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Matter’s 10th Anniversary: Toward
jamming by design

Heinrich M. Jaeger*

In materials science, high performance is typically associated with regularity and order, while disorder and

the presence of defects are assumed to lead to sub-optimal outcomes. This holds for traditional solids such

as crystals as well as for many types of nanoscale devices. However, there are circumstances where disorder

can be harnessed to achieve performance not possible with approaches based on regularity. Recent

research has shown opportunities specifically for soft matter. There, the phenomenon of jamming leads

to unique emergent behavior that enables disordered, amorphous systems to switch reversibly between

solid-like rigidity and fluid-like plasticity. This makes it possible to envision materials that can change

stiffness or even shape adaptively. We review some of the progress in this direction, discussing examples

where jamming has been explored from micro to macro scales in colloidal systems, suspensions,

granular-materials-enabled soft robotics, and architecture. We focus in particular on how the jammed

aggregate state can be tailored by controlling particle level properties and discuss very recent ideas that

provide an important first step toward actual design of specifically targeted jamming behavior.
Introduction

Jamming is the onset of rigidity in disordered, amorphous
systems comprised of many constituent particles that interact
via short-ranged repulsive forces. It is a cooperative phenom-
enon in which slight changes in local particle conguration and
connectivity produce a system-spanning transformation of the
mechanical properties. Jamming does not rely on temperature
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like ordinary phase transitions, but instead on local geometric
constraints. It therefore applies to athermal systems far from
thermodynamic equilibrium. As long as temperature is irrele-
vant, the key parameters characterizing jamming are the avail-
able free volume per particle and the applied shear stress.
Jamming occurs when geometric constraints among neigh-
boring particles prevent mobility and the applied stress is too
small to cause yielding. Conversely, unjamming and the asso-
ciated loss of aggregate rigidity occur when the free volume
experienced by particles becomes large enough to allow for
mobility or when a sufficiently large shear stress is applied to
force the system to dilate and yield. An everyday example is a
brick of vacuum-packed coffee, jammed into solid-like rigidity
by the conning pressure exerted at the bounding interface.
Simply removing the connement by changing the boundary
conditions at the interface, but without changing anything
within the bulk, allows the material to dilate, unjam, and ow
easily.

Since jamming only depends on the degree to which parti-
cles block each other from rearranging inside a given volume, it
does not require any particular particle size or type. There also is
no major structural transition associated with jamming: the
system is amorphous on either side of the transition. These two
aspects have made jamming a candidate mechanism for glassy
behavior observed in a wide range of oen much more micro-
scopic systems, including foams, colloids, and molecular glass
formers.1–4 The jamming transition in macroscopic granular
materials appears similarly subtle as far as a structural signa-
ture is concerned. At the same time, the change in dynamic
response is dramatic: just as decreasing temperature near the
This journal is © The Royal Society of Chemistry 2015
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glass transition drives up the viscosity by many orders of
magnitude over a narrow temperature interval, in macroscopic
granular systems changes of less than a percent in packing
density suffice to turn a so, malleable material into a rigidly
jammed solid.5

Since its inception, the framework of a jamming phase tran-
sition has been used successfully to explain a multitude of
behaviors associated with the rigidity onset in amorphous far-
from-equilibrium materials, including their anomalous spectrum
of normal modes, their dynamic heterogeneity, or their sensitivity
to boundary and preparation conditions (for reviews see ref. 6–8).
Building on this understanding, more recently a new direction
has emerged that exploits jamming as a tool to design structural
and dynamic properties of amorphousmaterials. The focus of this
paper is to discuss some of the basic issues and to outline recent
approaches toward jamming by design.

The main application appeal of a jamming transition is its
ability to transform a material reversibly between owing and
rigid states. The fact that the material on both sides of the
transition is highly disordered offers distinct advantages over
Fig. 1 Jamming across a wide range of scales. (a and b) On large, archite
stabilize breakwaters and enable domed spaces. Images with permission
Univ. Stuttgart (b). (c) Vacuum-jammed granular material inside an elastic
to the object's surface and establishes a close-fitting, rigid mould when
Images: switch from gripping heavy coil to fragile glass without needing
the surface of a liquid droplet, used to stabilize non-spherical drop shap

This journal is © The Royal Society of Chemistry 2015
ordinary crystalline solids in terms of the ability to withstand
plastic deformation and dissipate energy, or to self-heal aer
impact and recover load bearing strength if suitably conned. If
picked correctly, dry granular material can quickly and simply
be poured or dumped into place, yet the resulting, amorphous
particle aggregate is solid-like rigid, can support load and
withstand shear. At the same time, a granular aggregate
remains highly porous and permeable as well as recongurable.
On large scales, these features are important, for example, for
the construction and functioning of harbor breakwaters or
jetties (Fig. 1a), for foundations, or for railroad beds. On smaller
scales, they enable a range of unique applications for energy
dissipation and vibration isolation, or as shape-adaptive, vari-
able-compliance material.

In concentrated particle suspensions striking non-Newtonian
ow behavior such as discontinuous shear thickening has
recently been interpreted in terms of a granular jamming
scenario,9,10 and the jamming of nanoparticles on the surface of
liquid droplets has been used to stiffen the interface and enable
non-equilibrium droplet shapes11 (Fig. 1d). Other recent
ctural scales suitably shaped objects, jammed by pouring under gravity,
from BAM Infraconsult bv (a), and from K. Dierichs and A. Menges, ICD,
membrane forms a universal gripper: the unjammedmaterial conforms
jammed, enabling secure gripping (from left to right in the schematic).
active feedback. Adapted from ref. 5. (d) Jamming of nanoparticles on
es. From ref. 11, reprinted with permission from AAAS.

Soft Matter, 2015, 11, 12–27 | 13
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applications have been in the area of so robotics, including
jamming-based robots,12 universal grippers5,13 (Fig. 1c) and ex-
ible manipulators,14,15 tactile user interfaces,16 and new types of
adaptive sockets for prostheses.17 In addition, there has been
interest in jamming within the architecture and industrial design
communities to create structures that can be rapidly deployable,
widely changeable, and easily recyclable18–21 (Fig. 1b).

