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Robust Wireless Relay Networks: Slow Power
Allocation With Guaranteed QoS
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Abstract—In wireless networks, power allocation is an effec-
tive technique for prolonging network lifetime, achieving better
quality-of-service (QoS), and reducing network interference.
However, these benefits depend on knowledge of the channel state
information (CSI), which is hardly perfect. Therefore, robust
algorithms that take into account such CSI uncertainties play an
important role in the design of practical systems. In this paper, we
develop relay power allocation algorithms for noncoherent and
coherent amplify-and-forward (AF) relay networks. The goal is
to minimize the total relay transmission power under individual
relay power constraints, while satisfying a QoS requirement. To
make our algorithms practical and attractive, our power update
rate is designed to follow large-scale fading, i.e., in the order of
seconds. We show that, in the presence of perfect global CSI,
our power optimization problems for noncoherent and coherent
AF relay networks can be formulated as a linear program and
a second-order cone program (SOCP), respectively. We then
introduce robust optimization methodology that accounts for
uncertainties in the global CSI. In the presence of ellipsoidal
uncertainty sets, the robust counterparts of our optimization
problems for noncoherent and coherent AF relay networks are
shown to be an SOCP and a semi-definite program, respectively.
Our results reveal that ignoring uncertainties associated with
global CSI often leads to poor performance. We verify that our
proposed algorithms can provide significant power savings over
a naive scheme that employs maximum transmission power at
each relay node. This work highlights the importance of robust
algorithms with practical power update rates in realistic wireless
networks.

Index  Terms—Amplify-and-forward, linear = program,
quality-of-service, relay networks, robust optimization, semi-defi-
nite program, slow power allocation.

1. INTRODUCTION

RESOURCE allocation in wireless networks promises sig-
nificant benefits such as longer network lifetime, better
quality-of-service (QoS), and lower network interference. In
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relay networks, the primary resource is the transmission power
because it affects both the lifetime and the scalability of the net-
work. For example, consider a wireless sensor network where
sensor nodes have limited power resources, such as a battery
or solar based source. To prolong network lifetime, it is impor-
tant to determine the optimal transmission power of the sensor
nodes [1], [2]. Furthermore, regulatory agencies may limit the
total transmission power to reduce network interference. For ex-
ample, consider a relay-enhanced cellular network, where nodes
are deployed to relay transmissions from a base station to a dis-
tant user. In such a network, efficient power allocation can be
used to minimize network interference while satisfying certain
QoS requirements [3].

In relay networks, various relaying schemes have been pro-
posed and studied [4], [5]. Among these, considerable attention
has been placed on decode-and-forward (DF) and amplify-and-
forward (AF) relaying. In DF relaying, the relay node fully de-
codes, re-encodes, and retransmits the source messages. In AF
relaying, the relay node simply forwards a scaled version of its
received signal. To reduce the required cooperation overhead,
these relaying schemes can also be implemented with only a
subset of active relay nodes, which are appropriately selected
[6]-[9]. Furthermore, many of the recent works have focused
on relay power allocation. For DF relay networks, [8], [10]-[13]
consider orthogonal relay transmissions while [9], [14] exploit
the possibility of performing distributed beamforming over a
common bandwidth. The problem formulations include maxi-
mizing capacity [11], [14], minimizing outage probability [8],
[9], and minimizing transmission power [10], [12]. Similarly,
for AF relay networks, [10], [13], [15], [16] consider orthog-
onal relay transmissions while [17] considers relay transmis-
sions over a common bandwidth. The problem formulations in-
clude maximizing capacity [13], [17], minimizing outage prob-
ability [16], and minimizing transmission power [10], [15]. In
all the above works, power allocation is performed without im-
posing any individual relay power constraint.

