicalelementis ��T e W�� ,
with T$8<���h�5� e W�8ÜX . Then �}��T e W���1³W and ¿6��T e W��(1 ä ��Th�5W sowe canview ��T e W�� asa

2-cell Wlk ä ��Th�5W , with source�}��T e W�� andtarget ¿6��T e W�� (hencethenames):

h
S mn
æ � P � S oMpq � PZR S � h

Of course,� is itself a group,so it is alsoa category with oneobject, h (which may

be takento bethesameoneasfor X ); its multiplication is interpretedcategorically as

composition.Suppose��T e W�� and �
r e ý�� are in � , then �
r e ý��sijfH��T e W��Ú1@�
r e ý��h��T e W��B1�
rjþ T e ýfW�� . Now ä ��r}þ T6�(1 ä �
rs�ný ä ��T6�»ýjà&� , so �
rjþ T e ýqW�� is a 2-cell ýqWtk ä �
rs�»ý ä ��T6�7W . Picto-

rially,

h
S mn
æ � P � S oMpq � P�R S � h

þ mn
æ �vu � þ oMpq �wu R þZ� h 1 h

þ7x[y S mn
æ �wu{z P � þ7x[y S oMp
q �vu7z P�R þ7x5y S � h

Thepicturemakesit obviouswhy this is calledhorizontalcomposition.

6It is worth noting that the term ‘2-group’ is usedby grouptheoriststo meana groupwith ordera

power of 2 [66]. This is quitedifferentfrom thecategory theoreticmeaningusedhere,i.e. a 2-category

with invertible1- and2-cellsandonly oneobject[3].
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Thereis analternative compositionthatcanalsobedefined.Suppose��Tfç ekä ��T6�7W�� is

anotherelementin � , i.e. TfçF8Ë���6�N� . Thenwe cancompose��T e W�� and ��Tkç ekä ��T6�7W�� by

defining ��T ç ekä ��T6�7W��)i � ��T e W��¸�01Ó��T ç T ekä ��T ç T6�7W��
For this composition,the subscript1 indicatesthat the two elementsto be composed

sharea commonfacein dimensionone(an elementof X ). Due to the naturalway of

drawing 2-cells,this compositionis known asvertical composition.

h
S |}
æ � P � S ~M�q � P�R S � h

1
h

æ � P � S |}
æ � P  �¦æ � P � S ~M�
q � P  R æ � P � S � h

h
S mn

æ � P  P � S oMp
q � P  x[y P�R S � h

The secondcondition on cat� -groupsestablishesan interchangelaw betweenthe

horizontalandverticalcompositions,hencewehavea2-category. Sincebothcomposi-

tionsareclearlyinvertibleandthereis only oneobject,it is in facta 2-group.

Conversely, any 2-groupis acat� -group.Thesourceandtargetmapsfrom 2-cellsto

1-cells,togetherwith theidentitymapfrom 1- to 2-cells,functionasthestructuralmor-

phismsandimmediatelysatisfythe identity condition. Thekernelconditionis slightly

moresubtle,but comesfairly directly from the interchangelaw betweenthetwo com-

positionsin the2-group,which essentiallystatesthatverticalcompositionis a homeo-

morphism[64].

At thispointwemayalsonotein passingthatacat� -groupcanalsobeinterpretedas

a strict monoidalgroupoid.This follows from theobservationin [50] thata 2-category

with oneobjectis amonoidalcategory. Becauseof thisfact,acat� -groupmaybeviewed

eitherasa two-dimensionalstructure(a 2-groupoidwith a single0-cell) or asa one-

dimensionalstructure(a monoidalcategory with inverses).We shall usually take the

first view, andthis will be reflectedin the notationwe employ. The readershouldbe

awarethatdifferentsourcesmayusedifferentnotationalconventions.
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1.3 A 2-Groupoid of Very Short Chain Complexes

From a categorical viewpoint, a linear representationof a group � becomesa func-

tor from � to the category Vect� of � -vectorspaces.In section1.2.1we saw that a

cat� -groupis essentiallya 2-group,andin section4.1we shallbeexploring cat� -group

representationsasa2-categoricalgeneralisationof grouprepresentations.In orderto do

this, we needa 2-categoricalanalogueof Vect� , andit is to this problemthatwe now

turn. The constructionwe shall describein this sectionis essentiallya specialcaseof

GabrielandZisman’s2-categoryof complexes[30].

1.3.1 First Steps

Let � be a field andlet Vaf , V � be vectorspacesover � . If �Ü�%V � � Vaf is a linear

transformation,then �³��V � �  �ÅVaf is a length1 chaincomplex of vectorspaces.� can

beconsideredas gQgQg � o � V � �  �ÅVaf � o � gQghg andsocompositiontrivially gives

the zeromapand � is a differential(a discussionof the terminologyandbasictheory

of chaincomplexescanbe found in [39]). Thus,every linear transformationcanbe

consideredasa chaincomplex. It will sometimesbeconvenientto blur thedistinction

betweenthelineartransformationandits chaincomplex, andreferto � itself asa chain

complex.

Suppose that in addition to � we have a chain complex� �[� � �P� `� ��f (write � [ for thedifferentialin � to distinguishit). Thena morphism

between� and
�

is definedasfollows.

Definition 1.3.1. A chain map �����Ò� �
consistsof components� � �"V � � � � and

��f �*Vaf�� ��f suchthat ����� � 1���ff� [ ; i.e. thefollowing diagramcommutes:V � � $R"#
�  %'

� � � �%'Vaf � y "# ��f
Suppose� ���â� �

and 4 � � � � are chain maps. Then the composite4	ijf������|� � is definedby �74�ijf���� ^ �01�4 ^ � ^ , whereß�1 ope G andthecompositiononthe

right handsideis theusualonefor linearmaps.Thenotationusedfor thecomposition

on theleft handsideis thesameasthatdescribedin section1.2.3,andis introducedin
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orderto facilitateexplorationof 2-cellslateron. Eachchainmaphasa clearlydefined

sourceandtarget,andmapscanbecomposedwhenthetargetof onecoincideswith the

sourceof thenext; compositionis clearlyassociative. For eachchaincomplex � , there

is anidentity, ����� , underthis composition,where �Z� ����� ^ is theidentity on V ^ . Hencethe

collectionof all length1 chaincomplexesof vectorspacesover � , andall chainmaps

betweenthem,formsacategory.

Definition 1.3.2. Let � be a field. The category of length1 chaincomplexesof � -

vectorspaces,andchainmapsbetweenthem,is denoted	B
 � ���� .

Thisstructureprovidesthefoundationfor a2-groupoid.By restrictingour attention

to thosechainmapsthat are invertible we obtaina subgroupoidof 	�
 � ���� , which we

shallwrite as ��� a 	�
3� ���� . Fromdefinition1.3.1it is clearthatachainmap �<�&��� �
is

invertiblepreciselywhenbothits componentsareinvertible.

Definition 1.3.3. A chain isomorphismis aninvertiblechainmap ������� �
.

Hencethemorphismsof ��� a 	�
� ���� arepreciselythechainisomorphismsof 	�
%� ���� .

As anaside,readerswith a penchantfor homologicalalgebrawill observe that for

any �Ü8Ü	�
� ���� , @ � ��V��Î1:���6��� [ and @�f���V��1 -�. ���6��� [ 1ÌVaff��� [ ��V � � , while @Ú!���V��Î1o for every other D{8ÒI . We shallnot explicitly considerhomologyany further in this

thesis.

1.3.2 The Next Dimension

The next taskis to find a groupoidenrichmentfor 	B
%� ���� (see[39] for an introduction

to this concept). This will make it a 2-category in which the vertical compositionis

invertible;hence,��� a 	�
%� ���� will bea2-groupoid.

Oneof the standardmotivating examplesof a 2-category (given, for instance,in

[52]) is Top, in which the 2-cells are given by homotopiesbetweenthe continuous

maps. This suggeststhat, for othersuitablecategories,homotopy might provide a 2-

categoricalstructure.Chaincomplexesof vectorspaceshaveawell-behavedhomotopy

theory(in fact,severalequivalenttheories).We shall considerhomotopiesof length1

chaincomplexesover Vect� , with a view to demonstratingtheir suitability asa 2-cell

structurefor 	B
%� ���� . See[39] for amoredetailedtreatmentof theelementaryhomotopy

theoryof chaincomplexesin general.
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For any chaincomplex � , thereis a chaincomplex ���³¶ definedas���l�{¶t�n!µ�01:V¸!��ªV¸!��³V¸! à&�
with differential � �!�	� �5/ e � e�� �¸�;1)���`/Ð  �pe ���UE �pe  w� � � g
As usual,the superscripton the � will be omittedwherever possible.For ��82	�
%� ���� ,

mostof the V ^ aretrivial andso ���³¶ reducesto achaincomplex of length2:o � V � � (  � V � �ªV � �ªVaf � $  � Vaf��ªVaf�� opg
This constructionyields a functor  ��+¶��U	B
%� ���� � 	B
%� r �� , where 	�
%� r �� is the

3-category of length 2 chain complexes (to be discussedin section1.3.5.2). There

arenaturaltransformations� f e � � ��� �_�¡ £¢ $¥¤¦ �  §�2¶ and ¬v�ú ��2¶�� ���_�¡ £¢ $¥¤¦ with� f���V��h�7/"�ð1¾�7/ e°opeko � , � � ��V��h���p� 1ë� ope � eko � and ¬Î��V��h�5/ e � e�� �U1ë�7/·E¨��� . This functor

andthesenaturaltransformationsprovide a cylinder structureon 	�
� ���� , which allows

homotopy to bedefined.

Definition 1.3.4. Let � e � ç �©��� �
be chainmapsin 	�
 � ���� . Then � is homotopic

to ��ç , written �«ª���ç , if thereis a chainmap À9���¬�Ì¶Ò� �
with À � fH��V��Ú1� andÀ � � ��V��Î1§��ç .

In practice,homotopies,alongwith chaincomplexes,chainmaps,andothergraded

stuff, areusuallyviewedas“black boxes” which take thegiveninput andproducethe

requiredoutputwithout theuserhaving to worry aboutthedetails.At times,however, it

is usefulto beableto seeinsidethebox,soto speak,andexaminewhatis happeningat

thelevel of theindividualobjects/maps.Thefollowing diagramillustratesthedefinition

of homotopy for 	�
Î� ���� :

o
%'

"# V � �
®)¯�°(%'
"# o
%'V ��  %'

�w± y � [ �¦��$"#�w± $ � [ �¦� $"# V � �ªV � �ªVaf� ®)¯�°$%'
DH$ "# � � �d�%'Vaf

%'

�w± y � [ �¦�²y "#�w± $ � [ �¦�²y "# Vaf��ªVaf%'
D³y "# ��f

%'o "# o "# o
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Thecondition �Ò1�À � f���V�� implies that Àö�7/ e°opeko �U1´�%�7/"� for any /{8µ� ; likewiseÀ�� ope � eko �%1���ç7�F��� . Define Àpç�� � �F�012Àö� otekope�� � , thenfor any �7/ e � e�� �¸8¶���B¶ , À��5/ e � e�� �Î1�%�7/"��E¨� ç ���p�KEªÀ ç � � � . It is straightforwardto checkthat ��À ç EªÀ ç ��13� ç  K� . Notethat

because� and
�

arebothlength1chaincomplexes,thehomotopy is trivial in dimension

two.

Definition 1.3.5. If � e ��çú���Ì� �
in 	�
%� ���� thena map Àpçú�Vaf�� � � with Àpç � [ 1

��ç�  ·� � and � � Àpçp1���çf  ·��f is calledachainhomotopyfrom � to ��ç :
V � � $R"#� $ "#
�  %'

� � �P�%'Vaf � y´"#� y "#
D 

¸M¹ºººººº »�¼

Thechainhomotopy conditionmaybewrittenmoresuccinctlyas ½£¾	¿FÀZ¾�¿ÂÁJÃ>ÄN¿7ÅjÄ ,

bearingin mind that thesearegradedmaps( ½ beingof degree-1, ¾	¿ of degree+1, and

thechainmapsÄNÆ�ÄN¿ of degree0). This formulais alsovalid for longerchaincomplexes.

From the foregoing discussion,it is clear that every homotopy on ÇJÈÊÉ²Ë
ÌÍ yields a

chain homotopy. Conversely, suppose¾�¿ is a chain homotopy from Ä to Äg¿ . Then

¾�Î�ÏXÆ�ÐNÆ�Ñ�ÒÔÓvÃ�ÄÕÎFÏ5ÒÖÀ>ÄN¿FÎFÐ	Ò�À�¾�¿�Î
Ñ�Ò is a homotopy. Indeed,the chainhomotopy con-

dition mayberearrangedandthensubstitutedinto this formulato yield:

¾�Î�ÏXÆ�ÐNÆ�Ñ�ÒÊÃ�Ä,Î�Ï5Ò�À�Î�½�¾ ¿ ÀK¾ ¿ ½aÀKÄ¡Ò�Î�Ð�Ò¡ÀK¾ ¿ Î�Ñ�Ò³×
Thereforeany homotopy is uniquelyspecifiedby its chainhomotopy and its starting

point, andwe may write ¾ÙØ Î
¾ ¿ Æ�Ä¡Ò interchangeably. Note that for chainmapswe

useprimes( ¿ ) to distinguishbetweendifferentmapshaving thesamesourceandtarget,

while for homotopieswe use ¾ ¿ to denotethechainhomotopy componentof thehomo-

topy ¾ , i.e. ¾�¿�Î
Ñ�ÒjÃÚ¾XÎ
ÛEÆ�Û�Æ�Ñ�Ò . In practiceit shouldalwaysbe clearfrom the context

whetherwearereferringto chainmapsor to homotopies,sonoconfusionshouldoccur.

It wouldbecumbersometo alwayswrite outthefull commutativediagramsfor chain

mapshomotopies,but the“black box” ideaenablesusto avoid this mostof thetime. A

homotopy ¾¶ÃBÎ
¾�¿�Æ�Ä¡ÒÜÓ	Ä¬ª�ÄN¿ runsbetweentwo arrows (1-cells)of ÇJÈ É²Ë
ÌÍ , andsocan
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beviewedasa2-cell:

Ý
Þ ßà
Þ�á âMã
ä,å æ ×

The2-cell maybewritten morecompactlyas ¾<ÓXÄ<ç Äg¿ , althoughit will sometimes

be moreconvenientto draw the full picture,particularlywhenhorizontalandvertical

compositionareconsidered.In practice,we shall flit freely betweenall of thesenota-

tions.Of course,it will sometimesalsobeusefulto openup theblackboxandwork on

a componentlevel.

Note thatwhile theendpointsareimplicit in any homotopy ¾ , thechainhomotopy

¾	¿ is not uniqueto Ä�ªèÄN¿ . It is possibleto have ÄêéÃ�ë and ÄN¿jéÃ�ë_¿ suchthat both

½�¾�¿�Àì¾�¿Â½bÃ�ÄN¿&ÅíÄ and ½�¾�¿�À<¾�¿î½ïÃ«ëð¿�ÅCë , i.e. Ätª3ÄN¿ and ë�ª§ë_¿ . Thereforea2-cell is

not completelydeterminedby thechainhomotopy. We shall returnto this observation

later.

Calculationswith homotopiesmaybedoneusingeitherthechainhomotopy or the

cylindrical homotopy formulation,sincetheseareequivalent.Weshallusuallyusechain

homotopies.In order to get a feel for calculationsusingchainhomotopies,we shall

checkthat homotopy is an equivalencerelation. Note that homotopy is automatically

reflexive (this is a basicconsequenceof the cylinder structure),but not neccessarily

symmetricor transitive. Theseare,however, desirablepropertiesfor a homotopy the-

ory andfortunatelythe homotopy of chaincomplexes,like the standardhomotopy of

topology, hasthem.

Proposition 1.3.6. Homotopyon ÇjÈ É²Ë
ÌÍ is an equivalencerelation.

Proof:

It is sufficient to checkthethreepropertiesdirectly.

Reflexivity: For any Äµñ¨ÇJÈ É¥Ë
ÌÍ , we have Û&½�òìÃRÛÔÃBÄ Ë Å¨Ä Ë and ½£ó,Û�ÃBÛÔÃ
Ä ¼ Å«Ä ¼ ; thusthezeromapis a chainhomotopy for Äôª´Ä . Denotethecorresponding

homotopy by õ Þ Ó_ÄOç Ä (for consistency, wemaywrite õ!¿ Þ ÃÙÛ ).
Symmetry: Suppose¾OÓ_Ä¶ª�Ä ¿ . Then Ä Ë ÅöÄ ¿Ë Ã÷Åø¾ ¿ ½£ò and Ä ¼ ÅöÄ ¿¼ Ã�Åù½£ó�¾ ¿ Ã

½ ó Î{Åc¾�¿²Ò , so Åc¾�¿ is achainhomotopy ÄN¿�ª�Ä andthereis acorrespondingÅø¾OÓðÄN¿�ç Ä ,

asrequired.
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Transitivity: Suppose¾úÓ�Ä«ª�ÄN¿ and û¾«ÓÊÄN¿Öª�Äg¿ ¿ . Then,in additionto the

equationsfor Ä�üPÆ�ÄN¿ü and ¾�¿ alreadyestablished,û¾�¿Â½ ò Ã2ÄN¿ ¿Ë ÅµÄN¿ ¿Ë , ½ óùû¾ýÃ2ÄN¿ ¿¼ ÅKÄN¿¼ . Then

Îd¾ ¿ À û¾ ¿ Ò)½�òOÃ>¾ ¿ ½�ò�À û¾g½�òOÃ>Ä ¿Ë ÅJÄ Ë À�Ä ¿ ¿Ë ÅjÄ ¿Ë Ã§Ä ¿ ¿Ë ÅJÄ Ë and ½�óÜÎ
¾ ¿ À û¾ ¿ Ò�Ã�½£ó,¾ ¿ À�½�ó û¾ ¿ Ã
ÄN¿¼ ÅKÄ ¼ ÀúÄN¿ ¿¼ ÅKÄN¿¼ Ã2ÄN¿ ¿¼ ÅKÄ ¼ henceÎd¾�¿_À û¾�¿²Ò is a chainhomotopy. Thushomotopy is

transitiveandhenceanequivalencerelation. þ
Transitivity allowsusto definea compositionof homotopies.

Definition 1.3.7. Let ¾OÓEÄ¶ª�ÄN¿ and û¾OÓðÄg¿�ª�ÄN¿ ¿ ( ÄgÆ�ÄN¿ÿÆ�ÄN¿ ¿5Ó Ý�� æ
). Thenthevertical

compositeÎ�û¾ � Ë ¾gÒÜÓðÄtª�Ä ¿ ¿ is thehomotopy with chainhomotopy component:

Î û¾ � Ë ¾gÒ ¿ ÓvÃ û¾ ¿ Àµ¾ ¿ × (1.1)

Using2-cells,this compositionis picturedasfollows:

Ý
Þ ��
Þ á � �
ä,å æ

Ã
Ý

Þ á ��
Þ�á á � �
ä��å æ

Ý
Þ ßà
Þ�á á âMã

ä	�å�
��å æ ×

Thenamevertical compositionrefersto theway 2-cellsareusuallydrawn7, anddistin-

guishesit from the horizontalcompositionto be definedbelow. The collectionof all

homotopiesbetweenchainmapsin ÇJÈ É²Ë
ÌÍ will now beconsideredasa collectionof 2-

cellsin ÇjÈ É²Ë
ÌÍ . Eachhomotopy hasclearlydefinedsourceandtargetchainmapsand(by

composition)sourceandtarget chaincomplexes. The compositionis associative. Re-

flexivity of homotopy givesusanidentity õ Þ for eachchainmap Ä . Symmetryensures

that Î Åø¾ � Ë ¾gÒ ¿ Ã3Åc¾ ¿ Àô¾ ¿ Ã§Û , soevery2-cell is invertibleunderverticalcomposition.

Thus ÇjÈ É²Ë
ÌÍ hasa verticalgroupoidstructureon its 2-cells(with compositionwrittenas� Ë ), andahorizontalcategorystructureon its 1-cells(with composition
� ¼

). Notethat,

whereasto getagroupoidstructurehorizontally(asin ������ÇjÈ É²Ë
ÌÍ ) wemustexplicitly re-

strict our attentionto invertiblechainmaps,all 2-cellsareintrinsically invertibleunder

7Thenotationfor verticalcomposition( ��� ), andthatfor horizontalcomposition( ��� ), is thenotation

introducedin section1.2.3in thecontext of cat� -groups.
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verticalcomposition,dueto thepropertiesof homotopy for chaincomplexes.It remains

to extendthehorizontalcompositionto the2-cellsandestablisha relationshipbetween

thetwo typesof 2-cell composition.

1.3.3 Whiskers

As anintermediatestepto defininghorizontalcompositionfor 2-cells,we candefinea

compositionbetweena 1-cell anda 2-cell. Let ¾¬Ó	ÄOª�Ä ¿ Ó Ý�� æ
bea homotopy and

ëlÓ æ � �
achainmap.With thechainhomotopy ¾�¿ wegetthefollowing picture:

� Ë
Þ ����
Þ á� ��

� � !"

»
Ë

# �$��
� %!"

& Ë � '!"� ¼ Þ)( ��
Þ á( ��

å á ¸M¹ºººººº »
Ë # ( �� & ¼

×

Since¾	¿ and ë Ë arecompatiblelineartransformations,they maybecomposed;thecom-

positeë Ë ¾�¿ satisfies:

½+*¡ë Ë ¾ ¿ ÃÙë
¼ ½ ó ¾ ¿ Ãúë ¼ ÎdÄ ¿¼ Å·Ä ¼ ÒÊÃúë ¼ Ä ¿¼ Åôë ¼ Ä ¼

and

ë Ë ¾ ¿ ½ ò ÃÙë Ë Î
Ä ¿Ë Å·Ä Ë Ò�ÃÙë Ë Ä ¿Ë Åíë Ë Ä Ë ×
In otherwords, ë Ë ¾�¿ is achainhomotopy from ë � ¼ Ä to ë � ¼ ÄN¿ .
Definition 1.3.8. For ¾ Ó¬Ä ª Ä ¿ Ó Ý � æ

and ëèÓ æ � �
, the whiskering

ë � ¼ ¾¶Ó&ë � ¼ Ätª�ë � ¼ ÄN¿ is thehomotopy with chainhomotopy component

ÎFë � ¼ ¾gÒ ¿ ÓwÃúë Ë ¾ ¿ × (1.2)

Thischoiceof terminologyis explainedby thepicture:

Ý
Þ ,-
Þ á/. 0
11 11 23 å æ # �� � Ã Ý # 
 (7Þ ��

# 
 ({Þ á � �
ä # 
 ( å �

Sincethenatural“whisker” is the1-cell ë , which appearson theleft in thenotation

ë � ¼ ¾ but ontheright in thediagram,wereferto it asapostwhisker (andto theoperation

aspostwhiskering ) ratherthanawhiskeron theleft or on theright.
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As might be expected,whiskering canalsobe definedfor a 1-cell followed by a

2-cell, i.e. prewhiskering. In this case(for Ä¨Ó Ý4� æ
and 5ìÓ[ëCª´ë_¿ÊÓ æ � �

) the

homotopy 5 � ¼ Ä is definedby

Î�5 � ¼ Ä¡Ò ¿ ÓwÃ65 ¿ Ä ¼ × (1.3)

Ý Þ �� æ # ��
# á � �
11 11 23�7 � Ã Ý # 
 ( Þ ��

# á 
 ( Þ � �
ä 7 
 (7Þ �

1.3.4 Horizontal Composition

Now supposewe have 2-cells ¾úÓÖÄ«ª Ä ¿ Ó Ý8� æ
and 5¨ÓÕëìª�ë ¿ Ó æ � �

. The

following picturesuggestsapossibledefinitionof horizontalcomposition.

Ý Þ/9:
Þ á<; =11 11 23 å æ # ,-

# á . 0
11 11 23 7 � ÓvÃ Ý Þ á<> ? æ

# ,-
# á . 0
11 11 23 7 � � Ë Ý

Þ@9:
Þ áA; =11 11 23 å æ #CBD � ×

This is clearlywell-definedin thesensethattheright handsideis theverticalcomposite

of twowhiskerings,whicharebothdefinedandhaveacommon1-face.In orderto check

thatit is asensibledefinition,weneedto ensurethatthesumis indeeda homotopy. As

usual,we do this by consideringthechainhomotopy component.

Lemma 1.3.9. If ¾ýÓEÄýª�Ä ¿ and 5¶Ó_ëZª3ë ¿ are homotopies,then Î�5 � ¼ Ä ¿ Ò � Ë ÎFë �
¼ ¾gÒ is

a homotopy.

Proof:

Put EtÃ2Î�5 � ¼ ÄN¿ÂÒ � Ë Î�ë �
¼ ¾gÒ . Then

E ¿ Ãúë Ë ¾ ¿ ÀF5 ¿ Ä ¿¼
andit is sufficient to prove that Eg¿ is achainhomotopy. Now,

½ * E ¿ Ã§½ * ÎFë Ë ¾ ¿ ÀG5 ¿ Ä ¿¼ ÒÊÃ§½ * ë Ë ¾ ¿ À·½ * 5 ¿ Ä ¿¼ Ãúë ¼ ½ ó ¾ ¿ À·½ * 5 ¿ Ä ¿¼

Ãúë ¼ Ä ¿¼ Åôë ¼ Ä ¼ À<ë ¿¼ Ä ¿¼ Åôë ¼ Ä ¿¼ ÃÙë ¿¼ Ä ¿¼ Åíë ¼ Ä ¼ ×
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Similarly,

E ¿ ½ ò ÃÙë Ë ¾ ¿ ½ ò ÀG5 ¿ Ä ¿¼ ½ ò Ãúë Ë ¾ ¿ ½ ò ÀG5 ¿ ½ ó Ä ¿Ë
Ãúë Ë Ä ¿Ë Åôë Ë Ä Ë À<ë ¿Ë Ä ¿Ë Åôë Ë Ä ¿Ë ÃÙë ¿Ë Ä ¿Ë Åíë Ë Ä Ë ×

HenceE ¿ is achainhomotopy and Î)5 � ¼ ¾gÒaÓwÃ6E¬Ó&ë � ¼ Ä¶ª§ë ¿ � ¼ Ä ¿ asrequired. þ
Armedwith this lemma,wemaynow formally definehorizontalcomposition.

Definition 1.3.10. Let ¾<Ó�Äìª Ä ¿ Ó ÝG� æ
and 5íÓ5ëýªêë ¿ Ó æ � �

behomotopies.

Thenthe horizontalcomposite5 � ¼ ¾KÓvÃèÎ)5 � ¼ ÄN¿ÂÒ � Ë Î�ë �
¼ ¾NÒ�ÓXë � ¼ Ä � ë_¿ � ¼ ÄN¿ is the

homotopy with chainhomotopy component

Î)5 � ¼ ¾gÒ ¿ Ã«ë Ë ¾ ¿ ÀF5 ¿ Ä ¿¼ × (1.4)

In defining Î)5 � ¼ ¾gÒ , it wasnecessaryto arbitrarily choosehow to split the 2-cell

compositionasa sumof whiskerings. We choseto use 5 � ¼ ¾«ÓvÃèÎ)5 � ¼ Äg¿ÂÒ � Ë Î�ë �
¼ ¾NÒ ,

but couldequallywell have taken 5 � ¼ ¾¶ÓwÃRÎFë_¿ � ¼ ¾NÒ � Ë Î)5 � ¼ Ä¡Ò instead.It is easyto see

thatthis wouldalsoyield ahomotopy, but it is lessimmediatelyobviouswhetherthis is

thesameastheonewehave takenfor our definition.

Lemma 1.3.11. Î�ë_¿ � ¼ ¾gÒ � Ë Î)5 � ¼ Ä¡ÒÊÃ2Î)5 � ¼ Äg¿ÂÒ � Ë Î�ë �
¼ ¾gÒ .

