J Stat Phys (2011) 145:1224-1255
DOI 10.1007/s10955-011-0385-6

Transport Properties of a Chain of Anharmonic
Oscillators with Random Flip of Velocities

Cédric Bernardin - Stefano Olla

Received: 28 April 2011 / Accepted: 19 October 2011 / Published online: 29 October 2011
© Springer Science+Business Media, LLC 2011

Abstract We consider the stationary states of a chain of »n anharmonic coupled oscilla-
tors, whose deterministic Hamiltonian dynamics is perturbed by random independent sign
change of the velocities (a random mechanism that conserve energy). The extremities are
coupled to thermostats at different temperature 7, and 7, and subject to constant forces t;
and 7. If the forces differ 7, # 7, the center of mass of the system will move of a speed V;
inducing a tension gradient inside the system. Our aim is to see the influence of the tension
gradient on the thermal conductivity. We investigate the entropy production properties of the
stationary states, and we prove the existence of the Onsager matrix defined by Green-Kubo
formulas (linear response). We also prove some explicit bounds on the thermal conductivity,
depending on the temperature.

Keywords Thermal conductivity - Green-Kubo formula - Non-equilibrium stationary
states

1 Introduction

Chains of anharmonic oscillators have been used as simple non-linear microscopic models
for the study of thermal conductivity. When coupled at the extremities to thermostats at
different temperatures, they have been the natural set-up, numerically and theoretically, for
the macroscopic Fourier law [3]. When the interaction is anharmonic and a pinning potential
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is present, the thermal conductivity is expected to be finite and generally depending on
the temperature. In fact a pinning potential destroys translation invariance of the system
(i.e. the conservation of momentum), and temperature is the only parameter for equilibrium
states, corresponding to the energy conservation. If the chain is unpinned, equilibrium states
are parameterized also by the tension, and we would expect a dependence of the thermal
conductivity also on this parameter. On the other hand in the unpinned case, we expect
typically a divergence of the thermal conductivity with the size of the system.

We study here a stochastic perturbation of the dynamics of the anharmonic unpinned os-
cillators, such that energy is conserved but not momentum, but still the equilibrium measures
are parameterized by temperature and tension. This stochastic perturbation is extremely sim-
ple: each particle waits independently an exponentially distributed time interval and then
flips the sign of its velocity.

Furthermore, in order to produce a stationary state with a profile of tension and of temper-
ature, we apply at the extremities unequal forces, and thermostats at different temperatures.
In the corresponding stationary state the system will have a constant energy current J; and
a velocity V. These quantities are related, at the first order, to the gradients of temperature
and tension by the Onsager matrix, that turns out to be diagonal. In fact V; can be computed
explicitly and is independent of the gradient of temperature (in fact it is independent of the
anharmonicity).

While it is straightforward to show that V| is proportional to the inverse of the size of the
system, we are not able to prove the same for J; (i.e. Fourier’s law). Only in the harmonic
case we are able to show this property, by explicit calculations (cf. Sect. 7), together with the
stationary flux of energy exchanged with the thermostats. A closer look to these formulas
reveals that, by properly doing work on the system through the tension applied at the bound-
aries, we can push energy into the hot reservoir, but it is impossible to extract energy from
the cold reservoir. In other words, the system can act as a heater, but not as a refrigerator.

In Sect. 3 we study the entropy production of the stationary state. In fact we relate what
is known as entropy production to the time derivative of the entropy of a non-stationary
state, in the following sense. Let 1, a non-stationary state of the system at time 7. Since we
are dealing with a system with stochastic thermostats, 1, has a density with respect to the
Lebesgue measure and it can be defined its entropy H (u;). Computing the time derivative
of H(u;), we find that it is composed by two terms: the entropy rate of change of the
thermostats and of the noise mechanism, that is always positive, and a term that is usually
called, up to a sign change, the entropy production of the system in the state yu,. If we start
with the stationary state i, then obviously the time derivative of the entropy is zero, and
the entropy production of the system equals the entropy rate of change of the thermostats and
the noise, i.e. is positive. We prove that it is strictly positive unless we are in the equilibrium
state with same temperature and forces at the boundaries. We actually work with a local
Gibbs measure as reference measure, but computations are similar.

2 Mathematical Formulation and Main Results

2.1 The Model

We denote by ¢, ..., g, the absolute positions of the particles, and by py, ..., p, the corre-
sponding momenta (particles mass is set equal to 1). The relevant coordinates are the inter-

particle distances 7, = gy — ¢x—1, X =2, ..., n. Thus, the state space of our system is given
by Q, =R"! x R” and we shall denote a typical configuration (75, ..., 7y, P1,..., Pn) by
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o = (r, p) € Q,. Between the particles there is an anharmonic spring with potential V (r,),
and the corresponding Hamiltonian dynamics is perturbed by independent random flips of
the sign of the velocities. Furthermore on the boundary particles 1 and n there are acting
Langevin thermostats at different temperature 7; and 7,, and two external constant forces 7,
and t,.

The generator of the dynamics is given by

L=Ay +yS+veBir, +v-Bur,

where A, ;. is the Liouville operator, B; r the generator of the Langevin bath at temperature
T acting on the j-th particle and S the generator of the noise. The strength of noise and
thermostats are regulated by y, y, and y,. The Liouville operator is defined by

n—1

Ay = (e = px) O+ Y (VV(rag1) = V(1)) 0,

x=2 x=2
— (2= V'(r) 8y, + (5 = V'(rn)) 0, 2.1)
The generators of the thermostats are given by
Bjr =Td, — p;dy,.- 2.2)
The noise corresponds to independent velocity change of sign, i.e.

n—1

SH@ =Y (f@)=f@), [:2—>R (2.3)

x=2

Here, the configuration w* (resp. p*) is the configuration obtained from w (resp. p) by
flipping the momentum of particle x, i.e. o* = (r, p*) with (p*), = p;, z # x, (p*)x = —Px-

In order to have a well defined process with good ergodic properties, we assume that V
is a smooth even potential satisfying the following assumptions:

(A) There exist positive constants k > 2 and a; > 0 such that
lim A%V (x) = alx |, lim A"V (x) = k.ag|x|F ! sign(x).
A——400 A—+o00

(B) For any g € R, there exists m = m(g) > 2 such that V™ (q) # 0.

Here sign(x) denotes the sign of x and V™ the m-th derivative of V. Many of the results in
the following should be valid for more general potentials V, but this go beyond the purpose
of this article.

We shall denote by (w(t));>0 the Markov process generated by £, and by (7;),>0 the
corresponding semigroup, i.e. for any bounded function f : 2, — R, and any w € ©,,

(T, (@) =E, [ f(@@®)].
The energy of atom x is defined by

P
2’ )
For any positive constant & we define the Lyapunov function W, by

W () =exp(9 st>, € Q,,

x=1

& + V), x=2,...,n.
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and the corresponding weighted Banach space (By, || - |l4):

By = {f : 2, — R continuous, || fls = supM < +oo}.
w Wg(a))

In Sect. 8 is proved the following proposition:

Proposition 1 Assume that V satisfies (A). Then, if 0 is sufficiently small, the semigroup
(T1)1>0 can be extended to a strongly Feller continuous semigroup on By with a probability
transition that is absolutely continuous with respect to the Lebesgue measure. Moreover,
there exists a unique invariant probability measure (i for (T;);>0 and it is absolutely con-
tinuous with respect to the Lebesgue measure.

Remark 1 We believe that the density of p,, is smooth. The actual proof would require a
delicate reworking of Héormander theorem.

When we are at equilibrium, i.e. 7, =T, =T, 1, = 1, = 7, the generator L is denoted
by L.,.. A simple computation shows that the Gibbs measure uf ; with density w.r.t. the
Lebesgue measure on €2, given by

"o BE—Try)

e =11705

x=1
is invariant for L, . In the formula above we have introduced r; = 0 to avoid annoying
notations. In fact, it is easy to check that A, ; is antisymmetric in L? (uy r) and that S, B; 7,
Jj =1, n, are symmetric.
Let V be the discrete gradient defined, for any function u : Z — R, by (Vu)(x) =
u(x + 1) — u(x). The local conservation of energy is expressed by the microscopic con-
tinuity equation

p=T",

‘C(Sx):_vjxfl.xv x=1,...,n,

where the energy current j, .4 from site x to site x 4+ 1 is given by

Joa=—tep1 + (T, — p1).
jn,n+1 =—TPn— Vr (Tr - Pﬁ)v (24)
jx,x+l=_va/(rx+l)y x=1,...,n—1.

