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1. RoOT SPACE DECOMPOSITIONS

Let us first examine the root space decomposition of a semisimple complex
Lie group and the corresponding decompositions for certain important subgroups.
These decompositions are based on the action of G on itself via conjugation,
¢y : G — G, cy(h) = ghg™!, for g,h € G. Let g be the tangent space T at the iden-
tity. The differential of ¢, at the identity gives a linear map, Ad(g) : g — g. The
map g — Ad(g) is multiplicative in ¢ € G and defines the adjoint representation,
Ad : G — GL(g). The differential of this homomorphism is a linear map ad : g — g
that defines a Lie algebra structure on g: for X,Y € g, [X,Y] = ad(X)(Y). If
H is a complex subgroup of G then its tangent space at the identity defines a
complex subalgebra ) C g. Conversely, any complex subalgebra h C g gives rise
to a (not necessarily closed) connected complex subgroup H C G generated by
exp(X), X € h. Here, exp : g — G is the usual exponential map (for matrix
groups exp(M) = Y77 ZM*). We shall follow the convention that the Lie al-
gebra corresponding to a subgroup will be denoted by the corresponding German
letter.

Let t be a Cartan subalgebra of g, that is, a maximal abelian subalgebra such
that ad(t) is diagonalizable. There is a finite set of ‘roots’ ® C t* such that

g=1t+ Z Ja
acd
Here, for each a € ®, g, is a 1-dimensional ‘root space’ satisfying [H, X,] =
a(H)X, for all H € t and X, € g,.

The roots of G have the property that if « € ® then —a € @, and if X, € g,
and X_, € g_q, then Z, = [X,, X_,] is a non-zero element of t. It is possible to
choose the X, for all & € ® so that a(Z,) = 2. The other root spaces are linked
by [8a, 98] = Gats if a4+ 0 € @, and [ga, g3] = 0 otherwise. We denote by T' the
subgroup of G generated by t. Such a subgroup is called a maximal torus of G;
it is isomorphic to (C*)* where £ = dimt is the rank of G. We denote by U, the
1-dimensional subgroup of G generated by g.. In this case, the exponential map
exp : go — U, is an isomorphism, so that U, = C for all a € ®.

A subset ¥ C @ is said to be closed under addition of roots if a, 8 € ¥ and
a+ 3 € ®imply a+ 8 € U. The above rules for Lie brackets show that for any
subset of roots ¥ C ® that is closed under addition of roots, the subspace

qu = t+ Z o
acV¥
is a complex subalgebra of g. The subgroup Qg of G generated by qy is connected
and closed and has the same dimension as qy, namely ¢+|¥| where |¥] is the number
of elements in W. In fact, Qv is generated by T and U, for a € ¥. Conversely, if Q
is a closed connected complex subgroup of G that is normalized by T', then the Lie
algebra q of @ necessarily decomposes into root spaces of G, q = qNt+ 3 ¢ o
for some closed set of roots .

We divide the roots into two disjoint subsets, ® = & U ®~, by choosing a fixed
linear functional f : E — R on the R-linear span £ = ® ®z R that does not vanish
on any of the roots. Those roots for which f(«) > 0 we call the positive roots,
&, and those for which f(a) < 0 we call the negative roots, ®~. We write simply
a>0fora € ®F, and a < 0 for « € ®~. The positive roots are clearly closed
under addition of roots, as are the negative roots. A minimal set of generators for
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®T contains exactly £ = rank G roots, a1, ..., ap, called the simple roots. Thus
every a > 0 (resp. « < 0) has a unique decomposition o = Zle n;(a)a; where
ni(a) > 0 (resp. n;(a) <0) for 1 <4 < £. The height of « is h(a) = Zle n; ().

Let € be the real Lie subalgebra of g generated by iZ,, X, —X_, and i(Xo+X_0)
for @ > 0. The subgroup K of G corresponding to £ is compact. In fact, K is a
maximal compact subgroup and any two such subgroups are conjugate.

We denote the complex subalgebra generated by t and the negative root spaces
by b =t® ), _(08a- Let up be the subalgebra of b generated by the root spaces
g such that h(a) < —k. Then b = [b,b] C uy and b*+D = [6*) )] C 1y ;.
Since ug41 = 0 for k sufficiently large, the subalgebra b is solvable. Let B be the
closed connected solvable subgroup of G associated to b. We call B and any of its
conjugates in G a Borel subgroup. Consider the complex homogeneous manifold
Y =G/B. Let I=¢Nb=¢tNtand let L be the corresponding subgroup of K. By
inspecting the dimensions of the Lie algebras it follows that dim K/L = dim G/B.
Hence the K-orbit of the identity coset in G/B is both open and compact from
which we deduce that Y = G/B = K/L is compact.

A parabolic subgroup P of G is a connected subgroup that contains a conjugate
of B. For simplicity, we shall usually assume that P contains the Borel group B
just constructed. Notice that the coset space X = G/P is also compact since the
natural coset map 7 : Y = G/B — X = G/P is surjective. By the above remarks,
the Lie algebra p of P decomposes into root spaces of G:

p:t"‘zgfa'f' Z Ja

a>0 aeq;.;

where <I>JIS is a closed set of positive roots. Since ®p = &~ U ijS must also be
a closed set of roots and since ®p contains all the negative simple roots —«; for
1 <i </, it follows that <I>I+3 is generated by a set of positive simple roots, say «;
for some subset of indexes I. We thus have a one-to-one correspondence between
the 2¢ subsets I C {1,...,¢} and conjugacy classes of parabolic subgroups P. To
emphasize this connection we sometimes write Py for P and <I>}r for <I>JIS. We also let
Pp = @; U —CI); denote the roots of P. The complementary set of roots, ®* \ <I>JIS
is denoted ® x and called the roots of X.

It will be convenient to have standard names for certain subgroups of P. The
first is the semisimple subgroup Sp whose lie algebra is

5p = Z (CZa + 80 +9-0a
ae@;

Let Tp be the subgroup of T' whose lie algebra is generated by Z,, for o € ®T\ <I>JIS,

i.e.,
tp =Y CZa,
il
The unipotent radical Up of P is the subgroup of U generated by the root groups
U_, for a € ®F \ <I>JIS and has Lie algebra

up = § g—ao
a€DdH\@L

The radical of P is Rp = TpUp with lie algebra tp = tp 4+ up; it is the maximal
connected normal solvable subgroup of P. The Levi factor Lp = TpSp of P
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is the reductive subgroup of P whose lie algebra is [p = tp + sp. Note that
P =RpSp =TpUpSp = UpLp with corresponding decompositions of p.
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2. WEIGHTS

Let gZ; : G — GL(V) be an algebraic representation of G on a finite dimensional
complex vector space V', and let ¢ : g — GL(V) be the corresponding representation
of the Lie algebra of G,

d -
o) = gleplir)|

We shall also refer to V' as a G-module (resp. g-module). The restricted homomor-
phism, ng5|T, is diagonalizable since T is abelian and consists of semisimple elements,
and therefore determines characters A : T — C*. The corresponding linear func-
tionals, A : t — C, are called the weights of the representation. These weights are
constrained in the following way: For any root a € @, let s, = CZ, + go + g_ao be
the subalgebra isomorphic to sly(C). Let A be a weight of V' with corresponding
weight vector v. Then, for H € b,

HX,v=[H,X,Jv+ XoHv=(AH)+ a(H)) X,

so, either X,v (resp. X_,v) is zero or a weight vector of weight A+« (resp. A—a).
Therefore the weights of the s,-submodule generated by v are

A—qa,.... \—a,\ A+ a,...,\+ pa

where p (resp. q) is the largest integer k for which X*v # 0, (resp. X* v # 0).
Since s, is semisimple, the trace of ¢ restricted to this submodule is zero and hence
the sum of these weights evaluated on Z, must be 0,

(p+ g+ 1A(Za) + (p(p+ 1) q(Q+1)>a(Za):0

2 2

Since p(p+1) —q(¢g+1)=(p—q)(p+¢+1) and a(Z,) = 2, we conclude that
MZy)=q—peZ forallae®

The weight lattice of G is defined to be A = {\ € t|A\(Z,) € Z for all « € ®}. The

rank of this lattice is £ = dim 7" = rank G. The roots of G are just the weights of the

adjoint representation and they generate a sublattice Ag C A of finite index. If G is
simply-connected, then every weight in A is actually attained in some representation

of G.

The Lie algebra g has a canonical inner product, called the Killing form, which
is defined by (X,Y) = Tr(ad(X)ad(Y)). It follows from the definition that for
W,X,Y € g, (W, [X,Y]) = ([W, X]Y). Also, since

ad(Xo) ad(Xp)(Xy) = [Xa, [Xg, X5 ]] = cXaypy
we see that (X, Xg) = Tr(ad(X,)ad(Xg)) = 0 unless 8 = —a. To compute
(Xo, X_o) notice that
(Zay Zp) = (Za, [ X, Xp]) = ([Za, Xp], X ) = 5(Z0a) (X, Xp)
In particular, (Xo, X_o) = (Za, Za)/2. Moreover, for X, Y € t,
ad(X) ad(Y)(Xa) = [X, [V, Xa]] = [X, (V) Xa] = a(X)a(Y) Xo
so that

(X,Y) =) a(X)aY)
acd
and hence the Killing form is positive definite on the R-span of the Z,. It is not

hard to check that if T, = 2Z,/(Z4, Zy) for a € @, then (T, Z) = a(Z) for all
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Z € t. The Killing form can then be extended to a non-degenerate positive definite
form on £ = ® ®z R by defining for o, 5 € @, (o, 8) = (Tw,Tp). In this way E
becomes a standard normed euclidean space.

For A € E, a € @, we get A\(Z,) = 2(\,a)/(a, ). This expression occurs
frequently so we denote it by (A, ). In particular, the weight lattice is defined by
A={Ne€e E|(\a) € Z for all a € }. Also, it follows from the above description
of the weights of a representation of s, that if A € A then so is A — (A, a)a, for all
acdr.

A convenient basis, A1,..., A, to use for E when working with weights is the
one that is dual to the simple roots in the following way: (\;, ;) = d;;. These
weights are called the fundamental dominant weights and they obviously generate
the lattice A. An arbitrary weight A € A can be written as A = ni Ay + -+ - + nghy
where n; = (A, ;) € Z. The weight X is called dominant if A € C, i.e., if n; > 0 for
all 3. We denote the subset of dominant weights by A* C A.

Some additional notation that involves weights: For A € A we denote by Py the
parabolic subgroup of G generated by the simple roots perpendicular to A (if there
are no such simple roots then Py = B, a Borel subgroup). If A = nj\; + - -ngAg is
dominant, then Py, = P; where I is the set of indexes ¢ such that n; = 0.

Let X = G/P where P is a parabolic subgroup of G. The tangent bundle T'x of
X is homogeneous with respect to G. The tangent space at o = 1P is naturally
isomorphic to the vector space quotient g/p. Since the action of p € P on a point
x in a neighborhood of zg is induced by conjugation, p-z = pgP = pgp~ ! P, we see
that the action of P on Tx ;, is given by the adjoint representation of G restricted
to P and projected to the quotient g/p. The weights of the representation of P on
Tx z, are thus the roots of G that are not in P, ®x = &1\ fI’}S. Note that Tx g,
is dual to up.

The Dynkin diagram of a Lie group G is a graph whose nodes are the simple roots.
The node corresponding to «; is connected to the node for a; by (as, o) (o, a;)
lines. An inequality sign, > or < appropriately oriented, is superimposed on the
lines connecting roots of different lengths. The connected components of a Dynkin
diagram correspond to the simple factors of G. For future reference we have included
the Dynkin diagrams for the simple Lie groups below. The number adjacent to a
node is the index ¢ of the corresponding simple root «;.

The Cartan matrix [(o;, a;)] can be easily recovered from the diagram by using
the fact that for simple roots o; # v, (@, ;) < 0. The positive roots of G can be
constructed from the Cartan matrix by careful application of the above formula,

(@, a;) =q—p
where p (resp. ¢) is the number of times «; can be added (resp. subtracted) from
a and still obtain a root.

For example, if G = Ga, then (ay,as) = —1, and {as,aq1) = —3. We cannot
subtract @ from ay (and vice versa) to get another root, so these negative numbers
imply that oy + s, 2a7 + s, and 3oy + a are positive roots. Since we know how
many times we can subtract any simple root from one of these newly computed
roots a, we can determine how many times we can add a simple root to «. Indeed,
we find that for & = 3ay + a2, we cannot subtract ap but (o, ag) = =3 +2 = —1,
so 3 = 3a1 + 2ap is another positive root. Similar considerations for other choices
yield no new roots. Finally, we check that no new root can be generated from
(. Since we know «; cannot be subtracted from 8 and (8,a1) = 6 — 6 = 0, we
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TABLE 1. Dynkin Diagrams

4 1 2 =1 ¢
Ay —>—+. —0—0 B, o—&6— -+ —o0==0

1

2 02
Cy o—06—+++ —O0==%=0 Dy o—o—~-~%—1—oz1
V4
2 3 4 5 6

1

Eg by
Ie‘ I7

Fy o O=>=0—-20 Go %g

conclude that «; cannot be added to 8 get a positive root either. Similarly, as
can be subtracted once from § and (8, as) = —3 +4 = 1, so again we find that
ao cannot be added to B. We conclude that the positive roots of Gy are ay, as,
ay + ag, 201 + as, 3ag + as, and 3a; + 2a..
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3. WEYL GROUP

Geometrically, the linear map o, : F — FE defined by
ca(A) = A=\, a)a

is a reflection of E through the hyperplane E, = {\ € E|(\,a) = 0} which
preserves the weight lattice of G and the Killing form. The group of reflections
generated by o, for a € ® is a finite group W called the Weyl group of G.

This group is in fact generated by the simple reflections o; = 04,, ¢ = 1,..., 2.
The length of w € W, denoted ¢(w), is defined to be the minimal number ¢ of simple
reflections needed to express w as a product of simple reflections, w = (1) - - - 05(4)-

The Weyl chambers of E are the closures of the connected components of E \
Uaea+ Eo. The fundamental chamber is defined to be C = {A € E|(\a) >
0 for all « € ®T}. Let A € E and consider a straight line from A to a generic point
of C. If the hyperplanes crossed by this line are, in order, Egy,..., Egy), then
clearly w = o) -+ 03(1) takes A to C. This shows, in particular, that the Weyl
group W acts transitively on the Weyl chambers (it can be shown that this action
is also simple). We call w(A) the dominant conjugate of A and sometimes denote it
by [A]. The index of A is defined to be

ind(\) = min{{(w) |wA € AT}

Note that w can also be written w = 0y(1) -0 where o;(;) is the simple
reflection o) -+ 03(j+1)08()08G+1) - 8(t)s J = 1,...,t. Therefore, if we define
¢F =dT Nw 1d~, then

of ={ae @t |w(a) <0} = {0 oiyou) |5 =1, t}

and {(w) = |®F |, the number of elements in ®}. The index of A can be similarly
identified with the number of positive roots @ > 0 such that (A, a) < 0. We define
the index of a set of weights A C A to be the minimum of the indexes of weights
in A, ind A = min{ind p | u € A}.