As these examples demonstrate, jamming has been enabling
a wide range of applications, some older but many very new,
and this is starting to forge connections between researchers
and practitioners well beyond the usual realm of so matter
science. The important point to make, however, is that jamming
applications so far have only started to explore the full range of
possibilities. Much of the work has been limited to readily
available particles and to the most basic forms of driving a
system into the jammed state. The good news is that any
aggregate of hard particles will jam eventually as its conne-
ment is increased; but the bigger question is whether one can
go beyond exploration and actually design for a specic target
behavior, such as a given packing density for jamming to occur,
a target yield stress for unjamming, or even a fully specied
stress strain curve.

When we think of materials “by design”, we are envisioning a
process that gets us from desired properties to requirements for
the constituent components. Beyond its inherent difficulty,
such a process for far-from-equilibrium systems constitutes a
major intellectual challenge. The key reason is that now the
target no longer is a thermodynamically favored ‘ground state.’
Instead, in a jammed material the aggregate behavior depends
on the local connectivity and the ‘architecture’ of a contact
network that is quenched into one of a myriad highly disor-
dered, metastable congurations. Together with the wide range
of possible particle shapes this allows for tremendous structural
diversity and a very rich set of dynamic responses. Compared to
regular lattice structures this also makes it signicantly more
challenging to predict how the overall, aggregate behavior is
affected by the local, particle-level properties and packing
arrangements.

Given these challenges, prior approaches have focused
mainly on prediction or verication of aggregate behavior for
ingredients that were given a priori, or on exploration by trial
and error. Actual design, however, requires more: to develop
and implement strategies that can tackle the inverse problem,
namely to identify the microscale ingredients that will yield
targeted macroscale outcomes (Fig. 2). In the science and
engineering literature this is oen termed ‘inverse design’, a
misnomer that does not acknowledge the fact that true design
Fig. 2 Jamming by design involves an inverse process that starts with
macroscale target properties to identify microscale constituents.

14 | Soft Matter, 2015, 11, 12–27
by its very nature involves a top-down, macro to micro ow of
considerations, starting from the desired end result.

This review will rst discuss some of the basic aspects of
jamming insofar as they are relevant for applications and then
show how jamming has enabled a range of innovative new
approaches to create materials and structures that can adaptively
change their stiffness or lock in a particular overall, macroscopic
shape. Given that most of the jamming-enabled applications so
far have used only the simplest of constituent particles, we next
review recent results on tailoring the structural and dynamic
properties of jammed systems by changing particle-level proper-
ties. This then leads to a discussion of a methodology for actual
design and, beyond that, to how one can use the same method-
ology also for discovery of new material properties.

Jamming phase transition

In the limit where thermal energies are not important, the
jamming transition is controlled by the average packing frac-
tion f and the applied shear stress s. As the packing fraction is
increased, and thereby the free volume per particle is decreased,
there will be a critical density of particles at fJ such that a
sufficiently large number of direct contacts among neighbors
allow for mechanical stability of the aggregate as a whole, i.e.,
enable non-zero values for bulk and shear moduli; further
increase in f enables the aggregate to withstand larger shear
stress before yielding and becoming unjammed (Fig. 3).6,7,22

For frictionless, monodisperse spheres fJ corresponds to a
packing density of �0.64 by volume, associated with amor-
phous congurations termed random close packing (RCP) or
maximally random jammed packing (this is correct for innite
quench rates, and the precise value of fJ depends somewhat on
how the packing is compressed into the jammed state23,24). With
friction, mechanically stable sphere packings can exist in a
range of packing densities extending to about 0.55, oen called
the random loose packing (RLP) limit, depending on the prep-
aration procedure.25,26 Furthermore, by applying shear to
initially fragile congurations in the regime between RLP and
fJ, structural rearrangements inside the material build up a
strong network of contact forces between neighboring particles,
which spans the material and produces a robust shear jammed
state (green region in Fig. 3, right panel) extending to fS.22,27,28
Fig. 3 Jamming phase diagrams for frictionless (left) and frictional
(right) systems. The two key parameters are the packing fraction f and
the applied shear stress s. The shear-jammed region is labeled SJ; F
denotes fragile configurations. From ref. 22, reprinted by permission
from Macmillan Publishers Ltd.

This journal is © The Royal Society of Chemistry 2015
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A simple way of appreciating the difference between the two
jamming phase diagrams in Fig. 3 is to consider dilation.
Frictionless spheres can be sheared past one another up to
densities of fJ without requiring dilation. But for frictional
particles to shear at fJ or slightly below, the system must dilate.
The associated structural reorganization, and in particular the
formation of force chains, causes the particles to jam against
the conning boundaries as long as the overall volume is xed.
In this view, the onset of shear-induced rigidity emerges due to
‘frustrated dilation’. The width of the shear-jammed regime in
Fig. 3 then depends on whether congurations exist below fJ

that dilate upon shear. Note that this is not the same as asking
only for mechanically stable congurations, which might
simply collapse when sheared.26 The packing fraction fS where
shear-jamming sets in therefore depends on both the frictional
properties of the particles and their geometry. In the presence of
attractive interactions or cohesion, mechanically stable pack-
ings can exist already at very low densities and fJ can decrease
considerably.29,30

The onset of jamming as a function of packing density in the
limit of vanishing shear, i.e., at fJ along the horizontal axis in
Fig. 3, exhibits features that are reminiscent of phase transi-
tions in thermodynamic systems, but at the same time differ in
ways that make jamming unique.4,6,7 In particular, fJ plays the
role of a critical point and quantities such as the bulk modulus,
B, and the shear modulus, G, exhibit power law scaling with
distance Df ¼ f � fJ > 0 from the critical point. However, while
G vanishes continuously as fJ is approached from above,
B approaches a nite value and then drops discontinuously.

