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Abstract

This paperaddressethe problemof systemidentificationandfault detectionin a two DOF nonlinearsystem
characterizedby cubic stiffness. Systemidentificationis baseduponNonlinearARX (NARX) models,while
a novel FunctionalModel BasedMethod is employed, for the first time within the contet of a nonlinear
systemfor tacklingthe combinedproblemof fault detectionjdentification(localization),andfault magnitude
estimation. The FunctionalModel BasedMethod utilizes FunctionaINARX (FNARX) models,which are
capableof accuratelyrepresentinghe systemin afaulty statefor thelatter’s continuumof fault magnitudesas
well asstatisticaldecisiontheorytools. Theresultsof the studyindicatethe effectivenesof bothNARX based
identificationandthe FunctionalModel BasedViethodin detectingjdentifying, andestimatingthe magnitude

of faultsbasedupononly two measuredignals.

1 Introduction

This paperis concerneavith the problemsof system
identification and fault detection,identification (lo-
calization),and magnitudeestimationin a two DOF
(Degree-of-Freedom¥ystemcharacterizedy local
polynomialnonlinearity(cubicstiffnessks; figure 1).
The approachpostulatedis basedupon discrete-
time NARX models [1, 2, 3], that is Nonlinear
AutoRagressve modelswith eXogenousexcitation,
which constitutenonlinearextensionsof the corven-
tional linear ARX models[4, 5]. Unlike alternatve
nonlinearrepresentationssuchas thosebasedupon
Volterraor Wiener series[1, 6, 7], describingfunc-
tions[1, 8], or neuralnetworks [1], which are often
usedin identification,NARX modelsoffer a number
of adwvantagesjncluding accurag and compactness
of representatioffthe latter leadingto improved sta-
tistical parsimoly), physical significance,anddirect
correspondencketweenthe NARX andthe physical
systemparametersNARX modelsalsofeaturelinear
regressionbasedestimationandthe availability of a
numberof toolsfor modelstructureselection9].
Oncethe feasibility and effectivenessof NARX
basedsystemidentificationis demonstratedhecom-
bined problem of fault detection,identificaton (lo-
calization),and magnitudeestimationis tackledvia
a Functional Model BasedMethod This method,
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Figurel: Two DOF systemwith cubicstiffness.
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which hasbeenrecently introducedby the authors
[10, 11], is usedfor thefirst time within thecontext of
anonlinearsystemgultivatingupontheNARX based
systemrepresentationThe FunctionalModel Based
Method achieves fault detection,identification, and
magnitudeestimationin a unified way, basedupon
the novel classof stochasticfunctional modelsand
statisticaldecisiontheorytools. The stochastidunc-
tional models,presentlyFunctional NARX (FNARX)
models play a very centralrole, asthey arecapable
of accuratelyrepresentinghe systemin afaulty state
for thelatter’s continuumof fault magnitudes.
Therestof this paperis organizedasfollows: The
systemandthe consideredaultsaredescribedn sec-
tion 2, while NARX baseddentificationis presented
in section3. The FunctionalModel BasedMethod
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m1 =10 mo =55 (kg)
k1 =10 ko=90 k3 =900 (kKN/m)
c1 =750 c3 =300 (Ns/m)

Tablel: Physicalsystemparameters.

Fault Description

mode

L ko stiffnesschanges
(k = —32...32%)

EF k stiffnesschanges

(reductionvaluek = 30%)

Table2: Theconsideredault modes.

for fault detection,identification,and magnitudees-

timationis presentedn section4, andcorresponding
resultsaresummarizedn section5. The conclusions
of this studyaresummarizedn section6.

2 The system and the faults

The two degree-of-freedomsystem consideredis
characterizedy cubic stiffnessin spring ks (figure
1). Therestof the systemelementsarelinear The
systems physicalparameterareindicatedin tablel.

The systemdynamicsaredescribedy the differ-
entialequations:

mi1-Z1+ (k1 + ko)1 — koo +c1-21 = F

Mmo-To — ko1 + ko 29 + kg.x% +c3-20 =0 (1)

with F' designatingaforceexternallyappliedonmass
m1, andz;, &;, Z; thei-th massdisplacementyeloc-
ity, andaccelerationtespecitiely.