Here, we focus on an AF relay network due to the simplicity
of AF relaying, which lends itself to practical implementation.
In particular, we consider noncoherent and coherent AF relaying
depending on the type of channel state information (CSI) avail-
able at each relay node. We consider that all relay nodes operate
in a common frequency band. This allows faster and easier de-
ployment of the relay nodes in the network since the addition of
relay nodes to the existing network will have little effect on the
source and destination nodes, e.g., specific relay channel assign-
ments are not necessary. The goal is to propose a centralized op-
timization framework for the minimization of total relay trans-
mission power. In a centralized design, the relay nodes need to
send their local CSI to the central unit, which determines the
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transmission power of the relay nodes.! However, all previous
works assume that perfect global CSI is available at the central
unit [8]-[17]. In practice, such an assumption is too optimistic
since the global CSlI is often subject to uncertainties. Moreover,
the power allocation algorithms proposed in the above works
require the central unit to track the global CSI at the timescale
of fast-fading. This requires frequent communication between
the relay nodes and the central unit to determine new power
allocations. This motivates the design of a robust optimization
framework that accounts for CSI uncertainties with practical al-
gorithms that track only the large-scale fading.2

In this paper, we formulate the relay power allocation
problem as the total relay transmission power minimization
problem subject to a QoS constraint.3 Our algorithms only
track the large-scale fading and thereby lead to practical im-
plementations.# We show that our optimization problems for
noncoherent and coherent AF relay networks can be cast as a
linear program (LP) and a second-order cone program (SOCP),
respectively, under perfect knowledge of large-scale fading.
We introduce robust optimization methodology to account for
uncertainties in the global CSI. For ellipsoidal uncertainty sets,
the robust counterparts of the power minimization problems for
noncoherent and coherent AF relay channels can be formulated
as an SOCP and a semi-definite program (SDP), respectively.
Numerical results show that our proposed algorithms can
provide significant power savings over a naive scheme that
employs maximum transmission power at each relay node.

The paper is organized as follows. In Section II, we describe
our system model and problem formulation. In Section III,
we present the optimal relay power allocation algorithms for
the noncoherent and coherent AF relay networks. Next, in
Section IV, we formulate the robust counterparts of the power
allocation problems. In Section V, we present some numerical
results. We give our conclusions in the last section.

Notation: Throughout the paper, we shall use the following
notation. Boldface upper-case letters denote matrices, boldface
lower-case letters denote column vectors, and plain lower-case
letters denote scalars. The superscripts ()7, (-)*, and ()T de-
note the transpose, complex conjugate, and transpose conjugate,
respectively. We denote a vector with all 1 elements as 1, a
vector with all O elements as 0, n X n identity matrix as I,
and (¢, j)th element of B as [B];;. The notations | - | and || - ||
denote the absolute value and the standard Euclidean norm, re-
spectively. We denote the nonnegative and positive orthants in
Euclidean vector space of dimension K as R and R’ . The
notations a||b and a |{b denote that a is parallel to b and a is not
parallel to b, respectively. We denote B = 0 and B >~ 0 as B
being positive semi-definite and positive definite, respectively.

Exactly how this global CSI can be obtained by the central unit is beyond
the scope of this paper.

2In this way, we do not require very frequent power updates, which leads to
significant power savings.

3The required QoS is considered to be satisfied when the output signal-to-
noise ratio (SNR) at the destination node exceeds a given target value.

4Such an approach is akin to a slow adaptive modulation technique that adapts
constellation size to the slow variations of the channels [18].

The notation > x denotes the generalized inequality with respect
to a second-order cone K as follows:

t
sz@nullsa
u

We denote the primal optimization problem as P, its associ-
ated dual optimization problem as DP, and its associated robust
counterpart as RP.

II. SYSTEM MODEL

A. Signal and Channel Models

We consider a wireless relay network consisting of K + 2
single-antenna nodes: a designated source-destination node pair
together with K relay nodes located randomly and indepen-
dently in a domain of a fixed area. We consider a scenario in
which there is no direct link between the source and destination
nodes. All nodes operating in a common frequency band are in
half-duplex mode, so transmission occurs over two time slots.

