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Abstract
This paperaddressestheproblemof systemidentificationandfault detectionin a two DOF nonlinearsystem
characterizedby cubicstiffness.Systemidentificationis baseduponNonlinearARX (NARX) models,while
a novel FunctionalModel BasedMethod is employed, for the first time within the context of a nonlinear
system,for tacklingthecombinedproblemof fault detection,identification(localization),andfault magnitude
estimation. The FunctionalModel BasedMethod utilizes FunctionalNARX (FNARX) models,which are
capableof accuratelyrepresentingthesystemin a faultystatefor thelatter’scontinuumof faultmagnitudes,as
well asstatisticaldecisiontheorytools.Theresultsof thestudyindicatetheeffectivenessof bothNARX based
identificationandtheFunctionalModel BasedMethodin detecting,identifying,andestimatingthemagnitude
of faultsbasedupononly two measuredsignals.

1 Intr oduction

This paperis concernedwith theproblemsof system
identificationand fault detection,identification (lo-
calization),andmagnitudeestimationin a two DOF
(Degree-of-Freedom)systemcharacterizedby local
polynomialnonlinearity(cubicstiffness� � ; figure1).

The approachpostulatedis basedupon discrete-
time NARX models [1, 2, 3], that is Nonlinear
AutoRegressive modelswith eXogenousexcitation,
which constitutenonlinearextensionsof theconven-
tional linear ARX models[4, 5]. Unlike alternative
nonlinearrepresentations,suchas thosebasedupon
Volterraor Wienerseries[1, 6, 7], describingfunc-
tions [1, 8], or neuralnetworks [1], which areoften
usedin identification,NARX modelsoffer a number
of advantages,including accuracy and compactness
of representation(the latter leadingto improved sta-
tistical parsimony), physical significance,anddirect
correspondencebetweentheNARX andthephysical
systemparameters.NARX modelsalsofeaturelinear
regressionbasedestimationandthe availability of a
numberof toolsfor modelstructureselection[9].

Once the feasibility and effectivenessof NARX
basedsystemidentificationis demonstrated,thecom-
bined problem of fault detection,identificaton(lo-
calization),and magnitudeestimationis tackledvia
a Functional Model BasedMethod. This method,
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Figure1: Two DOFsystemwith cubicstiffness.

which has beenrecently introducedby the authors
[10, 11], is usedfor thefirst timewithin thecontext of
anonlinearsystem,cultivatingupontheNARX based
systemrepresentation.The FunctionalModel Based
Method achieves fault detection,identification,and
magnitudeestimationin a unified way, basedupon
the novel classof stochasticfunctional modelsand
statisticaldecisiontheorytools. Thestochasticfunc-
tional models,presentlyFunctionalNARX(FNARX)
models, play a very centralrole, asthey arecapable
of accuratelyrepresentingthesystemin a faulty state
for thelatter’s continuumof faultmagnitudes.

Therestof thispaperis organizedasfollows: The
systemandtheconsideredfaultsaredescribedin sec-
tion 2, while NARX basedidentificationis presented
in section3. The FunctionalModel BasedMethod
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Table1: Physicalsystemparameters.

Fault Description
modePRQ SQ G C stiffnesschanges

(
G =@T-O U>V V V O U W )PRQ XQ G ; stiffnesschanges

(reductionvalue
G =IO A W )

Table2: Theconsideredfaultmodes.

for fault detection,identification,andmagnitudees-
timation is presentedin section4, andcorresponding
resultsaresummarizedin section5. Theconclusions
of this studyaresummarizedin section6.

2 The system and the faults

The two degree-of-freedomsystem consideredis
characterizedby cubic stiffnessin spring

G J
(figure

1). The restof the systemelementsare linear. The
system’sphysicalparametersareindicatedin table1.

Thesystemdynamicsaredescribedby thediffer-
entialequations::<; Y Z[';]\I^ G ;]\ G C _ Y [';`T G CMY [aC�\bK ; Y>c[';-= P:DCMY Z[aC>T G CMY [';]\ G CMY [aC]\ G J Y [ J C \bK J Y c[aCd=eA (1)

with
P

designatingaforceexternallyappliedonmass:<; , and [gf hRc[gf h`Z[gf the i -th massdisplacement,veloc-
ity, andacceleration,respectively.