Proof:

Considerthechainhomotopy

H ÎFë ¿ � ¼ ¾NÒ � Ë Î)5 � ¼ Ä¡ÒJI ¿ Ãúë ¿Ë ¾ ¿ ÀG5 ¿ Ä ¼ × (1.5)

Rearrangingthe defining equationsof chain homotopy we get ë_¿Ë Ã ë Ë ÀK5ð¿î½ ó and

Ä ¼ Ã§ÄN¿¼ Åì½ ó ¾�¿ . Substitutingtheseinto (1.5)gives

ë ¿Ë ¾ ¿ ÀG5 ¿ Ä ¼ Ã�ÎFë Ë ÀF5 ¿ ½ ó Ò)¾ ¿ ÀF5 ¿ Î
Ä ¿¼ Å<½ ó ¾ ¿ Ò
Ã«ë Ë ¾ ¿ ÀF5 ¿ Ä ¿¼ ÀF5 ¿ ½ ó ¾ ¿ ÅL5 ¿ ½ ó ¾ ¿
Ã«ë Ë ¾ ¿ ÀF5 ¿ Ä ¿¼

which is, of course,Î)5 � ¼ ¾NÒ7¿ asgivenby (1.4). þ
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Thusit makesnodifferencewhichof thetwo formulaeis chosen;moreimportantis

to beconsistentoncetheinitial choiceis made— weshallusetheoriginalchoicegiven

in definition1.3.10.

We arenow readyto establishthe interchangelaw for the vertical andhorizontal

compositionsasdefined.

Supposethat ¾ôÓ[Äôª ÄN¿�Æ û¾<Ó[ÄN¿�ª ÄN¿ ¿�ÆM5 Ó5ëOªBë_¿ and û5 Ó5ë_¿�ªBë_¿ ¿ arehomotopies

( ÄNÆ�ÄN¿�Æ�ÄN¿ ¿�Ó ÝL� æ
and ëNÆsë_¿²Æsë_¿ ¿�Ó æ � �

). We canform horizontalcomposites5 � ¼ ¾
and û5 � ¼ û¾ andthencomposethesevertically:

Ý
Þ NO11 11 23 åÞ á �� P QÞ á á11 11 23 �å æ

# NO11 11 23 7# á �� P Q# á á11 11 23 �7 � Ã Ý
# 
 (PÞ RS11 11 23 7 
 ( å ��T U

# á á 
 (PÞ á á11 11 23 �7 
 ( �å � Ã Ý # 
 (7Þ ��
# á á 
 (7Þ�á á � �

11 11 23MV �

where E¬ÓvÃ2Î û5 � ¼ û¾NÒ � Ë Î�5 � ¼ ¾NÒ .
Alternatively, we can start by forming the vertical compositesand then compose

thesehorizontally:

Ý
Þ WX11 11 23 åÞ á �� Y[ZÞ�á á11 11 23 �å æ

# WX11 11 23 7# á �� Y[Z# á á11 11 23 �7 � Ã Ý
Þ 9:
Þ á á ; =ä �å 
�Få æ

# ,-
# á á . 0ä �7 
� 7 � Ã Ý # 
 ( Þ ��

# á á 
 (7Þ á á � �
11 11 23]\ �

wherê¨ÓwÃRÎ û5 � Ë 5	Ò �
¼ Î û¾ � Ë ¾gÒ .

Lookingat thecorrespondingchainhomotopies,andusing(1.1)and(1.4),weget:

E ¿ Ã2Î)Î û5 � ¼ û¾gÒ � Ë Î)5 � ¼ ¾gÒ)Ò ¿ Ã2Î û5 � ¼ û¾NÒ ¿ À�Î�5 � ¼ ¾NÒ ¿ ÃÙë ¿Ë û¾ ¿ À û5 ¿ Ä ¿ ¿¼ À<ë Ë ¾ ¿ ÀF5 ¿ Ä ¿¼ (1.6)

and

E ¿ ÃRÎsÎ û5 � Ë 5	Ò �
¼ Î û¾ � Ë ¾gÒsÒ ¿ ÃÙë Ë Î û¾ � Ë ¾NÒ ¿ À�Î û5 � Ë 5	Ò ¿ Ä ¿ ¿

¼ Ãúë Ë û¾ ¿ À<ë Ë ¾ ¿ À û5 ¿ Ä ¿ ¿¼ ÀG5 ¿ Ä ¿ ¿¼ ×
(1.7)

Then(1.6) - (1.7)gives

ë ¿Ë û¾ ¿ ÀG5 ¿ Ä ¿¼ Åíë Ë û¾ ¿ ÅL5 ¿ Ä ¿ ¿¼ ÃRÎ�ë ¿Ë Åíë Ë Ò�û¾ ¿ ÀF5 ¿ Î
Ä ¿¼ Å·Ä ¿ ¿¼ Ò
Ã65 ¿ ½ ó û¾ ¿ ÅL5 ¿ ½ ó û¾ ¿ Ã�ÛEÆ
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whenceEg¿[Ã_E�¿ . Sincethesechainhomotopiesareidentical,thecorrespondinghomo-

topiesarealsoidentical;thuswehave:

Î�û5 � ¼ û¾gÒ � Ë Î�5 � ¼ ¾gÒÖÃ�Î�û5 � Ë 5	Ò �
¼ Î�û¾ � Ë ¾NÒ�×

Sincetheinterchangelaw is satisfied,ÇJÈ�É²Ë
ÌÍ is a2-category. Theinterchangelaw shows

thathorizontalcompositionis a homomorphismwith respectto the(vertical)groupoid

structureon theHom-setsof ÇjÈ É²Ë
ÌÍ . Theforegoingdiscussionprovesthefollowing:

Theorem 1.3.12. ÇjÈ É²Ë
ÌÍ is a Grpd-enrichedcategory. þ
The readeris referredto [43] for a treatmentof enrichedcategory theory. By re-

stricting the chain mapsto thosewhich are invertible, �`���ÕÇJÈ É¥Ë
ÌÍ is a 2-groupoid,or

groupoid-enrichedgroupoid.

1.3.5 The Long and Short of It

Fromour startingpoint of length1 chaincomplexes,let usmake two brief excursions

in oppositedirections.

1.3.5.1 Even Shorter Chain Complexes

The following elementaryobservationmaybe usefulto helpstrengthentheclaim that

ÇjÈ É¥Ë
ÌÍ is a 2-categorical generalisationof VectÍ . A length0 chaincomplex of vector

spacesis justavectorspace:
� Ã3× × × � Û � �a� Û � × × × . Any lineartransformation

of vectorspacesis a chainmapin this case(thecommutativity conditionis trivial) and

all homotopies,beingdegree1 maps,are trivial. Thereforethe category of length0

chaincomplexes,andchainmapsbetweenthem,which would bedenotedas ÇJÈ�É
¼
ÌÍ , is

just VectÍ . It hasno non-trivial 2-categorystructure(givenby homotopy, at least).

ÇJÈ É
¼
ÌÍ , of course,appearsasa full subcategory of ÇJÈ É²Ë
ÌÍ , consistingof thosechain

complexeswith
� Ë Ã�Û .

1.3.5.2 Longer Chain Complexes

Length0 chaincomplexesgive us thecategory ÇJÈ É
¼
ÌÍ Ã VectÍ . Length1 chaincom-

plexesgive us ÇJÈ�É²Ë
ÌÍ , which aswe have seen,is a groupoid-enrichedcategory, i.e. a

2-category with minimalextrastructure.Thereis no intrinsic reasonwhy thingsshould
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stop at this level. Given any naturalnumber b , it is possibleto definethe Î`bCÀBõ�Ò -
category ÇjÈ ÉdcHÌÍ of length b chain complexes. Thereis also an e -category, ÇJÈ Égf�ÌÍ ,

which includesall finite cases([50] discussese -categoriesin general).

In the sequel,we shall mostly be working with subgroupoidsof ÇJÈ É¥Ë
ÌÍ and their

equivalents,but occasionallyit will benecessaryto considerlongerchaincomplexesof

vectorspaces(or of modulesovera moregeneralring). Thesewouldalsobenecessary

in orderto generaliseour resultsto higherdimensions.

Thedefinitionof achainmapextendsveryobviouslyto chaincomplexesof arbitrary

length;thedefinitionof homotopy is equallyobvious.Thelevelwisedefinitionof chain

homotopy requiresjust a little more work. If ÄNÆsë are chain maps
Ýh� æ

(so thatÝ Ó�× ×!× � �	ij� � Ë � � ¼ � �lk Ë � × × × etc.) and Ä¨ªë thena chainhomotopy

consistsof maps ¾�¿c Ó � c � »
cnm5Ë satisfying ë c Å§Ä c Ãpo ócnm5Ë ¾�¿c À>¾�¿c k Ë o òc for eachbCñrq :

× × × �� � cnm5Ë
sutwv � ��

Þ twv �
!"

# twv �
!"

� c
sut ��

Þ t
!"

# t
!"

å á t
xy z z z z z z z

z z z z z z z
z z z

� c k Ë
sut|{ � ��

Þ t|{ �
!"

# t�{ �
!"

å á t�{ �
xy z z z z z z z

z z z z z z z
z z z ×!× ×

× × × �� »
cnm5Ë sutwv � �� »

c s t �� »
c k Ë sut|{ � �� ×!× ×

Thechainhomotopy conditionsfor length1 chaincomplexesarejust aspecialcase

in whichmostof themapsaretrivial.

In this thesis,andconceivably in any generalisationto higherdimensions,it is suf-

ficient to considernon-negativechaincomplexes.A non-negativechaincomplex is one

in whichthesubscriptsarenaturalnumbers8. Thecategoryof all suchchaincomplexes,

in theslightly moregeneralsettingof modulesoveraring, is called ÇJÈ andis discussed

in somedetail by KampsandPorter[40]. They show that ÇjÈ is in fact a 2-groupoid

enrichedGraycategory. Our ÇJÈ É¥Ë
ÌÍ is clearlyasubcategoryof ÇJÈ . Sinceit hasnothing

at level 2 or beyond,theGray-categorystructureis clearlytrivial.

1.3.6 A Matrix Formulation For Calculations

Perhapsone of the most beautiful resultsof elementarylinear algebrais that, up to

isomorphism,thereis only one} -vectorspacefor each(finite)dimensionb . Theupshot

8We take ~ to include0.
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of thisis thatany elementin anabstractvectorspace� of dimensionb canbeconsidered

asan b -tuple in } c . Linear transformationsbetweenvectorspacesareequivalentto

matricesover } ; assumingstandardbases,a linear transformationEIÓ�} c � }r�
uniquelydeterminesandis determinedby an �/��b matrix � (or9 � V or � Î�E[Ò ) with

coefficients in } . In particular, a linear isomorphism} c � } c is equivalentto an

elementof ��� c Î`} Ò . Matriceshave theadvantageover abstractlinear transformations

that, at leastfor low dimensions,calculationscanbe performedeasilyby handor by

computer.

In ÇJÈ É¥Ë
ÌÍ , theobjectsarechaincomplexesof length1. As wehaveseen,thesearees-

sentiallythesameaslineartransformations.Hencea chaincomplex
Ý

with differential

½ ò Ó � Ë � � ¼
canberepresentedby an b ¼ ��b Ë matrix � ò , where bNü is thedimension

of
� ü .
Suppose

æ
is anotherchaincomplex, with differential Áðó÷Ó » Ë � »�¼

, wherethe

dimensionof
» ü is �lü . A chainmap Ä2Ó ÝK� æ

is given by a pair of matrices � Ë
( � Ë ��b Ë ) and � ¼ ( � ¼ ��b ¼ ). Thecommutativity of thechainmapwith thedifferentials

is thenexpressedas

� ¼ � ò Ã8� ó � Ë Æ (1.8)

which is an � ¼ �Gb Ë matrix as required. Any chainmap ÄêÓ Ý�� æ
in �`���ÕÇJÈ É¥Ë
ÌÍ

is invertible, so in this case
» ü also hasdimension b5ü and the correspondingsquare

matricesarenon-singular, i.e. � Ë ñ���� c � Î`} Ò and � ¼ ñ���� c ( Î�} Ò . Equation(1.8)can

thenberewrittenas

� ò Ã�� k Ë¼ � ó � Ë ×
Usingmatrices,theabstractcompositionof chainmapsis,of course,replacedbystraight-

forward matrix multiplication. We will look at this in more detail later (seesection

2.1.2).

Moving up to dimensiontwo, a homotopy is determinedby its startingpoint (a

chainmap Ä ) andits chainhomotopy. A chainhomotopy is a lineartransformation,so

correspondsto amatrix. Suppose,in additionto themapsin thepreviousparagraph,we

9In general,we shallusea lowercaseGreekletterfor anabstractlineartransformation,andthecorre-

spondinguppercaseletter for its matrix. Occasionally, however, it will beusefulto resortto oneof the

otherobviousnotations.
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have anotherchainmap ÄN¿XÓ Ý�� æ
anda homotopy ¾ Ó	Ä�ªRÄN¿ . Thenthereis a chain

homotopy ¾�¿NÓ � ¼ � »
Ë with acorrespondingb Ë ��b ¼ matrix10 � suchthat

� � ò Ã8� ¿Ë Å�� Ë and � ó � Ã�� ¿¼ Å�� ¼ × (1.9)

If ¾OÓ_Ä � Ä ¿ and û¾OÓðÄ ¿ � Ä ¿ ¿ , thentheverticalcompositeû¾ � Ë ¾ , which is givenby

thechainhomotopy (1.1),correspondsto thematrix sum û� À � . Sinceboththechain

homotopiesin questionhave thesamesourceandtarget0-cells,thematricesarealways

compatiblefor addition.

Whiskeringandhorizontalcompositionarelikewisemodelledon the formulaefor

chainhomotopiesgiven in equations(1.2), (1.3), and(1.4). Supposewe have homo-

topies ¾�ÓÜÄ�ª ÄN¿cÓ ÝK� æ
and 5�ÓÖëKª ë_¿cÓ æ � �

. Thenthe chainhomotopy

componentsof ë � ¼ ¾ , 5 � ¼ Äg¿ , and 5 � ¼ ¾ arerepresentedby the matrices� Ë � , }��b¿¼ ,
and � Ë � ÀL}��ï¿¼ respectively.

In thissection,wehaveassumedthatthestandardbasisis usedfor eachvectorspace.

In fact, it is possibleto useany basis,althoughthe matricesobtainedwill vary with

differentbases.In chapter2weshallconsider, in thespecialcaseof automorphismsover

aspecificlineartransformation,theeffectof achangeof basisonthematrixformulation.

Example 1.3.13. Theforegoingdiscussionmaybesomewhatilluminatedby consider-

ing someactualexamplesof matricesfor ÇJÈ É¥Ë
ÌÍ . Sincethesenecessarilytake up a fair

amountof spacethey have beenplacedin appendixA, soasnot to disrupttheflow of

thenarrative.

1.4 Group Algebras

Thegroupalgebraconstructionis particularlyusefulin representationtheory. Not only

doesit provide a way of gettingan algebrafrom any given group,but also it allows

representationsto be studiedby way of modules. For convenience,the exposition in

this sectionwill be given for the casewhere } is a field. In fact, the definitionsand

resultsholdwith little extracomplication,when } is amoregeneralcommutativering;

lateron weshallsometimesneedthecase}�Ã�q .
10Sinceonly thechainhomotopy is to berenderedasa matrix, theuseof primesto distinguishchain

homotopiesfrom homotopiesis no longernecessary. If desired,thehomotopy � canbethoughtof asthe

triple of matrices���]�������)���¡  satisfyingequations(1.8)and(1.9).
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1.4.1 Definition and Adjunction

Let � be any groupand ¢¤£ the underlyingset11 of � . Let ¥ # denotethe elementin¢¦£ correspondingto ë ñG� . Thenform thevectorspace}<Î��LÒ (over a fixedfield } )

with basis¢¦£ Ã_§+¥ # ÓEë¶ñ��<¨ . This is a vectorspaceof dimension
� Î©¢¦£XÒ . A typical

elementof }<Î��LÒ is of theform ª #¬« £� # ¥ # , with  # ñ�} andonly finitely many  # éÃ�Û
[59]. Supposeª/® # ¥ # is anotherelementin }<Î`�JÒ , then¯  # ¥ # À ¯ ® # ¥ # ÓvÃ ¯ Î  # À ® # Òu¥ #±°
this additionis clearly commutative, since } is an abeliangroup. If ® ñ�} , thenthe

scalarmultiplicationis definedas

® ¯  # ¥ # ÓwÃ ¯ ®  # ¥ # ×
Thegroupoperationin � inducesa multiplicationin }<Î`�JÒ . If ª  # ¥ # and ª ® å ¥ å

arein }<Î��LÒ , then

Î ¯ #  # ¥ # Ò�Î ¯ å ® å ¥ å Ò�ÓwÃ ¯
#¬² å  # ® å ¥ # å ×

Togetherwith theadditionandscalarmultiplicationthis makes }<Î��LÒ analgebra.

Definition 1.4.1. Let � be a groupand } a field. Then }<Î��LÒ , asdefinedabove, is

calledthegroupalgebra of � .

We shall alsousethe term group algebra when } is merelya commutative ring,

althoughthetermgroupring is oftenusedwhen } Ã8q (technically, we shouldignore

the scalarmultiplication if this nameis used). }<Î��LÒ may be written as ³ #¬« £ }´¥ # ,
where }´¥ # is a 1-dimensional} -vector space. The definition of multiplication for}<Î��LÒ ensuresthat }´¥ # }´¥ å ÃK}´¥ # å . Also õ�ñµ}´¥ Ë is a 2-sidedidentity. This means

that }<Î��LÒ is aspecialcaseof thedefinitionof ¶ -algebrausedby Turaev [71].

Let Ä Ó·� � � bea homomorphismof groups.Define }<Î
Ä¡ÒÜÓ·}<Î`�JÒ � }<Î � Ò by}<ÎdÄ¡Ò�Î`¥ # ÒLÓwÃ�¥ Þ É # Ì ; }<ÎdÄ¡Ò is a homomorphismof groupalgebras.It hastheproperties

that }<ÎJ¸ ¹º£�Ò Ã ¸[¹ Í É £ Ì and, if ÄN¿ZÓ � � »
is a group homomorphism,}<ÎdÄN¿îÄ¡Ò Ã}<ÎdÄN¿îÒ¡}<ÎdÄ[Ò . Thesefactsaresummarisedin thefollowing proposition:

11Thenotation ¼�½ is chosenfor theunderlyingsetto avoid confusionwith ¾ ¿À¾ usedfor theorderof

thegroup ¿ . Whenspeakingaboutsetswewill referto thecardinalityof theset ¼ , writtenas �l�Á¼Â  . Of

course,for any group, ¾ ¿À¾ Ã��l��¼	½�  .
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Proposition 1.4.2. }<Î ×wÒÜÓ Gr
�

Alg Í is a functor. þ
In fact,a groupalgebracanbeendowedwith a comultiplicationandanantipodeto

make it into a Hopf algebra(see[53]). We shallnot requirethis extra structure;indeed,

for thepresentweshallmostlybeconcernedwith thevectorspaceunderlying}<Î`�JÒ (i.e.

we ignorethemultiplication). To avoid cumbersomenotationwe shallwrite }<Î��LÒ for

this underlyingvectorspaceaswell. If � is finite, let Ä¶Ã � Î©¢¦£¡Ò ; then }<Î��LÒÆÅ Ã }rÇ
andwe may write } Ç for }<Î`�JÒ to emphasisethe dimensionof the vectorspace.To

abbreviate notation,we will usually write E for }<Î
Ä¡Ò , using a Romanletter for the

grouphomomorphismandthecorrespondingGreekletterfor thelineartransformation.

Thegroupalgebrafunctorprovidesa canonicalconstructionfor a } -algebrafrom

any given group. Conversely, thereare at least two canonicalways of extracting a

groupfrom agiven } -algebra.Oneis to forgetthemultiplicationsandtake theadditive

(abelian)group of the algebra;this gives the forgetful functor Alg Í �
Ab. Alter-

natively, the subsetof the algebraconsistingof elementswhich are invertible under

multiplicationformsa subgroup(with theoperationof multiplication,of course)called

thegroupof unitsof thealgebra;thisgivesa functor ÈjÎ ×wÒaÓ Alg Í �
Gr . In general,the

groupof unitsof anon-commutativealgebraneednotbeabelian.

The following result is well-known, but a proof is givensincethe ideascontained

within it areusefullater.

Proposition 1.4.3. Thegroupalgebra functor }<Î{×vÒbÓ Gr
�

Alg Í is left adjoint to the

unit groupfunctor ÈjÎ{×vÒÜÓ Alg Í �
Gr.

Proof:

Let � be a group and É a } -algebra,andsupposeÄêÓÊ� � È�ÎËÉbÒ . Definea mapÌ £ ² Í Ó Gr Î`�öÆÎÈjÎËÉbÒsÒ �
Alg Í Î`}<Î��LÒ³ÆwÉcÒ by

Ì £ ² Í Î
Ä¡Ò!ÎË¥ # ÒaÓwÃ�¥ Þ É # Ì
(this defines

Ì £ ² Í completely, since §+¥ # ÓÕë·ñ6�<¨ is a basisfor }<Î`�JÒ and,for every

ëlñ�� ,
Ì £ ² Í Î
Ä¡Ò!ÎË¥ # ÒÜñ´}�È�ÎËÉbÒ	ÏÐÉ ).

SupposeEúÓ}<Î��LÒ � É . Then E is completelydeterminedby §±EÕÎË¥ # Ò�Ó�ëìñ��<¨ ,

andfor eachëlñ´�
õ Í Ã8E�Î`¥ # ¥ # { � ÒÊÃ8E�Î`¥ # ÒÑE�Î`¥ # { � Ò�Æ
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so EÕÎË¥ # Ò�ñ�È�ÎËÉbÒ . Definethemap Ò�£ ² Í Ó Alg Í Î�}<Î`�JÒ�ÆwÉbÒ �
Gr Î`�öÆ|È�ÎËÉbÒ)Ò by

Ò�£ ² Í Î�E[Ò�ÎFë�Ò�ÓvÃ�EÕÎË¥ # Ò�×
Now

H Ò�£ ² Í Ì £ ² Í Î
Ä¡ÒuIPÎFë�Ò�Ã�ÄÕÎFë�Ò and
H Ì £ ² Í Ò�£ ² Í Î)E[ÒJI7Î�ë�Ò,Ã6EÕÎ�ë�Ò , so

Ì £ ² Í is abijectionand

Gr Î���ÆÎÈjÎ`ÉcÒsÒÓÅ Ã Alg Í Î`}<Î��LÒ³ÆwÉcÒ
asrequired.

It remainsto show that
Ì

and Ò arenaturalin � and É . For
Ì

to be naturalin �
requires,for ahomomorphismÔCÓÕ�b¿ � � ,

Ì £ á ² Í Î
ÄjÖ�ÔXÒ�Ã Ì £ ² Í ÎdÄ[Ò×ÖÊ}´ÔÕ×
It is clearthatbothsidesof this equationare } -algebramorphisms}��b¿ � É , so let¥ # á beabasiselementof }�� ¿ . Then

Ì £ á ² Í Î
ÄjÖ�ÔXÒ�Î`¥ # á ÒÊÃ�¥ Þ�Ø)Ù ÉÛÚÝÜ á Ì Æ
while

Ì £ ² Í ÎdÄ¡Ò×ÖÀ}´ÔÊÎË¥ # á Ò�Ã Ì £ ² Í ÎdÄ¡Ò�Î`¥ Ù # á Ò�Ã�¥ Þ É Ù # á Ì ×
Now, Ä,Î`Ô[ë_¿vÒ�Ã>ÄÞÖÀÔ5ëð¿ , whenceequality. Theremainingcasesareprovedsimilarly. þ
Corollary 1.4.4. Thegroupalgebra functorpreservescolimits.

Proof:

By proposition1.4.3,thegroupalgebrafunctoris a left adjoint.Theresultthenfollows

from standardcategory theory(see,for example,[52]). þ
Notethat }<Î ×wÒ neednotpreserve limits.

1.4.2 ßáà¬â�ã -Modulesand RepresentationTheory

Theprincipal reasonfor the importanceof thegroupalgebrafunctor in representation

theoryis thefact that thereis a bijective correspondencebetween} -linearrepresenta-

tionsof agroup � and }<Î��LÒ -modules.Thisallowsthemorepowerful abstractmachin-

eryof moduletheoryto beusedto studyrepresentations.Sincethis factis soimportant,

it will beworthour while to studyit briefly here.
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Lemma 1.4.5. Let � be a } -vectorspace. Thenthe collection,EndÍ Î)�LÒ , of all } -

endomorphismson � is a } -algebra, with ����Î)�jÒ asits groupof units. þ
Definition 1.4.6. Let É bea } -algebra.A left É -moduleis a } -vectorspace,� , having

a } -linear morphism Éä�G� � �ÊÆ�Î`å�ÆÑ�ÕÒ¦æ� åç� suchthat the following axiomsare

satisfiedfor every ågÆwå ¿ ñ´ÉLÆÑ�ÖÆÑ� ¿ ñ���Æ¬èìñ�} :

I. åNÎË�ÔÀ��ÕÒ ¿ Ã�åÕ�tÀFåç� ¿ ,
II. Î`åbÀFå&¿ÂÒJ� Ã8åç�ÔÀFå&¿é� ,

III. Î`åêå&¿²ÒJ� Ã8åNÎ`å�¿d�ÕÒ ,
IV. õ Í � Ã�� ,

V. Î`èëåðÒu��Ã8èaÎ`åÕ�ÕÒ�Ã8åNÎ`è�ÕÒ .
An alternativeway of viewing an É -moduleis to regardit asa left actionof the } -

algebraÉ on the } -vectorspace� . Thescalarmultiplication åç� is rewritten as ìé� and

theconditionsgo throughmutatismutandis. In particular, since }<Î��LÒ is a } -algebra,

this definition givesus the notion of a (left)12 }<Î��LÒ -module,or equivalently a (left)}<Î��LÒ -actionona vectorspace.

Theorem 1.4.7. Let � bea groupand � a } -vectorspace. There is a bijectivecorre-

spondencebetweenrepresentationsE<Óí� � ���ùÎ��jÒ and }<Î��LÒ -modulestructureson� .

Proof:

SupposeE¬Óº� � �Â��Î��jÒ is arepresentation,i.e. ahomomorphismof groups.ThenE extendsuniquelyto a } -algebramorphismEMî�Óº}<Î`�JÒ �
EndÍ Î)�LÒ , with:

E î Î ¯ è # ¥ # Ò�Ã ¯ è # ¥ V # ×
12Since ï is commutative thereis no distinctionbetweenleft andright ï -modules. However, theï -algebrað is not necessarilycommutative so left andright ð -modulesaredistinct. We shall only be

usingleft modules.
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Defineascalarmultiplication

}<Î��LÒ	��� � �
Î`å�ÆÑ�ÕÒñæ� åç�ìÓwÃ6E î Î�åðÒ!Î©�,Ò�Æ

where ålñ�}<Î��LÒ and �ôñ�� . With this multiplication, � is a }<Î��LÒ -module:condition

I of definition 1.4.6 holds becauseE î Î`åEÒ is } -linear; conditionsII, III and IV hold

becauseE î is K-linear;conditionV followsfrom theK-linearity of boththemap E î and

theimagesE�îHÎ`åðÒ of eachå�ñ�}<Î`�JÒ .
Conversely, suppose� is a }<Î`�JÒ -module.Then,define �§Óê}<Î��LÒ �

EndÍ Î)�JÒ by

sendingeach åíñÐ}<Î`�JÒ to �bÎ�åðÒjÓ� � � with �bÎ�åðÒ!Î©�,ÒjÓwÃ$åç� . ConditionsI andV

ensurethateach�bÎ�åðÒ is } -linearandhence� is well-defined.ConditionsII - V ensure

that � itself is a } -linearmorphism.For any ëlñ�� ,

�bÎ`¥ # ÒÑ�bÎË¥ # { � Ò!Î©�,ÒÊÃ��bÎ`¥ # ¥ # { � Ò!Î©�,Ò�Ã��bÎ õ�Ò�ÎË�ÕÒÊÃ��ÖÆ
so �bÎ`¥ # Ò is a unit in EndÍ Î)�jÒ . Hence� restrictsto ahomomorphismEýÓº� � ����Î)�jÒ
which is a representation,asrequired. þ



Chapter 2

Automorphismsof a Linear

Transformation

In which theautomorphismcatË -groupof a linear transformationis explored, togetherwith its

matrix formulation.Finally, weshall meetthedefinitionof a linear representation.