The resulting large ratio B/G in the marginally jammed state
just above fJ signals that this state is much more susceptible to
shear than to isotropic compression, behaving like a liquid in the
limit that Df approaches zero. Conversely, as Df is increased and
the aggregate is jammed more deeply, B/G decreases and the
material behaves more like an ordinary solid also under shear,
eventually exhibiting features similar to brittle solids, such as
highly localized failure zones (shear bands).

The important point is that this wide range of response, all the
way from liquid- to solid-like behavior, can be controlled without
tuning any of the interactions among the constituent particles
inside the bulk of thematerial. Instead, it can be controlled by the
conditions at the outer, bounding surface, specically by
conning pressure (which sets Df) and applied stress.

A couple remarks are in order. First, driving an unjammed
system through the jamming transition and deep into the
jammed state will lock in, or quench, a particular conguration.
But before that happens and while the system is still traversing
the marginally jammed regime, it responds to locally applied
stresses in a highly nonlocal manner through an extended
network of contact forces between neighboring particles, which
in turn drive particle rearrangements. Adaptive response
therefore needs to exploit this marginally jammed regime.
Second, in many cases the non-negligible weight of individual
particles implies that any aggregate at rest is going to be already
in at least a lightly jammed state without need for further
connement, simply due to gravity (‘gravity jammed’). In this
regard, dispersions of particles in a liquid, such as colloids or
This journal is © The Royal Society of Chemistry 2015
suspensions, offer the opportunity to start in the
unjammed state at rest, as long as settling is prevented or can be
ignored.
Jamming-based applications and
devices
So robotics

There are a number of areas where new jamming-based appli-
cations have emerged. One of these is the eld of so
robotics.12,31–35 Ordinary robots are largely made from hard
components and materials that cannot change their physical
form or change their compliance. In this context, jamming-
enabled so robotics provides a promising means to achieve
special functionality.12,31

The jamming transition itself does not do work and there-
fore cannot be used to induce movement. However, by using
jamming to harden or soen certain parts of a robot selectively,
one can activate degrees of freedom where needed. One of the
rst completely so robots capable of moving and morphing
was the JamBot,36 a grapefruit-size ‘soccer ball’, whose surface
was segmented into roughly a dozen jammable cells, so that
inating or deating the interior produced controlled shape
changes (Fig. 4a–c). The fact that each JamBot cell was lled
with granular material provided stiffness in the jammed state
that goes well beyond what is possible with other so, pneu-
matic robot systems.34,38,39

While the jamming cells in a JamBot redirect the effect of
volume change by a central actuator element, the same concept
can also be used to redirect linear movement and thereby
activate additional degrees of freedom. For example,
surrounding a linear (McKibben-type) actuator with jamming
cells can redirect the back-and-forth movement to add bending,
thus turning one degree of freedom into three. This has been
used to drive legged robots or enable locomotion of worm-type
robots12 (Fig. 4d and e).

A second class of jamming-enabled robotic devices have
been grippers and manipulators. In their simplest form, such
grippers consist of an airtight elastic membrane lled with
granular material (Fig. 1c). When pressed against an object in
the unjammed state, the gripper easily conforms to the object's
surface; jamming the gripper, for example by evacuating the air
inside the membrane and thus strongly conning the granular
material, then transforms it into a close-tting mould that can
pick up the object through a combination of friction, geometric
interlocking and, for non-porous surfaces, suction.5,13,40 This
type of gripper has the ability to pick up objects whose surfaces
are very complex. In fact, it excels with surfaces that have
protruding parts, a major difficulty for grippers using multi-
ngered hands, mainly because manipulating the ngers
appropriately involves a considerable amount of (visual or
sensor-based) feedback and processing. By contrast, the
jamming gripper can work in open-loop mode, i.e., without any
feedback, and all ‘processing’ is done by the material itself. In
other words, by driving the gripper through the jamming tran-
sition, the material self-adapts into the appropriate
Soft Matter, 2015, 11, 12–27 | 15
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Fig. 4 Jamming-based soft robotic systems. (a and b) Cross-sectional sketch of JamBot operation. From ref. 12. (c) JamBot in contracted state
(evacuated interior).36 Image: frame from video.37 (d) Combination of linear actuator and jamming cells to add bending motion. From ref. 12. (e)
Soft hexapod robot using one linear actuator plus four jamming cells as in (d) for each leg. Image: A. Mozeika, with permission. (f–h) Highly
articulatedmanipulator, picking up a brick (f), unjammed (g), and jammed in corkscrew configuration (h). © 2012 IEEE. Reprinted with permission
from ref. 15.
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conguration, using its extremely large number of internal
degrees of freedom.

Jamming grippers can easily handle unfamiliar, odd-shaped
as well as fragile objects without reprogramming and therefore
offer tremendous potential across a wide range of robotic
operations where a large number of different objects have to be
picked up and handled. Recent applications have included
packing of consumer electronics,41 sorting of fresh fruit,42 or
repositioning of obstacles on a locomotion test terrain.43 One
potential vulnerability in applications might be the cut or
puncture resistance of the elastic membrane, but recent work
has shown how this can be resolved with advanced self-healing
materials,44,45 an approach also used in the rst commercially
available jamming grippers.46

The fact that the stiffness of jamming-based systems can be
changed over a wide range by varying the degree of connement
is advantageous in a number of other contexts as well. An
innovative use of the gripper employs the device as an adaptive
prosthesis socket.17 Here the variable compliance allows for
automatic form tting at low cost, an aspect particularly
important when access to medical specialists is not available.
Another application is as a compliance-adjustable foot sole for
bipedal robots walking on uneven ground.47 Similar jamming
technology has also found use in highly articulated
16 | Soft Matter, 2015, 11, 12–27
manipulators. One of these has been an elephant-trunk-type
system15 (Fig. 4f–h), while others are more focused on medical
applications, such as endoscopes or exible arms for minimally
invasive surgery.14,48

