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Abstract

In [1], a new relaying strategy, quantize-map-and-forward (QMF) scheme, has been demonstrated to approximately
achieve (within an additive constant number of bits) the Gaussian relay network capacity, universally, i.e., for arbitrary
topologies, channel gains and SNRs. This was established using Gaussian codebooks for transmission and random
mappings at the relays. In this paper we develop structured lattice codes that implement the QMF strategy. The main
result of this paper is that such structured lattice codes can approximately achieve the Gaussian relay network capacity
universally, again within an additive constant. In addition, we establish a similar result for half-duplex networks, where

we demonstrate that one can approximately achieve the capacity using fixed scheduling and uniform power allocation.

I. INTRODUCTION

Characterizing the capacity of relay networks has been a long-standing open question in network information
theory. The seminal work of Cover and El-Gamal [6] has established several basic achievability schemes for relay
channels. More recently there has been extension of these techniques to larger networks (see [11] and references
therein). In [1], motivated by a deterministic model of wireless communication, a new relaying strategy, called
quantize-map-forward (QMF) was developed. It was shown that the quantize-map-and-forward scheme achieves
within a constant number of bits from the information-theoretic cutset upper bound. This constant is universal in
the sense that it is independent of the channel gains and the operating SNR, though it could depend on the network
topology (like the number of nodes). Moreover QMF was shown to be robust in that the relays did not need
information about network topology or channel conditions, and it also achieved the compound network capacity
approximately.

In the QMF scheme developed in [1], each relay node first quantizes its received signal at the noise level, then
randomly maps it directly to a Gaussian codeword and transmits it. The critical difference in the QMF strategy from
the compress-forward strategy of [6] is that it does not map the quantized signal to a digital bin-index, which is
then encoded onto the transmit codebook. Instead at each relay, QMF directly maps the quantized sequence to the
transmit sequence, and therefore does not require explicit choices of binning rates. This subtle, but critical difference

enables analysis for arbitrary wireless relay networks where it was shown that QMF is approximately optimal. The
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direct mapping at the relays also gives a “universality” property, which allows the same relay operation to work
for multiple destinations (multicast) and uncertain network situations (compound networks).

Following this result, there have been several papers that build on this approximation approach (see for example
[2], [3], [5], [7] and references therein) where many interesting ideas have been developed (including extension to
discrete memoryless networks and connections to algebraic flows). A natural question that we address in this paper
is whether lattice codes retain the approximate optimality of the above scheme. This is motivated in part since
lattice codes along with lattice decoding could enable computationally tractable encoding and decoding methods.
For example lattice codes were used to achieve the capacity of Gaussian channels in [17], and for communication
over multiple-access relay networks (with orthogonal broadcast) in [16]. The main result of this paper is to show
that the QMF scheme using nested lattice codes for transmission and quantization along with structured lattice-to-
lattice maps still achieves the Gaussian relay network capacity within a constant. This result', is summarized in
Theorem 2.1. It also enables many other approximation results established in [1]; all those approximation results
can now be achieved through structured lattice codes. These include the result for multicast networks as well as
for compound networks.

The use of structured lattice codes requires the specification of a structured lattice-to-lattice mapping between the
quantization and transmission codebooks at each relay. We design such a map by using the representation of nested
lattices through linear codes lifted appropriately to the real domain. Such a representation of nested lattices was
studied in [20] and also [17]. This enables us to design lattice-to-lattice maps at the relays, which can be effectively
implemented using linear (finite-field) operations 2 but still retain approximate optimality. In this paper we make
several other technical contributions to establish the main result: (i) we use a lattice vector quantizer instead of
the scalar lattice quantizer used in [1], and this enables us to get a better approximation constant. (ii) we develop
a “typical decoder” analysis for lattices that enables us to establish the approximation result, which might be of
independent interest. (iii) we develop a simple outer bound on the information-theoretic capacity of half-duplex
networks, earlier upper bounds apply under the restriction of fixed schedules and no transmit power optimization
across the half-duplex states as explained below.

Half-duplex radios have the constraint that they cannot transmit and receive signals simultaneously over the
same frequency band. Therefore, each relay needs to develop a strategy of when to listen and when to transmit.
Fixed scheduling strategies are those where the listen-talk states of the relays are established prior to the start
of communication (but perhaps depending on global channel/network conditions). However, random scheduling
strategies are those which allow the schedules to change during run-time, so that the transmit and receive states

of the relays can be used to convey additional information. Moreover, the transmit power of the relays can be

I'This result was first presented in [4], is the first structured code for approximately achieving the wireless network capacity.

2The relay operations are quite simple, and just involve matrix-vector multiplication over finite fields and remapping bits into lattice points.
Therefore we believe that these are easily implemented in practice. However, the decoding could still be onerous. Recently approaches based
on iterative codes have been proposed to implement QMF [9], [10]. These are heuristic approaches which seem to yield excellent performance

with almost linear complexity for simple topologies, but as of yet do not have proof of approximate optimality.
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optimized across different configurations of the network. Note that in a network of N relays where each relay
can be in either transmit or receive state, there are 2%V different possible configurations for the network. We show
that the QMF strategy with fixed schedules and an equal power allocation strategy across the half-duplex states,
can approximately achieve the capacity of half-duplex networks. This establishes the first approximation result for
half-duplex networks. Note that earlier approximation results were based on restricting to fixed scheduling strategies
with equal power allocation [1]. It is easy to observe that the random strategies can increase the capacity by at most
one bit per relay over fixed schedules, or IV bits/s/Hz in total. This has been pointed out in [14], [15]. However, to
the best of our knowledge, the capacity gain due to transmit power optimization across the 2V states of the network
has not been investigated earlier. We show that this gain can be at most linear in N.

The paper is organized as follows: In Section II, we state the network model and our main results. In Section III,
we summarize the construction of the nested lattice ensemble. In Section IV, we describe the network operation. In
particular, we specify how we use the nested lattice codes of Section III for encoding at the source, quantization,
lattice-to-lattice mapping and transmission at the relay nodes, and decoding at the destination node. In Section V,
we analyze the performance achieved by the scheme. In Section VI, we establish the approximation result for

half-duplex networks. Many of the detailed proofs are given in the Appendices.

II. MAIN RESULTS

We consider a Gaussian relay network with a set M of N nodes, where a source node s € M wants to
communicate to a destination node d € M, with the help of relay nodes M\{s,d}. The signal received by node
1 € M is given by

yi = ZHinj +2; (1
J#i
where H;; is the N; X M; channel matrix from node j comprising M; transmit antennas to node ¢ comprising N;
receive antennas. Each element of H;; represents the complex channel gain from a transmitting antenna of node j
to a receiving antenna of node 7. The noise z; is complex circularly-symmetric Gaussian vector CN(0, I) and is
i.i.d. for different nodes. The transmitted signals x; are subject to an average power constraint P. Note that without
loss of generality we have scaled the noise power to 1.

The following theorems are the main result of this paper.

Theorem 2.1: Using nested lattice codes for transmission and quantization along with structured mappings at the
relays, we can achieve all rates

R< m{%n[(XSNYchxQC) —(2+1log2) Z N;
i€M\s
between s and d, where (2 is a source-destination cut of the network, xo = {x;, i € Q} and x;,7 € M are i.i.d.

CN(0, (P/M;)I)3

3The logarithms in the paper are base e.
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It has been shown in [1] (see Lemma 6.6) that the restriction to i.i.d. Gaussian input distributions is within
23 e M; bits/s/Hz of the cut-set upper bound. Therefore the rate achieved using lattice codes in the above
theorem is within 2.\ M; + (2 4+ log2) > .\, N; bits/s/Hz to the cutset upper bound of the network (or
S iem M+ (2+10g2) /23, 1 N; for real Gaussian networks)*. This is summarized in the following result.

Theorem 2.2: Using nested lattice codes, we can approximately achieve the capacity of Gaussian wireless
networks to within 23, M; + (2 +1og2) >, . N; bits/s/Hz.

The same lattice coding techniques used to obtain the approximate characterization of Theorem 2.2, can be
used to get the approximate characterization for multiple-source multicast (where there are multiple sources and
destinations, which are interested in all the sources) as well as for compound relay networks. The extensions of
lattice codes to these cases are straightforward applications of the ideas in this paper using the tools developed in
[1], [12], [13]. Another interesting case is that of half-duplex networks considered in [1], where it was established
that the QMF scheme approximately achieved the best possible rates, when attention was restricted to the class of
fixed schedules with constant transmit power for the relays. This left open the question whether allowing random
schedules could invalidate the approximate optimality of QMF. In this paper, we establish the approximation result
for any scheme over half duplex networks. Moreover, we show that a uniform power allocation across the states is
approximately optimal. The following result is proved in Section VI.

Theorem 2.3: Using nested lattice codes and fixed scheduling of transmission states, we can approximately
achieve the capacity of Gaussian relay networks with half-duplex constraint to within N +4% ., M; + (2 +
log2) .. ¢ Ni bits/s/Hz.

For simplicity of presentation, in the rest of the paper we concentrate on scalar channels where every node has a
single transmit and receive antenna. Moreover, we focus our attention to layered networks, which were defined in
[1]. These are networks, where the number of hops are the same for every path from the source to the destination
in the network. An example of such a layered network is given in Figure 1. More precisely, the signal received by
node ¢ in layer [,0 <[ <4, denoted 7 € My, is given by

yi = Z hijx; + 2
JEM-1
where h;; is the real scalar channel coefficient from node j to node ¢ and s € Mg, d € M,,. The analysis can be
extended to arbitrary (non-layered) networks by following the time-expansion argument of [1] (see Section VB of
that paper) and to multicast traffic with multiple destination nodes as well as to multiple multicast where multiple
source nodes multicast to a group of destination nodes. The complex case follows by representing each complex

number as a two-dimensional real vector. The extension to multiple antennas is discussed inside the text.

4These constants can be further tightened by using a sharper analysis and adjusting the quantization distortion levels, but our goal here is not

to get the tightest bound for the constants.
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III. PRELIMINARIES: CONSTRUCTION OF THE NESTED LATTICE ENSEMBLE

In this section we review some of the basic properties of lattices that can be found in standard references like
[17], [18], [19]. We summarize these properties to make this paper more self-contained, as well as to establish the
notation used throughout this paper.

