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1 Introduction

Let R be a valuation domain with quotient field K. An R-module M is uniserial if for all
x,y € M there is an r € R such that

re=y or ry==o.

M is divisible if for all x € M and all non—zero r € R there is a y € M such that ry = z.

A non-—zero torsionfree divisible uniserial R—module is obviously isomorphic to the quo-
tient field K of R. We call a divisible uniserial R—module proper if it is not torsionfree.

The main theorem 4.3 of this paper classifies proper divisible uniserial R—modules by two
invariants:

e an element of the cohomology group

lim' U/U,,

—aecl
where I' is the value semigroup of R, U is the group of units of R and U, is the group
of units, which differ from 1 by an element of larger value than a.

e an element of the ideal class semigroup of R

The first invariant of M is zero iff M is a standard, i.e. if M is a quotient of K. In section

2 we give an easy example of a valuation domain R for which lim! FU /U, does not vanish,
Tac

which shows that R has a nonstandard divisible uniserial module M. The part of 4.3 needed

to obtain M is given an extra proof in section 2, which thereby contains a self-contained new
construction of a nonstandard divisible uniserial module over a valuation domain.

Shelah showed in [7, p.135-150] that the existence of nonstandard divisible uniserial mod-
ules is consistent with ZFC. This result was then improved by Fuchs and Salce [2] and Franzen
and Gobel [1], who showed that the existence of nonstandard divisible uniserial modules fol-
lows from <, and even from 2+0 < 2“1,

The existence of nonstandard divisible uniserial modules was finally proved without set—
theoretical hypotheses by Fuchs and Shelah [3] using a model theoretic transfer principle and
later by B. Osofsky [6] by purely algebraic means.

If M is a nonstandard divisible uniserial module the matrix ring

s={ (s 7)

is a counter example for an old conjecture of Kaplansky, according to which every valuation
ring should be a quotient of a valuation domain.

reR,mEM}



2 Construction of a nonstandard uniserial module

Let I be a totally ordered set. A projective system is an I-indexed family (A,) of abelian
groups together with a commutative system of homomorphisms

Tag: Ag — Ao, (< pBel).

A O-cochain is a sequence (eq)acr of elements e, of Ay. A 1-cochain is a family (cag)a<pger
of elements co3 of Ay. The coboundary §(e) of a 0-cochain e is the 1-cochain defined by

6(€)ap = map(es) — €a-

Coboundaries are cocycles in the following sense: A 1-cochain ¢ is called a 1—cocycle if

Tap(Cay) — Cay + Cap =0
for all & < 8 < ~. Let us denote the quotient group (1—cocycles)/(coboundaries) by

lim! A,.
—a€el

Now let R be valuation domain and v : R — I"'U{oo} the valuation of R. For every aw € T’
we define
Uy ={ue R |v(l—-u)>a}l.

U, is a multiplicative subgroup of U, the group of units of R.

1

Theorem 2.1 R has a nonstandard uniserial divisible module iff  lim
o

U/Uy is non—
er

trivial.

Proof:
That a nonstandard uniserial divisible module gives rise to a non—trivial element of

lim! FU /Uy is not needed for our construction. We will prove this in Lemma 4.3.
“Tae

Now assume that the units (uqp) represent a cocycle of the projective system (U/U,).
We are going to construct a uniserial divisible module M, which can only be standard if the
(uqp) represent a coboundary.

First let us fix some notation. For every a € I" we choose an element r, with value «. If
A is an R—module the multiple r,A does not depend on the choice of r,, so we denote it by
aA. If P is the maximal ideal of R we have then U, = 1 + oP.

For all o < 8 multiplication by 7 'rg defines an embedding from R/(aP) into R/(3P).
The direct limit of this system is isomorphic to K/P. To obtain a more interesting limit we

use the embeddings

Uapry Tg 2 R/(aP) — R/(BP).
This is a commutative system since (uqgry lrg)(umrﬁ_lrv) and uq 1y 7., differ only by the
factor ugyugluag € Uy and define therefore the same map R/(aP) — R/(yP). Clearly the

direct limit M is uniserial. M is divisible since every element of R/(aP) is divisible by r, 13
in R/(BP). We will use the notation x,, for the coset of 1 in R/(aP).