To find the index of a weight A € A, we write A in the basis of fundamental
dominant weights: A = niA; + -+ 4+ ng)e. If the first negative coordinate is n; =
(A, ) <0, then the weight ¢;(\) will have index one less than A. This is because
o; permutes the positive roots other than «; and hence the number of negative
inner products, (A, a) = (0;A,0;a), is reduced by exactly one. In coordinates,
0j(A) = X —nja; = > ,(n; — ¢iyn;)A\; where the constants ¢;; = (a;, ;) come
from the Cartan matrix [c;;]. This reflection is easy to calculate since ¢;; = 2, so
n; — —n; and only the coordinates n; ‘adjacent’ to n; in the Dynkin diagram
for G must be adjusted, n; — n; — c¢;;n;. Repeating the above process on o;A,
i.e., reflecting it by o, where k is the index of the first negative coordinate, gives
a weight of index 2 less than A, and so on. Eventually we obtain the dominant
conjugate of A\ and the number of simple reflections used to get there is the index
of \.

Since the Weyl group acts simply transitively on the Weyl chambers, the Weyl
group itself can be ‘coded’ into the set of vectors wd, w € W, where § = A+ -+ Ap.
The length of w as well as its decomposition into a product of simple roots can be
determined by applying the above algorithm to wd. In particular, {(w) = ind(w?).
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There is a unique longest element wy € W distinguished by the fact that woA* =
—AT. The length of wy equals the number of positive roots in the group:

l(wy) = |@T| =dimG/B

Since w3 = 1, wp induces a two-fold symmetry in W. For example, any w € W can
be written w = w'wg with £(w) = £(wy) — £(W).

For any set of indexes I C {1,...,¢} we let W} be the subgroup of W generated
by the simple reflections o;, i € I. We also denote this subgroup by Wp where P
is the parabolic subgroup of G generated by I, since Wp is isomorphic to the Weyl
group of the semisimple factor S(P). A formula similar to that above holds for the
longest element wy; € Wp:

l(w) = |®}| = dim P/B
More generally, for any dominant weight A € A we have the relations
ind(wA) < 4(w) < ind(wA) + dim P\/B
and both extremes are taken on by some w € W. The upper bound is due to
the fact that w'A = A for all W’ € Wp,, and the maximum length of w’ € Py is
dim Py /B. Note that dim Py /B is just the number of positive roots perpendicular
to A.

Let Ng(T) be the normalizer of T in G. For any representative n of a coset in
N¢(T)/T, it is clear that the linear map Ad(n)|¢ : t — tis independent of the choice
of representative. This correspondence between N (T')/T and automorphisms of
t actually defines an isomorphism from Ng(T)/T to the Weyl group W defined
above, although we shall not try to justify this here. However, we shall make use of
the fact that for every w € W, there is a n,, € Ng(T) such that n,Usn,t = Uy,q. If
U = [laco- Ua is the maximal unipotent subgroup of G' generated by the negative
root groups, then it follows that

ng'Uny = [[ Usa= [] Us ] Ux
aced— BED, yED2
where @1 = @~ Nw 1®~ and &, = T Nw 1d~ = &} . Note that || = |®f| =
{(w). This is the starting point for the following decomposition of G whose proof
we omit:
Theorem 3.1 (Bruhat Decomposition). Let G be a connected semisimple complex

Lie group, let B be a Borel subgroup of G, and let U C B be the maximal unipotent
subgroup. Then G decomposes into a disjoint union:

G= U Un,B
weW
where Un,B = Uny B if and only if w = o in W. Moreover, dimUn,,B = ¢(w) +
dim B forw e W.

This decomposition reflects a corresponding cellular decomposition of the homo-
geneous space X = G/B. Indeed, the orbit X, = U - (n,B) C X for w € W is
isomorphic to [[ cg+ Uy = C*«) and the disjoint union of these orbits is X. A simi-
lar decomposition can be obtained for X = G/P where P is any parabolic subgroup
of G by using coset representatives w(7) € W of minimal length for 7 € W/Wp:

X = U U?’Lw(,,-)P
TEW/WP
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Since w(7) has minimal length, the dimension of the cell X; = Ung, ) P is £(w(T)).
Thus we find that the betti numbers, b;(X) = dim H*(X,R) = dim H;(X, R), satisfy
bai+1(X) = 0 and by;(X) is the number of elements in {7 € W/Wp |{(w(T)) = i}
A good way to determine the coset representatives w(r) for 7 € W/Wp is to
consider the W-orbit of A\p = Zig ; A where I is the set of indexes defining P.
The orbit is isomorphic to W/Wp and for any wAp € W/Wp a minimal coset
representative is given by finding the sequence of simple reflections that take wAp
to its dominant conjugate as above. One can construct the orbit of a dominant
weight A € AT directly by reversing the above algorithm: First, let Lo = {\} and
define L; for ¢ > 1 recursively as the set of weights o, where pn € L;—; and the
j-th coordinate of p is positive, (u, ;) > 0. The weights in L; have index ¢. In
general, a single weight in L; can come from many different weights in L; 1 and
this becomes a significant computational problem when the orbits are large. There
are efficient ways to deal with this however, see [47].
Some simple examples to illustrate how these ideas can be applied:
- by(X) is the number of positive coordinates of Ap, so bo(X) = rank G — |I|.
In particular, P is a maximal parabolic subgroup (Ap = \; for some 1) if
and only if bo(X) = 1.
- If X = P’ then G is type Ag and Ap = A;. Inthis case, L; = {005_1 - 01\
=i + Ait1}, and by; = 1 for 0 <4 < £ as expected.
- If X is an n-dimensional non-singular quadric hypersurface in projective
space then G is of type By (n = 2¢ — 1) or Dy (n = 2¢ — 2) and again
Ap = A\1. For type By we find L; = {O'iUi—l 01 = _>\i+)\i+1} (Lg_l =
{=Xe—1 +2X\¢}) and L,,_; = —L; so that bg;(X) = 1 for 0 < i < ¢ —1.
Type Dy is the same except Ly o = Le—1 = {—Xe—1 + Ag; Ae—1 — A} and
bry2(X) = 2.
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4. ITRREDUCIBLE REPRESENTATIONS

Weyl’s theorem states that every G-module V' can be decomposed into a direct
sum of irreducible G-modules. More precisely,

t
V%@%@Ei
=1

where the V; are pairwise non-isomorphic irreducible G-modules and the E; are
trivial G-modules. The dimension of E; is called the multiplicity of V; in V.
Any G-invariant subspace W of V—for example, the image or kernel of a G-
homomorphism—must be of the form

t
W = @ Vi® F;
i=1
where the F; are (possibly trivial) subspaces of F;. A special case of this is known
as Shur’s Lemma: If ¢ : V — W is a G-homomorphism of irreducible G-modules,
then ¢ is either trivial or an isomorphism.

We denote the weights of the G-module V' by A(V) C A. Recall from 2 that if
v is a weight vector for A € A(V), then for all roots a € ®, X,v is either 0 or has
weight A + a. This leads to a partial ordering of the weights: we say p < Aif A—p
is a positive linear combination (possibly zero) of positive roots. This ordering can
be applied to all of A, of course, and is compatible with the notation for positive
roots, a > 0.

Let A € A(V) be a weight that is maximal with respect to the above partial order
and let v be the corresponding weight vector. Since X,v = 0 for all positive roots
a > 0 by maximality, we see that the weights in the G-submodule generated by vy
are all < A. Notice also that such a v would be fixed by the maximal unipotent
subgroup Ut of G generated by the positive root groups U,, a > 0. Let yur
denote the set of fixed points of UT. The set of maximal weights Apax(V) in V
is thus A(VU+). We also refer to the weights Apax(V') as the highest weights of
V. Equivalently, if U denotes the usual maximal unipotent subgroup generated by
the negative root groups U, a < 0, then Ay, (V) = —A(V*Y). This last equality
allows us to extend the definition of maximal weights in a meaningful way to any
P-module where P is a parabolic subgroup of G, see §8.

If V is irreducible, any two maximal weights, A, 4 € Apax(V), would both have
weight vectors that generate all of V, and so p < A and A < p. Therefore, for
any irreducible G-module there is a unique maximal weight A\. The G-module
V is in fact uniquely determined by A and we use the notation V* to make this
association explicit. The notation for the weights A(V*) will be shortened to A(\).
Since the weights A(A) and their multiplicities are invariant under the action of
the Weyl group, see §2, they are determined by their dominant conjugates: If
AT(A) = A(N)NAT, then A(A) = W-AT(A). In particular, since oA < A for o € W,
A itself must be dominant. We refer to the weights AT(\) as the subdominant
weights of the representation.

The subdominant weights A1 (\) are easily determined. Starting with A, we
collect all weights of the form A — a, a > 0, that are dominant into a list L.
We know from §2 that L; must consist of subdominant weights, Ly C AT()).
Continuing in this way, we create a list Lj41 consisting of all weights of the form
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u—a, i € L, a > 0, that are dominant. Again, Ly, 1 C AT(X). We eventually
reach the state where L;y1 = 0. It is clear that all subdominant weights must
have the form p = A — g1 — -+ — Bx. However, the ‘path’ from A to g may, in
general, leave the fundamental chamber, depending on the roots (,...,0r and
their order. Nevertheless, it can be shown there is always a path from A to any
subdominant weight u that passes through only dominant weights so that AT()\) =
{AJUL U U Ly, see, e.g., [41].

While the above discussion shows how to reconstruct the weights of any repre-
sentation with minimal effort, its says nothing about how to determine the multi-
plicities of the weights. There are several formulas which give these multiplicities,
but they involve a fair amount of computation compared to the above procedure.
Weyl’s character formula is the simplest to write:

Dew (—1) e A+0)
> e (D0
where x(A) = Tr¢ = ZueA(A) mye’ is the character of the representation of ¢ :

g — GL(V*) and § = A\; + --- + A;. The symbols e* are to be manipulated using
the usual rules of exponents. The multiplicity of x in V?* is the coefficient my,
of e* in the resulting quotient which is computed like a quotient of polynomials.
This formula is not very practical for computing multiplicities for groups of high
rank since the size of W is exponential in £ making the above sums and quotient
difficult to handle. Freudenthal’s multiplicity formula is recursive and serves this
purpose much better, see [27, 41]. Using a limiting process, Weyl derived from his
character formula the following expression for the dimension of a representation
which is relatively easy to compute:

X(A) =

Ha>0<)‘ + 57 Oé)
H(x>0<57 Ol>

Writing A = Zle n(A)A; and a = Zle m;(a)oy, the dimension formula becomes

¢
_ni(AM)m;(a
dlmV)‘ _ H 1 + 27,21[ 7/(A) Z( )
a>0 > im1 mi(a)
Recall from §1 that the denominators in this expression are the heights of the roots,
hia) = iy mi(a).

Let V be a G-module and let V* denote the dual module. The action of G on
f € V*is defined by (g- f)(v) = f(g~' -v) for v € V so that the weights of V* are
the negatives of the weights of V: A(V*) = —A(V). If V = V? is irreducible with
highest weight A, then it is clear that —\ is the ‘lowest’ weight of V* in the sense
that —\ — a is not a weight of V* for any positive root o > 0. Let wg € W be the
unique Weyl group element that takes A* to —A™, see §2. Since woA(V*) = A(V*)
and wo®t = &, it follows that —wpA must be the highest weight of V* and
V¥ =V wod,

The involution —wq defines an involution of the Dynkin diagram of G. For groups
with diagram components lacking two-fold symmetry, i.e., whose components have
types By, Cy, Er, Eg, Fy, and G4, this involution must be trivial and —wg = 1. For
components of type Ay the involution —wy is given by A; <« Ap_;11, 1 < i < £, for
type Dy it is given by Ay_1 < Ay, and for Fg it is given by A\ < Ag, Ay < As.

dimV* =
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5. BAasic CONCEPTS OF VECTOR BUNDLES

Let X be a connected compact complex manifold that is homogeneous under
a complex Lie group G so that X = G/P where P is the isotropy subgroup of a
point zg € X. A holomorphic vector bundle 7 : E — X is homogeneous if the
group of bundle automorphisms of E acts transitively on the set of fibers of E.
We say that E is homogeneous with respect to G if the action of G on X lifts to
a compatible action of G on E via holomorphic bundle automorphisms. If G is a
connected, simply-connected semisimple complex Lie group, then a homogeneous
vector bundle 7 : F — X is always homogeneous with respect to G. This is not
necessarily the case for other types of groups. We shall always assume that E is
homogeneous with respect to G.

The isotropy subgroup P acts linearly on the fiber Ey = 7~ !(z0). Consider the
action map

GxEy-SE

defined by u(g,z) = g- 2. Since G acts transitively on X, the map p is clearly
surjective. The fibers of y are the orbits of P on G x Ey under the diagonal action
(9,2) — (gp~t,p-2), p € P. In fact, we may represent any point in E as an
equivalence class [g, z] for (g,z) € G xp Ey where [gp,z] = [g,p - 2] for all p € P.
In this way F is isomorphic to the quotient

E:GXPEQZ(GXE())/P

Conversely, given a holomorphic representation P — GL(Ey), E = G xp Ey is a
holomorphic vector bundle over X that is homogeneous with respect to G. The
bundle map 7 : E — X is given by projection, n([g,z]) = gP € G/P. Thus, the
holomorphic vector bundles on X that are homogeneous with respect to G are in
one-to-one correspondence with holomorphic representations P — GL(Ep) and two
such bundles are isomorphic if and only if the representations of P are conjugate
in GL(Ey).

Let ¢ : G — G/P be the quotient map. Notice that the pull-back ¢*FE is
isomorphic to G x Fy and the bundle map ¢*E — FE is simply the action map
. Given a holomorphic section of F, its pull back to ¢*FE = G x Ej defines a
holomorphic map s : G — Ey such that s(gp~!) = p- s(g). Conversely, any such
function defines a section of E. Therefore,

HY(X,E)={s:G — Ey|s(gp™') =p-s(g) forall g € G,p € P}

The latter set of functions on GG has a natural G-module structure and is known
as the induced G-module of the P-module Ey, denoted E0|G. The evaluation map
defines a P-module homomorphism evq : Eg|¢ — Ejp, evo(s) = s(1), that satisfies
the following universal property (see for example [11]):

Proposition 5.1 (Universality). If W is a finite dimensional G-module and ¢ :
W — FEy is a P-module homomorphism, then there exists a unique G-module ho-
momorphism ¢ : W — Eo|® such that ¢ o = evy.

The map ) is straightforward to construct. For w € W, define ¢(w) : G — Ey
by Y(w)(g) = ¢(g" - w). Since Y(w)(gp~!) = p-Y(w)(g) for all p € P, we see
that ¢(w) does indeed lie in Fp|®. In fact, it is often convenient to start with
a G-module V and a P-module homomorphism ¢ : V' — Ey and then construct
sections s : G — Ej for G x p Ey by defining s(g) = ¢(g~! - v) forv e V.
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Another useful property of induced modules is the following.

