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Abstract
The overall aim of this study is to derive a simplified probabilistic theory to reveal the ‘hidden’ mechanisms controlling
random fracture evaluation in idealized network structures observed as diffuse material failure on the macro scale.
The model is based on the classical theory of combinatorics and the practical implications for understanding material
failure in network materials, such as non-woven felts made of nanofibers or glass fibers, is addressed. The simplified
theory reveals a number of important results regarding the evolution of microscopic fractures in planar random fiber
networks where the only active microscopic fracture mechanism is bond fracture and the network is loaded so that a
homogeneous macroscopic mechanical field is present. A simple probabilistic expression is derived that estimates the
fraction of fractured bonds achieved during the loading history. The equation includes a term for potential energy and
assumes that there exists an inherent characteristic bond-strength parameter that is the same for all bonds. Subsequent
finite element analyses confirm the simplified probabilistic theory and lend confidence in the rather rough assumptions
made. The model is justified by observations in acoustic emission monitored tensile experiments performed elsewhere.
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1. Introduction

Living tissues such as bones, muscles and plant stems are examples of natural fiber networks. Manufactured
fiber materials are commonly encountered in the automotive and aerospace industries and are used, for example,
for filtration processes or medical applications. Traditional paper mainly consists of cellulose fibers, which are
about a thousand times larger than fibers in recently developed cellulose nanofibril networks [1]. Common
textiles are made of cotton and polyester fibers. Several biomedical implants are currently being developed to
mimic the behavior of human tissue. Modern non-woven felts are made of, for example, nanofibers [2] or non-
woven glass fibers [3, 4]. Although these materials may, at a first look, appear different they are in fact very
similar from a structural point of view: fiber network materials are all composed of structural fibers connected
at intersections by bonds.
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The evolution of microscopic fractures, which precedes macroscopic crack growth and ultimate failure,
in such materials is a very complex process that depends strongly on the relative volume fraction of fiber
and pores, the microstructure (the geometrical arrangement of fiber material, connectivity, thickness, etc.), the
mechanical properties of the material constituents and the rates of applied loads. The microscopic fractures can
be observed as diffuse material damage on the macroscopic scale. Due to its complex nature, an understanding
of fracture processes in network structures is still in its infancy. However, from mechanical experiments on
fiber-based materials it is well known that a material experiences microscopic fracture in the form of bond or
fiber breakage. In cases where the bonds connecting the fibers are weak or moderately strong, in comparison to
the fibers, bond fracture is the most likely microscopic fracture mechanism in a network structure subjected to
mechanical load [5].

In previous studies, the initial creation of diffuse microscopic fractures has often been approached by mod-
eling networks of interlinked uniaxial structural elements, with a condition on the bond or fiber break threshold.
The history of the model is followed as the imposed macroscopic strain is increased. The fracture formation
process has been studied numerically, among others, see [6] and [7]. Often, parameter studies have been per-
formed to reveal the influence of various micro-level parameters on the geometry of the structure and the
elastic stiffness on the macro level. A numerical analysis [7] has shown, assuming bond breakages are the pre-
vailing micro-fracture mechanism, that above a certain density limit (percolation), the development of global
macroscopic elastic degradation follows an exponential law controlled by a bond fracture rate parameter. There
are several different starting points for the mechanical analysis of network materials; micromechanical mod-
els have the distinct advantage of being able to capture structural details at the micro scale and of permitting
formulation of the kinetic equation for fracture evolution based on the physical process involved; among oth-
ers, see [8]. However, due to the complexity of the microstructure in fiber networks, fracture evolution laws
based on micromechanical models are difficult to develop with adequate accuracy. An alternative starting point
is in the theory of statistical mechanics. Among others, Mishnaevsky [9] has reviewed damage and fracture
theories derived from statistical mechanics. A similar approach, although novel and somewhat simplified, for
estimating fracture processes in networks is applied here. The aim is to derive a simplified probabilistic theory
to reveal the ‘hidden’ mechanisms controlling fracture evaluation in idealized random fiber network structures.
Understanding the fracture behavior of such structures brings important insights about how many types of fiber
materials, such as paper materials and short-fiber composites, behave. Attention is confined to a purely proba-
bilistic mechanical theory assuming quasi-static loading conditions. Fiber-to-fiber bond fracture is considered
as the only active fracture process and the threshold for the bond strain energy is assumed to govern fracture
evolution.