In section1.3 we consideredthe groupoid-enrichedcategory, ÇJÈ É¥Ë
ÌÍ , of length 1

chain complexes over VectÍ , whoseobjectsare linear transformationsof } -vector

spaces,with 1- and2-cellsgiven respectively by chainmapsandhomotopies.In or-

der to developthe representationtheoryof crossedmodulesandcatË -groups,we shall

needtheextraalgebraicstructureobtainedby concentratingon thechainisomorphisms

andhomotopiesdefinedon a singlelinear transformation.After thedefinition is given

andexamined,severalexamplesareconsidered.In thesewe concentrateon thematrix

formulation,which is particularlyuseful for calculations.The examplesculminatein

thegeneralcasefor a linear transformationof vectorspaces.Thedefinitionof a linear

representationof a catË -groupis givenin section2.4,althougha detailedconsideration

of this definition,with examples,will bepostponeduntil chapter4.

41
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2.1 The Automorphism Cat õ -Group of a Linear Trans-

formation

Let ½ÙÓ � Ë � � ¼
be a linear transformationof vector spaces;this can and will be

consideredasanobjectin ÇjÈ É²Ë
ÌÍ in thewayexplainedearlier. Thecollectionof all chain

isomorphisms½ � ½ andhomotopiesbetweenthemformsa2-subcategoryof ÇJÈ É²Ë
ÌÍ . In

fact,it is clearthatthiswill bea2-group.Fromthediscussionin section1.2.3,weknow

that this is alsoa catË -group. As isomorphismsfrom anobjectto itself arecommonly

known asautomorphisms1, wemaycall this structureanautomorphismcatË -group.

2.1.1 The Definition of Aut à¡ò×ã
Definition 2.1.1. Let ½�Ó � Ë � � ¼

bea lineartransformationof } -vectorspaces.The

automorphismcatË -groupof ½ , Aut Î
½£Ò , consistsof:

ó thegroupAut Î
½£Ò Ë of all chainautomorphisms½ � ½ ,
ó thegroupAut Î
½£Ò i of all homotopieson Aut Î
½£Ò Ë ,ó morphisms® ÆÑôCÓ Aut Î
½£Ò i��

Aut Î�½�Ò Ë , selectingthe sourceand target of each

homotopy,

ó themorphismõøÓ Aut Î
½£Ò Ë �
Aut Î
½£Ò i , which providesthe identity homotopy on

eachchainautomorphism.

It maybeinstructiveatthispoint to look morecloselyat thecellsof Aut Î
½£Ò from the

2-category perspective. Thereis but one0-cell, ½ , andsoAut Î
½£Ò ¼ is a singleton;most

of thetime it remainsquietlybehindthescenes.Aut Î
½£Ò Ë consistsof 1-cells:

½ Þ �� ½ Æ
while Aut Î�½�Ò i contains2-cells:

½
Þ WX
Þ á Y[Zä,å ½ ×

1Themeaningof theterm“chain automorphism”shouldbeobvious.
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Thisis the“black box” interpretationof thecells,whichis oftenthebestwayto view

them.Whenrequired,however, achainautomorphismÄ Ó&½ � ½ maybeunpackedasa

pair ÎdÄ Ë Æ�Ä
¼ Ò of linearisomorphismssuchthatthefollowing diagramcommutes:

� Ë
Þ � ��

� !"
� Ë �!"� ¼ Þ ( �� � ¼

×

A homotopy ¾tÓðÄOª�ÄN¿ decomposesasa pair Î
¾	¿ÿÆ�Ä¡Ò , with ¾�¿ achainhomotopy

� Ë
Þ � ��
Þ á� ��

� !"
� Ë �!"� ¼ Þ)( ��

Þ�á( ��
å á ö[÷ºººººº � ¼

and Ä (a chainautomorphism)thesourceof ¾ . Togetherthese,alongwith thetarget ÄN¿ ,
satisfythechainhomotopy conditionsÄN¿¼ ÅjÄ ¼ Ã§½£¾	¿ and ÄN¿Ë ÅjÄ Ë Ã§¾�¿Â½ . For convenience,

we shalloftenabbreviatetheseasthesinglecondition ÄN¿ðÅ·ÄýÃ>½£¾	¿�À¨¾�¿Â½ . This causes

no problemaslong asit is rememberedthat ÄNÆNÄN¿ and ¾�¿ aregradedmaps(both sides

aredegree0 maps).

The structuralhomomorphismsin Aut Î
½£Ò arestraightforward. The maps ® ÆÑô give

respectively thesource,Ä , andtarget, ÄN¿EÃ>Ä�À¬½£¾�¿sÀý¾�¿î½ , of thehomotopy Îd¾�¿�Æ�Ä¡Ò , whileõ mapseachchainmap Ä to the identity homotopy õ Þ Ó�Ä<ç Ä . Thechainhomotopy

¾	¿ andthesourcechainmap Ä togethercaptureall theinformationof thehomotopy ¾ .
Notethat ¾�¿ on its own mayfunctionasa chainhomotopy for severaldifferentpairsof

chainmaps.

Thegroupoperationin Aut Î�½�Ò Ë is compositionof chainautomorphisms,for which

we shall usethe notation ë � ¼ Ä introducedin section1.2.3. The identity is ¸ ¹ � , the

chainmapconsistingof the identity linear transformationat both levels. Sinceevery

Ä ñ Aut Î
½£Ò Ë is a chain automorphism,it hasan inverse Ä k Ë , which is also a chain

automorphismon ½ andhenceanelementof Aut Î�½�Ò Ë .
Horizontalcompositionprovidesthegroupoperationfor Aut Î
½£Ò i ; therelatedoper-

ationof whiskering is a degeneratecaseof this. Thenotationemployedis againtaken

from theexampleof ÇJÈ É¥Ë
ÌÍ ; in this case,if ¾¶ÃIÎd¾�¿ÿÆ�Ä[Ò and 5ÔÃ´Î�5ð¿�Æsë�Ò arehomotopies,
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thecomposite5 � ¼ ¾ is thehomotopy specifiedby thesourcechainmap ë � ¼ Ä andthe

chainhomotopy Î�ë Ë ¾	¿EÀ�5ð¿ÂÄg¿¼ Ò , where ÄN¿,Ã ÄtÀÙ½£¾�¿EÀ�¾�¿î½ . The identity for this com-

position is the homotopy Î
Û�Æ|¸[¹ � Ò Ó�¸[¹ � ç ¸ ¹ � . The inverseof Îd¾ ¿ Æ�Ä¡Ò is the element

Î ÅøÄ k ËË ¾�¿FÎdÄg¿
¼ Ò k Ë Æ�Ä k Ë Ò .

The elementsof Aut Î�½�Ò i canalsobe joined by vertical composition,
� Ë , which is

definedfor pairsof 2-cells for which the target 1-cell of the first is the sourceof the

second.That is, if ¾¬Ã Îd¾�¿ÿÆ�Ä¡Ò and û¾¬Ã Î û¾�¿�Æ�ÄöÀ«½�¾�¿&À«¾�¿Â½�Ò arein Aut Î�½�Ò i , thevertical

compositeis û¾ � Ë ¾ÙÃ Î û¾�¿gÀ�¾�¿�Æ�Ä[Ò . This is a groupoidoperation,with each1-cell Ä
having an identity õ Þ ÃÚÎ
Û�Æ�Ä[Ò for verticalcompositionandevery 2-cell Îd¾�¿ÿÆ�Ä¡Ò having

the inverse Î{Åc¾ ¿ Æ�ÄÔÀ§½£¾ ¿ À§¾ ¿ ½£Ò . The horizontalandvertical compositionsarelinked

by aninterchangelaw, which leadsto thekernelconditionbeingsatisfiedin Aut Î
½£Ò (so

thatit really is acatË -group).

BecauseAut Î�½�Ò is a catË -group it hasa classifyingspaceas discussedin section

1.2.2,hencethehomotopy groups¶�ü Aut Î
½£Ò canbe found. As always,thesearetrivial

for õ éÃ õ&Æ�ø , while formulaearegiven on page19 which allow us to find ¶ Ë and ¶ i
without first calculatingù Aut Î�½�Ò explicitly.

Thenotation ¶ Ë Aut Î�½�Ò suggeststhatthis groupshouldbethefundamentalgroupof

Aut Î�½�Ò , i.e. thegroupof homotopy classesof theelementsof Aut Î�½�Ò Ë . This is indeed

thecase,andin fact theresultis alsotruefor a moregeneralcatË -group ú . Recallthat¶ Ë úOÃ�ûÊüýô�ÎËþ ÿ � ® Ò . Now, ô�ÎËþ ÿ � ® Ò�Ã §�½EÎ���Ò � �øñ � ¨ (considerthe2-cellstructureof
��� û

asdescribedin section1.2.3)andtwo elements��Æ��	¿�ñFû aredefinedto behomotopic

preciselywhenthereis a 2-cell Î���Æ	�gÒ with ½EÎ���Ò
�OÃ��	¿ , which occurswhenever � and �	¿
arein thesamecosetof ô�Î`þ±ÿ � ® Ò . Hence� ª�� ¿ in ú preciselywhen � Ã�� ¿ in ¶ Ë ú , as

required.

We shall not requirea rigoroustopologicaljustificationof thedefinition of ¶ i ú asþ ÿ � ®�� þ±ÿ � ô . Informally, a 2-cell in ú yieldsa disc in ùjú . Elementsof ¶ i ú arediscs

whoseboundariesareidentifiedat a point, andthesearethediscscomingfrom 2-cells

with trivial sourceandtarget, i.e. thosewhich arein both þ±ÿ � ® and þ ÿ � ô . In the case

of Aut Î�½�Ò thechainhomotopy conditionimposessomesevererestrictionson elements

of ¶ i
. SupposeÎd¾ ¿ Æ�Ä¡ÒZñ8¶ i

Aut Î�½�Ò , thenboth the sourceandtarget of Îd¾ ¿ Æ�Ä¡Ò arethe

identity; hence,½�¾ ¿ À¨¾ ¿ ½LÃ�Ä ¿ ÅµÄýÃ�Û . If þ ÿ � ½LÃ�Û , thenof course½�¾ ¿ À¨¾ ¿ ½LÃ÷Ûjç
¾	¿�Ã�Û andin thiscasehomotopy collapsesto equality(i.e. Ätª>ë�ç ÄtÃÙë ). However,

if þ±ÿ � ½ is non-zerothen ½£¾ ¿ ÀK¾ ¿ ½ïÃ�Û neednot imply that ¾ ¿ Ã�Û .
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2.1.2 Matrices for Aut à¡òíã
We cannow specialisetheremarksof section1.3.6to obtaina descriptionof Aut Î
½£Ò as

a 2-subgroupof ÇjÈ É²Ë
ÌÍ in matrix terms.Theprincipalbenefitof this approachis that it

allowsthepotentialuseof powerful computationalalgebrapackagessuchasMapleand

GAP for directcalculationwith Aut Î�½�Ò (andhenceof catË -grouprepresentations).It is,

then,worth outlining in somedetail the basicequationalformulationrequiredby this

approach.It is largelyastraightforwardextensionof standardlinearalgebratechniques,

but it will alsohave the advantageof providing us with somemoreconcrete,generic

examplesof catË -groupsand hencecrossedmodules,including somewhich seemto

havepreviouslyescapednotice.

Oncebasesarechosenfor
� Ë and

� ¼
, the linear transformation½ yields a unique

matrix, � . If
� Ë and

� ¼
havedimensionb Ë and b ¼ respectively, � is an b ¼ � b Ë matrix.

For the moment,assumethat the basesarefixed. Whenconsideringthe matrices,we

shallwrite Aut Î`�ZÒ insteadof Aut Î�½�Ò . Weshallalsoadoptthenotation} � ² c (borrowed

from [34]) to denotethe setof all �C�µb matriceswith coefficients in } . This is an��b -dimensional} -vectorspaceunderadditionandscalarmultiplication; } � ² � is a} -algebrawith matrix multiplication. Althoughthegenerallineargroupis not strictly

asubobjectof } � ² � (sinceit is agroup,ratherthana linearspace),weshallemploy the

usualnotationthatblursthis distinction.As always, �Â� � Î�} Ò denotesthecollectionof

invertible �/��� matrices,andtheoperationsof additionandscalarmultiplicationas

well asmatrixmultiplication.

An elementof Aut Î�½�Ò Ë is a pair � Ã Î�� Ë Æ¬�
¼ Ò of matrices, � Ë ñ���� c � Î�} Ò and� ¼ ñ´�Â� c ( Î�} Ò suchthat:

�Þ� Ë Ã�� ¼ �Ô× (2.1)

Since� Ë and � ¼ arebothinvertiblethisconditionmayberewrittento give �BÃ�� ¼ �Þ� k ËË
or �BÃ8� k Ë¼ �Þ� Ë . Onemight think that � Ë and � ¼ arelinkedto theextentthatonceone

is chosentheotheris automaticallyfixed. In factthis is notso,andit is aneasyexercise

to find a counterexample(appendixA containsonefor ������ÇjÈ É²Ë
ÌÍ which caneasilybe

customised).

To getat theelementsof Aut Î�½�Ò i it is easiestto usethedecompositionof thehomo-

topy ¾¶ÓðÄ¶ç ÄN¿ asthepair Îd¾�¿�Æ�Ä¡Ò , chainhomotopy andsourcechainmap.Since ¾	¿ is a

lineartransformation,it givesan b Ë �´b ¼ matrix � . Again, thecompatibilitycondition
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translateseasilyinto matrix notation,with multiplicationreplacingthecompositionof

lineartransformations.Thisgives:

� �BÃ�� ¿Ë Å�� Ë Æ � � Ã8� ¿¼ Å�� ¼ × (2.2)

Note that � ñF} c � ² c ( , while �èñG} c ( ² c � , soboth � � and � � aredefined.Thusan

elementof Aut Î�½�Ò i is apair Î � Æ¬�LÒ , with � and � satisfyingconditions(2.2)and(2.1).

Themaps ® ÆÑô and õ work asfollows in thematrix formulation. Let � Ã Î�� Ë Æ¬�
¼ Ò ,� ¿ Ã Î�� ¿Ë Æ¬� ¿

¼ Òíñ Aut Î
½£Ò Ë and Î � Æ¬�LÒ ÓÆ� ç � ¿ ñ Aut Î
½£Ò i ; then ® Î � Æw�JÒOÃ � ,ô�Î � Æw�JÒùÃ_��ÀÐ� � À � �Ã_�b¿ and õ�Î`�JÒùÃÎ�Û�Æ¬�LÒ . Note that thezeromatrix is the

chainhomotopy componentfor any identityhomotopy.

As with ÇJÈ É²Ë
ÌÍ , the formulaefor compositionin the matrix approachare derived

from the formulaein themoreabstractapproach.The compositionof chainautomor-

phismssimplybecomesmatrixmultiplicationateachlevel— thisis now alwaysdefined

sincethematricesareall square.Verticalcompositionof homotopiesis replacedby ma-

trix addition. The slightly morecomplicatedformula for horizontalcompositiononly

involvesadditionandcompositionof linear transformations,so this translatesequally

easilyto a matrix formula involving additionandmultiplication. The formulaefor all

thesecompositionscanbefoundin themoregeneraldiscussionstartingon page33.

Muchof thetimeit is possible,andconvenient,to keepthebasesof thevectorspaces

fixed(for example,usethestandardbasisof � c ). Therearetimes,however, whenit is

necessaryor desirableto changebases.Thismeans,of course,thatthesameunderlying

lineartransformationwill giveadifferentmatrix. Themathematicsof changingbasesis

standardlinearalgebra,which canbefoundin any standardtext (suchas[6]). Herewe

shallrecallsomeof thebasicresults,mostlyfor notationalpurposes.

Firstly, suppose�IÃ��`� Ë Æ ×!× ×¡� c � and � Ã���� Ë Æ × × ×�Æ�� c � arebasesfor } c . There

is a uniquenon-singularmatrix û ñ���� c Î�} Ò , which will becalledthechange matrix

from � to � , suchthat if ��ñ�} c is a vectorexpressedin termsof coefficientswith

respectto thebasis � , then û�� is the samevectorexpressedwith respectto thebasis� . Wherenecessarywe shallclarify which basiswe areusingby meansof subscripts,

writing ��� or ��� insteadof � . Of course,û k Ë is thechangematrix from � to � .

Now let EíÓ·} � � } c bea lineartransformationandsuppose� and � arebases

for } � , and � ¿ and ��¿ basesfor } c , with changematrices û and ûb¿ respectively.

Denoteby ��� thematrixobtainedfrom E usingthebases��ÆÓ�ï¿ , andby ��� thematrix
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obtainedusingthebases� Æ �>¿ . Then ��� and ��� arerelatedby theformula:

���2Ã8û ¿ ��� û k Ë × (2.3)

All of theelementsof Aut Î�½�Ò aredefinedin termsof lineartransformationsbetweenthe

vectorspaces
� Ë and

� ¼
(the sourceandtarget of ½ ), so this formula canbe applied,

with thesuitablechangematrices,to find matricesfor everythingin Aut Î�½�Ò usingany

basisdesired.

We shallconsiderchangeof basisfor Aut Î
½£Ò asanall-or-nothingpackage.In other

words,we insistonusingthesamepairof basesatany giventime for ½ andall its chain

mapsandhomotopies.If a changeof basisis made,it mustbemadeto everything. If�!� is usedfor ½ thenwemustalsouse ��ü ² � , � � andsoon.

2.2 Examplesof Aut "$#&%
In orderto developabetterintuitionof whatAut Î
½£Ò actuallylookslikeandhow it works,

let usconsidersomeexamples.We shallmostlyconcentrateon thematrix formulation

of theseexamples,sincethis is theversionmostconducive to calculation.Most of the

exampleswill bereasonablygeneric,but thefirst is bothspecificandfairly small. It is

includedto show theeasewith which theforegoingmethodscanbeappliedto analyse

individual catË -groups.In practice,thedimensionsof
� Ë and

� ¼
areusuallysufficient

to makehandcalculationimpracticalbut thesametechniquescanbeusedwith standard

computerlinearalgebrapackagesto handlelargerexamples.

2.2.1 A Small, SpecificExample

Working over � andtakingthestandardbasisfor eachvectorspace,define ½jÓ'� i � �
to bethelineartransformation:

½jÓ(� i � �) Ï
Ð+* æ,.-�/

Thiscorrespondsto thematrix 02143(5 687�9;:=<?> @ /
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A chainautomorphismin Aut A 0CB < will consistof a pair of non-singularmatrices,

one DFEGD andtheother

5 E 5 , satisfyingequation(2.1). SupposeH < 1JILK MN O *QP HSR 1T3VUW7
is apair of suitablydimensionedmatrices.Then0 H < 1 3 5 6 7.I K MN O * 1 3 K M 7 P
while HXR 021T3 U 7;3(5 687Y1Z3 U 687 /
In orderto satisfy(2.1),then,it is necessaryto have

M 1 6
and

K 1 U
; in addition

K
andO

mustnot beequalto zero(in orderthat
H <

benon-singular).Therefore,theelements

of Aut A 0!B < will bepreciselythematrixpairs
H 1 A H < P HSR B of theform:H < 1JI K 6N O *QP HXR 143 K 7

where

K P N P O 9;: P K P O\[1 6
.

Thesimplestpossiblehasbothmatricesto betheidentity in their respectivedimen-

sions.Thisgives ]_^(` 1 Aa]_^ < P ] ^ R B with:]_^ < 1JI 5 66 5 *QP ] ^ R 1T3(5W7 /
It is straightforward to checkthat

0 ] ^ < 1 ]_^ R 0 A 1 0!B
. Clearly ]_^(` is the identity

chainmapon

0
. However, it is not theonly chainautomorphismon

0
. For instance,Hcb 1 A Hcb< P H�bR B with: H b< 1 I&d 65 5 * P H bR 1 3 d 7 P

is anotherexample(with

0 H b< 1 HSR 021 3 d 6 7
). Thereare,of course,infinitely many.

Aut A 0CB < is, of coursea group,sowe needto specifynot just theelements(which

we have donealready)but alsothegroupoperation.In this context, it is simply matrix
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multiplication at both levels. Suppose
H 1 A H < P HSR B asabove and e 1 A�e < P e R B is

anotherchainautomorphism,wheree < 1fILg 6h i *QP e R 1Z3 g 7 /
Then

Hkj\R e is thechainautomorphismwith A Hkj\R e B R 1 HSR e R andA Hkj\R e B < 1 H < e < 1 I K'g 6N gml O h O i * /
We canfind homotopies,the elementsof Aut A 0!B @ , by a similar process.Suppose

alsothat
Hon e , i.e. thereis a homotopy A�p P H Bcq Hor e . We alreadyknow

H
; the

chainhomotopy p (a DFE 5 matrix) mustsatisfy p 0s1 e <ut H < and

0 p 1 e R t HSR .
Let p 1fIwvx * /
Then p 0y1 I v 6x 6 * P 0 p 1 3 v 7 P
while e <zt H < 1 I g t K 6h t N i t O * P e R t HXR 1 3 g t K 7 /
Therefore,to satisfy the homotopy conditionswe musthave

g t K 1 v
,
h t N 1 x

and
i t O 1 6

. Hence
H{n e if andonly if

i 1 O
, andin this casetheuniquechain

homotopy suchthat A�p P H B=q H|n e isI g t Kh t N * / (2.4)

For example,the chainmaps ]_^ and
H b

definedabove arehomotopic,with chain

homotopy: p 1 Iwd t 55 * /



CHAPTER2. AUTOMORPHISMSOFA LINEAR TRANSFORMATION 50

As with thelowerlevel,Aut A 0!B @ is agroup.Its elementsarethehomotopiesA�p P H B .
In this case,thegroupoperation(horizontalcomposition)is slightly morecomplicated

thanmerelymultiplying thematrices.If A�p P H B}q Hon e and A�p b P H�b B}q H�bSn e b are

homotopies,thehorizontalcompositeA�p b P H b B j\R A�p P H B is definedto bethehomotopy

with source
H b j\R~H 9

Aut A 0!B < andchainhomotopy (givenby theformulaonpage35)H b< p l p b e R .
SinceAut A 0!B is a cat

<
-groupverticalcompositionis alsodefined,for suitablepairs

of homotopies.If A�p P H B=q H|n�H b
and A�p b P H b B�q H b n|H b b

thentheirverticalcomposite

is A�p b P H b B j < A�p P H B�q H�n�H b b
. Its sourceis thechainmap

H
andits chainhomotopy

is thesumof thecomponentchainhomotopiesp b l p .

In this example,thehomotopy classesof chainmapsarecharacterisedby thecoef-

ficient
O

in thebottomright cornerof thetop groupmatrix. In otherwords,thefunda-

mentalgroup � < Aut A 0!B�1�:
.

Theelementsof � @ Aut A 0!B�1|�8�������Y�������
have bothsourceandtargetequalto the

identity. Therefore,(2.4) implies that p 1 6
for every elementof � @ . In otherwords,A 6 P ] ^ B is theuniqueelementof � @ Aut A 0!B , which is thusthetrivial group.

This exampleis alsoa suitablevehicleto exploretheeffect of a changeof basison

thematrices.Let � < and � R denotethestandardbaseson

: @
and

: <
respectively (with� << 1 A 5 P 6 B etc.)andlet � < 1���� << 1 A d P 6 B P � <@ 1 A 5 P t d B�� and � R 1���� R < 1 A d B�� beanother

pair of basesfor thesamespaces.Thechangematrix from � < to � < is:� < 1fI t d t 56 d *�P
while thatfrom � R to � R is: �XR 143 t d 7 /
Thematrix

0
previously usedto represent� wasfoundusingthestandardbasesfor

: @
and

:
. Writing it moreexplicitly as

0��
, theformula(2.3)maybeusedto find

0\�
, the

matrix representing� with respectto thebases��� . Thus,

0k��1 �SR 0�� �\  <<
, i.e.0k��1 3 t d 7;3 5 6 7.I&d 56 t d * 1 3 5 t d 7 /

In thesameway, theformulacanbeappliedto givethechainmapsandhomotopieswith

respectto thenew basis.This is left asanexercisefor thereader.
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2.2.2 Identity

For any finite vectorspace¡Y¢ , onelinear transformationthat is guaranteedto exist is

theidentity

5 ¢ q ¡ ¢ , ¡ ¢ . AlthoughAut A 5 ¢ B maynot bewildly exciting, its ubiquity

makesit worthyof at leastapassingexamination.

Suppose£ q 5 ¢ , 5 ¢ is a chainautomorphism.Thenthecommutativity condition

gives: £ R 1 £ R 5 ¢ 1 5 ¢ £ < 1 £ < /
Thereforeany chainautomorphismconsistsof thesamelinearautomorphismrepeated

topandbottom;converselyany suchpairgivesachainautomorphism.Suppose£ and ¤
arehomotopicchainautomorphisms.Thenthereis achainhomotopy ¥ b andwegetthe

following diagram: ¡ ¢ ¦ §¨© §¨ ¡ ¢¡Y¢ ¦ §¨© §¨ª~« ¬_®®®®®®®®®®®® ¡Y¢
/

The homotopy conditionsboth become¥ 1 ¤ t £ . Thereforeany pair of chainauto-

morphismsarehomotopicto eachother, with chainhomotopy givenby theirdifference.

In particular, � < Aut A 5 ¢ B and � @ Aut A 5 ¢ B arebothtrivial.

Translatingto matrices,eachchainautomorphism
H 1 A H P H B consistsof thesame

matrix
H 9 e°¯ ¢ A�¡ B at both levels. Givenchainautomorphisms

H
and e , thereis a

homotopy A�p P H B betweenthem,where p 1 e t H 9 ¡ ¢ > ¢ .
The identity linear automorphismalso exists for infinite vector spaces,but since

thesearelessamenableto matrix treatment,they havenotbeenconsideredhere.

2.2.3 Zero

Anothergenerallineartransformationis thezeromap,whichcanbedefinedonany pair

of vectorspaces.This is the linear transformation

6 q ¡ ¢ , ¡Y± suchthat ²´³, µ for

every ² 9 ¡Y¢ . Sincethecompositeof a zeromapwith any otherlineartransformation

is alsoa zeromap,it follows thatany pair A�£ < P £ R B of linearautomorphismsof suitable

dimensionswill be a chainautomorphismin Aut A 6 B . For homotopies,this gives the
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picture: ¡ ¢ ¦·¶ §¨© ¶ §¨R+¸¹ ¡ ¢ R¸¹¡Y± ¦	º�§¨© º §¨ª~« » ¼½½½½½½½½½½½½½ ¡Y±
/

Since¥ b 6 1 6 1 6 ¥ b , thechainhomotopy conditionsbecome¤ <¾t £ < 1 6
and ¤ R t £ R 16

, hence£ < 1 ¤ < and £ R 1 ¤ R . In otherwords,while everypair of suitablydimensioned

linearautomorphismsis achainautomorphism,distinctchainautomorphismsarenever

homotopic.Hencethereis a distincthomotopy classfor eachchainautomorphismand

so � < Aut A 6 B¿1 Aut A 6 B < . Any linear transformation¥ b q ¡ ± , ¡Y¢ is a suitablechain

homotopy for any £ n £ andsotheelementsof � @ Aut A 6 B areof theform A�¥ b P ]_^ B .
Of course,this situationcan easily be translatedinto the languageof matricesif

needsbe.

