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Abstract—In this paper, the performance of an uncoded
multiple-input-multiple-output (MIMO) scheme combining single
transmit antenna selection and receiver maximal-ratio combining
(the TAS/MRC scheme) is investigated for independent flat
Nakagami-m fading channels with arbitrary real-valued m. The
outage probability is first derived. Then the error rate expressions
are attained from two different approaches. First, based on the
observation of the instantaneous channel gain, the binary phase-
shift keying (BPSK) asymptotic bit error rate (BER) expression
is derived, and the exact BER expression is obtained as an infinite
series, which converges for reasonably large signal-to-noise ratios
(SNRs). Then the exact symbol error rate (SER) expressions
are attained as a multiple infinite sum based on the moment
generating function (MGF) method for M -ary phase-shift keying
(M-PSK) and quadrature amplitude modulation (1/-QAM). The
asymptotic SER expressions reveal a diversity order equal to the
product of the m parameter, the number of transmit antennas
and the number of receive antennas. Theoretical analysis is
verified by simulation.

Index Terms—Antenna selection, diversity, maximal-ratio com-
bining (MRC), Nakagami-m fading.

I. INTRODUCTION

HE error performance of an uncoded multiple-input-

multiple-output (MIMO) scheme combining single trans-
mit antenna selection (TAS) and receiver maximal-ratio com-
bining (MRC), referred to as the TAS/MRC scheme[1], has
been analyzed in several papers [1]-[5]. In this scheme, a
single transmit antenna, which maximizes the total received
signal power at the receiver, is selected for uncoded trans-
mission at any time, and all the other transmit antennas are
inactive. It was shown in [1] that a diversity order equal to the
product of the number of the transmit antennas and the number
of the receive antennas can be achieved for independent
flat Rayleigh fading channels at high signal-to-noise ratios
(SNRys), as if all the transmit antennas were used.
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It is well known that Nakagami-m fading [6] covers a wide
range of fading scenarios via the m (m > 1/2) parameter,
which includes the Rayleigh fading (m = 1) as a special case.
Several recent papers [7]-[10] have extended the analysis of
TAS/MRC systems to Nakagami-m fading scenarios. In [7],
the error performance was analyzed under the assumption of
integer m for multicarrier direct-sequence (DS) code-division
multiple access (CDMA). The exact binary phase-shift keying
(BPSK) bit error rate (BER) expression was derived in [9] with
generalized selection criterion for integer m. Similar efforts
were carried out in [8] and [10] for integer m. The impact
of fading severity m on the system performance was not
explicitly revealed in [7]-[10]. To the best knowledge of the
authors, the exact analytical error performance of TAS/MRC
systems in Nakagami-m fading channels for arbitrary m has
not been thoroughly investigated.

This paper presents a comprehensive performance analysis
of TAS/MRC systems in independent flat Nakagami-m fading
channels for arbitrary m. The outage probability, which is
indicative of error performance, is first developed. Then both
asymptotic and exact error performances are investigated with
two different methods. First the asymptotic BER is derived for
arbitrary real-valued m and binary phase-shift keying (BPSK)
based on the behavior of the probability density function
(pdf) of the instantaneous channel power gain. Moreover,
the exact BER of such a system with two antennas at the
transmitter is obtained as an infinite series. Then the exact
symbol error rate (SER) expressions are obtained for M -ary
phase-shift keying (M -PSK) and M -ary quadrature amplitude
modulation (M-QAM) by utilizing the moment generating
function (MGF) method [11]. The asymptotic SER expressions
are also derived. An interesting conclusion is reached that the
diversity order is equal to the product of three parameters: the
Nakagami parameter m, the number of transmit antennas, and
the number of receive antennas. Simulation results are also
provided to verify the analysis.

Compared with [7]-[10], this paper not only investigates
the exact symbol error performance of a TAS/MRC system
in a more general fading scenario for arbitrary m from two
different approaches, but also explicitly reveals the impact of
the fading severity on error performance.