The simplified probabilistic theory is illustrated with observations from acoustic emission assisted
experiments on a sparse fiber-based material and compared with finite element models.

2. Theory

2.1. General assumptions

The overall aim for this study is to reveal hidden mechanisms controlling fracture evolution in idealized network
structures. This means that some heavy simplifications are made but it is the author’s belief that the primary
underlying mechanism is not violated. Consider a planar random fiber network as illustrated in Figure 1. The
analysis is restricted to two-dimensional structures, that is, in-plane mechanical behavior, and attention is con-
fined to a purely probabilistic mechanical theory. The body is mechanically loaded in tension so that in an
average sense a homogeneous macroscopic stress field σ and a homogeneous macroscopic elastic strain field ε

are present. The fiber network is further understood to have in-plane isotropic material behavior on the macro-
scopic scale and it is for simplicity assumed that the material could be described by a small deformation theory.
To further simplify matters, the fibers in the network are highly idealized. This means that the network consists
of, in total, NF linearly elastic fibers with unit thickness and length L, width h and Young’s modulus EF. The
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Figure 1. Mechanically loaded fiber network.

unit area of the macroscopic network is A and each microscopic bond has a characteristic bond area Ab. The
average of the total number of bonds N in a network is given by [10]:

N = N2
FL2/[πA], (1)

which completely specifies the planar random fiber network. Supported by experimental observations [5],
microscopic bond fractures may nucleate when the network is subjected to increasing load. This progressive
physical microscopic process of degradation of the mechanical properties up to complete failure is commonly
referred to as diffuse damage on the macroscopic scale. Herein, a clear distinction is made between ‘damage’
and ‘plasticity’. In the context of fiber-based materials it is convenient to define a damage process as the irre-
versible process where either a fiber or a fiber-to-fiber bond breaks, while a plastic process is when there is an
irreversible straining of the fibers themselves. However, for the network materials discussed here, it is assumed
that there is no significant amount of plastic deformation of the fibers since they are considered stiff with a high
yield stress. This is motivated by the observation that since the bonds are assumed weak in comparison to the
fibers, a relatively low axial stress field is present in the fibers prior to breakage. In this case plasticity would
be a critical factor only if the fibers were very soft.

It is further assumed that the loading process of the network is carried out slowly, so that the macroscopic
system remains arbitrarily close to equilibrium at all stages of loading. Hence, the network is considered
quasi-static: the potential energy � of the system is well defined and estimations of stress σ and strain ε

can be obtained by established theories of mechanics. Naturally, since the system is considered quasi-static,
all dynamic effects are neglected and it is anticipated that a bond fracture will not instantly trigger fractures
in neighboring bonds resulting in simultaneous ‘bursts’. However, due to the redistribution of forces in the
network when a bond fractures, all remaining bonds are of course indirectly affected but this is considered a
slower process in time and is a motivation for the assumed quasi-static mechanical behavior.

2.2. Bond-energy distribution

When the network becomes loaded, the N randomly distributed bonds will possess different strain energies as
a result of their random positions in the system. Only bond energies are taken into account. Thus, the fibers are
assumed to be only load carriers and are not inclined to fracture. Observing that the bonds in the network can
be considered as identical – but distinguishable – particles since they have equal volumes, the distribution of
the bond strain energies in the system can be estimated using the well-known exponential Maxwell–Boltzmann
distribution. A very good educational introduction to the subject can be found in the instructional material on
the site HyperPhysics, developed by Carl R. Nave [11], but also in any classical textbook on statistical physics
such as [12] or [13].

The exponential distribution seems to be a general property of disordered materials where the disorder arises
from randomly distributed pores (among others, see [14] and [15]). Knowing this, it seems reasonable to adopt
an exponential distribution to describe the bond energies present in a fiber network. This observation is also a
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Table 1. Calculated results for the example when N = 5. nij is the number of bonds within energy region j in distribution i.