Systemidentificationandfault detectionare both
basedupon measuremenodf the force excitation F
(subsequentlyglesignatedsz) andthevibrationdis-
placementresponsers (subsequenthydesignatedas
Y).

Systemsimulationis basedupondiscretizatiornof
equationq1) via forwarddifferencing[12, pp.13-22]
with time stepT, = 6.666 x 10~* sec (samplingfre-
queny fs = 1,500Hz).

The faults. Two typesof faults(fault modes)are
considered(table 2 and figure 1): The first mode
correspondgo stiffnesschangesn k.. Eachindi-
vidual fault is representeds F,f2, with the super
script k2 indicatingthe fault modeandthe subscript
k the exactfault magnitude(changesn the rangeof

k = —32...32% are considered;negative/positve
valuesindicatestiffening/looseningtespectiely).

Thesecondnodecorrespondso stiffnesschanges
in k1. Eachindividualfaultis similarly representeds
Ff. A singlefault mangitudeof k£ = 30% (stiffness
reduction)is in this caseconsidered.

3 NARX based identification

Themanipulationof thediscretizedsystemequations
of motionleadsto thefollowing relationshipbetween
the force excitation «[t] and the obtaineddisplace-
mentresponsey[t]*:

ma mb
yltl =D ai @ilt] + D bi marilt] =
=1 =1

—  ylt] = ¢[t]- 9

)

where:

elt] 2 [e1t] - Pmarmbl N mas oy 3)

T
b

[(ma-t+mb)x1]
and ¢ designatesnormalized discrete time (i =
1,2,3,...) with absoluteime being(t — 1) - 7.

The regressorsp;[t] (i = 1,...,ma + mb) are
monomialsof degrees! = 1,2, 3, asindicatedin ta-
ble 3. With theadditionof azeromean,uncorrelated,
anduncrosscorrelatedith the excitation z[t|, noise
terme[t] in equation2, the excitation-responseela-
tionship assumeshe NARX(na,nb) (NonlinearAu-
toRegressve with eXogenousxcitation)form [1, 2]:

92 4

al...ama:bl..

ylt] = @Tt] -0 +eft] (5)

In thisform 43 representthemodelparametevec-
tor, with a; (i = 1,...,ma) designatinghei-th AR
(AutoRegressie) parameteandb; (i = 1,...,mb)
the i¢-th X (eXogenous)parameterand na = 4,
nb = 4, the AR and X orders,respectiely. The
excitation-responséelay (seethe X termin table 3)
is d = 4, while the modelincludeslinear, quadratic,
andcubicterms,with the maximumnonlinearityde-
greebeingmax! = 3 (seetable3).

System identification.  Identification of the
healtly systemis basedupon the NARX(na,nb)
model of the form of table 3. Estimationis accom-
plished via minimization of the quadraticcriterion

!Lower casel/capitalbold face symbols designate vec-
tor/matrixquantitiesrespectrely.



Degree [=1 =2 [=3
Par. Monomial Par. Monomial Par. Monomial
ARterm a1 @it =y[t =1 a5 @slt] =yt —3]-ylt —4] ar  @rlt] =yt —2] - y°[t — 4]
" e el =ylt—2] as st =yt — 4] as  slt] = ylt —3] -yt — 4]
v az  pslt] =ylt — 3| ag  polt] =yt — 4
T as  palt] = ylt — 4]
Xterm b @slt] = a2t — 4]
AR order: na =14 X order: nb=141 Delay: d =41

AR terms: ma =9 Xterms: mb=1

Table3: The NARX(na, nb) modelstructure.