Consider a lattice A, or more precisely, a sequence of lattices A(™ indexed by the lattice dimension 7, with V

denoting the Voronoi region of A. The second moment per dimension of A is defined as

11
UQA:——/deX
W =7 I

where |V| denotes the volume of V. We also define the normalized second moment of A,

o2(4)

2

Throughout the paper, we assume that A (or more precisely, the sequence of lattices A™)) is both Rogers and

Poltyrev-good. The existence of such lattices has been shown in [18]. Formally, A satisfies the following properties:

o (Rogers-good) Let R, and R; be the covering and effective radius of the lattice A. A (more precisely the
sequence of lattices A(™) is called Rogers-good if its covering efficiency approaches 1 as the dimension n

grows,
R,

covA = 75
Peov () R,

— L 3)

It is known that a lattice that is good for covering is necessarily good for quantization. A lattice is called good
for quantization if

G(A) — G 4)

where G}, is the normalized second moment of an n-dimensional sphere and G, — 5= when the dimension
n becomes large. (4) follows from (3) and the relation (see [18])

n+2

GA) < Gy, (peov).

o (Poltyrev-good) Let Z be a Gaussian random vector whose components are i.i.d. A'(0,?), such that 0% <
o%(A). The volume to noise ratio of the lattice A relative to N(0,0?) is defined as 4 = 0%(A)/o?. Then, A

(more precisely the sequence of such lattices A(™) is called Poltyrev-good if
P(Z ¢ V) < e~ MEr(1)—on(1)]

where Ep(u) is the Poltyrev exponent given by

3l —1) —log ] 1< p; <2
Ep(ui) =\ 5log 2< ;<4
& pi > 4.
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Let the n x n full-rank generator matrix of A be denoted by Gy, ie., A = G AZ"™> This fixed lattice A will
serve as the coarse lattice for all the nested lattice constructions in this paper. The fine lattice A; is constructed
using Loeliger’s type-A construction [20]. Let m, n, p be integers such that m < n and p is prime. The fine lattice

is constructed using the following steps:

e Draw an n x m matrix G such that each of its entries is i.i.d according to the uniform distribution over
Z,={0,1,...,p—1}
e Form the linear code

C={cic=G -w,welZ)} %)

where “” denotes modulo-p multiplication.
o Lift C to R™ to form ©
l=ptCH+2".
where for two sets A C R™ and B C R", the sum set A+ B C R™ denotes A+ B={a+b:ac A b€ B}.
e Ay = Gp A} is the desired fine lattice. Note that since Z™ C A/}, we have A C A;.

 Draw v uniformly over p~'A NV and translate the lattice A; by v. The nested lattice codebook consists of

all points of the translated fine lattice inside the Voronoi region of the coarse lattice,
A'=wv+A) modA=(v+A)NV. (6)
In the above equation, we define x mod A as the quantization error of x € R™ with respect to the lattice A, i.e.,
x mod A =x— Qx(x), (7
where Q4 (x) : R™ — A is the nearest-neighbor lattice quantizer defined as,

Qa(x) = argminjx — Afl.

Note that the quantization and mod operations with respect to a lattice can be defined in different ways. The mod
operation in (7) maps x € R™ to the Voronoi region V' of the lattice. More generally, it is possible to define a mod
or quantization operation with respect to any fundamental region of the lattice. In particular, when we consider the
integer lattice Z" in the sequel, or more generally its multiples p Z™ where p is a positive integer, we will assume
that

x modpZ" =x— [x],

where |x |, denotes component-wise rounding to the nearest smaller integer multiple of p. In other words, the mod

operation with respect to p Z™ will map the point x € R™ to the region p [0, 1)™.

SFor any operation f : R® — R™ and a set A C R", f(A) C R™ denotes f(A) = {f(a) : a € A}.
%In the sequel, we slightly abuse notation by using C to denote both the code over the finite field and its projection to the reals. Hence, the
codewords c are either considered as vectors in Zjy, in which case they are subject to finite field operations, or they are considered as vectors

in R™ subject to real field operations. It is to be deduced from the context to which of these two cases the notation refers to.
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The above construction yields a random ensemble of nested lattice codes that has a number of desired properties
as we discuss next.

First, note that there is a bijection between
Z7 < p 'y =p 2N [0,1)" <> pTTANGA 0, 1) < pTTAN Y.

The last bijection follows from the fact that both G, [0,1)" and V are fundamental regions of the lattice A, i.e.,

they both tile R™. Since C C Zg, the above bijection restricted to C yields,
Cop IC=NN0,1)" A NGA[0,1)" < Ay NV < A*. 8)

Note also that A* C p~'A N V. The bijections above can be explicitly specified in both directions and we will
make use of this fact in the next section.

Note that w in (5) runs through all the p™ vectors in Z;'. Let us index these vectors as w(i), i = 0,...,p" — 1.
Let us index the corresponding codewords in C as C(i) = G - w(i), ¢ = 0,...,p™ — 1. The p™ codewords in C
need not be distinct. By the bijection in (8), each codeword in C corresponds to one fine lattice point in A; NV
and one codeword of A*. Let us similarly index the points in A; NV as A;(¢) and the corresponding codewords

of A* as A*(7), for i =0,...,p" — 1. We have,
A(i) = Gap~'C(i) mod A A*(i) = (v+Ay(i)) mod A. ©)

Proposition 3.1: The random codebook A* defined in (9) has the following statistical properties:
o Let \ € p_lA n V,
1 1

PA™(i) =N = 3=y =

ANV b (19

o Let A\j, Ao epflAﬂV, VZ#],
1 1

P(A™ (i) = A, A" (j) = A2) = P IANVE (11)

In other words, the construction in this section yields an ensemble of nested lattice codes such that each
codeword of the random codebook A* is uniformly distributed over p~'A NV and the codewords of A* are
pairwise independent. These two properties suffice to prove the random coding result of this paper.

Proof of Proposition 3.1 The first property (10) simply follows from the fact that v is uniformly distributed on

p~LA N V. For the second probability, we have
B(A"(i) = A1, A"(j) = Ao)
=P((v+A1(6)) mod A=A, (v+Ai(j) modA =)
—P((v+A1(d) mod A=A, (v+Ai(j) modA— (v+Ai(i) mod A=A — )
=P(A1(i) = (Ar —v) mod A, (Ai(j)—A1())) mod A= (Ay—A;) mod A)
= P((A1(j) — A1(i)) mod A= (Ay—A;) mod A)

X P(A1(i) = (A1 —v) mod A | (A1(j) — A1(4)) mod A= (A2 — A1) mod A). (12)
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Note that the first probability in (12) is independent of v. Let us denote A = (Ay — A1) mod A € p~1ANYV, we

have

(A1(j) = A1) mod A=) & (Gap~'C(j) mod A —Gap~'C(i) mod A) mod A =\
& (Gap™'C(j) —Gap~'C(i)) mod A = A
& (Gap™'C(j) —Gap™'C(i)) =A+x, x€A
& (C)—C@{H) =pGy'A\+pGy'x, pGi'xepZ"
& (C(j)—C(i)) modpZ"=pGy'A\ mod pZ" (13)
& G- (w()-w(i) =c, (14)

where all equations except the last one are over the reals. The last equation (14) is a restatement of (13) in terms
of finite field operations with ¢ = pGXl)\ mod pZ" in (14) treated as a finite-field vector in Zj. Since j # i, the
vector w(j) — w(i) has at least one nonzero entry. Since the corresponding column of G is uniformly distributed
over Z;, we have
. . . . 1
P(G- (w(j) —w(i)) =c) =P((A1(j) — A1({)) mod A= (A2 — A1) mod A) = perg
For the second probability in (12), it is easy to observe that for any realization of G, hence A;(%), there is exactly

one choice of v out of p™ possible choices that satisfies the equality A1(i) = (A\; —v) mod A. Combining these

observations yields the conclusion in (11). O

The above construction yields a random ensemble of nested lattice pairs A C A; with coding rate,
1 *
R = —log|A"|
n

which can be tuned by choosing the precise magnitudes of m and p. Note that |[A*| = p™ if the random matrix G
in (5) is full rank. The probability that G is not full rank can be upper bounded by
P(rank(G) <m)= >  P(G-w=0)=(p" -1)p "
WEZLT, W0
Therefore if m < fn for 8 < 1, the above probability decreases to zero at least exponentially as n increases (p may
also grow with n). We assume that m is chosen to satisfy this condition in all our nested lattice code constructions

in the next section.

IV. LATTICE BASED QMF SCHEME

The quantize-map-forward (QMF) strategy, introduced in [1] is the following. Each relay first quantizes the
received signal at the noise level, then randomly maps it to a Gaussian codeword and transmits it. The destination
then decodes the transmitted message, without requiring the decoding of the quantized values at the relays. This

overall operation ensures that the relays need not know the network topology, or the channel gains of the signals
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being received by it’. The specific scheme that [1] focused on was based on a scalar (lattice) quantizer followed by
a mapping to a Gaussian random codebook. However, the use of vector quantizers and Gaussian codebooks leads
to similar approximation results (see [2], [13] and references therein). However, the focus of this paper is to use
lattices in order to implement the QMF scheme and analyze it.

We first replace the (Gaussian) quantizer and the Gaussian transmit codebook at each relay with lattice versions.
This basically leads us to design lattice-to-lattice maps at the relays. Intuitively, this is done by using the linear
code representation of the lattices described in Section III. Once the relay quantizes the received signal, using the
bijection given in (8) we can extract the point c in the finite field corresponding to the quantized value y. Now,
this point is linearly transformed using a random matrix G over the finite field, and then Gc is viewed as a finite
field representation of the transmit lattice A. Therefore it can be “lifted” to the real domain and transmitted. This
intuition is made precise in (22) and Proposition 4.2. Note that this transformation effectively only requires a matrix
multiplication over the finite field and hence has polynomial complexity in the number of operations required to
implement it3.