Wj ∈ {0 ± 1
2 }�w Wj ∈ {1 ± 1

2 }�w Wj ∈ {2 ± 1
2 }�w Wj ∈ {3 ± 1

2 }�w Wj ∈ {4 ± 1
2 }�w mi mi/

∑
i mi

nij (i=1) 4 1 5 5/70
nij (i=2) 3 2 10 10/70
nij (i=2) 3 1 1 20 20/70
nij (i=3) 2 2 1 30 30/70
nij (i=4) 1 4 5 5/70
nj 175/70 100/70 50/70 20/70 5/70

principal reason why Cox’s network formulation [16] from 1952 is insufficient for this type of analysis since
that theory assumes a homogeneous strain field on the microscopic scale also. Now, consider a homogeneous
loaded network structure consisting of N bonds. Let the total bond strain energy in the system be Wtot (i.e., the
sum of all the bond energies present in the network is Wtot). All possible divisions of individual bond energies
W are assumed to occur with the same probability as a result of the randomly positioned bonds. However, since
the bonds are randomly positioned in the system it is likely that individual bond energies will differ throughout
the system and an appropriate probability theory has to be included. For mathematical reasons, assume that
each bond can possess a strain energy W that is within one of the N discrete energy regions determined by
{j − 1

2 , j + 1
2}�w where j = 0, 1, . . . , N − 1 and �w = Wtot/[N − 1]. Notice that the factor N − 1 is because

the bonds may be unloaded, that is, have zero energy. The width of the N energy regions is determined by �w,
which shrinks as N → ∞.

It is necessary to calculate the number of different ways each energy field distribution can be produced with
the constraint that the sum of all bond strain energies is equal to Wtot. There is no restriction on the number
of bonds that can be in a certain strain energy region Wj. As well as the number of bonds in each energy
region, it is important to know which bonds are in each region. The first step is to count the number of possible
ways to obtain the sum Wtot for different total numbers of i bonds carrying the load. Then, making use of the
classical theory of combinatorics, the number of distinguishable ways mi to obtain each possible distribution i is
given by

mi = N!

ni1!ni2! · · · niN !
(2)

where nij is the number of bonds in energy region j in distribution i. To establish a distribution function for the
number of bonds in each energy region, the number of bonds is weighted over all possible mi according to:

nj =
∑

i nijmi∑
i mi

. (3)

To illustrate how an exponential distribution can be estimated for a network, a simple (‘school book’)
example of a network structure consisting only of five bonds (N = 5) is presented in Table 1.

Figure 2 shows the calculated (Table 1) estimated average population nj at discrete energies Wj/Wtot. Now,
plotting nj as a function of Wj/Wtot, the exponential energy distribution is obtained,

nj = C exp(−bWj/Wtot), (4)

where C and b are physical constants that will be discussed further below. In (4) it can be seen that the fraction
Wj/Wtot is independent of �w. In Figure 2 a line is drawn that is fitted in a least-squares sense according to
(4) using the calculated values in Table 1, utilizing the center of each region. Obviously, as Wj/Wtot → 1 the
distribution of energies will always have a cutoff since nj is discrete but this has limited effect on this simplified
theory since almost all bonds will have low energies throughout the network. As observed in Figure 2, lower
energies are statistically favored because there are more ways to get them. If a single bond has a high-energy
level, then it reduces the number of possibilities for the distribution of the remainder of the energy since the
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Figure 2. Probability distribution for N = 5. nj is the estimated average number of bonds having energy level Wj/Wtot from Table 1.
The line represents an exponential distribution and is obtained by a least-squares fit. For simplicity, the values belonging to a specific
energy region are placed in the center of that region.
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Figure 3. Calculated probability distributions nj/N for three different values of N. A least-squares fit, according to (4), is also show
for each value of N.

sum of all bond energies is constrained to be constant. Thus, with increasing energy Wj it is progressively less
likely that any given bond will attain that specific energy region, meaning that more bonds will be found with
lower energies.

As illustrated in this simple example, the derivation of the exponential distribution in a general analytical
form is a tough mathematical task. However, the author has computed the distributions for nj up to N = 21.
Notable is that even though 21 is a fairly low number, the computations took several weeks to perform with a
highly optimized Fortran code on a modern computer.