II. SYSTEM AND CHANNEL MODEL

We consider an (L, 1; L,) TAS/MRC system equipped
with L; transmit and L, receive antennas in independent flat
Nakagami-m fading channels. At any time, a single transmit
antenna is selected for uncoded transmission, and all the L,
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receive antennas are used for MRC. Assume that the fading
coefficients between the ¢-th transmit and j-th receive antennas
are independent and denoted by h;;, where 1 < ¢ < L; and
1 < j < L,. Then the amplitude |h; ;| follows a Nakagami
distribution with fading parameter m. It is assumed that
E{|hﬂ\2} = 1, where E{-} denotes the expected value. The
single selected transmit antenna, denoted by I, is determined
by

I = argmax{ C; = Z|h] (1)

1<i<Ly =1

Let v denote the instantaneous SNR of the maximal-ratio
combiner output, or instantaneous post-processing SNR. For
a (1, L,) MRC system with a single transmit antenna and L,
receive antennas in Nakagam-m fading channels, the pdf of v
is given by [12]

mL,—1
v i
Pv(V) = o exP (—m—) : 2
! (%) " I'(mLy) v
where the gamma function is defined as ~(z) =

fooo z*~te~*dz, and the average SNR 4 = E /Ny, in which
E is the average energy per symobl at the transmitter and Ny
is the power spectral density of the additive white Gaussian
noise (AWGN) at each receive antenna.

For arbitrary real-valued m, the cumulative distribution
function (cdf) of v is calculated as

X
¥ (er, m;y)

PW(V) = W’

3
where y(o,z) = [ e 't*dt, Re{a} > 0, is the lower
incomplete gamma function.
We rearrange C; in ascending order of magnitude, and
denote them by C (1> where 1 < [ < L;, and C’ <
- < C(z,)- The 1nstantaneous post-processing SNR ot2 the
(L4, 1; L ) TAS/MRC system, denoted by 7(y,), can be written
as vr,) = C(r,)7- The pdf of () is given by [13]
Py py\Y

= Le [Py(m)])"  py(9)

-u(3)" Fagyen(-3) [%l

III. OUTAGE PROBABILITY

The outage probability is defined as the probability that the
instantaneous capacity is less than a given capacity R [14].
For an (L, 1;L,) MIMO system, the outage probability is
given by [1, (7)]

Pout(R,7) = Pr {logy(1 + C(z,y7) < R}
o _1q
=PriCiy <——1¢- (5)
vy
Let y = QR{l, Pout(R,%) in (5) can be written as

T T T
— Exact expression
- - - Asymptotic expression

+ Simulation

t
1S

Outage Probability Puu

Fig. 1. Outage probability of a (3, 1;2) MIMO system with m = 0.5, 1.0,
and 1.5, bandwidth efficiency R = 2 bits/s/Hz.

Pout(Rvﬁ)

y

:/ pC(Lt)(SL‘)dCL‘
0
L mL, y

= [P(ZZLT}M/ ™ exp (—=ma) [y (mLy, ma)|** " da
Lym™EtLr foo +oo Lol

1=0 i

Zm

nr,—1=0

T D (mLo)" 2 2 -

n1=0n2=0
Li—1

(=™
x 2:1_[1 n;! (mLr + n;)

Y
></ gLl Sty nim ! exp (—mz) de,
0

(6)
in which the identity [15, (8.354-1)]
“+oo
_1 nl,oH»n
ACEOEDY S, @)

[
— nl(a+n)

is employed. By utilizing [15, (3.381-1)], the outage proba-
bility in (6) can be simplified as

Pout(Ra ’?)
400 4o “+o0 L:—1

:[FmL Ltzz Z Hn'mL—G—nJ

n1=0n2=0 nLtloz

):| mLtLrJFZ,i:O Y nitk

e (-1 [
x>

k=0

kl(mLL D D i+k) - ®

Weletn, =0,1<i<L;—1,and kK = 0 in (8), and can
obtain P,,+(R,7) at high SNRs (¥ — c0) as