Inarx = &30, €2[t], with N designatingthe
lengthof theexcitation-responssignalsused.Owing
to the linear dependencef the errorterm e[t| upon
the parameterectord, thisleadsto thelinearregres-

sionestimator:
. 1 & AR
E (stam Tm) - (NZsam -ym)
- T ®
(7

Identification is presently basedupon N =
30,000 sample (20 sec) long excitationandresponse
signals. A typical vibration responsesignal is de-
pictedin figure 2, whereasthe correspondingden-
tification result(model-base@ne-step-aheagredic-
tions and predictionerrors)is, for a sggmentof that
signal, presentedn figure 3. As it may be readily
obsened,themodel-basegredictionspracticallyco-
incidewith the systenresponsandthe predictioner
rorsarevery small.

4 The fault detection and identi-
fication method

The FunctionalModel BasedMethodconsistsof two
phaseqalsosee[10, 11]): The first (a-priori) phase
includesthe baselinemodeling(via identification)of
the healtty systems dynamicsaswell asthe model-
ing of eachfaultmode for its continuumof faultmag-
nitudes,via the novel classof stodastic functional
models

The second(inspection)phaseis performedpe-
riodically during the systems servicecycle, andin-
cludesthe functionsof fault detection identification
(localization),andfault magnitudesstimation.
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Figure2: Systenvibrationdisplacementesponse.
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Figure3: (a) Theactual(—) andpredicted(- - -) dis-
placementresponses(b) the correspondingoredic-
tion errors.

4.1 Baseline and fault mode modeling
(a-priori phase)

Baseline modeling. A single experimentis per
formed, basedupon which an interval estimateof



a NARX(na,nb) dynamicalmodel, of the form of
equation(5) representinghe healtlty systems dy-
namics,s obtained.

Fault mode modeling. The notion of fault mode
refersto theunionof faultsof all possiblemagnitudes
(severities)originatingfrom a singlephysicalcause.

For the modelingof a fault mode,a seriesof M
experimentsare performed(either physically or via
simulation). Eachexperimentis characterizedy a
specificfault magnitudek, with the completeseries
covering the rangeof possiblefault magnitudessay
[krmins kmaz], Via a discretization{ky, ke, ..., kam}
(in the sequelit is tacitly assumedwithout loss of
generality that the healtly systemcorrespondgo
k = 0). This procedureyields a seriesof excitation-
responseaignalpairs(eachof length V):
(t=1,....,.N) (k=ki,ko,....knm)

(8)

Baseduponthese a propermathematicatlescrip-
tion of thefaultmodemaybe constructedn theform
of a stochasticFunctional Model (presently Func-
tional NARX — FNARX —model). A FNARX model,
beingageneralizatiorof aNARX model(5), is of the

form:

$k[t]7 Yk [t]

M@): ylt] = Lt - O(k) +exlt] keR
€)
T

9Kk) = |ar(k) ... ama(k) b1(k) ... bup(k)
(10

ai(k) £ S0 aiGy(k) bilk) = X biiGy(k)
(11

In theseexpressiong: designatethefaultmagnitude,
i[t] is definedanalogouslyto l[t] [equation(3)],
xk|t], yx[t] designatehe correspondingneasure@x-
citation and resultingresponsesignals, respectiely,
and e [t| the correspondingstochasticmodel resid-
ual (one-step-aheadredictionerror). For an accu-
rate model, the residualsequenceés zero-meanun-
correlated,with variancec?(k), and uncrosscorre-
latedwith the correspondingexcitation. Residualse-
guencescorrespondingo differentfault magnitudes
areassumedincrosscorrelated.

As equation(11) indicatesthe AR andX parame-
tersa;(k), b;(k) aremodeledasexplicit functionsof
the fault magnitudek, belongingto a p-dimensional
functional spacespanneduy the (mutually indepen-
dent)functionsG(k), ..., Gp(k) (functionalbasig.
Theconstants;;, b;; designatéghe AR andX, respec-
tively, coeficientsof projection.

The FNARX model of equationg9)-(11), desig-
natedas. M (@), is thus parametrizedn termsof the
parameterector(to be estimatedrom the measured
signals):

. . A
Qg5 - bij . 0'2(k) ]T =

e

02 07 52 (k) Vi, j, k

The modelof equation(9) may bethenre-written
as:

yklt] = [k [t @ g7 (k)] -0+ex[t] = P [t]-0+ext]
(12)

with:

g(k) 2 [Gr(k)...Cp(k)|T

[px1]
(13)
T

A .
0= a1,1---Qma,p - b1,1 ce bmb,p
[(ma+mb)-px1]

and® designatindroneclerproduct13, pp. 27-28].