Systemidentificationandfault detectionareboth
basedupon measurementof the force excitation

P
(subsequentlydesignatedas [ ) andthevibrationdis-
placementresponse[ C (subsequentlydesignatedasj ).

Systemsimulationis basedupondiscretizationof
equations(1) via forwarddifferencing[12, pp.13-22]
with timestepk'l =ImnV m m mpo<? AMqnr>s t K (samplingfre-
quency u l =@? h E A A vDw ).

The faults. Two typesof faults(fault modes)are
considered(table 2 and figure 1): The first mode
correspondsto stiffnesschangesin

G C . Each indi-
vidual fault is representedas

P Q SQ
, with the super-

script
G C indicatingthe fault modeandthe subscriptG

the exact fault magnitude(changesin the rangeof

G =xT-O U>V V V O U W are considered;negative/positive
valuesindicatestiffening/loosening,respectively).

Thesecondmodecorrespondsto stiffnesschanges
in
G ; . Eachindividual fault is similarly representedasPRQ XQ

. A singlefault mangitudeof
G =@O A W (stiffness

reduction)is in this caseconsidered.

3 NARX based identification

Themanipulationof thediscretizedsystemequations
of motionleadsto thefollowing relationshipbetween
the force excitation [�y z { and the obtaineddisplace-
mentresponsej'y z { 1:j'y z {a=}|`~� f �];'� faY �]f y z {M\}|`�� f �';'� faY � |`~ � f y z {N=a�=a��j'y z {�=��-�>y z {nY � (2)

where:�py z {]�=�y �`; y z { V V V � |`~ �a|`� y z { { � � � |`~ �g|`� � � ; � (3)�I�=�� � ; V V V � |>~ ... � ; V V V � |`� � � � � |`~ �g|`� � � ; � (4)

and z designatesnormalized discrete time ( z�=? h Unh Onh V V V ) with absolutetimebeing ^ z]Te? _�Y kal .
The regressors� f y z {-^ i =�? h V V V h : � \@: � _ are

monomialsof degrees� =�? h Unh O , asindicatedin ta-
ble3. With theadditionof azeromean,uncorrelated,
anduncrosscorrelatedwith the excitation [�y z { , noise
term tMy z { in equation2, the excitation-responserela-
tionshipassumesthe NARX( � � ,� � ) (NonlinearAu-
toRegressivewith eXogenousexcitation)form [1, 2]:j'y z {�=�� � y z {nY ��\btMy z { (5)

In thisform � representsthemodelparametervec-
tor, with � f ^ i =�? h V V V h : � _ designatingthe i -th AR
(AutoRegressive) parameterand � f-^ i =�? h V V V h : � _
the i -th X (eXogenous)parameter, and � � =�� ,� � =x� , the AR and X orders, respectively. The
excitation-responsedelay(seetheX term in table3)
is � =�� , while themodelincludeslinear, quadratic,
andcubic terms,with themaximumnonlinearityde-
greebeingmax � =IO (seetable3).

System identification. Identification of the
healthy system is based upon the NARX( � � , � � )
modelof the form of table3. Estimationis accom-
plished via minimization of the quadraticcriterion

1Lower case/capital bold face symbols designate vec-
tor/matrixquantities,respectively.



Degree �' @¡ �' I¢ �' I£
Par. Monomial Par. Monomial Par. Monomial

AR term ¤n¥§¦`¥ ¨ © ªa e«'¨ ©]¬e¡ ª�¤M®¦� ¨ © ªa e«'¨ ©]¬¯£ ªg° «'¨ ©�¬<± ª²¤M³®¦�³ ¨ © ªa e«'¨ ©�¬�¢ ªg° «M´ ¨ ©]¬�± ª
” ” ¤ ´ ¦ ´ ¨ © ªa e«'¨ ©]¬¯¢ ª�¤Mµ®¦�µ ¨ © ªa e« ´ ¨ ©�¬<± ª ¤ ¶·¦]¶M¨ © ªa e«'¨ ©�¬�£ ªg° « ´ ¨ ©]¬�± ª
” ” ¤ ¸·¦]¸M¨ © ªa e«'¨ ©]¬¯£ ª ¤M¹®¦�¹ ¨ © ªa e« ¸ ¨ ©�¬<± ª
” ” ¤ º·¦]ºM¨ © ªa e«'¨ ©]¬�± ª
X term » ¥¼¦� ¨ © ªa e½�¨ ©]¬�± ª
AR order: ¾'¤¿ e± X order: ¾]»- e± Delay: Àp e±
AR terms: ÁD¤¿ IÂ X terms: ÁD»- @¡