Now suppose M = K /I and let y, + I be the image of z,, under this isomorphism. Multi-
plication by vy, ! shows that we can assume that yo = 1 and I = P. Then y, has value —« and
€a = Tala IS a Unit. To = Uapry Tpzs implies yo = uapry rgys  (mod P). If we multiply
this equation by r, we obtain e, = uqgeg (mod aP). This shows that u is a coboundary. O

To find a valuation domain with the property of 2.1 we make use of the following Lemma.

Lemma 2.2 (Todorcevic) Let (B¢)ecw, be a family of infinite abelian groups. For the
projective system (Ag) = @, ¢ By (§ € w1) with the the obvious projection maps we have
lim!  Ag #0.
—fewr ¢ 7&
Proof:
The standard construction of an Aronszajn tree ([5, p.70]) yields a sequence (f¢)¢<w, of
injective functions f¢ : { — w such that for all § < ¢ the two functions f¢ and f¢ | £ differ

only for finitely many arguments. In each B we choose a copy of w. Then f¢ defines an
element of A; =], ¢ By. Define
cee = fe = fo € Ag.

Then ¢ is a 1-cocycle, which is not a coboundary. Otherwise, there would be a sequence
de € A¢ (£ € wy) such that cge = d¢ —d¢. But then the functions fe — d¢ form an ascending
sequence. The union f of this sequence is a map defined on w;, which differs from each f
only on finitely many values in £. Since the f¢ have values in w, the preimage f~!(w) is
cofinal in wy. Since the f¢ are injective all f ~1(n) are finite. This is impossible. O

Fix a field F. Choose indeterminates t¢, ({ < wi) and let K be the rational function field
F(t¢)e<w,- Order I' = @y, Z lexicographically and let

v:K —-TU{oco}
be the (uniquely determined) valuation of K which is trivial on ' and maps t¢ to 1¢, the 1
of the £&-th copy of Z. (Note that the 1¢ form an ascending sequence.)
Theorem 2.3 The valuation ring of (K,v) has a nonstandard uniserial divisible module.
Proof:
We start the computation of the group U of units with the observation that
U=F x U(),

where F" is the multiplicative group of F'. In order to compute Uy we enlarge the linear order
I" by cuts
ag =sup{n-1,|n < neN}

tol. By the next lemma we have then



where Ve = {z € F(t; )y<e | v(1 — ) > ag}. It results that

U/Uqse = F' X (H vn) :

n<{

By Lemma 2.2 lim! U /Ua, is not trivial. By proposition 3.2 we conclude that

—Eé<w

lim' U/U, = lim!

_U/U, = lim!
—a<I’ a<I’ —

&<

U/Us,
w1

is not trivial. Now apply Theorem 2.1. O

Avoiding the use of 3.2 one can construct M directly as follows: Choose a family
(ug¢)e<c<w, of units which represents a non-trivial element of lim' U/ Uo,. Let M be
w1

the direct limit of the system (R/(t¢P))¢<w, With maps

u5+17(+1t§_1t4 : R/(tfp) - R/(t<P>

Lemma 2.4 Let v: H — G U {0} be a valued field. Order G x Z lexicographically and let
a be the cut sup G. Extend v to a valuation v : H(t) — G x Z with v(t) = (0,1). Then the
group Uy of 1-units of H(t) is the direct product of the 1-units of H and of U,,.

Proof: Easy.
O



3 The right derived functors of the inverse limit functor

Let I be a totally ordered set. A projective system is an I-indexed family (A,) of abelian
groups together with a commutative system of homomorphisms

Tag: Ag — Ao, (< pBel).

Projective systems forms an abelian category in a natural way. lim is a right exact functor to

the category of abelian groups. Since the category of projective systems has enough injectives
lim has right derived functors

lim = lm® lim', lLim?...