——mL¢L, +o (——mLtLT) ,

v
C))
where we write f(z) = 0(g(x)),x — zo, if limg_4, q((zg
0. This indicates that a diversity order of mL;L, can be
potentially achieved in an Nakagami-m fading channel for

arbitrary m.
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For illustration purpose, the outage probability of a (3,1;2)
MIMO system was depicted in Fig. 1 for Nakagami-m fading
with m = 0.5, 1.0, and 1.5, and R = 2 bits/s/Hz. The exact
expression (8), the asymptotic expression (9), and simulation
results are presented. Note that the result corresponding to the
evaluation of (8) was obtained by truncating the infinite series
to 10 terms. It is observed that simulation results match the
exact expression (8), and that (9) is a tight upper bound of (8)
at high SNRs, which confirms the diversity order of mL;L,.

IV. ASYMPTOTIC AND EXACT ERROR PERFORMANCE FOR
BPSK

It is shown in [16] that the asymptotic error performance
of wireless transmissions in fading channels depends on the
behavior of the pdf of the instantaneous channel power gain
3, which is defined as 8 = % Assume that (-dependent
instantaneous SER is given by Pg(8) = Q (vkB7), where k
is a positive fixed constant (k = 2 for BPSK). If the pdf p(5)
can be approximated by a single polynomial term for 3 — 0%
as

p(B) = aB" +o(8"), a>0, (10)
then at high SNRs, the average SER is given by [16]
2taT(t 2
Py = ZOLUEEBE) sy—e) 4 o(5-000). (1)

A+ 1)

If p(8) can be expanded in a series form at the origin as

—+oo
p(B) = aip™, (12)
i=0
then the average SER can be written as [16]
“+oo i .
2ttt g, T(t 3/2 ;
pp =3 2GR A 32) vy 3

Jrlt+i+1)

for a 4y range in which the series converges.
Considering § = %, we can write the pdf of § for the
(L, 1; L) TAS/MRC system as

p(B) = AP~,, (B7)

- Ltmer |:7 (era mﬂ)

- T(mL;) | T(mL)

Using the identity [15, (8.354-1)], we have

Ltmer —+Z°° (—1)”(m,6)er+n L;—
[T(mL, )" = nl(mL, +n)

=0

Li—1
} gmlr=le=mB (14)

p(B) =
X 5mLT7167mﬁ

_ Lym™b [ (mp)mEe N
= T | ome TV >]

% IBerflefmﬁ

mmLtLr—i-lLtLr mLyDy—1

=—70 +o (M) B—0.

(mL, + D]"
(15)

In the last equation of (15), e~ is dropped because it can
be expressed as a power series and only the first term (being

1) is taken with the remaining terms being absorbed into
o (5mLtLT—1).
The comparison between (15) and (10) reveals that
mmLt L,.+1 LtLr

= o 16
a TnL, + 1) (16)

and

t =mL,L, — 1. (17)

Substituting (16) and (17) into (11) and letting k£ = 2, we
obtain the BER for a BPSK (L4, 1; L,) TAS/MRC system at
high SNRs for an arbitrary value of m as

mmLtLrI‘(mLtLr + %) ~—mL:L

P, — "4 ~—mL;L, )
WA AR LT o(y )(18)

Equation (18) clearly indicates that an asymptotic diversity
order of mL;L, is achieved.
If mL, is an integer, (18) can be further written as

m™Eelr (QmI L, —1)!
22mLiLe [(mL, )" (mLy L, — 1)!
+o (,_?7mLtLT) )

P2 — ~—mL;L,

19)

For Rayleigh fading (m = 1), (19) simply reduces to (34) in
[1].