Table3: TheNARX( ¾'¤gÃ ¾'» ) modelstructure.Ä Å`Æ'ÇgÈ   ¥ÅDÉ ÅÊ Ë ¥gÌ ´ ¨ © ª , with Í designatingthe
lengthof theexcitation-responsesignalsused.Owing
to the linear dependenceof the error term Ì ¨ © ª upon
theparametervector Î , this leadsto thelinearregres-
sionestimator:ÏÎe �Ð ¡Í ÅÑ Ê Ë ¥'Ò ¨ © ªg° Ò-Ó ¨ © ª ÔDÕ ¥ °nÐ ¡Í ÅÑ Ê Ë ¥'Ò ¨ © ªg° «'¨ © ª Ô

(6)ÏÖ ´×   ¡Í ÅÑ Ê Ë ¥ ÏÌ ´ ¨ © ª (7)

Identification is presently based upon ÍØ £ ÙnÃ Ù Ù Ù>Ú ¤ ÁpÛg� Ì ( ¢ Ù>Ú Ì Ü ) longexcitationandresponse
signals. A typical vibration responsesignal is de-
picted in figure 2, whereasthe correspondingiden-
tification result(model-basedone-step-aheadpredic-
tions andpredictionerrors)is, for a segmentof that
signal, presentedin figure 3. As it may be readily
observed,themodel-basedpredictionspracticallyco-
incidewith thesystemresponseandthepredictioner-
rorsareverysmall.

4 The fault detection and identi-
fication method

TheFunctionalModel BasedMethodconsistsof two
phases(alsosee[10, 11]): The first (a-priori) phase
includesthebaselinemodeling(via identification)of
thehealthy system’s dynamics,aswell asthemodel-
ing of eachfaultmode,for its continuumof faultmag-
nitudes,via the novel classof stochastic functional
models.

The second(inspection)phaseis performedpe-
riodically during the system’s servicecycle, and in-
cludesthe functionsof fault detection,identification
(localization),andfaultmagnitudeestimation.
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Figure2: Systemvibrationdisplacementresponse.
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Figure3: (a) Theactual(—) andpredicted(- - -) dis-
placementresponses;(b) the correspondingpredic-
tion errors.

4.1 Baseline and fault mode modeling
(a-priori phase)

Baseline modeling. A single experiment is per-
formed, basedupon which an interval estimateof



a NARX( Ý'Þgß Ý'à ) dynamicalmodel, of the form of
equation(5) representingthe healthy system’s dy-
namics,is obtained.

Fault modemodeling. Thenotionof fault mode
refersto theunionof faultsof all possiblemagnitudes
(severities)originatingfrom asinglephysicalcause.

For the modelingof a fault mode,a seriesof á
experimentsare performed(either physically or via
simulation). Eachexperimentis characterizedby a
specificfault magnitudeâ , with the completeseries
covering the rangeof possiblefault magnitudes,sayã â ä`å æaß â ä`ç è é , via a discretization ê ânë ß âMì ß í í í ß âMîðï
(in the sequelit is tacitly assumed,without loss of
generality, that the healthy systemcorrespondstoâ<ñ�ò ). This procedureyieldsa seriesof excitation-
responsesignalpairs(eachof length ó ):ôaõ ã ö é ßM÷ õ ã ö éxø ö ñ@ù ß í í í ß ó<úûø â¿ñIânë ß âMì ß í í í ß âMîðú

(8)
Baseduponthese,a propermathematicaldescrip-

tion of thefaultmodemaybeconstructedin theform
of a stochasticFunctional Model (presentlyFunc-
tionalNARX – FNARX – model).A FNARX model,
beingageneralizationof aNARX model(5), is of the
form:ü ø ýaú>þÿ÷ õ ã ö éañ�� � õ ã ö é�� �dø ânú��	� õ ã ö é�â�
�

(9)�dø ânú =

� Þ ë ø ânúaí í í Þ ä`ç ø ânú ... à ë ø ânú'í í í à ä�� ø ânú � �
(10)Þ å ø ânú��ñ����� � ë Þ å � ��� ø ânú�à å ø âgú��ñ����� � ë à å � ��� ø ânú
(11)

In theseexpressionsâ designatesthefaultmagnitude,� õ ã ö é is definedanalogouslyto � ã ö é [equation(3)],ôaõ ã ö é , ÷ õ ã ö é designatethecorrespondingmeasuredex-
citation and resultingresponsesignals,respectively,
and � õ ã ö é the correspondingstochasticmodel resid-
ual (one-step-aheadpredictionerror). For an accu-
ratemodel, the residualsequenceis zero-mean,un-
correlated,with variance � ì� ø ânú , and uncrosscorre-
latedwith thecorrespondingexcitation. Residualse-
quencescorrespondingto different fault magnitudes
areassumeduncrosscorrelated.

As equation(11) indicates,theAR andX parame-
ters Þ å ø ânú , à å ø âgú aremodeledasexplicit functionsof
the fault magnitudeâ , belongingto a � -dimensional
functional spacespannedby the (mutually indepen-
dent)functions � ë ø ânú ß í í í ß � � ø ânú (functionalbasis).
TheconstantsÞ å � , à å � designatetheAR andX, respec-
tively, coefficientsof projection.

The FNARX modelof equations(9)-(11), desig-
natedas

ü ø ýaú , is thusparametrizedin termsof the
parametervector(to beestimatedfrom themeasured
signals):ý �ñ ã Þ å � ... à å � ... � ì� ø ânú�é � �ñ � ý � ... � ì� ø ânú � � ��! ß " ß â

Themodelof equation(9) maybethenre-written
as:÷ õ ã ö éañ$# � � õ ã ö é&%�' � ø ânú ()� ý��*� õ ã ö éañ�+ � õ ã ö é � ý���� õ ã ö é

(12)
with:'�ø ânú,�ñ ã � ë ø ânúaí í í � � ø ânúMé � - �/. ë 0 (13)ý1�ñ � Þ ë 2 ë í í í Þ ä`ç 2 � ... à ë 2 ë í í í à ä�� 2 � � � - 3 ä`ç 4gä�� 5 6 �/. ë 0 (14)
and % designatingKroneckerproduct[13, pp. 27-28].

For model parameterestimation, the FNARX
equation(12)gives,following substitutionof thedata
[equation(8)] correspondingto a singlefault magni-
tude â :789 ÷ õ ã ù é

...÷ õ ã óDé
: ;< ñ 789 + � õ ã ù é...+ � õ ã óðé

: ;< � ý=� 789 � õ ã ù é...� õ ã óðé
: ;< (15)

ñ?>A@ õ ñCB õ � ý=�ED õ (16)

Stacking together these expressions for the
data correspondingto the discrete fault magni-
tudesê ânë ß â ì ß í í í ß âMîðï consideredin theexperiments
yields: @�ñCB�� ý=�ED (17)

with:

@F�ñ 78889 @ ë@ ì...@ î
: ;;;<G H I J- K î . ë 0
BL�ñ 78889 B¿ëBpì...B î

: ;;;<G H I J- K î . 3 ä>ç 4aä�� 5 6 � 0
D*�ñ 78889 DgëDnì...D î

: ;;;<G H I J- K î . ë 0
Parameterestimation(determinationof theparam-

etervector ý ) may be thenbaseduponthe Ordinary
LeastSquares(OLS)criterion:M �ñ TraceNCov

ã Dnéañ îO õ � ë KO P � ë � ìõ ã ö é (18)



in which QCov R S T designatessamplecovarianceof the
indicatedvector. This leadsto theestimators:UVXW$Y Z[)Z,\�]?^ S Z_[�`�WW$abc d e ^*fc g e ^�h d R i T h [ d R i T j ]�^ S a=bc d e ^Xfc g e ^�h d R i T k d R i T j (19)lm?no/p q&r Wtsu fc g e ^ lv nd R i T for q W q ^ w x x x w q b (20)

The
lV

estimator is asymptotically (
uzy|{

)
Gaussiandistributed with meancoinciding with the
true parametervector and covariance matrix }�~ ,
basedupon which interval estimatesof the true pa-
rametervectormaybeconstructed[14].