Fix a projective system (Aq, Tag)a<ger and a number n > 0. We call a family

c= (Cao...an)7

indexed by ascending sequences ag < ... < a, of elements of I, an n—cochain if each cy.. .,
is an element of A,,. The set of n—chains form an abelian group C" under component-wise
addition. The coboundary homomorphisms

5.t cn,

defined by (6¢)ag...ans1 = Tapar (Car.an) + E?Ill(_l)icao...@...anH? make C' = (C™),>0 into a
cochain complex.

Theorem 3.1 ([4, Théoréme 4.1))

lim" A, =H"(C)

—ael

Readers who don’t like derived functors can take H"(C) as the definition of lim" A,.

—acl
The content of the last theorem is then that the lim” has the characterizing properties of

—

the derived functors: They are trivial on injective projective systems and there is a natural
long cohomology sequence.

If J is a subset of I there is an obvious restriction map

res: lim" A, — lim"™ A,.
—ael —aeJ
Jensen proved in [4, p.12] that res is an isomorphism if J is cofinal in I. (As a special case,

we have for all [ with a last element that lim" IAQ =0 for all n > 1.) The inverse map can
T ac

be obtained as follows: One chooses a function ¢ : I — J such that always a < ¢(a). Then
to every n—cochain d over J assign the n—cochain ¢*(d) over I defined by

" (d)ag...an = TagBé(ap)...0(an)>

where 3 is the smallest element of ¢(ay) ... ¢(ar,). (We use here the convention that dg,. g,
is zero if there is an double index, and is changed by the sign of permutation if the 3; are



not in ascending order.) It is easy to see that the maps ¢* : C™ — C™ commute with § and
induce a homomorphism

o" : lim" A, — lim" A,.
—acJ —acl

The next proposition shows that the composition

. res . o* .
lim" A, = lim"™ A, — lm" A,
—a€el —a€el —aed

is the identity, giving another proof of Jensen’s result.

Proposition 3.2 Let (Ay)acr be a projective system and ¢ : I — I a function with o < ¢(av).
Let d be an n—cocycle and let ¢ be the n—cochain defined by cay...an, = Tapdg(ag)...p(an)s Where
B is the smallest element of ¢p(v) ... d(ay). Then d and c differ by a coboundary.

Proof:

Let C be the functor which assigns to every projective system (A,) the corresponding cochain
complex (C™). ¢* defines a natural transformation C' — C' and therefore a family of natural
transformations ¢* : lim"™ — lim" which for every short exact sequence 0 — (A,) — (Bqy) —

(Cq) — 0 commute with the connecting homomorphisms 0 : @”(Ca) — l{iﬁl”“(A@. By

the general theory of derived functors ¢* is therefore determined by what it does on lim°.

—

Since ¢* is the identity on lim", as one can easily check, it is the identity on all lim™. |

Jensen proved in [4, Corollaire 3.2] that for all I of cofinality wy,

lim" A, =0 (foralln>k+2).
—a€el
Furthermore he proved that the result is optimal: For every n > 2 there is a projective system
(An)acw,_, such that lim™ Aq # 0 ([4, Proposition 6.2]).
T oaCwp-—1
If we look at epimorphic systems (A, Tag)a<ger, Where all the m,3 are surjective, we
have a better result:

Theorem 3.3 For epimorphic systems of cofinality wi we have

Im" A, =0 (foralln>k+1).

—a€el

Proof:

We use induction on n and begin with the case n = 1, where we can assume that I = N.
Let a 1-cocycle ¢ be given. We choose recursively elements d; € A; such that m; ;41(diy1) =
d; — ¢i4i+1. The relation dc = 0 entails now dd = c.

Now assume n > 1. We begin with a general observation. Fix an element A € I and
denote by CY the set of n—cochains over Iy = {a € I | & < A}. Define two homomorphisms,
the restriction

t:C" — CY



and
h:C" — Cf\l_l

by h(¢)ag<...<an_1 = Cag<..<an_A- 1 does not commute with §, but we have for ¢ € C"

hé(c) = (—1)""tt(c) + 6h(c).