Proposition 5.2 (Transitivity). If Q is a closed complex subgroup of G containing
P, then E()|G = E()|Q|G,

Let Y = G/Q and let 7 : X — Y be the natural coset map with fiber Z = Q/P.
Since the direct image sheaf, 7, E, is isomorphic to H°(Z, E|z) ® Oy = Ey|? ® Oy,
the above statement simply expresses the fact that H°(X,E) = H°(Y,7.E). The
degree to which the bundle E is ‘trivial’ is reflected in the degree to which the
P-module Ey can be extended to larger subgroups of G. For example, if Ey can
be extended to a Q-module, then E is the pull back of the bundle G x¢ Ey over Y
under the coset map X — Y and E|z is isomorphic to the trivial bundle, Z x Ej.
In particular, the P-module Fj can be extended to a G-module if and only if the
bundle FE is globally trivial, E = X x FEj.

The above evaluation map, evg, of course, corresponds to the usual evaluation
map of sections, ev : X x V — E defined by ev(z,s) = s(z), z € X, s € V =
H°(X,E). The bundle E is said to be spanned by global sections (or simply
spanned) if ev is surjective,

XxVI5E-—0

If F is spanned, then the dual map, ev*, imbeds E* into X x V*. Composing
ev* with projection onto V* yields a map

v:E*— V"
which imbeds the fibers Ej of E* as linear subspaces of V* and sends the zero
section Zx of E* to the origin of V*. By projectivizing we also obtain a map
Pv:P(E*) — P(V*)

which imbeds the fibers P(Ej) of p : P(E*) — X linearly into P(V*). Notice that v
thus defines an equivariant map of X to a Grassmann manifold by sending z € X
to the point represented by the subspace v(E}) C V*. In the case where F is
a line bundle, the projectivization P(E*) is isomorphic to X, and this map to a
Grassmann manifold coincides with Pv giving the canonical map of X to projective
space defined by the sections of E.

A canonical hermitian metric for E can be induced from a hermitian metric
in V as follows. First observe that a hermitian metric, similar to the case of
sections, is given by a map hg : G — GL(FE) satisfying hg' = hg and hg(gp) =
o(p)the(g)p(p) for g € G, p € P where ¢ : P — GL(Ep) defines the P-module
structure of Ey. The latter condition ensures that for [g, (z,w)] € G xp (Ey X Ey)
the hermitian product

(z,w)g = w'hg(g)z
is well-defined. Choosing a basis of weight vectors s1, ..., s, for V and a dual basis
M, ..., Nm for V* allows us to write v as v[g, z] = >, 2(sk(g))nk for [g, 2] € Gx pEy.
A metric hg+ for E* is then defined by

w'hi-(9)z = vlg,wl'vlg, 2] = > w(sk(9))2(sk(9))
k=1
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where the transpose is from a column vector to a row vector. Equivalently,

m

he-(9) =Y sk(g)sk(g)’
k=1

The metric for F is

hp = (Rt = (Z Sk(g)sk(g)t>
=1

This construction does not depend on the bundle being homogeneous—similar
definitions for hg+ can be made using local trivializations of E* instead—and can
be extended to any vector bundle E on X as long as X is a projective manifold:
Let L be an ample line bundle on X such that £ ® L is spanned. The metrics hggr,
and hy, are defined as above, and then a metric for F is given by hg = (hE®L)hzl.

The inverse image under the map v of a ball centered at the origin in V* gives a
tube neighborhood of the zero section Zx in E*. The Levi form, £, of the boundary
of this tube retains the positive eigenvalues of the ball it came from. Therefore,
there can be at most k£ non-positive eigenvalues of £ where £ is the maximum fiber
dimension of v. This number & can also be determined from the eigenvalues of the
curvature form O = 9(h;'0hg), see §8. Such information has implications for
the cohomology of E and its symmetric powers E("™). For example, the theorem
of Andreotti-Grauert [1] in this case states that H(X, E(™)) =0 for ¢ > k if m is
sufficiently large.

Maps similar to ¥ and Pv can be constructed in a slightly more general setting.
Let P(E*) be the projectivization of E*, that is, the quotient of the natural C*
action on E* \ Zx, and let £ — P(E™*) be the associated tautological line bundle
that is isomorphic to the hyperplane section bundle, Op( ES)(1)7 on the projective
space fibers P(Ej) of p : P(E*) — X. As manifolds, E*\ Zx = g \ Zpg~) where
Zp(g+) is the zero section of {g. Moreover, for any positive integer m there is
a natural isomorphism of sheaves, p,{y = E(™) Instead of requiring that F* be
spanned, we may assume the weaker condition that some power, say £%, is spanned
over P(E*). Letting V,,, = HO(P(E*), %) = H°(X, E(™)) we obtain the maps

Pvp, : P(E*) — P(V,7) and vy :E* — V)

The latter is obtained from the former by lifting. The fibers of v, are finite on the
fibers £ so the analysis of the eigenvalues of the Levi form of a tube neighborhood
goes through as before, see §7.3. These ideas lead to the the notion of k-ampleness,
see [53].

Definition 5.3. A line bundle L — X is k-ample if some power L™ is spanned
and the fibers of Pv,, : X — P(V,}) have dimension at most k. A vector bundle E
is k-ample if (g — P(E*) is k-ample.

Classically, a line bundle L — X is said to be very ample if Pv : X — P(V*) is
an imbedding and L is said to be ample if some power L™ is very ample. Thus,
0-ample in the above sense is equivalent to ample in the classical sense (if the fibers
of Py, are zero dimensional, some higher value of m yields an imbedding).

Most of the familiar vanishing theorems for ample bundles have versions for
k-ample bundles. For example:



16 DENNIS M. SNOW

Theorem 5.4 ([36, 53]). If E — X is a k-ample vector bundle, then HP4(X, E) =
HY(X, 0% @ E) =0 for p+q > k + rank E 4+ dim X.

A homogeneous vector bundle E = G xp Ej is said to irreducible if the rep-
resentation of P on Ej is irreducible. For example, any homogeneous line bundle
on G/P is necessarily irreducible since the representation of P is one-dimensional.
Since a Borel subgroup B C G is solvable, an irreducible representation of B is nec-
essarily one-dimensional and so homogeneous line bundles are the only irreducible
homogeneous vector bundles on G/B.

We shall see that irreducible homogeneous bundles often have the sharpest the-
orems and the most detailed formulas associated to them. Unfortunately, many
interesting bundles are not irreducible, for example, most tangent bundles on G/P.
Nevertheless, it is it is often possible to draw conclusions about an arbitrary ho-
mogeneous vector bundle F = G X p Ej from the irreducible case by considering a
filtration of Ey by P-submodules, as follows.

If Lp is a Levi-factor of P, then the module E can be decomposed into a direct
sum irreducible Lp-modules, Fy = F; @ - -- & F}, see §1. Furthermore, since the
unipotent radical, Up, is normal in P and acts on Ej in a ‘triangular’ fashion, it
is clear that these L p-irreducible factors can be arranged (non-uniquely) such that
UpF; C F; with j > 4. Therefore, Ey has a filtration by P-submodules

EgyDE1D-- DE;DE1 =0
such that E;/E;y; & F; is an irreducible P-module with maximal weight p;, ¢ <
1 < t.

Definition 5.5. The maximal weights of a P-module Ey, denoted Apax(Ep), are
the maximal weights of the irreducible factors associated to a filtration of Ey by
P-submodules, as above.

Equivalently, we could define Ay (Eo) = —A(E;Y), where U C P is the maxi-
mal unipotent subgroup of G generated by all the negative root groups, see §4.
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6. LINE BUNDLES

We now concentrate on the case of homogeneous line bundles. The following
well-known lemma is the first step in classifying projective homogeneous manifolds.

Lemma 6.1. Let X be a compact complex space and let R be a connected solvable
complex Lie group acting holomorphically on X. Assume that with respect to this
action X 1is equivariantly imbedded into some complex projective space PN . Then
R has a fized point on X, that is, there is a point x € X such that r-x = x for all
r € R.

Proof. By Lie’s Theorem, R stabilizes a flag of linear subspaces
PhCcPC--CPy=PV

where P, 2 P*, 0 < k < N. Let X; = X N P, and define X_; = (. Let k be
the least integer for which X # () and X, _1 = . Then X}, is a compact complex
space contained in Py \ Py_1 & Ck. Therefore, X; must be a finite set of points
stabilized by R. Since R is connected, it must fix each of the points in Xj. O

Recall that if L is an ample line bundle on X, then the sections V,,, = H°(X, L™)
of some power of L imbed X into P(V;%). If L is homogeneous with respect to G
then G acts linearly on V,, and the imbedding is naturally G-equivariant. The
following proposition shows that there is a significant restriction on the type of
spaces for which this can occur.

Proposition 6.2. Suppose there exists an ample homogeneous line bundle on a
connected homogeneous compact complex manifold X. Then X is homogeneous
under a connected, simply-connected, semisimple complex Lie group G, X = G/P,
and the isotropy subgroup P s parabolic.

Proof. Let X be homogeneous under a complex Lie group G such that there exists
a G-equivariant imbedding of X into some projective space. Since X is connected
we may assume G is connected. Let G = R - S be a Levi-Mal¢ev decomposition
of G where R is the radical of G (a maximal connected normal solvable subgroup)
and S is a connected semisimple complex subgroup of G. By Lemma 6.1, R fixes a
point in X. But then R fixes every point of X since R is normal in G. Hence, the
semisimple group S acts transitively on X. It is an easy matter to lift the action
to the universal cover S of S which is still a semisimple complex Lie group. Now
let B be a Borel subgroup of S. Again by 6.1, B fixes some point in X and thus is
contained in the isotropy subgroup of that point. O

From now on we shall assume that X = G/P where G is a connected simply-
connected semisimple complex Lie group and P is a parabolic subgroup. Our next
goal is to understand the additive group of holomorphic line bundles, Pic(X), on
X.

Let L — X = G/P be a homogeneous line bundle on X. Then L = G xp C
determines a homomorphism \ : P — GL(1,C) = C*. Since A|g, and A|y, are
necessarily trivial, we see that \ is determined by its restriction to Tp, which in
turn defines a weight A\ € A that is perpendicular to the weights of P: (\,a) =0
for all & € P. Conversely, starting with weight A perpendicular to the weights of P,
we can construct a character A : P — C* that defines a homogeneous line bundle
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on X. Thus we see that the homogeneous line bundles on X are in one-to-one
correspondence with the set of weights

Ax={ e A|(N\a)=0forall a € p}

which we call the weights of X. Note that (A, «) = 0 for all @ € ®p is equivalent
to (A, a;) = 0 for all ¢ € I, where I is the subset of indexes that defines P. Thus,
with respect to the basis of fundamental dominant weights, the weights of X are
the weights with i-th coordinate zero for i € I.

A remarkable fact about line bundles on X = G/P is that they must always be
homogeneous with respect to G. This is certainly not the case for vector bundles
of higher rank. We first prove a lemma.

Lemma 6.3. Let X = G/P with G semisimple and P a parabolic subgroup. Then
7 (X) =0 and H'(X,Ox) = 0.

Proof. Since X is compact, we need only show that 71 (X) = 0. For if H}(X,Ox) =
H°(X,Qx) were then not also trivial, we could construct non-constant holomorphic
functions on X by integrating closed holomorphic forms. By Theorem 3.1, there is
an open dense subset of X isomorphic to C™. Since the inclusion map of this cell
into X lifts to an inclusion map of the cell to a dense open subset of the universal
cover m: X — X, we see that m must be one-to-one and X is simply-connected. [

Theorem 6.4. Let X = G/P with G semisimple and P a parabolic subgroup. If
L is any holomorphic line bundle on X, then L is homogeneous with respect to G.
In particular, Pic(X) =2 Ax.

Proof. Holomorphic line bundles on X correspond to elements in H!(X, O%). The
short exact sequence 0 — Z — Ox — O% — 0 leads to natural maps H!(X, Ox) —
HY(X,0%) — H%*(X,Z), the latter sending a holomorphic line bundle to its topo-
logical class. Since H?(X,Z) is discrete and G is connected, the topological class
of g* L must be the same as L. By Lemma 6.3, H!(X,Ox) = 0, so the two bundles
L and ¢g*L are in fact isomorphic as holomorphic line bundles. Since there are no
non-trivial homomorphisms G — C*, these isomorphisms for g € G define an action
of G on L by bundle automorphisms and L is homogeneous with respect to G. 0O

Now that we know that line bundles on X = G/P correspond to weights Ax,
we can investigate how various properties of the line bundle can be translated into
properties of weights. The next theorem addresses the question of when a line
bundle is spanned or is ample.

Theorem 6.5 (Borel-Weil [42]). Let L be a holomorphic line bundle on X = G/P
where G is semisimple and P is a parabolic subgroup defined by a set of indexes I.
Let A = ZZ-%I n;A; € Ax be the weight associated to L. Then
(1) L is spanned at one point of X iff L is spanned at every point of X iff
n; >0 fori ¢ I (i.e. iff X\ is dominant).
(2) L is ample iff L is very ample iff n; > 0 fori ¢ I.
(3) If X is dominant, then H°(X, L) is isomorphic to the irreducible G-module
VA,
(4) If X is not dominant, then H°(X,L) = 0.

Proof. 1. (=) Let s € V.= H°(X,L) be a section that is non-zero at * € X
and let y = g-x, g € G, be any other point of X. Here s corresponds to a
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function s : G — C such that s(gp~2) = A(p)s(g) for all g € G and p € P (sece
§5). Since L is homogeneous with respect to G, ¢ - s is also a section of L that
is non-zero at y: ¢ - s(y) = s(¢g~'y) = s(x). It follows that the P-equivariant
evaluation map evg : V' — C is non-zero. Let s be a weight vector in V' of weight
such that evg(s) = s(1) # 0 and let W be the irreducible G-submodule generated
by s. Now for all t € T, (t-s)(1) = s(t~!-1) = j(t)s(1). On the other hand,
s(1-t71) = A(t)s(1) for all t € T C P, so . = A. Moreover, since \ is perpendicular
to @p, evo(Xas) = A(X4)evo(s) = 0 for all roots o € ®p. Since the kernel of evg
is P-invariant and all the negative roots are in ® p, we conclude that s is a maximal
weight vector and W = V*. Moreover, by Proposition 5.1, evg : V — C factors
through the projection of W onto its maximal weight space C - s. In particular, A
is dominant.

(<) Let A € AL be dominant, let v € V* be a maximal weight vector with
weight A, and let f € (V)* be dual to v: f(v) =1 and f(u) = 0 for u in any other
weight space. Since A is perpendicular to the weights of P, it can be extended
to a character A : P — C*. For X € p, we have X.v = A(X)v 4+ u(X) where
u(X) is a linear combination of vectors from weight spaces other than A. Hence,
f(pv) = A(p)f(v) for all p € P. Define a map s : G — C by s(g) = f(g~'.v). Then
s(gp™1) = X(p)s(g) for all g € G and p € P, see Proposition 5.1. Hence, there is a
non-zero section of the line bundle on G/P defined by A

2. Since L™ corresponds to the weight mA, it is clear that we need only show
that L being very ample is equivalent to n; > 0 for all ¢ ¢ I. We may also assume
A is dominant, so that L is spanned.

Suppose n; = 0 for some j ¢ I. Let J = I U{j} and let @ be the parabolic
subgroup defined by J. Since the roots of @) are perpendicular to the weight A, the
character \ can be extended to Q. This implies that L is the pull-back of a line
bundle on G/Q, and hence L is not very ample, see §5.