4.2 Fault detection, localization, and es-
timation (inspection phase)

Let ��R i T w k�R i T ( i W s w �&w x x x w u ) representthe excita-
tion andresponsesignals,respectively, obtainedfrom
thesystemin its current(unknown) state.

Fault detection. Fault detectionmay be based
uponthere-parametrizedFNARX modelof anyfault
mode. Toward this endconsiderthe re-parametrized
(in termsof q , m no , whicharetheparametersto beesti-
mated)FNARX modelcorrespondingto thestiffnessq n fault mode[noticethatthebasisfunctionsandco-
efficientsof projectionare thoseof the chosenfault
modemodel;comparewith equations(9) and(12)]:� p q w m�no r�� k�R i T W�� [ R i T&S � p q&r�� v R i T WW$� �,[ R i T/��� [ p q�r � S V � v R i T (21)

Theestimationof q , m no baseduponthecurrentex-
citationandresponsesignalsis achievedvia thenon-
linearregression(NonlinearLeastSquares– NLS) es-
timator (realizedvia goldensearchandparabolicin-
terpolation[15]):lq*�W arg ��� �d fc g e ^ v n R i T lm no W su fc g e ^ lv n R i T (22)

This estimatormay be shown [14] to be asymptot-
ically (
u�y�{

) Gaussiandistributed, with mean
equal to the true (underlying) q value, say q/� , and
variancem nd [ lq��$��p q/� w m nd r ]. This may be in turn
estimatedas:lm?nd W lm nou a su fc g e ^��/� lv R i T� qL� nd e��d j

]?^ W

W lm nou a su fc g e ^�� � [ R i T&� � � [ p q&r� q����� d e��d S lV �
n j ]�^ (23)

with
� R i T definedby equation(3) and

lV
designating

thechosenfault mode’s vectorof coefficientsof pro-
jection[of theform of equation(14)].

Sincethe healthy systemcorrespondsto q W�� ,
faultdetectionmaybebaseduponthehypothesistest-
ing problem:��

: q/� W�� (No fault hasoccurred).
� ^ : q � W�� (A fault hasoccurred).

which (baseduponthe previous results)leadsto the
following testat the ¡ WL� x �/¢ risk level (

� x � ¢ prob-
ability of typeI error, that is rejecting

��
if it is cor-

rect):

Fault detectiontest p ¡ W�� x �/¢ r£ lq £/¤ s x ¥ ¦ lm d W?§ �=� is accepted
(no fault is detected).

Else
W?§ �=�

is rejected
(a fault is detected).

Fault identification. Once fault occurrence
has beendetected,fault localization is basedupon
the successive estimationand validation of the re-
parametrizedFNARX models[of the form of equa-
tion (21)] correspondingto the variousfault modes.
Theprocedurestopsassoonasa particularmodelis
successfullyvalidated;thecorrespondingfault mode
is thenidentifiedascurrent.

Model validation may be basedupon statistical
testsexaminingthehypothesisof excitationandresid-
ual sequenceuncrosscorrelatedness,aswell asresid-
ualuncorrelatedness.Thelatteris presentlyexamined
via thestatisticalhypothesistestingproblem:�=�

: ¨ ^ W ¨ n W S S S W ¨/© W��
(thefaultmodeis identifiedascurrent).

� ^ : Somë/ª  W�� (1
¤	«�¤E¬ r

(thefaultmodeis not thecurrentone).

in which ¨ ª p « W s w �&w x x x w ¬ r designatesthe residual
seriesnormalizedautocorrelationat lag

«
. It may be

shown [16, p. 149] thattheteststatistic: W�u S p u � � r S ©c ª e ^ l¨ nªu¯® « (24)

in which
u

designatesthe residualsignal length(in
numberof samples),

l¨/ª thesamplenormalizedresid-
ual autocorrelation,and

¬
themaximumlag, follows
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Figure4: Theoretical(- - -) andFNARX estimated
(—) modelparametersasfunctionsof thefault mag-
nitude ° (faultmode ±_² ³² ).