The probability distributions nj/N for N = 8, 16 and 21 are displayed in Figure 3. The numerically estimated
constant b, fitted in a least-squares sense according to (4), is shown in Figure 4 for each N computed. The least-
squares fit reveals that b ≈ 0.693N while from Figure 3 it is obvious that C has the value N/2. Based on the
numerical results shown in Figures 3 and 4, it is assumed that the relations C = N/2 and b ≈ 0.693N hold
even when N → ∞ (and �w → 0). Obviously, the constants C and b uniquely determine the energy field
distribution of all the bonds present in the network. One should bear in mind that this derived probabilistic
theory, based on classical combinatorics, has several severe simplifications but it should nevertheless reveal
important information and provide answers regarding material degradation in this class of network materials.

2.3. Linking macroscopic potential to microscopic strain energy

Bearing in mind the assumption that the fibers in the network are considered linearly elastic and are undergoing
small deformations, one realizes that the microscopic strain energy for any bond and the total macroscopic
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Figure 4. Numerically estimated constant b calculated for each N. The least-squares fit reveals b ≈ 0.693N.

potential energy � of the system scale linearly even though the bond energies are exponentially distributed
and the fibers in the network possess substantial amounts of strain energy. As long as small strain prevails, the
ratio between the sum of bond strain energies and the sum of fiber strain energies is preserved regardless of the
magnitude of the applied load for the same load configuration. If the potential energy � in the body increases,
the individual bond energies increase in a relatively equal amount provided that no bonds fracture. This linear
behavior is a consequence of the mechanical assumptions made and arises from the fact that the macroscopic
potential energy is equal to the sum of all the individual structural (bonds and fibers) element energies present
in the system when the body is at rest and force equilibrium prevails. Now, let �0 denote a scaling material
parameter determined in such a way that the ratio �j/�0 = 1 when Wj/Wtot = 1 and �j/�0 → ∞ when
Wj/Wtot → 0. Then the following inversely proportional relation holds:

Wj

Wtot
= �0

�j
. (5)

2.4. Estimation of bond fracture evolution

Since the material is considered linearly elastic, the energy for bond fracture growth is the specific surface
energy γ to form two new free surfaces, that is W = 2γ Ab. The specific surface energy γ is a material
property. Hence, it is here assumed that a bond fractures if the available strain energy W in the bond exceeds
a threshold value λ = 2γ Ab. With this assumption, one realizes that, since the distribution (4) is known, it is
possible to obtain a rough estimate of the number of bonds that fracture at a certain level of load �j ≥ �0 by
combining (4) and (5),

nj = C exp(−b�0/�j). (6)

Equation (6) may seem far too simplistic. However, it has physical relevance. As illustrated by the author in
a previous study [7], the exponential distribution of bond energies in a network does not change significantly
during a loading/fracture process, except when the ratio between broken and unbroken bonds approaches 1
when localization take place. During the loading process, some bonds activate while some break, but this
process will only result in an insignificantly small change of the global bond strain energy distribution in the
network and can be kept at a constant level without severe loss of information. The bonds that become activated
are mainly in the lower energy regime in the network and are almost unloaded, while those which break are in
the higher energy regimes and consequently have a significant impact on the global degradation of the network’s
macroscopic stiffness. With this in mind one realizes that the simplified estimate of (6) can be considered fair
for the circumstances discussed here. Observing that the relation between infinitesimally small energy changes
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Figure 5. Estimated microscopic fracture ratio n/N versus macroscopic energy �/�0. A dashed line indicates a limit for the theory.

of W and � is dW ∝ −d�/�2, according to (5), an estimate of having, in total, n fractured bonds out of a
total of N bonds per unit area A at a specific energy level � ≥ �0 is given by

n

N
=

∫ �

�0
τ−2 exp(−b�0/τ )dτ∫ ∞

�0
τ−2 exp(−b�0/τ )dτ

, (7)

where the normalizing denominator is taken as the integral over all states of the system and τ is an integration
dummy. The solution to (7) in the macroscopic energy regime [�0, �] yields (for N � 1)

n

N
= exp(−b�0/�) − exp(−b)

1 − exp(−b)
≈ exp(−b�0/�). (8)