Conversely, if L is not very ample then the map given by the sections of L,
7 : G/P — G/Q, is not an imbedding. The character \ therefore extends to a
parabolic subgroup @) that properly contains P. Hence there is a simple root o
not in P such that n; = (A, ;) = 0.

3. Let W = V# be any non-trivial irreducible G-submodule of V. There must be
at least one weight vector s in W such that evy(s) # 0. Otherwise, for any weight
vector s in W, evg(g-s) = 0 for all ¢ € G and hence s = 0, a contradiction. By
part 1, we know that W = V> so u = A, and evg : V — C factors through the
projection of W onto C - s. Since W is arbitrary, we conclude that V = V.

4. This is a simple consequence of 1.

O

The proof of 2 above shows how to describe the map of X = G/P to projective
space defined by the sections of a spanned line bundle.

Corollary 6.6. Let L be a line bundle on X = G/P defined by a weight X\ € Ax.
Assume that L is spanned by global sections so that A is dominant. Then the map
7: X =Y CP(V*) defined by the sections of L, V = H°(X, L), is a homogeneous
fibration G/P — G/Q where Q is the parabolic subgroup of G defined by the simple
roots perpendicular to . In particular, A defines a very ample line bundle L' on'Y
and L = 7*L'.
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7. CURVATURE

We now discuss some aspects of the curvature of a homogeneous vector bundle

= G xp Ey on X = G/P where P is a parabolic subgroup of G. We first
compute the curvature form O = 9(hj,'0hg) associated to a natural left-invariant
hermitian metric hg on E. Since O is also left-invariant, it is determined by its
form at the identity coset. To carry out this computation, we rely on the notation
of §2 and §5, and use local coordinates x,, @ € ®x, defined for g € G near 1 by

g = H eXp(ana)
aedx

In the next theorem we assume that E is spanned by global sections. The
curvature form of an arbitrary homogeneous vector bundle E can then be derived,
as usual, by O = Opgr — IO where L is an ample line bundle on X such that
E ® L is spanned by global sections.

Theorem 7.1. Let E = G xp Ey be a homogeneous vector bundle on X = G/P
where P is a parabolic subgroup of G. Assume E is spanned by global sections so that
the P-module homomorphism ¢ : V = H°(X, E) — Eq is surjective. Let vy,..., v
be a basis of weight vectors for V and ey,...,e. for Ey such that ¢(vi) = e,
1 <k < r. Then there is a natural left-invariant hermitian metric for E whose
associated curvature form is given at the identity coset by

Z Z¢ o Ve)0(Xg - Uk)tdxa/\dajﬁ

a,Bedbx k>r

Proof. As in §5, we define sections of E, s3, : G — Ey, by s(9) = ¢(g~ 1 - vg) for
1 < k < m so that a hermitian metric hg : G — R for E is given by

mo__\ -1
Let
A= j{:skAZZZ
Since Ohg = —hg(0A)hg, we obtaln

Op = d(hp'Ohg) = (00A)hg — (0A)hg A (OA)hg
Note that hg(1) =1, sk(1) = eg, and
B
e (1) = 6(~Xa - w)

We abbreviate ¢(X,, - vi) by ¢k so that at the identity coset the above expression
for © g becomes

Op = 00A — 0ANDA

m

Z Z%,k%— Z qﬁa,kefﬁej% dre NdZg

a,Bedx | k=1 3 k=1

Z Z Qba,k%dxa AN dfﬁ

a,BED®x k>
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as claimed. 0

The curvature O can be written in a particularly simple way. Let Fj denote
the kernel of ¢ : V' — Ej, i.e., the subspace of V spanned by vg, k > r. Fora € ®x
define linear maps ¢, : Fy — Ey by

Pa(v) = ¢(Xa - v)
and maps ¢, : Eg — Fy dual to ¢, with respect to the above bases. Then

Op = Z padhdre A dig =V AT
a,BedPx

V=) ¢adra

acdx
This description makes it easier to see the properties of the curvature form

@E(Z) = Zt@EE

where

for z € Ey.

Definition 7.2. We say that ©g(z) is positive semidefinite if Og(2)(n,7) > 0
for all n € (T'x)o. The kernel of Og(z) is the subspace of n € (Tx)p such that
Og(z)(n,n) = 0. The flatness of O is defined to be
flOp = max dimker Og(z)
z€Ep\0

If (, ) denotes the hermitian metric on V' with respect to the basis vy, 1 < k < m,

then
Op(z) = Z (gbgz,gb%z)dxa Ndzg
a,BED x

and for n = Zaeéx 100/0x € (T'x)o,

Op(z)mm) =Y (nadhznsohz) = ¥ (2)n*
a,BED x

Thus we may conclude the following.

Corollary 7.3. If E is spanned by global sections, the curvature form ©Og(z) is
positive semidefinite for all z € Ey, its kernel equals the kernel of V' (z) : (Tx)o —
Fo, U'(2) = 3" ca, Pa(2)dra, and the flatness of Op is given by

10g(z) = max dimker U’(2)

ZEE()\O
The ‘flatness’ of O is related to the ‘ampleness’ of the bundle FE, see §8.

Remark 7.4. It is possible to construct a holomorphic connection g and its asso-
ciated curvature form O = 90 for a homogeneous vector bundle E = G x p Ej
using a basis of left-invariant forms, their duals, and the representation of p on Ej,
see, e.g., [24, 22]. In general, such a connection is a metric connection only when
the representation of P on Ejy is irreducible. In this case, the resulting curvature
form O is also non-degenerate, and its signature is given by the index of the maxi-
mal weight of Ey, see [24, Theorem 4.17]. While some homogeneous vector bundles
(e.g., line bundles) are known to be irreducible, many other important bundles (e.g.,
most tangent bundles) are not.
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7.1. Curvature of tangent bundles. As an example, let us compute the curva-
ture form for the holomorphic tangent bundle E = Tx of a homogeneous manifold
of the form X = SL(¢{ + 1,C)/P where P is parabolic subgroup. In this case
Ey = (T'x)o can be viewed as a vector space of certain strictly upper triangular
matrices by identifying the root vectors X, a € ®x, with the elementary matrices
e, indexed as follows. Define ‘row’ and ‘column’ indexes by

R, = {i|e; = X, for some o € Dx }
C, =1{jleu = X, for some a € Ox}
Both R, and C, may be empty, but if they are not then they have the form
R, ={1,...,r} and C, = {c,,...,£+ 1}. In fact, if T is the set of indexes that
defines P, then
r,=max{i € [|i<v}, c¢,=min{iel|i>p}+1

For a« € &x we have X, = e, ff and only if 1 < p < ¢+ 1 and v € C, (or
1<v<{+1and pu€ R,). Note that 4 € R, if and only if v € C),.

The space of sections V = HY(X,Tx) is isomorphic to the Lie algebra of G =
SL(¢ + 1,C). The map ¢ : V — (Tx)o is just the natural projection of matrices
and the module structure is given by Lie brackets of matrices. Thus, if X, = e,
and v, = e;5, then ‘k > r’ means i ¢ R; (or j ¢ C;), and

(ba,k = ¢(Xa 'Uk) = ¢([61LV7 eijD
eyj ifi=vandjeC,\C,
—ep, fj=pandie R, \ R,
0 otherwise

Let us write z,,, for the coordinate x,, and let f/J denote the r x r elementary
matrix e, e, (the transpose here is of a column vector to a row vector not the

usual transpose of a matrix, and r = dim X). Let 8 € ®x be another root with
Xg = e€po. If v =0 then

Gadh =D Garbhi= D, I

E>r JECLNC,\Cy
while if u = p, then o
¢o¢¢t5 = Z 7,13
i€R,NR;\R,
Finally, if v € Ry \ R, and p € C,, \ C,,, then $adl = —f49, while if 0 € R, \ R,
and pu € C, \ C,, then $a9y = — [y - For any other combination of p, v, p and o,

qba% = 0. Let d,4 have the value 1 if p = ¢ and 0 otherwise. Define E;fz to be 1 if
s € R\ Ry and g € C,, \ Cs, and to be 0 otherwise. According to Theorem 7.1 and
the above description of ¢a¢% we obtain

Ore = >, oo D fI o+ ow D [

HERy ,pERS JECLNC,\Cy 1€R,NR;\R,
vo vo ov oV =
Eupdpp Eputpp Az N dTpe
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Another way to express this is to view O, as a r x r matrix of (1, 1)-forms and
let @;Z denote the entry in the pg-row and st-column of ©p, . Then

Opf =0t Y dapy NdZo,  +  Ops Y drug AdTy
v¢Rq HgCy
- eppdrps NdZg —  eyndrg A dTp,
The map ¢, : Fo — Ey is given by
Sa(v)= Y wyeu— D viuta
JjEC\C, i€R,\R,
where v = ZigRj vij€i; € Fy. The dual ¢f, : Ey — Fy is
Qbﬁx(z) = Z Zpjvy — Z Ziv€ip
JEC,\Cy i€R,\R,,

where z = ZiGR]_ zijei; € Eg. Thus, for p € Ry,

epq E , €vqdTpy — E : EppdTpg

véR, ngCyp
It follows that the kernel of ¥ (e,,) is the set of tangent vectors n whose coordinates
ug = 0 for p ¢ Cp, and 1, = 0 for v ¢ R,. Therefore
dimker U'(e,q) = dim X — (4 ¢, — 14 — 1)
The maximum of this kernel dimension for z € (Tx)o is achieved at z = €; 41,
1 € I, where ¢; =4+ 1 and 7,11 = ¢, and thus

10 = max dimker U'(z) = dim X — ¢
2€(Tx )o\0

a fact that will be recalled in §8. Notice that among these examples the only case
where ©g(2) is positive definite is for complex projective space, X = P*.

Two extreme examples of such homogeneous spaces are the flag manifold and
a Grassmann manifold. The flag manifold is the space of all full ‘flags’ of linear
subspaces in (¢ + 1)-space: Vo C V; C --- C Vpyq, dim V; = i. For this manifold, P
is a Borel subgroup and I = {1,...,¢}. The row and column indexes are

R,={1,....,v—-1}, Cuo={p+1,...,0+1}
which are easily applied to the above formulas for Or, .
For the Grassmann manifold X = Gr(w, £+ 1) of w-planes in (£ + 1)-space, P is
a maximal parabolic subgroup and I = {¢ + 1 — w}. The row and column indexes
in this case are
R,={1,....04+1—-w} forv>0+2—-w
={{+2—-w,....0+1} forp</l+1-w
The formula for Or, simplifies somewhat:
I+1—w l+1 l+1 l+1—w

Z Z Oug Z [3 + Opup Z i Az, N\ dT,s

w,p=1 vo=0+2—w j=l+2—w i=1
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and
+1 l+1—w
o8 =64 Z dry, NdZa, +  Ops Z A g N AT e
v=~_04+2—w p=1

The tangent bundle of Tx is naturally isomorphic to £ ® Q* where E is the
tautological bundle of rank w and @ is the quotient bundle of rank £ + 1 — w. As
a further example, let us now work out the curvature form for £—the analysis for
Q* is similar—and compare the result with the above expression for Or, .

A basis for V. = H°(X,E) is given by the elementary matrices, vy = ey,
2 <k</{+1, abasis for Ey is given by e, = v, L +2 —w < k < {41, and the
map ¢ : V — Ej is the natural projection of matrices. The action of a root vector
Xo = ey on vy is given by matrix multiplication:

Xa UV = —€1k " €y = _6k,uel,u
If f9 represents the w x w matrix e,el, then Theorem 7.1 gives
p P Prq g

l+1—w +1
Op= > > [fldru AdZ,,
p=1 vo=0+2—w

and
l+1—w

Op)h =Y dru Ndi
p=1
(compare with [23, p.195]). A similar calculation for Q* yields
r41
(Og-)p =D duy AdZg,
v=_0+2—w
and we see that these two expressions give O7, = Op®Ig- +Ip®0Og- as expected.

7.2. Curvature of line bundles. We now refine Theorem 7.1 for the case of line
bundles. Of course, any holomorphic line bundle L on X = G/P, P parabolic, is
homogeneous with respect to G, see Theorem 6.4. The curvature form © defines
the first Chern class ¢1(L) up the constant factor /—1/27, see §9. In order to
have a convenient expression for Oy, we shall renormalize the metric used. Similar
descriptions can be found in [7, Proposition 14.5] or [21, Proposition 7.1].

Theorem 7.5. Let P be a parabolic subgroup of G and let L be a line bundle on
X = G/P defined by a weight X € Ax. There is a hermitian metric for L such that
at the identity coset the curvature form is given by

OL =Y (\a)dz, Adz,
acdx
Proof. Let I be the set of indexes that defines P and let L; be the line bundle
defined by \; for i ¢ 1. Let A = Zi¢[ n;\; € Ax be the weight associated to L. If

we prove that there are hermitian metrics h; for L;, i ¢ I, satisfying the statement
of the theorem, then the theorem also holds for the hermitian metric hy, = Hi¢ hit
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on L =@Q),q; L;" since
O = —0dlogh = Zni(fﬁéloghi) = Zni@Li

igl igl
= Zn Z Ay aVdz A dT, = Z A, a)dzo A dZg
¢l aedx acdx

Fixi ¢ [ and let V = VY = H°(X, L;). Choose a basis, vy, ..., vy, of weight
vectors for V so that v; has weight \; and such that all non-zero vectors of the
form X_, - vy for a > 0 are included in the list. We further normalize any such
vector vg by defining vy, = ko X_4 - v1 where

. :{<)\i7a>1/2 if (A, ) # 0

1 otherwise

The line bundle L; is spanned by global sections so we may apply Theorem 7.1:
O, = > Y 6(Xa v)’dza Adi,

acdx k>1
where ¢ : V — C is the P-module homomorphism defined by the dual of v;. Now,
d(Xq - vg) vanishes unless vy = ko X_q - v1 in which case

¢(XO& 'Uk) = ka¢(onX—a 'vl) = ka¢([Xa7X—a] 'vl)
= k/’a)\i(Za) = ka<)‘i7a> = <)‘i>a>1/2

We thus obtain O, =3 Ai, @)dxzo A dT, as claimed. |

a€‘1>x<

7.3. Levi curvature. Let F = G X p Ey be a homogeneous vector bundle with left-

invariant hermitian metric hg. There is a natural exhaustion function pg : £ — R
defined by
velg, 2] = 2| = 2'hE(g)2

The tubular neighborhood N. of the zero section in E is given by vglg, 2] < e.
The Levi form L(¢g) = 00¢g evaluated on the tangent space to the boundary
ON, is left invariant. To calculate L£(¢g) at points [1,z] € Ey it is convenient to
use local coordinates £ = (&1,...,&,) near the identity coset zyp € X = G/P for
which hg(zg) = I and dhg(zg) = 0, see, e.g., [23, p.195]. In these coordinates, the
tangent space to the boundary ON. at [1, z] consists of tangent vectors of the form

. 0 - 0
n= ;aiﬁizi +ija—£j
i= j=t

such that .
Z zia; =0
i=1
Also, at [1, 2]
L(pgp) = 00pp = Zdzi NdzZ;, — 2'Ogz
i=1
since in these coordinates O = —00hg at [1, 2].