2.2.4 Inclusion

Suppose¡Y± is a subspaceof ¡ ¢ (i.e. À�ÁÃÂ ) and � q ¡Y±QÄ , ¡ ¢ theinclusion.Then¡ ¢ canbedecomposedas ¡Y±ÆÅÇ¡ÆÈ , with É 1 Â t À , sothatthematrixcorresponding

to � is

021JI�Ê ±6 * 9 ¡Y±zËÌÈ > ± where

Ê ± is theidentityon ¡Y± > ± and

6
is thezeromatrix

in ¡ÆÈ > ± ; thus,for any ² 9 ¡Y± ,

0 ² 1JI ² µ�* .

A chainautomorphismin Aut A 0!B < will consistof invertiblematrices
H < 9 e°¯ ± A�¡ B

and
HXR 9 e°¯ ±uËÌÈ A�¡ B suchthat the chainmapcondition is satisfied,namely

HSR 0 10 H <
. Suppose

HSR 1 I�Í ÎÏ Ð * where

Í 9 e}¯ ± A�¡ B P Î 9 ¡Y± > È P Ï 9 ¡ÆÈ > ± andÐ 9 e}¯ È A�¡ B . Then
HSR 0Ñ1 I�ÍÏ * and

0 H < 1 I H <6 * , whence

Í 1 H <
and

Ï 1 6
.

Therefore
H 9

Aut A 0CB < hastheform A H < P HSR B whereHXR 1JI H < Î6 Ð *�P
with

H <
and

Ð
invertible and

Î
an arbitrary matrix. SinceAut A 0CB is a group, we

shouldalsoconsiderits multiplication. Suppose
H

is asabove and e 1 A�e < P e R B is
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anotherchainmap,with e R 1 I e < Î b6 Ð b * . Then
H°j\R e is the chainautomorphism

with A Hkj\R e B < 1 H < e < andHXR e R 1ÒI H < e < H < Î b lÓÎ Ð b6 ÐÔÐ b *�P
where

H < e < 9 e}¯ ± A�¡ B P H < Î b lQÎ Ð b 9 ¡ ± > È and
ÐÆÐ b 9 e}¯ È A�¡ B . Let ¡ ± > È have

thestructureof a left e°¯ ± A�¡ B -moduleanda right e°¯ È A�¡ B -module.Then

Aut A 0!B <�Õ1 e°¯ ± A�¡ B�Ö ¡ ± > Èk× e}¯ È A�¡ B
with multiplication A Í P Î P Ð B A Í b P Î b P Ð b B 1 A ÍØÍ b P ÍØÎ b lÓÎ Ð b P ÐÆÐ b B .

Let
H

and e bethechainautomorphismsdescribedaboveandsupposethat A�p P H B=qHÙn e . The chainhomotopy p will be an ÀJEÚÂ matrix, andcaninitially be given

asa block matrix p 1 3�Û Ük7
, where

Û 9 ¡Y± > ± and

Ü 9 ¡Y± > ¢   ± . The chain

homotopy conditionswill dictatethe actualpossibilitiesfor homotopy. Firstly,

Û 1p 021 e <ut H < . Secondly,I Û Ü6 6 * 1Ã0 p 1 e R t HSR 1fI e <zt H < Î b t Î6 Ð b t Ð * /
Comparingcoefficients,wededucethefollowing lemma:

Lemma 2.2.1.
H�n e�Ý Ð 1 Ð b Þ

If
Hßn e theuniquechainhomotopy is givenby

3 e <Xt H < Î b t Î 7
, which is of

coursethetop(block)row of e R t HXR . Thuswehavecomputedtheelementsof Aut A 0!B @ ;
a descriptionof thecompositionsis left to thereader, andcanbeeasilyobtainedfrom

thegeneralcasebelow (2.3).

From the lemma,the homotopy classesof chainautomorphismsarecharacterised

by the invertible A�À t Â B -squarematrices
Ð

, hence� < Aut A 0!Bc1 e}¯ È A�¡ B . Theonly

chainhomotopy ]_^ n ]_^ is thezeromatrix,so � @ Aut A 0!B is trivial.

2.2.5 Projection

Let � q ¡Y¢}Å�¡ ± , ¡Y¢ be the projectionof ¡Y¢cÅ�¡ ± onto oneof its direct sum-

mands. ¡ ¢ is a quotient spaceof ¡ ¢ Å�¡Y± and so we can choosea basis à 1
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each
çâ � 1 â � l ¡Y± (for

d ÁQÂ ). With thesebasesthemap � actsasfollows:�+A ¢ Ëã±è �êé < g � â � B 1 ¢è �êé < g � çâ �a/
A chainautomorphism£ 1 A�£ R P £ < B on � mustsatisfy £ R�ë � = � ë £ < . Switchingto

thematrix formulationwith thebasesdescribedabove, � yieldsthematrix021 3 Ê ¢ 6 7 9 ¡ ¢ > ¢ Ëã± /
To satisfythechainmapcondition,matrixpairsmusthavethefollowing structure.Sup-

pose
HXR 9 e}¯ ¢ A�¡ B then

H < 9 ¡Y¢ Ëã± > ¢ Ëã± hastheblock form:H < 1 I HXR 6Ï Ð *
where

Í 9 ¡Y± > ¢ and

Î 9 e}¯ ¢ Ëã± A�¡ B . All theelementsof Aut A 0!B < areof this form.

Supposee is anotherchainautomorphismin matrix form, withe < 1 I e R 6Ï b Ð b * /
ThenthemultiplicationonAut A 0!B < yieldsthechainautomorphismwith matrices

HXR e R
and H < e < 1 I HXR e R 6Ï e R l ÐÆÏ b ÐÔÐ b * /
If ¡ ± > ¢ is given the structureof a left e°¯ ¢ A�¡ B , right e}¯ ± A�¡ B -module,this yields

Aut A 0!B < Õ1 e°¯ ¢ A�¡ B�Ö ¡Y± > ¢ × e°¯ ± A�¡ B /
A homotopy

Hßn e consistsof thepair A�p P H B where p q ¡ ¢ , ¡ ¢ Ëã± is a chain

homotopy, givenby an A�Â l À B EìÂ matrix. Supposeinitially that p hasblock formp 1JI Û Ü *
where

Û 9 ¡ ¢ > ¢ and

Ü 9 ¡Y± > ¢ . To satisfythe chainhomotopy conditionsrequires

that

Û 1�0 p 1 e R t HXR andI Û 6Ü 6 * 1 p 0y1 I e R t HSR 6Ï b t Ï Ð b t Ð * /
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Wededucethat
H|n e if andonly if

Ð 1 Ð b
; in otherwordsthelineartransformations

mustcoincideon the lower right-handblock, so lemma2.2.1holdsin this situationas

well. Whenthisconditionis met,theuniquecorrespondingchainhomotopy isp 1fI e R t HXRÏ b t Ï * /
Again, thesearetheelementsof thegroupAut A 0!B @ ; thecompositioncanberecovered

from thegeneralcasein 2.3.

Thehomotopy classesof chainautomorphismscorrespondto thedistinct invertible

matrices
Ð

, so � < Aut A 0!B Õ1 e}¯ ± A�¡ B . Sincethereis only onehomotopy for which

thesourceandtargetareboththeidentity (namely, theonewith zerochainhomotopy),� @ Aut A 0!B is trivial in this caseaswell.

Notethatthisexampleis ageneralisationof thefirst, specificexample(2.2.1).

2.3 The GeneralForm of Aut í$î&ï Over A Vector Space

Having familiarisedourselveswith variousexamplesof Aut A�� B for specificlineartrans-

formations,we can now turn to consideran arbitrary linear transformationof vector

spaces.Note that, while the definition of Aut A�� B itself works perfectlywell if vector

spacesarereplacedby modulesoveracommutativering, thecalculationsof thissection

(alongwith examples2.2.4and2.2.5)requireusto work with vectorspaces,sothatthe

directsumdecompositionsareguaranteedto exist.

Givenany lineartransformationof vectorspaces,� q ¡Yð¿, ¡;ñ , with

�8�ò� � Õ 1 ¡Y± ,

it is possibleto rewrite � in theform:� q ¡ ¢ Å�¡ ± , ¡ ¢ Åó¡ È P
whereÂ 1Ãô t À and É 1|� t Â , suchthat �+A
² P�õ B&1 Aö² b P µ B ( ² 9 ¡ ¢ , etc.). Indeed,it

is possible(in principle) to choosebasessuchthat �+A
² P�õ Bå1 A
² P µ B . Therefore,with a

suitablechoiceof bases,� canbeexpressedasamatrix021 I Ê ¢ 66 6 * 9 ¡ ¢ ËÌÈ > ¢ Ëã± /
Givensucha

0
theusualconditionsonchainautomorphismsandhomotopiesapply.

Althoughin practiceit will usuallybedifficult to expressa givenlineartransformation



CHAPTER2. AUTOMORPHISMSOFA LINEAR TRANSFORMATION 56

in this form, its generalitymakesit worth consideringthestructureof Aut A 0!B in some

detail.All theforegoingexamplesare,of course,specialcasesof this.

A chainmap
H

consistsof matrices
H <

and
HXR

which commutewith

0
. For a chain

automorphism,wealsorequireboth
H <

and
HXR

to beinvertible,hence
H < 9 e}¯ ¢ Ëã± A�¡ B

and
HXR 9 e}¯ ¢ ËÌÈ A�¡ B . SupposeH < 1fI�Í ÎÏ Ð * and

HXR 1JI�÷ àø Û *
aresuchmatrices,expressedin block form (so

Í P ÷ 9 e}¯ ¢ A�¡ B P Î 9 ¡ ¢ > ± etc.).Then0 H < 1JI Í Î6 6 * and
HSR 021fI ÷ 6ø 6 * /

Since

0 H < 1 HSR 0
, we deducethat

Í 1 ÷
while both

Î
and

ø
arezeromatrices.

Thereforethe generalblock form of a chainautomorphism(relabellingthe blocks to

conserve letters)is H < 1 I Í 6Î Ï * P HSR 1 I Í Ð6 ù *
where

Í P Ï P ù are invertible. This is a typical elementof Aut A 0!B < . Supposee is

anothersuchelement,with e < 1 I�Í b 6Î b Ï b * and e R 1 IwÍ b Ð b6 ù b * . ThentheproductH e 1 Hkj\R e is thechainautomorphismwithA Hkj\R e B < 1fI Í 6Î Ï * I Í b 6Î b Ï b * 1ÒI Í¿Í b 6ÎkÍ b l Ï Î b Ï}Ï b *
and A H°jFR e B R 1 I Í Ð6 Û * I Í b Ð b6 ù b * 1 I ÍØÍ b Í Ð b l Ð ù b6 ùkù b * /
With suitablemodulestructureson ¡Y± > ¢ and ¡ ¢ > È thereare isomorphismsfrom the

two levelsof Aut A 0!B < to e°¯ ¢ A�¡ BXÖ ¡ ± > ¢ × e°¯ ± A�¡ B and e}¯ ¢ A�¡ BXÖ ¡Y¢ > È × e°¯ È A�¡ B
respectively.

SupposeA�p P H B=q H�n e . Thechainhomotopy p is anelementof ¡ ¢ Ëã± > ¢ ËÌÈ , soto

startwith assumeit hasform: p 1 I Û Üú ø * P
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with

Û 9 ¡ ¢ > ¢ P Ü 9 ¡ ¢ > È P ú 9 ¡Y± > ¢ and
ø 9 ¡Y± > È . As usual,thechainhomotopy

conditionsmustapply. Thisgives0 p 1JIwÊ ¢ 66 6 * I Û Üú ø * 1fI Û Ü6 6 * 1 e R t HSR 1JI�Í b t Í Ð b t Ð6 ù b t ù *�P
from whichwededucethat

ù b 1 ù P Û 1 Í b t Í
and

Ü 1 Ð b t Ð
. Alsop 021 I Û Üú ø * I Ê ¢ 66 6 * 1 I Û 6ú 6 * 1 e <Xt H < 1 I Í b t Í 6Î b t Î Ï b t Ï * P

from which
Ï b 1 Ï P ú 1 Î b t Î

and,again,

Û 1 Í b t Í
. Thesecalculationsprove

thefollowing:

Lemma 2.3.1. Let
H P e bechainautomorphismsasgivenabove. ThenH|n eÃÝ Ï b 1 Ï

and

ù b 1 ù /
In this casea chainhomotopyp such that A�p P H B=q H|n e is of theformI Í b t Í Ð b t ÐÎ b t Î ø *QP
where

ø 9 ¡ ± > È is arbitrary and the other blocks are determinedby the sourceand

target of thehomotopy.
Þ

Thusatypicalelementof Aut A 0!B @ is ahomotopy A�p P H B asdescribedby thelemma.

Oncethesourceandchainhomotopy (asencodedin thenotation)arechosen,thetarget

is fixed.For A�p P H B usingthenotationabove,thetargetis e 1 A�e < P e R B wheree < 1fIwÍûl Û 6Îül ú Ï *�P e R 1JI�ÍÓl Û Ð l Ü6 ù * /
In thesameway, onceachainhomotopy andtargetaregiven,thesourcemayberecov-

eredstraightaway. Unlikemostof thespecialcasesdiscussedabove,thechainhomotopy

is notuniquelydeterminedby thesourceandtargetof ahomotopy, sincethereis thear-

bitrary block
ø

. This facthasramificationsfor thehomotopy groupsof theclassifying

space,which weshallreturnto afterdiscussingthecompositionsonAut A 0!B @ .
We turn first to the groupoperationof horizontalcomposition.Supposep is the

homotopy given above and A ýp P ýH Bìq ýH n ýe is anotherhomotopy. Then the group
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operationon Aut A 0!B @ is horizontalcompositionwith A�p P H B j\R A ýp P ýH B the homotopy

having source
Hkj\R ýH andchainhomotopy e < ýp l pþýHXR .

Comparedto the horizontal compositionof homotopies,vertical compositionis

straightforward. It is only definedwherethe target of onehomotopy is the target of

the next, andthe chainhomotopy is obtainedby addingthe chainhomotopy matrices

for the two homotopies.SupposeA�p P H BÆq HÒnÑH b
and A�p b P H b Bmq H b n�H b b

. ThenA�p b P H b B j < A�p P H B�1 A�p b l p P H B=q H|n�H b b
.

It remainsto examinethestructureof � < Aut A 0!B and � @ Aut A 0!B . Thefirst of theseis

thegroupof homotopy classesof chainautomorphismsin Aut A 0!B < . Lemma2.3.1shows

that two chain automorphismsare homotopicpreciselywhen the lower-right blocks

of both levels (elementsof e}¯ ± A�¡ B and e}¯ È A�¡ B for top and bottom respectively)

coincide. � @ is thesubgroupof Aut A 0!B @ consistingof homotopieson the identity. For

most of the exampleswe previously examined, � @ was trivial sincea homotopy was

uniquelydeterminedby its sourceandtarget. However, in thegeneralcasethereis an

arbitrary ÀÿEìÉ block in the lower right-handcorner. Theseobservationsleadto the

following theorem:

Theorem 2.3.2. Let � q ¡ ¢ Å�¡Y±�, ¡ ¢ Å�¡ÆÈ be any linear transformationof ¡ -

vectorspaces,expressedasthematrix021fI Ê ¢ 66 6 * /
Then:(i) � < Aut A 0!B Õ1 e}¯ ± A�¡ B E;e°¯ È A�¡ B /
(ii) � @ Aut A 0!B Õ1 ¡ ± > È / Þ
2.4 Linear RepresentationsDefined

In section1.2.3we establishedthata cat

<
-groupis thesamething asa 2-group(which

may be thoughtof asa gradedsetwith 3 non-emptylevels, the lowestof which is a
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singleton,andvariousgradedmaps). Thereforewe may look for representationsof a

cat

<
-group � as2-functorsinto a suitable2-category, taking elementsof

�
to 1-cells

andelementsof
Ï × � to 2-cells,soasto preserve thestructures(all the1- and2-cells

will have thesameobject,� , astheir 0-sourceandtarget,evenif thetargetcategory has

many objects).By analogywith groupsandgroupoids,thetarget2-category of a linear

representationshouldinvolve vectorspacesor modules.We have seenin section1.3

that ��� �
< �� is a 2-category which generalisesVect� , so this is suitablefor our purpose.

Althoughits ramificationswill befar-reaching,theactualdefinitionof a representation

is fairly obvious.

Definition 2.4.1. A linear representationof thecat

<
-group � is a2-functor� q � , ��� �

< �� /
As an abstractdefinition, this seemsplausibleenough,and thereclearly exists a

trivial representationsendingeverythingto theidentity. Also, it collapsesto theordinary

notionof grouprepresentationin thespecialcaseof cat

<
-groupswith topgroupandbase

equal(seeexample1.2.8). The bestway to show thatnon-trivial representationsexist

is to find some. We shall postponesearchingfor representationsuntil after the next

chapter, in which we shall developsomemoreusefultools to helpus,but for now we

wemaypauseto considerwhatdatais involvedin specifyinga representation.

Given � , the first steptowardsdefining
�

is to find a chain complex (i.e., linear

transformation)to actastheimplicit targetobject, � 1 � A	� B . Thegroupalgebrafunctor

of section1.4 providesa canonicalway of gettingfrom a grouphomomorphismto a

linear transformation,althoughit will sometimesbeusefulto make a differentchoice.

Once� is chosen,theelementsof thecat

<
-groupmustbemappedto elementsof ��� �

< �� ,

with elementsof thebasegoing to 1-cells(chainmaps)andelementsof the top group

goingto 2-cells(homotopies).For
�

to bea functor, this mappingmustpreserve iden-

tities andcomposition.Therefore,theimageof � lies within Aut A�� B (which is why we

have studiedit in suchdepthearlierin this chapter).This � is clearlyanalogousto the

representationspaceof a grouprepresentation;sinceit is a chaincomplex ratherthana

vectorspaceit will becalledtherepresentationcomplex of therepresentation.

RecallthatAut A�� B is itself a cat

<
-group,whoseelementsarelineartransformations.

Therefore,anotherway of consideringtherepresentation
�

is to take it asa cat

<
-group

morphism � q �m, Aut A�� B /
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This is a similar situationto the group case,in which a linear representationgroup

reformulatestheoriginal groupasa groupof lineartransformations.



Chapter 3

Cat


-Group Algebras

In which a cat

<
versionof thegroupalgebra functor is built, andmodulesover thecat

<
-group

algebra aredefinedandusedto studyrepresentationsof thecat

<
-group.

A verycommon,andfruitful, approachto grouprepresentationtheoryis viamodules

over a groupor analgebra(seefor example[20], [24], or [26]). Linearrepresentations

of a group e are in one-to-onecorrespondencewith modulesover its groupalgebra,¡.A�e B (seesection1.4) . Whereasthe representations,in their matrix form, arecon-

ducive to calculation,themoduletheoreticapproachis moreelegantandpowerful for

developingthetheory. Thisprovidesmotivationfor exploringthecorrespondingnotions

of algebrasandmodulesover a cat

<
-group. Sincea cat

<
-groupis a generalisationof a

group,it is naturalto askwhetherthereis a sensiblenotionof cat

<
-groupalgebra.This

should,reasonably, beacat

<
-algebrageneratedin acanonicalway from thecat

<
-group.

Beforeconstructinga definition of a cat

<
-groupalgebra,we shall remindourselvesof

thedefinitionof generalcat

<
-algebras.

3.1 Cat

5
-Algebras

Cat

<
-algebrasarewell-known,atleastasananalogueof cat

<
-groupsin anothercategory.

Their theoryis notsowell developed,however. A descriptionof cat

<
-algebrasandtheir

equivalenceto crossedmodulesof algebrasappearsin Shammu’s PhDthesis[68] and

is implicit in moregeneralexpositionsof cat

<
-objectsby Ellis [27] andPorter[62], but

to fix notationandto keepouraccountreasonablyself-containedweshallnow pauseto

61
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review thebasicdefinitionandsomepropertiesof cat

<
-algebras.

3.1.1 Definition

Firstly, recall the definition of a cat

<
-algebra. Justasa cat

<
-groupis equivalentto an

internalcategory in thecategory of groups(Gr ) [63], a cat

<
- ¡ -algebrais equivalentto

aninternalcategoryin thecategoryof ¡ -algebras(Alg � ), where¡ is afixedcommuta-

tive ring with identity1. Wherethereis no ambiguity, we shallrefer to cat

<
- ¡ -algebras

simply ascat

<
-algebras.

Definition 3.1.1. A cat

<
- ¡ -algebra � consistsof ¡ -algebras

Í R P Í < and ¡ -algebra

morphisms� P� q Í < � Í R
, � q Í R � Í <

(calledstructural morphisms) satisfying

CA1 ��� 1  �
1 ] ^�� º ,

CA2

�8�ò� ��� �8�ò�  1 6 P �8�ò�
 �
�8��� � 1 6

.

This is verysimilar to thedefinitionof acat

<
-group,exceptfor thekernelconditions

CA1, which aresuperficiallyquitedifferent.ConditionCA2 statesthat � is a reflexive

internalgraphin Alg � . The kernelconditionsensurethat this is an internalcategory

[52] for compositiondefinedasfollows.

Alg � is acompletecategory, sopullbacksexist. Definecompositionto beë q Í < � E�� Í < � Í < P
with g ë h q 1 g t ��� g�l h P
where � g 1

 h . Note that, for any

g 9 Í <
,

g t ��� g 9��8�ò� � , since ��A g t ��� g B°1� g t ����� g 1 � g t � g 1 6
. Similarly,

h t �  h 9ì�8�ò�  for every
h 9 Í <

.

In orderfor thisdefinitionto beuseful,compositionmustbea ¡ -algebramorphism.

This is trueif theinterchangelaw for addition,A g ë h B l A i ë � B�1 A gml i B ë A h l � B P (3.1)

andtheinterchangelaw for multiplicationA g ë h B A i ë � B 1 g i ë h � P (3.2)

aresatisfiedwhenever

g ë h
and

i ë � aredefined.
1As usual,� maybethoughtof aseither � or � if desired.
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Lemma 3.1.2. Composition,

g ë h q 1 g t ��� gml h , is a ¡ -algebra morphism.

Proof:

Suppose

g ë h
and

i ë � aredefined.Thus, � g 1  h and � i 1  � .
Now, A g ë h B l A i ë � B�1 g t ��� gml h l i t ��� i l �1 gml i t ����A gml i B l h l �1 A gml i B ë A h l � B P

so(3.1) is satisfied.

Also,A g ë h B A i ë � B 1 A g t ��� gml h B A i t ��� i l � B1 A g t ��� g B i l h�i l A g t ��� g B A�� t �  � B l h A�� t �  � B1 g i t ��� g i l h�i lÓg � t ��� g � t g �  � l ����A g i B l h � t h �  �1 g i ë h � lûÍÓlÓÎ
where Í 1 g � t ��� g � t g �  � l ��� g �  � 1 A g t ��� g B A�� t �  � B�9ì�8�ò� ��� �8��� 
and Î 1 h�i t �  h�i t h ��� i l �  h ��� i 1 A h t �  h B A i t ��� i B�9ì�����  � �8�ò� ���
However, thekernelconditionsensurethat

Í 1 Î 1 6
, whence(3.2) is alsosatisfied.Þ

This lemmashowsthat,with thekernelconditionsof ourdefinition,thecat

<
-algebra

is an internalcategory in Alg � aswe would expect. Conversely, supposewe have an

internalcategory in Alg � . This hasa compositionsatisfyingtheinterchangelaws with

additionandmultiplication.Theng ë h 1 A gÆl 6 B ë A���� g t ��� gml h B1 A g ë ��� g B l A 6 ë A t ��� g l h B�B1 g t ��� gml h �
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Thus compositionis expressiblein termsof addition, as in lemma3.1.2. Sincethe

interchangelaw for multiplication is satisfied,it follows that A g t ��� g B A�� t �  � B�1 6
and A h t �  h B A i t ��� i B°1 6

. But thesearetypical elementsof the kernelsof � and , so the kernelconditionsaresatisfied. Henceevery internal category in Alg � is a

cat

<
-algebra.

If the elementsof

Í <
arepicturedas2-cells, then the composite

g ë h
is defined

whenthe 1-sourceof

g
coincideswith the 1-target of

h
. This (vertical) composition

overa 1-dimensionalboundarycouldbewritten usingthemoresuggestivenotation
j <

which we usedfor cat

<
-groups.However, bothadditionandmultiplicationaredefined

for all theelementsof bothalgebras

Í <
and

Í R
andbothof thesemaybethoughtof as

horizontalcompositions.Ratherthanextendingthenotation
j\R

to distinguishbetween

theseoperations,weshallretainthetraditionalnotationof

l P � for theseoperations,and

thusit makessenseto use
ë

for the vertical compositionaswell. Thereis, of course,

alsoa scalarmultiplication at eachlevel, for which we shall usethe usualnotationof

juxtaposition.

By analogywith thegroupcase,a structure� satisfyingCA1 but not CA2 will be

calleda precat

<
-algebra. Morphismsof cat

<
-algebrascanalsobe definedby analogy

with thegroupcase.This leadsto thecategoryof cat

<
- ¡ -algebrasandtheirmorphisms,

denotedCat1Alg � ; whennecessarywe shallwrite thecategory Cat1 of cat

<
-groupsas

Cat1Gr to distinguishit from this new category (or from any othercategoriesof cat

<
objectswe may have occasionto use). Note that if the multiplicative structuresare

ignored,� yieldsanabeliancat

<
-group.

3.1.2 Involution

It is well-known (afactobservedby Duskin,andpublishedby Brown andSpencer[16])

thatan internalcategory in Gr is automaticallyan internalgroupoid. Thesameresult

is true in Alg � , aswe shallnow demonstrate2. Let � beaninternalcategory in Alg � ,

usingthe notationof 3.1.1. We have seenthat compositionis expressiblein termsof

addition,as

g ë h 1 g t ��� gGl h
. Sinceadditionis commutative and � g 1

 h (for

compositionto bedefined),wealsohave

g ë h 1 h t �  h lÓg
.

2Analogousresultshold in several othercategories,andin fact resultsareknown asto the typesof

categoriesfor which suchresultsaretrue.We shallnot requirethis moregeneraltheory, however.
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Theorem 3.1.3. Every

g 9 Í <
hasan inversefor composition.Hence� is an internal

groupoidin Alg � .

Proof:

Define

g� q 1 ��� g t gml �  g . Then� g  1 �!��� g t � g l ���  g 1  g
and


g  1

 ���
g t


g�l

 � 
g 1 � g �

Also, g ë g  1 g t ��� g�l A���� g t gÆl �  g B&1 � 
g P

while g  ë g 1 g t �  g l A���� g t gml �  g B�1 ��� g �
Thus

g" 
is a 2-sidedcompositionalinversefor

g
. Suchan inverseexists for everyg 9 Í <

.

Þ
Theexistenceof inversesallowsusto defineaninternalendofunctoron � , which is

aninvolution. For each# 9 Í R define#  q 1 # .

Proposition 3.1.4. A B  q � � � is a contravariant internal functor in Alg � , withA g" B  1 g
for each

g 9 Í <
.

Proof:

A definition of internal functor is given by Borceux[7]. In Alg � it consistsof a

pair of ¡ -algebramorphismspreservingidentitiesandcomposition. A contravariant

internalfunctorwill reversethecomposition.

