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Abstract. In this paper, we introduce a new subclass Sf’fn(v) of certain
analytic functions defined by a generalized operator. A majoﬁzation problem
for functions belonging to class Sf’fn () is considered. Moreover, we point out
some new or known consequences of our main result.
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1. INTRODUCTION AND PRELIMINARIES

Let A, denote the class of functions f(z) of the form

(1) f(z) =2P + Zanzp+”, (peN:={1,2,3,...}),

which are analytic and p-valent in the open unit diskd = {z : z € C and |z| <
1}. Also let A; =: A. For functions f; € A, given by

@ fi(z) =+ Y an# (i =12peN),
n=1
we define the Hadamard product (or convolution) of f; and fy by

(frefo)(2) = 22+ an1an22”™ = (fo % f1)(2).

n=1
Let f(z) and g(z) be analytic in &. Then we say that the function f(z) is
subordinate to ¢g(z) in U, if there exists an analytic function w(z) in U with

w(0) =0, |w)|<1l (zel),
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such that
f(z) = g(w(z))  (z€U).

We denote this subordination by f(z) < g¢(z). Furthermore, if the function
g(z) is univalent in U, then f(z) < g(z) (2 € U) <= f(0) = g(0) and
fu) c gh).

Suppose that the functions f(z) and g(z) are analytic in the open unit disk
U. Then we say that the function f(z) is majorized by g(z) in U (see [5]) and
write

(3) f2) <g(z)  (z€l),
if there exists a function ¢(z), analytic in U, such that

lp(z) <1 and  f(2) =¢(2)g(z) (2 €U).
The majorization (3) is closely related to the concept of quasi-subordination
between analytic functions in U.
Let ay,ag,...,04 and By, Bo, ..., 05 (¢,s € NU{0},¢ < s+ 1) be complex
numbers such that G # 0,—1,—2,... for [ € {1,2,...,s}. The generalized
hypergeometric function ,Fj is given by

2 (o) (a Jn - (0g)n 2"
JFslan, an, .. ay B, Py .., Bs;2) = nZ:O (ﬁi)n(ﬁz)n BN pr (zel),

where (z), denotes the Pochhammer symbol defined by
(@)p=z(x+1)(z+2)---(x+n—-1) for neN and (x)y=1.

Corresponding to a function GP («ay; 615 2) defined by

(4) Gos(au, Br; 2) i= 2P Fo(an, o, ..., aq: B1, B, - . ., Bs; 2),

C. Selvaraj and K.R. Karthikeyan [9] recently defined the following generalized

differential operator DY (o, 1) f : A, — A, by

DY (o, B) f(2) = f(z) * Gh (a1, B; 2),

DY (on, B1) f(2) = (1= A)(£(2) * G (0, Br: 2)
202 4 G, i)

DY™(on, B)f () = DRHDE™ e, B1)£(2),
where m € Ng = NU {0} and A > 0.

If f(z) € A,, then we have
pm (o, _ P p+An (o1)n <O‘2)n--'<aq)na 2P
6) D3, Bt} = +Z< ) e

It can be seen that, by specializing the parameters the operator DY™ (o, 81) f(2)
reduces to many known and new integral and differential operators. In par-
ticular, when m = 0 and p = 1 the operator DY™(aq, 51)f(z) reduces to the

()
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well known Dziok- Srivastava operator [3] and forp=1,¢=2,s =1,y =
B1, and ay = 1, it reduces to the operator introduced by F. AL-Oboudi [1].
Further we remark that, when p=1,¢=2,s=1, a1 = 1, aps = 1, and \ =
1 the operator DY™ (ay, £1)f(2) reduces to the operator introduced by G. S.
Salagean [8].

It can be easily verified from (6) that
(7) Az(DY™(an, ) f(2)) = ng’mH(Oéla B) f(z) = p(1 = XN)DY™ (e, B) f(2).

Using the operator DY™(ay, 1) f(2) we now define the following class of
p-valent analytic functions.

Definition 1.1. A function f(z) € A, is said to be in the class Sffn(v) of
p-valent functions of complex order v # 0 in U if and only if

O wefue L(AERIONT )
T\ (D5 (e, B1) f(2)Y)
(z€U; peN;m,j €Ny yveC—{0}; 29X —p| < p).

It can be seen that, by specializing the parameters the class Sifn(fy) reduces
to many known subclasses of analytic functions. In particular, when m =
0,p=1,j=0,¢=2,5=1, a1 = (1, and ay = 1, the class S} (7) reduces
to S(7), the class of starlike functions of complex order v # 0 in U and when
m=0,p=1,7=19g=2,s=1,a; = (1, and ay = 1, the class Sffn(v)
reduces to KC(7), the class of convex functions of complex order v # 0 in
U. These classes were considered by M. A. Nasr and M. K. Aouf [6] and P.
Wiatrowski [10]. Further we note that, when y =1—-—a,m=0,p=1,j =
0,g=2,s=1,a =, and oy = 1, the class Sf\’in(fy) reduces to S*(«), the
class of starlike functions of order « in U.