Needless to say, for situations when � < �0 the network remains unfractured. It can also be observed
from (8) that when �/�0 = 1, n/N = 0 while when �/�0 → ∞, n/N → 1. The region where the theory
is reasonably accurate is 0 ≤ n/N � 1/2. When applying (8), be aware that the potential energy � is for an
unfractured network. The energy � should be understood as an effective potential energy parameter that reflects
the energy that an unfractured network should have at the same load level as a fractured one. This is because
(8) is based on the virgin energy distribution and not the actual distribution where n bonds have fractured. As
discussed above, when bond fractures evolve, the number of load-carrying bonds is assumed approximately
constant throughout the load regime at which (8) is valid. It is also understood that even though the change
of the global bond strain energy distribution in the network is vanishingly small during the bond fracturing
process, a single bond fracture leads to a change in the network’s potential energy that may be substantially
larger than the bond fracture energy λ. The reason for this phenomenon is a relaxation effect of fibers in the
region surrounding the fracture site in the network and that energy may dissipate out of the system during the
fracture process. However, this drop in potential energy is several orders of magnitude lower than the total
energy in the network and is disregarded in this simplified analysis.

Figure 5 shows the estimated cumulative fracture ratio n/N as function of the macroscopic strain energy
�/�0 according to (8) for three different values of b. It can be seen that the rate of bond fracture is
significantly different at low values of n/N . However, the three networks have different fiber and bond den-
sities and, therefore, totally different macroscopic properties such as Young’s modulus and material energy
parameter �0.

2.5. Experimental illustration

Equation (8) is an estimate of the total number of bonds fractured in the global load regime [�/�0 ≥ 1].
However, how well does relation (8) describes what is actually observed? Work carried out earlier has shown
that the way stochastic fiber network materials, such as sparse tissue, fractures in tensile experiments can be
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Figure 6. (Upper) An acoustic sensor is held fixed on the specimen with a magnetic holder located on the remote side of the
specimen. The diameter of the sensor is 3 mm and the sensor is encapsulated in a shelter having a diameter of 6 mm. (Lower, left)
Force-displacement test and (lower, right) simultaneously measured acoustic emission (AE) activity during a tensile test performed on
a specimen made of a sparse in-plane isotropic cellulose fiber material. It is understood that each detected event stems from a bond
fracture in the vicinity of the sensor.

followed by acoustic sensors and that the measured signals are closely related to the fracture processes occurring
within the material’s structure, see [17] or [18]. The basic principle is that during a bond fracture (which will
occur in microseconds), stresses in a neighborhood of the fracture site will be redistributed and cause a rapid
release of elastic energy, which is transmitted through the material as an elastic wave that can be recorded on
the surface of the material using an appropriate acoustic emission sensor (Figure 6). In this way each fracturing
of a bond is the source of one acoustic emission event. Previously, the author has performed acoustic emission
monitored experimental studies on a sparse isotropic cellulose fiber tissue material, specially designed to ensure
bond fracture is the dominating fracture mechanism [5]. Figure 6 shows a typical force-displacement curve and
the acoustic response as a function of the effective potential energy � estimated for the same test. One may
observe that the shape of the acoustic emission curve is very similar to the results in Figure 5. This typical
behavior will be employed in the next section to estimate the material energy parameter �0.

2.6. Estimation of energy parameter �0

Taking the derivative of (8) with respect to energy � gives the estimated bond fracture rate (N � 1):

d(n/N)

d�
= b�0 exp(−b�0/�)

�2
. (9)

Now, let �∗ denote the effective potential energy at the inflection point, that is, � when d2(n/N)/d�2 = 0.
Taking the derivative of (9) and finding the root gives

�0 = 2�∗/b. (10)

From equation (10), the energy parameter �0 can be estimated in acoustic emission assisted experiments
as in Figure 6 (since b ≈ 0.693N is a known quantity). It should be possible after a series of experiments to
localize an approximate position of the inflection point and, in turn, �∗. From a mathematical view, the exact
position of �∗ is at the fracture ratio n/N = exp(−2) ≈ 0.135, see Figure 5, which is well below the limit
n/N ≈ 1/2. However, since the acoustic events are detected in a diffuse region in the vicinity of the sensor, it is
difficult to obtain a direct relationship between the global fracture ratio n/N and the detected acoustic events.