As mentioned earlier, description of the lattice-based scheme and its analysis (in Section V) will be done for
layered networks (illustrated in Figure 1). However, the extension of these results to arbitrary (non-layered) networks
is done through the standard technique of time-expansion (see [1], Section VI B). In order to implement the
QMF scheme, we also need to specify the decoder used by the destination. For this, we define a lattice-based
“typicality” decoder’. Such a decoder finds a “plausible” sequence of received (quantized) sequences that could
have resulted in the received observation. Given this definition, we can bound the probabilities using appropriate
Gaussian approximation and therefore use an analysis inspired by [1]. A more precise definition of the lattice
typicality decoder is given in (26) and the precise analysis is done in Section V.

In the previous section, we have constructed an ensemble of nested lattices where the coarse lattice A is fixed and
the fine lattice A; is randomized. It has been shown in [21] that with high probability, a nested lattice (A1, A) in this
ensemble is such that both A; and A are Rogers and Poltyrev-good. (The fixed lattice A is Rogers and Poltyrev-good
by construction.) For quantization and transmission at each relay, we use randomly and independently generated
codebooks by the construction of the earlier section. Even though we use the same construction, the codebooks are
generated with different parameters depending on whether we do transmission or quantization and also depending
on the noise level at each relay. The mapping between the quantization and transmission codebooks at each relay

is specified below.

Source: The source has p,"** messages, where p; is prime and m, < n. The messages are represented as length-m

vectors over the finite field Z,, and mapped to a random nested lattice codebook A* following the construction in

7Of course the final destination, which needs to decode the source message needs to know these channels to be able to unravel the
transformations to decode.
8This is assuming that the quantization to the lattice point can be done efficiently. This is true for integer lattices.

9The definition of the typicality decoder for lattices is inspired by the Gaussian version. This might be independently useful for any lattice

based scheme.
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B, € Q° By € Q°
N1 N2

Fig. 1. Example of a layered network, where all paths from S to D are three hops. Additionally this clarifies the notation M; for the I**
layer, where M1 = {A1, B1} and M1 = {Az2, B2}, with [g = 3, implying that My, = {D}.

Section III. In the construction, the coarse lattice A is scaled such that its second moment,
n  G(AT) 1
n+2 G: (pcov (AT))2

where AT now denotes the scaled version of the lattice A to satisfy the power constraint. Note that 02(AT) — P as

o?(AT) =

P, (15)

n increases since AT is Rogers-good. This choice ensures that every codeword of A* satisfies the power constraint

P. This result is stated in the Proposition 4.1 below. The information rate of the code is given by

1
R = —logps™.
n

’), w € {1,...,e"R} the random transmit codewords corresponding to each message w of the

Let us denote by xg"
source node. Note that by Proposition 3.1, the messages w are mapped uniformly and pair-wise independently to
the lattice points p~'AT N V7.

Proposition 4.1: Each transmitted codeword xgw) satisfies the transmit power constraint P.

Proof of Proposition 4.1: Since every transmitted codeword x\*) € VT, we have

I < S (REY,

where RI is the covering radius of AT. We now relate the covering radius RL of A7 to its second moment o%(AT).
Let G, be the normalized second moment of the n-dimensional sphere B(R]) of radius R]. We have the identity
(B
(n+2)

Since VT | = |B(R!)| when R is the effective radius of A”, we have

r_ [n+2 G ST
R; = o G(AT)”nU(A ).

Thus, the covering radius RI of the lattice AT is given by

G, BRI =

n+2 G
n  G(AT)

RT = peou(AT) no?(AT) (16)
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This expression together with our choice in (15), yields
1
~[lx{ ) < P
n

]
Relays: The relay node ¢ receives the signal y;. As explained earlier, the QMF strategy at the relay is to quantize
the received signal using a lattice quantizer and then mapping it to a lattice transmit codebook. The main task is
to design the appropriate lattice-to-lattice map that we described informally earlier.

Quantize: The signal y; is first quantized by using a nested lattice codebook AY, . which is randomly and

independently generated at each relay 7 by using the nested lattice construction of Section III using the following
parameters (same for all relays): Let

D, = max Z |hij|? P. (17)
bjeMi

The coarse lattice A€ is a scaled version of the lattice A such that
o2(A9) = 2n(D, +1) (18)

for a constant n > 1 which is more precisely specified in the proof of Lemma 5.1. Recall that we had set the noise
variance to be 1. We denote the generator matrix of the scaled coarse lattice A9 by G yo . The parameters m,. and

p, are chosen such that m,. = (logn)? and p, is the prime number such that'®

1
pmr = e"fir where R, = 3 log 0?(A9). (19)

nRy

Note that since R, is independent of n, p, = e(es™? ie, p., — 0o as n — oco. With the choice in (19) for R,.,

the second moment of A? is given by
G(AY)
G(AQ)’

which follows from (2) by noting that |VZ| = [V@|/e™B. It is shown in [21] that the construction of Section III

o*(AT) =

(20)

yields nested lattices where the fine lattice is Rogers and Poltyrev-good with high probability if m > (logn)2. (The
coarse lattice is both Rogers and Poltyrev-good by construction.) Since both A? and A® are Rogers-good w.h.p.,
02(A1Q) — 1 when n increases. Therefore, we are effectively quantizing at the noise level.

At each relay, we independently generate a fine lattice A? from the above ensemble, denoted by Af{i, and use
the corresponding nested lattice codebook denoted by Af, ;. As before, we can index the et codewords of AG; as

yg’““, ki € {1,...,e B} where k; enumerate the p,™ vectors w in Zy' underlying the construction of the nested

lattice codebook in (5). Note that by Proposition 3.1, for two indices k; # k., y§’“> and yg’“i)

; are independent,

each uniformly distributed over the set of lattice points p 'A% N V<. Moreover, for different relays i # j, ygk")

(k;)

and y,’’ are independent.

10Ty be more precise, one can take p;, to be the largest prime number such that p, < e"Br/mr in which case the rate of the code is

%log pr'” < R,. When n is large, the difference becomes negligible and is therefore ignored.
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The quantized signal at relay 7 is given by
Vi= QA?_(Yi +u;) mod A€

where u; is a random dither known at the destination node and uniformly distributed over the Voronoi region Vfi
of the fine lattice A?,i' The dithers u; are independent for different nodes. We will either say that y; is quantized
to y; or to k; meaning that y; = ygki).

Map and Forward: Let us scale the coarse lattice A such that its second moment o2(AT) is given by (15). Let
Gt denote the generator matrix of the scaled coarse lattice. The quantized signal y; at relay ¢ is mapped to the

transmitted signal x; by the following mapping,
xi = Gar p;t (Gipr (Grb ¥ mod Z")  mod p,Z") +v; mod AT, @21)

where G; is an n X n random matrix with its entries uniformly and independently distributed in 0,1,...,p, — 1
and v; is a random vector uniformly distributed over p1AT N V7T, where V7 is the Voronoi region of AT. G; and
v; are independent for different relay nodes. We denote by xgki), k; € {1,...,e"f} the corresponding sequence
)

that the codeword yﬁ is mapped to in (21).

The mapping in (21) can be simplified to the form,
x; =Gar G; G4 ¥i+v; mod A" (22)

Effectively, it takes the quantization codebook A7, ;, expands it by multiplying with a random matrix with large
entries (of the order of p,.) and then folds it to the Voronoi region of A”". Since the entries of G; are potentially very
large, even if two codewords are close in A, ;, they are mapped independently to the codewords of the transmit
codebook. Note that the complexity of the mapping is polynomial in n, while random mapping of the form in [1]
has exponential complexity in n.

Proposition 4.2: The mapping in (21) or (22) has the following properties:

(i) At each relay ¢, the transmitted sequences x; € A}, where A} is a random nested lattice codebook.
(

(i) Given two quantization codewords y(’“”, yki) € A} . at relay ¢ such that k; # k!, the corresponding transmit
7 i Q. i

(ki) (k%)

codewords x; "’ and x;

are independent, each uniformly distributed over p'AT N VT,
(iii) The mapping induces an independent distribution across the relays. Formally, given a set of quantization
i)

codewords {yfk),z € M} the corresponding transmit codewords {§<§k ,i € M} are independently distributed.

Proof of Proposition 4.2: The proposition says that the quantization codebooks at each relay are independently
mapped to a random nested lattice codebook from the ensemble constructed in the earlier section. The proof is based
on the bijection given in (8): There is one-to-one correspondence between the codebook A7, ; and its underlying

finite field codebook Cg ;. The mapping in (21) first takes the codeword y; € Aa,i to its corresponding codeword
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in Cq ;. Note that
yi€eAF, = Gi'yi € pitz"
= Gi'yi modZ" € p'Z"n0,1)"
= p(Gy'y; modZ") € Z7.

Therefore, ¢ = p, (GX1 ¥ mod Z™) € Cq,;. This codeword ¢ € Cg; is then mapped to a random finite-field
codebook C; = {c¢’ : ¢/ =G, - ¢, c € Cg,;}. We finally form the nested lattice codebook A corresponding to C;

following again the construction of Section III. Note that, for ¢’ € C;,
Garpitce +v; mod AT € Af,

where A} = (v; + A{;) mod A" and AT is the fine lattice generated by C;. Therefore, since A} is obtained by
the construction of Section III from the random linear code C;, we obtain the result specified in (i). The second
property (ii) follows by similar observations as in Section III: The random matrix ; maps every nonzero vector
c € Cq,; uniformly at random to another finite field vector in Zj;. Two quantized values yg"'*), yg"'” € Ay, at relay
i such that k; # k] correspond to two distinct codewords in Cg ; which are randomly mapped into new finite field

codewords by the random linear map G;. The fact that the lattice points xgki), xgké)

corresponding to these new
finite-field codewords are independently and uniformly distributed over p-!A” N VT can be shown by following
the arguments in the second part of Proposition 3.1. The third property follows from the independence of the G;’s
and v;’s for different nodes 7. ]

Destination: Given its received signal y, together with the knowledge of all codebooks, mappings, dithers and
channel gains, the decoder performs a consistency check to recover the transmitted message. For each relay ¢ and
(ki)

quantization codeword y,™*’, it first forms the signals

ygk") = y§’“> —u; mod A%. (23)

If y; denotes the received signal at node i € M, in the I*" layer, where M refers to the nodes in the I*" layer
of the layered network, y; its quantized version and the y; the resultant signal after the transformation above, we

have
Vi=¥; —u; mod A%

= Qe (yi+w)—u; modA?
)

—
Q

(m—m+m)mMAm mod A@

u’

= Z hijx; +z; —u; mod A9, 24)
JEM_1

where (a) follows by definition in (7) and the quantization error u; = (y; + u;) mod A% is independent of y;
and is uniform over the Voronoi region of A?l This follows by the so called Crypto Lemma which is extensively

used in the sequel. We state the lemma below for completeness.
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Lemma 4.1 (Crypto Lemma,[17]): Let u be a random variable uniformly distributed over the Voronoi region V
of a lattice A. For any random variable x € V), statistically independent of u, we have the sum y = x+u mod A
is uniformly distributed over V), and is statistically independent of x.