Jamming-enabled controllable stiffness has recently also
been employed for new types of tactile or haptic user interfaces.
In these systems either the user manipulates a lightly jammed,
malleable medium in order to input three-dimensional infor-
mation, or the user's hands sense local deformations or stiff-
ness changes of the medium, similar to reading Braille.16,49
Architecture

On large, architectural scales jamming has been utilized in two
ways. First, vacuum jamming of granular media has been
employed for creating large customized formwork (‘vacuum-
atics’).19–21 One particularly interesting application of this
approach are recongurable, shapeable moulds for the casting
of concrete into highly curved ‘free form’ shapes, with the added
potential for easy surface texturing (Fig. 5a). Closely related are
the ‘deateables’,50 where the same concept of fabricating light-
weight yet rigid structures by vacuum jamming was used for
façade elements and even small bridges (Fig. 5c), with the
difference being that the deateables typically employed a
This journal is © The Royal Society of Chemistry 2015
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Fig. 5 Jamming applications in architecture. (a) Freeform concrete
casting fabricated with a vacuum-jammed mould (‘vacuumatics’19).
Image: F. Huijben, TU Eindhoven, with permission. (b) Gravity-jammed
dome structure made from ‘tumbling units’. From ref. 48. (c) Vacuum-
jammed bridge (‘deflateables’50). Image: U. Knaack, TU Delft, with
permission. (d) Robotic pouring of gravity-jammed wall structure
(‘aggregate architecture’18). Image: K. Dierichs and A. Menges, ICD,
Univ. Stuttgart, with permission.
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regular lattice of constituent elements inside the airtight
membrane.

Second, jamming has been applied successfully to the
construction of load-bearing structures formed by random
assembly of interlocking particles that effectively self-conne
and jam under gravity and thus do not require internal bonding
or fasteners nor a conning membrane. One of the earliest to
explore the resulting low-density, visually complex congura-
tions for their architectural potential was Kentaro Tsubaki with
his ‘tumbling units’ (Fig. 5b).51 This concept has been developed
further into ‘aggregate architecture’ by Karola Dierichs and
Achim Menges (Fig. 1b and 5d).18

The raw materiality of jammed granular aggregates, their
inherent randomness coupled with their free-form potential,
and the fact that these systems effectively compute their own
stable congurations in response to applied (and potentially
changing) mechanical loads, has led to much recent interest in
the architecture community.52,53 In addition, since the constit-
uent elements connect solely by interlocking and/or friction,
such structures are not only formed and taken apart very
quickly, but the particles can be recycled for immediate reuse.
This also opens up intriguing possibilities for construction
using robotic assembly18,54 (Fig. 5d).
Dynamic response and energy dissipation

So far we have discussed (quasi-)static jamming. A different
class of applications exploits the unique dynamic response to
rapidly applied loads. Jammed granular materials are excellent
acoustic absorbers due to their highly porous and irregular
structure in combination with dissipative, frictional particle
This journal is © The Royal Society of Chemistry 2015
interactions, and they are nding increased use for indoor as
well as outdoor noise mitigation.55,56 In addition, jammed
materials dampen structure-borne sound and vibrations,
making them simple yet efficient “sound deadeners”.57,58

The compression of an initially lightly jammed system by a
piston or impacting object will lead to propagating densica-
tion fronts that behave like shocks and are highly effective in
dissipating the impact energy. In 2D systems such shocks have
been investigated numerically59–61 (Fig. 6a) and the associated
evolution of the network of contact stresses can be imaged with
single particle resolution using birefringence techniques62

(Fig. 6b–d). While the jammed network of particles takes up the
majority of the stress in the process of undergoing rapid
structural recongurations, the interstitial uid, either a gas
(air) or a liquid, can contribute signicantly to the response.
This happens when the permeability of the aggregate becomes
small or when capillary effects induce signicant conning
stresses at the boundaries. Fig. 6e–f shows how this can affect
the response to impact, a few milliseconds aer a steel sphere
(black) has been dropped onto a loosely packed bed of dry
particles whose small diameter (50 mm) limits the air perme-
ability.63,64 Since the interstitial gas cannot escape fast enough it
works against any changes (expansion as well as contraction) in
local void space. As a consequence, under ambient conditions
the build-up of a large compaction front ahead of the sphere is
avoided, enabling signicant penetration beyond what is shown
in the gure. By contrast, at reduced air pressure the impact
into a jammed system of ne particles generates a dramatic
front that quickly decelerates the sphere (Fig. 6f).63

Closely related are dynamic jamming fronts.65 These start on
the unjammed side of the transition, i.e., in the ‘sonic vacuum’

where particles do not yet contact directly, and by compressing
the system drive it into a jammed state. Jamming fronts have
been observed in collisions of dense granular gas clusters66,67

and they can occur as well in dense suspensions of micron-sized
particles in liquids.10,65,68,69 In all of these cases, impact at the
free surface generates rapidly propagating fronts that transform
uid-like, unjammed material in front of them into solid-like,
transiently jammed regions behind them (Fig. 6g). These
impact-induced jammed regions can exert normal stresses
sufficiently large to support the weight of grown persons
running across deep pools lled with material that appears
liquid at rest, such as f � 0.45 suspensions of cornstarch
particles in water.10

Under steadily applied shear, dense suspensions (and also
dry granular materials) can exhibit strongly non-Newtonian
behavior whereby the shear stress increases nearly discontinu-
ously by orders of magnitude beyond a critical shear rate. This
so-called discontinuous shear thickening (DST) occurs at
packing densities below fJ and is associated with frictional
contacts among particles that establish a network capable of
transmitting stresses from one shearing boundary to the
other.9,10,70