The energy current jo; (and similarly for j, ,11) is composed of two terms: the term
—1yp1 corresponds to the work done on the first particle by the linear force and the term
ve(Ty — pf) is the heat current due to the left reservoir.

We shall denote by (-),, the expectation with respect to the steady state. Let V; be the

velocity of the center of mass of the system and J; be the average energy current, which are
defined by

Vs = <px>s: and Jy = <jx.x+l)ss-

Observe that we are in Lagrangian coordinates and that J; is really the interparticle ex-
change of energy, that does not take into account the trivial energy flux of the Eulerian
coordinates due to the center of mass movement.

We have the simple relation between these two quantities

Ji=—1V+ (T — (pDys),  Jo=—0Vs =y (T, — (P)ss)- 2.5)
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1228 C. Bernardin, S. Olla

The value of V; can be determined exactly and is independent of the nonlinearities
present in the system. It follows that the tension profile, defined by 7, = (V'(r,)),s, is linear.

Lemma 1 The velocity Vi of the center of mass is given by

- T (2.6)
yn=2+ye+vr
and the tension profile is linear:
2y (x —2) +
= YEEDEN oy, @.7)
2yn=2)+ye+ v
that implies
lim 1, =1+ (t, —t)u, u€l0,1]. 2.8)

n—0o0o

Proof We have

L(p)=V'(res) = V'(r)) =2yps, x=2,....,n—1,
L(p1)=V'(r2) —u—vepr, (2.9
L(pn) =7 — V'(ra) = ¥ Pn-

The first line of (2.9) implies

n—1
20-2yVe=) (G~ nl=1 -0
x=2

The two last lines of (2.9) give

t2_tl_VZVs:07 _tn+tr_erx:07

and we get easily the value of V.
To obtain the expression of the tension profile we observe that (2.9) gives a discrete
difference equation which can be solved exactly since we have the value of V; = (p,),s. U

For purely deterministic chain (y = 0), the velocity V; is of order 1, while the tension
profile is flat at the value (y; + ¥,) "' [y¢ T, + ¥, 7e]. The first effect of the noise is to make V
of order n~! and to give a normal tension profile.

An immediate consequence of (2.6) is that the mean velocity is independent of the tem-
peratures. Consequently, by Onsager symmetry, we expect that the thermal conductivity at
the first order is independent of t, — 7;, i.e. that the Onsager matrix is diagonal. We actually
prove this in Sect. 4 as well as the existence of the thermal conductivity by Green-Kubo
formula (see Sect. 5).

In the next section we prove that the entropy production X (i) of the stationary state is
strictly positive if Ty # T, or 1, # 17, and is given by

1 1 T, Ty
E(Mss): F_F Js+ F_F Vs-
r 4 r 4

In Sect. 6 we prove upper and lower bounds for the thermal conductivity, in terms of the
temperature.

In Sect. 7 we show that for harmonic interactions, a Fourier’s law holds and in particular
we can compute the conductivity explicitly:
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: _ L _ 2_ .2
lim nJ; = 2 (T =T+ (7 —H}. (2.10)
n—oo y

Furthermore in this case can be computed explicitly the energy currents between the ther-
mostats and the system (cf. (7.9)), and prove that the stationary state can increase the energy
of the hottest thermostat, but not lower the energy of the cold one.

The existence and uniqueness of the stationary state is proven in the last Sect. 8.

3 Entropy Production

Let B, (resp. t,), x =2, ..., n, be the linear interpolation profile between T[l =T"! (resp.
7, =7)and Tfl = (T +8T)"! (resp. T, =1 — 87). We also define g, =T~.

We use now as reference probability measure the Gibbs local equilibrium state
wig(dr,dp) = g(r, p)dr,...dr,dp; ...dp, with

n e_ﬁx (Ex—Txrx)

s =[] Z(t:Pe B G-b

x=1

Let t, = pu, T; be the law at time ¢ of the process starting from fo - p;, and fifs 41 =
! fA s+ wydy be the time averaged law of the process on [s, s + ¢]. The density of 1, with
respect to ji;, is denoted by f;. This is a solution, in the sense of the distributions, of the
Fokker-Planck equation

atfl = E*f/

where £* is the adjoint of £ in .2 ().
The operators By 7,, B, 1, and S are symmetric with respect to u;, while the adjoint of
the Liouville operator is

Ar =—A . +o (3.2)

T, Tr
where

n—1 n—1

o= Z (:3):+1 - ﬁx) jx,x+1 + Z (:3X+ITX+1 - ,BXTX) Dx-

x=1 x=2

Hence we get

‘C'N* = _Ar(,zr + )/S + VZBI,TK + y}'BI’L‘Tr + g,

- (3.3)
L+ L =2yS+2yBi 1, +2v.B.1, +0.

We shall denote the relative entropy of a probability measure v with respect to a proba-
bility measure v by H (u|v). This is defined by

H(u|v) =sup{/1ﬁd,u—log</ e"’dv)} 3.4
v

where the supremum is carried over bounded measurable functions . If ‘[‘;—"f = f exists and
log f is pu-integrable, we have

H(ulv)=/dulogf-
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1230 C. Bernardin, S. Olla

So we can call
1) = [ fiog fdu,

the entropy of the system at time #. We choose 1;, as a reference measure to estimate the
entropy but a similar consideration could be performed by replacing ;. by the Lebesgue
measure.

3.1 The Smooth Case

We first give an informal argument to estimate the entropy production, which relies on
smoothness properties of the density fi, (resp. f;) of g (resp. p,) with respect to 1.
We have

d
EH(I)=/3rft10gftduzg+8t<ffrdmg)
- / (° £,)og fi dpsg = / £, (Flog ) dyuie

=/Ar£,rrﬁdﬂlg+/ﬁ [vS+veBi1, + v Bur,] (og f) diug

=/0fzdmg+/fz[y8+w61,n + ¥ By.1, ] (og f,) duug (3.5

where we used (3.2) in the last equality. The first term on the right-hand side is the entropy
production of the Hamiltonian part of the dynamics, in the (non-stationary) state f;,

() = - / o fidpsg,

while the second term corresponds, up to the sign, to the entropy production due to the
thermostats and the flipping noise. Notice that this second term is always positive.

If we start the system from the stationary state, f; = f, for all ¢, and the left-hand side
in (3.5) is equal to zero. Thus, in the stationary state, we have

Z(I’LSX) = - / fvs [VS + VZBI,Tg + Van,T,-] (lOg fss) d,ulg-
By explicit calculation we have

3y, f55)?
s

(3, fs5)’

duig + v T, /
¢ Ss

E(/’Lss) =Y T, d/”vlg

n—1
+ % ;/ [fss(wx) - fss(w)] [IOg fss(wx) —log fss(w)] d//«lg(w)s

so that the entropy production of the stationary state is clearly non-negative. In fact, it is
strictly positive if the temperatures 7, and 7, are different (see below).

3.2 The Non-smooth Case

Since we cannot prove that the density f, is smooth, we have to proceed in a different way.
The entropy production X (o) of the probability measure « is given by

Z(a):/o(a))da(a)). (3.6)
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The Dirichlet form D(«) of a probability measure o with respect to the generator y S +
veBi.1, + v B, 1, is defined by

2yS +2y:B 2y, Byt
]D)(a):sup{—/( yS +2yBir, +2v, ,T,)wda}
¥

v

where the supremum is carried over smooth functions ¥ bounded below by a positive con-
stant and which are constant at infinity. It is easy to check that D is a positive convex and
lower semicontinuous functional.

We first estimate the change of entropy.

Proposition 2 The relative entropy H (i1, |uig) is finite for every positive time t, and, for any
s, t >0, we have

H(Mtﬁ—sl“lg) - H(,uslﬂlg) =< _ID(/_'L[S,S-H]) + IE([L[LH—I])-

Proof Let us prove the claim for s = 0, the general case being similar. In Sect. 8 we prove
that the semigroup (7;),>¢ is such that the transition probabilities have a positive density
q: (-, -) with respect to the local equilibrium state fi;,. It follows that if v =1 - 1, is a prob-
ability measure on €2, absolutely continuous with respect to 1, then v7; is also absolutely
continuous w.r.t. u;, with a density that we denote by ;. In fact, v, is given by

Vi (o) = /qf(w,w')lﬁ(w)g(w)dw-
Formally, v, is solution of the Fokker-Planck equation

8IWI=£*WM Yo=1.
If o was bounded, the solution ¥, to this equation would be given by the Feynman-Kac
formula

V(@) =E, [y @) i@ | (3.7)

where (&(1)),=o is the Feller process generated by —A;, ;. +yS + veBi 1, + v, B 1, -

We claim that there exists #y > 0 such that (3.7) makes sense if t < fy and 1 is bounded.
It could be also possible to show the validity of (3.7) for any time by assuming that 7, —
Te, T, — 7, are sufficiently small (see [6]).