To conclude that u} = (y; + u;) mod A&- is independent of y;, note that u; = (y; mod A?,i +u;) mod A?l
By the Crypto Lemma, u} is independent of y; mod A?l Since it also independent of @) AQ, (yi), we conclude
that u} is independent of y;. ’

The decoder then forms the set W of messages w such that
A fon . ) () (ki) (ki) 1
W = {w : I{k;}such that (x;",yq,{y;"",%x; ' }iem) € Ac} (25)

where /TE denotes consistency. We define consistency as follows: For a given set of indices {k;}ica, We say

(x5 ya, 75 <N ) € A, if

IF8 = ST hix™)) mod AQ? < no?, (26)
JEM_1
for all : € M;, 1 <1 < l; where for convenience of notation we have denoted ng) = Xékj), 7 € Mg, and

Va= ygki),i € M;,. Recall that M; refers to the nodes in the Jth layer of the layered network. We choose

o2 =2(1+e¢) (27)

for a constant € > 0 that can be taken arbitrarily small. Recall from (1), (18) that the noise variance and the
quantization error were set to 1.

The decoder declares w to be the transmitted message if it is the unique message in W. An error occurs when
the declared message w is not the same as w, or when there are multiple messages in W.

We can interpret the consistency check as follows: For each layer [ = 1,...,l; — 1 the decoder picks a
set of potential (quantized) received sequences {yg’“)}ie M, and the transmit sequences corresponding to them
{xl(.ki)}ie M, It checks for each layer [, whether the inputs and outputs are consistent, or jointly “typical”, i.e.,
whether the examined outputs {yg’”)}ie M, at the layer [ can be explained (to within the noise and quantization
error) by the transmitted sequences {xgki)}ie M,_, of layer [ — 1 for indices {k;}. The relation (24) and the fact
that A?i is Rogers-good ensures that for large n the inputs {xgki)}ieMkl and those outputs {yg’“)}ieM, that
are generated from these inputs are consistent with high probability. Note that the termination conditions for the
consistency check across the layers are known, i.e., x is known for the message being tested, and y is the observed
sequence at the destination. Therefore, effectively the decoder checks whether there exists a plausible set of input
and output sequences at each relay that under the message w could yield the observation y 4. Note that the definition
of consistency in (26) is closely related to weak typicality. Indeed, it is a variant of the weak typicality condition

for Gaussian vectors. Therefore, effectively our decoder is a (weak) typicality decoder designed for lattices.

A. Multiple Antennas

A slightly modified version of the above scheme applies to the case of multiple transmit and receive antennas at

each node. Let M, be the number of transmit and /N; be the number of receive antennas at each node.
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Source: The source node s maps its message to M independent nested lattice codebooks A7, ... A}, and transmits
its codeword from its corresponding transmit antenna.
Relays: The relay node ¢ receives N; signals denoted y; 1, ...,y n,. It individually quantizes each signal by adding

an independent random dither,
Via :QA?i(yi’a—&—ui,a) mod A¥, a=1,...,N;.

The transmitted codeword from the b’th transmit antenna of node ¢ is given by

N;
Xip =Gar Y GinaGrbFia+vip mod AT, (28)
1=1
where G| p o is n X1 random matrix independent across 4, a and b. The mapping is modified from (22) so that at each
NCIRY A (ki,N;)

relay, the set of quantization codewords y; " ",...,y, y, '~ is mapped independently to }; random nested lattice

codebooks. For each of the M; random codebooks, two different sets of quantization codewords yiﬁ“’, . ,yﬁ,’?v’fi)
. (K] . (ki N, . . _ .

and y;f’l)7 . ,yE’N’iNl) are mapped uniformly and independently to the set p, *AT N VT, if Ja € 1,..., N; such

that k; , # kj .
Destination: Similarly to the single antenna case, for a given message w and a set of observations yq 1,...,¥d,n,
the destination node checks whether there exist a set of indices {k; 4 }ic M,1<a<N; such that the inputs and outputs
at each layer are consistent.

The error analysis in the next section is performed for the single antenna case and follows similar lines for the

case of multiple antennas.

V. ERROR ANALYSIS

Overview of proof:: Due to the nature of the decoder at the destination, described in (25), an error occurs when
either the transmitted message w is not in W or when there is a message w’ # w which is in W. The transmitted
message w from the source and the resulting observation at the destination will pass the consistency check in (26)
with high probability because the channel and the quantization noise at relays will be typical, confined inside a ball
of radius y/no., with probability approaching 1 as n increases. This is made more precise in (33). An error occurs
when there exists an incorrect message w’ that is also consistent with the observation at the destination, i.e., there
exists a plausible sequence of received (quantized) values that can result in the signal seen at the destination if w’
were transmitted.

The main focus in the error analysis is on bounding the probability that a particular incorrect message w’ will
pass the check when w is transmitted. We first split this error event into 2V disjoint subevents indexed by €.
Consider the two plausible sequences of received (quantized) values that correspond to w and w’. Q denotes the
event that these two sequences are different for nodes in the set 2 and same for nodes in 2¢. When this is the
case, we say that nodes in §2 can “distinguish” between the correct and the incorrect message while the nodes in

Q¢ can not. This notion of distinguishability was also used in [1]''. The probability of €2 can be split into parts:

"n [1] this was done for Gaussian transmit codebooks and scalar quantizers, whereas in this paper we used lattice vector quantizers and

lattice transmit codebooks.
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the probability that the nodes in {2° are confused times the probability that the nodes in €2 are not confused given
that the nodes in Q¢ are confused. We upper bound the first probability in Lemma 5.2 and the second probability
in Lemma 5.3. Combining the results of the two lemmas we obtain the conclusion in Theorem 2.2. Given this

overview, now we proceed to the more formal arguments.

Proof of Theorem 2.2:: Let w be the transmitted message from the source. As described earlier, We will
analyze error event:

e {w ¢ W} U {w’ € W for some w' # w} , (29)

where W is defined in (25). If w is the transmitted message, this probability can be upper bounded as,

P[E] < e Plw’ € W, w' # w] + Plw ¢ W] (30)
—_———
<€
where P[w’ € W] is the probability that a particular incorrect message w’ # w passes the consistency check in
(26). This probability can be upper bounded by using the union bound as

w’ ~ (k] K ~ w' (k! K/ ~
P [3hibieam st x0ya (30 xhier) € A ] < 3 Py (5 x iem) € Al
)ikl

€2y
where each term in the summation is the probability that the corresponding set of particular quantization indices
ki, ...,k make w’ plausible with the observation at the destination.

The second term Plw ¢ W] in (30) is small for large n since for the correct message the consistency check in
(26) simply reduces to checking whether the quantization and the additive noise are typical. Let {kq,...,ky} be the
quantization indices produced during transmission of w. The consistency check in (26) for these actual quantization
codewords is given by

[(z; —u}) mod AC|? < no?, (32)

for all i € M where we used the relation (24). The noise z; is N'(0, 1), therefore for large n, P[||z;||* < n(1+¢€)] —
1. This can observed from Lemma 5.2. On the other hand, the quantization noise u; is uniformly distributed over
the Voronoi region of A?Z Since this lattice is Roger’s good, its covering radius R, — o2 (A?l) — 1 when n
is large. Therefore P[||u}||> < n(1 + ¢€)] — 1. This can be verified by combining the results of Lemma 7.1 and
Lemma 7.2. Since ||z; — u}||? < ||z]|* + [|u}||?, we conclude that P[||(z; — u})||* < 2(1 + €)n] — 1. Since there
are finitely many of relays, the union bound gives the same conclusion simultaneously for all relays. Therefore, we
conclude that

Plw ¢ W] — 1, (33)

for large n. In the above argument, we have ignored the mod A% operation in (32) because z; — u; lies in the
Voronoi region of A% with high probability due to our choice for o2(A?) and the fact that the lattices are Roger’s

good.
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In order to compute the upper bound in (31), we will condition on the event that the correct message w produced a

sequence of indices k1, ..., ky. Since these are generic indices, we can carry out the entire calculation conditioned
on a particular sequence ki, ...,kx and then average over it. In this case, the summation over the N indices
is..., Kkl in (31) can be rearranged to yield
’ ~ (k! k! ~ .
>3 Py (5 1 iead) € Ao st k= ki, i€ ), (34)
Q k,ieQ
K} #k; P

where Q0 C M is a source-destination cut of the network, i.e.,
Q C M such that s € Q,d € Q°. (35)

Now, let us examine the probability denoted by P. For a given set of {k}};ca such that k] = k;, i € Q€ and

k; # ki, i € £, the consistency condition for a node ¢ € M; in the /th layer of the network is given by (26) as

IG5 = 3 hyx) mod A?Y2 <no?,  VieM,1<i<ly (36)
JEMI 1

where for convenience of notation we denote y; = ngki),i € M;, and xFJ“') = x;kj), j € M. The condition in
(36) takes two different forms depending on whether ¢ € 2 or ¢ € Q°:

(k) _ (ki)
i =Y

For nodes ¢ € Q°, y and from (24) it is related to the inputs from the previous layer as

g8 = 3 hx) 4z, —u mod A9 (37)
JEMI 1

In this case, the condition (36) is equivalent to

A= {10 huy e =) 4z —ul) mod A2 < no?), (38)
JEQ 1

where ;1 = QN M;_; and we denote this event by A;'2. Note that we have have used the fact that for nodes
(k3 _ (k)
=x, .