DST differs from the jamming fronts in several ways. In
particular, being a steady state phenomenon, it requires
strongly conning boundaries, provided either by hard walls or
the capillary (Laplace) pressure from particles protruding at a
Soft Matter, 2015, 11, 12–27 | 17
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Fig. 6 Dynamic response of jammed systems to rapidly applied loads. (a) Simulation of propagating 2D shock front when piston compresses
lightly jammed initial state. Adapted from ref. 59. (b–d) Experimental visualization of dynamically reconfiguring networks of force chains, for three
different impactor shapes, when a jammed 2D system of discs is impacted. Adapted from ref. 62. (e–f) Impact of steel sphere (12mmdiam.) into a
3D bed of frictional particles initially barely jammed (f ¼ 0.51, yellow-green color) imaged by high-speed X-ray imaging, 10 ms after impact.
Compaction front (orange-red color) is much smaller when interstitial gas is present (101 kPa). Adapted from ref. 63. (g) Impact into quasi-2D
layer of dense suspension. PIV overlay shows dynamically jammed region (orange-red) penetrating into initially unjammed region (blue). Adapted
from ref. 68. (h) Kevlar fabric impregnated with dense suspension provides enhanced stab protection (‘liquid armor’). Images (a–d): reprintedwith
permission from ref. 59 and 62. © 2012, 2014 APS. Image (h) Univ. Delaware, UDel Research online magazine 2(2), with permission.
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suspension–air interface.10,71 Without such connement, the
system will simply dilate. DST therefore has been associated
with ‘frustrated dilation’.10 Alternatively, DST might be viewed
as a dynamically reconguring shear-jammed state9 (however,
any steady-state ow is necessarily beyond yielding and thus
technically unjammed). Still, the key point is that the presence
of an interstitial uid introduces rate dependence, via the
permeability of the aggregate and the viscosity of the uid, as a
new tunable parameter for both jamming fronts and DST.

For many applications, the difference between these two
effects does not really matter as they likely occur in concert. For
example, in ‘liquid armor’, a few layers of Kevlar fabric are
impregnated with a dense suspension of hard particles72–74

(Fig. 6h), resulting in a personal protection system that is highly
exible under ordinary wearing conditions. When impacted or
stabbed, it provides extraordinary puncture resistance due to
quickly propagating jamming fronts in combination with DST
in the interstices between the shearing bers. Thick layers of
suspension without ber reinforcement, by contrast, will
develop cracks if the impact exceeds the yield stress of the
jammed solid.75

An important aspect of suspensions is that jamming can also
be controlled by electric or magnetic elds. Similar to
what happens during shear jamming, upon the application of
an E- or B-eld the particles in a suspension that was initially
below fJ and unjammed are reorganized into a network of
18 | Soft Matter, 2015, 11, 12–27
system-spanning, stress-bearing chains of induced dipoles. For
low packing fractions this is simply a reinterpretation of the
mechanism behind electro- or magneto-rheological (yield
stress) uids; however, more concentrated systems of this type,
typically with f > 0.3, behave very much like frictional or gran-
ular systems so that eld-induced jamming may be the more
appropriate scenario.76
Tailoring the jammed state at the
particle level

In practically all of the applications just discussed, the link
between the properties of the particles and that of the jammed
aggregate was established by trial and error. As a rst step
toward jamming by design, i.e., achieving specic desired
properties, it is therefore important to understand how
jamming is affected by changes at the particle level.

The behavior in the jammed state depends critically on the
number and type of contacts between neighboring particles.
This in turn is controlled by particle shape and particle prop-
erties such as their surface friction and their inherent elastic
modulus. Shape-mediated particle interactions, in particular,
lead to opportunities to generate jammed aggregates with
special properties. At the same time, new technical capabilities
have emerged, including 3D printing and non-invasive imaging
techniques, which for the rst time make experiments possible
This journal is © The Royal Society of Chemistry 2015
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Fig. 7 Relationship between compressive modulus E and yield stress
sy in jammed aggregates, for 14 different particle shapes (symbols) and
4 confining pressures scon (colors). Several independent measure-
ments per shape and pressure are shown. Inset: extraction of yield
stress from intersection of asymptotic behavior of stress–strain curves.
Adapted from ref. 113.
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to investigate the role of particle shape systematically. This is
particularly timely because of the recent computational prog-
ress in modeling packings of non-spherical particles.

Quite generally, the two aspects one might want to tune are
the structural properties and the mechanical response. As we
saw earlier, for random packings of spheres that are frictionless
or that have been mechanically agitated to effectively mobilize
friction, jamming occurs at fJ � 0.64, while with friction, and
depending on the preparation protocol, packings of purely
repulsive spheres can be mechanically stable down to around
0.55.26 In order to tune the packing density at which jamming
rst sets in one can go beyond spheres, where there has been
much recent progress concerning the maximum achievable
packing densities in random aggregates, together with local
particle congurations and correlations among neighboring
particles.77 This includes particle shapes such as Archimedean
and Platonic solids,78–83 ellipsoids, cuboids, or ‘superballs’,84–90

cylinders, cones, and frustums of different aspect ratios,90–92 as
well as various types of particles constructed from overlapping
disks or spheres.86,94–102

Properties such as the permeability and ltration capability
of jammed particle aggregates depend not only on the average
packing density but on the geometry of the local void space, in
particular the network of ‘necks’ connecting the voids. This is a
well-researched problem for sphere packings and various types
of soil. On the other hand, less is known for jammed systems of
shape-controlled non-spherical particles and the availability of
such particles could open up new opportunities.

Similarly, detailed knowledge has been sparse concerning
the mechanical response of packings of non-spherical particles,
including sound propagation and heat transport, and with few
exceptions the focus has been on particles with a convex shape.
In the last few years, however, increasing attention has been
paid to particles that are highly non-convex (or are sufficiently
exible so they can assume a concave shape during the packing
process).89,103–112 Signicant concavity allows for interlocking
(‘geometrical friction’) or even entanglement. While non-convex
particles with sharp bends or large protrusions tend to pack less
densely than convex shapes, such interlocking can also enhance
mechanical strength. This suggests that shapes could be found
that optimize trade-offs between several desirable attributes of
the jammed aggregate, such as maximized porosity together
with high yield stress and/or high stiffness. However, general
design rules to identify such shapes for amorphous packings do
not exist yet (the next section discusses rst approaches toward
this goal).