Test IncurredFault
Case

I No fault (healthy system)
II ±² ³´ ( µ ¶ reductionin stiffness°/· )
III ±_² ³· ¸ ( ¹ º ¶ reductionin stiffness° · )
IV ± ² »´ ¼ ( µ ½ ¶ reductionin stiffness°/¾ )

Table4: Thefour testcases.

a chi-square( ¿ · ) distribution with ÀXÁCÂ degreesof
freedom.

This leadsto thetest(at the Ã risk level):

Fault identificationtestÄ$Å ¿ · ¾ Æ&Ç&È É Æ�¾�Ê?Ë Ì ¼ is accepted
(faultmodeis current).

Else Ê?Ë Ì ¼ is rejected
(faultmodenot current).

Fault magnitude estimation. Oncethe current
fault mode has beendetermined,the interval esti-
mateof thefaultmagnitudeis constructedbasedupon
Gaussianityandthe Í° , ÍÎ ·² estimates[equations(22),
(23)] obtainedfrom the ÏÑÐ °?Ò Î ·Ó Ô model [equation
(21)] of theidentifiedfaultmode.Thus:

Faultmagnitudeinterval estimate( Ã Ê ½&Õ ½/Ö ):× Í°=Á	Â Õ º Ø ÍÎ ² Ò Í°_Ù�Â Õ º Ø ÍÎ ² Ú

5 Fault detection and identifica-
tion results

5.1 Baseline and fault mode modeling
(a-priori phase).

Baselinemodeling. Theidentificationof thebaseline
(healthy) systemvia a NARX( Û�Ü�Ò Û)Ý ) model of the
form of table3 hasbeendiscussedin section3.

Fault mode modeling. Fault modemodelingis
pursuedonly for the ±² ³² faultmodecharacterizedby
changesin the °/· stiffness(noticethat the ±_² »² fault
modeis not presentlymodeled).A total of Þ Ê Â ß
experiments,one correspondingto the healthy sys-
tem ( ° Ê ½ ¶ variation in ° · ) and the rest corre-
spondingto variousfaultmagnitudes(faults ±² ³² with°�à$á Á,µ ¹/Ò µ ¹ ¶=â ; incrementã ° Êåä ¶ ), arecarried
out. The signalsobtainedare, in all cases,¹&Ò ½ ½ ½æ Ü ç=è?é ê æ long.

The FNARX modelingprocedure[14] leadsto a
FNARX( Û�Ü�Ò Û�Ý ) ±_² ³² fault modemodel, with func-
tional basisconsistingof the first two (0th and 1st
degree,thus è Ê ¹ ) Chebyshev Type II polynomials
[17]. ThetheoreticalandFNARX-basedestimatesof
certainof the modelparametertrajectories(asfunc-
tionsof thefaultmagnitude° ) arecomparedin figure
4, from whichexcellentagreementis observed.

5.2 Fault detection and identification
(inspection phase).

Four testcases,asindicatedin table4, arepresently
consideredvia MonteCarloexperiments( Â ½ runsper
case).

MonteCarlo fault detectionresultsarepictorially
presentedin figure5, fault identification(localization)
resultsin figure 6, anda summaryof the fault mag-
nitudeestimationresults(averagesover Â ½ runsper
case)is presentedin table5. In all statisticalteststhe
selectedrisk level is Ã Ê ½&Õ ½ Ö . Commentson each
testcasefollow.

TestCaseI (healthysystem).In thiscasethefault
magnitudeinterval estimateincludesthe ° Ê ½ value
in eachoneof the Â ½ runs[figure 5(a)], thusno fault
is (rightly) detected.In addition,the valueof the

Ä
statisticis, for all Â ½ runs,below thecritical point[fig-
ure6(a)]. Theexcellentaccuracy of the ° estimatesis
confirmedby theaverage(over the Â ½ runs)pointand
standarddeviationestimatespresentedin table5.