2. MAJORIZATION PROBLEM FOR THE CLASS SY7 (7)

Theorem 2.1. Let the function f(z) be in the class A, and suppose that

g(z) €S2 (7). If (D%™(an, 1) f ()Y is majorized by (DY™(an, B1)g(=))"
iU for j € Ny, then

©9) (D2 (o, B) ()| < [(DE e, B)g(2) D] for |2 <,

where

k — \/k% — 4p|2y\ — p|

1 = A) =

(k:=2X\+p+|29A—plipeN; y € C—{0}; A > 0).
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Proof. Let

(11) h(z) = 1+1<

(DY (o B)g(2)) "
— —p+
(5" (e ()7 )
- (peN;im,j €Ny € C—{0}; p>j).
Since g(z) € 557 (), we have Re(h(z)) >0 (z € U) and
(12) o) = )

where P denotes the well known class of bounded analytic functions in U,
which satisfy the conditions (cf. [4])

w(0) =0 and |w(z)| < |z (z €eU).
It follows from (11) and (12) that

(D8, 3)9(2) " p— i+ @y —p+ule)

(wewP,)

13 -
(13) (D (a1, B)g(2))? 1—w(z)
In view of
(14) Az(DE™ (0, B) f(2))UHY =p(DE™ (o, B) f(2))V) -

(p - p)\ + )\j)(D§7m<a17 /61>f<2>)(j)7
(13) immediately yields the following inequality:

Doy z 2 p(l - |Z|>
(15)  [(DX™(en, Pr)g(2)) | < p— 29\ —pl|2|

Since (Df’m(al,ﬁl)f(z))(j) is majorized by (Di”m(al,ﬁl)g(z))(j) in U, there
exist an analytic function ¢(z) such that

(16) (DF™ (o, B1) F(2)) 7 = p(2) (D} (a1, B1)g(2))
and |p(z)| <1 (2 €U). Thus we have
Z(D];m(al, ﬁl)f(z))(jﬂ) :Z¢/(z)<D§’m(041> 51)9(2))(j)
+ 20(2) (D5 (o, Br)g(2)) ).

(Dz,o\’mH(Oél,ﬁl)g(Z))(j) :

(17)
Using (14), in the above equation, we get
(D3 (e, 1) () 7 =2 () (D4 (e, Br)g ()

+(2) (D2 (s, Br)g(2)) Y.

(18)

Noting that o(z) satisfies (cf. [7])

(19) (e)] < PP

SEE (zelU),
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we see that

(D2 a1 (2)
ot LS00 )

L—1[z] p—1[29A —pll2]
(20) AP+ (L—r)(p—[29A —p|r)p + Ar
B (1 =7)(p— 29\ = plr)
(lz =7 o)l =p)
O(p)
(1 =r)(p—|29A —plr)
where the function ©(p) defined by

O(p) === rp* + (1 —=r)(p—29A —=plr)p+Xr (0<p<1)

(D5 (o, ) ()"

(D5 (o, 1) ()"

(Di’mﬂ(al, B1)g(2)) ¥

(z €elU),

takes its maximum value at p = 1 with r = r;(p, v, A) given by (10). Further-
more, if 0 < o < r(p,7y, ) where r1(p, 7, A) given by (10), then the function

O(p) = —Aop® + (1= 0)(p — 29\ = plo)p + Ao
increases in the interval 0 < p <1, so that ®(p) does not exceed
(1) =(1—-o)p—[27A—plo) (0 <o <ri(p,7,A))
Therefore, from this fact, (20) gives the inequality (9). O
As a special case of Theorem 2.1, when p =1 and j = 0, we have

Corollary 2.2. Let the function f(z) € A be analytic and univalent in the
open unit disk U and suppose that g(z) € Si?n(’y) If (Di’m(al,ﬁl)f(z)) is
magorized by (Di’m(al,ﬁl)g(z)) inU, then
(21) ‘(D,l\’mﬂ(alaﬂl)f(z)){ < {(Di’mﬂ(@l;ﬁl)g(zm for |z| <7y,

where

k= /K2 — 429X — 1
B 229\ — 1]

(k=22 4+1+29A—=1]; vy € C—{0}; A > 0).

(22) Ty

Further putting A = 1,m = 0,q¢ = 2,s = 1, a1 = 1, anday = 1 in
Corollary 2.2, we get

Corollary 2.3. [2] Let the function f(z) € A be analytic and univalent in
the open unit disk U and suppose that g(z) € S(v). If f(z) is majorized by
g(z) inU, then

(23) [F'(2)| < |g'(2)] for |2l < s,
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where

342y =1 = 9+ 22y — 1] 4 |2y — 12
S 212y — 1] '
For v = 1, Corollary 2.3 reduces to the following result:

(24)

Corollary 2.4. [5] Let the function f(z) € A be analytic and univalent in
the open unit disk U and suppose that g(z) € S* = S*(0). If f(z) is majorized
by g(z) inU, then
(25) [F']<1d @) for |2 <2-V3,
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