For model parameterestimation, the FNARX
equation(12) gives,following substitutionof thedata
[equation(8)] correspondindo a singlefault magni-
tudek:

Yi[1] o1 1] ex[1]
I N A N )

Yk[N] oL [N ek V]
— yk:@k-BJrek (16)

Stacking together these expressions for the
data correspondingto the discrete fault magni-

tudes{k, ko, .. ., kas} consideredn theexperiments
yields:
y=®-0+e (17)

with:

Y1 P, el

y P, e
y = .2 32 ) =

Ym Py ey

—_—
[NMx1] [N M x (ma+mb)-p| [NMx1]

Parameteestimation(determinatiorof theparam-
etervector@) may be thenbaseduponthe Ordinary
LeastSquareqgOLS) criterion:

M N

J 2 TraceCovle] = S > e2 [

k=1 t=1

(18)



in which Cov[-] designatesamplecovarianceof the
indicatedvector This leadsto the estimators:

~

60— (27%) . 3Ty —

M N -1 rm N
= [ZZd)k[tM)Z[tJ] -[ZZd)k[tJ yk[t]] (19)
k=11t=1 k=1 t=1
1 N
a—g(k):NZéz[t] for k =ki,...,ka (20)

The 6 estimatoris asymptotically (N — o0)
Gaussiardistributed with meancoinciding with the
true parametervector and covariance matrix Py,
basedupon which interval estimatesof the true pa-
rametewvectormaybeconstructed14].

4.2 Fault detection, localization, and es-
timation (inspection phase)

Let z[t],y[t] (¢t = 1,2,..., N) representhe excita-
tion andresponsaignals respectiely, obtainedrom
thesystemin its current (unknown) state.

Fault detection. Fault detectionmay be based
uponthere-pammetrized=NARX modelof anyfault
mode. Toward this endconsiderthe re-parametrized
(in termsof k, o2, which aretheparametero beesti-
mated)FNARX modelcorrespondingo the stiffness
ko fault mode[noticethatthe basisfunctionsandco-
efficients of projectionare thoseof the chosenfault
modemodel;comparewith equationg9) and(12)]:

Mk, o2)
(21)

Theestimatiorof &, o2 baseduponthecurrentex-
citationandresponsesignalsis achiesed via the non-
linearregressior(NonlinearLeastSquares-NLS) es-
timator (realizedvia goldensearchand parabolicin-
terpolation[15]):

N
1
éargmmZe 63:N2é2[t]
=1

This estimatormay be shavn [14] to be asymptot-
ically (N — o0) Gaussiandistributed, with mean
equalto the true (underlying) k value, say k°, and
varianceo? [k ~ N(k° 0?)]. This may bein turn
estimatedhs:

-1
o 62 ii oelt) 1 B
BTN |NE 0k |

(22)

Og” (k)

T
plle—pg

971
) -é} ] (23)
k—k

with ¢[t] definedby equation(3) and @ designating
the choserfault modes vectorof coeficientsof pro-
jection[of theform of equation(14)].

Sincethe healtty systemcorrespondgo £ = 0,
faultdetectiormaybebasediponthehypothesidest-
ing problem:

=N

k=0
ke £ 0

Hy:
Hi:

(No faulthasoccurred).
(A faulthasoccurred).

which (baseduponthe previous results)leadsto the
following testat the o = 0.05 risk level (0.05 prob-
ability of typel error, thatis rejectingHy if it is cor
rect):

Fault detectiontest(a = 0.05)

k| <1.966, — Hy isaccepted
(nofaultis detected).
Else = Hy isrejected

(afaultis detected).