Test CaseII (fault ± ² ³´ – µ ¶ reductionin the °/·
stiffness). Thisisasmallmagnitudefault,yetfaultde-
tectionis accuratein all Â ½ runs[the fault magnitude
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Figure5: Fault detectionresults:(a) TestcaseI (healthy system);(b) testcaseII (fault ëì íî ); (c) testcaseIII
(fault ëì íï ð ); (d) testcaseIV (fault ë_ì ñî ò ) [10 MonteCarlorunspercase;thesolidhorizontallinesdesignatetrue
fault magnitude,the circlescorrespondingpoint estimates,andthe boxesinterval estimatesat the ó�ô¯õ/ö õ/÷
level].

TestCase Fault TrueFault AveragePoint AverageStandard

Magnitudeø/ù,ú û�ü Estimateýø DeviationEstimate ýþ ì
I ë ì íò 0 ÿ��/ö ÷ ����� õ � î 7.20 ��� õ	� ï
II ëì íî 3 3.02 7.12 ��� õ	� ï
III ëì íï ð 29 29.02 7.18 ��� õ � ï

Table5: Faultmagnitudeestimationresults(averagesover10MonteCarloruns).

interval estimatesdonot includethe ø�ô�õ value;fig-
ure5(b)]. The ëì íì fault modeis alsocorrectlyiden-
tified, asthevalueof the 
 statisticis, for all � õ runs,
below the critical point [figure 6(b)]. The excellent
accuracy of the ø estimatesis, onceagain, confirmed
by the average(over the � õ runs)point andstandard
deviationestimatespresentedin table5.

TestCaseIII (fault ë_ì íï ð – � � û reductionin the ø ï
stiffness). This is a largermagnitudefault, thedetec-
tion of which is alsowithout problemsin all � õ runs
[the faultmagnitudeinterval estimatesdonot include
the ø�ô$õ value;figure5(c)]. Fault modeidentifica-
tion is alsoaccurate,asthevalueof the 
 statisticis
below the critical point for all � õ runs [figure 6(c)].
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Figure6: Fault identificationresults: � statistic(bars)andthecritical point (- - -) at the ������ �	� level (the
faultmode��� �� is identifiedascurrentif � is lower thanthecritical point). (a)TestcaseI (healthy system);(b)
TestcaseII (fault ��� �� ); (c) testcaseIII (fault ��� �� � ); (d) testcaseIV (fault ��� �� � ) [10 MonteCarlorunspercase;�  �	� ].

Theaccuracy of the ! estimatesis similarly excellent
(table5).

Test CaseIV (fault ��� �� � – " � # reductionin the
!	$ stiffness).This is asomewhatdifferentcase,asthe
fault considereddoesnot belongto themodeled��� ��faultmode(for thisreasonfaultmagnitudeestimation
is notaddressed).

Yet, the obtainedfault detectionresultsare very
good,asthefaultmagnitudeinterval estimatesdonot,
in all % � runs,includethe !&'� value[figure 5(d)].
Moreover, the fault modeidentificationresultsdefi-
nitely suggestthat the presentfault doesnot belong
to the � � �� mode,asthevalueof the � statisticis far
above thecritical point for all % � runs[figure6(d)].

6 Conc lusions

This paperwasconcernedwith systemidentification
and fault detectionin a two DOF nonlinearsystem
characterizedby cubic stiffness. Systemidentifica-
tion wasbaseduponNonlinearARX (NARX) mod-
els, while a novel FunctionalModel BasedMethod,
usingFunctionalNARX (FNARX) models,was,for
thefirst time,employedfor faultdetection,identifica-
tion, andfault magnitudeestimationwithin the con-
text of anonlinearsystem.

Theresultsof thestudyconfirmed:(a) Theeffec-
tivenessandaccuracy of NARX basedidentification
for thesystemathand;(b) theeffectivenessandaccu-
racy of theFunctionalModelBasedMethodfor tack-
ling thecombinedproblemof fault detection,identi-
fication,andfaultmagnitudeestimation.



TheFunctionalModel BasedMethodwasspecif-
ically demonstratedto accuratelydetect,identify (lo-
calize),andestimateeven small magnitudefaults (a
fault assmall as ( ) stiffnessreductionwasconsid-
ered) in the presenceof stochasticuncertaintyand
only two measuredsignals.
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