Observe there exists a constant ¢ := ¢y (T, T,, 74, T,) such that for any 6 > 0,

17Ol < W ().

By the bound (8.3) of Sect. 8, if 6 is sufficiently small, then
Sup E,, [Wepo (&(1) ] < C(Wegp (@) + 1) (3.8)
>0

for a positive constant C(cy, 0). In fact, it is proved for (@()),;>0 but the proof is the same
for ((1)),=0. If #p > 0 is sufficiently small, we have

t
E, [eféa(w(s»ds] < ; / E, (et|o<d)<s)>|) ds
0

<supE, (ezo\o@(xm)

S=1o

< supE,, [Weyry (&(s))]

s=<1o

<C'(t) [Wé'oto (@) + 1]
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1232 C. Bernardin, S. Olla

which proves the claim. Moreover, since (©(?)),>o defines a strongly continuous semigroup
with generator — A, ., +yS + veBi1, + v+ By 1,, We have

Y=o s,
/ll—rf(l) — = Lo (3.9)

if ¥ is a smooth positive function constant at infinity.
Observe now that if P, Q are two probability measures and ¢ is a density function w.r.t.
Q then

H(PIQ)=H(PI¢>-Q)+/10g¢dP.

We fix a time 0 < h < ty sufficiently small. For any probability measure « such that
H (a|py) < 400, and any positive smooth function ¥ bounded bellow by a positive con-
stant and constant at infinity, we have

H(@T3 1) — Halpag) = HGTi s ) + [ 0g(i) @) — Hauy)
= H@) - 1))~ Heaug) + [ log(nd(aTi)
< H@l(y - 1) — H@lg) + / Ty (log(¥n) d
< H 1) — Heelpap) + [ log (T d

:—/logl/fda—l—/log(Thl/fh) do,

where we used H(aT,|8T,) < H(x|B), B = V.1, in the first inequality and Jensen in-
equality in the second one. We write now (T,¥y,) /v = (T ¥, — ¥) /¥ + 1 and we use the
trivial inequality log(1 + n) <7 to get

T _
H(@Ty i) — H@lpug) s/Ww.

This shows in particular that H (T |4,) < 4-00. By (3.9), we have
T =¥ =Tu (W — ) + (T — ) =h(L+ L)Y + he(h, ¥)

where the remainder term € (k, 1) vanishes as & goes to 0.
Fix a positive time 7 and let m be a positive integer sufficiently large. We define h =¢/m
and we have

m—1

H(aTy ) — H@lwig) = Y {H@Tg il i) — H(@Tlwg) )
i=0

m—1 Rx
< %Zf Wd(am +t6(h ).
i=0

As m goes to infinity, the Riemann sum converges to

/tds / WE+ LIV ) aT)
0 ¥

and the remainder term vanishes. Taking the infimum over functions ¥ and a = p;,, we get
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[ Lt £y
me%xg%ﬁ/——jf——

By using (3.3), this concludes the proof. 0

diijo,n }

We recall that in the stationary state, (j r+1)ss = Js and (py)ss = V; are independent
of x.

Theorem 1 The entropy production of the stationary state

S = (== )+ (Z-2)v
Mss) = Tr T[ s Tr T[ s
is strictly positive. If T, = 1, it implies that the energy flow goes from the hot reservoir to the

cold reservoir.

Proof Since the entropy is positive it follows that

0 <D (fnjo,17) < Z(fhjo,)- (3.10)

In the last section is proved the convergence as ¢ goes to infinity of i to the stationary
state. Therefore, the entropy production is non-negative

X (pss) = 0.

If it is equal to zero then, by (3.10), we have
lim D(f,1) = 0
=00
and by the lower semicontinuity of D, we have

D(Mss) =0.

Recall that since u,; is the stationary state, we have

/(EF)(w) ditgs (@) =0 (3.11)

for any compactly supported smooth function F. We claim now that

/(QF) () d s () =0 (3.12)

for G equal to By 7, Bu 1., S.
Indeed, since D(u,) = 0, we have that for any smooth function ¥ bounded by bellow
and constant at infinity,

_/ QyS +2y,By 1, +27r8n,7})wd
¥

Let us apply this with ¥ (w) := v (p1). Since S, B, 7, does not act on py, it follows that
the Dirichlet form with respect to B; 7, of the marginal uis of py,

B
sup{— LT@l/fl d“;s}7
v 14

is negative, and hence equal to zero. It is well known that it implies u!; is the centered
Gaussian law with variance 7, (see [5]), and we get (3.12) for G = B, 1,. We similarly prove

s < 0. (3.13)
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(3.12) for G = B, 1,. By applying (3.13) with a function ¥ (w) := lﬁ(pz, vy Pu—1), We get
that the Dirichlet form of the marginal jiss of (p3, ..., p,—1) With respect to S,

_ SV _ }
D ss) — - Td ss [
(ss) Sl;p{ / 7 i

is negative, and hence equal to zero. Let f,, be the density of ji,, with respect to the
Lebesgue measure. It is easy to show that

- 1 - Z 2
D) =5 [ [V = Vi) | dps...dpin
R7-
It follows that fi,, is invariant by any flip p — p*, x =2, ...,n — 1, and this concludes the

proof of (3.12).
By (3.11) and (3.12), we get that for any smooth compactly supported function F,

/ (‘Af{-fr F) (a)) dﬂss (w) =0,

and consequently that

/ (LoF) (@) dpss (@) =0,
where

Lo= Ay . +VeBrr, +v:Bur, (3.14)

is the generator of the deterministic chains in contact with the two heat baths. Thus, u,; is
equal to the (unique) invariant probability measure vy of the process generated by L. By
using a similar argument to [6], one can show that

by (vm) =0

implies 7y = T,. Hence, if T; # T,, the entropy production of the stationary state j, is
strictly positive. a

From the equality Jx = (jO,l)ss = <jn,n+l)sx we get

(, — w)?
2y(n =)+ v+

yl(p%)ss + Yr(py%)ss =V TZ + err +

This shows there exists a constant C depending on the parameters of the model (7, 7;, 1, ,,
¥¢, ¥») but not on n such that

(PDss <C, (ph)ss <C. (3.15)

It is expected there exists a positive constant C independent of the size n such that
(Ex)ss < C for any x = 1, ..., n. Unfortunately, apart from the harmonic case discussed

in Sect. 7, we do not know how to prove such a bound.
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4 Conductivity: Linear Response

In this section, the discussion is kept at some informal level of mathematical rigor. We shall
denote by f;, the derivative of the stationary state u,, with respect to the local equilibrium
state ju;g. It is solution, in the sense of the distributions, of the equation

L£* fiy =0. 4.1

We assume that 7, =T +67T,T, =T and 7, =1 — 67, T, = T with 6T, 8T small. Recall
(3.3). At first order in T and 87, we have

[ = _Afe,fr +yvS+Bir+ Birist

n—1

T . st =t
T T Z (Jx,x+1 + Tpx) T ;px +0(8T, 87)

x=1
= _-Arg,r, + VS + BI,TZ + Bn,T,
ST L s

n—1
T
= g .xx x) T T X r(ST82 8T78

Tan:I(J,H-l-TP.) HT§P +v,8T9, +0(3T,87)

n—1 n—1
. §T . ST
=Ly +18T8, =870y, — =3 (jeart +p) + 2 3 pe+ 08T, 57)
x=1

T2n
x=1

where qu‘ =—A. . +yS+yeBir + y-B,r is the adjoint in }Lz(u’r‘j) of

['eq. = Az.t + V’S + VZBI,T + )/)'Bn,T- (42)

We now expand f}x at the linear order in 67 and 87:

fos=14adT 4+ 08t 4+ 0(8T, 67) 4.3)

and we get that &z and v are solution of

n—1

1 .
eq. T2n 21: (Jx,x+1 + Tpx) ,
= (4.4)

n—1

1
Lood= g D P
x=I

We can now compute the average energy current at the first order in §7 and 8t in the
thermodynamic limit n — oo.