As Fig. 7 shows, for given conning pressure, particle shape
can indeed be used to tune and optimize the aggregate response
within factors of two or three as far as properties like
compressive modulus or yield stress are concerned.113 Still,
simple shape variations do not produce dramatic changes in
aggregate properties. This holds for convex shapes such as
Platonic and Archimedean solids as well as non-convex shapes
such as ‘jacks’ (hexapods with arms of various length) and
‘dolos’ (H-shaped with one side rotated 90 degrees), two particle
types used in huge sizes for breakwaters103,114 (Fig. 1a).
Furthermore, changes in conning pressure are seen to induce
This journal is © The Royal Society of Chemistry 2015
changes in relative performance among different shapes, i.e.,
there typically is no one shape that performs better in all situ-
ations. This highlights the complexity of the problem and the
importance of accounting for preparation and boundary
conditions when attempting to optimize.

To the extent that the particle shapes used to compile Fig. 7
represent a sufficiently wide range of geometries, the data
coverage denes a region of typical material response to applied
compressive stress. We can now ask whether different particle
types or shapes might allow us to reach not only further into the
unpopulated areas of Fig. 7, but also discover qualitatively
different behavior. For example, we know from work on gran-
ular chains, i.e., ‘granular polymers’ made from exibly con-
nected spheres, that entanglement can lead to signicant self-
connement.108,110,115 As a result, already at very low applied
conning pressure (a few kPa) chain aggregates can exhibit
extremely high yield strengths (several MPa), far to the right of
the data clusters shown in Fig. 7. Such aggregates will have a
small modulus, but excel in terms of their low packing density
(up to almost a factor two smaller than single particle aggre-
gates105) and high toughness.
Designing the jammed state

Up to now we have been exploring properties of the jammed
state for given constituent ingredients. As we discussed in the
introduction, this is not the same as actual design, which by its
very nature involves an inverse process: it starts from a desired
performance goal for the jammed aggregate as a whole and then
works backwards to identify the properties of the constituent
ingredients required to reach that goal (Fig. 2). There are at least
four reasons why this is difficult:

� The rst is that as the number of control parameters
increases, the set of possible combinations grows exponentially.
For jammed systems, even if aspects such as preparation and
conning conditions as well as the particles' material and
Soft Matter, 2015, 11, 12–27 | 19
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Fig. 8 Schematic of evolutionary process for tackling the inverse
problem of jamming by design.
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surface friction are xed, shape alone is an essentially inex-
haustible parameter.

� Second, especially for materials formed under non-equi-
librium conditions, a critical additional aspect of design may be
identifying the most appropriate boundary conditions and/or
the processing path, including the initial conditions.

� Third, the mapping from the space of desired aggregate
behaviors to the space of particle-level properties or processing
conditions does not have to be unique. In other words, there
can be a multitude of design solutions to a given design
problem.

� Finally, to make a design-based solution valuable it should
do more than represent a single answer to a single inverse
problem. What we are looking for in a useful design is that it
provides a path toward solving similar problems without having
to go through the full inverse process. Ultimately we would like
to obtain more general outcomes, termed here design rules, that
apply to whole classes of related inverse problems.

Given this complexity in the absence of established design
processes for jammed systems, simple trial and error clearly is
not the best design strategy. And since several of the above
issues apply very generally to the design of any complex system
or material whether jamming-based or not, there has been
considerable interest in developing automated, computer-
based approaches to solving inverse problems of this type. A
recent review of inverse methods for material design was
written by Jain and coworkers.116

Finding input parameters that produce the desired output is
a search and optimization problem. In high-dimensional search
spaces and for very rugged (or very at) underlying ‘search
scapes’ gradient-based methods oen have difficulties. To
circumvent this, a powerful approach to such optimization
instead unleashes a whole swarm, or ‘population,’ of trials,
selects the best performing ones, mutates them and repeats the
process, similar to evolution in biology. Over the last decade
thesemethods have undergonemajor improvement and, for the
type of optimization discussed here, their current champions
are known as evolutionary strategies117,118.

Inverse methods using various types of articial evolution
have been applied to nd crystal structures in materials made
from atoms119,120 as well as colloids.121,122 They have been used to
optimize organic photovoltaics123 or the stress–strain behavior
parameters in alloys,124 for assembly planning of stochastically
recongurable robotic systems,125 automatic design and
manufacture of robotic life forms,126 as well as directed
assembly of nanoscale patterns with thin lms of block-
copolymers.127–129

However, despite their potential, these methods have so far
not been used much within the context of granular or jammed
systems. Earlier exceptions include genetic design of particulate
microstructure,130 identication of parameters in constitutive
models,131 and the application of genetic algorithms for
modeling concrete.132 Recently, more advanced evolutionary
strategies have been applied to nding the appropriate shape of
particles in random packings of compound particles comprised
of bonded spheres (‘granular molecules’).133,134
20 | Soft Matter, 2015, 11, 12–27
The basic architecture of an optimizer using evolutionary
algorithms is shown in Fig. 8. It is a computational framework
that provides input parameters for a large set (‘population’) of
virtual experiments conducted in parallel via simulation, and
improves the input over successive generations of virtual experi-
ments until it reaches the targeted goal. Note that this process can
proceed essentially in black-box fashion, with details about the
underlying physics contained only in the engine that runs the
virtual experiments (labeled ‘tasks’ in Fig. 8), each of them a
standard ‘forward’ simulation. The only requirements are ametric
to determine when the target has been reached, and a parame-
terization of the particle-scale properties that allows for appro-
priate mutations such that the next generation of input to the
virtual experiments has a chance to explore the search space
widely. In highly performing optimizers, such as the covariance
matrix adaptation evolutionary strategy (CMA-ES),118 the selection
of input for the next generation of trials is based on statistical
sampling that starts with wide-ranging exploration and then
homes in on promising regions.

A particular advantage of this approach is that initial and
boundary conditions are automatically included as part of the
forward simulations. As we saw in the last section, this is crit-
ically important when asking for optimal particle shapes, since
those shapes are likely to change for different preparation
conditions or conning pressures.