For

Í R
, we have the identity morphism.For

Í <
themapping

g ³� g� 
is used.We

checkthatthis is a ¡ -algebramorphism.Let

g P h 9 Í < and $ P v 9 ¡ .A%$ gÆlûv h B  1 ����A&$ gmlûv h B t A%$ gml.v h B l �  A&$ g�lûv h B1 $���� gml.v ��� h t $ g t v h l $'�  gmlûv �  h1 $SA���� g t gml �  g B lÓv A���� h t h l �  h B1 $ g  l.v h  �
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Also,g  h  1 A���� g t g l �  g B A���� h t h l �  h B1 ��� g ��� h t g ��� h l �  g ��� h t ��� g h lÓg h t �  g h l ��� g �  h t g �  h l ��� g �  h1 ����A g h B t g h l �  g h lÓg h t ��� g h t g �  h l ��� g �  h lÓg h t g ��� ht �  g h l �  g ��� h1 A g h B  l A g t ��� g B A h t �  h B l A g t �  h B A h t ��� h B �
However, A g t ��� g B A h t �  h BC9ü�8�ò� �(� �����  and A g t �  h B A h t ��� h BC9ü�8�ò�

 �
�8�ò�

 .
Since� is acat

<
-algebra,thekernelconditionshold,whenceA g h B  1 g� h  

asrequired.

Next, wecheckfunctoriality. Suppose� g 1  h .h  ë g  1 ��� h t h l �  h t ��� A���� h t h l �  h B l ��� g t gml �  g1 ��� h t h l �  h t ��� h l ��� h t �  h l ��� g t gml �  g1 ��� h t h l ��� g t gml �  g1 ��� h t A g t ��� gml h B l �  g1 ����A g ë h B t g ë h l �  A g ë h B1 A g ë h B  �
Also, for any # 9 Í R A���# B  1 ���!��# t ��# l �  ��# 1 �)# 1 � A�#  B �
Finally, thefunctoris aninvolution,sinceA g  B  1 ����A*��� g t gml �  g B t A*��� g t g l �  g B l �  A*��� g t gml �  g B1 ��� g t ��� gml �  g t ��� gmlÓg t �  gml ��� g t �  g�l �  g1 g � Þ

We have used

g" 
to denotethe inversefor

g
undercompositionin order to dis-

tinguishit from the multiplicative inverse

g   <
. In fact, this distinctionis unnecessary

because,whenthemultiplicative inverseexists (i.e. for every non-zeroelementof

Í <
)

it is thesameasthecompositionalinverse(which alwaysexists). Suppose

g q # r +
.

Then 5 1 g   < g 1 A 5 , ë g   <·B A g ë 5 -/. ¶ B&1 A 5 , g B ë A g   < 5 -0. ¶ B�1 g ë g   < �
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Similarly,

g ë g   < 1 5
, whence

g   <
is a 2-sidedinversefor

g
undercomposition.The

uniquenessof suchan inverseis a standardproperty. Note that the interchangelaw

entailsaflipping of termswhenswitchingbetweenmultiplicationandcomposition,i.e.gug   < 1 g   < ë g
.

3.2 The Cat

5
-Group Algebra Construction

Justasany group e hasan associatedgroupalgebra(with basis3 indexed by e and

multiplicationinducedfrom e ), a cat

<
-algebracanbeconstructedfrom any cat

<
-group� . For groups(see1.4), the constructionis achieved via the group algebra functor,¡.A21 B�q Gr � Alg � . A naive approachtowardsconstructinga cat

<
-groupalgebrais to

applythis functorto thegroupsandhomomorphismsmakingup � .

3.2.1 A First Approach

Suppose Ï × � ñ §¨3 §¨ ��45
is thecat

<
-group � . Then,applyingthegroupalgebrafunctorgives¡.A Ï × � B � §¨� §¨ ¡.A � B678

where ¡.A � B hasbasis
á � È q É 9 � ä , ¡.A Ï × � B hasbasis

á �:9 > È q O 9 Ï P É 9 � ä and

themaps� P;�P � acton thebasiselementsasfollows:��A �<9 > È B�1 � È P A �<9 > È B�1 �<=/9 È A%> 1ü� ? @�A�B � B P� A � È B�1 � <?> È �
Thesemapsextendlinearly to therestof ¡.A � B and ¡.A Ï × � B .

3We mayassume� is a field or anintegral domainfor simplicity here,hence“linear independence”

and“basis” will make sensewithout complications.Thealgebraiccalculationswork in moregenerality

however.
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Since ¡.A21 B is a functor, conditionCA1 is inducedfrom theequivalentconditionon� . Thus, ¡.A*� B is certainlyaprecat

<
-algebra.

It remainsto examinethe kernel conditionsCA2. First of all, we shall needto

find basesfor

����� � and

�����
 . For any �<9 > È 9 ¡.A Ï × � B , �<9 > È t � <?> È 9Q�8�ò� � ; defineâ 9 > È q 1 �<9 > È t � <?> È .

Lemma 3.2.1. Theset
áWâ 9 > È q OF[1 5 ä is a basisfor

����� � .

Proof:

Clearlyevery
â 9 > È is in

�8��� � . It sufficesto show thattheseelementsspan

����� � andare

linearly independent.

Suppose
â 9Ó����� � . That is

â 1 C ÈEDGF C 9 DEH
ô 9 > È �<9 > È with ��A â B¿1 6

. But ��A â B�1C È A C 9 ô 9 > È B � È and, sincethe � È are a basis,this is zero if f
C 9 DEH

ô 9 > È 1 6
for eachÉ 9 � .

Now,â 1 è È è 9�Ié < ô 9 > È A �:9 > È t � <?> È l � <?> È B l è È ô <?> È � <?> È 1 è È è 9;Ié < ô 9 > È â 9 > È l è È è 9 ô 9 > È � <?> È P
but è È è 9 ô 9 > È � <?> È 1 è È A è 9 ô 9 > È B � <?> È 1 6 P
because

C 9 DEH
ô 9 > È 1 6

for every É 9 �
. Hence

â 1 C È C 9�Ié < ô 9 > È â 9 > È for everyâ 9ì�8�ò� � , sothe
â 9 > È do indeedspan

�8��� � .

Now supposethat
C È C 9;Ié < ô 9 > È â 9 > È 1 6

. Thenè È è 9�Ié < ô 9 > È A �<9 > È t � <?> È B 1 6 Ý è È è 9�Ié < ô 9 > È �:9 > È t è È è 9;Ié < ô 9 > È � <?> È 1 6
Ý è È è 9 ô b9 > È �:9 > È 1 6 P

where

ô b9 > È 1 ô 9 > È when
O [1 5

and

ô b <?> È 1 t C 9�Ié < ô 9 > È . This is a linearcombinationof

basisvectors�<9 > È in ¡.A Ï × � B , so

ô b9 > È 1 6
for each

O
, É . In particular, this is trueforOF[1 5

, soevery

ô 9 > È 1 6
andthe

â 9 > È arelinearly independent,asrequired.

Þ
Similarly, J 9 > È q 1 �:9 > È t � <?> =/9 È 9ì�����  for every

O 9 Ï P É 9 � .

Lemma 3.2.2. Theset
á J 9 > È q O\[1 5 ä is a basisfor

�����
 .
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Proof:

Theinversionfunctorof proposition3.1.4maybeappliedto ¡.A�� B .
First, observe that if

g 9������ � , then 
g  1 � g 1 5

, hence

g  9ü�����
 , andvice

versa.Thus A B  interchangesthekernelsof � and  . Further, it is evident thata basis

for

�����
 canbeconstructedby takingtheinverseof eachelementof abasisfor

�8�ò� � .

Theset
áWâ 9 > È q OF[1 5 ä is a basisfor

����� � . Now,�  9 > È 1 ��� �<9 > È t �<9 > È l �  �<9 > È 1 � <?> È t �<9 > È l � <?> =09 È P
while �  <?> È 1 � <?> È t � <?> È l � <?> È 1 � <?> È �
Therefore â  9 > È 1 � <?> È t �<9 > È l � <?> =09 È t � <?> È1 � <?> =/9 È t �:9 > È1 t J 9 > È
Hence

á t J 9 > È q Om[1 5 ä is a basisfor

�����
 , andso(usinganobviouschangeof basis)á J 9 > È q OF[1 5 ä is alsoabasis,asrequired.

Þ
To satisfythekernelconditions,it wouldsufficethat

â 9 > È �KJML > N 1 6
and JML > N � â 9 > È 1 6

for every
O P M 9 ÏPO á 5 HXä andÉ PRQ 9 � .

However, â 9 > È �KJML > N 1 A �<9 > È t � <?> È B A � L > N t � <?> = L N B1 �<9TS L > È N t �US L > È N t �<9 > È = L N l � <?> È = L N �
This is alinearcombinationof basiselementswith non-zerocoefficients,so

â 9 > È �KJML > N [16
andthekernelconditionfails. Likewisefor theotherkernelcondition.Hence,¡.A*� B

is notacat

<
-algebra.

3.2.2 Fixing the Kernel Conditions

In orderto constructa cat

<
-algebrafrom ¡.A�� B it is necessaryto imposesomerelations

so that thekernelconditionsaresatisfied.Oncesuitableexpressionsarefound, ¡.A*� B
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canbefactoredby theidealthey generate.This is analogousto themethodgivenin [13]

for producinga crossedmodulefrom a precrossedmoduleby factoringout thePeiffer

group.

Considerexpressionsof theform:� L 9 > È t �<9 > È t � L > =/9 È l � <?> =/9 È A O P M 9 Ï P É 9 � B (3.3)