)

i € Q°, since k; = k;, we have x
For nodes ¢ € ), the condition yields
Bi= {1 — 3 hxl™ = 3 hx™) mod A9)? < no?), (39)
jeQs jEQ_,
where Qf | = Q° N M;_; and we denote this event by B;).
(k7))

To summarize, for ¢ € Q°, A; is the event that y,™*’ is consistent (jointly typical) with transmitted sequences
corresponding to {k.}, and B; is the corresponding event for nodes i € §2.

Now, coming back to the calculation of P in (34), we can write
P = P{A;,ieQ}, {B;,icQ}) (40)

= P(A;,i€ Q) P(B;,i € QA i€ Q).
12The condition is slightly different for the destination node d, in particular it does not contain the term u} in (38), since we operate directly
on the observation y4 and not it’s quantized version. This fact is ignored since it does not create any significant difference in the below analysis.

Alternatively, it can be assumed that the destination node first quantizes its received signal and then performs the consistency check.
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Note that due to Proposition 4.2, for all 7 € M, when k’» # k;, the relay mapping induces transmit sequences

X(kj) ( 5)

; that are pairwise independent and uniformly distributed over p,;-*AT N VT .13 Also, due to the dithering

in (23), yi k) in (39) is uniformly distributed over the Voronoi region Vl of the quantization lattice point y§’“9.
We will first bound the probability P (A;,: € Q¢) by conditioning on the event defined in the following lemma,

which is proved in the Appendix.

Lemma 5.1: Let us define the following event,

k)

& {3i e M3y K} st Zh” () =) g g v 41)

then we have P(£;) — 0 as n — oo.

When &; is true, we declare this as an error. This adds a vanishing term to the decoding error probability by the
above lemma. Conditioning on the complement of & allows us to get rid of the mod operation w.r.t A% in (38).

Given &7, the event A;, for i € (2° is equivalent to

{10 Ry = x4y — w2 < mo?). 42)
JEQ 1
Therefore, we have
P(A;i € Q) = P(E)P(Ai({E}}),i € Q°IET) + P (&) P (Ai({ki}),i € Q°| &) (43)

IN

P(Aii € 0%, €) +B(&) = P(ALi € Q°, &) + P(€)

< P(ALIie Q)+ P (&) "=P(A] i€ Q)
0
~

We upperbound this probability in the following lemma.

Lemma 5.2:
P (AL i€ Q°) (H Z hij(x kJ ))+z1—u’||2<naf,Vich)
JEQ 1

< efn(I(XQ;HXgH»ZQc)f%\QC\(IJrlog(lJre))fon(l))’

where X;,i € 2 are i.i.d Gaussian random variables N'(0, P), Zqe are i.i.d Gaussian random variables N (0, 0?)

and H is the channel transfer matrix from nodes in €2 to nodes in Q°.

The proof of the lemma involves two main steps. Recall that x(k ) ( 2

,j € €1 are elements of a lattice
and therefore are discrete random variables, which are uniformly dlstrlbuted over p, *AT N VT and are pairwise

independent. We first show that the probability in the lemma is upper bounded by

"EQ]P’[H 3" hiy(xy - X))tz 2> < no? Vie Q} (44)
JEQI-1
. k- ’
3For the source node, x§k'7) and xg. i) or equivalently xﬁ’“ and xS” ) are uniformly distributed over p~ AT N VT where p is different

than p,. However, this fact does not create any difference in the following analysis and is therefore ignored.
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where x;, x;, j € Qand z},i € Q° are all independent Gaussian random variables such that x;, x;. ~ N(0,0%1,),
z, ~ N(0,0%1,) and 02 — 0%(AT) — P as n — oo if AT is Rogers-good, 02 — 02(A%) — lasn — ooif A?i
is Rogers-good, which is our case here. e — 0 when n increases, again if AT and AlQ,i are Rogers-good. Given
this translation to Gaussian distributions the problem becomes very similar to the one for Gaussian codebooks in
[1]. The second step is to bound the probability in (44) by following a similar approach to [1]. The proof is given
in the Appendix.

Using Lemma 5.2, Lemma 5.1 in (40), we can upperbound the error probability given in (34) as,

S e aitXatZa) =4 07104181+ —on (D) §™ P (B, i € Q| Ay € Q) (45)
Q k.,i€Q
ki #k;

The last term in (45) is upper bounded in the following lemma.
Lemma 5.3: We have
3" P(Bii€ QA i € Q) < lnilos0ra)titon 1), (46)

ki
ki#k;

The proof of the lemma is based on two steps. We first argue that due to the random construction of the
(k)

quantization codebook at each relay, y, *’ is uniformly distributed over the Voronoi region V@ of the quantizer and
is independent across different relay nodes i € (). Due to the Crypto Lemma ( Lemma 4.1), this is also true for
the random variables
vi = S’Ek;) - Z hijx§-kj) — Z hijx§-k;) mod A9, i€Q
jeQs jEQ_y

appearing in the definition of the event B; because the y;’s and x;’s are independent of each other. More precisely,
due to the random mapping between the quantization and transmission codebooks at each relay, the set of random
variables {yg’“% € Q} are independent from the set of random variables {ngi)ﬂ' € 0}, {xgk;),i € Q}. Therefore
by the Crypto Lemma [17] (see Lemma 4.1), v;’s are also independent of the x;’s which allows to remove the
conditioning on the event A;,i € Q€ in (46), which only governs x;’s. Finally, each term in the summation in (46)
reduces to evaluating the probability IE”(||V||2 < nag), where v is a random variable uniformly distributed over

V. This probability is upper bounded in the following lemma which is proved in the Appendix.
Lemma 5.4: Let v be uniformly distributed over V<. We have,

n o2(AQR o2
IP(HVHQ < nUQ) < e_7<log< f’% ))_1"'02(/\@)—%(1))
<no;) < .

Using the results of Lemma 5.2 and Lemma 5.3 in (45), together with the summation over all possible source-
destination cuts in (34), we obtain
P[’LU/ c W,’LU/ # w] < Ze—n(I(XQ;HXQ+Z§26)—N—On(l)) < 2N e—nminQ(I(XQ;HXQ—i-ZQc)—(1+(log2)/2)N—on(1)).

Q
(47)
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Combining this upper bound with (30), demonstrates that if R < ming I(Xq; HXq + Zqe) — (1 + (log2)/2)N

then P[] — 0. This proves the main result of this paper which is stated in Theorem 2.1.'4

VI. HALF-DUPLEX RELAY NETWORKS

A common practical constraint in wireless networks is that nodes can not transmit and receive at the same time
on the same frequency band, termed as the half-duplex constraint. In this section, we will extend the constant gap
result of the earlier sections to half-duplex relay networks.

Since each node in a half-duplex network can be in either transmitting or receiving mode, there are 2 different
possible states for the overall network. Each state is a partitioning of the nodes into two distinct sets of transmitters
and receivers. A schedule defines the fraction of time the network operates in each of these 2V states. We call
a schedule fixed if it is decided ahead of time and revealed to all the nodes in the network. As shown in [1],
the quantize-map-and-forward relaying scheme can be combined with a fixed schedule and applied in half-duplex
networks. Theorem 8.3 of [1] shows that the rate achieved by the quantize-map-and-forward scheme is within a
constant gap to the capacity of the half-duplex network evaluated under fixed schedules and uniform power allocation
across different states. However, since the half-duplex schedule can also be random and not fixed, it is not clear if the
performance of the quantize-map-and-forward scheme is within a constant gap to the actual information-theoretic
capacity of the network. For example, [14] demonstrates that random schedules can yield higher rates than fixed
schedules in wireless networks. Even more importantly, the average transmit power constraint allows to optimize the
transmit power of each node across the 2V states of the network and not necessarily transmit with the same power
at every state. In this section, we improve the result of [1] by showing that the quantize-map-and-forward scheme
combined with a fixed schedule and uniform power allocation P across all the states of the network achieves the
information-theoretic capacity of the network within 3V bits/s/Hz in the single antenna case (or 2 icsom, Mi+N
bits/s/Hz in the case of multiple antennas.) For simplicity, we concentrate on the single-antenna case in the sequel.
The multiple-antenna case follows similarly. Our results are based on the memoryless model developed in [14] for

half-duplex relay networks.

A. Half-Duplex Channel Model

We follow the model developed in [14]. Due to the half-duplex constraint each node ¢ in the network can be in
either transmit or receive mode, denoted by m; = T" and m; = L respectively. When m; = T, the received signal
of the node : is equal to zero, i.e. y; = 0. When m; = L, the transmitted signal by the node ¢ is equal to zero, i.e.
x; = 0. These constraints can be incorporated to the channel model by considering the transmitted signals which

are inputs to the channel to be the vectors Z; = (z;,m;) with alphabet

14The gap in Theorem 2.1 is for the complex case.
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where C is the set of complex numbers. Accordingly, the Gaussian channel model is modified to

S Hijwg + 2 ifmi = L

Yi =

where as before H;;’s are the corresponding channel matrices and z; is the additive Gaussian noise. As before, an

individual average power constraint applies to each transmitting node ¢, i.e.,
2 .
E[||x:|)*] < P, Vi e MU/{s},

where as we recall from Section II that M is the set of all relay nodes, excluding the source and the destination

nodes. We assume that the source node is always transmitting and the destination nodes are always receiving.

B. Cut-set Upper Bound

As noted in [14], the memoryless model allows to use the existing theory on memoryless relay networks. In
particular, applying the cut-set bound [8, Theorem 14.10.1], we can upper bound the communication rate between

the source and the destination in the half duplex network by

Cha= max min I(Zg; yac|Zae) = max min I(mgq, zq; yae|mae, o), (48)
pis,M(') Q p"‘M*"’"s,M(.) Q
s.t. B[||@i||21< PVi st E[||2:]121< P,V

where T, p = {(x5,m;), @ € {s, M}}, ma = {my, i € M}, Q is a source-destination cut of the network and

Zo = {Z;, 1 € Q}, yaoe = {yi, ¢ € Q¢} and ZTqe, mq, T, Mae, Toe are defined similarly.