As a typical problem of this type, consider the question
which particle shape forms the densest random packing when
poured under gravity (for simplicity we limit ourselves to shapes
that can be formed by bonding up to 10 spheres of arbitrary
radii; Fig. 9). The shape identied by the optimizer depends
strongly on the protocol: spheres for the case that the particles
are frictional, and trimers for frictionless or vibrated pack-
ings.134 In the latter case, the trimers take advantage of statis-
tical likelihoods for void spaces that can be lled by the two
smaller ‘ears’ on each particle, an effect discovered and
exploited by the optimizer without having been programmed in.
On the other hand, the loosest packings are always formed by
rod-like molecules (Fig. 9a).

The same evolutionary strategy has been applied successfully
to nding shapes that lead to optimized dynamic properties,
This journal is © The Royal Society of Chemistry 2015

http://dx.doi.org/10.1039/c4sm01923g


Fig. 9 Particle shapes identified by evolutionary algorithm as optimal for
given design task. (a) Find densest (top) and loosest (bottom) packing
density when poured under gravity. Friction was assumed to be mobi-
lized, corresponding to vibrating or tapping. The search process was
started with a granular molecule containing 10 rigidly bonded spheres of
random size and configuration. Adapted from ref. 134. (b) Find smallest
granular molecule exhibiting strain stiffening in triaxial test. In this task, all
spheres had the same size. For comparison, results from a packing
comprised of dimers are shown in red. Adapted from ref. 133.

Emerging Area Soft Matter

Pu
bl

is
he

d 
on

 2
0 

O
ct

ob
er

 2
01

4.
 D

ow
nl

oa
de

d 
on

 0
8/

04
/2

01
6 

22
:1

2:
48

. 
View Article Online
such as maximum stiffness or soness under compressive
loading,133 and in principle could be tasked with optimizing any
other aspect of the stress–strain curve, including design of
specic failure behavior past yielding. Other aggregate proper-
ties that could be included in the design are permeability to
liquid ow or energy absorption on impact. One can also easily
imagine extending the method to include different types of
interactions among contacting particles (e.g., local adhesion) or
use other approaches besides bonded spheres for building up
arbitrary particle shapes.

An important consequence is that the method can work with
design targets that lie outside the envelope of known structural
or dynamic behaviors. In other words, the optimizer can be
used as a tool for discovery of new behavior. A rst discovery of
this type has been the smallest rigidly bonded granular mole-
cule that, in aggregate, exhibits strain stiffening. The associated
stress–strain curve with its increasing slope is not just quanti-
tatively but qualitatively different from ordinary particulate
matter, which weakens under compressive strain. The result is
the remarkably asymmetric 5-sphere molecule shown in Fig. 9b,
just large enough to interlock strongly.
This journal is © The Royal Society of Chemistry 2015
While the optimizer delivers as nal output one specic
solution to one specic inverse problem, along the way it
generates a myriad of trial solutions that can be thought of as
solutions to related problems. However, there is no guarantee
that the resulting mapping between problem space and solu-
tion space is smooth in the sense that small changes in desired
target will result in small changes in the required particle-scale
properties (in fact, in jammed systems, the large number of
meta-stable congurations implies that shapes looking very
differently can have almost identical packing density). A large
set of individual solutions certainly is useful, but ideally we are
looking for more generally valid design rules that allow us to
interpolate smoothly in solution space.

One way to establish such rules is to use the optimizer to
identify solutions to the extreme limits of a given class of target
problems, such as the particle shapes that jam into the densest
or the loosest conguration under given preparation condi-
tions, and then devise a smooth interpolation in shape (this
interpolation can be based on other considerations, such as
ease of fabrication of the individual particles). As long as this
interpolation meets the already identied extreme limits it is
guaranteed to cover the full accessible parameter range in target
parameter space. A proof of principle of this approach was
recently demonstrated for the inverse packing problem.134

Outlook

Why would one want to use jamming, a process so inherently
coupled to structural disorder, as a basis for the (rational)
design of structures or materials? As this overview showed,
jamming not only provides a means to transformmatter quickly
and reversibly from a uid- into a solid-like state, but the
resulting rigid structures can be robust and highly defect
tolerant, recongurable and adaptive to external load changes.

The wide range of jamming-enabled applications that
recently have emerged is an indication of some of the unique
opportunities for jamming by design. At the same time, actual
design of jammed systems poses challenges that connect to
forefront issues in materials science and are just beginning to
be tackled, in particular the application of inverse methods to
highly disordered systems far from equilibrium.

The topic of jamming by design originally came up in a
discussion about the possibility of using fundamental insights
from jamming to create amorphous aggregate materials with
new kinds of properties. In this regard, inverse methods go
beyond design and offer new possibilities for discovery. Of
course, as with discovery by other means, inverse methods such
as those based on evolutionary algorithms only can provide the
evidence that a particular solution exists; they do not spell out
why. Keeping this in mind, the evolutionary approach never-
theless has the potential to introduce a paradigm shi in the
way the rational design of amorphous granular structures is
approached.

The similarities in the dynamic behavior near the rigidity
threshold discovered over the last several years among dry
granular materials and dense suspensions or colloids strongly
suggests that a jamming/unjamming scenario based on the
Soft Matter, 2015, 11, 12–27 | 21
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local packing geometry and resulting particle connectivity
might be applicable to wide classes of materials. At this stage,
there are exciting opportunities to go beyond the current level of
understanding, which has focused on the onset or demise of
aggregate rigidity as a function of packing fraction, but le open
many questions about the dynamic response to stress, in
particular the loading-rate dependence of jamming. In granular
systems such rate dependence emerges from the characteristic
time scales associated with local particle rearrangement and/or
deformations. In many dry granular materials, such rate
dependence is thought to become important only for fast
loading rates. As we saw, this is no longer the case when the ow
of the interstitial uid (gas or liquid) needs to be considered.
Dense suspensions of particles therefore are a system in which
it is possible to nely tune the rate of feedback between local
microstructure changes and dynamics. This also opens up new
possibilities by using non-Newtonian liquids as the interstitial
medium, such as electro-rheological uids, for further levels of
control that allow for active feedback.