3. Finite element analysis

To assess the probabilistic theory developed, the evolution of bond fractures in a two-dimensional random fiber
network was analyzed using a finite element model. When putting together a finite element network model one
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Figure 7. Illustration of fiber modification to ensure that fiber and bond densities are similar over the network and have a periodic
arrangement. The quadratic domain has unit area A. The fiber is cut at the boundaries and the detached piece is moved one side-length
and placed within the domain. This procedure is repeated until all fiber parts are located within the domain.

need to be cautious about the physical limitations of the element formulations. It is well known that if the ratio
between segment length (distance between adjacent bonds) and segment width is � 10 , the classical Euler–
Bernoulli’s engineering beam theory is satisfactory while for shorter segment lengths, Timoshenko engineering
beam theory may be used [19]. Here the model uses two-dimensional first-order linear-elastic Timoshenko
beams that can be stretched and bent.

A quadratic domain (unit-cell) of size A, with unit thickness, subjected to a monotonically increasing nom-
inal macroscopic tensile strain is analyzed. To ensure that the fiber and bond densities are evenly distributed
over the network, some precautions are introduced when generating the networks. With reference to Figure 7,
the fiber sections that extend outside the quadratic domain in the mesh generation procedure are moved one
side-length in the preferred direction and so located inside the problem domain.

To further simplify matters, the fibers are assumed to have a rectangular cross section and elastically coupled
at each intersection by a very stiff (relative to the fiber structural element) spring element in order to calculate
the elastic strain energy stored in individual bonds. Further, for simplicity, the spring elements representing the
bonds are assumed to have circular domains with a diameter equal to the fiber width and vanishing thickness.
The connection represents stiffness against relative motion between connected fibers in both translation and
rotation. A mathematical description of the structural bond element utilized is given in the appendix.

The model is solved using well-established finite element algorithms for small deformation theory. The
numerical scheme is implemented in a MATLAB [20] code. The intention is to create an approximately homo-
geneous strain field on the macroscopic level. A type of periodic straight boundary condition was applied,
which simulates the response of a unit cell of the material when a small piece of the material is subjected to
uniaxial loading. The routine incrementally increases the nominal strain of the system by applying a uniform
prescribed displacement along one horizontal boundary while the opposite horizontal boundary is restrained
from moving in the loading direction. The vertical boundaries are restrained straight throughout loading even
though they can move freely in the vertical direction. The rotational degrees of freedom are restrained along
the boundaries to fulfill the condition of periodic straight boundary conditions.

The network is considered quasi-static; hence, the potential energy of the system is well defined and the
total reaction forces and displacements of the boundaries determine the estimates of the macroscopic stress and
strain at each load increment. Bond failure is the only fracture mechanism considered and an energy criterion
is used to control bond failure. A bond break occurs in the model when the elastic strain energy stored in a
bond element between two fiber structural elements is sufficient to overcome a threshold resistance λ, which is
equal for all bonds. The bond threshold represents every dissipation process associated with breaking a fiber
bond. Modeling the bonds as structural elements allows one to easily compute the elastic strain energy stored
in the bonds by standard methods in the finite element framework. For numerical efficiency, all bond elements
that exceed the threshold energy (i.e. those that are fractured) are in subsequent computations erased by setting
their stiffness to zero in the global stiffness matrix. Thereby the fibers at the broken intersections are allowed
to move in an unrestrained manner without the need for an updating routine for the network mesh since small
deformations are assumed to prevail.

The finite element network model was used to investigate a number of networks having different inherent
properties (fiber and bond densities, fiber length and width, etc.). In all fiber networks considered, the fiber
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Figure 8. Examples of networks having relatively low, medium and high densities. In all cases, L/h=100 and A = (L/8)2.
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Figure 9. Typical bond-energy distributions computed with the finite element model. nj is the number of bonds with strain energy

in the region �Wj/Wtot, where �Wj is (j ± 1
2 )Wtot/N, j = 0, 1, . . . , N − 1. The unit area in the two examples is A = (L/4)2 (left) and

A = (L/8)2 (right).

length-to-width ratio, that is, the aspect ratio, is L/h = 50 or L/h = 100. The number of fibers NF is varied
and the quadratic unit area A of the problem domain is in the range (L/8)2 to (L/2)2. For each set of inherent
properties, 10 different networks were produced (i.e. with different seeds in the random generator) to allow for
stochastic variations in the analysis. Examples of planar networks of various densities are shown in Figure 8.
In total, around a thousand unique networks were analyzed.