C. A Simple Upper Bound on the Cut-set Upper Bound

In this section, we develop an upper bound on the cut-set upper bound in (48) that provides the connection to
the performance of quantize-map-and-forward with fixed schedules and uniform power allocation. First note that

the mutual information in (48) can be separated into two terms,

I(ma, za; yac|mae, Tae) = I(za; yac|ma, mae, Tae), +1(ma; yae |mae, Tae) (49)

< I(zq; yae|ma, Tae) + N. (50)

The inequality (50) follows by upper bounding the second mutual information in (49) by N bits/s/Hz since each
of the N random variables m;, 7 € M are binary. The first mutual information governs a fixed schedule and the
expression in (48) involves a maximization of this mutual information over all possible schedules. Moreover, we
can allocate different transmit powers for the nodes in different states of this optimal schedule. Below we will show
that an optimal power allocation across the states differs by at most 2N bits/s/Hz from the case where all the nodes
transmit with uniform power P whenever they are transmitting. A priori, one can expect this gap to scale with 2%V,
the number of different states of the network.

Let us denote the average transmit power of node 7 at state m with P;(m). Clearly the individual power constraint

translates to E[P;(m)] < P, where the expectation is over the states. Then, the cutset upper bound can be rewritten
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and upper bounded as follows:

Cha < min I(CEQ;chlmM,ZEQc) + N
Prmpg () Py pqlmopy () Q
s.t. K[|z ||?]<PVi
= max max max min I(zq;yoe|mm, zoe) + N
Pm g ) Pi(m),vi szﬁM\mM(')S't' Q
s.t. B[P (m)]<P E[||z:]|? |mar=m]< P;(m) Vi, ym
< max min max max I(zq;yae|lmm, zqe) + N
anM(') Q Pl(m),VI pxS’M\mM(')s't*

st EIP(mI<P  Efjai||? |mai=m]< P; (m),¥i¥m

R Pir(nn?)},(Vi pxs‘Mr‘?j\j{(.)s.t. ; m I(zaiyaclma =m, z0e) + N, G1)

where we use m to enumerate the 2%V states of the network and to simplify notation t,, = py,,,(m). Clearly,
the inner most maximization in the above expression leads to Gaussian p, ,jm,,(-[m) for each state m with
the variance of x; at state m equal to P;(m). Therefore the inner most maximization reduces to optimizing the
covariance matrix of xq for each state m under the constraint that the diagonal entry of this matrix corresponding
to ¢ € ) should be smaller than P;(m).

We will next argue that if we consider independent transmissions from the nodes in the network, corresponding
to an identity covariance matrix, and discard the optimization of the power allocation across the states m, i.e., take
P;(m) = P, Vi, and Ym, the gap to the expression in (51) is upper bounded by 2NV, which leads to the conclusion
that

Cha< i I(xd; yde|ede N 2
Cha< max min ;tm (& yoelzse) + 3N, (52)

tm>0,5.6. 3, tm=1
where {z;,7 € {s, M} andm; = T} are independent, each with distribution CA'(0, P). 23y = {z;,7 € Qandm,; =
T}, y& = {yi,i € Qandm; = L} and 2. = {z;,i € Q°andm; = T'}.

To prove (52), in the sequel we consider a MIMO channel with Ng receive and Ny, transmit antennas, Np X Ny,
channel matrix H and a total average transmit power constraint of Ny P at the transmitter. Let us assume that there
are a number of states for communicating over this channel, state m occurring with probability ¢,, and > t,, =1,
where each state corresponds to using a subset of the transmit and receive antennas. In other words, each state
induces a sub-MIMO channel with a channel matrix H™ that contains a subset of the rows and the columns of the
original channel matrix H. Let o; ., denote the singular values of the matrix H™, some of which can be zero. We

next prove that

P;(m),

K K
Ny,
max Z tm Z log(1 + 02, Pi(m)) — Z tm Z log (1+02,,P) < —+K, (53)
5. i tmPi(m)<NL,P T i=1 m i=1

where K = min(Ng, Np). Note that the difference between the two terms above upperbounds the difference
between the first term in (51) and the first term in (52) because the mutual information terms in (51) and (52)

correspond to a MIMO channel between x and ygq-. In (51), optimal power allocation across the eigenvalues of
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the channel matrices induced at different states is allowed, while in (52) we allocate equal power to all eigenvalues
at all states.
We will prove that the upper bound in (53) on the difference of the two terms holds for any schedule {t,,} and

any power allocation strategy {P;(m)}. For any {t,,} and {P;(m)}, we have

K 1+o07,,Pi(m)
ZZtmlOg( 1102, P )

i=1 m ,m

(a) & 1+ 02, Pi(m)
S;ijtmlog (max{l,a P}) 54

1 o7 Pi(m)
:Z:Zt 10g<max{10’ }+max{1,a P}) (55)

;zm: log< 7’0%1’ ) (56)

where (a) follows by lower bounding the denominator of the first term, 1 + o7, P by max{1,07,, P}. Now, we

) Zlog<1+ >

P;(m). Now, we use the fact that Zi:l P; < NP to see that, due to the waterfilling

will use Jensen’s inequality to further bound (56), as follows

ZZt log(1+ > Zlog(lJth

i=1 m

where we define P; =

TYL

solution,

K) K
P, N N
Zlog(1+P> < Zlog<1+KL)Klog<1+KL>
i=1 =1
N
= Klog (KL>+K10g <1+NL)
(d) N 9 N
< Klog <KL> 1K <t yk,
e
—_———
K
ox(3)

where (d) follows because K < Ny, and (c) follows because maxy (J}I(L) < eNr/e and we also take natural
logarithms. For simplifying the statement of the result, in Theorem 2.3, we just upper bound' % + K < 2Np,
and note that for the MIMO channel induced by any cut {2 the number of transmit antennas are smaller than N,

the total number of nodes in the network.

D. OMF in Half-Duplex Networks

The main result of the earlier section in (52) shows that the cutset upper bound evaluated for i.i.d. Gaussian

distributions along with uniform power allocation and a fixed schedule is within an additive constant of 3NV of the

I5Note that this is clearly a loose bound and we could have retained the sharper bound. But we just use the simpler bound, since in any case

the character of the approximation does not change, i.e., it is still linear in the number of nodes in the network.
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information-theoretic cutset upper bound on the capacity of half-duplex networks. It is straightforward to argue that
the cutset upper bound for any fixed schedule under i.i.d. Gaussian distributions and uniform power allocation can
be approximately achieved using a QMF strategy. This was already demonstrated in Theorem 8.3 of [1] and here
we briefly summarize the main idea.

Fix a schedule t,,,m = 1,...,2" s.t. > tm = 1 for the half-duplex network. Divide the total bandwidth
W of the network to 2V bands of width t,,W, for m = 1,...,2". Each mode of the network operates over
the corresponding band ¢,/ and therefore the half-duplex constraint is satisfied, no node transmits and receives
simultaneously over the same frequency band. Conceptually, different frequency bands can be thought as a MIMO
channel with a diagonal channel transfer matrix. It is as if each relay node has 2V~ transmit and 2V~ receive
antennas corresponding to each of the 2V~! modes where it is transmitting and the 2V~! modes where it is
receiving, but each antenna m operates on a limited portion ¢, W of the total bandwidth corresponding to the mode

2N—1 receive antennas of any node i

m. The transfer matrix from the 2V~ transmit antennas of any node j to the
is diagonal with all diagonal entries equal to h;; since the channel is assumed to be flat on W. The QMF strategy
with multiple modes on multiple frequency bands operates similarly to the multiple antenna QMF strategy described
in Section IV-A. The received signals from different modes at each relay are quantized and jointly mapped into

independent transmit sequences to be transmitted over different transmit modes of the relay. Following the analogy

with multiple antennas, the rate achieved by QMF is given by!'®
R> m&nZthI(ajgl;ngx’&) —2WN
m

where 2", € {s, M},m = 1,.. .,2V are i.i.d. Gaussian CA(0,t,,P) if node i is transmitting in state m and
xzy = {z",1 € Q}. Since channels for different modes are independent, the total information flow over any cut is
given by the sum of the informations flowing over different modes. The first term in the above expression is equal
to the first term in the upper bound in (52), except for the difference that (52) is expressed in bits/s/Hz. Note that
since the noise accumulated over bandwidth ¢,,, W has variance ¢,, No W, the spectral efficiency achieved with power
t,m P over bandwidth ¢,,W is equal to the one with power P over bandwidth W. Choosing the fixed schedules
tm,m = 1,...2N that maximizes the above rate, we observe that we can achieve the right-hand side of (52)
within 5N bits/s/Hz, using random Gaussian codebooks. The half-duplex QMF strategy above can be equivalently
implemented by allocating different time-slots for different modes instead of different frequency slots. See [1].
The result in Theorem 2.3 is a straightforward generalization of the above arguments to the case when nodes
contain multiple transmit and receive antennas, as well with the use of lattice-based codes that have been developed

in this paper.

1oNote that in the earlier sections of the paper we have expressed the rate in bits/s/Hz, with the understanding that the total rate achieved

over the bandwidth W is given by W times this rate.
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VII. APPENDIX

We first introduce the following two technical lemmas that we use repeatedly in this appendix.

Lemma 7.1: (Lemma 11 of [17])

(2) Let u ~ unif (B(R)). Let us denote 1E[|u?] = £ := o2 Let z ~ N(0,02L,). Then,

w2
fu(x) < fa(x) €™,

where €, = 1 log(2meGr) + L.
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(b) Let u ~ unif(V) where V is the Voronoi region of a lattice A. Note that LE[|[ul|?] = o%(A). Let z ~
N(0,0°1,,) such that

Then,
fa(x) < fu(x) eme2@®)

where €(A) = log(peov(A)) + 3 log(2meGy) + L.
The significance of the above lemma is that it allows to upper bound the probability distribution of a random
variable u, either uniformly distributed on an n-dimensional sphere or over the Voronoi region of a Rogers-good
lattice, with the probability distribution of a Gaussian vector of identity covariance matrix and of the same variance
with u. Note that €5 in part (a) of the lemma goes to zero with increasing dimension n. Similarly in part (b),
€2(A) — 0 and 02 — 0%(A) as n increases if A is Rogers-good.