For line bundles, this curvature information is easy to derive and gives the fol-
lowing simple vanishing theorem.
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Theorem 7.6. Let P be a parabolic subgroup of G and let L be a line bundle on
X = G/P defined by a weight X € Ax The number of positive eigenvalues of L(pr,)
equals ind(X) and the number of negative eigenvalues of L(pr) equals ind(—\).
In particular, if m is sufficiently large, then HY(X,L™) = 0 for ¢ < ind()\) or
q > dim X —ind(=X), and if X is non-singular, then H4(X, L™) = 0 for q¢ # ind(\).

Proof. By Theorem 7.5 and the above calculation, the Levi form at [1, 2] is

Lipr) = —|21*0L = —[2]> Y (a,\)dza Adz,
acdx
Thus, the number of positive (resp. negative) eigenvalues of L(pr) equals the
number of positive roots a € ®x such that (o, A) < 0 (resp. {(a,\) > 0), which
is the index of A (resp. the index of —A). If A is non-singular, then £(¢r) is also
everywhere non-degenerate and ind(A) + ind(—A) = dim X. The statement then
follows from Andreotti-Grauert [1]. O

The above theorem also holds for an irreducible homogeneous vector bundle on
X = G/P with maximal weight A, see [24, p.275]. Bott’s theorem [9] is a more
precise vanishing theorem that is related to the above statement in an elegant way,
see §11.

Let £ — P(E*) be the tautological line bundle over the projectivization of E*,
see §5. Since, as manifolds, E*\ Zx = &g \ P(E*) with the zero sections Zx and
Zp(p~) at “opposite ends,” the Levi form of the boundary of a tube neighborhood of
Zx in E* is the negative of the Levi form of the boundary of a tube neighborhood
of Zp(g+) in {g. In fact, a positive function can be defined on &g \ Zp(g-) by

he (p) = (2'hp-(2)2) "
where p € {g \ Zp(g-) corresponds to [g,2] € G xp Eg \ Zx and x € X is the coset
gP € G/P. Clearly, he, defines a metric for {g and the Levi form of the boundary
of the unit tube neighborhood of Zp(g) is 001og he, = —O¢,,. Thus,

O¢p, = 00log(Z' h-2)
1

1 _ _ _ _
= —WZtQE*Z + W(|Z|2 Zdzl A dZZ - Zzzzjdzl VAN dZ])
i i

This observation allows us to conclude the following.

Proposition 7.7. Let E = G x p Ey be a homogeneous vector bundle on X = G/P
where P is a parabolic subgroup of G. If the tautological line bundle £ on P(E™)
is spanned by global sections for some m > 0, then ©g(z) is positive semidefinite
for z € Ey.

Proof. Since £ is spanned by global sections, O¢» = mOg,, is positive semidefinite
by Corollary 7.3. Therefore, by the above calculation, z2'@gz = —z'Og-z is also
positive semidefinite. O

This statement also holds for an arbitrary holomorphic vector bundle £ — X
over a compact complex manifold X, since O is positive semidefinite whenever F
is spanned by global sections, see, e.g., [20, p.80], and the above calculation of O,
remains the same, see e.g., [23, p.202].
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8. AMPLENESS FORMULAS

Let E = G xp Ey be a homogeneous vector bundle on X = G/P where P is a
parabolic subgroup. We shall now work out a formula for the ampleness of F in
terms of the indexes of certain extremal weights of FEj.

Definition 8.1. The ampleness of E, denoted a(F), is defined to be the minimum
k such that F is k-ample (see §5).

Note that Ej is also a B-module where B C P is a Borel subgroup. The corre-
sponding vector bundle G x g Ep|p is isomorphic to the pull back p*E under the
projection p : G/B — G/P, see §5. It follows immediately from the definition of
ampleness that

a(E) = a(Ep) —dimG/P
so that the ampleness of F depends primarily on the B-module structure of Ey.

Let U be the maximal unipotent subgroup of B generated by the negative root
groups U,, @ < 0. For any B-module Ep, let EY be the set of points in Ey fixed
by U, EY = {v € Ey|u-v = for all u € U}. The action of B on EJ reduces to
the action of the maximal torus T C B: EY = Ey +---+ E, and b- v = \;(b)v for
veE,beB,1<i<s Conversely, if v € EY and b.v = \;(b)v for all b € B then
v € E;. Thus, EY consists of the B-stable lines in Ey. Recall that the maximal
weights of Fy are

Amax(Eo) = *A(EEJFU)v
and that the index of a set of weights is the minimum of the indexes of the weights
in the set, see §5.

Definition 8.2. Let Ey be a B-module and let W be the Weyl group of G. The
extremal weights of Fy are

Acxt (EO) = W(Amax(EO)) N A(EO)

Theorem 8.3 ([44]). Let E = G xp Ey be a homogeneous vector bundle on X =
G/P where P is a parabolic subgroup of G. Assume the tautological line bundle &%
on P(E™*) is spanned by global sections for some m > 0. Then, the mazimal weights
of Eq are dominant, Amax(Fo) C AT, and the ampleness of E is given by

a(E) = dim X — ind(—Aext (Ep))

Proof. Let A € Apax(Eo) and let C_y be a corresponding B-stable line in Ej. By
assumption, the map v, : E* — V,* defined by the sections V,,, = HY(P(E*), 0 =
HO(X, E(™) is finite on the fibers, v,,,| Ef — V*, taking the B-stable line C_, C Ej
to a B-stable line C_,,» C V¥, see §5. Therefore, the B-module homomorphism
Vi — Chu is surjective. Since V,, is a G-module, the line bundle defined by mA
is spanned by Proposition 5.1. Therefore mA € AT by Theorem 6.5, and hence
A€ AT,

By definition, a(E) is the maximum fiber dimension of the G-equivariant map
Pv,, : P(E*) — P(V*). Since the fiber dimension is upper semi-continuous and
constant along G-orbits, its maximum can be found by specializing to points in the
closures of G-orbits. In particular, the maximum occurs at a point [v] = Py, [g, [2]]
such that G - [v] is a closed G-orbit in P(V,:). We may then additionally choose [v]
to be a fixed point of B, see Lemma 6.1. Therefore, we may assume z € E3Y, 2
has weight A € A(EgY) = —Anax(Eo), and v € V,*U has weight m.
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The fiber dimension over [v] is:
dimPy'v] = dimy,, (v)
= dim{[g, 2] € G xp Ej | vmlg, 2] = v}
= dim{(g,2) € G x E}|vm(1,2) =g - v} —dim P
= dim{geGlg-vev,Ej} —dimP

By the Bruhat decomposition, see Theorem 3.1, each g € G lies in some Un,B,
we W, with dimUn,,B = {(w) + dim B. Then ¢ -v € v, Ej iff ny, - v € v, Ef iff
wA € A(E). Thus, dim Py, [v] is the maximum of /(w) + dim B — dim P over all
w € W such that wA € A(Ef), and we obtain

a(F) = max{f(w) |w € W, w(A(EY)) N A(E]) # 0} — dim P/B
Of course, w(A(EZY))NA(EY) # 0 is equivalent to w(Amax(Fo)) NA(Eg) # 0. Now,
the maximum of ¢(w) such that p = w\ € A(Ep) for some A € Apax(Ep) is the
same as the maximum of £(w) such that wp € AT for some p € Aoyt (Eo)-

Let wp denote the longest element of W so that ¢(wy) = |®T| = dim G/B. For
any w € W we can write w = w'wp so that f(w) = (wp) — {(w') = dim G/B — £(w')
and ind(—p) = ind(wop), see §3. Then,

max{{(w) | 1 € Aext(Ep), wp € AT} —dim P/B
= dimG/B — min{l(w') | p € Aext(Ep), w'(wop) € AT} —dim P/B
= dimG/P — min{ind(wop) | 1t € Aext(Fo)}
= dimG/P — ind(—Aext(Ep))
]

We have already remarked in Proposition 7.7 that if £} is spanned by global
sections for some m > 0, then ©g/(z) is positive semidefinite for z € Ey. Moreover,
if F is k-ample, then E* is (k + 1)-convex in the sense of Andreotti-Grauert, see
[54] for details. From the calculations in §7.3 it is then clear that the maximum
number of zero eigenvalues of Og(z) for z € Ey \ 0 is a(E). Therefore, rather than
computing the maximum dimension of the kernel of W*(z) : Fy — Ej for z € Fy\ 0,
we may calculate the flatness of O the same way as a(E):

Corollary 8.4. If £ is spanned by global sections for some m > 0, then
f10p =a(E) = dim X — ind(—Acxt(Ep))

8.1. Ampleness of irreducible bundles. It is not clear if there is any simple
data about the P-module E; that is equivalent to ¢} being spanned for some
m > 0. Nevertheless, when the bundle is irreducible the previous theorem can be
strengthened to the following.

Corollary 8.5. Let Eqy be an irreducible P-module with highest weight A and lowest
weight 1 (—p is the highest weight of Ef). Then g is spanned for some m > 0
iff E is spanned iff X is dominant. Moreover, a(E) = dim X — ind(—pu) and if X is
non-singular, then E is ample, a(E) = 0.
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Proof. To prove the first assertion, we need only show that if A € AT, then E is
spanned. Since Ej is irreducible, it is induced from the one dimensional P-module
C, associated to A\: Ey = C,|F'. By transitivity, Theorem 5.2,

Eo|9 = Cil"|9 = Cy|°
Since the B-module homomorphism Ey|¢ — C, is surjective and factors through
the B-module epimorphism Ey = C, |’ — C,, it follows that the P-module homo-
morphism Ep|® — E cannot be the zero map and is therefore surjective.

Since Amax(Eo) = {A} and Aext(Ep) = WpA, we find that the minimum of
ind(—wA) occurs when w = wy, the longest element in Wp and wi A = p, the
lowest weight of Ep. If A is in addition non-singular, then dim G/B = ind(—\) =
ind(—w1A) 4+ dim P/B since ¢(w;) = dim P/B. This implies a(E) = dim X —
ind(—u) =0.

([l

For the case of a line bundle L, which is in particular an irreducible bundle,
it is quite easy to determine a(L). If X is the weight associated to L, then A
is perpendicular to the roots of P, P C P). The corollary asserts that if X\ is
dominant, then a(E) = dim X — ind(—A). In this situation ind(—\) = dim G/ Py,
SO

a(E) = dim Py /P
This, of course, is the expected value for a(E) since it is the dimension of the fiber
of the map X — P(V*) defined by the sections V = H°(X, L), see §6.

A final remark about the irreducible case: The value of a(E) or even whether
& is spanned cannot be determined by considering the same questions for the
irreducible bundles G xp (E;/FE;_1) associated to a filtration Ey D F; D --- D
E; D E;11 = 0 by P-submodules, see §5. For example, if Fy is a B-module, then
the irreducible factors are 1-dimensional weight spaces for all the weights of Ey, yet
the ampleness of Ej is determined by the index of certain extremal weights of Ej.
Moreover, E can be spanned without all its weights being dominant. Nevertheless,
it is easy to modify the proof of Corollary 8.5 to show that if the maximal weights
of all the factors F;/FE;_; are dominant then the bundle E is spanned, see §11.

8.2. Ampleness of tangent bundles. The derivation of the ampleness of the
tangent bundle Tx of X = G/P was originally carried out by Goldstein [26] and it
was this work that provided the inspiration for Theorem 8.3. Let G = G1 x--- x Gy
be the decomposition of G into its simple factors so that X = X; x -+ x Xy,
where X; = G;/PNG;, i =1,...,t. The weights of T’x o are just the roots of X,
ATx o) = Ox, and Apax(Tx0) = {61, .., Bk} where §; is the longest root of G;.
Then Aext(T'x0) is the set of long roots in ®y. By Theorem 8.3, to compute the
ampleness of the tangent bundle we must compute the minimum of ind(—u) for the
long roots p in ®x. Since the dominant conjugate of u is always one of the (;’s,
this is the same as computing the minimum of ¢(w) over w € W such that wg; < 0
for some ¢ and wG@; € —Px.

In finding this minimum, the first condition, wg; < 0, can be met by having wg;
equal to any long simple root. Table 8.2 gives the minimum, which we denote by
m(G;), of £(w) such that wp; < 0 for each simple type G;. The second condition,
wp; € —®x, is automatically met when G; has type Ay, Dy, or E; since all roots
are long. For the other types, if ®x does not contain a long simple root in G;, then
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TABLE 2. m(G) for a simple group G

Ay By Ce| Dy | Eg|E7|Eg| Fy|Go
0 120—-2| ¢ |20—-3 |11 |17 (29| 8 | 3

a certain number of further reflections are necessary to bring w; into —®x. A
case by case study shows that only one additional reflection is necessary for types
B, and G5 when I, the set of indexes that defines P, contains the indexes of all
the simple roots of G; except the long simple root. For types Cy and Fy, d(G;,I)
additional reflections are necessary where d(G;,I) is the number of nodes in the
diagram for G; from the complement of I to the nearest long simple root. Using the
same definition for d(G;, I) for all the simple types we then we have the formula,

a(Tx) = dim X — min{m(G;) + d(G;,I)}
It is also convenient to use the easily derived fact
dim X — a(Tx) = min{dim X; — a(Tx,)}

so that the calculation of a(Tx) can be reduced to the irreducible factors X; of X.
For example, if X is a product of X = X; x --- x X;, where X; = G;/P;, P; a
parabolic subgroup of G; = SL(¢; + 1,C), (which includes products of Grassmann
manifolds) then
a(Tx) = dim X — min¥¢;

Note how this agrees with the calculation of flatness of ©7, in §7.1. If X is an
n-dimensional non-singular quadric hypersurface, then X = G/P where G is of
type By (n =20 — 1) or Dy (n = 2¢ — 2). In either case, the complement of I is
a long root so by Table 8.2 a(Tx) = 1. It is straightforward to derive from the
above formula that among homogeneous manifolds, a(Tx) = 0 only when X = P*.
Of course, it is well-known that for any projective manifold X, T'x is ample if and
only if X =P’ see [40].

If Y € X is a complex submanifold of X = G/P, then the ampleness of the
normal bundle Ny of Y in X is related to the convexity of the complement of Y.
In fact, if Ny is k-ample, then X \' Y is k& 4+ codimx Y convex in the sense of
Andreotti-Grauert. Moreover, if Z C X is another complex submanifold then

2dimY > k+dimX,dimZ <dimY +1=m(Z,ZNY)=0,i <dimY — k

see [56]. Since the tangent bundle of X surjects onto Ny,
OHTy—)Tth%NYHO

the ampleness of Tx provides a convenient upper bound for the ampleness of Ny .
Thus, for example, if X = SL({+1,C)/P (e.g., a Grassmann manifold) and Y C X,
then X \ 'Y is £+ codimx Y convex.