Next we will illustrate that the exact BER expression could
be attained following the similar method by considering a
special case where L; = 2 ((2, 1; L,,) TAS/MRC) and mL, is
an integer.

For the (2,1; L,) TAS/MRC with integer mL,., based on
[15, (8.352-1)], the pdf of 3 in (14) can be written as

Qmer —mp it (mﬁ)z mL,.—1 —mfg
PP == |1 P ¢
i=0
400

- ¥

i=mL,—1

2mmL,~+i+1 (_1)7;(27;+1 _ 1)
(mL, —1)! { G+ 1)!

mL;—1 i
I o ) A ey

The comparison between (20) and (12) readily reveals the
values of a; and ¢ in (12) as

B ommlr L | (L1)i(21 1) mLy—1 (—2)i=i+1
YT L, — 1) G+1)! ; gl —j +1)!
(21
and
t=mL,. (22)

Substituting these values into (13), we obtain the exact BER
expression for BPSK as

—+o0

>

i=mL,—1

m™Er TN ML, 4 2 4 1)!

Py = .
2 22mLr 4241 (L, — 1)(mLy + i+ 1)!

COCISETINS SRC

,77<er+2‘+1)
i+ 1) 2 Gii—j+ ) '

X

(23)
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Fig. 2. Comparison of the exact expression, asymptotic expression, and
simulation for the BPSK (2, 1; 1) TAS/MRC scheme with m = 1,2, and 3.

Writing (23) in the form of P»
convergence condition as

— +o0 )
= Zi:er_l u;, we have the

2
ULt

B

Therefore, the equality in (23) holds for 7 > 2m.

If we only calculate the term associated with ¢ = mL, —1 in
(23), and treat all the other terms associated with ¢ > mL, —1
as o (y~2™Er) at high SNRs, based on

Ui41
Usg

lim

i—00

(24)

(=1)mLr—1 (Qer _ 1) - mLy—1 (—2)mLr=i 1
(mLy)! ; j'(mL, —§)!  (mL,)!

(25)
the exact BER expression (23) can be written as
m2m L (4mL, — 1)! om, —om
Py (ke =)0 s, oty
24mLr [(mL, )" (2mL, — 1)!
(26)

It is interesting to note that (26) is exactly the same as (19)
with L; = 2, which shows that the first term in (23), associated
with ¢« = mL, — 1, is actually the asymptotic BER expression.
This illustrates the favorable property of (13) in evaluating the
average error rate in wireless channels.

Fig. 2 presents the comparison of the exact expression in
(23), the asymptotic expression in (19) and the simulation for
the BPSK (2,1;1) TAS/MRC scheme for different integer
values of m. It clearly indicates that the simulation result
matches the analytical one in (23). It also shows that (23)
asymptotically approaches (19) at high SNRs. The curve
corresponding to the analytical evaluation of (23) was obtained
by truncating the infinite series to 70 terms. Also note that the
convergence areas, given by v > 2m, for m =1, 2, and 3 are
v > 3.01 dB, 4 > 6.02 dB, and 7 > 7.78 dB, respectively. It
is shown in Fig. 2 that the convergence areas cover the SNR
range of practical interest.

V. EXACT AND ASYMPTOTIC SYMBOL ERROR RATE FOR
M-PSK AND M-QAM

In this section, with MGF-based method [11], we will
derive the SER expressions for a TAS/MRC scheme over
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Nakagami-m fading channels for both M-PSK and M-QAM

modulations. Arbitrary real-valued m (m > %) is assumed.
The MGF associated with - is given by

M.,(s)z/ p.y(Lt)(’y)eS'yd’y
Jo

@ /OO L (ﬂ)mh ,yerfl
Jo T(mL:) \ ¥

Li—1

7 (mirm2) m d

* | T rmL) P [‘ (TS) ”] !

@ Lt (T)THL@LT
[T (mLo)]" \ 7

OB IS S

n1=0ng=0 nr,—1= =0

Li—1
X
i=1

+oo Li—1
X/ 7mLtLT+Zkil ng—1
0

xe [~ (Z=s)s] ar.