Lemma 7.2: Let z;,i =1,...,n be independent random variables with distribution A/(0,~?). Then,

P (Z Z? < ’I’LC) < e—(%zz;l 10g(1+2'y,i2t)—ntc)
i=1
for any ¢ > 0. When 2 = 42, Vi, such that v2 > ¢, we have
P < 22 < nc) (lOg( ) I+% )
i=1
Proof of Lemma 7.2: The proof of the lemma follows by a simple application of the exponential Chebyshev’s
p y ple app p y

inequality. For any ¢ > 0, we have

(Zz <nc> —]P(e_tzl 15 > —ntc) <Ele —t307 2] gnte :HE[e—tzf] ente
i=1

i=1

H ente — 67(% > 10g(1+2'yft)7ntc)'
=1 \/1 + 2fy

1 _

When ~7 = ~2, Vi, choosing t = (5 — 2#) yields

(ZZ < TLC) suptzo(%log(1+272t)fntc) < e*%(log( ) 1+-% )

The proof of Lemma 5.4 follows by a straightforward application of the above two lemmas.

Proof of Lemma 5.4: If v is uniformly distributed over V<, by part-(b) of Lemma 7.1 we have
B (> <no?) < e B (|| < no?)

where v/ ~ N(0,021,,) with
L G
v G(AQ)

Applying Lemma 7.2 for the case of equal variances yields the result

(Peou(A9))? 0?(A9) = (14 0n(1))0*(A9).

n (1+on(1)e2(AQ) o2
P (||| <no?) < eii<10g< . )71+(1+°n(1)‘;‘72(/\@)>
< ) <

)
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and therefore
_n(1oe [ QFon(1))o2(a) o2 n 2(A9) ) _ oz
2 2 nex(A9) 7 | log o2 M o2 _ 2 | log o2 LRaP=ryxen on(1)
P(|lv]|* <noi) <e e e
< ) < .

]

To prove Lemmas 5.1 and 5.2, we introduce the following lemma as an intermediate step.

Lemma 7.3: Let x;, x}, 7 =1,...,N; be independent discrete random variables uniformly distributed over the
p? lattice points p, 'AT N V7. Let z; and uf, i = 1,..., Ny be independent random variables with distributions
z; ~ N(0,0%I,) and u} ~ unif(Vl%) where Vl% denotes the Voronoi region of the lattice A%. Let S1,...,8n, C
R™. Then,

N1
P> hij(x;—x)) +zi—u) €S, Vi=1,..., N
j=1

N;
< ((1 +64(AT))N2 6n€1(AT)+n62)2N1 (6n€2(A?,i)>N2 P th(f{] 75(;) +z; € S, Vi=1,...,No

j=1
where X;, 5{9, j=1,...,Ni, 2 i=1,..., Ny are all independent Gaussian random variables such that X;, 5(; ~

N(0,021,,) with

*

G
2 _ —1\2 T\\2_ “Yn 2 T
Ux_(1+pr ) (pcov(A )) G(AT)U (A )
and z; ~ N(0,021,),

*

G
2 _ 2N, n Q \\2 2/AQ
o, =(1+e€s5) (1 + G(A?,i) (Peov(AT ;)"0 (Al,i)>

where all €;(AT), e, eg(Agi) €2(AT), s — 0 as n — oc. Furthermore 02 — o0%(AT) and 02 — 1+ UQ(A%)

since both A7 and A?L are Rogers-good.
Proof of Lemma 7.3: First, by using Part-(b) of Lemma 7.1, we can upper bound the probability

Ny
P Zhij(Xj—X;-)+Zi—u;€Si7 Vi=1,...,Ny
j=1
by
AQ )\ V2 -
(enez( 1,i)) P hij(xj - X;) + Zeq,i € S;, Vi=1,...,No |, 67

j=1

where z,; are i.i.d with distribution N'(0, 02, 1,,),

*

G
qu =1+ m(pcov(Agi))Qaz(A%i)'
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Since A?J is Rogers-good, €5 (A?,i) given in the lemma vanishes with increasing n. The probability in (57) can be

expressed as,

Ny
HD thj(xj_x_/])+zeqz 681', vizl,...7N2
j=1
= (p’:n)2N1 Z Zh’l] + Zeqz S S»L, VZ = 1 N2 . (58)

’ /
Xl,...,XN1 ,xl,...,le
—1AT T
€p, ANV

The last probability is only over z.q;’s and note that the x; and x;’s now denote the dummy variables of the

summation. Consider one of the summations above of the form,

P VT > Zh” ')+ Zegi € Siy Vi=1,...,Na |,

x1€p AT VT
where x; denotes the dummy variable of the summation and X, ...,Xn,,X},...,Xn, are fixed vectors. We show

below that this summation is upper bounded by

Ny
(1+e4(AT))Nz/T Cdxi P Dby - X)) 2l € Siy Vi= 1. N (59)
VT 4p Y j

where z/,, ; ~ N(0, (1 + €5)02,1,,) and both e;(A) and e5 — 0 as n — 0. For two sets A C R" and B C R", the
sum set A+ B C R™ denotes A+ B={a+b:ac A, b e B}. Applying this upper bound recursively to all the

summations in (58) yields

Ny
P Zhij(xj_xg)—’_zeq,i 687;, Vi:].,...,NQ
=1
1
T\\2Ns N1 / /
< (T+e4(AY)) VTR AT+pT1VT . /\)T+pT1VT dxy...dxy, dx] ...dx)y,
N1
P th(xj )+Zz € Sz, Vi=1 Ny
j=1
1
< (1 + g (AT))2N2M1 / / dx dxpy, dx dx'y,
|VT|2N1 B((1+p:1)RT) B((1+pr )RT) 1 N
Ny
P Zhij(xj —Xj)4+2; €8, Vi=1,...,N, (60)
j=1

where z; ~ N (0, (14-€5)*V1 02, I,,). R in the last inequality denotes the covering radius of V' and BB ((1 + p; ") RY)
denotes an n-dimensional sphere in R™ of radius (1 + p')RL. The last inequality follow follows the fact that

VT + p VT C B ((1+4 py)RT) which in turn follows from the definition of RY. We can rewrite (60) as

(]. + 64(AT))2N2N1 (enfl(AT)>2N1 1 SN / .. /
IB((1+p: HYRD)|™ J(a+prhRD)  JB((04+p7)RE)
Ny
dxy - dxy, dx) o dxy, P hi(x; - %)) 42 € Sp, Vi=1,..., N, (61)
j=1
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where,

B((1+p)RD)|  [B((1+p)RD)| (<1+p;1>R3)" _ naa?)
i B(RD)] RT

and €1(AT) =log(1+ p; ') +1og peow (AT). Recall that the effective radius R} of the lattice A7 is defined as the
radius of a sphere having the same volume as the Voronoi region of A”. Since A’ is Rogers-good and p, — oo

as n — 0o, we have e;(AT) — 0. We can upper bound (61) by applying Part-(a) of Lemma 7.1 which gives

Zh” —|—zeq, €S, Vi=1,...,Ny
- 2N, Ny
< ((1+e4(AT))N2 ene(d >+"€2) P> hy(k—%) +2 €8, Vi=1,... N |, (62)
j=1
where X;,%/,j =1,..., Ny are independent ~ N'(0, 07 I,,) with
_ 2
o2 - (4P DR (63)
v n+ 2 '
Plugging the expression in (16) to (63), yields
2 ((1+p71)RT) 1\2 2 G T
- . a 1 cov A A
7 = e = (L P e N gy (AT
The upper bounds (57) and (62) together yield the result stated in the lemma.
It remains to prove (59). We will first show that
p "V P Zhw Y gy € Siy Vi=1,..., Ny
N
< (1+64(AT))N2/ ds P hils—i-Zhij(Xj—X;)—i-Z;qi e S, Vi=1,...,Ny (64)
—lyT T ’
Jj=1
where x;, x/’s are fixed vectors and zeq i ~ N(0,02,1), 2., ; ~ N(0, (1 +€5)02,1,,) and both e4(A) and e5 — 0
as n — 0.
First, note that for z/, ; ~ N'(0,6%I,,), i =1,..., Ny,
Ny
P hils‘i’zhij(xjfxz‘)‘i’zleq,i S 81;, VZ':L...,NQ
j=1
N2 Nl
= HP hiis + Zhij(xj - XS) + Z/eq,i e S,
i=1 j=1
N2 Nl
= H/ o, | 2= has =Y hij(x; = x)) | das. (65)
i=1"5i j=1

The probability density function f.; (c) of z,,; depends only on |c|. By the triangle inequality, for any two
vectors a and b, we have

la+b]* < [lal* + 2l[all[[b]| + [[b]|*.
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Also for any ¢ > 0,
al®
lallllbll < ==+ [b]|>.
Therefore, for any ¢ > 0,

2
Jabf? < (142 JalP + (14 201

Using this inequality, we obtain

_llatp)? _(1+2)lal?2  _at20)b)? _(+20|b|?
z . 2 z i
f2q7(a+b)o<e 2 > e (HE) 5 ¢ 252 X [z, (a) e 252

where zcq; ~ N(0,02,1,) with o2, = (1 4 2) 12, Applying this inequality to (65) with a; = zi—Z;.V:ll hij(x;

»Yeq

x;) and b; = h;1s yields

N1
P | hyis+ Zhij(Xj — X;) + Z/eq,i e S, Vi=1,...,Ny
Jj=1
Ny 2 Ny
_(f2t)llhyy sl
Z H/ e 252 fzeq,i Z; — Z ]’L” (XJ — X;) dZi,
=175 j=1
(1426) N T N
_ U42t)Na -1 .
>e 252 - Pr Ry P Z hij(Xj — X;) + Zeq,i € S;, Vi=1,...,Ns |, (66)
Jj=1

where we make of use of the inequality
[has|| = [hallls]| < [hir| p; " R (67)

nRy
From (16) for RL and the choice for p, in (19), we know that p,'RT = O(y/ne” 0esm?) — 0 as n — 0. We
choose t such that t=! — 0, while ¢p, ' RI' — 0. For example, choose t = n. Integrating both sides of the
inequality (66) with respect to s over the region p, V7T, this yields the desired result in (64) where we denote

1+ es(AT) = e P R

“and 1+e5 = (14 2).