Fault identification.  Once fault occurrence
has beendetected,fault localizationis basedupon
the successie estimationand validation of the re-
parametrized~NARX models[of the form of equa-
tion (21)] correspondingdo the variousfault modes.
The procedurestopsassoonasa particularmodelis
successfullyvalidated;the correspondindault mode
is thenidentifiedascurrent

Model validation may be basedupon statistical
testsexaminingthehypothesif excitationandresid-
ual sequenceincrosscorrelatednessswell asresid-
ualuncorrelatednes3.helatteris presentlyexamined
via the statisticalhypothesigestingproblem:

(thefault modeis identifiedascurrent).
Hy: Somep; 20 (1<i<h)

(thefault modeis notthecurrentone).

in which p; (i = 1,2,..., h) designatesheresidual
seriesnormalizedautocorrelatioratlag i. It may be
shavn [16, p. 149] thattheteststatistic:

2

h ~
Q=N-(N+2)- Z (24)

in which N designateshe residualsignallength (in
numberof samples)p; the samplenormalizedresid-
ual autocorrelationandh the maximumlag, follows
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Figure4: Theoretical(- - -) and FNARX estimated
(—) modelparametersisfunctionsof the fault mag-
nitudek (faultmodeF;™).

Test IncurredFault

Case
I No fault (healtty system)
Il F¥ (3% reductionin stiffnessky)
Il F%2 (29% reductionin stiffnessky)

IV FE(30% reductionin stiffnessk;)

Table4: Thefour testcases.

a chi-square(x?) distribution with » — 1 degreesof
freedom.
This leadsto thetest(atthe « risk level):

Fault identificationtest |
isaccepted |

Q < X%—a,h—l == HO
(faultmodeis current).
Else — Hy isrejected

(faultmodenot current). \

Fault magnitude estimation. Oncethe current
fault mode has beendetermined,the interval esti-
mateof thefaultmagnitudds constructedasedupon
Gaussianityandthe &, 6% estimategequations(22),
(23)] obtainedfrom the M(k, a2) model [equation
(21)] of theidentifiedfault mode.Thus:

Faultmagnitudentenal estimatga = 0.05):
[l% —1.966, k 1+ 1.966%

5 Fault detection and identifica-
tion results

5.1 Baseline and fault mode modeling
(a-priori phase).

Baselinemodeling. Theidentificationof thebaseline
(healtty) systemvia a NARX(na,nb) model of the
form of table3 hasbeendiscussedn section3.

Fault mode modeling. Fault mode modelingis
pursuecbnly for theF,f2 faultmodecharacterizedby
changesn the £, stiffness(noticethatthe F,fl fault
modeis not presentlymodeled).A total of M = 17
experiments,one correspondingo the healtlty sys-
tem (k = 0% variationin k2) and the rest corre-
spondingo variousfault magnitudes{faultsF,f2 with
k € [—32,32%]; incrementok = 4 %), arecarried
out. The signalsobtainedare, in all cases,2,000
samples long.

The FNARX modelingprocedurg14] leadsto a
FNARX(na,nb) F} fault mode model, with func-
tional basisconsistingof the first two (Oth and 1st
degree,thusp = 2) Chebyshe Typell polynomials
[17]. ThetheoreticabndFNARX-basedestimate®f
certainof the modelparametetrajectories(asfunc-
tionsof thefaultmagnitudek) arecomparedn figure
4, from which excellentagreemenis obsered.

5.2 Fault detection and identification

(inspection phase).

Four testcasesasindicatedin table 4, are presently
consideredria Monte Carloexperimentq10 runsper
case).

Monte Carlo fault detectionresultsare pictorially
presentedh figure5, faultidentification(localization)
resultsin figure 6, anda summaryof the fault mag-
nitude estimationresults(averagesover 10 runs per
case)is presentedn table5. In all statisticalteststhe
selectedisk level is o« = 0.05. Commentson each
testcasefollow.

TestCasel (healthysystem)In this casethefault
magnitudeinterval estimatancludesthe k = 0 value
in eachoneof the 10 runs[figure 5(a)], thusno fault
is (rightly) detected.In addition,the value of the )
statisticis, for all 10 runs,below thecritical point[fig-
ure6(a)]. Theexcellentaccuray of the k£ estimatess
confirmedby theaverage(overthe 10 runs)pointand
standardleviation estimategpresentedn table5.