In the first time slot, all relay nodes receive the signal trans-
mitted by the source node. After processing the received sig-
nals, the relay nodes transmit the processed data to the destina-
tion node during the second time slot in which the source node
remains silent. We assume perfect synchronization at the desti-
nation node.5 The received signals at the relay and destination
nodes can then be written as

First slot (D
Second slot 2)

yr = hpzs + 2z,

yp =hpzr + 2p

where zg is the transmitted signal from the source node to the
relay nodes, gy is the K x 1 transmitted signal vector from
the relay nodes to the destination node, yy is the K X 1 re-
ceived signal vector at the relay nodes, yp is the received signal
at the destination node, zg ~ NK(O, ¥R) is the K x 1 noise
vector at the relay nodes, and zp ~ N(0,03) is the noise at
the destination node.® Note that the different noise variances at
the relay nodes are reflected in B = diag(o 1,-- - Oh x)-
Moreover, zg and zp are independent and are mutually un-
correlated with zg and £r. The K x 1 random channel vec-
tors from source to relay and from relay to destination are re-
spectively denoted by hg = [hp,1,...,hs k|7 € CK and
hy =[hr1,..., hF,K]T € CX . For convenience, we shall refer
to hpg as the backward channel and hp as the forward channel.

In general, we can decompose each instantaneous element in
hg and hp into the product of two different fading effects with
different timescales [19]. Specifically, we can write

hsr = aBx\/SB .k 3)
h¥ ik = arF k\/SF k 4

SExactly how to achieve this synchronization or the effect of synchronization
errors on performance is beyond the scope of this paper.

6/\7(#, 02) denotes a complex circularly symmetric Gaussian distribution
with mean g and variance o2. Similarly, Ny (g, X) denotes a complex
K -variate Gaussian distribution with a mean vector ¢ and a covariance matrix

.
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where ap j, € C and ap j, € C reflect the channel gain associ-
ated with small-scale fading from the source to the kth relay and
the kth relay to the destination, respectively. Such small-scale
fading is typically due to local scattering of the environment and
varies with a timescale on the order of milliseconds, and we can
model ap  ~ N(0,1) and ag . ~ N(0,1) for all k. Each is
assumed to be independent across all the relay nodes.” On the
other hand, Sg 1, € Ry and Sy € R, capture the large-scale
fading effects that are caused by shadowing. Large-scale fading
varies with a timescale on the order of seconds. Usually, we can
model Sp ; and Sy i as [19]

IOUdBN/lo
SBk = R (%)
B,k
IOUdBN/lo
Sra= o ©)
F.k

where dg ;, and dr ;, are the normalized distances from the kth
relay to the source and destination, respectively, ¢ is the path-
loss exponent which corresponds to a decay in power, o4p is the
standard deviation of the log-normal shadowing in dB, and N is
a real Gaussian random variable (r.v.) such that N ~ N(0,1).8

At the source node, we impose an individual source power
constraint Ps, such that Qg 2 E{|zs|?} < Ps. Similarly, at
the relay nodes, we impose an individual relay power constraint
P such that py, 2 @rly) < Pfork = 1,... K, where

Qr 2 [E{:I:R:):TRMB} and py, is the transmission power allocated
to the kth relay node.

For AF relaying, the relay nodes simply transmit scaled
versions of their received signals while satisfying power con-
straints. In this case, £y in (2) is given by

rr = Gyg )

where G denotes the K x K diagonal relay gain matrix, and Qg
becomes?

Qn =G (PShBhTB + 2R) G'. (8)

The diagonal structure of G ensures that each relay node does
not require knowledge about the signals at other relay nodes.
For noncoherent AF relaying, the kth diagonal element of G is
given by [21], [22]

gfllzicoh =V /kak (9)

TThe independence assumption arises due to the presence of different propa-
gation paths and scatterers for each relay node.