Thesecanberepresentedpictorially as:�:=/9 ÈV ¶�W XZY S[\
V�] W XZY S^_ `````````

`````� È V Y%W S
acbddddddddddddd V ] Y%W S §¨ � = � L 9 � È

Note that in this diagram(andthoselater in this section)the “composition” tracedout

is addition. The signsfor the termscan be obtainedby tracing in an anticlockwise

direction,giving aplussignto any termtracedin thedirectionof thearrow andaminus

signto any termtracedin theoppositedirection. If
O 1 ] ^ H , then(3.3)becomes� L > È t� <?> È t � L > È l � <?> È 1 6

; similarly if

M 1 ] ^ H (or both). In thesecases,we canrewrite the

conditionas � L 9 > È 1 �<9 > È t � L > =/9 È t � <?> =/9 È , sothediagramcommutes.

Weshallcall expressionsof theform (3.3)cocycles. Let e betheideale 1 � � L 9 > È t �<9 > È t � L > =/9 È l � <?> =/9 È q O P M 9 ÏfO á 5 H�ä P É 9 � �
generatedby thecocycles; e maybereferredto asthecocycleideal. Thenboth

â 9 > È �gJML > N
and JML > N � â 9 > È arein e , asdemonstratedby thefollowing pictures:â 9 > È �KJML > N 1 �<9TS L > È N t �US L > È N t �<9 > È = L N l � <?> È = L N� È = L NV ¶�W S X ]ih[\

V Y%W S X ]ihjk lllllllll
llllll� È NV S ] W S*h

mcnoooooooooooooo V Y S ] W S&h §¨ �<=/9 È = L N
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and JML > N � â 9 > È 1 � L hp9 > N È t � L > N È t � X ]%hp9 > = L N È l � <?> = L N È�<= L N ÈV ¶�W X ]%hTS[\
V X ]%h Y%W X ]ihTSjk lllllllll

llllll� N È V ] W hTS
mcnoooooooooooooo V ] h Y%W hTS §¨ �<= L N =09 Èerqk¡.A Ï × � B is atwo-sidedideal,sowecanform thequotientalgebra¡.A Ï × � B s e

with thenaturalepimorphismæ 1 q ¡.A Ï × � B t ¡.A Ï × � B s e�<9 > È ³� �<9 > È l eu�
For notationalconvenience,write æ�<9 > È 1 �<9 > È l e . Fromthestructuralmorphisms� P;�P �
we get inducedmaps æ� P æ q ¡.A Ï × � B s e � ¡.A � B and æ � q ¡.A � B � ¡.A Ï × � B s e .

The basiselementsof

����� � and

�8�ò�
 mapto æâ 9 > È q 1 â 9 > È l e and æJvL > N q 1 JML > N l e

respectively. Thedefinitionof
â 9 > È is preservedby factorisationsince æâ 9 > È 1 â 9 > È l e 1A �<9 > È t � <?> È B l e 1 A �<9 > È l e B t A � <?> È l e B 1 æ�<9 > È t æ� <?> È . Notethat

� æâ 9 > È q O\[1 5 ��1��8�ò� æ�
and

� æJML > N q M [1 5 �Æ1Ù�8��� æ , so that the æâ 9 > È and æJML > N form generatingsetsfor their

respective kernels. Theseare not, however, bases,sincethe factorisationintroduces

lineardependenciesasfollows.

Expression(3.3)canberewrittenasA � L 9 > È t � <?> È B t A �<9 > È t � <?> È B t A � L > =/9 È t � <?> =/9 È B�1 â L 9 > È t â 9 > È l â L > =/9 È 9 eu�
Sincethis is in theideal e , it will bekilled off by factorisation.Thus,in ¡.A Ï × � B s e
weget æâ L 9 > È t æâ 9 > È t æâ L > =/9 È 1 6

, henceæâ L 9 > È 1 æâ 9 > È l æâ L > =/9 È � (3.4)

Thereareredundanciesamongthe æâ 9 > È , so thesedo not form a basis.Similar relations

hold for the JvL > N .
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In thesameway, thebasis
á �<9 > È8ä of ¡.A Ï × � B inducesageneratingset

á æ�<9 > È ä for the

wholeof ¡.A Ï × � B s e . Thisalsofails to beabasis,becauseof thelineardependenciesæ� L 9 > È 1 æ�<9 > È l æ� L > =09 È t æ� <?> =09 È (3.5)

inducedby thefactorisation.Theserelationswill becalledcocyclerelations.

Define ¡.A*� B to betheprecat

<
-algebra:¡.A Ï × � B s exw� §¨w� §¨ ¡.A � Bw678

inducedfrom ¡.A�� B . Condition CA1 is satisfiedby ¡.A*� B sincethesepropertiesare

preservedby thequotientmap.

Since,for every
O P M 9 Ï and É PRQ 9 �

, theexpressions
â 9 > È �KJML > N and JML > N � â 9 > È are

in e , thekernelconditionsCA2 aresatisfiedin ¡.A�� B , hence:

Proposition 3.2.3. ¡.A�� B is a cat

<
- ¡ -algebra.

Þ
Wearefinally in a positionto makeourprincipaldefinition.

Definition 3.2.4. For any cat

<
-group � 1 A Ï × � P � P d P � P � B , thecat

<
-groupalgebra of� is thecat

<
-algebra¡.A*� B&1 A�¡.A Ï × � B s e P ¡.A � B P æ � P æ� P æ B , where e is theideale 1 � � L 9 > È t �<9 > È t � L > =/9 È l � <?> =/9 È q O P M 9 Ï P É 9 � � �¡.A � B hasa basis

á � È q É 9 � ä and ¡.A Ï × � B s e hasa spanningset
á æ�:9 > È8ä whose

elementssatisfyequation(3.5). The kernelof æ� is spannedby the set
á æâ 9 > È q O;[1 5 ä ,

whoseelementssatisfy(3.4);

����� æ is generatedby
á æJ 9 > È q OÔ[1 5 ä with a similar setof

relations.

Example 3.2.5. Thecat

<
-groupalgebraconstructioncanbeappliedto eachof theex-

amplesin 1.2.11.

(i) � 1 A Ï @ P Ê P 6 P 6 P d B , where
Ï @

maybemorestrictly thoughtof astheisomor-

phic
Ï @ × Ê , gives ¡.A�� B as: ¡ @ � §¨� §¨ ¡6yz
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where � 1
 is the map A�# P + B ³� # l +

and � A�# BÆ1 A�# P 6 B . In this case,

thereis only one
â 9 > È defined(namely

â © >_< , where ¤ is thegeneratorof
Ï @

),

so

�8��� � Õ 1 ¡ is singly generated.The only non-trivial generatorof e is� <?>_<ut � © >_<Xt � © >_< l � <?>_< , sotheonly cocycle relationintroducedin ¡.A�� B isD æ� © >_< 1 D æ� <?>_< � (3.6)

If ¡ is a field of characteristic
[1 D , this implies that æ� © >_< 1 æ� <?>_< , whence¡.A Ï × � B s e Õ 1 ¡ andboth � and  are the identity. If ¡ is a field of

characteristic2 (for example,{ @ ) or a moregeneralintegral domain(e.g. { )

this is not the case.Indeed,for ¡ 1 { @ , relation(3.6) breaksdown to the

tautology

6 1 6
, so in factno cocycle relationsareintroducedin { @ A Ï @ B s e

and { @ A Ï @ B | { @ is itself a cat

<
-algebra.For ¡ 1 { we observe that (3.6)

implies D æâ © >_< 1 6
, whence

����� æ� Õ 1 Ï @
(this is, of course,a { -module,since

it is anabeliangroup).

(ii) � 1 A Ï~} P Ê P 6 P 6 P d B (again
Ï~}

is really
Ï~} × Ê ), gives ¡.A�� B as:¡ } � §¨� §¨ ¡6yz

where � 1  is themap A�# P + P�� B ³� # l + l � and �·A�# Bc1 A�# P 6 P 6 B . Here,
�8��� � hastwo generators,

â © >_< and
â ©�� >_< (with ¤ the generatorof

Ï~}
), while

thenon-trivial generatorsof e reduceto thecocycle relations� æ� © >_< 1 � æ� ©�� >_< 1 � æ� <?>_<
in ¡.A*� B . Thus, for ¡ a field of characteristic

[1 �
, the threegenerators

coincideand ¡.A Ï~} B s e Õ 1 ¡ . For { } or { thesituationis alsoreminiscentof

thepreviousexample: { } A Ï~} B s e Õ 1 { } and {cA Ï~} B s e Õ 1 Ï~}
.

(iii) � 1 A Ï~} E Ï @ P Ï @ P � P � P d B gives:¡�� � §¨� §¨ ¡ @6��
with � 1  sending�<9 > È to � È for each

O 9 Ï~}
and É 9 Ï @ and �·A � È B�1 � <?> È .

Therearefour elements
â 9 > È with

O\[1 5
, so

�8��� � Õ 1 ¡x� .



CHAPTER3. CAT

<
-GROUPALGEBRAS 74

3.2.3 The Cat � -Group Algebra asa Functor

Thegroupalgebraconstructionprovidesa functor from Gr to Alg � ; in thesameway

we mayexpectthecat

<
-groupalgebrato give a functor from Cat1Gr to Cat1Alg � . For

any cat

<
-group � , definition3.2.4givesusa cat

<
-groupalgebra¡.A*� B , so it remainsto

defineamappingfrom cat

<
-groupmorphismsto cat

<
-algebramorphisms,andcheckthat

it is functorial.

Suppose��� 1 A Ï � × � � P � � P � � P � � P d � B arecat

<
-groups A d 1 5 P D P � B , with

� q � < � � @
and � q � @ � � } . Ï < × � <��G� §¨ñ ¶ ¸¹ Ï @ × � @��U� §¨ñ � ¸¹ Ï~} × � }ñ%�¸¹� < �G� §¨ � @ �U� §¨ � }
Sinceboth squaresin the diagramcommute(

�
and � arecat

<
-groupmorphisms)the

outerrectanglealsocommutes.Similardiagramsholdwith

� � replacedby

� � andby

d � .
Applying thegroupalgebrafunctor to this setupgivesusthe following diagramof

precat

<
-algebras,where ¡.A � H B A �<9 > È B�1 � � � 9 > È � etc.¡.A Ï < × � < B � � � � �§¨� ¶ ¸¹ ¡.A Ï @ × � @ B � � � � �§¨� � ¸¹ ¡.A Ï~} × � } B� �¸¹¡.A � B < � � � � � §¨ ¡.A � B @ � � � � � §¨ ¡.A � B }

Again, therearesimilar diagramsfor  and � . Since ¡.A21 B is a functor, bothsquaresand

therectanglecommuteherealso.

To getfrom hereto cat

<
-algebras,we form theidealseÌ� 1 � � LZ� 9 � > È � t �:9 � > È � t � LZ� > =09 � È � l � <?> =/9 � È � q O � P M � 9 Ï � P É�� 9 � � � �

Next factoreach ¡.A Ï � × � � B by the correspondingeÌ� andreplace��� (or  � , �ö� ) by the

induced æ��� ( æ � , æ�ö� ). The factoringalso inducesmaps æ¡.A � H B and æ¡.A�� H B , which are

obviouslywell-defined.Thisgivesusthediagram:¡.A Ï < × � < B s e < w� � ��� �§¨
w� ¶ ¸¹ ¡.A Ï @ × � @ B s e @ w� � �U� �§¨

w� � ¸¹ ¡.A Ï~} × � } B s e }
w� �¸¹¡.A � B < � � ��� � §¨ ¡.A � B @ � � ��� � §¨ ¡.A � B }
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Again, commutativity is assured.Define æ¡.A*� BGq 1 ¡.A�� B and let æ¡.A � B be the cat

<
-

algebramapwith æ¡.A � H B definedasaboveand æ¡ûA � F B�q 1 ¡.A � F B .
Lemma 3.2.6. æ¡ q

Cat1Gr
� Cat1Alg � is a functor.

Proof:

Theabovediscussionshows that æ¡.Ai� � B 1 æ¡.Ai� B æ¡.A � B . It is easyto checkthat æ¡ also

preservesthetrivial morphismon acat

<
-group.

Þ
Oneimportantpropertyof the groupalgebrafunctor is that it is left adjoint to the

unit groupfunctor(seeproposition1.4.3).Theclaimthatthecat

<
-groupalgebrafunctor

is a goodgeneralisationof the groupalgebrafunctor will be strengthenedif the cat

<
-

groupalgebrafunctor is alsoleft adjoint to something.It is reasonableto supposethat

this “something”shouldbeageneralisationof theunit groupfunctor.

Givena cat

<
-groupalgebra,applyingtheunit groupfunctor levelwiseyieldsa cat

<
-

group,with structuralhomomorphismsgivenby restriction.This constructionprovides

uswith aunit cat

<
-groupfunctor

÷ q
Cat1Alg � � Cat1Gr .

It remainsto verify theadjointnessof

÷
and æ¡ . Thefollowing proposition,andits

proof, is closelymodelledon proposition1.4.3.

Proposition 3.2.7. Thecat

<
-groupalgebra functor æ¡ q

Cat1Gr
� Cat1Alg � is left ad-

joint to theunit cat

<
-groupfunctor

÷ q
Cat1Alg � � Cat1Gr.

Proof:

For notationalconvenienceweshallwrite � for Cat1Gr and � for Cat1Alg � .

Let � be a cat

<
-group, � a cat

<
-algebraand £ q � � ÷ � a homomorphismof

cat

<
-groups.Then £ 9 �ÆA�� P ÷ � B . For every such £ , æ¡ûA	£ BØ9 �GA�æ¡�� P æ¡ ÷ � B . Clearlyæ¡ ÷ ����� , sowemaydefine��� > � 1 inc

ë æ¡ q �ÆA�� P ÷ � B � �GA�æ¡�� P æ¡ ÷ � B P
whereinc is the inclusion. Sinceboth inc and æ¡ arefunctors,

��� > � is well-definedfor

everychoiceof � and � .

Now suppose
� q æ¡�� � � 9 �GASæ¡�� P � B . Then

�
is completelydeterminedby the

imagesof thebasiselements
á �<9 > È q O 9 Ï P É 9 � ä and

á � È q É 9 � ä indexedby thetop

groupandbaseof � . Further, for any A O P É B in thetopgroupof � ,5 � 1 � A �:9 > È � � 9 > È � . ¶ B 1 � A �<9 > È B � A � � 9 > È � . ¶ B P
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whenceeach
� A �<9 > È B is in

÷ � . Likewisefor
� A � È B . Define��� > � q �GASæ¡�� P � B � �ÆA�� P ÷ � B

by
��� > � A � B 1 � ? �

(wemayconvenientlyregard �:9 > È and A O P É B to bethesameelement).

Now
��� > � ��� > � A	£ B 1 £ and

��� > � � � > � A � B�1 �
, so

�ÆA*� P ÷ � B Õ1 �GA æ¡�� P � B �
It remainsto show that this bijection is naturalin both � and � . This is analogous

to theproof of 1.4.3,soweshallomit thedetails.

Þ
3.3 ModulesOver a Cat

5
-Group Algebra

Armedwith adefinitionof cat

<
-groupalgebras,wemaynow begin to considermodules

over them. We have seenin 1.4 that representationsof a group e with representation

spaceà (a ¡ -vectorspace)areequivalentto ¡.A�e B -modulestructureson à . Wewould

expecta similar resultto be true for representationsof a cat

<
-groupandmodulesover

its groupalgebra.

A moduleover an algebra

Í
is a vectorspaceà togetherwith an

Í
-actionon à .

Sincewearedealingwith cat

<
-algebras,it is reasonableto expecta modulein this case

to be a cat

<
-vectorspace,or equivalentlya 2-vectorspace,endowedwith anactionof

the cat

<
-algebra.Herewe mustbe slightly careful, for thereareat leasttwo separate

definitionsof 2-vectorspaceswhich describequitedifferentobjects.Thefirst, usedby

Kapranov andVoevodsky [42], is not relevant to our purposesbut the second,which

appearsin recentwork by Baezand Crans[4], ties in very closely with ideasused

elsewherein this thesisandis thedefinitionweshalluse.

Definition 3.3.1. A 2-vectorspaceis aninternalcategory in Vect� .

Thatis, it consistsof avectorspace,à R , of objects,avectorspaceà < of arrows,and

morphisms(structural morphisms) selectingthesourceandtargetof eacharrow andthe

identity arrow for eachmorphism,togetherwith anassociative compositionwhich is a

linear transformationof vectorspaces.Internalfunctorsin Vect� areknown as linear

functors, andthesearethemorphismsin thecategory 2Vect� of 2-vectorspacesover
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internalnaturaltransformationsin Vect� .

Furthermore,BaezandCransshow that 2Vect� is equivalentto the category they

call 2Term of 2-termchaincomplexesof ¡ -vectorspaces,whichis noneother4 thanour

old friend �¡� �
< �� . Thenatureof this equivalenceis very reminiscentof theinterplaybe-

tweencat

<
-groupsandcrossedmodulesdiscussedin section1.2.2.Althoughwestudied�¡� �

< �� in thecasewhere¡ is afield, thedefinitionwouldwork for ¡ merelyacommu-

tative ring with identity, althoughthe terminologyof vectorspaceswould in this case

bereplacedby thatof ¡ -modules.In thesameway, we candefine2-¡ -modulesto be

internalcategoriesin ¡ -Mod. For thesake of convenience,we shallcontinueto speak

in termsof vectorspaces,but theresultscanbeframedmoregenerally. It shouldalsobe

rememberedthat the terms“2-vectorspace”and“cat

<
-vectorspace”are,to all intents

andpurposes,interchangable(thesameis truefor “2-groups”/“cat

<
-groups”etc.).

Supposewe have a cat

<
-algebra� anda 2-vectorspace¢ , suchthat both à R andà < areleft modulesover their respective levelsof � . Hencethereis a left actionof

Í <
on à < anda left actionof

Í R
on à R which provide scalarmultiplicationat both levels.

Theseactionscommutewith thestructuralmorphismsof ¢ to definea left actionof �
on ¢ .

Definition 3.3.2. A left � -actionof a cat

<
-algebra� on a 2-vectorspace¢ consistsof

a left actionof

Í <
on à < andaleft actionof

Í R
on à R whichcommutewith thestructural

morphismsof ¢ .

Sucha à is calleda left � -module.

Of course,right � -modulescould be definedsimilarly if required. Becausethe

cat

<
-algebramoduleconstructionis essentiallythealgebramoduleconstructionapplied

levelwise,thecorrespondencebetweenrepresentationsof acat

<
-groupandmodulesover

its cat

<
-groupalgebrafollows from thegroupcaseappliedlevelwise.

Theorem 3.3.3. Let � bea cat

<
-groupand ¢ a 2-vectorspaceequivalentto thechain

complex � 9 �¡� � < �� . Representations
� q � � Aut A�� B are in bijectivecorrespondence

with ¡.A*� B -modulestructureson ¢ .

Proof:

Apply theorem1.4.7to bothlevelsof
�

andAut A�� B . Þ
4In fact, 2Term useschainhomotopiesas its 2-cells,but we have seenthat theseareequivalentto

homotopies.



Chapter 4

Linear Representationsof a

Cat


-Group

In which representationsof cat

<
-groupsare found to exist, both in specificcasesand in the

general constructionof regular representations,andtheconceptof faithfulnessis explored.

Linearrepresentationsof cat£ -groupswereearlierdefinedas2-functorsby analogy

with therepresentationsof groups.Thedefinitionis recalledin section4.1.Someexam-

plesof cat£ -grouprepresentationsarethenintroducedin the following sections,firstly

for individual cat£ -groupsandthenvia the generalconstructionof a regular represen-

tation,which leadsto a versionof Cayley’s theoremin section4.2. Faithfulnessis an

importantpropertyof grouprepresentations,sosection4.3explorestheessenceof this

propertyandattemptsto find acat£ -grouprepresentationanalogue.Finally, adirectde-

scriptionof representationsfrom thepoint of view of crossedmodulesis consideredin

section4.4.

4.1 Cat ¤ -Group Representations

Thedefinitionof a linearrepresentationof acat£ -group, ¥ , wasstatedasdefinition2.4.1

in chapter2, namelythat it is a 2-functor ¦�§(¥�¨ ©�ª�« £%¬ . We have alsoseenthat ¦"®�¥'¯
resideswithin Aut ®i°U¯ where °²±³¦�®	´µ¯ , the imageof the unique0-cell in ¥ , hencea

representationcanalsobeconsideredasa cat£ -groupmorphism ¦¶§�¥¶¨ Aut ®i°U¯ . We

arenow readyto begin huntingfor actualexamplesof representations.

78
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As a first example,we shall attemptto constructa representationof the simplest

cat£ -groupthatweencounteredin examples1.2.11,namely ¥·±¸®%¹~ºG»R¼½»R¾;»�¿u»�¿�¯ , where¼
is thetrivial group.We shallstartby taking À asthebasefield (i.e. ÁÂ±ÃÀ ). Although

we areat liberty to chooseany ° astheimageof ´ for our representation,we shall take

onewherethe dimensionsof the sourceandtarget arecloselyrelatedto the ordersof

the top groupandbaseof ¥ . In this case,the ° of example2.2.1will do nicely. This,

recall,is thelineartransformation: °¡§�À º ¨¸ÀÄ(Å ÆuÇ¸È¨ ÅÊÉ
We mustnow seekimagesfor the elementsof ¼ and ¹~º within, respectively, Aut ®i°U¯ £
andAut ®%°�¯2º . Fortunately, our explorationsin section2.2.1have furnishedus with a

reasonableamountof informationaboutthestructureof Aut ®%°�¯ . To specifya represen-

tation, ¦ with representationcomplex ° , we mustdesignateimagesunder ¦ for all the

elementsof ¥ , andcheckthatthemappingis functorial.

Thereis only oneelementof ¼ to assign,andsincethis is the identity it mustmap

to theidentity in Aut ®%°�¯ £ . Hence¦�® ¤EË ¯Ì±ÎÍ Ï�Ð , thechainmapconsistingof the identity

at both levels. For ¹~º thesituationis barelymorecomplicated,sincethereareonly 2

elementsto worry about,oneof which is theidentity. Theotherelementmustalsobea

homotopy from ÍcÏ�Ð to itself, sincethis is theonly chainmapavailable.ThehomotopiesÍcÏ�ÐÒÑ Í Ï�Ð arepreciselytheelementsof Ó½º Aut ®%°�¯ and,for this choiceof ° , Ó½º Aut ®i°U¯ is

trivial hence¦�®�ÔÕ¯ is alsotheidentity (whereÔ is thegeneratorof ¹~º ). Sotherepresen-

tationis trivial andto find a non-trivial representationwe mustlook elsewherefor ° . In

particular, weneedÓ½º Aut ®i°U¯ to benon-trivial sothatwecanfind distinctimagesfor the

elementsof ¹~º .
Bearingthis last point in mind and looking backover the examplesof chapter2,

we observe thatAut ®%¿�¯ hasnon-trivial Ó½º , where ¿ is a zerolinear transformation.We

shall thereforetake °Ö±×¿f§ÌÀØ¨ À to be the zeromap( Ù È¨ ¿ for every ÙÛÚÜÀ )

andtry to find suitableimagesfor the elementsof ¥ . As before,the uniqueelement

of ¼ must map to the identity chainmap Í ÏÝÚ Aut ®%¿�¯ £ . The identity elementof ¹~º
must similarly map to the identity homotopy ®i¿Õ»�ÍcÏ�¯ . Whereasin the previous case,

this wasthe only homotopy ÍcÏ¶Þ×ÍcÏ , we now have sucha homotopy for every linear

transformationßÕàá§âÀÝ¨ À . Sincethesetof linearendomorphismson À is isomorphic
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to À itself thisgivesahomotopy ®%ãä»0ÍcÏ<¯~§ÕÍcÏ�ÞåÍcÏ for every ãæÚçÀ . Onthefaceof it, this

would seemto give usplentyof choicefor ¦�®�ÔÕ¯ . However, ¦ mustbea functor, sowe

require ¦"®�Ôâ¯�è¡é�¦"®�ÔÕ¯ä±ê¦"®�Ô<Ôâ¯�±ê¦"® ¤ ¯ë±Î®i¿Õ»�ÍcÏ�¯ . Now suppose¦�®�ÔÕ¯ä±Î®iãä»�Í Ï<¯ . Thenthe

chainhomotopy componentof ¦"®�ÔÕ¯�èìé�¦"®�ÔÕ¯ is ãîí�ã , whencewerequireïUãç±Û¿ . Sadly,

when ãÃÚðÀ this implies that ã�±�¿ andfunctoriality forcesus to make ¦"®�ÔÕ¯ñ±�¦�® ¤ ¯
andendupwith anothertrivial representation.

All is not lost, however. If we abandonÀ and work insteadwith ò~º (which, of

course,is afield of characteristic2), thesamealgebraenablesusto set ãç± Å (thenon-

zeroelementof ò~º ) andget ¦"®�ÔÕ¯ó±ô® Å »�Í Ï:¯îõ±Ã¦�® ¤ ¯�±ô®i¿Õ»�ÍcÏ�¯ with ¦�®�ÔÕ¯;è¡é/¦�®�ÔÕ¯�±¸®%¿u»�ÍcÏ:¯
asrequired.This givesusa non-trivial representation¦²§�¥�¨ ©¡ª « £%¬ö:÷ . In fact,this is a

faithful representation,accordingto thedefinitionweshallseein section4.3.

Now thatwehavedemonstratedtheexistenceof non-trivial representations,wemay

attemptto find a moresystematicmethodfor constructinga representationof a given

cat£ -group.

4.2 Regular Representations

The classicexistencetheoremfor non-trivial group representationsis Cayley’s theo-

rem,which explicitly constructsthe regular representationof any group. Regular rep-

resentationsare a particularly importantclassof group representations,in which the

elementsactby multiplication.Theright regular permutationrepresentationis defined

as øê§úù op ¨ û"ü ý'ü with øþ®�ÔÕ¯G®%ßþ¯�§ÿ± ßÕÔ (it is convenientto blur the distinction be-

tweenanelementß Ú�ù andthecorrespondingß in theunderlyingset,on which the

permutationacts). The sourceof ø is ù op, the oppositecategory to ù , ratherthan ù
itself, sincethe naturaldefinition of right multiplication forces ø to be contravariant1,

i.e. øþ®�Ô £ Ô�º/¯�®&ß½¯ú±�ßÊ®�Ô £ ÔUº�¯ñ± ®%ßÕÔ £ ¯�ÔUºî±ôøþ®�Ô�º/¯Zøþ®�Ô £ ¯G®%ßþ¯ . Similarly, the left regularper-

mutationrepresentationis givenby
� §�ùê¨ û ü ý'ü with

� ®�ÔÕ¯G®&ß½¯ä§p±ÛÔÕß ;
�

is covariant.

Althoughusuallystatedfor permutationrepresentations(e.g. [6,49]), it is easyto

1The choiceof left or right regular representationdependslargely on the notationemployed - usu-

ally oneor otherof themis morenaturalto use. For the postfix function notationoften employed by

grouptheorists,theright representationis covariant(ahomomorphism),while for thefunctionalnotation

morecommonin otherbranchesof mathematics(includingcategory theory)it is contravariant(ananti-

homomorphism).Althoughmostauthorsonly dealwith representationsashomomorphisms,thereis no

intrinsic reasonwhy antihomomorphismscannotalsobeused.
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reformulateCayley’stheoremfor linearrepresentations(for example,Serre[67] defines

the (left) regular representationas a linear representation,thoughhe doesnot men-

tion Cayley’s theorem). To the regular permutationrepresentationsof ù therecorre-

spondregular linear representationsø §�ù op ¨ ù��rü ý'ü ®%Áç¯/» � §(ù ¨ ù��rü ý'ü ®iÁç¯ , withøþ®�ÔÕ¯G®���� ¯ë§p±	�
��� and
� ®�Ôâ¯�®�
� ¯ë§p±	����� (where��� arethebasisvectorsin thevectorspaceÁ¶®%ù ¯ outlinedin section1.4,and øþ®�ÔÕ¯0» � ®�ÔÕ¯ arematrices).Theright regularrepresen-

tationcanbethoughtof asanactionof ù on thegroupalgebraÁ¶®%ù ¯ by multiplication

on the right, with øþ®�ÔÕ¯�®�
� ¯ ± � �
�ç±��
��� . The left regular representationis similarly

a ù -actionon Á¶®iù�¯ by left multiplication. Regular representationsof a group,then,

reconstructtheelementsof thegroupasautomorphismsof its groupalgebra.Fromnow

on,weshallconcentrateon right regularrepresentations.

Regular representationsexist for every group,andthey arequitestraightforwardto

defineanduse.An analogueof Cayley’s theoremfor cat£ -groupswould bea desirable

result,sinceit wouldenableusto constructarepresentationin astraightforwardmanner

for any cat£ -group.It is to thesearchfor sucha theoremthatwenow turnourattention.

4.2.1 The Regular Representationof a Cat
�
-Group

Supposewe have a cat£ -group ¥�±ô®%¹����r»��r»�� »��/»R¾*¯ . By analogywith thegroupcase,

we wouldexpecta regularrepresentationto takeelementsof ¥ to automorphismsof its

cat£ -groupalgebra.We have alreadystudiedboth the cat£ -groupalgebraconstruction

(section3.2)andtheautomorphismcat£ -groupof a lineartransformation(chapter2), so

wemayattemptto combinethetwo to getadefinitionof a regularrepresentation.

Thecat£ -groupalgebraof ¥ , recall,is thecat£ -algebraÁ¶®�¥'¯~§ÿ± Á¶®%¹���� ¯��
���� � 
�!

� Á¶®��¯
� "#$ »

where � is the cocycle ideal and factorisationby � introducesthe cocycle relations

neededto makethekernelconditionswork. Wehavenotyet lookeddirectlyat theauto-

morphismsof acat£ -algebra,but wehavestudiedAut ®i°U¯ , theautomorphismcat£ -group

of a linear transformation° . From Á¶®�¥'¯ we cangeta singlelinear transformationby

defining °P§&%('*),+- ¨ Á¶®��¯ to be +.0/ 132�4 �� (we can also construct ° usingsimplicial

techniques,by observingthat Á¶®�¥'¯ is a heavily truncatedsimplicial algebraandcon-

structingits Moore complex). We saw in section3.2 that %('*)5+- hasa generatingset6 +798;: < §
=¡õ± ¤ > , where +798;: < ± +� 8;: <@? +� £ : < .
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Any representationof ¥ mapselementsof � to chainautomorphismsin Aut ®i°U¯ £
andelementsof ¹A�B� to homotopiesin Aut ®%°�¯2º for somerepresentationcomplex ° .
For theregularrepresentation,ø , weshallusethe ° describedabove,whichcomesfrom

the cat£ -group algebra. We can informally picture an action of ¥ on Á¶®�¥'¯ by right

multiplication. Note that this is a left action,andthe elementsof ¥ appearin the left

on thepictures,while they appearon theright in thealgebraicnotation(hencetheterm

right multiplication). In the following diagramsthe dottedarrows denoteelementsof

thecat£ -group,while thecellsdrawn with solid arrowsarein its cat£ -groupalgebra.

A 1-cell in ¥ is anelementCxÚ�� . Thiscanactbothon the1-cellsandthe2-cellsofÁ¶®�¥'¯ . Theactionof C on a1-cell is:< � D�E � ± D EFHGJI � É
(4.1)

Theactionona2-cell is similar:

< � D E KL
D�MONJP E QSRT �D NJU E ± D EFHGJI KL

D MONP EFHGJI QSR
T �D NJU EFHGJI É

(4.2)

A 2-cell in ¥ is anelement®J= »VCþ¯îÚf¹0�B� . This actson 1-cellsof Á¶®�¥'¯ by right

multiplication:

É É É É É É É É É É É É É É É É É< KLÉ É É É É É É É É É É É É É É É ÉW 8;X < QSRT « 8;: < ¬ DYE � ± D EFHGJI KL
D EFHG MON I�Z D M�[ E N]\ EFHGJIQSRT �D E NJU EFHGI É

(4.3)

We donot requiretheactionof ®= »VC½¯ ona2-cell.

Although thesepicturesshow an actionof ¥ on Á¶®*¥á¯ , we actuallywant to defineø asa mapinto Aut ®%°�¯ , so we needto do a little work. First of all, for eachCÛÚ^� ,øþ®_Cþ¯~Ú Aut ®%°�¯ £ mustbeachainautomorphism.From(4.1),wedefineøþ®_Cþ¯�®�
`�¯~§p±	�
`3a G <
for thelower level (notethatthis shouldstrictly be ®�øþ®_Cþ¯�¯2é but it will beclearfrom the

input into øþ®bCþ¯ which level we areworking at, so thesubscriptscanbesafelyomitted;

we shall alsodrop èìé for ¥ andwrite multiplication by juxtapositionfrom now on).
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At thetop level, (4.2) immediatelysuggestsøþ®bCþ¯G® +� 8;: `;¯ú± +� 8;: ` < . However, the top level

of Aut ®%°�¯ is %('*),+- , which is generatedby the elements+798;: ` . Using (4.2) asa guide,øþ®_Cþ¯�® +798;: `�¯ó±Ûøþ®_Cþ¯�® +� 8;: ` ? +� £ : `�¯�± +� 8;: ` <@? +� £ : ` < ± +798;: ` < , sodefineøþ®_Cþ¯�® +798;: `R¯ë§ÿ± +7c83: ` < É
It is straightforward to checkthat øþ®bCþ¯ is a chainmap on ° and that the mappingis

contravariantlyfunctorial.Sofarwehaveessentiallyconstructedtheright regulargroup

representationof � , andasa bonuswe alsohave an actionof � on the top level of

Aut ®i°U¯ .
For every ®J= »VCþ¯�ÚÎ¹d�e� , theremust be a homotopy øþ®J= »VCþ¯ Ú Aut ®i°U¯Zº . Sinceø is to be a functor, it mustpreserve the sourceandtarget of each2-cell, so we must

have øþ®= »JCþ¯¡§áøþ®_Cþ¯îÞ�øþ®Jfg=OC½¯ . As a homotopy in Aut ®i°U¯ we canspecify øþ®J= »VCþ¯ by its

sourceandchainhomotopy. The source,aswe have seen,mustbe øþ®bCþ¯ . The chain

homotopy will be a map ø à�®= »JCþ¯æ§ Á¶®��¯ç¨ %h'*)5+- . We shall usediagram(4.3) to

get a tentative definition for ø à ®J= »VCþ¯ andthencheckthat this is a functor andsatisfies

the chainhomotopy conditions. As with the top level of øþ®_C½¯ , the diagramsuggestsø ài®J= »VCþ¯�®�
`�¯ó± +� E 83: ` < but weactuallywanta targetin %h'i)j+- soweshalldefine

ø à ®= »JCþ¯G®���`R¯ë§ÿ± +7 E 8;: ` < É
Thefirst thingweshallcheckis thatthechainhomotopy conditionsaresatisfied.At

thelower level this checkis quitestraightforward:° ø à ®= »JCþ¯G®���`;¯�±Ý° +7 E 8;: ` < ± °u® +� E 83: ` <k? +� £ : ` < ¯ ±l� W « E 8 ¬ ` < ? ��` <±m��` W 8_<@? �
` < ± øþ®Jfg=3Cþ¯G®���`�¯ ? øþ®_Cþ¯O��`ä±ongøþ®fp=3Cþ¯ ? øþ®_C½¯Oq*®�
`/¯ É
For thetop level, the ideais thesame,but thealgebrais somewhatmoreinvolved. We

canstartby working in from bothends.ø à ®= »VC½¯�°u® +79rs: `�¯ó±Ûø à ®J= »VCþ¯2°Õ® +� r�: ` ? +� £ : `R¯ó± ø à ®= »VC½¯G®� W r `�¯ ? ø à ®= »JCþ¯G®���`;¯± +7 M�t E 8;: W r ` < ? +7 E 8;: ` < ± +7 r E 8�r�u(v;: W r ` < ? +7 E 8;: ` < (4.4)

and øþ®Jfg=3Cþ¯G® +79rs: `0¯ ? øþ®_C½¯G® +7cr�: `R¯�± +79rs: ` W 8_<k? +7cr�: ` < É (4.5)
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For thechainhomotopy conditionto besatisfied,we need(4.4) = (4.5). Equivalently,