3.1. Analysis of pre-fracture bond-energy distribution

The histograms in Figure 9 show the distribution among the bond strain energies in two typical network config-
urations, calculated with the finite element model. The networks are loaded in such a way that no bonds have
fractured and the strain energies are normalized with the sum of all bond energies in the respective network.
The results in Figure 9 should be compared to those presented earlier in Figures 2 and 3. Also drawn in Figure
9 are fitted exponential curves. For illustrative purposes, only the regions of low energies are displayed.

According to this result it seems as if the finite element models confirm the observation from Figure 2 that
the strain energy distribution among the bonds in a network follows an exponential distribution. As discussed
for Figure 2, and illustrated in Figure 9, lower energies are statistically favored because there are more ways to
get them. If a single bond has a high energy, then it reduces the number of possibilities for the distribution of
the remainder of the energy. This is a result of the normalization with the sum of all bond energies. To further
explore this observation, the parameter b in equation (4) is studied. Figure 10 shows the least-squares fitted
parameter b for numerous finite element analyzed networks of different sizes and densities.

The fiber-to-width ratios utilized here are L/h = 100 and L/h = 50. The fitted straight line (in a least-
squares sense) is b = 0.709N , which is ∼ 1% from the corresponding value b = 0.693N numerically estimated
in Section 2.

A similar result is shown in Figure 11. However, in contrast to Figure 10, the macroscopic tensile load on the
networks is here biaxial. The networks producing the result in Figure 11 are loaded by applying the prescribed
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Figure 10. Numerically estimated b for several different networks. Each mark corresponds to the average value of b estimated for
10 different networks having equal inherent properties (average fiber/bond density, fiber length/width).

0 10000 20000 30000 40000 50000
0

10000

20000

30000

40000

N

b

 

 
L�h = 100 , A = 16L2

L�h = 50 , A = 16L2

le ast - sq uares fi t

Figure 11. Numerically estimated b for several different biaxially loaded networks. As in Figure 10, each mark corresponds to the
average value of b estimated for 10 different networks having equal inherent properties (average fiber/bond density, fiber length/width).

normal displacements, equal in magnitude, simultaneously along one horizontal boundary and one vertical
boundary while their opposite boundaries are restrained from moving. Obviously, the resulting macroscopic
stress field is also, in this loading situation, homogeneous. As can be observed from Figure 11, much the same
result is estimated (b = 0.702N), which reveals that a similar energy distribution is present. A conclusion one
can draw, with support from Figures 10 and 11, is that as long as the macroscopic field is homogeneous, the
bond energies seem to have an exponential distribution with the exponent b ≈ 0.693N according to the theory
outlined in Section 2. This observation lends some confidence to the simplified theory discussed here.

3.2. Note on bond fracture evolution

The material energy scaling parameter �0 can be estimated by analyzing the fracture rate in the network during
increasing load and applying equation (10). This may be done, for example, in acoustic emission assisted
experiments.

Figure 12 shows typical curves obtained from the numerical simulations.
Since the fracture ratio n/N is known from the finite element model, the energy parameter �0 can be

readily determined in each network configuration directly within the analysis by picking �∗ = � when n/N =
exp(−2) and using equation (8) together with the theoretical estimate b = 0.693N .

The macroscopic energy parameter �0 is obviously related to the networks’ inherent properties and cannot
be derived theoretically. However, the fracture rate can, in general terms, be discussed. Figure 13 shows a
comparison for three network configurations. Networks 1 and 2 have equal bond density (N ≈ 2 × 104) but
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Figure 12. Typical results from a fracturing network. (Left) Force-displacement relation. (Right) Fractured bond ratio n/N as a
function of the effective potential energy � in the network. The inflection point and the corresponding energy �∗ are indicated. The
geometric configuration is N ≈ 1.6 × 104, L/h = 100 and A = 16L2.
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Figure 13. Comparison of the fracture rate for three different networks (A = 16L2). For the sake of transparency, the effective
energy � is normalized with the energy �c, which is the (macroscopic) potential energy when the first bond fracture nucleates in
the respective network and should not be confused with �0. Hence, the ratio �/�c reflects the relative effective energy required
to obtain n/N bond fractures. (Right) The position of n/N = exp(−2) is indicated by a straight line.