8The parameter ¢ is environment-dependent and can approximately range
from 1.6 (e.g., hallways inside buildings) to 8 (e.g., dense urban environments),
where ¢ = 2 corresponds to the free space propagation [20]. On the other hand,
the typical values of o4p range from 4 to 13 dB for outdoor channels [20]. For
ease of exposition, we have assumed that the attenuations due to shadowing are
independent and identically distributed (i.i.d.).

9Note that in (8), the source employs maximum allowable power Ps in order
to maximize the SNR at the destination node.

where 3, = 1/(PsS3, + 0& ). On the other hand, if each
relay node can track the phases of the small-scale fading associ-
ated with both backward and forward channels, it can perform
distributed beamforming. This is referred to as coherent AF re-
laying, and the kth diagonal element of G is given by [23], [24]

(k) _ Of g Qp
Geoh = V Brpr

lap k| |ar k|

(10)

It follows from (1), (2) and (7) that the received signal at the
destination node can be written as

yp = hy Ghpas + hf.Gzg + 2p (11)

ZD

11>

where zp represents the effective noise at the destination node,
and the instantaneous SNR at the destination node conditioned
on hy and hy is then given by

PshiGhphl,G'h;
SNR(p) = =~ BT S (12)
hzGERG'hy, + 3
where p = [p1,...,px]|T denotes the vector of transmitted

powers of the relay nodes.

B. Problem Formulation

Given instantaneous hg and hy at the destination node, we
formulate the relay power allocation problem for minimizing the
total relay transmission power subject to the constraint on SNR
at the destination node. This constraint is equivalent to a certain
QoS requirement such as the bit error rate or outage probability,
where QoS is satisfied when the SNR at the destination node
exceeds a given target value ~y;,. With this QoS constraint, we
can mathematically formulate the optimization problem as

Psnr(vtn) : ming tr(Qr)
st 7 <SNR(p)
OS[QR]kkSP VkE{l/,K}

13)

where the last constraint in (13) captures the fact that relay trans-
mission power in practical systems cannot be arbitrarily large. !0
Note that solving the program Psnr(7tn) in (13) requires the
instantaneous values of hg and hr.

Due to the timescale associated with small-scale fading, fre-
quent communication between the relay nodes and the central
unit is required to determine new power allocations. This moti-
vates practical algorithms that track only large-scale fading. One
possible approach is to adopt the certainty-equivalent (CE) for-
mulation, which was developed in the context of power control
for cellular networks [25], [26]. In our context, the CE output
SNR for noncoherent AF relaying can be written as

K
SNRCE (p) _ PS Zk:l /BkSB,kSF,kpk

noncoh - K ) 2
> k=1 PESEROR 1Pk + 0D

10Note that in conventional QoS formulation, the last constraint in (13) is
omitted, hence it is guaranteed to be feasible in the absence of CSI uncertainties.

(14)
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where we have replaced all r.v.’s associated with {aF 4 } X, and
{ap K | in (12) with their expected values. For coherent AF
relaying, we approximate the CE output SNR as

Py (Zszl \/ﬂkSB,kSF,kpk)2

13
> ke1 BeSF kOR 1Pk + 0D

SNRcoh( ) ~ (15)

Indeed, (15) is an upper bound of the actual CE output SNR.
We choose to use this expression in (15) since it allows efficient
formulation for the optimization problem. Substituting (14) and
(15) into (13), we can now design power allocation algorithms
that track only large-scale fading. However, these slow power
allocations may lead to undesirably high outage probability, i.e.,
P{SNR(p) < ~in}, due to the random fluctuations caused by
small-scale fading. This can be alleviated by using a larger SNR
target value to allow for fade margins [26]-[28].!! In our case,
this corresponds to using a target value Y§F = Ky, with s > 1,
where we refer to fthhE as the CE SNR target value.!2

III. OPTIMAL RELAY POWER ALLOCATION

In this section, we consider the power optimization problems
subject to CE SNR constraints for both noncoherent and co-
herent AF relay networks.