The conclusion in (59) follows by combining (64) with the following observation,

> / ds P | hy(x; +5) — ﬂx1+Zhw ')+ Zeqi € Siy Yi=1,...,Ns
StvT

x1€pyr PATAVT
g/ dx; P | haxi — 11x1+2h” 1) H Zeqi € Si, Vi=1,...,Ny
VT +p, VT

This observation simply follows from the fact that the summation and the integration in the first case, together

correspond to integrating the function
P | hiixy — hix) + Zh” )+ Zeqi € Siy Vi=1,...,No

over the sum region p, AT N VT + p~ VT which lies inside the second region VT + p1V7T. O
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Proof of Lemma 5.1: For a given i € {M,d} and a set of indices kj,kj, = 1,...N; we first consider the

probability
N; .
S i ) g2 (68)

(k)

kv
(k;) and X; 77 are

where N; denotes the number of nodes j that have non-zero channel coefficients to node 7. x;
independent and uniformly distributed over the p?* lattice points p, *AT N VT, z; ~ N(0,0?), and u} ~ unif(Vl%).
Note that we can immediately apply Lemma 7.3 by identifying S; in the lemma as the complement of V<, and
( /

switch from the discrete distribution over the lattice points p;- P AT NV for x(k ) and X; 7 to a Gaussian distribution.

More precisely the above probability is upper bounded by

2Ni
(14 ea(ATy) erar®renes )7 gneat Zh” )+7 gV
where X;,%},j = 1,..., N; are independent ~ N(0,02 I,) with
G*
= (14 p)2(pogy (AT))2 = 52 (AT
(145 P o (AT s (A7)

and z; ~ N(0,021,),

*

G(AY)

= (14 e5)2N (1 + (pcov(Afi))QOZ(A%)>

where all e;(AT), €2, e2(AT;) e2(AT), €5 — 0 as n — oco.

Note that Z 1 hij(Xj — X)) + 2; has distribution N'(0, 07 I,), where

o2 =2+ 22 |hij|> P+ 0,(1),
j=1

which follows from our choices for 02(A8i) and 02(AT) in (20) and (15) respectively. Note that both AT and A?ﬂ-

nRy
are Rogers-good and from (19), p, = e(>s™? and hence p, ! — 0 as n — 0. Since A¥ is Poltyrev-good, we have
Z hij(%X; — 5(;) +7i ¢ YQ | < e nlEP(ni)—on(1)] (69)

where Ep(u;) is the Poltyrev exponent,

sl = 1) —logpi] 1< p; <2
Ep(pi) = 3log e 2<p; <4 (70)
g pi =4
and p; = 0?(A?)/o?. By the union bound, for node i € {M,d},
P (3 {k;, K} st Zh” () _ 5)) 4 gy — ) ¢ VO

< (1 + (AT e @Tma ) gneshR) (GanRey s gt =on 1)
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since for every j =1,..., N;, k; and k'; run over the e possible transmit codewords. Finally,
P(3i € {M,d}, {kj,K}} st Zhij(x§-kj) (k ))—f—zl u, ¢ VO

< ((1 +es(ATY) enq(ATHneQ)ZNf‘ en2(AL) (N 4 1) e—nlErG)=2Re Ne=on ()] (71
where N, = max;e{a,qp Ni and g = 0%(A9) /02 with
02 =2+ 2Ds + 0,(1).
Recall from (17) that D, = max;e{aq,q} Zj |hij|?P. We have chosen in (18) and (19)
R, = %log o2(A9)  and  o2(A9) =2n(1+ D,)

for some 1 > 0. Therefore R, increases logarithmically in 7 while the Poltyrev exponent is linear in x4 ( and hence
in 1) in the third regime in (70). By choosing the constant 7 large enough, we can ensure that the exponent in (71)

is negative and hence the probability decreases to zero when n increases. ]

Proof of Lemma 5.2: Let us denote Ni, = || and N = |Q°|. We want to evaluate the probability

PSS hi™ —x) 4z — w2 < mo?, Vie 0°
JEQ 1

(kj) (k%)

where x;" and x; 7, j € § are independent and uniformly distributed over the p;' lattice points p;- AT YT,

z; ~ N(0,0?%), and u, ~ unif(VlQi). We can rewrite the above expression in the form

; K/ .
P HZ hij(xg.kJ) - xﬁ» J)) +z; — U <no?, VieQ°
jen
with the understanding that h;; is only non zero if ¢ € M; and j € M;_; for some [ = 1,...,l;. Note that

we can immediately apply Lemma 7.3 by identifying S; in the lemma as B(y/n 02), and switch from the discrete
(k) (k5)

distribution over the lattice points p AT N VT for x; " andx; 7’7, j € Q to a Gaussian distribution. More precisely,
the above probability is upper bounded by
2N N
((1 + 64(AT))NR ene1(AT)+n€2) L (enez(AlQ,i)) R P HZ h” + zz||2 < nO’S, vie e, (72)
JEQ

where X;,X/, j € Q are independent ~ N(0, 02 I,,) with

=(1 +pr_1)2(pcov(AT))2G(A:LT) UQ(AT)v

and z;,i € ) are independent ~ N (0, 021,,),

*

=(1+e) M [ 14 —2—

(pcov (AlQ,i))20'2 (AlQ,z)>

where all € (AT), e, EQ(A%L e2(AT), e5 — 0 as n — oo. Furthermore 02 — P and 02 — 2 as n — oo since all

AT, A® and AIQJ are Rogers-good.
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The probability in (72) can be upper bounded as follows:

P> hij(&; — X)) + 2> <no?, VieQr

JEQ
<P (||H (X - X)) + 2| < Ngno?) (73)
=P (IS (X - X) + ZI3 < Nuno?) (74)
min(Ng,Np) (NR_NL)+
<Pl > e —%)+zl’+ Y. zl* <NanoZ|, (75
1=1 =1

where H is the Np x Ny transfer matrix from the nodes in 2 to the nodes in Q¢ and ¥ is a diagonal matrix
containing the singular values o;,i = 1,...,min(Ng, N1) of H. X and X’ are N, x n matrices, their j’th row
containing the vectors x; and 5(3 respectively. Z is Np x n matrix, its i’th row containing the vector z;. The
entries of the matrix X — X’ are i.i.d. with distribution A/(0,202) and the entries of the matrix Z are i.i.d. with
distribution A/(0, o2). Inequality (73) follows from the definition of the Frobenius norm for matrices. (74) is obtained
by replacing H with its singular value decomposition UX VT and noting that for any matrix A, [|[UTA||z = || A]|2
when U is unitary. Moreover, the distribution of U Z is the same as Z and the distribution of VT(X' - X ) is the
same as (X — X').
The probability in (75) can be bounded using Lemma 7.2. For any ¢ > 0,

min(Ng,Nz) (Nr—Np)*t
P S e =% +zil*+ Y. |z)* < Ngno? | <
i=1 i=1

min _ +
-z (Zizl(NR’NL’ log(142(20202 +02)t) + 3 VRN log(1420%t) ~2tNg a’j>
e .
Choosing t = 1/202, yields an exponent

min(Ng,Nr) (Nr—Np)* 2

n 20202 + o2 lops
-5 > log <1+02> + > log(1+ %) — Ng
i=1 c i=1 c
in the above expression. We have
20?0% + 03 afP +1 crg 1
) —5 7 ’
o2 (1+¢) o2 1+4e

as n — oo. Combining everything together yields,

PSS hiy™ —x) 4z w2 < mo?, vie
JEQ -1

—5 (SR log (1407 P) ~ Na(1+los(146)) +on (1) )

In the last expression we identify % Z;:T(NR’NL) log (1+02P) as I(Xq; HXq + Zqe), where Xg is an N x 1
Gaussian vector with i.i.d entries of variance P and Z. is an Nk x 1 Gaussian vector with i.i.d entries of variance

o2 and H is the corresponding transfer matrix between nodes in  and Q°.
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(k7)

Proof of Lemma 5.3: Note that a priori the random variables y, *’,7 € 2 in (39) for a fixed set of indices

{k!};cq are independent and uniformly distributed over V%. This is because the quantization codebook at each

relay is chosen at random from the ensemble of Section III (note that the construction of the ensemble induces a
(k5)

uniform mapping between the indices k& = 1,...,p,* and the corresponding lattice points) and y; © is obtained

(k7) (

by dithering y,"* over the Voronoi region Vfi in (23). As a result, yiki) for ¢ € Q are independent continuous

random variables uniformly distributed over V@, Moreover, this is still the case conditioned on the events

Ar={1CY by =) 4z —u)) mod A9 <no?},  ieq
JEQ 1

Note that the event in the conditioning governs the set of random variables {xl(-ki), xgk"'),i € O}, {z,u;,i € Q°F
(k7)

Since for ¢ € Q,k; # k;, and therefore y,"*/,i € (), are independently, uniformly chosen over VSZ- and are

independent from these random variables, therefore conditioned on A;,i € Q°, ygk’;),i €  are still independent
uniformly distributed over V<. By the Crypto Lemma (see Lemma 4.1), the random variables
v = S’Ekg) - Z hin;kj) — Z hinE-kj) mod A%, ieNe
jeqe | JEQ_1
are also uniformly distributed over V@ and is independent of

Z hijxg-kj)-i- Z hwxik;)

jeQe JEQ 1
This is due to the fact that y§’“i) is independent of this term. Therefore (46) is upper bounded by
N P(Biie Q| Aie ) =R T P (||wi]? < no?)
ki€ i€ENq
ki #ki
22(A?) i
< p3nlQ 1og02(AQ)e*%”|Q‘ <1°g( o2 )*Haz(AQ)*O"(U)

< e%n|ﬂ\n(log 2(14€)+1+0,(1))

where used Lemma 5.4 and the fact that R, = 3 logo?(A?) from (19). O
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