wemayshow that(4.5) ? (4.4) ± ¿ . Now,

(4.5) ? (4.4) ± +79rs: ` W 8_<&? +79rs: ` <&? +7 r E 8�r�u(v;: W r ` < í +7 E 8;: ` < É (4.6)

Sincethe +798;: < arein %h'i),+- therearerelations(givenby equation(3.4)of chapter3) which

comefrom thecocyclerelationsinducedby factoring Á¶®i¹w�x� ¯ by � in thecat£ -group

algebra.Theserelationsin %h'i)5+- will alsobecalledcocycle relations.In particular, the

relation

+7 E 83: ` < í +79rs: ` W 8_< ± +79r E 8;: ` <
holdsin %h'i),+- , sowecanrewrite theright-handsideof (4.6)as

+79r E 8;: ` <@? +7 r E 8�r�u(v3: W r ` < ? +7cr�: ` < »
which is equalto zeroby anothercocycle relation.Henceø à�®J= »VCþ¯ is a chainhomotopy

asrequired.

It remainsto show that ø is functorialat thelevel of homotopies.Themostdifficult

conditionto checkis that ø preserveshorizontalcomposition.Since ø is contravariant

onthe1-cells,weexpectthiscompositionto becontravariantalso.Thereforewerequire

øþ®= < = à »VCHC à ¯ó± øpn	®= »JCþ¯G®= à »VC à ¯3q(±Ûøþ®= à »JC à ¯�èìé�øþ®= »JCþ¯ É (4.7)

It is clearthatbothendsof this chainof equationsarehomotopieswith sourceøþ®bCHCâà ¯ ,
soit remainsto checkthatthechainhomotopiescoincide.Wedo thisby checkingtheir

actiononanelement�
`rÚçÁ¶®J� ¯ . Firstly,ø à ®J= < = à »VChC à ¯�®�
`�¯�± +7 E « 8 I 8zy ¬ : ` <�<�y É
Fromtheformulafor thechainhomotopy of a horizontalcompositegivenin chapter1,øþ®J=�à�»VCâà ¯;è¡é�øþ®J= »VCþ¯ haschainhomotopy2 ø ài®=/àT»VCâà ¯Zøþ®Jfg=3Cþ¯2é"í øþ®bCâà ¯ £ ø ài®J= »VCþ¯ , with

ø à ®J= à »VC à ¯2øþ®fp=3Cþ¯Zé í¶øþ®_C à ¯ £ ø à ®= »VC½¯Oq*®�
`�¯ó± ø à ®J= à »VC à ¯G®���` W 8_< ¯áí¶øþ®_C à ¯G® +7 E 8;: ` < ¯± +7 E M�N I 8zy{: ` W 8_<O<�y í +7 E 8;: ` <O<�y É
2Note that here,contraryto our usualpractice,we have includedthe subscriptson the levels of the

chainmap |H}�~H� for thesake of clarity.
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Anothercocycle relationin %('*)5+- gives

+7 E MON I 8�y_: ` W 8_<O<�y í +7 E 8;: ` <O< y ± +7 E « 8 I 8zy ¬ : ` <O<�y »
sothat(4.7) is satisfied.

Finally, let ®J= »VCþ¯ and ®= à »�fg=OC½¯ ÚÝ¹A��� , so that the vertical compositeis defined

( ®J=�à�»�fg=3Cþ¯;è £ ®= »VC½¯ë§ÿ±¸®=/à�= »JCþ¯ ). Thenø à ®J= à = »VCþ¯�®�
`�¯ó± +7 E 8zy�8;: ` <
while øþ®=/àT»�fg=OCþ¯�è £ øþ®J= »VCþ¯ haschainhomotopy ø à�®=/àT»�fg=OC½¯!í¶ø ài®J= »VCþ¯ , giving

ncø à ®= à »�fg=OCþ¯áí¶ø à ®J= »VCþ¯3q�®��
`�¯ó± +7 E 8zy_: ` W 8_< í +7 E 8;: ` < É
Thereis anothercocycle relationin %('*)5+- of theform

+7 E 8zy{: ` W 8_< í +7 E 8;: ` < ± +7 E 8�y�8;: ` < »
whence øpn	®= à »sfp=3Cþ¯�è £ ®= »JCþ¯Oqþ±Ûøþ®J= à »�fg=3Cþ¯;è £ øþ®J= »VCþ¯
asrequired.

Notethatthefunctor ø definedabove is contravariantin thehorizontaldirection(at

both levels)but covariantin theverticaldirection. It shouldthereforeberegardedasa

functor ¥ op ¨ ©¡ª « £%¬ , usingthe conventiongiven in [44] that any 2-category � hasa

dual � op which reversesonly the 1-cells(andhenceaffectsboth 1-cell andhorizontal

2-cell composition)andanotherdual � co which reversesonly the 2-cells (and hence

affectsvertical2-cell composition).

Thisconstructioncanbesummarisedin thefollowing definition.

Definition 4.2.1. The right regular representationof a cat£ -group ¥ is the 2-functorø §Õ¥ op ¨ ©¡ª « £%¬ sendingeachCxÚ�� to thechainautomorphismøþ®_C½¯G®�
`R¯r§p±m�
`3a G < » øþ®_C½¯G® +7c83: `;¯~§ÿ± +798;: ` <
andeach®J= »VCþ¯ëÚ�¹���� to thehomotopy øþ®= »VC½¯ë§�øþ®_Cþ¯�¨ øþ®Jfg=OC½¯ with chainhomotopyø à ®= »JCþ¯G®���`R¯ë§ÿ± +7 E 8;: ` < »
whereall chainautomorphismsandhomotopiesresidein Aut ®%°�¯ for thelineartransfor-

mation °¡§p±�+.�/ 132�4 �� obtainedfrom thecat£ -groupalgebraÁ¶®*¥'¯ of ¥ .
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Sincethe constructionmay be appliedto any cat£ -group, it givesus a cat£ -group

versionof Cayley’s theorem,in termsof linearregularrepresentations.

Theorem 4.2.2(Cayley). For any cat£ -group ¥ , the right regular representation,as

definedin 4.2.1,exists. �

4.2.2 A WorkedExample

In section4.1 we found an exampleof a non-trivial representationby trying several

possibilitiesuntil we foundonewhichworked.Apart from proving thatrepresentations

exist, Cayley’s theoremgivesusarecipefor constructingarepresentationfor any given

cat£ -group. We cannow seehow this recipeworks in practiceby pluggingthe same

example ¥ ±¸®%¹~ºE»;¼þ»;¾;»�¿Õ»R¿�¯ into themachineryof Cayley’s theorem.

As before,we shall startby taking Á ±ÂÀ . The first thing we needis ° , which

is obtainedby first forming thecat£ -groupalgebraÁ¶®�¥'¯ andthenrestrictingthetarget

mapto thesourceof thekernel. We have alreadyexaminedÁ¶®�¥'¯ for this particular ¥
in section3.2andhaveseenthat,over À , it leadsto therathertrivial cat£ -algebrahavingÀ asboth top groupandbase,with all mapsthe identity. Thus f²±�ÍcÏ andtheregular

representationis trivial. This shows animportantdifferencefrom grouprepresentation

theory, in thatfor cat£ -groupsaregularrepresentationneednotbefaithful (thisparticular

examplefails spectacularly).

If we insteadtake the basefield to be Á ±�ò~º , the situationis quite different. In

this case,thecocycle ideal is emptyso thatno relationsareinducedin thecat£ -group

algebra.In thiscase+- ® Å »
Æ
¯ó± Å í

Æ
±�+. ® Å »

Æ
¯ and %h'i)j+-�� ± ò~º . Thisgives °¡§�ò~º�¨ ò~º

asthezeromap.Theregularrepresentationbecomesøþ® ¤ ¯ë± ÍcÏ on thechainmaplevel,

while øþ® ¤ ¯�±¸®i¿Õ»�ÍcÏ�¯ and øþ®�ÔÕ¯ó±¸®�Ô(»0ÍcÏ<¯ onthehomotopy level (taking Ô asthegenerator

of ò~º ). In this case,ø is a faithful representation.

Sincewe have beenthrowing the term“f aithful representation”around,we should

pauseto checkthatweknow whatit meansfor cat£ -grouprepresentations.

4.3 Faithful Representations

What makesa representationfaithful? Is this a desirablepropertyof representations?

For groups,a representationis definedto be faithful if every elementof the group ù
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hasa distinct image;i.e. the representationis a monomorphism.In categorical terms,

this meansthat the functor ¦�§�ù ¨ Vect is faithful, so that for Ôþ»/ßðÚÛù , we have¦"®�ÔÕ¯Ò±�¦�®&ß½¯ñÑ Ôx±Îß . Thusthe terminologiesof representationtheoryandcategory

theorycoincidefor thenotionof faithfulness.

The fundamentalpurposeof a representationis to reconstructanabstractgroupin

moreconcreteterms,andfaithful representationsareparticularlyusefulin this respect

sincethey alonepreserve thegroupstructurecompletely. Let ¦ð§áù ¨ ù��,�â®%Áç¯ bea

linearrepresentationof agroup ù . Thenthefundamentalhomomorphismtheoremtells

usthat ù��(%h'i)þ¦ � ± ¦"®%ù ¯���ù��,�â®%Áç¯ É
If ¦ is faithful, %h'i)�¦�± ¤ andso ù itself is isomorphicto a subgroupof the general

linear group. If ¦ is not faithful, the kernelis non-trivial andsomecollapsingoccurs.

In theextremecase,the trivial representationsendsevery elementof ù to the identity

of Á , andthis givesus the trivial groupasa representation.While consideringgroup

representations,it mayfinally benotedthattheregularrepresentationis alwaysfaithful.

For, if øþ®�ÔÕ¯G®%ß½¯ë§ÿ±ÃßÕÔ thenøþ®�ÔÕ¯�ß ± øþ®�Ô à ¯;ß Ñ ßÕÔ ± ßâÔ à Ñ Ô ±�Ô à É
Sincea cat£ -grouprepresentationis givenby a 2-functor, theobviousway to define

a faithful representationis asa faithful 2-functor. This leadsto theimmediatequestion

“what is a faithful 2-functor?”. Again, theobviousanswerwould bea 2-functor ¦ for

which ¦"®iã ¯ó±Ý¦�®��¯óÑ ãç±m� for any 2-cells ãä»s� in thesourcecategory. Thisdefinition

wouldencapsulatethe1-functorideaof faithfulness,identifying1-cells � and Ô with the

2-cells ¤�� and ¤ � .
Strangely, noneof the standardreferenceson 2-categories(for example, [7,52])

seemsto give a definition of faithful 2-functors. However, a definition canbe pieced

togetherfrom several sources. In their review of 2-category theory [44], Kelly and

Streetmentionthata 2-category may beviewedasa Cat-category (that is, a category

enrichedover Cat), andthat this definition determinesthe meaningsof 2-functorand

2-naturaltransformation.Presumably, then,thedefinitionof a faithful 2-functorshould

alsocomefrom enrichedcategory theory.

Turningto thestandardwork onenrichedcategory theory, alsoby Max Kelly [43], a�
-functor is definedasfollows. Let � »s� be

�
-categories,i.e. categoriesenrichedover
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themonoidalcategory
�

. Thenthe
�

-functor �Ã§��Ü¨ � consistsof anobjectfunction� § / � / ¨ / � / togetherwith maps��� : � y §�� ®���»s� à ¯î¨ ��®z�&� »��k�Òà ¯ for eachpair of

objects� »s� à Ú / � / . Theselatterarecompatiblewith composition(itself a
�

-morphism)

andidentities.A
�

-functor is fully faithful if each��� : � y is an isomorphism.Implicitly,

a
�

-functoris faithful wheneach��� : � y is amonomorphism;thus,everydistinct1- or 2-

cell in � ®� »s�Òà ¯ hasadistinctimagein ��®z�k��»��k�Òà ¯ . For
� ± Cat, thisyieldsprecisely

thedefinitionproposedearlier:

Definition 4.3.1. A 2-functor ¦�§��Ü¨ � is faithful if, for 2-cells ã »s�²Ú�� ,¦"®iã ¯ó± ¦"®J�0¯�Ñ ã�±l� É
Armedwith this definition,wemaynow definefaithfulnessof representations.

Definition 4.3.2. Let ¥ beacat  -group.A representation¦�§u¥ ¨ ©�ªó«  %¬ is faithful if it

is faithful asa2-functor.

An immediatequestionis whethertheregularrepresentationof section4.2 is faith-

ful. Sinceat the1-cell level this reducesto theregulargrouprepresentation,it is clear

thatat this level it mustbefaithful. However, theexampleswe consideredin 4.2.2pro-

videacounterexampleto theconjecturethattheregularrepresentationis alwaysfaithful

on thehomotopy level. Fortunatelythesameexamplesalsoshow thatfaithful represen-

tationscanexist andthat the regular representationcanbefaithful for the right choice

of basefield.

4.4 CrossedModule Representations

In section1.2.1it wasshown thatcat  -groupsandcrossedmodulesareequivalent,and

botharewaysof viewing 2-groups.We have a definitionof representationsfor a cat  -
group,andthismayalsobeconsideredasarepresentationof thecorrespondingcrossed

module. Thereforewe might definea representationof the crossedmodule ¡ to be a

representationof ¥ ®¡ú¯ accordingto definition2.4.1.

However, adirectdefinitionof crossedmodulerepresentationswouldalsobeuseful

sinceit is often morenaturalandconvenientto work with crossedmodulesthanwith

cat  -groups.Sinceacrossedmoduleis notacategory, weshouldnotexpectthis to bea

functorialdefinition,but wemight reasonablyexpectsomekind of crossedmodulemap

wherethetargetis acrossedmoduleof algebras.An importantcriterionfor adefinition
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of crossedmodulerepresentationis that it shouldbe equivalentto a representationof

thecorrespondingcat  -group,asdefinedabove.

Onepossibleway of proceedingwith a direct definition of a representationof the

crossedmodule¡ wouldbeto first passto theassociatedcat  -group ¥ ®¡ú¯ (assuggested

above) andfind a representationfor this, whethertheregularrepresentationor another.

Having obtainedthis representation,whichwouldgiveusamappinginto thecat  -group

Aut ®i°U¯ for our choiceof ° , we could thenpassbackto theassociatedcrossedmodule

of Aut ®%°�¯ . In principle,this bidirectionalexchangebetweencrossedmodulesandcat  -
groupsis straightforward. In practice,thenotationandthedefinitionof compositionin

Aut ®i°U¯ (particularlyatthetoplevel)makeit quitedifficult, andfurtherwork is necessary

to geta practicalworkingdefinitionof crossedmodulerepresentationsby this method.



Chapter 5

The Categoryof Representations

In which a categoryconsistingof representationsandtheir morphismsis defined,andproperties

of this category explored.

Whenfacedwith a collectionof objects,it is naturalfor a category theoristto look

for morphismsbetweenthoseobjects,in thehopeof findinganew category. Therefore,

sincewearetakingacategoricalview of representations,anobviousquestionis whether

therearemorphismsbetweenrepresentationsof acat  -group,andwhetherwecandefine

a category of representationsandtheir morphisms.As usual,theanswerfor thegroup

casesuggestsan answerfor the cat  -groupcase,so we shall begin by reviewing the

situationfor groups.

5.1 The Group Case

A representationof a group ù is a functor ù ¨ Vect , so it is naturalto definemor-

phismsof representationsto bemorphismsof functors;thatis, naturaltransformations.

This leadsto:

Definition 5.1.1. Thecategoryof ( Á -linear) representationsof agroup ù is thefunctor

category Rep
ý §p± ® Vect ¯ ý whoseobjectsarethe functors ù ¨ Vect andwhose

morphismsarethenaturaltransformationsbetweensuchfunctors.

We shall usuallysuppressexplicit mentionof Á andjust write Repý whenthis is

unambiguous.

90
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Suppose¦Ê»s¢ are Á -linearrepresentationsof ù with representationspaces£ and £ à
respectively. Thena naturaltransformation- §'¦²¨ ¢ is a linear transformationsuch

that

- ¦"®�ÔÕ¯ó±m¢ú®�ÔÕ¯ - (5.1)

for every Ô Ú ù , i.e. thefollowing diagramcommutes:

£ � � 
¤ �¦¥§

£ à¨ �¥§£ � � £îà
Sucha - is sometimesreferredto in representationtheoryasan intertwining opera-

tor [52], so Repý may be thoughtof as the category whoseobjectsare the Á -linear

representationsof ù andwhosearrowsaretheintertwiningoperatorsbetweensuchrep-

resentations.

If - is a linearisomorphism,then(5.1)mayberewrittenas:

¢ñ®�ÔÕ¯ ± - ¦�®�ÔÕ¯ -ª©   É (5.2)

By consideringmatricesfor ¢ñ®�ÔÕ¯0»/¦�®�ÔÕ¯ and - , it is clearthat ¢ and ¦ yield equivalent

matrix representations.Hence,they arethesamelinearisomorphism,up to achangeof

basis.

5.2 Onwards and Upwards

Sincea representationof a cat  -groupis a 2-functor, the obvious definition of a mor-

phism of representationsis as a 2-naturaltransformation. Thereforewe may expect

to geta functorcategory ®*©¡ª «  %¬ ¯Y« . However, the2 dimensionalstructureof ©�ª «  %¬ al-

lows for arrows betweenthe2-naturaltransformations;thesearemodifications, which

provide a 2-category structurefor ®�©�ª «  %¬ ¯ « . For the generaltheory of 2-functor 2-

categories,a standardreference(e.g. [7, 52]) maybeconsulted.Following thedefini-

tion of the 2-category of representationsbelow, we shall considerthe structureof the

2-functor2-category in this specialcase.
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Definition 5.2.1. The2-categoryof ( Á -linear) representationsof a cat  -group ¥ is the

2-functor2-category Rep
« §ÿ± ®�©�ª «  %¬ ¯Y« having asobjectsthe 2-functors(representa-

tions) ¥ ¨ ©�ª «  %¬ , as1-cellsthe2-naturaltransformationsbetweenthem,andas2-cells

themodificationsbetweenthe2-naturaltransformations.

As with grouprepresentations,we shall usuallyleave Á implicit andsimply write

Rep« .
If ¦Ê»s¢Ü§Ê¥¶¨ ©�ªó«  %¬ aretwo representationsof ¥ with representationcomplexes °

and ° à respectively, a 2-naturaltransformation- §Õ¦ Ñ ¢ is a map - §u° ¨ ° à suchthat

thediagram

°
� ¥§

¤ « < ¬¬®
¤ W 8_<°¯ ±T5¤ « 8;: < ¬ °

�¥§° à ¨ « < ¬³²´
¨ W 8_<eµ ¶Tª¨ « 8;: < ¬ ° à

commutes,i.e. ¢ú®J= »VCþ¯ - ± - ¦"®= »VC½¯ . Isomorphismsbetweenrepresentationsare 2-

naturalisomorphisms(i.e. - is invertible). Thesefunctionasintertwiningoperatorson

the representations,just asnaturalisomorphismsare intertwining operatorsfor group

representations.

In thesamewaythatintertwiningoperatorsexist for grouprepresentationsprecisely

whenthereequivalentmatrix representations,the2-naturalisomorphismsin Rep« offer

a wayof definingequivalencefor cat  -grouprepresentations,namely:

Definition 5.2.2. Representations¦ and ¢ aresaidto beequivalentif thereis aninter-

twining operator- Ú¶® Rep« ¯   suchthat

¢¶± - ¦ - ©   É
Suppose- » . § ¦êÑ ¢ are2-naturaltransformations(not necessarilyinvertible).

Thena modification ·ô§ -¹¸ . hasa singlecomponent1, alsodenoted· , which is a

1For ageneralmodification,thereis onesuchtwo-cell for eachobjectin thesourcecategoryof º and»
.
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2-cell

° � ¬®
! ¯ ±T½¼ ° à

whichcommuteswith ¦ and ¢ in thefollowing way. Suppose®= »VC½¯ is a2-cell in ¥ , then

·�èìé�¦"®J= »VCþ¯ó±m¢ñ®= »VC½¯;è¡é�· É (5.3)

This canbeshown in thefollowing diagram,althoughit is debatablewhetherthis actu-

ally clarifiesthesituation:

° à ¨ « < ¬ � ° à
° �¿¾SÀÁÁÁÁÁÁÁ ¤ « < ¬ � ° � ¾SÀÁÁÁÁÁÁÁ

°�à ¨ « W 8_< ¬ � °�à
° ! ¾SÀÁÁÁÁÁÁÁ ¤ « W 8_< ¬ � ° ! ¾SÀÁÁÁÁÁÁÁ

Thetopandbottomfacesshow that - and. respectivelyarenaturaltransormations.The

remainingfacesareall 2-cells.Both theleft andtheright faceareequalto · (a2-cell in

Rep« ), while thefront andbackarerespectively ¦"®J= »VCþ¯ and ¢ú®J= »VCþ¯ . Condition(5.3) is

interpretedasthecommutativity of front andright with left andbackfaces.

Themodificationsin Rep« maybethoughtof ashomotopiesbetweenmorphismsof

representations.

5.3 Propertiesof Rep¥
Upon discovering a new category, the category theoristwill naturally ask questions

aboutthe propertiesof that category, viz. is it completeor cocomplete?is it addi-

tive,or abelian?is it monoidal?if so,is it strict andsymmetric?is it cartesianclosed?

andsoon.

Thefact thatRep« is a 2-functor2-category enablesusto usethegeneraltheoryof

functor categoriesto get a quick answerto several of thesequestions.Borceux[7,8]
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givessomeresultsfor functorcategorieswhich generalisein a straightforwardmanner

to 2-functor2-categories. Several of theseresultsrequirethe sourcecategory (in our

case¥ ) to beasmallcategory. In thissituation,severalpropertiesof thetargetcategory

( ©�ª�«  %¬ for us)areinheritedby thefunctorcategory (Rep« ).
Proposition 5.3.1. Thecategory ©�ªó«  %¬ is:

(i) complete,

(ii) cocomplete,

(iii) abelian,

(iv) monoidal.

Proof:

First of all it maybe remarked that theseareall well-known propertiesof Vect . By

standardcategorytheory[52], acategoryis completeif it hasall equalisersandproducts,

andcocompleteif it hasall coequalisersandcoproducts.

(i) Theproductof vectorspacesis just theusualCartesianproduct,sothattheprod-

uct of a family £   »�£½ºE» ÉEÉEÉ of vectorspacesis thevectorspace£  �Â £½º Â ÉEÉGÉ . Thiscon-

structiongeneralisesimmediatelyto ©�ªó«  %¬ . Suppose°(Ãç§:¹   ¨ ¹~é and °ÅÄ §�Æ   ¨ Æìé
arein ©�ª «  %¬ . Thentheproductis ° Ã Â ° Ä §þ¹  kÂ Æ   ¨ ¹~é Â Æìé . Theproductof an

arbitarycollectionof chaincomplexesis definedlikewise.

For two lineartransformations�þ»�Ô §
£ ¨ Ç , theequaliseris thesubspace%h'*)!®J�þ»;ÔÕ¯
of £ givenby %('*)�®V�½»;ÔÕ¯Ì± 6 7 ÚÈ£ §�� ® 7 ¯ ±êÔ'® 7 ¯ > . Now suppose°ÅÃ and °ÅÄ aretwo

elementsof ©�ª «  %¬ asbefore,and �½»;Ô §<°ÅÃ ¨ °ÅÄ arechainmaps.Thisgivesthepicture:

%h'i)�®V�   »;Ô   ¯VÉÊ � 
ÐVË ü ÌzÍ{Î [ÐÏ v U Ñ v \ ¥§

¹  ÐVË ¥§
� v � 
� v � Æ  Ð;Ò¥§%h'i)�®V� éG»;ÔUé�¯VÉÊ � ¹~é � G � 
� G � Æ é

Suppose7 Úw%h'i)"®J�   »�Ô   ¯ÔÓ ¹   . Then �   ® 7 ¯ì± Ô   ® 7 ¯ . Now � é�° Ã ® 7 ¯ ± ° Ä �   ® 7 ¯ ±° Ä Ô   ® 7 ¯�±PÔUé�° Ã ® 7 ¯ , so ° Ã ® 7 ¯~Ú�%h'i)!®V� é�»;ÔUé�¯ . Thisgivesusanequaliserfor �þ»�Ô Ú�©�ª «  %¬
(it is, of course,uniqueup to isomorphism).

Since ©�ªó«  %¬ hasproductsandequalisers,it follows thatthecategory is complete.
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(ii) Coproductsand coequalisersalso exist for Vect . Thesecanbe extendedto

coproductsandcoequalisersfor ©¡ª «  %¬ in the sameway as for their dualsconsidered

above. Therefore,©�ª «  %¬ is alsococomplete.

(iii) Vect is abelian2 sinceit hasazeroobject,products,coproducts,akernelanda

cokernelfor everyarrow, andeverymonomorphismis akernelwhile everyepimorphism

is acokernel.

Wehaveseenabove thatproductsandcoproductscanbeconstructedin ©�ªó«  %¬ from

thosein Vect by doingtheconstructionlevelwise.Similarly, azeroobject,kernelsand

cokernelscanbeconstructedin ©�ªó«  %¬ . Sinceamonomorphismin ©¡ª «  %¬ is achainmap

for which both levels aremonomorphismsin Vect , it follows that every monomor-

phismis akernel;similarly epimorphismsarealwayscokernels.Hence©�ªó«  %¬ is abelian

asrequired.

(iv) Vect is a symmetricmonoidalcategory with the usualtensorproduct. This

constructioncanbeappliedlevelwiseto ©�ªó«  %¬ , sothatthis too is asymmetricmonoidal

category.
�

Asremarkedabove,any functorcategoryinheritsthepropertiesof (co)completeness,

abelianityandmonoidalityfrom its targetcategory, providedthis is small(as ©�ª «  %¬ is).

Thereforewegetthefollowing resultfor free:

Corollary 5.3.2. Rep « is complete, cocomplete, abelianandmonoidal. �

5.4 Degree

Every finite group representationover a field is partially characterisedby its degree,

whichis definedasthedimensionof therepresentationspace;equivalentrepresentations

musthave thesamedegree,althoughtheconverseis false. It is naturalto askwhether

this conceptgeneralisesto representationsof cat  -groups.Beforewe turn to this ques-

tion, however, let us considerwhy the degreeis a useful tool in grouprepresentation

theory, andwhichaspectsof it wemayhopeto preserve for cat  -grouprepresentations.

2We usethe definitionof abeliancategory givenby Borceux[8] which at first sight is moregeneral

than that of MacLane[52] as it doesnot explicitly requirethe category to be preadditive. However,

Borceuxgoeson to show that an abeliancategory by his definition can always be given an additive

structure.
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Althoughthedegreeoffersonly apartialcharacterisationof grouprepresentations,it

canbequiteuseful.For onething,aswith topologicalinvariantsfor homeomorphism,it

providesaquickcheckwhethertwo representationscouldpossiblybeequivalent.Also,

thepossibledegreesof irreduciblerepresentationsareconstrainedby thedegreeof the

groupthey arerepresenting.We shall returnbriefly to this fact in section6.1,oncewe

haveseenthedefinitionof anirreduciblerepresentation.

It is notimmediatelyclearhow thenotionof degreecouldbedefinedfor acat  -group

representation,sincethereis nosingleconceptof dimensionfor therepresentationcom-

plex. However, onepossibility is to observe thata representationof a cat  -groupcon-

sistsof representationsof thebaseandtop group(bothordinarygrouprepresentations)

tied togetherby somecompatibilityconditions,andthereforeto considerthelist of the

degreesof thetopgroupandbaserepresentations.

Definition 5.4.1. Let ¥å± ®i¹d�Õ�r»��r»�� »��/»;¾�¯ be a cat  -group and ¦¸§ú¥Ü¨ ©�ª «  %¬ a

representation.Thedegreelist of ¦ is definedto bethelist Ö deg ¦"®i¹���� ¯0» deg ¦"®��¯Y× .
This is avery tentativedefinition,andit is not yet clearwhetherit providesa useful

invariantfor representations.



Chapter 6

The Structur eof Representations

In which webreaka representationdowninto bite-sizedchunks,in orderto examineits structure.

An importantstrandof theelementarytheoryof grouprepresentationsis thenotion

of reducibility – breakingup a representationinto smaller(andsimpler)parts,muchas

anintegermaybefactorised.Weshallremindourselvesof someof thebasicdefinitions

for grouptheoryandthenexaminehow thesemight begeneralisedto cat  -groups.The

ultimate goal of this chapter, which we shall not reach,is a cat  -group analogueof

Maschke’s theorem. It is not yet completelyclearexactly what form sucha theorem

shouldtake, so herewe shall limit ourselves to exploring the backgroundand some

tentativeresultsleadingto anunderstandingof thestructureof 2-grouprepresentations.

6.1 Reducibleand Irr educibleGroup Representations

Thebasicdefinitionscomefrom moduletheory, andmaybefoundin, for example,[24].

We repeatthemherefor convenience,andto fix our notation.Let Ø bea commutative

unitaryring.

Definition 6.1.1. An Ø -module Ù is saidto be reducibleif it hasa propersubmodule¿ õ±mÚ õ±	Ù . Otherwise,Ù is irr educible.

Remark: Irreduciblemodulesarealsocalledsimplemodules.Theanalogywith sim-

ple groupsis clear. The irreducibility conditionimposesstrict limits on themapsthat

canbe definedinto or out of a module[38]; this leadsto the result that the endomor-
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phismring EndÛ ®VÙÝ¯ of anirreduciblemodule,Ù , is adivisionring (Schur’s Lemma).

As theforegoingremarksuggests,thedefinitionof irreducibility is actuallya rather

strongone. Anotherusefulnotion,andonewhich is somewhateasierfor a moduleto

satisfy, is indecomposability.

Definition 6.1.2. An Ø -module Ù is decomposableif it canbewritten asa directsum

of two non-trivial submodules.OtherwiseÙ is indecomposable.

Thisdefinitionalsoholdsmoregenerallyfor objectsin any preadditivecategory[61]

(Popescu’s definition of irr educible, however, is quite different from the oneadopted

here).

Clearly, if Ù is anirreduciblemoduleit hasnopropersubmodulesandhencecannot

bewrittenasa directsumof non-trivial submodules.Thereforeany irreduciblemodule

is automaticallyindecomposable.However, theconverseis falsein general:thereexist

indecomposablemoduleswhich havepropersubmodules.

If amoduleis decomposable,it canbesplit upasadirectsumof submoduleswhich

may themselvesbe decomposableor not. A Krull-Remak-Schmidt decomposition(or

K.R.S.decomposition,for short)of a module Ù is a direct sum Ü�ÝÞÙ Ý �± Ù where

each Ù Ý is an indecomposablesubmoduleof Ù . In general,a K.R.S.decomposition

neednot beunique(unlessthemoduleis itself indecomposable,in which casethede-

compositionis trivial), but theKrull-Schmidttheorem1 statesthat if boththeascending

and descendingchain conditionshold for modulesover the ring Ø , then the K.R.S.

decompositionof any Ø -moduleis unique.

If a moduleis decomposableit canbe expressedasa direct sumof submodules.

However, not every submoduleis necessarilya directsummand.Thefollowing defini-

tion capturesthestrongerconditionin whicheverysubmoduleis adirectsummand:

Definition 6.1.3. Let Ù be an Ø -module. Then Ù is completelyreducibleif every

submoduleÚàßáÙ is a directsummandof Ù , i.e. thereexistsa submoduleÚ àªßáÙ
suchthat Ù ±	Ú�âãÚ à .

Clearlyany irreduciblemoduleis completelyreducible,sinceit hasno propersub-

modulesto fail. A modulewhich is bothreducibleandcompletelyreducibleis decom-

posable.However, adecomposablemoduleneednotbecompletelyreducible.

1Sometimesthis resultis referredto astheKrull-Remak-Schmidttheorem,or someotherpermutation

of thenamesof mathematicianswho contributedto its discovery.
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Remark: A moduleis completelyreducibleif andonly if it is a (direct) sumof ir-

reduciblesubmodules.Becauseof this, a completelyreduciblemoduleis alsocalled

semisimple.
Thesedefinitions,of course,make perfectsensewhen Ø is not just a ring but an

algebra.In particular, we canspeakof irreducibleor reducibleÁ¶®iù�¯ -modules,whereÁ¶®%ù ¯ is thegroupalgebraoverafield Á . Theorem1.4.7motivatesthefollowing:

Definition 6.1.4. A representation¦ §~ù ¨ ù�� ®V£¡¯ is reducibleif £ is a reducibleÁ¶®%ù ¯ -module.Theotherterminologyfor modules(completelyreducible,indecompos-

ableetc.) is similarly extendedto cover representations.

Clearly, the submodulesof a moduleareimportantto the structureof the module.

Since Á¶®iù�¯ -modulescorrespondto representationsof ù , it is natural to look for a

representationtheoreticanalogueof Á¶®iù�¯ -submodules.Suppose¦ð§áù ¨ ù�� ®V£�¯ is

a representationof ù , and Ç is a Á¶®iù�¯ -submoduleof £ . Then,since Ç is itself aÁ¶®%ù ¯ -module,¦"®�ÔÕ¯�®ä�¯ Ú�Ç for every ä Ú�Ç .

Definition 6.1.5. Let ¦f§áù ¨ ù�� ®V£�¯ be a representationof ù , andlet Ç bea sub-

moduleof the Á¶®%ù ¯ -module £ . Then ¦på §<ù ¨ ù�� ®JÇ ¯ , givenby ¦�å·®�Ôâ¯ó±Ý¦"®�ÔÕ¯ / å ,

is asubrepresentationof ¦ .

If ¦ is decomposable,then £ � ± Ç âmÇÃà with Ç ß³£ and ÇÃà � ± £æ�hÇ , so ¦ has

a subrepresentation¦�å . Since Ç is a propersubmodule,dim ®VÇê¯çß dim ®V£¡¯ , so the

degreeof thesubrepresentationis smallerthanthedegreeof therepresentation.

Turningto thematrix formulationof ¦ , let
6Þè   » ÉEÉGÉ » èÞéêèÅé½ë   » ÉEÉEÉ » è � > bea basisfor£ suchthat

6Þè   » ÉEÉEÉ » èÅé@> is a basisfor Ç , and