Before, we need to introduce some notations. Let Q =", €2, where €, is the Banach
space composed of configurations w = (r, p) € (R x R)Z such that the norm |||, defined
by wl2 =) ., e [p? + r2] is finite. We equip 2 with the topology induced by these
norms. If the potential V is such that V" < C then one can prove that the infinite dynamics
is well defined for any initial condition belonging to €2 and in particular on a set of initial
conditions of full probability with respect to any infinite volume Gibbs measure 1, 7 with
temperature T and pressure 7 [2, 8]. As in the finite dimensional case, for any configuration
o = (r, p) € 2, the configuration w* = (r, p*) is obtained from w by flipping the momentum
of particle x. We shall denote by CS(Q) the space composed of compactly supported local
functions on 2 which are differentiable up to order k, kK > 1. The generator of the infinite
dynamics is given by £ =2 + y S where, for any f € C}(Q),
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@AN@) =Y [(r = peet) o [+ (Vi) = V') 8y, £] (@),

X€Z
GH@ =) [f@)— f@)].
x€L

We denote by 6, : 2 — Q the shift by x: for any n € @, (6,n), = 1y4.; for any g : 2 —
R, (6,8)(n) = g(nyn). Let H, r be the completion w.r.t. the semi-inner product <-, >
defined for local functions f, g: Q2 — R, by

<fog> =Y {1er(f0:8) = ter(Hiter(@)}. 4.5)

X€eL
Observe that in H, r every discrete gradient ¢ f — [ is equal to zero.
Let J and V be the limiting average energy current and velocity:

Js = hl'Il n<j0,1>ssv ‘/b = hm n(p())ssa (46)

and define J; = J, +tV,. We expect that as n goes to infinity and, at first order in 67 and é7,

Js §T
. ) =—«(T, 1)
Vs, 6T
P
K(T’ t) = ( re r )
K K

the thermal conductivity matrix. By (4.4), we get that in the thermodynamic limit n — oo,

K =T2Kjo1 + o, (—L) 7" (o + Tpo)>,
K" = =T <po, (=)' (jo1 + TP0)>,

with

4.7)

and
k" =T '<po, (L) (po)>,
P —T72<<j0_| + Tpo, (_£)7l (po)>.

The argument above is formal. In fact even proving the existence of the transport coef-
ficients defined by (4.7), (4.8) is a non-trivial task. It can be made rigorous for V; since we
have the exact expression of V;. From Lemma 1, we have, even if 7, §T are not small,

ST

(4.8)

If the formal expansion can be made rigorous, the quantities «", ¢, defined by (4.8), shall
satisfy

K =2y k"¢ =0. 4.9)

In Theorem 2 we show that the transport coefficients defined in (4.7), (4.8) exist. In
Proposition 3 we prove (4.9) and the Onsager relations

k=K% (=0). (4.10)

Consequently, if §7 and §t are small and of the same order, the system cannot be used
as a refrigerator or a boiler: at the first order, a gradient of tension does not contribute to the
energy current. The argument above says nothing about the possibility to realize a heater or
a refrigerator if 67 is not of the same order as §7. For the harmonic chain, we will see in
Sect. 7 that it is possible to get a heater if 57 is of order VT.
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5 Existence of the Green-Kubo Formula

To simplify notations we denote H, 7 by H (defined in Sect. 4). We assume that the un-
bounded operator £ with domain D(£) is the generator of a strongly continuous positive
semigroup on H and that the set C& (2) forms a dense subset of D(£). Similarly, we assume
that & (resp. () with domain denoted by D(S) (resp. D(2)) is the generator of a strongly
continuous positive semigroup on H and that C(g (2) forms a dense subset of D(S) (resp.
D). We have D(L) C D(6) N D(RA). The generator £ has the decomposition 2 + y &
in its antisymmetric and symmetric part in H. These assumptions can be proved without
difficulty in the case V" uniformly bounded [2, 8]. They should be true for more general
potentials but proofs should be quite technical (see [7]).

Let x be the set of functions & : Z — N a.s. equal to zero. For a given £ € x we denote
by He(p) the polynomial function

He(p) =] [ he.(po)

xeZ

where (h,),>0 are the normalized Hermite polynomials w.r.t. the centered one dimensional
Gaussian measure with variance T'. It is well known that (H; )¢, forms an orthonormal basis
of the Hilbert space composed of square integrable functions with respect to the product
centered Gaussian measures with variance 7. It follows that every functions f € H can be
decomposed in the form

fo.p)=Y_ F( r)He(p).
§ex

Let H“ (resp. H*) be the set of functions f : 2 — R antisymmetric (resp. symmetric) in
p,ie. f(r,p)=—f(@r,—p) (resp. f(r, p) = f(r, —p)) for every configuration (r, p) € Q.
For example, the functions jj |, po and every linear combination of them are antisymmetric
in p.

Since the Hermite polynomial 4, is even if n is even and odd otherwise, the space
H? (resp. H*) coincides with the set of functions f = Zéem F(&,r)He (resp. f =
Zéexo F(&,r)Hg) where

x1=1{§ € x:|§]is odd}, xo =1{§ € x: |§] is even}
with [§] =3, &

The system is conservative and does not have a spectral gap but we have a similar prop-
erty for the antisymmetric functions.

Lemma 2 The noise operator G lets H* and 'H* invariant. For any function f € D(G)NH*

we have
2L > =<, =6 f>. (5.1
Moreover, for any local function f € H®, there exists a local function h € H® such that
Gh=f.

Proof Let f be alocal function belonging to 7{ with decomposition given by

f=)_FErHe(p).

§ex

@ Springer



1238 C. Bernardin, S. Olla

For & € x we note W (&) the number defined by W (&) = |{x € Z; &, > 1 is odd }|. Observe
that W (&) > 1 as soon as & € x;. We have

S(f)=-2) WEFEr)He(p) (5.2)

sex

because S(h,(py)) = ((—1)" — 1)h,(p,). This shows that H* and H* are invariant by &.
Observe that for any centered local functions f and g,

<f.g> = lim ( Y Y0
’ =1 T, T xJs T —Y/— X
87 = DT\ V2k+1 §

[x|<k [x|<k

and that (0, f) = 0, (S f). Thus, the proof of (5.1) is reduced to show that if f € H* then

201 (f?) < s (=S ) ).
Since f € H, we have F(&,r) =0if £ ¢ x;. By (5.2) we have to prove

2 per(FXE.1) 2)  WE) e r(F2(E. 1))

§exi §exi

which is valid since W(§) > 1 as soon as & € x;.
The second claim of the proposition follows from (5.2) by taking / given by

h(r, p) = Z H(, rHe(p), HE r)=(=2W (&) 'F&, 7). 0

§ex
Theorem 2 Let f, g € H,. Then, the limit
o(f8)=lm<f, (- 97 'e»
existsand o (f,g) =o(g, ).
Proof We introduce the H, norm corresponding to the symmetric part & of £

ull} = <u, (—S)u>

and H, the Hilbert space obtained by the completion of H w.r.t. this norm. The correspond-
ing scalar product is denoted by <-, ->>.

By density of local functions in H we can assume that f, g are local functions. Let u; be
the solution of the resolvent equation

Auy, — Luy, = g. 5.3)
We multiply (5.3) by u; and integrate w.r.t. <-, ->> and we get

Aty w3 + v llunl? = <us, g

Since g € H* we have by Lemma 2 there exists a local function 7 € H* such that Gh = g.
By Schwarz inequality, we have

2 2. -1
luplly <C-y
and

Ay, u; 3> < CPy
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Since (u;); is a bounded sequence in H,, we can extract a weakly converging subsequence
in H;. We continue to denote this subsequence by (u; ); and we denote by u the limit.

Let u,(p,r) = ui(p,r) + uf(p,r) be the decomposition of u, in its symmetric and
antisymmetric part in the p’s. Since g is antisymmetric in the p’s, we have that <u;, g> =
<u$, g>. Furthermore & preserves the parity in p (see Lemma 2) while it is inverted by L.
We have the following decomposition

Ay —yGu; —Auf =0,
wuy, — ySuy, —Au), =g.

We multiply the first equality by u), and the second by u} and we use the antisymmetry
of 2. We get

Luf, g3 = pLuyy, uy>> + ALus, up, >+ y <Lup, (—S)uy>.
Since u§ € H* N D(L) we have by Lemma 2 that
2, uf> < ug 17 = lunllf — w17 < C?y .