TestCasell (fault F*2 — 3% reductionin the k;
stiffness) Thisisasmallmagnituddault,yetfaultde-
tectionis accuratdn all 10 runs[the fault magnitude
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Figure5: Fault detectionresults: (a) Testcasel (healtly system);(b) testcasell (fault Fé“?); (c) testcaselll
(fauItFng); (d) testcaselV (fault F:fol) [10 Monte Carlorunspercasethesolid horizontallinesdesignaterue
fault magnitude the circles correspondingpoint estimatesandthe boxesintenal estimatesat the oo = 0.05
levell.

TestCase Fault True Fault AveragePoint AverageStandard
Magnitudek® (%)  Estimatek  Deviation Estimategy
| e 0 —2.59 x 1073 7.20x10~2
I R 3 3.02 7.12x1072
i 1[72’“92 29 29.02 7.18x1072

Table5: Faultmagnitudeestimatiorresults(averagesover 10 Monte Carloruns).

interval estimatesio notincludethe k£ = 0 value;fig- TestCaselll (fault F52 —29% reductionin thek
ure5(b)]. The F,f2 fault modeis alsocorrectlyiden-  stiffness) Thisis alarger magnitudefault, the detec-
tified, asthevalueof the @ statisticis, for all 10 runs, tion of which is alsowithout problemsin all 10 runs
below the critical point [figure 6(b)]. The excellent [the faultmagnituddanterval estimatesio notinclude
accurag of the k estimatess, onceagain, confirmed thek = 0 value;figure 5(c)]. Fault modeidentifica-
by the average(over the 10 runs)point andstandard tion is alsoaccurateasthe valueof the () statisticis
deviation estimategresentedn table5. belon the critical point for all 10 runs|figure 6(c)].
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Figure6: Faultidentificationresults: ) statistic(bars)andthe critical point (- - -) atthea = 0.05 level (the
faultmodeF,f2 is identifiedascurrentif ¢ is lowerthanthecritical point). (a) Testcasel (healtly system);(b)
Testcasdll (faultFé”); (c) testcasdlll (fauItF2k92); (d) testcaselV (fault Fifol) [10 Monte Carlorunspercase;

h = 40].

Theaccurag of the k estimatess similarly excellent
(tableb).

TestCaselV (fault Fi! — 30% reductionin the
k1 stiffness).Thisis asomeavhatdifferentcase asthe
fault consideredioesnot belongto the modeledF
faultmode(for thisreasorfaultmagnitudeestimation
is notaddressed).

Yet, the obtainedfault detectionresultsare very
good,asthefaultmagnitudentenal estimatesionot,
in all 10 runs,includethe £ = 0 value[figure 5(d)].
Moreover, the fault modeidentificationresultsdefi-
nitely suggesthat the presentfault doesnot belong
to the F,i” mode,asthevalueof the () statisticis far
above thecritical pointfor all 10 runs[figure 6(d)].

6 Conclusions

This paperwasconcernedvith systemidentification
and fault detectionin a two DOF nonlinearsystem
characterizedy cubic stiffness. Systemidentifica-
tion wasbaseduponNonlinearARX (NARX) mod-
els, while a novel FunctionalModel BasedMethod,
using FunctionalNARX (FNARX) models,was, for
thefirst time, employedfor faultdetectionjdentifica-
tion, andfault magnitudeestimationwithin the con-
text of anonlinearsystem.

Theresultsof the studyconfirmed:(a) The effec-
tivenessandaccurag of NARX basedidentification
for the systemathand;(b) the effectivenessandaccu-
ragy of the FunctionalModel BasedViethodfor tack-
ling the combinedproblemof fault detection,identi-
fication,andfaultmagnitudesstimation.



The FunctionalModel BasedMethodwas specif-
ically demonstratetb accuratelydetect,dentify (lo-
calize), and estimateeven small magnitudefaults (a
fault assmall as 3% stiffnessreductionwas consid-
ered)in the presenceof stochasticuncertaintyand
only two measuredignals.
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