“Connectedness” theorems are also related to the ampleness of Tx: Suppose W
is an irreducible subvariety of X x X where X = G/P, and let A C X x X be the

diagonal. Then
dimW >dim X +a(Tx) = WNA £
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Moreover, strict inequality implies W N A is connected, see [26, 18]. For example,
let X be a (2¢ — 2)-dimensional quadric so that X is a homogenoeus space of an
orthogonal group of type Dy and a(Tx) = 1. If Y, Z C X are two subvarieties, then

dmY +dimZ >dimX +1=YNZ#0)
(take W = {(y,2) |y € Y,z € Z}).
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9. CHERN CLASSES

Let E — X be a holomorphic vector bundle on X. The Chern classes of FE,
cq(E) € H*(X,R), 1 < ¢ < r = rank E, can be defined in many ways, see [7, 19,
23]. For example, ¢,(E) can be defined as the class of a differential form of type
(¢,q) determined by

co(E) = g cg(EN T =det(t] + i@
(1_2_:0 4 ( 27 E)

where O = 5(h§18h g) is the curvature form associated to a hermitian metric hg
on E, see §7. The expression ¢(F) is called the total Chern class of F and behaves
well with respect to exact sequences and tensor products: If

0—F, —F—F—0
is an exact sequence of holomorphic vector bundles on X then
c(E) = c(F1)c(F)

Moreover, for any two holomorphic vector bundles £ and F on X of ranks r and s
respectively,

(B@F) = [[TT(t+7%(E) + 7))
i=1j=1
Here the v;(E) are defined by factoring ¢(E) = [[;_, (¢t + v(E)), and similarly for
¢(F). In particular, the Chern classes of E are equivalent to the Chern classes a
direct sum of line bundles Ly & - - - @ L, where L; has Chern class v;(E), 1 <i <r.
If X is a projective manifold, there is an alternate geometric definition for the
Chern classes of E. Let L be an ample line bundle such that F® L is spanned and
let &1,...,& —q+1 be generic sections of E ® L. Then § A -+ A&—g41 is a section
of A" E ® L whose zero locus defines a class S, € Hay,_24(X,R). The Chern
class ¢,(FE ® L) € H*(X,R) is defined to be the Poincaré dual of S;, 0 < g < r.
Finally, the total Chern class of E is defined by
o(E) = H(t +7(E® L) —ci(L))
i=1
The Chern classes of a homogeneous vector bundle E = G xp Ey on X = G/P,
where P is a parabolic subgroup of GG, can be expressed in terms of the weights
A(Ep) of the representation of P on Ep; an explicit calculation of the curvature
form is not needed. This is due to the fact that the Chern classes are determined
by line bundles as just described, and Theorem 7.5 allows us to naturally identify
the Chern class of a line bundle L,

ci(L) = (i/2m)0r = (i/2m) Y (N a)dra AZa
ae@;

with its associated weight A € Ax = Pic(X), both representing the same element
in H?(X,R). In fact, we shall just write

C1 (L) =)\

The next theorem gives a simple construction of ¢(E) using the language and no-
tation of §2 and §5. For a more detailed account see [7]. Let pry : A — Ax denote
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the projection of weights of G onto the the weights perpendicular to the roots of P
with respect to the basis of fundamental dominant weights, i.e., if A = 3. n;\; € A,
and P is defined by the set of indexes I, then

pry(A\) = Zn,)\,
il
Theorem 9.1. Let E = G xp Fy be a homogeneous vector bundle on X = G/P
where P is a parabolic subgroup of G. Then

o(B)= [ t+prxmm
neA(Ep)
where my, is the multiplicity of the weight 1 € A(Ep).
Proof. Let B C P be a Borel subgroup of G and let p : G/B — G/P be the natural
projection. Let p*E = G xp Ep|p be the pull back vector bundle on Y = G/B.
Let Eolp D E1 D -+ D Ei, be a filtration of Ey|p by with irreducible and hence
one-dimensional quotients F; = E;/FE;_1, see §5. The maximal weights of Ey|p

are thus all the weights of Ey as a P-module, A(Ey). Since the total Chern class
respects exact sequences we obtain

c(p'E) = Hc(Fi) = H (t+ p)™
=0

neA(Ep)
The map pry : A — Ax splits the natural inclusion Ax — A induced by p* :
H*(X,R) — H*(Y,R) and so ¢(E) = [],crg,)(t + Prx p)™ as claimed. O

The product of weights given in the previous theorem, of course, must be carried
out in H*(X,R).

9.1. Chern classes of tangent bundles. The Chern classes of the tangent bundle
Tx of a complex manifold X are called simply the Chern classes of X, ¢(X) = ¢(Tx).
Since A(Tx o) = ®%, the total Chern class ¢(X) of X = G/P, P parabolic, can be
given in terms of the roots of X by Theorem 9.1:

oX) =[] ¢t+prxa)
ae@;
The first Chern class of X is easily derived from this to be ¢1(X) = Zaeé; pry Q.
The projection pry in this case is superfluous, since the sum > cat @ already lies

in Ax. In fact, it is clearly the weight of the line bundle A" Tx, n = dim X, which
must be perpendicular to the roots of P. Thus,

a(X) = Z !
acd’;
Definition 9.2. Let S C A be a set of weights. We denote the sum of the weights
of S by
(S)=">"A
AES

In particular, ¢1(X) = (®%). An important special case is when P = B is a
Borel subgroup of G so that the roots of X are all the positive roots of G.
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Lemma 9.3. Let X = G/B where B is a Borel subgroup of G. Then
¢
a(X) =) 2\
i=1

Proof. Let p = (®1) = Zf:1</% a;)A;. The simple reflection o; permutes the
positive roots @1 \ {a;} and sends the simple root a; to —a;. Therefore,

oip = (0;®1) = () — 20; = pu — 20
Since o = p — (i, ;) we get (g, o) =2 fori=1,... ¢ O
The weight

1, 1 :
a>0 =1
is, of course, the weight of the “minimal” ample line bundle on X = G/B and
plays an important role in the cohomology of homogeneous spaces of G and in the
representation theory of G.
A similar expression for ¢;(X) in the general case X = G/ P depends on the set
of indexes I that defines the parabolic subgroup P.

Definition 9.4. Let 1,...,¢ be the indexes of the simple roots aq,...,ap of a Lie
group G. A subset of indexes J C {1,2,...,¢} is called connected if the subdia-
gram of the Dynkin diagram of G corresponding to the simple roots oy, j € J, is
connected. An index i is said to be adjacent to J if i ¢ J and Jy U {i} is connected
for some connected component Jy of J. The set of indexes adjacent to J is denoted
by 0J.

Let J be a connected set of indexes. For ¢ ¢ 90J define v;(J) = 0. For i € 9J
define v;(J) to be the number next to the appropriate diagram below. The black
nodes correspond to J and the white node corresponds to i. Symmetry of Dynkin
diagrams is tacitly assumed.

o—e— - —o—o |J],

o—e— .- —e=<e 2|J|, o ... —e<0 |J|,

o o .- 2|.J| — 2, - o ... 2|J| — 2,
—Q—I—C —O—I—O

o—e—9o oo 10, o o o o 9,

o—o—o—I—o—o 16, o—o—o—I—o—o 15,

o~ o o o o o 12, o—e—eo—o—9o oo 27

o=e 3, e=o 1,

For an arbitrary set of indexes I define v;(I) = ), v;(Iy) where Iy,...,I; are the
connected components of I.
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Theorem 9.5. Let X = G/P where P is a parabolic subgroup of G defined by a
set of indexes I. Then the first Chern class of X is

al(X) =) 2+ (D)
igl
In particular, c1(X) is positive semidefinite.

)
Proof. Let p = (%) = Zle m;\;. Note that m; = (u, ;) = 0 for ¢ € I because
p € Ax. Since @ = &% U@}, Lemma 9.3 implies (®%) + (®5) = 2. Hence, for
igl,
m; = <<‘I’;>70[,> =2- <<(I);>7O‘z>

Now, a simple root «; for j € I has non-zero coordinates (o, ;) # 0 only for
indexes i adjacent to j in the Dynkin diagram of G. Consequently, ((®}5),a;) =0
if 7 is not adjacent to I, since the roots in (I>J}£ are sums of such simple roots.

If 7 is adjacent to I, then each connected component Iy, of I to which 7 is adjacent
will contribute to the sum:

(@F), i) = S((@F ), @)
2
Each connected diagram, I;U{i}, corresponds to a simple group, and for each simple
group it is easy to add the positive roots generated by «;, j € Ij, and determine
the inner product of the sum with a;. The results for all possible configurations
of I U {i} are given in Definition 9.4: ((®7 ),a;) = —v;(I). Therefore, m; =
24>, villy) =2+ v4(I) as claimed. O

9.2. Example. Let us demonstrate the formula of Theorem 9.5 with an explicit
example. Suppose the group is G = Fg and that P is defined by the set of indexes
I =1{2,4,5,8} corresponding to the black nodes in the following diagram.

Let X = G/P, dimX = 113. The set I has two connected components. The
coefficient of ¢1(X) = (®%) for the first white node is determined by a diagram of
type Ao, o—e, and is therefore 2 + 1 = 3. The second white node is adjacent to
both components of I. The coefficient of ¢y (X) for this node is 2+ 143 = 6 as
determined by two diagrams, one of type Ay, e—o, and one of type Ay, o—o—I

The coefficient of ¢1(X) corresponding to the third white node is determined by
a diagram of type Dy, -—I—o and is 24 (2-3 — 2) = 6. The last white node is

not adjacent to I and the coeflicient of ¢;(X) for this node is 2. The coefficients of

¢1(X) are thus
3 6 6 2

ey

that iS, C1 (X) = 3)\1 + 6)\3 + 6)\6 + 2)\7.
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9.3. Maximal Parabolics. As another example, let us apply the previous theorem
when X = G/P and P is a maximal parabolic subgroup of G. Thus P is defined
by a set of indexes I that excludes exactly one index, say 7. The maximality of P
is equivalent to b1(X) = 1 and allows us to assume that G is simple. In this case,
the first Chern class is determined by a single integer: ¢;(X) = mA;. Consulting
Definition 9.4 and Theorem 9.5 we arrive at the following table for the value of m,
see also [7, 49]. We let n = dim X.

(1) G=Apn=i(l+1—1i),m=0+1.

(2) G=Bp:n=14(40+1-3i)/2, m = 20—, unless i = £ in which case m = 2¢.

(B) G=Cprn=i(4l+1-30)/2, m=20—i+ 1.

(4) G=Dp:n=14(40—1—-3i)/2, m =2{ —i—1, unless i = ¢ — 1 or £ in which

case m = 20 — 2.

(5) G = E62
i 1,5 2,4 3 6
n 16 25 29 21
m 12 9 7 11
(6) G = E7:
) 1 2 3 4 5 6 7
n 27 42 50 53 47 33 42
m 18 13 10 8 11 17 14
(7) G=Es
i 1 2 3 4 5 6 7 8
n 57 83 97 104 106 98 78 92
m 29 19 14 11 9 13 23 17
(8) G=1r,
i 1 2 3 4
n 15 20 20 15
m 8 5 7 11
(9) G =Ga:
i 1 2
n 5 5
m ) 3

Note that for any Grassmann manifold X (case 1 above) the value of m is indepen-
dent of i: ¢1(X) = (L+ 1)\;.
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10. NEF VALUE

Let X be a smooth projective variety. A line bundle on X is called numerically
effective, or nef for short, if its restriction to any effective curve in X yields a line
bundle of non-negative degree. If X is homogeneous, it is easy to decide when a
line bundle is nef.

Proposition 10.1. Let P be a parabolic subgroup of G and let L be a line bundle on
X = G/P defined by a weight A € Ax. Then L is nef if and only if A is dominant.

Proof. Let I be the set of indexes that defines P and write A = Zi¢ A, For
each i ¢ I let S; be the subgroup of G generated by the roots +«;. Thus, S;
has a Lie algebra isomorphic to slp(C) and S; N P is a Borel subgroup of S;. It
follows that the orbit of the identity coset under S; is isomorphic to a rational curve,
C; = S;/S;NP = P!, Let L; be the line bundle associated to \; for i ¢ I. Then L;|c,
has degree 1, and since H?(X,7Z) = Ax = @ig1ZA; it is clear the rational curves Cj,
i ¢ I, topologically generate all the curves in X. In particular, if C' = Zi¢ 1 miCj
is an effective curve, m; > 0 for i ¢ I, then deg L|C' = 3,4, m;n;. Consequently,
L is nef if and only if n; > 0 for ¢ ¢ I which is the same as A being dominant. O

Note that, by Theorem 6.5, L being nef is equivalent to the a priori stronger
condition that L is spanned by global sections.

The canonical bundle of X is defined to be Kx = A" T%, n = dim X, and is an
important intrinsic line bundle on any projective manifold. For X = G/P, where P
is a parabolic subgroup of G, Kx is generated at the identity coset by the exterior
product of the duals of X, a € ®%, so that the weight associated to Kx is

alKx)=— Y a=-Y 2+u)\
ae@; iZl
The last equality follows from Theorem 9.5; see Definition 9.4 for the meaning of

v;(I). In particular, we see that Kx is never nef for a homogeneous manifold X =

G/P.

Definition 10.2. Let X be a projective manifold whose canonical bundle Kx is
not nef and let L be an ample line bundle on X. The nef value of L, denoted
7(X, L) is defined to be

7=7(X,L) =inf{p/q € Q| K% ® L” is nef}

The map X — Y C PV with connected fibers and normal image defined by the
sections of some power of K% ® LP with 7 = p/q is called the nef value map of L.

By the Kawamata rationality theorem, 7(X, L) € Q. Moreover, 7(X, L) can be
characterized as the smallest rational number p/q such that K% ® L? is nef but not
ample, see [2]. For homogeneous manifolds, these facts are easy to deduce. In fact,
we have the following formula to calculate 7(X, L), see [49, 50].

Theorem 10.3. Let X = G/P where P is a parabolic subgroup of G defined by
a set of indexes I. Let L be an ample line bundle on X with associated weight
A= Ei€[ n;\; € A}. Then

2 (1
7(X, L) = max 2+un(l)
i1 n;
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Moreover, the nef value map X — Y is a homogeneous fibration G/P — G/Q
where Q is defined by the indexes IUJ, J ={j ¢ I|7(X,L) =2+ v;(I))/n;}.

Proof. Since L is ample, n; > 0 for all i ¢ I. The weight of K% ® L? is

Z(*Q(Q +vi(1)) + pri)A;

i¢I
and this gives a nef but not ample line bundle precisely when the above coeffi-
cients are all non-negative and at least one of them is zero, see Theorem 6.5. This
translates into
2+ (1)

?

g > forall i¢1TI

with equality for some i ¢ I. Therefore, 7(X, L) is simply the maximum of (2 +
vi(I))/n;, ¢ ¢ I. By construction, the coefficients of the weight p = > m;\;
associated to K% ® LP with 7(X, L) = p/q satisty m; = 0 for i € I, m; > 0 for
i ¢ I, and m; =0 for ¢ ¢ I if and only if (2 + v;(I))/n; = 7(X,L). The map to
projective space defined by the sections of the spanned bundle K% ® LP is thus
the homogeneous fibration G/P — G/Q where Q = P, = Pj as claimed, see
Corollary 6.6. (]

Corollary 10.4. Let Lx be the minimal ample line bundle on X = G/P, i.e., the
weight of Lx is Zig[ Xi. Then 7(X,Lx) = 2 + max;g; v;(I) > 2. Moreover, for
any ample line bundle L on X, 7(X,L) < 7(X,Lx).