Note that identity [15, (8.354-1)] is employed in the attain-
ment of (b) from (a). Using the identity [15, (3.381-4)]

> 1
/ 2 le M dy = —T(v),
0 w

the MGF in (27) can be further written as

T ()

+oo +oo ( ) LI Nk

SIS
Li—1 Li—1
Ty t
TWF (mLtLr + Z nk>

n1=0n2=0 np,—1= =0
<11
n;!
’ k=1

m mLyLo+Y 1] ny,
X — — S .
0

Based on the MGF of v given in (29), we are ready to
evaluate the symbol error performance of the TAS/MRC
scheme in Nakagami-m fading channels for different mod-
ulation schemes.

(1™
ni! (mLy + n;)

€2))

Re{u} > 0,Re{v} > 0,
(28)

M, (s)

(29)

A. Symbol Error Rate for M-PSK

Following [11], the SER expression for a M-PSK
(L, 1; L) TAS/MRC scheme can be written as

T 2
PS(E):l/ R L
T Jo sin? ¢

- e ()

+oo +oo

m SRt ng
SIS
n1=0ng=0 nr,

Li—1 (—1)7” Li—1

>< H
. n;!
=1 k=1
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o o\ —(MEeLe T T )
sim- -
X l/ Y <m+ ! 1”) de .
T Jo

¥ sin? 6
Iy
(30)
The integral /; can be written as
m 7(nLLtLT+Z£i;lnk)
(%)
1 (™3 sin” 0 (Bl )
X —/ — 5 db .
TJo sin® 0 + L sin” 17
I
(3D

Based on [17, (43)] !, the integral Iy can be expressed as
in (32), where o2Fy (a,b;¢;x) is the Gauss hypergeometric
function [15, (9.111)], and Fy(a,b,b’;c;2,y) is the Appell
hypergeometric function [15, (9.180-1)].

Therefore, the SER expression for M-PSK modulation can
be expressed as in (33).

Letting n;, =0, 1 <1¢ < Ly — 1, in (33), and utilizing

bk, o n
oward (2n + 1)n! M
11 3 0
=oF <§7 3~ mLiLy; E;COSQ M) ;
(34)
where (a), denotes the Pochhammer symbol, we have the

asymptotic expression for ¥ — oo as

mL:L,
I'(mLiL, +1) m
[0 (mL, + )" \sin® 7
1 T'(mLL, + 1)
2/m T'(mLiL, + 1)
Cos = 11 3 s
+ WMQF <2 3 mLtLT,2;cos2 M)}
X,ymLLr+0( mLtL)

Py(E) =

(35)

after some mathematical manipulation based on the definition
of Gauss and Appell hypergeometric functions. Expression
(35) clearly indicates an asymptotic diversity order of m.L;L,..

B. Symbol Error Rate for M-QAM

For M-QAM, the SER expression for a (L 1;L,)
TAS/MRC scheme can be written as [11]

™

rr=2(-)
Is

_f(1_L>2/2M <_—3 >d9 (36)
T VM o "\ 2(M—1)sin?0 .

Iy

INote that there is a misprint in [17, (43)]. For the second Appell

hypergeometric function, it should be Fy <%,n n; g, Ccl’if’ , COoS 7,[))

1_
)

2
instead of F ( R ; n; %; Ci’i w cos? w).

3
M, (——= ) db
”( 2(M—1)sin29)

T T T
—Exact expression
- - - Asymptotic expression

+ Simulation 3

Fig. 3.  Comparison of the exact expression, asymptotic expression, and
simulation for the 8-PSK (2, 1; L) TAS/MRC scheme with m = 0.5 and
different number of receive antennas, 1 < L, < 4.

Based on [17, (46)] and [17, (48)], the integral I3 can be
derived as in (37) and I, can be expressed as in (38).