their fiber length-to-width ratios are different (L/h = 50 and L/h = 100, respectively). Naturally, the network
having wider fibers has the higher stiffness because of the larger load-carrying area in the network. Network
3 has slender fibers (L/h = 100) while its density is approximately twice as high (N ≈ 5 × 104), so that its
stiffness is similar to network 1’s stiffness since the magnitude of fiber coverage is equal. As can be seen in
Figure 13, the network with slender fibers has relatively higher fracture rates than the network with relatively
wider fibers. When bonds start to break, the amount of macroscopic potential energy needed to obtain more
breaks is relatively smaller for networks having slender fibers than for networks having wider fibers. Hence, for
networks with the same bond densities, the rate of bond fractures is expected to be relatively higher for high
fiber length/width ratios than for lower ratios, which can be concluded from Figure 13. Thus, networks with
lower fiber length/width ratios fracture more slowly and can, therefore, be considered as tougher in a fracture
sense. A conclusion is that the material energy parameter �0, which can be estimated experimentally using
equation (10), is a scaling parameter that determines how separated the individual bond energies are in the
system.

4. Conclusions

The mechanical behavior of fiber networks is governed by complex multiple mechanisms. The overall aim of
this study was to derive a simplified probabilistic theory to reveal the ‘hidden’ mechanisms controlling fracture
evaluation in idealized network structures observed as diffuse material failure on the macro scale. A classical
theory of combinatorics was applied. The practical implications for understanding material failure in network
materials, such as non-woven felts made of nanofibers or glass fibers, were addressed. The fibers are randomly
distributed in the network meaning that the network has in-plane isotropic properties on the macroscopic scale.
Various networks, with different inherent properties (fiber and bond density, fiber length and width, etc.), were
loaded in such a way that, in an average sense, homogeneous macroscopic stress and strain fields were present.
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Even though a large number of simplifications were made, the analysis reveals a number of important results
regarding the evolution of microscopic random fractures in planar random fiber networks where the only active
microscopic fracture mechanism is bond fracture.

• According to the simplified probabilistic theory, the strain energy stored in interfiber bonds over the whole
network seems to follow an exponential distribution given by nj ≈ N

2 exp(−0.693NWj/Wtot), where nj is
the estimated number of bonds possessing strain energy Wj while Wtot is the sum of the strain energies
for all of the N bonds. This behavior was assessed and confirmed in finite element models for numerous
network configurations.

• A probability equation was derived, based on classical combinatorics, that estimates the development of
the total n bond fractures in the network assuming that there exists an internal characteristic bond-strength
material parameter that is equal for all bonds in the particular network. Assuming N � 1 the simplified
expression reads n/N ≈ exp(−0.693N�0/�), where � ≥ �0 is the effective potential energy of the
network and �0 is a material energy parameter that can be estimated from acoustic emission monitored
experiments and scales the separation of the individual bond strain energies in the system. A limit for the
simplified theory is n/N ∼ 1/2.

• Using a knowledge of the estimated probabilistic debond ratio n/N , the development of random diffuse
macroscopic material failure can be estimated since the ratio reflects a decrease of the internal load-
carrying area of the network and, hence, a reduction of the network’s global stiffness.

• The simplified probabilistic theory has been confirmed by observations in acoustic emission monitored
tensile experiments performed elsewhere.
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Appendix

A structural bond connects two nodes, which are rigidly coupled, for two different structural fiber beam ele-
ments at a crossing and consists of two circular domains with a diameter equal to the fiber width h. The bond
element [21] has vanishing thickness and the two circular domains are connected by shear springs having the
stiffness k as schematically illustrated in Figure 14.

fiber

bond

k

u1

u3

u2

u4

u6

u5

0
x

yz

Figure 14. A structural bond consists of two circular domains connected by springs having stiffness k. The in-plane translational and
rotational displacements in a Cartesian coordinate system xyz are given by u1 to u6.

The element stiffness matrix Ke, having in-plane translational and rotational stiffness, is written as a
standard 6 × 6 matrix:

Ke =

⎡
⎢⎢⎢⎢⎢⎢⎣

kAb 0 0 −kAb 0 0
0 kAb 0 0 −kAb 0
0 0 kIp 0 0 −kIp

−kAb 0 0 kAb 0 0
0 −kAb 0 0 kAb 0
0 0 −kIp 0 0 kIp

⎤
⎥⎥⎥⎥⎥⎥⎦

,

where Ab = πh2/4 is the cross-sectional area of the bond element and Ip = πh4/64 is its polar moment of
inertia.
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