New capabilities to fabricate more complex particle shapes,
via chemical synthesis, lithographic means or rapid 3D proto-
typing, have opened up the parameter space for design. For
example, with template-based methods such as PRINT135

particles with dimensions from a few dozen nanometers to a
few hundred microns can be fabricated in bulk quantities.
Shape control provides an exciting path toward engineering
specic, crystalline packing arrangements.136 Jamming exploits
the same particle geometry to produce amorphous structures
under conditions far from equilibrium. One area where this is
likely to become increasingly important is additive
manufacturing. Here, the need to deposit material rapidly oen
prevents careful, deliberate particle placement; yet a packing
with tightly controlled particle contacts is required in order for
the resulting aggregate to exhibit the desired strength aer
fusing or sintering.

The availability of optimized designed particles would make
it possible to overcome a number of bottlenecks currently
limiting the use of granular materials and open up new uses.
This might include high-porosity high-toughness materials for
medical implants that can be poured into place during minimal
incision surgery, shock absorbing materials that have designed
stress–strain characteristics to protect sensitive equipment,
head-conforming helmet interiors for better impact protection,
or particles designed for specic settling characteristics to
minimize, or tune, compaction.

Going beyond the examples highlighted above, a very inter-
esting direction is the use of inverse methods for optimizing the
material processing path, such as the sequence of preparation
steps for the jammed aggregate (including any initial agitation
or compaction) or of applying boundary conditions (including
conning pressure). In the simplest situation both the desired
end result and the constituent ingredients are given, and the
problem consists of nding the most efficient sequence of
processing steps to reach the target. However, in many real
world applications processing path and constituent properties
are interdependent, and one would want to optimize both.
Traditionally, such coupling has been difficult to take into
22 | Soft Matter, 2015, 11, 12–27
account and we can expect large payoffs for automated inverse
methods.

Given the computational power of inverse methods, more
complex design goals are coming within reach, making it
possible to optimize with respect to multiple, and possibly
competing, goals. In architecture as well as for many engi-
neering applications, an example might be to nd the most
porous yet stiffest structure under given boundary conditions.
For so robotics applications a goal might be to maximize the
rigidity in the jammed state while minimizing it when
unjammed.

Finally, while this review focused on macroscopic granular
materials and (colloidal) suspensions as prototypical jammable
systems, the issues are much broader. Similar behavior is
observed in many other systems trapped in metastable cong-
urations far from equilibrium, and similar questions apply
about how to bias the selection of these metastable states such
that the result approximates the desired behavior.
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Jammed Frictional Tetrahedra are Hyperstatic, Phys. Rev.
Lett., 2013, 111, 028001, DOI: 10.1103/
physrevlett.111.028001.

84 P. W. Cleary and M. L. Sawley, DEMmodelling of industrial
granular ows: 3D case studies and the effect of particle
shape on hopper discharge, Appl. Math. Model., 2002, 26,
89–111, DOI: 10.1016/s0307-904x(01)00050-6.

85 A. Donev, R. Connelly, F. H. Stillinger and S. Torquato,
Underconstrained jammed packings of nonspherical hard
particles: Ellipses and ellipsoids, Phys. Rev. E: Stat.,
Nonlinear, So Matter Phys., 2007, 75, 051304, DOI:
10.1103/physreve.75.051304.

86 C. F. Schreck, N. Xu and C. S. O'Hern, A comparison of
jamming behavior in systems composed of dimer- and
ellipse-shaped particles, So Matter, 2010, 6, 2960–2969,
DOI: 10.1039/c001085e.

87 G. W. Delaney and P. W. Cleary, The packing properties of
superellipsoids, Europhys. Lett., 2010, 89, 34002, DOI:
10.1209/0295-5075/89/34002.

88 R. F. Shepherd, J. C. Conrad, T. Sabuwala, G. G. Gioia and
J. A. Lewis, Structural evolution of cuboidal granular
media, So Matter, 2012, 8, 4795–4801, DOI: 10.1039/
c2sm06829j.

89 S. Torquato and Y. Jiao, Organizing principles for dense
packings of nonspherical hard particles: Not all shapes
are created equal, Phys. Rev. E: Stat., Nonlinear, So Matter
Phys., 2012, 86, 011102, DOI: 10.1103/physreve.86.011102.

90 R. Ni, A. P. Gantapara, J. de Graaf, R. van Roij and
M. Dijkstra, Phase diagram of colloidal hard superballs:
from cubes via spheres to octahedra, So Matter, 2012, 8,
8826–8834, DOI: 10.1039/C2sm25813g.
Soft Matter, 2015, 11, 12–27 | 25

http://dx.doi.org/10.1039/c4sm01923g


Soft Matter Emerging Area

Pu
bl

is
he

d 
on

 2
0 

O
ct

ob
er

 2
01

4.
 D

ow
nl

oa
de

d 
on

 0
8/

04
/2

01
6 

22
:1

2:
48

. 
View Article Online
91 A. Wouterse, S. R. Williams and A. P. Philipse, Effect of
particle shape on the density and microstructure of
random packings, J. Phys.: Condens. Matter, 2007, 19,
406215, DOI: 10.1088/0953-8984/19/40/406215.

92 A. Wouterse, S. Luding and A. P. Philipse, On contact
numbers in random rod packings, Granular Matter, 2009,
11, 169–177, DOI: 10.1007/s10035-009-0126-6.

93 J. Zhao, S. X. Li, P. Lu, L. Y. Meng, T. Li and H. P. Zhu, Shape
inuences on the packing density of frustums, Powder
Technol., 2011, 214, 500–505, DOI: 10.1016/
j.powtec.2011.09.013.

94 D. O. Potyondy and P. A. Cundall, A bonded-particle model
for rock, Int. J. Rock Mech. Min. Sci., 2004, 41, 1329–1364,
DOI: 10.1016/j.ijrmms.2004.09.011.
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