Remark that ¢ and u; converge weakly in H; respectively to ug and to ugy. We first take
the limit as A — 0 and then as © — 0 and we obtain

Lup, g> =y <Lug, (—S)up>.
On the other hand, since G = g for a local function & € H* we have
Lug, g = —<ug, > = —}ig})«ux, h>> = }iilg)<<ux, >
= lim (A<t u3>> + <Kus, (—Mu;>> + y <Lus, (—S)u>|
= lim [A<u;, 1w, + y <us, (=S, ]
= im A< ;3> +y Ko, (=S)ug>
where the last inequality follows from the weak convergence in H; of (;);. to ug. It implies
}ig(l))»<<u>u u;>=0

so that u; converges strongly to ug in ;. Uniqueness of the limit follows by a standard
argument.
Since f € H® we have &Gh = f for some local function 2 € H?. It follows that

%ir%<<f, U;>»>=— %ir%<<h, w1 = —<h,ug>1 = L fup>.
To show that o (f, g) = o (g, f) observe that
(g ) =lim<(—£97"g. > (5:4)

where the adjoint £* of £ in H is given by £* = —2A 4 yS. We repeat the argument above
with £ replaced by £*. It is easy to see that the solution v, of the resolvent equation (A —
£, = g satisfies v{ = uf, v; = —uj. It follows that

L, =<, > =<uf, > =<u,, f>.
Taking the limit . — 0 we get o (g, f) =0 (f, g). O
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Proposition 3 The Onsager relation k" = k"¢ = 0 holds in the following sense:
o (jo,1 + TPo, po) =0 (pos jo,1 + Tpo) = 0.
Proof We have

(= £)(po) = (V'(ro) = V'(r)) + 2y + 1) po.

Since every discrete gradient 6,u — u is equal to zero in H we get

o (jo,1 + Tpo, po) = lim < Jjo,1 + Tpo, po>

A0 A+ 2y
1
— l. . _ /
lim +2y” T (( poV'(r1) + TPO)PO)
—tT T
_—thter 0
2y
because p.7(p2) =T, per(V'(r)) =1. U

6 Temperature Dependence of the Conductivity

The exact value of the conductivity is in general out of reach and even an estimate in terms
of the parameters of the model, temperature and pressure, is difficult. The only tractable
case is the harmonic chain with interacting potential V (r) = ar?/2. In this case an explicit
formula is available:

e __ harm __ a
kK(T,t)=kK, "= 2
The fact that the conductivity is independent of the temperature (and the pressure) is due
to the linear interactions. For general anharmonic chain we expect a non-trivial temperature
dependence. The aim of this section is to establish rigorous lower and upper bounds on «
giving some insight on its behavior with respect to the temperature. In the rest of this section,
to simplify, we assume that pressure 7 is equal to O and we note « (T') for k(T 0).
The usual assumptions on V are

V(@) ~par®, a=>0, V() ~ AlF|%, a>2, A>0.

From a more general point of view it makes sense to consider situations where the po-
tential V satisfiesa =0 or o < 2.

To get upper and lower bounds for the Green-Kubo formula a general approach is to
use variational formula. We introduce H; ; and H_; ; norms defined for any smooth local
function f by

113, =<fo G —y&)* >
We have (see e.g. [11]):

g, (=87 'g>=sup 2« f, e3> — I I, — IAf17,, }
f

=n}f{||g+9tf||il,x +1£17,) (6.1)
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where the supremum (resp. infimum) is taken over a dense subset of D(£). The function g
we are interested in is g = jo ;. Formula (6.1) is valid as soon as the operator £ =2+ y &
is the generator of a strongly continuous Markov process in 7 with 2 (resp. &) being the
antisymmetric (resp. symmetric) part of £. This can be easily proved if V growths at most
quadratically at infinity but it should be valid for a more general class of potentials. In
this section we assume that potential V is such that (6.1) is valid and that the Green-Kubo
formula converges, i.e. that the conditions of Sect. 5 are fulfilled. Moreover we assume that
V(r)>0ifr #0.

6.1 Upper Bounds for Generic Anharmonic Chains

In the sequel, Var(f) denotes the variance of the function f with respect to the probability
measure Lo 7-

Proposition 4 We have the following upper bound on the conductivity

k(T) < AWLTVar(V’(rO)). (6.2)

Proof Take the function f = —V (r;)/2 in the second variational formula of (6.1). We have
. /7 1 4
Joa+Af=—poV'(r) — E(pl = po)V'(r)
1 ! 1 U
= _EPO(V/(VI) + V'(ro)) + E(pOV (ro) = p1V'(r1)

1
= _EPO(V/(VI) + V' (rp))

because gradient terms in H are equal to 0.
Observe now that

A —y8) " [po(V'(r)) + V') = A +2y) ' [po(V' (1) + V' (r0)) ]

so that

Var(V'(ry)).

1
o1 + AL ==
ljo.r + 2071, 2042y

Moreover

I£113, = A [, 3> = A Var(V (rg)).

K 1 var [’ 7 .
= T 0

Corollary 1 We have the following upper bounds on the conductivity:

o High temperature regime: Assume that the smooth non-negative potential V satisfies:
- V() =V(=r)
- Vi) =Ar*+Wr), r>1, a>1,
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with A a positive constant and W a smooth function such that |W s + |W'|ls < +00.
Then, there exists a constant C > 0 such that in the high temperature regime T — 00,

C
K(T) < W.

In particular, k (T) converges to 0 as T goes to infinity in the subharmonic regime at

infinity (1 < @ < 2).

e Low temperature regime: Assume that the smooth non-negative potential V satisfies:

- Vir)y=V(=r)

- V@)~Ar, r—0,6>2

- Vr)=Br*+W@), r>1, a >0,

with A, B positive constants and W a smooth function such that | W ||eo + | W]l o < +00.
Then, there exists a constant C > 0 such that in the low temperature regime T — 0,

k(T) <CT'™23. (6.3)

In particular, k(T) converges to 0 as T goes to 0 in the superharmonic regime at origin
6 >2).

Proof Consider first the high temperature regime. It is easy to show that

Z(T):/ dre’v(’)/TNZ(/ e*Af“ds>T‘/“.
—00 0

To estimate Var(V'(rg)) we write

1 oo
Var(V'(rg)) = _Z(2T) { /0 (V'(r)2e O dr + /1 (Aar®™ ' + W (r))?e V" Tdr}

2
T Z(T)

1 00
s [wererorans [Tawvereroral,
0 1

{A2a2/00r2°‘72e7v(r)”dr —|—2Aa/.oor°‘7]W/(r)e7V(’)/Tdr
1 1

With the change of variables s = r/ T'/* and the fact

e VOIT — =4*/T(1 4. O(T™")), uniformly for r > 1,

one gets
[} [}
— — r — — — e
/ rZDt 26 V())/TdrNTZ l/a/ S2a 26 As ds
1 T—1/a
o)
- . — o
NTZ I/af SZa 26 As ds
0
and

o0
/ W (r)r*~te™V O dr = O(T).
1
Moreover we have

/N(W'(r))ze_v(r)/Tdr =O(T"*)
1
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and the remaining term fOI(V’(r))Ze‘V(’)/Tdr is of order O(1). The result follows. In fact
we have seen that
o S2a72efo°‘ ds

Var(V'(rg)) ~ CooT> ™%, Coo = A2 0 e
Jo e Mds
Consider now the superharmonic regime at origin and 7 small. It is easy to show that

Z(T):/ dre’v(’)/T’vZ(/ e*/‘f”ds>T‘/",
—00 0

because, taking into account the asymptotic behavior of V at infinity, the part to the integral
corresponding to » > 1 is exponentially small in 1/ 7. Observe now that

/ V' r)e VO Tgr = o(rl/a / (V’(sT”“))ze—BS“ds> =O(e B/CD),
1 71/

6.4)

and

1 T-1/8
/ (V/(r))zefv(’)/Tdr — T / (V/(STI/B))Zeiv(STI/B)dS
0 0

~ <A252/oodse_sasz(s_l)dS>T2_l/6.
0

One gets (6.3). On the way we have seen that, as T — 0,

0 25-2 ,—As®
282f0 §7 e ds

Var(V'(rg)) ~ CoT> %%, Co=A
(V'(r0)) 0 0 fOOO A

(6.5)

6.2 Lower Bounds for Generic Anharmonic Chains

We are not able to obtain pertinent lower bounds for the conductivity of the process gener-
ated by £ =20+ y S except for the exponential interaction (see below). Nevertheless, if we
perturb the chain by the smoother second energy conserving noise &’ considered in [1, 2],
interesting lower bounds are available. Thus, we consider the infinite system with generator
£ given by

£=UA+y(6+6&)

where &' is defined by

|
&' =2 ) (Pesidp = Pebp)” (6.6)
X€EZ
The noise & + &' is energy conserving and satisfies (5.1). It is not difficult to adapt the proof
given in Sect. 5 to show that

o'(o1, Jo1) = {ii%«jo,l, a=2)jor>

exists. The disadvantage of &', contrary to &, is that it does not satisfy (5.1). A second
difference between the noise & and the noise &’ is that the latter gives a positive trivial
contribution y to the conductivity, so that the conductivity «'(T) corresponding to £ is

K'(T) =y 4+ T2 Go.1» jo.1)-
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The inequality (6.2) is now replaced by

1
K'(T) —y < —= Var(V'(ry)) (6.7
6yT
because
(6+6&)p:=-3p.. (B+6)(p)=Ap;. (6.8)
In the harmonic case V (r) = ar?, we get

1,harm a
k]M(T)y =y + —. (6.9)

3y

With this perturbation we can prove the following proposition.