We may assume that I is isomorphic to wy. Let ¢ be an n—cocycle. We want to write
¢ as the coboundary of an (n — 1)—cochain d. We construct the components do, <. <a, ; by
recursion on o,_1i.

Fix A € I and assume that d is already constructed up to A\. This means that a d’ € Cf\kl
is given such that 6(d") = t(c). To extend d' to a suitable (n — 1)-cochain d defined on
{a € I | @ < A} means that t(d) = d’ and that t5(d) = t(c) and hé(d) = h(c). But I, either

has a last element or has a cofinality smaller that wy, which gives us lim”j Ay, = 0. On
——acly

the other hand §(c) = 0 implies (—1)""1t(c) + dh(c) = 0. Therefore (—1)""1d’ + h(c) is a
cocycle, which we may write as de for some (n — 2)—chain e on I). Now extend d’ to d such
that t(d) = d’ and h(d) = e. Then t§(d) = dt(d) = §(d') = t(c) and

hi(d) = (—1)"t(d)+ dh(d)
= (~1)"d + de
= (=1)"d + (=1)™'d + h(c)
= h

().



4 The classification
Let R be a valuation domain. We use the notations of section 2.

Lemma 4.1 Let A be a cyclic non-zero R—module and o a positive element of the valuation
semigroup I'. Then aA is a proper submodule of A.

Proof:

This is Nakayama’s Lemma. For a short proof assume that A is generated by a and that
v(r) = a. A = rA would imply that a = sra for some s € R. Then (1 — sr)a = 0, which
implies a = 0 since 1 — sr is a unit. O

Let M be a proper divisible uniserial R-module. We want to associate to it an element
(M) of lim? FU/Ua.
Tac

Fix a non—zero cyclic submodule Zy. Then for every o € I' there is a unique cyclic
submodule Z, with aZ, = Zy. This defines a bijection between I' and the set of all cyclic
submodules which contain Zy. Note that (8 — a)Zg = Z, for a < 3. If Zj is isomorphic to
R/I, Z, is isomorphic to R/(al).

Now fix isomorphisms fo : R/(al) — Z,. If a < 3 the induced embedding R/(al) —
R/(BI)

R/(BI) I8 z4

Tag‘

R/f(al)  fo = Za

is given by multiplication with an element 7,4 of value 8 — a.

We define p(M) from the 7,43 as follows: Choose elements r, of value o and write 7,3 =
UapTy g for units usg. Since (uaﬁrglrg)(umrglrw) and uqyry 7y define the same map
R/(al) — R/(BI) they differ by a factor from 1+ al C U,. This shows that (ung) is a
1—cocycle. We let (M) be the class determined by this cocycle.

Lemma 4.2 p(M) does not depend on the choice of Zy, of the isomorphisms fo and the
choice of the ro5 and rq.

Proof:
We treat first the case where Zy (and therefore all Z,) remains the same but we have new

! foﬂ and r/,. Then there are units v, and w, such that f, = flv, and 7o = 7L w,.



R/(BI) 15, R/(BI)

w\

R/(al) ~ Va ~ R/(al)

/
Tog

Since 7,5vq and vgrap define the same map R/(al) — R/(BI) we have vavfglr(’mr;é €

1+ ol C U,. Therefore

-1

/ -1
uaﬁuaﬂ = ’I”aT‘B

1

- -1 -1 -1 -1 -1 -1
r/aﬁra TBTap = Wa wﬁﬂﬁ%ﬁ = (wava) (wﬂvﬁ)(vavg T/aﬁraﬂ)

If we define e, = wyv, we have
u'uH(5(e)) T € U,
which shows that u = p'.

Now assume that we have chosen Zj to be Zy,. For the computation of u,; we can use
L = faotas Tla,@ = Tap+a, a0+ and 7, = ro. It results that u’aﬁ = Uqag+a,ao+3- By Proposi-
tion 3.2 we have again u = . 0

The next theorem will describe a proper uniserial divisible module M by two invariants:
(M) and its ideal class C(M), which is defined as the class of any annihilator of a non-zero
element of M in the ideal class semigroup, the multiplicative semigroup of all non-zero ideals
of R modulo the principal ideals. Observe that the annihilators of all non-zero elements of
M are in the same class.