6ÞèÞé,ë   » ÉEÉEÉ » è � > is isomorphicto a basis

for Ç à asa Á -vectorspace.Then,for any
è Ý Ú�Ç and Ô Ú ù ,¦�®�ÔÕ¯G® è Ý ¯~Ú�Ç

andhencethecorrespondingmatrix ì�®�ÔÕ¯ mustbeof theform:Ä � í¿ ¹
Ç

where� , í , ¹ arerespectively î Â î , î Â ®�ï ? î ¯ and ®ï ? î ¯ Â ®�ï ? î ¯ matrices,

and ¿ is the ®�ï ? î ¯ Â î zeromatrix.

If ¦ is completelyreducible,thenso is £ ±�â �ð Z   Ç ð . A basis
6Þè ð v ÉEÉGÉ è ð�ñóò § ¤ �ô �^ï > canbefoundfor £ suchthat

6Þè ð v ÉGÉEÉ è ðYñ¦ò > is a basisfor Ç ð for each
ô
. Then
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thematrix for ¦ is blockdiagonal:õööööö
÷
�   ¿ øùøùø ¿¿ �úº . . .

...
...

. . . . . . ¿¿ øùøùø ¿ �k�

ú*ûûûûû
ü

Clearly, completelyreduciblerepresentationsareparticularlyhandy, sincethey can

be brokenup completelyinto a seriesof subrepresentations.Therefore,the following

resultis notonly verynicebut alsoveryuseful:

Theorem 6.1.6(Maschke). Let ù be a groupand Á a field of characteristic C which

doesnotdividetheorder of ù . Thenevery Á¶®iù�¯ -moduleis semisimple. �
A sketchof theproof is given in [25]. Dueto thecorrespondencebetweenÁ¶®%ù ¯ -

modulesandrings,Maschke’s theoremcanbereformulateddirectly in thelanguageof

representations.This is theversiongiven(with proof) in [24], but it canalsobederived

asaneasycorollaryof theorem6.1.6.

Corollary 6.1.7(Maschke’s Theorem - RepresentationVersion). Let ù be a group

and ¦P§!ù ¨ ù��,�â®%Áç¯ a representation,where Á is a field of characteristic Cþý / ù / .
Then ¦ is completelyreducible. �

While we areon thesubjectof reducibleandirreduciblegrouprepresentations,we

may now returnto briefly considerthe relationshipbetweendegreeandirreducibility

alludedto in section5.4.Thekey resultis thefollowing.

Theorem 6.1.8. Let ù be a finite group and Á an algebraically closedfield of char-

acteristic zero. Thenthe degree of any Á -linear representationof ù is a divisor of/ ù / . �
A proofof this theoremin aslightly moregeneralform canbefoundin [24] (where

it appearsastheorem33.7). The versiongivenhereis slightly simplified to avoid the

needfor introducingfurtherdefinitionswhich weshallnotneed.
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6.2 Towards a MaschkeTheoremin Dimension2

Given a cat  -group ¥ê± ®%ù »��r»R¾�»�� »���¯ , a cat  -subgroupof ¥ consistsof a cat  -groupÿ ± ®�� »��M»;¾%à�»��GàT»���à ¯ where � �Îù , � ��� andthestructuralmorphisms¾ià)»��GàT»���à are

restrictionsof thecorrespondingmorphismsin ¥ . In thesameway, subobjectsof cat  -
algebras,cat  -modulesandother cat  structurescanbe defined. We can then define

reducible/irreducibleandcompletelyreduciblecat  -modules(ie. modulesover a cat  -
ring) accordingto whetherthey havepropersubmodulesor not,etc.

With thesedefinitions in place, the definitions for reduciblerepresentationsetc.

shouldbe immediatefrom theequivalentmodulesover thecat  -groupalgebra.A ver-

sionof Maschke’s theoremshouldstatethatunderfairly generalconditions,suchmod-

ules(andhencealsorepresentations)shouldbecompletelyreducible.Theexactnature

of theconditionsneedsinvestigation,sincetheideaof grouporderdoesn’t immediately

generaliseto cat  -groups(presumablythe conditionwill be that the orderof the base

field is coprimeto something,althoughit is notquiteclearwhat).

As wehaveseen,notionssuchasreducibilitycanbeinterpretedin anabstract,mod-

ule theoreticway or moreconcretelyin termsof matrices.It shouldbepossiblealsoto

deriveamatrix formulationfor thestructureof cat  -modulesandrepresentations.Judg-

ing by thepatternof thematrix formulationin chapter2, we would expectmatricesfor

both levels, with somecompatibility conditionslinking the two. The exact natureof

theseconditionswill requirefurtherinvestigation.



Chapter 7

Further Dir ections

In which wesurvey theresultsaccomplished,andconsiderpossiblefurther directionsin which

this research couldcontinue.

In a finite amountof time, only a finite amountof work cangetdone,sothis thesis

representsin no way a completeaccountof every possiblefacetof 2-grouprepresen-

tation theory. Insteadit maybeconsideredasan introductorysurvey of a new areaof

researchin higherdimensionalalgebra.It is my aimin thischapterto considerwhathas

beenachievedsofar(section7.1),andto makesomesuggestionsasto possibleareasfor

furtherresearch(section7.2).This lattersectionis not intendedto beanexhaustive list,

but only to highlight someof thequestionsraisedby my work so far which I have not

hadtime to explorefully asyet. Someopenquestionsareposed,or hintedat, in earlier

partsof this thesis(in particular, thequestionof degreein section5.4 andthe issueof

reducibility in chapter6), sohereweshallconcentrateon otherpossibleavenues.

7.1 The Story SoFar

In order to begin working on two-dimensionalrepresentationtheory it wasnecessary

to familiarisemyself both with the classicalone-dimensionalrepresentationtheoryof

groupsand with the techniquesof higher-dimensionalalgebra. Indeedit was while

exploring the latter, andconsideringgroupsasa way to understand2-groups,that the

ideafor studyingrepresentationsof 2-groupsdeveloped.

While cat  -groupsandtheir analoguesareby now reasonablywell-known andun-
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derstood,thereis a lack of detailedelementarypresentationssuitablefor newcomers

to the areawho want more than just a definition of the structures.The early part of

this thesis,therefore,hasa strongemphasison theexpositionof this materialasa way

of bridging this gap,in the hopethat it will be accessibleto readerswithout a strong

backgroundin this areaof algebra. In this way, the thesismay alsobe of interestto

peoplewhosemainconcernis not with representationtheory. Similarly, theotherma-

terial of chapter1 andto a large extent the expositionof cat  -algebrasin chapter3 is

notgroundbreakingnew materialbut is difficult to find in astraightforwardpresentation

elsewhere.

As remarked in section1.3, thecategory ©�ª «  %¬ canbe recoveredfrom a construc-

tion given by GabrielandZisman[30]. It alsocropsup undera differentnamein a

paperby BaezandCrans[4], whichappearedsometimeaftermy accountof ©�ªó«  %¬ was

completed(seealsosection3.3). Theconstructionof Aut ®i°U¯ detailedin chapter2 is a

subcategory of ©¡ª «  %¬ andis whatwe really needfor describingrepresentations.How-

ever, themoregeneraldiscussionof ©¡ª «  %¬ (whichwascompletedbeforetheneedfor an

explicit treatmentof Aut ®i°U¯ wasrealised)hasbeenretainedsincethis betterillustrates

theconnectionwith vectorspaces,andalsogeneraliseseasilyto thehigher-dimensional

case©�ª which would be requiredfor a moregeneralrepresentationtheoryof higher-

dimensionalï -groups.

The cat  -groupalgebrais a new construction.The needto factorout the cocycle

conditionwasunforeseenwhentheconstructionwasfirst attempted.Thisaddsanextra

degreeof subtletyandinterestto theconstruction.Thecocycle conditionis necessary

for the constructionof the regular representationto work (in order for the top level

of ø to be a functor anda homotopy), and in fact it was in attemptingto verify this

constructionthattheneedfor thecocycleconditionwasfirst broughtto light.

While many of thecalculationscontainedwithin thisthesisareatafairly elementary

level, they oftencontaina numberof detailsto keeptrackof (andto trip up theunwary

mathematician),aswell asbeingsusceptibleto confusionbetweenthe differentways

of viewing the variousentitiesinvolved. Becauseof this, performingactualcalcula-

tionswith representationsof cat  -groupsis still quitetedious,evenfor reasonablysmall

examples.

Thesubjectof grouprepresentationtheoryis avastone,andtherearemany different

directionsin which to exploreany generalisationto higherdimensions.In this thesiswe

have travelled a numberof roadsto a greateror lesserextent, but have certainlynot
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reachedtheendof any of them.

7.2 The Road Ahead

Fromany crossedmodule ¡ , thereis aninducedcrossedmodulewith thekernelasthe

topgroupandacoinducedcrossedmodulewith theimageatthetop(bothsharethesame

baseas ¡ ). Theseareof the form of someof our first genericexamples.Presumably

the associatedcat  -groupsshouldalso be relatedto eachother in the sameway. It

might be possibleto reconstructrepresentationsof ¡ (or ¥ó®�¡ñ¯ ) from a knowledgeof

the inducedandcoinducedcrossedmoduleson the kerneland image. Sucha result

would be particularlynice (anduseful) if thesegenericexampletypeshave restricted

possibilitiesfor their representations.Perhapsthe interplaybetweentop andbottom

groupsimposessevererestrictionson thepossiblerepresentations.It mayevenbethat

every representationcanbebuilt from representationsof thekernelandimage.If there

is only asmalllist of possibilitesfor each,crossedmodulerepresentationswill beeasily

characterisable.

It wasremarked in section1.4 thata groupalgebrahasa naturallyoccurringHopf

algebrastructure.It seemsplausible,therefore,that thereshouldbesomekind of cat  -
Hopf algebrastructureon the cat  -group algebra. Any associative algebranaturally

givesrise to a Lie algebraby definingthebracket n Å »
Æ
qó§p± Å Æ ? Æ Å (see,for example,

[36]). The sametrick in the next dimensionworks to give a cat  -Lie-algebrafrom

any cat  -algebra,including Á¶®*¥á¯ . In the group case,thereare adjunctionsbetween

thecategoriesof groups,Hopf algebrasandLie algebras(givenin thefirst placeby the

groupalgebrafunctorandits right adjointtheunit groupfunctor, andin thesecondplace

by theuniversalenvelopingHopf algebraof aLie algebratogetherwith its adjoint[65]).

Theseadjunctionsshouldcarry throughto the cat  casein muchthe sameway aswe

earliersaw theadjointnessof thegroupalgebra/unitgroupfunctors(in 1.4) extending

to thecat  -groupalgebra(in 3.2.3). Thedetailsof the interactionsbetweenthesethree

structureswouldbeaninterestingsubjectfor furtherstudy.

As intimatedin previous chapters,a desireto facilitatecomputationof actualex-

ampleswasoneof the main motivating factorsbehindthis work. In order to do this

practically, it would benecessaryto enlist thehelpof computeralgebrapackages.The

calculationsdevelopedin this thesis,andextensionsof them,couldbeimplementedin
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or anothersuchpackage.

A recentpaperby BaezandLauda[5] detailsthe theoryof weakandcoherent2-

groups. Theseare2-groupsin which inverseswork only up to isomorphism.A nice

theoremis that every weak2-groupis equivalentto somecoherent2-group,although

thesearenot in generalequivalentto strict 2-groups.Representationtheory, which in

this thesisis only developedfor strict 2-groups,could be extendedto cover coherent

2-groupsaswell. It seemsreasonableto expectthatin thiscaseaweakversionof ©�ª «  %¬
wouldberequired,andlax functorswouldhave to beconsidered.

As mentionedin theintroduction,therepresentationtheorycouldbeextendedboth

to still higherdimensionsandtogroupoidswith morethanoneobject.Also,permutation

representationsof 2-groupswouldbeworthexploring. It is likely that,aswith thegroup

case,thesecould be modelledsuccessfullyby linear representations,but even so they

might be of intrinsic interest. The 2-dimensionalanalogueof permutationson a set

would quiteprobablybeautomorphismsof a graph.Somework on automorphismsof

graphshasbeendoneby R. Brown andhiscollaboratorsin [10,15].



Appendix A

Matrices for
	 
 �����

In which thematrix formulationfor ��� «  %¬ is dissectedwith theaid of someexamples.

This appendixcontainssomeexamplesof matricescorrespondingto the cells of�����  ��� , asdiscussedin section1.3.6. For easeof computation,we shall work over � ,

with thestandardbasisfor each��� . Someof thefollowing calculationshavebeengiven

in detail;othersareleft asaneasy(andhopefullypleasant)exercisefor thereader.

Let ����� ��! bethefollowing "$#&% matrices:�('*),+ - -- + -/. � �0'1)2- + -+ - -3. � !4'1),+ - +- + +5.
Then � , � , ! areaffordedby linear transformations�7698 �7: , which areobjects

in
��� �<; �= . For the sake of convenience,we may slightly abuselanguageandrefer to

thematricesthemselvesasobjectsof
��� �>; �= — this presentsno problemsaslongasthe

basesarefixed.Similarly, the1- and2-cellsof
��� �>; �= arepairsof lineartransformations,

calledchainmapsandhomotopiesrespectively, satisfyinggivenconditions;thepairsof

matriceswhicharisefrom thesewill alsobereferredto aschainmapsandhomotopies.

Chainmapsbetweeneachpair of theobjects���?�@��! will be pairsconsistingof a%A#B% matrix anda "C#D" matrix that satisfy the commutativity condition (1.8). For

example,onechainmapis EGFH�I8 � withEKJ�' ) - ++ -3. � E ; ' LMMN + - -- + -- - +
O5PPQ0R
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The commutativity conditionin this caseis EKJ?�T'U��E ; . It is easyto checkthat this

conditionis satisfiedandin fact EKJ��I'V��E ; 'V� . WecouldreplaceE ; by thematrixWE ; ' LMMN + - -- + -% X Y
O5PPQ �

or indeedby any matrix with thesametop two rows andanarbitrarybottomrow, and

thecommutativity conditionwouldstill besatisfied.Anotherchainmapfrom � to � isE[Z : E ZJ ' ) + -- +\. � E Z; ' LMMN - + -+ - -- - +
O5PPQ0R

This time we get E ZJ �U'U��E Z; ']� . A final exampleof a chainmap �]8 � , using

slightly moreadventurouscoefficients,is E Z Z :E Z ZJ ' ) " -- % . � E Z Z; ' LMMN - % -" - -- - +
O5PPQ0R

Here, E[Z ZJ �('(��E^Z Z; 'T_ : JKJJ 6 Ja` .
Someexamplesof chainmaps�b8 ! now follow:c Jd' ) + -- +\. � c ; ' LMMN - + -+ - -- - -

O5PPQ � c J?�0'I! c ; '(� R
c Z J 'e) - ++ +\. � c Z ; ' LMMN + - -+ + -- - -

O5PPQ � c Z J �b'V! c Z ; 'e) + - -+ + -/. R
c Z J ' ),+ "% X . � c Z ; ' LMMN " + -X % -- - -

O PPQ � c Z J �b'V! c Z ; ' ) " + -X % -/. R
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Chainhomotopiesbetweenthesechainmapsarelineartransformations�7:^8f�76 , so

thecorrespondingmatricesare %g#�" . Thesemustsatisfythechainhomotopy conditions

of (1.9). A chainhomotopy betweenE and E^Z is givenby:h ' LMMN ? + ++ ? +- -
O PPQGR

It is straightforwardto checkthatthehomotopy conditionsaresatistied:� h 'e)I+ ? +? + + . 'IE ZJ ? EKJji h �(' LMMN ? + + -+ ? + -- - -
O5PPQ 'IE Z; ? E ; R

Therefore
h FkE l E Z , as claimed. Similarly, the following are chainhomotopies

betweensomeof theotherpairsof chainmapsabove:h Z ' LMMN - "+ -- -
O5PPQ i h Z FmE Z l4E Z Z R

n ' LMMN ? + ++ -- -
O5PPQ i h Z F c l c Z R

n Z ' LMMN + +" %- -
O5PPQ i h Z F c Z l c Z Z R

Notethatin orderto fully specifya homotopy, it is necessaryto giveboththechain

homotopy andits startingpoint. This is becausethesamechainhomotopy mayfunction

for differentpairsof chainmaps. A trivial exampleof this is the identity homotopyoqpmr Ftsvu s for any chainmap s . In everycase,thechainhomotopy is thezeromap(or

its correspondingzeromatrix).

We now have enoughchainmapsandhomotopiesto explorethematrix versionsof

thecompositions.Compositionof chainmapscorrespondssimply to multiplicationof
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matricesat bothlevels:c JwEKJd' )2- ++ -3. � c ; E ; ' LMMN - + -+ - -- - -
O PPQ i c J�EKJ��I'(! c ; E ; '(� R

c Z ZJ E Z ZJ ' ) " xx + " . � c Z Z; E Z Z; ' LMMN " x -x + " -- - -
O PPQ i c Z ZJ E Z ZJ �('I! c Z Z; E Z Z; ' ) " x -x + " -3. R

Thesearebothchainmaps�I8 ! .

The vertical compositeof two homotopiesis found by addingthe corresponding

matrices.Thus:h Z/y h ' LMMN ? + %" ? +- -
O5PPQ i E Z ZJ ? E�Jz'I�9{ h Z/y h&| �?E Z Z; ? E ; 'b{ h Z/y h&| � R

n Z y n ' LMMN - "% %- -
O5PPQ i c Z ZJ ? c J�'I!@{ n Z y n}| � c Z Z; ? c ; '0{ n Z y n}| � R

Thesegive,aswe wouldexpect, { h Z y hA| FmE~l4E[Z Z and { n Z y n}| F c l c Z Z .
Prewhiskeringcorrespondsto multiplying thehomotopy with thebottommatrix of

the chainmap,while postwhiskeringcorrespondsto multiplying the top matrix of the

chainmapwith thehomotopy. For example:c ; h ' LMMN - + -+ - -- - -
O5PPQ LMMN ? + ++ ? +- -

O5PPQ ' LMMN + ? +? + +- -
O5PPQ �

E�E ZJ ' LMMN ? + ++ -- -
O5PPQ ) + -- +\. ' LMMN ? + ++ -- -

O5PPQGR
Both of thesegive homotopies,respectively

c E l c E^Z and
c E[Z�l c Z�E^Z . These

homotopiesmay be addedtogether(i.e. composedvertically) to give the horizontal
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compositeof
h

and
n

: c ; h y n E ZJ ' LMMN - -- +- -
O5PPQGR

To verify thatthis is ahomotopy
c E~l c Z�E^Z , checkthehomotopy conditions:c Z J E ZJ ? c J?EKJz' ) - -- +\. 'V!@{ c ; h y n E ZJ | ic Z ; E Z; ? c ; E ; ' LMMN - - -- + -- - -

O PPQ '0{ c ; h y n E ZJ | � R
The horizontalcompositeof

h Z and
n Z is formedsimilarly. The readermay like to

checkthat: c Z ; h y n E Z ZJ ' LMMN " YY +�+- -
O PPQ

andthehomotopy conditionsaresatisfied.

Wemaynow verify thattheinterchangelaw holdsfor thefour basichomotopiesthat

wehavesofar defined.Composingfirst vertically, thenhorizontally:c ; { h Z/y h&| y { n Z3y n}| E Z ZJ ' LMMN " YY + "- -
O5PPQ R

Composingfirst horizontally, thenvertically:{ c Z ; h Z y n Z E Z ZJ | y { c ; h y n E ZJ | ' LMMN " YY + "- -
O5PPQ0R

Thesetwo matricesarethesame,just aswe wouldexpect.

Previously we took two chainmapsandsearchedfor a chainhomotopy between

them. Working this way round,we cannotguaranteefinding a suitablematrix, for not
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all chainmapsbetweena givenpair of objectsarehomotopicto eachother. To prove

this claim, considerthe following example. Let EU'�{�E ; ��E�J | F���8 � be the chain

mapdefinedaboveand ��'G{�� ; ����J | FH�(8 � thefollowing chainmap:��Jz' ) + "+ % . � � ; ' LMMN + % -+ " -Y + " + %
O5PPQ0R

Suppose1
h1� �76?� : is a chainhomotopy. Thenwe musthave � h '��gJ ? E�J , whenceh

is of theform: h ' LMMN - %+ +� � O5PPQ
for some� � � � � . For any choiceof � � � , weget:h ��' LMMN - % -+ + -� � -

O5PPQ �
in which the lower right handcornerentry is 0. However, the lower right handcorner

entryof � ; ? E ; is 12,whenceit is impossibleto findamatrix
h

satisfyingthehomotopy

conditions.Thus, E]�l4� .

Conversely, wemaystartwith achainmap E (notneccesarilytheonedefinedabove)

andapotentialchainhomotopy
h

andlook for anotherchainmap E Z suchthat { h �?E | FEUlUE Z is a homotopy. In this casea suitablematrix may alwaysbe found. SupposeEGFH�I8 � with ����� � ��� � � . PutE Z; ' h � y E ; � E ZJ '(� h y EKJ R
Thesearebothdefinedsinceall thematricesinvolvedaretheright shape.Rearranging

theseformulae,thechainhomotopy conditionsareautomaticallysatisfied.It remainsto

verify that {�E Z; ��E ZJ | is achainmap.Now,E ZJ �('0{�� h y E�J | �I'G{�� h&| � y EKJ?�'(��{ h � | y ��E ; '(��{ h � y E ; |'(��E Z; �
1Recallthat ���K� � is notationfor thevectorspaceof all ����� matricesover � .
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asrequired.Henceevery ��#�� matrix is a chainhomotopy for a suitablychosenpair

of chainmaps.

We turn now to considerthe questionof inversesfor chainmapsandhomotopies.

It is clear from the definition that a chainmap will be invertible preciselywhen the

lineartransformationsat bothlevel areinvertible. In matrix terms,this meansthat E�'{�E ; �?EKJ | is invertible if andonly if both E ; and EKJ (which arealwayssquarematrices)

arenon-singular. For homotopies,inversesalwaysexist for verticalcomposition.Since

this compositionis simply additionin thematrix formulation,it is easyto seethat the

inversefor vertical compositionof a chainhomotopy matrix is the additive inverseof

that matrix. For horizontalcomposition, { h ��E | is invertible whenboth the sourceE
andthetarget E yD  h areinvertible.

In our examples,mostof thechainmapsarenot invertible,sincethe top level ma-

tricesincludea columnof zeros.Theexceptionis thechainmap � , for which both ��J
and � ; arenon-singular.



Appendix B

A Dictionary of the Analogy Between

Group and Cat ¡ -Group

Representations

In which we summarisesomeof the principal structures and resultsfor group representation

theoryandtheir analoguesin thenext dimension.

The representationtheory of cat; -groupscontainedwithin this thesishas largely

beendevelopedby analogywith theclassicaltheoryof grouprepresentations.It is help-

ful to summarisethe analogybetweenthesetwo theories.The following tableshows

someof the principal structuresinvolved in grouprepresentationtheoryand the cor-

respondingstructuresin the cat; case.Throughoutwe shall assumethat
n

is a field,

althougha commutative unitary ring couldbesubstitutedwith minimal changesin the

terminologyandnotation.

Groups Cat
;
-groups¢

group £ cat
;
-group¤ ¥

-vectorspace ¦9§/¨ ;}©ª « ¨ J length 1 chain complex

(a.k.a.lineartransformation)

of vectorspaces

Vect� category of vectorspaces ¬�� �>; �� 2-category of length1 chain

complexes
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APPENDIX B. ANALOGICAL DICTIONARY 114¢�¯® ¤�°
group of linear automor-

phismson
¤ Aut

®²± °
2-group of chain automor-

phismson
±

andhomotopies

betweenthem³ § ¢ « ¢z¯® ¤�° linear representationof
¢

(groupmorphism)

³ §3£ « Aut
®²± °

linear representationof £
(cat
;
-groupmorphism)¤

representationspaceof
³ ±

representationcomplex of
³³ § ¢ « Vect� linear representationof

¢
(functor)

³ §/£ « ¬�� �<; �� linearrepresentationof £ (2-

functor)¥ ®´¢ °
groupalgebraof

¢ ¥ ® £ ° cat
;
-groupalgebraof £

It will be observed that the representationµ , both for groupsandcat; -groups,ap-

pearstwice in thetable. It occursinitially asasa morphismof (cat; -)groups,thenasa

(2-)functor(interpreting
c

asacategoryand ¶ asa2-category, bothwith asingleobject

andinvertiblemorphisms).Similarly, · and ¸ bothappeartwice. Thefirst time is their

definition (note that we use ¸ and ¹ interchangeablyfor the length1 chaincomplex

which is thecat; analogueof avectorspace),while thesecondis theirappearancein the

representation,asthe objecton which the (cat; -)groupelementsarerealisedaslinear

isomorphisms(chainisomorphisms/homotopies).

As well as the structuresthemselves,many of their propertieshave analogiesbe-

tweenthe two cases.For example,a faithful representationcanbe definedasone in

which the (2-)functor µ is faithful. The degreeof a grouprepresentationis definedas

thedimensionof therepresentationspace,while thedegreeof a cat; -grouprepresenta-

tion is relatedto thedegreesof the termsin the representationcomplex, althoughthis

definitionis not yet fully workedout.

Many of the resultsin group representationtheory also have more-or-lessdirect

analoguesin cat; -group representationtheory. For example, in both cases,Cayley’s

theoremstatesthat representationsexist and provides a constructionof right regular

representations.Thecat; analogueof Maschke’s theorem,which we have not yet suc-

ceededin establishingcompletely, will be a structuretheoremalong the lines of the

classicalMaschke theorem,andis likely to involvea similar conditionon thecharacter

of thebasefield andtheordersof thegroupsinvolved.

Of course,ananalogycanonly betakensofar. For example,thereis nothingin the

constructionof thegroupalgebra
n { c | to indicatetheproblemof thecocyclesin the

cat; case,which necessitatesfactoringout thecocycle idealto getacat; -algebra.



List of Notation

Thetablebelow indicatessomeof thenotationemployedin this thesis,togetherwith a

shortdescriptionanda referenceto theplacewherethenotationis defined(or thefirst

pageon which it is used,for thingsnotdefinedhere).

Notation Description Page

Cat Category of (small)categoriesandfunctors 3

Set Category of (small)setsandfunctions 3

Vect� Category of
¥

-vectorspacesandlineartransformations 3¢z¯® ¤�°
Groupof linearautomorphismsof avectorspace

¤
8¢z � ® ¥º° Generallineargroup(invertible »9¼$» matricesover

¥
) 8½

Naturalnumbers¾À¿�ÁwÂ\ÁÄÃ3Á�Å�Å�Å\Æ 33½�Ç ½CÈ ¾À¿3ÆzÉD¾ÊÂ\ÁÄÃ,Å�Å�ÅÀÆ 9Ë7Ì Ë È ¾À¿3ÆzÍÉ ¢z ; ®ÎË ° 9Ï
Crossedmoduleof groups

® ¨dÁÑÐ�ÁÄÒÓÁÑÔ ° 12Õ § ¢ « ¢gÖØ× Naturalmap Ù^Ú« ÙzÛ × where
×bÜC¢

and Ù�Ý ¢ 13

(alsofor rings,modulesetc.)Þ ®´¢ ° ¾Àß�Ý ¢ §àßÄÙ[É�Ù/ß,áâÙãÝ ¢ Æ , centreof
¢

14

Aut
®´¢ °

Groupof automorphisms
¢ « ¢ 14

XMod Category of crossedmodules(of groups) 16ä Ï
Classifyingspaceof thecrossedmodule

Ï
16£ Cat

;
-group

®´¢ ÁÑÐ�ÁæåÑÁÄçÊÁæè ° 16

Cat1 É Cat1Gr Category of cat
;
-groups 16£ ® Ï ° Cat

;
-groupassociatedto crossedmodule

Ï
18Ï ® £ ° Crossedmoduleassociatedto cat

;
-group £ 18ä £ Classifyingspaceof thecat

;
-group £ 19é?êjëjì�í ®²î ÁïÙ ° Coequaliserof morphisms
î ÁïÙ in acategory 19ð J (horizontal)compositionacrosscommon0-dimensionalboundary 20
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Notation Description Pageð ; (vertical)compositionacrosscommon1-dimensionalboundary 21¬ñ�ò ;�óô 2-category of length1 chaincomplexesover Vectô 23õ÷öaø ¬ñ� ò ;�óô Sub-2-groupoidof invertibleelementsof ¬�� ò ;�óô 23

Top Category of topologicalspacesandhomeomorphisms 23¦ãùAú Cylinderon thechaincomplex ¦@Ý9¬ñ�ûò ;�óô 24¬�� ò � óô ® »�ÛüÂ ° -category of length » chaincomplexesoverVectô 32¬�� Gray-category of arbitrarylengthchaincomplexesover Vectô 33ýãþ
Underlyingsetof group

¢
35

Gr Category of groupsandhomomorphisms 37

Alg ô Category of
¥

-algebrasand
¥

-lineartransformations 37¥ ®´¢ °
Groupalgebraof

¢
over afield

¥
37ÿ ®�� °

Unit groupof a
¥

-algebra,
�

37

Endô ® ¤�° ¥
-algebraof lineartransformations

¤ « ¤ 39

Aut
®²± °

Automorphismcat
;
-groupof lineartransformation

±
42¥ � � � � ¼$» matriceswith coefficientsin field

¥
45³ §3£ « ¬��ò ;�óô Representationof £ 58��� ¼�� ä Pullbackover morphisms�9§ � « ¨ and ��§ ä « ¨ 62

Cat1Alg 	 Category of cat
;
-algebras 64¥ ® £ ° Cat

;
-groupalgebraof £ over

¥
72¥

-Mod Category of
¥

-modules(
¥

acommutative ring) 77

 §3£ op « ¬��ûò ;�óô Right regularrepresentationof £ 86

Rep
ôþ Category of

¥
-linearrepresentationsof group

¢
90

Rep
ô�

2-Category of
¥

-linearrepresentationsof cat
;
-group £ 91

We generallyadoptthe following convention with regard to choiceof lettersfor

homomorphisms,linear transformationsand matrices. LowercaseRomanlettersare

usedfor homomorphismsof groups, lowercaseGreek letters for linear transforma-

tions anduppercaseGreeklettersfor matrices. Wherethereis a correspondencebe-

tweenhomomorphismsand linear transformations,or betweenlinear transformations

andmatrices,weshallusethecorrespondinglettersof thedifferentalphabets.Suppose

for example s F c 8 h
is a group homomorphism,then the linear transformationn { s | F n { c | 8 n { h&| is usually written as µ . A matrix affordedby µ would be

written as � , or �� if it is necessaryto make thebasis· explicit.
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categoricalgroup,16

category of representations

cat; -group,91

group,90

Cayley’s theorem,80,86

centralextension,14

chaincomplex, 22

chainhomotopy, 25

chainisomorphism,23

chainmap,22

changematrix,46

classifyingspace

cat; -group,19

crossedmodule,16

cocycle,70

cocycle ideal,70

cocycle relation,72,84

completelyreduciblemodule,98

composition

horizontal,20,29,43

vertical,21,27,44

computeralgebrapackage,45,47

crossedmodule,2, 12

crossedmodulemorphism,15

decomposablemodule,98

degree,9, 95

degreelist, 96

differential,22

endomorphisms

algebra,39

enrichedcategory, 32,87

equivalentrepresentations,91

equivariance,13

faithful representation,9, 86

group

generallinear, 8, 34

groupalgebra,35

homology, 23

homotopy, 23

of chaincomplexes,24

Hopf algebra,37,104

horizontalcomposition,seecomposition
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identity condition

cat; -group,17

indecomposablemodule,98

integral representation,12

interchangelaw, 21,31,62

internalcategory

in Alg ô , 62

in Gr , 19

in Vectô , 76

intertwiningoperator, 91

involution,65

irreduciblemodule,97

K-linear representation,seelinear rep-
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