Proposition 5 Consider the dynamics generated by £ =+ y (& + &’). Then, we have

. T*[Var(V'(ro))]?
P = 6y T Var (Vi) + 277y~ Var(V ()

0/(j0,1,

Proof We choose the test function
v =—apo(V'(ro) + V'(r1))
with a > 0 we will specify later. We have
Av=apg (V" (r1) — V" (ro)) (6.10)

in H (because in H all gradient terms are equal to 0).
Let G, be the solution of the resolvent equation corresponding to the discrete Laplacian
A onZ:

A —yA)G; = dy.
By (6.8) we have

O.—y(@+6) A =a ) G@p (V' ()~ V(). (6.11)

It follows that

120]%, , =a> > Gr@(P2V" (1) = V' (10) pr (V" (rys1) — V" (ry)))

z,y

=a’T? ) G @((V"(r) = V' (r0)) (V" (rys1) — V" (ry)))
7y

+30°T2 Y Gu@((V () = V(o)) (V! (1) — V()

4

=22°T> Y Go@((V" (1) = V(o)) (V" (1) — V()

= —2a’T*(AG,;)(0) Var(V" (ro)).

Using again (6.8) we have (recall that the pressure is fixed to 0 so that V' (ry) is centered)

Ivli}, =6a’y T Var(V'(rg)),  <jo.1, v>=aT Var(V'(rp)).

Hence we obtain
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' (o1, Jo) = 2aT Var(V'(rg)) — a® {6y T Var(V'(rg)) 4+ 2Ty~ Var(V" (ry))}
because
. . U 4sin® (k) 1
lim(AG)(0) =~1lim | ——————dk=~y
A—0 2—=0Jo A+ 4y sin“ (k)
Optimizing over a > 0 we get
s T2[Var(V' (ro)) P
P = S T Var(Vi (ro)) + 2T2y 1 Var(V"(rg))

which implies the result. ]

o' (o1,

Observe now that by an integration by parts we have

(V"(ro)) = T~" Var(V'(ro)).

It follows that

2 ” 2 -1
2T ((V"(ro))) } . 6.12)

"(T) — 6 —_
o VZ{ Y NVar(V o) I

MNarVi

Corollary 2 Consider the dynamics generated by £ = A + y (S + &'). We have the fol-
lowing asymptotics for the conductivity:

e High temperature regime: If the potential V satisfies the assumptions of Corollary 1
with 1 <o <2 then

K'(T) ~y + i—oo T2 T - oo,
14

with Cy defined in (6.4).
If the potential V satisfies the assumptions of Corollary 1 with a > 2 then

CT]—Z/O{ > K/(T) > C—l

with a constant positive constant C := C(«, A) independent of T. In particular in the
superharmonic regime (a > 2) the conductivity does not vanish as T — oo.

o Low temperature regime: Assume that the potential V satisfies the assumptions of corol-
lary 1 with 2 < § (superharmonic regime at origin). Then

C
K(T)~y + T2 T 0,
6y
with Cy defined in (6.5).

Proof Let us start with the subharmonic regime o < 2 at infinity and let T — oo. We claim
that if « > 1 then

" 2
72 ((V"(ro))7) ( T > 6.13)

Var (V(rg))  \ Var(V/(ro))
To prove (6.13) we observe that by (6.4) the term
T
Var(V'(ry))

is of order 7**~Y and that
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1
Z(T)—l / (V//(r))2e—V(r)/Tdr — O(l)
0
Hence we are left to estimate

| vrere ot = sat - mz[/ d/} (1+0a™)

! 1
+4Aa(a — 1)[/ drr""ze’A’a/Tj| (1+0(r™h)

1

+/ dr(W"(r))*e”" /T,
1

The last term is trivially of order O(Z(T)) = O(T /). In the two other integrals we perform
the change of variables r = T'/%s. We have

/ (V//(r))Ze—V(r)/Tdr
1

— Az[O{(Ol _ 1)]2T(2—3/01)/ s2a—4e—As“ (1 + O(T—l))

T—1/a

+4Aa(a — HTIVD / SCEWI(TVs)e™ " (1+O(T™h) + O(T™).

T-1/e
Observe that
. o), o>3/2,
/ s 4™ = 1 O(log T), a=3/2,
T OT—23%) o <32,
and

/00 o2 A {(9(1), oa>1,
s e =
-1/ O(ogT), a=1.

It follows that if 1 < o <2 we have
o0
/ (V' (r)2e” " Tdr = o(T') (6.14)
1

and the claim follows.
In the superharmonic regime « > 2 the computations are similar and the proof relies on
the facts

r ~Co\Te-t 2 ((V"(r0))?) _

Var(V'(ro)) ’ Var®(V/(ro))

where C is a positive constant independent of 7'. If § > 2 then similarly,

" 2
T2 ((V2 (r0))) :0( T ) 6.15)
Var* (V' (ro)) Var(V’(ro))
as T — 0 and one concludes by (6.5). O

Remark 2 In the superharmonic regime o > 2 at infinity the upper bound and lower bounds
for the high temperature regime do not coincide. The o = oo case formally corresponds to
the Toda lattice studied in the next subsection. For the latter the upper bound is of order 1.
Hence, we conjecture that the upper bound obtained here is not sharp.
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If the potential is a bounded perturbation of the harmonic case then we get

Corollary 3 Assume that the symmetric smooth potential V is such that V (r) = ar* + W (r),
a > 0,with W, W bounded, such that W'(0) = W"(0) =0 and W' (r) — O asr — o0o. Then

K'(T) ~y + i)t (6.16)
as T — 0 or T — oo, with k"™ defined by (6.9).

Proof Let us start with the high temperature regime 7' — oo. Recall that by (6.4) we have
Var(V'(rg)) ~ 2aT . Moreover we have

(V'(ro))?) =22(T)™" ( / oo<2a + W (r))2e Tdr) (1+0or™h)
0

where Z(T) is given by

Z(T) = <2fm e‘“’z/Tdr) (1+o(r )=,/ % +O(T™?).
0

T~ f W' () e/ Tdr = / (W (sv/T)) e~ ds
0 0

Since

converges to 0 as T — oo for j =1, 2, we get
lim (V" (rp))?) = 4d>.
T—o0

Then the result follows by (6.12). We shall prove that the upper bound (6.7) and the lower
bound (6.12) converges to k"™ as T goes to 0. We have

a

2 w’ 2 —(ur2+W(r))/Td
Var(V'(re)) = [Qar + W'(r))*e r
f e—@r>+WN/T gy

T [Qau+ T2 W/ (TV2u))2eaw’ =W T Pw)/T gy
- fefauzefW(Tl/zu)/Tdu
fuze_””2du

[ e’ du

~4a’T =2aT

as T — 0. Similarly we have

(Vo) = L2t W (r))2e @+ WONIT g
0 f e—(ar?+We)/T gy

[Qa+ W’(T'/zu))ze*‘”‘ze*W(Tl/Z”)/Tdu
- f e—au o= W(T120)/T g,

~ 4q?
as T — 0. Thus, we obtain

lim {6

{ T 272 (V" (ro))?) }‘ a
720" Var(V'(ro))

YV NVa (V)P | 3y ©-17)

2]y + 3y

and
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. 1 , _a
a

6.3 The Toda Lattice

The Toda lattice is the deterministic chain with generator 2 and asymmetric potential
V(ir)=a(e™" —1)+ar.