Substituting (37) and (38) into (36), we obtain the SER
expression for M-QAM as in (39).

Let ny = ng = ---nr,—1 = 0 in (39), after some simple
mathematical manipulation, we obtain the asymptotic SER
expression as

Py(E) =2 (1 _ _) EZ?LJ_ 5}1) [m(ﬂj_ 1)} —mLiL,
{2m tLe T (mLyLy + 1)
7 DI(mLely +1)

3.1 1
- 7)) B (LmLiLe, imLeLe + 33 4,)
QmLtLr—i—l)

% ,_ymetLr + O< —mUL¢ L, ) ,

which indicates an asymptotic diversity order of mL;L,.

It is worthwhile to point out that, although being a special
case of M-PSK investigated in Section V-A, Section IV
adopted a different approach based on the behavior of the
pdf of the instantaneous channel power gain, which was
demonstrated to be a simple and effective alternative to MGF
method in Section V-A. In addition, the exact BER expression
developed in Section IV takes a different form from that in
Section V-A although they are equivalent.

(40)

C. Numerical Results

Fig. 3 presents the performance comparison between the
exact expression (33), the asymptotic expression (35) and
simulation for the (2,1; L) TAS/MRC scheme, where 2 <
L, < 4, with 8-PSK modulation and m = 0.5. It is shown
that the simulation matches the theoretical analysis, and (35)
is a tight upper bound of (33). Similar conclusion could be
drawn in Fig. 4 for 16-QAM.

Fig. 5 compares the symbol error performance by simulation
of the (2,1;2) TAS/MRC scheme and the (2,2) Alamouti space-
time block code (STBC) [18] for different m. For Alamouti
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o 7= (mLeLo+Y 2t n)
3
y {1+ m(J\]A)}
27 [2 (mLLy + S ) + 1]
L;—1 Li—1
- - 3 1+, 1
x Fy (L,mLLy + Y ng, LsmLiLy +an+ M,— . (38)
k=1 2’ L+ (M 1) 2

Authorized licensed use limited to: UNIVERSITY OF SYDNEY. Downloaded on April 21, 2009 at 02:34 from IEEE Xplore. Restrictions apply.



430 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 8, NO. 1, JANUARY 2009

400 +oo
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Li—1 1 Li—1
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Fig. 4. Comparison of the exact expression, asymptotic expression, and
simulation for the 16-QAM (L¢, 1;1) TAS/MRC scheme with m = 1.5 and
different number of transmit antennas, 2 < L; < 4.

STBC, we have ¥ = E5/Ny, where E; is the total energy
per symbol across the two transmit antennas. It is shown that
both schemes have the same diversity order for the same m.
The TAS/MRC scheme has an SNR advantage of 1.7, 0.9,
and 0.6 dB for m = 0.5, 1.5, and 3, respectively. This clearly
demonstrates the superiority of the TAS/MRC scheme over
the Alamouti STBC.

VI. CONCLUSION

The outage probability and symbol error performance of
the TAS/MRC scheme in flat Nakagam-m fading channels
were investigated. Utilizing the behavior of the pdf of the
instantaneous channel gain, the asymptotic BER expression
was derived for BPSK modulation, and the exact BER expres-
sion was also derived for the special case with two available
transmit antennas in the form of an infinite series. The exact
SER expressions were obtained by MGF method for M -PSK
and M-QAM modulations, based on which the asymptotic
SER property was revealed. It was shown that the asymptotic

10 T

T T
——(2,2) Alamouti STBC
——(2.1;2) TAS/MRC

SER

22

Fig. 5. Error performance comparison between the (2,1;2) TAS/MRC scheme
and (2,2) Alamouti STBC, 4-PSK, m = 0.5, 1.5, and 3.0.

diversity order is equal to the product of the m parameter,
the number of transmit antennas, and the number of receive
antennas. Simulation results were provided to substantiate the
analysis.
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