Recall that any X = G/P can be decomposed into a product according to the
simple factors of G: X = X x --- x X; where X; = G;/P; and P; is a parabolic
subgroup of a simple complex Lie group G;, ¢ = 1,...,t. If L is an ample line bundle
on X, then L; = L|x, is ample on X; for all 4, and 7(X, L) = max; 7(X;, L;). This
observation shows that the following proposition is false if G is not assumed to be
simple.

Proposition 10.5. Let P be a parabolic subgroup of a simple Lie group G and let
Lx be the minimal ample line bundle on X = G/P. If 7 : X — Y is a non-trivial
homogeneous fibration, then 7(X,Lx) < 7(Y, Ly) where Ly is the minimal ample
line bundle on Y.

Proof. The fibration 7 is given by a coset map G/P — G/Q, where Q is a parabolic
subgroup of G defined by a set of indexes J D I. From Definition 9.4, we see that
vi(I) < v (J) for i ¢ J. Moreover, Definition 9.4 also shows that for any index
i € J\ I, there is always an index j € 0J such that v;(J) > v;(I) as long as

J # {1,...,¢}. The latter possibility cannot occur, since 7 is non-trivial. By
Corollary 10.4, 7(X, Lx) = 24+ max;gr{v;(I)} < 2+ max;g;{v;(J)} = 7(Y,Ly).
O

This proposition and the remarks preceding it imply that for a given group G
the maximum value of 7(X, L) occurs when P is a maximal parabolic subgroup
and L = Lx is the corresponding minimal ample line bundle on X = G/P. In fact,
the nef value in this case is given by the first Chern number, 7(X, Lx) = ¢1(X),
see §9.3.
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10.1. Example. As in Example 9.2, let X = G/P where G = Eg and P is defined
by the indexes I = {2,4, 5,8} corresponding to the black nodes

Suppose L is the ample line bundle on X defined by the weight A = 7TA\; +6A3+5 g+
4)\7. We have already seen that ¢;(X) = 3A\1 + 63 + 66 + 2\7. The nef value of L
is the maximum of the quotients of the coefficients of ¢1(X) by the corresponding
coefficients of L: 7(X,L) = max{%, 1, g% = g. This maximum occurs for the
third white node corresponding to Ag and so the indexes which define the parabolic
subgroup @ of the nef value map G/P — G/Q are {2,4,5,6} corresponding to the
black nodes

Oo—e—O0O—e—e—e—O
:
The fiber Z = Q/P of the nef value map is isomorphic to a quotient of Dy by
a maximal parabolic subgroup so that b;(Z) = 1. In fact, Z is a 6-dimensional
quadric.

For the minimal ample line bundle Lx of weight A1 + A3+ Ag + A7, the nef value
is 7(X, Lx) = 6, and this is the maximum nef value for any ample line bundle on
X. In this case, the parabolic subgroup @ that defines the nef value map for Ly,
G/P — G/Qq picks up two nodes,

so that the fiber Z = Q/P is isomorphic to the quotient of Dg by a non-maximal
parabolic subgroup and be(Z) = 2.

10.2. Nef value and dual varieties. Let X be a smooth projective variety and
let L be a very ample line bundle on X giving an imbedding X C P(V*), V =
HO(X,L). As demonstrated in [2, 3], there is a connection between the nef value,
7(X, L), and the codimension of the variety X’ C PV of hyperplanes tangent to X,
known as the dual or discriminant variety of X. The defect of (X, L) is defined to
be
def(X, L) = codim X’ — 1

Most smooth varieties have defect 0. If def(X, L) > 0, then the defect is determined
by the nef value [2]:

def(X,L) = 2(r(X,L) — 1) — dim X

Moreover, if Z is a general fiber of the nef value map X — Y, then def(X,L) =
def(Z,Lz) — dimY and Pic(Z) = Z. If the defect of X is greater than 2, then
a smooth hyperplane section of X also has positive defect, see [16]. Up to such
hyperplane sections and fibrations, the only known examples of smooth varieties
with positive defect are linear projective spaces, P™, the Pliicker imbedding of the
Grassmann variety, Gr(2,2m + 1), and the 10-dimensional spinor variety S, in P'°.
These last examples are all homogeneous spaces. In fact, they and product spaces
built from them are the only homogeneous projective varieties with def(X, L) > 0.

Theorem 10.6 ([30, 49]). Let X = G/P where P is a parabolic subgroup of G
and let L be an ample line bundle on X defining an imbedding X C PN . Then the
defect k = def(X, L) is positive if and only if X is one of the following:
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(1) A linear projective space P in PN, k = n.

(2) The Pliicker imbedding of the Grassmann variety Gr(2,2m-~+1) in PmEm+1)-1,
k=2

(3) The 10-dimensional spinor variety Sy in P15, k =4

(4) Xy x Xo where X1 is one of the varieties in 1-3 and def X = def X; —
dim X5 > 0.

The classification given in [30] is based on invariant theory and proceeds through
many cases based on the type of the group. The above relationship between the
defect and the nef value, however, can be exploited to give a rather straightforward
classification which we now sketch.

If X is contained in a hyperplane H then X’ is a cone over the dual variety of
X C H with vertex equal to the point dual to H. Conversely, if X’ is a cone, then
X is contained in the hyperplane dual to the vertex of the cone, see [16]. The defect
remains the same whether we consider X as a subvariety of PV or of H = PN~1,
Projective space P with L = Opn(1) is a special case. Since there are no singular
hyperplane sections, the dual variety is empty. In order to be compatible with later
formulas, we adopt the convention that def P" = n which by the above definition
is the same as assigning the dimension —1 to the empty set.

An important part of the classification of homogeneous spaces with positive
defect involves products: Let X; and X5 be smooth projective varieties with very
ample line bundles L; and L, respectively, and dim X; > dim X5. Let X = X1 x X
and L = pr} L; ® pr Ly. Then def(X, L) > 0 if and only if def(X1, Ly) > dim X,.
When this is the case, def(X, L) = def(X7, L1) — dim X5 > 0, see [49, 2].

Now let X = G/P where P is a parabolic subgroup of G and let L be an ample
line bundle on X. Let X = X x---x X, be the decomposition of X into irreducible
factors X; = G;/P; where G; is simple and P; C G; is parabolic, : = 1,...,s. The
above statements imply that def(X, L) > 0 if and only if def(X;, L;) > codimx X;
for some 1 <7 < s. In this case

def(X, L) = def(X;, L;) — codimx X; > 0

Moreover, the nef value map X — Y associated to L is a homogeneous fibration
G/P — G/Q with fiber Z = Q/P where @ is a parabolic subgroup of G, P is a
maximal parabolic subgroup of @, and

def(X, L) = def(Z,Lz) — dimY

This shows that, up to products and fibrations, it is sufficient to classify homoge-
neous spaces X = GG/P with positive defect for the case where G is simple and P
is a maximal parabolic subgroup. Other standard facts about dual varieties allow
us to assume in addition that L is an ample generator of the line bundles on X,
see [17, Theorem 1.3(b)]. Note that when L is such a generator with weight A, its
defect is the integer 7 given by ¢1(X) = 7); see §9.3 for the particular values 7
can assume. Using only the numerical criterion that £ = 2(7 — 1) > 0 for spaces of
positive defect k, we arrive at the following list of candidates.

- Ay/P, = Ay/ Py (projective space), T=0+1,n=k=1{

- Ay/Py =2 Ay/Pp—q (Grassmann), n=2({—1), 7=0+1, k=2

- As/P3; (Grassmann), n=9,7 =6,k =1

- By/P; (quadric), n=7=2{—-1,k=2(—3

- By/Py = D4/ Py (projective space), n =3, 7 =4, k=3
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- Bg/Pg = D4/P4 (quadric), n=rt1T= 67 k=4

- By/Py = D5/P5 (spinor), n =10, 7=8, k=4
- Bs/Ps = Dg/Ps (spinor), n =15, 7 =10, k = 3
- Bg/Ps = D7/Ps (spinor), n =21, 7=12, k=1
- Cy/ Py, (projective space) n =20 — 1, 7 =20, k=2 —1
-Cy/Py,n=4-517=20—1, k=1

- D¢/Py (quadric),n=7=20—2,k=20—4

- EG/PlgEG/P5,TL:16,T:12,k:6

- E;//Pi,n=27,7=18, k=7

- F4/P4,7’L=15,T:11,]€:5

- G2/P; (quadric), n=7=5,k=3

The listed value of k is the defect only if the defect is positive, which is not the
case for most of the entries. For example, quadrics are hypersurfaces and obviously
have defect 0 (they are self-dual). The fact that A,/ P, = Gr(2,¢+ 1) has positive
defect only when ¢ + 1 is odd has been known for some time [19, 35]. The 10-
dimensional spinor variety By/Py = D5/Ps is also known to have defect 4, see
e.g., [16, 34].

The space C;/Ps is easily seen to have defect 0. Recall that Cy = Sp(2¢) is the
stabilizer of a generic 2-form in /\2 C?* and stabilizes a (complementary) hyperplane
through a point of the form [v; Avy] € P(A* C2¢). The isotropy subgroup of [vy Avs)]
is conjugate to P> and therefore Cyp/P,, which has dimension 4¢ — 5, is a hyperplane
section in Gr(2,2¢). This Grassmann variety has defect 0 as we just pointed out,
and so the defect of the hyperplane section Cy/P, must also be 0 by [17, (1.3)].

The exceptional variety Fg/P; cannot have positive defect because its Betti
numbers do not follow the expected pattern for spaces of positive defect k, see [29]:

bn - bn—?a bn—l - bn—3a Tty bn—k—i—l - bn—k—l
The odd Betti numbers of Eg/P; are zero, and the pertinent even Betti numbers
are big = 3, b14 = 2, and by2 = 2, see, e.g., [46]. Therefore, the defect of Fg/P; is 0.

The remaining cases are the spaces Dg/Ps, D7/P7, E7/Py, and Fy/Py. These
spaces do not violate any of the simple criteria for positive defect. They can be
shown to have defect 0, however, by computing the fiber dimension (= defect) of the
duality map P(N% (1)) — P(V) where N%(1) is the conormal bundle of X c P¥
twisted by Ox(1). This calculation can be reduced to determining the rank of
matrix involving certain roots and structure constants, see [49].

At this point we can conclude that the only homogeneous spaces G/P, P max-
imal, having an ample line bundle with positive defect are the familiar examples:
P* Gr(2,2m + 1) or Sy. The general case is handled as follows.

Suppose X = G/P and L is a minimal ample line bundle on X with def(X, L) >
0. Since the case of products has already been discussed above, we may assume that
G is simple. The nef value map X = G/P — Y = G/Q has fiber Z = Q/P where
P is a maximal parabolic subgroup of @. Since def(X,L) = def(Z,Lz) — dimY >
0 implies def(Z,Lz) > 0, the only possibilities for Z are the three spaces just
mentioned. If Z = Gr(2,2m + 1) then def(Z,Lz) = 2 forcing dimY < 2. If
dimY =1 then Y = P!, and G = SL(2,C) which is too small to provide a non-
trivial fibration. Thus, dimY = 0 and X = Z. Similarly, if Z = Sy, then dim Y < 4.
The limited possibilities for Y imply that G is of type A,., r = 1,2,3 or By. None
of these can contain either of the two simple Lie groups that act transitively on the
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10-dimensional spinor variety Sy (B4 or Ds). So again we deduce that the fibration
is trivial and X = Z. The final possibility of a non-trivial fibration with Z = P*
can be ruled out since for any such fibration one must have dimY > k and this
contradicts def(Z,Lz) —dimY > 0, see [49, 4.1]. This concludes the sketch of the
proof of Theorem 10.6.

The following statement holds for non-linear smooth projective varieties X c PV
such that dim X = dim X’ < 2N, see [16]. The version we present here for homoge-
neous spaces is simply a corollary of the previous classification. This list also clas-
sifies those non-linear homogeneous spaces with non-singular dual varieties, since a
non-singular dual implies that dim X = dim X', see [16]. If X is a linear projective
space, X = P* C PV, then the tangent hyperplanes are clearly parameterized by a
complementary projective space X' = PN—"—1

Corollary 10.7. Let X = G/P be a non-linear homogeneous space imbedded in
PN by the sections of an ample line bundle L on X. If dim X = dim X’ then X is
one of the following:

1) A quadric hypersurface in P"T1

2) The Segre imbedding of P"~! x P in P21

3) The Pliicker imbedding of Gr(2,5) in P°

4) The 10-dimensional spinor variety Sy in P°

(
(
(
(

Proof. The listed varieties are well-known to be self-dual, see e.g., [16, 19, 34]. If
X = Gr(2,2m + 1) then dim X = 2(2m — 1) and dim X’ = m(2m + 1) — 4 and
these are equal only when m = 2. By Theorem 10.6 it remains to check the case
X = X; X Xo. Since L = pr} L; ® prj Ly and hence H°(X,L) = H°(X;,L;) ®
H°(X3, L), the imbedding dimension of X satisfies N+1 = (N;+1)(Ny+1) where
N; is the imbedding dimension of X; under L;, i = 1,2. We know that def X =
N—-dimX—-1= defX1 7diII1X2. Hence, N1N2 +N1 +N2 = dlle +defX1 +1.
Since N; > dim X; this equation becomes dim Xo(dim X7 + 1) < def X; + 1. Now,
X, must be a projective space, for otherwise def X; + 1 < 5 and this would imply
that dim X; = 1. Therefore, (X1, L) = (P", Opri (1)) and the previous equation
yields Ny = 1. This implies that (Xs, Ly) = (P}, Op1(1)), and X = P"~1 x P! as
claimed. (|

Certain real hypersurfaces in complex projective space are tubes over complex
submanifolds, see [12]. This fact along with the above classification of self-dual
homogeneous spaces can be used to classify homogeneous real hypersurfaces in
complex projective space.

Corollary 10.8 ([57]). Let M be a homogeneous complete real hypersurface imbed-
ded equivariantly in PV. Then M is a tube over a linear projective space or one of
the 4 self-dual homogeneous spaces X C PN listed in Corollary 10.7.

Proof. Let M = K/L where K is a compact Lie group and let £ denote the normal
vector field to M. If J denotes the complex structure operator, then W = —J¢ is a
tangent vector field. Because the imbedding is equivariant, W is left invariant under
K and therefore its integral curves are given by l-parameter subgroups of K and
are geodesics. By [12], M is a tube over a complex submanifold X C PV (a focal
submanifold). In particular, X is homogeneous, X = G/P, and G acts transitively
on the normal directions to X. It follows that the conormal variety P(N% (1)) itself is
a homogeneous space, G/ Py, and therefore the image of P(N% (1)) = G/Py — X’
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must also be homogeneous, X’ = G/P’. If X is not a linear projective space
then dim X’ = dim X, and so X is one of 4 self-dual homogenoeus spaces by
Corollary 10.7. (]

Conversely, the classification of homogeneous real hypersurfaces [57] can also be
used to obtain the list of self-dual homogeneous spaces. For, if a homogeneous
space X = G/P is self-dual, then by a symmetry argument, the conormal variety
must be a homogeneous space under GG. This implies that G acts transitively on the
normal directions to X and hence a maximal compact subgroup of G must have a
hypersurface orbit in the normal bundle of X. The resulting orbit is a homogeneous
real hypersurface in PV realized as a tube over X and therefore must be on the list
given in [57].
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11. COHOMOLOGY

Let E = G xp Ey be a homogeneous vector bundle on X = G/P where P is
a parabolic subgroup of G. We denote by HY(X, E) the ¢-th Cech cohomology
with coefficients in the sheaf of local holomorphic sections of E. In [9], Bott gives
a precise way to compute these cohomology groups in the case where the repre-
sentation of P on Ej is irreducible. Subsequently other proofs have been found,
see, e.g., [31, 15]. We shall now sketch the proof of Bott’s theorem and give some
applications.