The interest in this model lies in its complete integrability and its high number of conserved
quantities [12]. We denote these conserved quantities by > __- 0, I, k > 1. Let us just men-
tion the first three ones:

xX€L

I = po,
P2
L= (70+V(l’o)>, (6.19)

3
L= (% - Po) +alpo+pe ™ —1).

Remark that the first one corresponds to momentum conservation and the second one to
energy. For an integrable model, ideal conducting behavior is expected with current corre-
lations decaying to a finite value at long times. To estimate this limiting value, or at least
obtain a lower bound [14], Mazur inequality [9] is useful. It relies the long time asymp-
totic of dynamic correlations functions to the presence of conservation laws. Let us show
how to recover a Tauberian counterpart of Mazur inequality as a simple consequence of the
variational formula (6.1).

In the deterministic case, the variational formula (6.1) is (take y = 0)

Lg (=W lg> =sup 2K £, > — AL S, f3> - ATIAL AL (6220
;

To get a lower bound a natural idea is to use for f linear combinations of the conserved
quantities I, ..., Iy, .... The term <2 f, 2L f>> is then equal to 0 and we get

Vg g> = <g. M- W e> = AT <Pg, Pg> (6.21)
where Pg is the orthogonal projection on the linear space £ generated by the conserved
quantities.

Recall that
(o]
L& (=W lg>= / dte M <e™g, g (6.22)
0

where (e'*),5 is the semigroup generated by the Liouville operator 2.

Thus, if «<Pg,Pg> > 0, it means, in a Tauberian sense, that <e'? g, &> remains of
order 1 as r goes to infinity. It is not difficult to see that <P jo 1, Pjo.1>> > 0 and we recover
the fact that the Toda lattice is an anomalous conductor: the conductivity defined by the
Green-Kubo formula diverges.

In the presence of the noise, the Toda lattice becomes a normal heat conductor.

Proposition 6 Consider the Toda lattice perturbed by y (S + &), then we have

6y 217" , a
y+|—+—| =«xD=yv+_—_.
a ya 6y
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Proof Let Z(T) = [y e”V /T dr. Observe first that

1
aZ(T)

/ V'(r)e VO dr =0.

Since V"(r) =a — V'(r), by integration by parts, we have

/(V'(r))ze’v(")”dr = —T/ V’(r)dd_r(e—vw/r)dr

= T/ V'(rye "M dr = T/(a —V'e)e V' ar

=aTZ(T) (6.23)
and
(V" (ro))?) =a® = 2a(V'(ro)) + (V' (r0))*) =@’ + Ta.
We conclude by the upper bound (6.7) and the lower bound (6.12). O

In the same spirit as the “Tauberian Mazur inequality” (6.21), we can obtain a lower
bound on the conductivity by using elements of £ = Span(I;, k > 1) as test functions. We
get

K'(T) =y +sup (2K £, o> — y < fo — (6 + &) f>]. (6.24)
fe€

In the next proposition we investigate the lower bound obtained by taking f €
Span(/y, I, I5). Note that this lower bound is quite different from the previous lower bound.

Proposition 7 Consider the Toda lattice perturbed by the noise y (& + &’). Then, we have

a2 T2

K'(T)—y > .
™ y—y(éaT2+§T3—8T2+3T)

Proof We have

3
L= (% - PO) +a(po+pe™ —1). (6.25)

We inject the function e I3 (o > 0 will be fixed later) in the variational formula (6.1) with
the infimum. Since A3 = 0 we get

K(T)—y =T 20k o1, 5> + yo’ [K6 L, I;>> + <6, 3>} .
We have

2o 3> =2a><Kpo(1 —e™™), (po+ p)(1 — e )> =2aT">.
Observe now that
S =-21.

Hence <61, I;>> = —2<K 13, I;>>. Using (6.23) we obtain
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<L, I3 = <Kpy /3 — pos Pa/3 — po>
+a*<(po+p)—e ), (po+p)(1—e1)>
= po.r {(p3/3 — po)*} + 2T a* o [(1 — e770)?]

5
= {§T3 —2T2+T} +2aT?>.
We have

&Iy = po+ (p_1 + p1)po — py —a(po+ p)e™ —1).

It follows that

K&, Iy» = —a*<K(po+ p)(L —e™™), (po+ p)(L —e ")

3
+ <<<% - po), (po— Py +(p-1 + p1)po)>>
=—(2T%a+57° —4T* + 7).

Putting everything together and optimizing over o we get

272
() -y = a

= y(6aT> + 575 —8T? +37) H

Recall that the lower bound on the conductivity obtained in Proposition 5 was for anhar-
monic chains perturbed by y (& + &’). For the Toda lattice we have also a lower bound even
if the perturbation involves only &.

Proposition 8 Consider the Toda lattice perturbed by the noise y S. We have

a*T?

2y({(3T3 =272+ T} +2aT?)’

k(T) =

In particular there exists C > 0 such that

k(T)Y=>CT™!, T — oo,
k(T)=CT, T —0.

Proof The proof relies on the same arguments and computations of Proposition 7. O

7 Linear Case

In this section we assume that V (r) = r2/2. In the bulk, i.e. forx =2,...,n — 2, we have
the so-called microscopic fluctuation-dissipation equation

+

r,f_Jrl (px + px+l)rx+1
4 4y '

. 1
Jxx+1 = —EV(P,% +rxrx+1) + £|:

It follows that
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1 n—2
Js = (jO,l)ss = m Z(]‘x’x_'_])”
x=2
1 1 n—2
=gy LVl
1
~in—3)y {UP3)ss + (rars)se) = (Pp_)ss + (racin)ss) } - (7.1)

We first show that this term is O(n~!). Our starting point is (3.15). In the following C
denotes a constant independent of n which can change from line to line.
We have

LD =—upi+pr+rTi—p),  L03/2)=pr—pirn. (12
Since V; = (p1)ys is O(n~") (see Lemma 1), by (3.15), we get
|<plr2>ss| <C, |<p2r2>ss| <C. (7.3)
‘We have also

L(par2) = (p2 — p1)p2 + (r3 — ra)ry — 2y para,

(7.4)
L(pir2) = —yepir2 + (o — 12 + (p2 — p)p1-
It follows that
(P% + r3r2>ss = _2y<p2r2)ss + Vz(Pﬂ”z)ss + (P12> + rl<r2>s5~ (75)
By (7.3), (3.15) and Lemma 1 we get
|(p3 +r3r2)ss| < C. (7.6)

A similar estimate can be achieved for the term ( pil Yss + (rn_1rn)ss and we obtain that

|/l = C/n. (7.7)
Theorem 3 Fourier law holds:
: _ L _ 22
lim nJ;=— {(T, = T,) + (z{ — 7))} (7.8)
n—00 4y

and we have

Jo = Tim n((pf)es = To) = (T, = T) + (e — )7],

4y ve
. 1
Jy = lim n(T, — (p?)s) =

n— 00 4y Vr

(7.9)

(T, = T) = (e — 1)?].
It follows that the system can be used as a heater but not as a refrigerator.

Proof By (7.7) we get that (jo,1)ss — 0 as n — oo. Since V; vanishes as n goes to infinity
we get (pf)” — T,. By (7.2) it implies that (p;7,)s; and (p,r2)ss go to 0. By Lemma 1 and
(7.5) we have

(p3 +r3r)ss = (To + 7). (7.10)

Similarly one can prove
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(P5_1 + rnrnfl)xs - (Tr + Tyz) (711)

We report in (7.1) and we get Fourier law.

Assume that 7, > T;. The term fg (resp. f,) is the macroscopic heat current from the left
reservoir to the system (resp. from the system to the right reservoir). Whatever the values
of 1., 7, are, .ig > 0 and we cannot realize a refrigerator. But if (T, — T;) < (z, — 7,)* then
f, < 0 and we realized a heater. O

8 Existence and Uniqueness of the Non-equilibrium Stationary State

The aim of this section is to prove Proposition 1. We recall that £, = R"~! x R" is the state
space. For any positive 6 we define the Lyapunov function Wy by

n
Wi () :exp<9 25) wEQ,,

x=1

and the weighted Banach space

By = {f 1 Q, — R contivous, | £y = sup - _ +oo}.
9] W9 (Cl))

Let F, be the flip operator defined by (F; f)(w) = f(®") for any f : 2, — R and any
w € Q,. We note (T;),>o the semigroup generated by £ and (f,),zo the semigroup corre-
sponding to L, defined by (3.14).

The existence and uniqueness of the stationary state can be proved using similar argu-
ments as in [4, 10]. Nevertheless we are not able to show smoothness results for the transition
probabilities of (7;);>0.

We assume that the potential V satisfies (A). In [4] is investigated the problem of exis-
tence and uniqueness of the stationary state for T, in the case 7, = 7, = 0. It is easy to adapt
the proof of [4] when t;, 7, # 0. In this case, without the jumps, we can apply directly the
method of [4] to obtain also the smoothness of the density w.r.t. the Lebesgue measure.