If R is a field there are no proper divisible uniserial modules. We assume from now on
that R is not a field.

Theorem 4.3 M — (u(M),C(M)) defines a bijection between proper divisible uniserial
modules up to isomorphy and pairs of elements of lim! U/Uy and ideal classes of R.

M is standard iff p(M) = 1.

Proof:

Let us first assume that M and M’ have the same invariants. M and M’ are (isomorphic
to) the direct limits of two systems (R/(al),7ag) and (R/(al’),r,5). Since C(M) = C(M’)
we can assume that I = I’. Choose ring elements r, with value a. That p(M) = pu(M’)
means that (rarngag) and (rarglr;ﬂ) differ by a coboundary i.e. there is a family (v,) of
units such that rgﬁr;é differ from vy 'vg by a factor from U,. Since the (r,s5) and (r},3) form
commuting systems and are therefore cocycles mod[ in the sense of the next lemma by part
2 of this lemma this factor belongs to 1 4+ af. Then the last diagram is commutative for all
a < f and the family of maps v, : R/(al) — R/(al) defines an isomorphism between M
and M'.

Now assume that an element z of lim? FU/ U, and an ideal class C' is given. Let u be
—ac

represented by (uqg). Since R is not a field C' can be represented by a proper ideal I. By
part 1 of the next lemma we can assume that u is a cocycle modI. The direct limit of the
commutative system

(R/(ad), uapry'rs),

10



(ro elements with value «) is then a proper uniserial divisible module with the desired in-
variants.

The ideal class of the standard module K/I is the class of I. u(K/I) =1 since it is the
direct limit of the system (R/(al),ry'rg). This proves the last part of the theorem. O

Lemma 4.4 Let the family of units u = (uqg) represent a 1—cocycle for the projective system
(U/U,) and I be a non—zero proper ideal. We call u a cocycle modI if umu;vlua/g el+al
for all &« < [ < v and a coboundary modl if there is a family (vy) of units such that
vavgluag €l+al forall a < (.
1. The class of u in lim FU/Ua can be represented by a cocycle modl.
€

(e}

2. If u is a cocycle modI and represents a coboundary it is a coboundary modI.

Proof:
Let ap be the value of a non—zero element of I. We will use Proposition 3.2 with the map
d(a) = ap + a.

Proof: of (1)
Define u/ by u;ﬂ = Ugg+a,ao+3- U i a cocycle mod] and in the same class as u by Proposi-
tion 3.2.

Proof: of (2)

By 1 we can assume that (uag) is a cocycle modagP, which implies that «’ defined by
u’aﬁ = U_qg+a, —ag+4 15 & cocycle of the projective system (U/Uq)ag<a- By Proposition 3.2
the class of u’ corresponds to the class of u in the isomorphism between lim! eFU /U, and

«

lim!'  U/U,. Since u is a coboundary u’ is also a coboundary. So we have a family v/,
“—ap<la

of units, such that v;vlﬁ_lugﬁ € U, for all ¢p < o < B. If we set vy, = v}, 1, We have
fuavﬁ_luaﬁ €1+ al for all a < 3. O

Finally we show that in Theorem 4.3 we can replace lim! FU /Uy by lim! FUo JUq
—ac T ac

Proposition 4.5 The natural map

lim* MMQY%IMHFUHQ
—ac

—ael

s an isomorphism

Proof:
One checks easily that lim! IAa = 0if A, = Ais a constant sequence. (In fact lim" IAa =0
o Tac

€
for all n > 1). Look at the following part of the long exact cohomology sequence:

lim® U/U, — 1im® U/Uy — lim*® Uy/U, — lim' U/U, — lim* U/U; = 0.
“—ael “—a€el’ —ael’ —ael —acl’

«

Since the first arrow is surjective the third arrow is an isomorphism. O

11
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