Recall from §9.1 that the weight § € AT is defined by

so that (§,a) = 1 and 0,(0) = § — « for any simple root a. Recall also that the
dominant conjugate of a weight A\ € A is denoted by [\] € AT, see §3.

The proof of Bott’s theorem relies on Serre Duality and an application of Leray’s
spectral sequence. Serre duality states that for a holomorphic vector bundle E on
a compact complex manifold X of dimension n,

HY(X,E)~ H"9(X,Kx ® E)*

where Kx = A" T% is the canonical bundle of X, see [43]. The version of Leray’s
spectral sequence we need is the following, see [25, Theoréme 4.17.1].

Lemma 11.1. Let w : Y — X be a locally trivial holomorphic fibration with a
connected compact fiber Z and let F' be a holomorphic vector bundle on Y. There
is a spectral sequence E,. with

EY? = HI(X,H?(Z,Fy))
whose final term is associated to H*(Y, F'). In particular, if HP?(Z,Fz) = 0 except
for p =k, then the spectral sequence is trivial and therefore
HY(Y,F)=~ Hi®(X,H"(Z,Fz))
forallq>0

Using this spectral sequence, Bott’s theorem can be easily reduced to the case
of line bundles on G/B, a case we must handle first.

Proposition 11.2. Let B be a Borel subgroup of G and let L be a holomorphic
line bundle on' Y = G/B. Let A € A be the weight associated to L.
(1) If X+ 6 is singular, then H1(Y,L) =0 for all q.
(2) If A+ 0 is not singular, then H1(Y,L) = 0 for all ¢ # ind(\ + §), and for
q = ind(\ 4 0), HY(Y, L) is isomorphic to the irreducible G-module with
highest weight [\ + ] — 6.

Proof. We first make some general observations. Let a be a simple root and let
P, be the minimal parabolic subgroup defined by «. Consider the fibration ¥ =
G/B — Y, = G/P, with fiber Z, = P,/B = P!. Let K, be the canonical bundle
of Z,, so the weight associated to K, is —a.

If (\+4§,a) <0 then (\,a) < —1. This implies that H°(Z,, L) = 0 by Theo-
rem 6.5. Applying Lemma 11.1 we see that for ¢ > 0,

HYY,L)= H" Y, H (Z,, L))



HOMOGENEOUS VECTOR BUNDLES 45

By Serre duality,
HY(Zo,L) 2 HY(Zo, Ko @ LY)*

The weight of the line bundle K, ® L~! is —\ — . We consider the two cases:

(i) If (\+ 4, ) = 0 then (—\ — a, ) = —1 and hence H°(Z,, K, ® L™!) = 0 by
Theorem 6.5. Therefore, H4(Y, L) = 0 for all ¢ > 0.

(ii) If (\+6, @) < 0 then (—A—a, @) > 0so that H(Z,,, K, ®L™1) is isomorphic
to the irreducible P,-module with maximal weight —\ — a by Theorem 6.5. The
dual of this module has maximal weight

—0a(—A—a)=0,(A) —a=0,(A+0)—0

see §4. Let 0, L denote the line bundle defined by the weight o (A + ) — d. Then,
for all q,

HIY,L) = H" (Yo, H)(Zo, Ko @ L71)%)
~ H9" Y Yy, HY(Za,04L))
~ 7YY, 0,L)

The last isomorphism follows from Lemma 11.1 again because H'(Z,, 0, L) van-
ishes: by Serre Duality, H*(Z,,00L) &2 H*(Zy, Ko @0, L™1)* and the latter group
is zero by Theorem 6.5 since (—o,(A+96) + 0 — o, @) = (A, a) <O0.

To prove the theorem, let a;(1y,. .., a;r) denote a sequence of simple roots such
that <)\+(S, ai(1)> <0, <0i(1)()\+5)7 ai(2)> <0,..., <Ji(t—1) s O—i(l)(/\+5)704i(t)> <0,
and (o) - - 031y (A +0), ) > 0 for all simple roots a. Then ¢ = ind(\ +6) and the
dominant conjugate of A + 0 is [\ + ] = o(\ + 0) where 0 = o) - - - 74(1), see §3.
Therefore, repeatedly applying the above isomorphism gives

HYY,L) = H" ' (Y,041)L) = HT (Y, 040y031yL) = --- = H"'(Y, 0 L)

The weight associated to oL is [\ + 6] — ¢. This shows that H%(Y, L) = 0 for ¢ < ¢t.

If ([\+ 6],a) = 0 for some simple root a—this is equivalent to A\ + § being
singular—then the spectral sequence argument of (i) above shows that H4(Y,oL) =
0 for all ¢ > 0 so that H4(Y,L) = 0 for all ¢ > 0. If ([A + J], ) # 0 for all simple
roots a, then [\ +6] — 6 is dominant and hence H'(Y, L) = H°(Y, o L) is isomorphic
to the irreducible G-module with highest weight [A 4 §] —§ by Theorem 6.5. To see
that H4(Y, L) = 0 for ¢ > t, apply Serre duality:

HUYY,oL) = H" (Y, Ky @ o L™ !)*

where n = dimY. The weight of Ky ® oL ~! is p = —[\ + 6] — § since the weight
of Ky is —26, see §9. Now, because [\ + 4] is non-singular and dominant, the
dominant conjugate of p+ 0 = —[A + d] is [ + §] = —wo[A + ] where wq is the
longest element in the Weyl group, £(wo) = ind(u + §) = n, see §3. Thus, by what
we have just proved,

H" 9"YY, Ky @ oL™Y) = H'79(Y, 7L)
where 7L is the line bundle on Y associated to the weight [ + 6] — 6. Therefore,

HY(Y,L) = 0 for ¢ > t as well. Note that the dual of the G-module H°(Y,7L) is
HO(Y,oL) since —wo([p + 8] — ) = [\ + 3] — 6, see §4. O

Theorem 11.3 (Bott). Let E = G xp Ey be a homogeneous holomorphic vector
bundle on X = G/P where P is a parabolic subgroup of G. Assume Ey is an
irreducible representation of P with mazimal weight X € Ax. Let B be a Borel
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subgroup of G and let L = G xp C be the line bundle on Y = G/B associated to
the weight \. Then, for all q

HY(X,E) = HY(Y, L)
In particular,
(1) If N+ ¢ is singular, then HY(X, E) =0 for all q.
(2) If A+ 9 is not singular, then H1(X, E) =0 for all ¢ # ind(\ + 0), and for
g = ind(A + 6), HY(X, E) is isomorphic to the irreducible G-module with
highest weight [A + ] — 0.

Proof. Consider the equivariant fibration Y = G/B — X = G/P with fiber Z =
P/B. Since ) is P-dominant, Proposition 11.2 implies that H°(Z, L) is isomorphic
to the irreducible representation of P with maximal weight A, and H4(Z,Lz) =0
for ¢ > 0. Therefore, m.L = E and by Lemma 11.1,

HYY,L)= HY(X,H°(Z,Ly)) = HY(X,E)
The last assertions then follow from Proposition 11.2 applied to L. ([

Bott’s original proof used the Kodaira vanishing theorem, but this can be avoided
by applying Serre duality and exploiting the two-fold symmetry in the Weyl group
as in the proof of Proposition 11.2. This approach also allows a purely algebraic
proof of Bott’s theorem, see [15]. The above proof retains the spirit of of Bott’s
argument which shows how weights of the form o(A + ¢) — § appear due to Serre
Duality.

Bott’s theorem allows us to calculate the cohomology a homogeneous vector
bundle that is the direct sum of irreducible homogeneous bundles, £ = m1F; &
-+ @ myFy, with multiplicities m; and maximal weights p;, 1 < i < ¢. If M(q)
denotes the subset of these weights p; such that ind(u; + ) = ¢ and p; + 9§ is
non-singular, 1 < ¢ < ¢, then

HYX,E)= @ mvito=
ni€M(q)

and the G-module structure of H?(X, F) is completely determined. In particular,
the dimension of H4(X, E) can calculated using Weyl’s dimension formula, see §4.
We shall see an example of this later: on a compact hermitian symmetric space the
bundle of holomorphic p-forms, %, is a direct sum of irreducible vector bundles
of known maximal weights. The cohomology of Q% ® L* can then be computed as
just described for any line bundle L on X.

Of course, many homogeneous vector bundles of interest are not direct sums
of irreducible homogeneous vector bundles. Nevertheless, using filtrations, Bott’s
theorem can often be applied indirectly to predict when certain cohomology groups
vanish, cf. [21].

Proposition 11.4. Let E = G xp Ey be a homogeneous vector bundle on X =
G/P where P is a parabolic subgroup of G. Let M(FEy) denote the set of indezes,
ind(p + ), for all maximal weights p € Amax(Fo) such that p+ 0 is non-singular.
Then HY(X,E) =0, if ¢ ¢ M(Ey).

Proof. Let Eg D E1 D --- D E; D Ei11 = 0 be a filtration of Fy by P-submodules
with irreducible subquotients F; = E;/F;11 of maximal weights p;, i = 0,...,t.
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The short exact sequences 0 — E;y1 — E; — F; — 0,7 = 0,...,t, lead to the
following long exact sequences

.= HYX,F;) — HY(X,E; 1) —» H(X,F;—1) — ...

.= HY(X,E;1) — HI(X,E; o) — HY(X, F;_3) — ...

.— HYX,E)) — HYX,E) — HIX,F) — ...

Bott’s Theorem 11.3 implies that H4(X, F;) = 0 if ¢ # ind(u; + §) or if p; 4+ is
singular, 0 < ¢ < t. Therefore, if ¢ ¢ M(Ey), then HY(X,FE;_1) =0, HY(X,E;_5) =
0, ..., HI(X,E) = 0. O

In the special case when M (Ey) = {0} a stronger statement holds which can be
viewed as a generalization of the Borel-Weil Theorem 6.5 to vector bundles.

Corollary 11.5. Let E = G xp Ey be a homogeneous vector bundle on X = G/P
where P is a parabolic subgroup of G. If the mazximal weights of Ey are dominant,
Amax(FEo) C AT, then E is generated by global sections and H(X, E) = 0 for q > 0.

Proof. As in Propostition 11.4 we have HY(X, E) = 0 for ¢ > 0 and H°(X,E) =
@, H°(X, F;). Moreover, since the y; are dominant, the evaluation maps X x
HO(X, F;) — F; are surjective. Therefore, by universality of induced modules, see
Proposition 5.1, the evaluation map X x H°(X,E) — E is surjective and E is
generated by global sections. ([

A version of the this theorem for Dolbeault cohomology will be presented in § ?77.

11.1. Tangent Bundles and Rigidity. One of the applications of Bott’s theorem
given in his original paper [9] is to show that the complex structure on X = G/P
cannot be locally deformed. This result relies on Kodaira-Spencer theory, see [32],
which says that if X; is a smooth deformation of the complex structure of X = Xj
and if H'(X,Tx) = 0, then X; is holomorphically isomorphic to X for all ¢ near 0.

Recall that the tangent bundle on X = G/ P is naturally a homogeneous vector
bundle. The representation of P on the the tangent space at the identity coset is
isomorphic to the P-module g/p with the induced adjoint action, see §2. The exact
sequence of P-modules

0—p—g—g/p—0
thus induces a corresponding exact sequence of vector bundles on X
0—F —>F—Tx —0
Since the adjoint representation of P on g extends to the adjoint representation of

G on g, the bundle E is trivial and hence HY(X, E) = 0 for ¢ > 1, see §5. Therefore,
from the associated long exact sequence we obtain

H(X,Tx) = HIU (X, F)  ¢>1

The weights of F' = G X p p are all the negative roots of G, 0, and all the positive
roots of P. To apply Proposition 11.4 we need to know the index of non-singular
weights of the form a + ¢ for all such roots a.

This calculation is not hard to carry out explicitly. The general result is that
for any root a € ®, if a + § is non-singular then ind(a + §) < 1. For example, if
all roots have the same length (i.e., G is composed of types Ay, Dy or E;) then the
coordinates of any root in the basis of fundamental dominant weights are always 0,
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41, or —1, except for the simple roots whose coordinates are given by the rows of
the Cartan matrix. Since ¢ has all coordinates equal to 1, it is clear that a + § is
either singular (a coordinate is 0) or has index 0 (all coordinates positive), unless
—a is a simple root. When —a is simple, 6 + @ = 0_,(d) and so § + « has index 1.
Similar arguments can be worked out for the other types; a detailed proof can be
found in [9, p.220].

We conclude from Proposition 11.4 that H4(X, F') = 0 for ¢ > 2 which establishes
the following proposition and corollary.

Proposition 11.6. Let X = G/P where P is a parabolic subgroup of G. Then
HY(X,Tx)=0 forq>1.

Corollary 11.7. The complex structure of X = G/P is locally rigid.

11.2. Line Bundles. Since every holomorphic line bundle L on X = G/P is ho-
mogeneous and is thus defined by an irreducible 1-dimensional representation of
P, ie., by a weight A € Ax, Bott’s theorem applies particularly well to this case.
If A + ¢ is singular, then all the cohomology groups H%(X, L) vanish. Otherwise,
precisely one cohomology group is non-zero in degree ind(A + §), and this group is
isomorphic to the irreducible G-module VA +91-9,

We would now like to relate Bott’s theorem for line bundles to the vanishing
theorem proved in §7.3 based on the curvature of L. Recall Theorem 7.6 states that
the number of positive eigenvalues of the Levi form, £(¢y,), of a tube neighborhood
of the zero section in L is given by ind(A) and the number of negative eigenvalues
by ind(—A). The theorem of Andreotti-Grauert then implies that for sufficiently
large m, H1(X,L™) = 0 if ¢ < ind(X\) or ¢ > dim X — ind(—\). Moreover, if A is
non-singular, then ind(\) 4+ ind(—\) = dim X and H%(X,L™) = 0 for g # ind(\).

The weight of L™ is mA and it is interesting to observe that for sufficiently large
m, both mA and mA\ + § must lie in the same Weyl chamber. We need only choose
m large enough so that if (o, mA) < 0 then (a,mA) < —1 for all positive roots
a > 0. Notice that this also guarantees that mA\ + ¢ is non-singular. Thus,

ind(mA + §) = ind(mA) = ind(X)

By Bott’s theorem, H9(X,L™) = 0 for ¢ # ind(\) and HI(X,L™) = VImA+dl-9
when ¢ = ind(A).
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