Proposition 9 Fix 0 sufficiently small. The semigroup (1)) >0 can be extended to a strongly
Feller continuous semigroup on By with a smooth density w.r.t. the Lebesgue measure. It has
a unique invariant probability measure w which has a smooth density w.r.t. the Lebesgue
measure and the semigroup converges exponentially fast to w in By.

A simple computation shows that

LWy =Wy {t,py — wepi + To + T, + (10 — D} + (1,0 — D)}

72 72
<o(7T +T r ¢ W, 8.1
= ( + ‘+4(1—T,9)+4(1—T,_79)) o @.1)

if 6 < min(T[l, Tr_l). It follows that for such a choice for 8 the semigroup (7;);>0 is well
defined on By.

Similarly to Lemma 7.1 in [4] one can show that there exists 7y > 0, constants b, < +00,
0 <k, < 1, with lim,,_, », k, = 0, and compact sets K, such that

Ti, Wo (@) = ka Wy (@) + by1g, (@). (8.2)

This is sufficient to apply Theorem 8.9 in [10] and get the existence of a stationary state.
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Let us also mention that (8.2) and (8.1) imply

sup (T; Wy) (w) < C(Wy(w) + 1) (8.3)

t>0

for a positive constant C. This is because (8.2) gives for any p > 1 that

) b
(T Wo) (@) < k7 W (@) + —

1-— K1
and (8.1) gives the existence of a constant ¢ > 0 such that
(TyWo)(@) <e“Wy(w), 0=s=1,

so that, writing T; = T,_p,, o T, with pty <t < pty + 1, we obtain (8.3).

We now consider the problem of uniqueness of the steady state.

Let us denote p,(w,&)dé the probability transition corresponding to (ﬁ),zo and
p:(w, d§) the probability transition corresponding to (7;),>¢.

Let o, be the stopping time defined as the first time a momentum is flipped. Observe
that o; has an exponential law of parameter ny. For every bounded measurable function
f:Q2, — R, we have

(T, /) (@) =By [ f (@) g, <] + o [ f (@) 15,/]
=€7W”/ pi(@,8) f(§)d§
§eQp

/ déﬁs(w,é)(/ ptﬂ@x,ds@f@/)). (8.4)
£eQ, E'eQy

We can iterate the argument and we obtain the following formula for p,

n

o [y
0

x=1

pt(w7 ds)
= eiymﬁt(a)a %‘)

oo n 00 00
k —yn(s)+...+s,
+ E Y E [/ .../ dS] ...dSk+le yrist k+l)1{51+"'+5k§t<51+'"+sk+l}
0 0
k=1

X1yeenXg=1
X / . ﬁS] (L(), S])ﬁsz (glxl ) SZ) . ﬁSk (S}jﬁ]l ) Ek)ﬁ[—(ﬂ‘F"""Sk)(glfkv S)dgl .. ~d§ki|~
&1 bk €

This shows that p,(w,d&) = p,;(w, £)dE is absolutely continuous with respect to the
Lebesgue measure on €2,. Therefore, (7}),>¢ is strongly irreducible, i.e. for every ¢ > 0,
every w € €2, and every open subset O of €2,,

pi(@,0)>0

because 7, is strongly irreducible.

Lemma 3 The semigroup (T;),>¢ is strongly Feller, i.e. it maps bounded measurable func-
tions to continuous bounded functions.

Proof By Proposition 9, the semigroup (7;),= is strongly Feller. It implies (see e.g. Corol-
lary 2.4 of [13]) that for every ¢ > 0, for all compact sets K C €2,,, we have
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lim sup  sup |(Tju)(w) — (Tu)(@)
820 1| <5, luloo=<1

w,0' €K

=0. (8.5)

Let f be a bounded measurable function with || f|l.c < 1. We have to show that, for any
fixed t > 0, T; f is a continuous bounded function. By (8.4), we have

(T, N)@) = (T )@ =" (T, @) = (T (@)

n t
tr > [em|(foFioTio ) @)
x=1 0

- (f,_s oF, 0T, o f) (a/)} ds. (8.6)

Observe that the absolute value of the second term on the right hand side is bounded above
by

nopt
—ny(t—s = = /
y ; /0 e sup, (Tis8) @ = (Tisg) @] ds
because
[FroTso fllo= sup [Eex (f (@) <11 flloo < 1.
By the bounded convergence theorem and (8.5) we have
o}iglw((T’f)(w/) — (T H(w)) =0. O

These two last properties (irreducibility and strong Feller property) are sufficient to have
uniqueness of the invariant measure ;. To show that the latter has a density, we observe
that for any ¢ > 0, the condition w7, = T, means that for any measurable set A of €2, we
have

,uss(A)=/ duss(w)</ 1A($)pt(w,§)d‘§>

_ f 1A(s>< / duss(w)mw,s))ds
Qn Qn

where the second line follows from Fubini theorem.

Acknowledgements This paper has been partially supported by the European Advanced Grant Macro-
scopic Laws and Dynamical Systems (MALADY) (ERC AdG 246953), and by French Ministry of Education
through the ANR-10-BLAN 0108 grant. The authors thank P. Carmona and M. Hairer for useful discussions.

References

1. Bernardin, C.: Hydrodynamics for a system of harmonic oscillators perturbed by a conservative noise.
Stoch. Process. Appl. 117, 487-513 (2007)

2. Bernardin, C., Olla, S.: Fourier’s law for a microscopic heat conduction model. J. Stat. Phys. 121, 271
289 (2005)

3. Bonetto, F., Lebowitz, J.L., Rey-Bellet, L.: Fourier’s law: a challenge to theorists. In: Mathematical
Physics 2000, pp. 128-150. Imperial College Press, London (2000)

4. Carmona, P.: Existence and uniqueness of an invariant measure for a chain of oscillators in contact with
two heat baths. Stoch. Process. Appl. 117(8), 10761092 (2007)

@ Springer



Transport Properties of a Chain of Anharmonic Oscillators 1255

13.

14.

. Donsker, M.D., Varadhan, S.R.S.: Asymptotic evaluation of certain Markov process expectations for

large time I. Commun. Pure Appl. Math. 28, 1-47 (1975)

Eckmann, J.-P,, Pillet, C.-A., Rey-Bellet, L.: Entropy production in nonlinear, thermally driven Hamil-
tonian systems. J. Stat. Phys. 95(1-2), 305-331 (1999)

Fritz, J.: Some remarks on nonequilibrium dynamics of infinite particle systems. J. Stat. Phys. 34(3—4),
539-556 (1984)

Fritz, J., Funaki, T., Lebowitz, J.L.: Stationary states of random Hamiltonian systems. Probab. Theory
Relat. Fields 99, 211-236 (1994)

Mazur, P.: Non-ergodicity of phase functions in certain systems. Physica 43, 533-545 (1969)
Rey-Bellet, L.: Open classical systems. In: Open Quantum Systems. I and II. Lecture Notes in Math.,
vol. 1881, pp. 1-78. Springer, Berlin (2006)

. Sethuraman, S.: Central limit theorems for additive functionals of exclusion processes. Ann. Probab. 28,

277-302 (2000)

. Toda, M.: Theory of Nonlinear Lattices. Springer Series in Solid-State Sciences, vol. 20, 2nd enlarged

edition (1988)

Schilling, R.L., Wang, J.: Strong Feller continuity of Feller processes and semigroups. arXiv:1006.
5286v1. http://arxiv.org/abs/1006.5286v1 (2010)

Zotos, X.: Ballistic transport in classical and quantum integrable systems. J. Low Temp. Phys. 126, 1185
(2002)

@ Springer


http://arxiv.org/abs/arXiv:1006.5286v1
http://arxiv.org/abs/arXiv:1006.5286v1
http://arxiv.org/abs/1006.5286v1

	Transport Properties of a Chain of Anharmonic Oscillators with Random Flip of Velocities
	Abstract
	Introduction
	Mathematical Formulation and Main Results
	The Model

	Entropy Production
	The Smooth Case
	The Non-smooth Case

	Conductivity: Linear Response
	Existence of the Green-Kubo Formula
	Temperature Dependence of the Conductivity
	Upper Bounds for Generic Anharmonic Chains
	Lower Bounds for Generic Anharmonic Chains
	The Toda Lattice

	Linear Case
	Existence and Uniqueness of the Non-equilibrium Stationary State
	Acknowledgements
	References