A. Noncoherent Amplify-and-Forward Relay Network

Letd = [dy,...,dx]" € RE ande = [e1,...,ex]" € RE
where
2
g
di = —5" 1.Sr 1 (16)
D
er = BrSF.xSB k- (17

The CE power optimization problem for the noncoherent AF
relay network can be formulated as

C
Pnoncoh (’Yt h

K

E\ . i

).mmp E Pk
k=1

P T
st A< St (18)
opd p+1
j RS

where X, = {p € R* : 0 < p, < PVEk € {1,...,K}}.
Note that the above program only requires perfect knowledge
of large-scale fading.

Theorem 1: The program PSE | (vSF) is a linear program
given by

17p
s.t. m > Bp

miny,
(19)

INote that this also compensates for the use of approximation in (15).

12Clearly, x depends on the types of relaying scheme. For convenience, we
use the same notation « for both noncoherent and coherent AF relay networks.

where B € RCE+DXK and m e R2K+1 are given by

d" — BT -1
B= In o ., m=|P1 (20)
—Ix 0

When the problem is feasible, there exists a set of optimal so-
lutions {p,,; } when —1]|by, and a unique optimal solution p,
when —1 }fby, such thatb; = d — (Ps /o3 )e.

Proof: To show that ’Pnoncoh(%h ) is an LP, we simply ex-
press the CE SNR constraint and the power constraints in the
form of bfp < my, where bf is the kth row vector of the ma-
trix B and my, is the kth element of the vector m defined in
(20). Since the objective function is linear in p and the feasible
set is a polyhedron, it follows that we have an LP, as shown in
(19). When the problem is feasible, the polyhedron is non-empty
and the optimal objective value is finite. Furthermore, the poly-
hedron is bounded since it is contained in a hypercube. From
[29, Corollary 2.2], it follows that there is at least one extreme
point in the polyhedron. Therefore, there exists at least one op-
timal solution for program PSE | (vGE) [29, Theorem 2.8].
Note that the uniqueness of the optimal solution depends on the
direction of b; . Since the objective function is to minimize lTp,
the optimal solution is to travel as far as possible in the —1 di-
rection. However, when —1||b;, the set of optimal solutions lies
along the hyperplane blTp = m; as this is the boundary of the
feasible set. On the other hand, when —1 [{b;, there is a unique
optimal solution that can be found by moving in the —1 direc-
tion. O

Remark 1: To verify the feasibility of PSE | (v§F), we con-
sider the following simple LP:

ming ¢ ¢

s.t. m +tl > Bp (21)

where ¢ € R. It is clear that the program PSE .\ (1§F) is fea-

sible when ¢, < 0, where ¢, is the optimal solution to the

LP in (21). Since LP can be solved very easily with simplex

algorithm, we can also use (21) to determine ¥ that corre-

sponds to tope < 0. Such §F will result in feasible program
honcoh (Yih)

Theorem 2 (Duality): The dual problem of PSE | (vGE) is
given by

. T
D7)noncoh (’yth ) ‘max, —m- v

st. Bfv+1=0 (22)

where v € [R&_K *1 is the dual feasible variable. Since strong
duality holds when either the primal or dual problems is feasible,

there exists an optimal v, € RiK *1 such that

1pye + m vop =0

By +1=0. (23)

Proof: See Appendix 1. O
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B. Coherent Amplify-and-Forward Relay Network

Let A = diag(a1,...,ax) € RfXK and ¢ =
[e1,..-,cx]T € RE where
a

ap = :Dk V/ BrSF & (24)

=/ BrSF.kSB.k- (25)

The CE power optimization problem for the coherent AF relay
network can be formulated as

K
E) :ming ZC,?
k=1

C
Pcoh (’Yt h

T 2
v e B
of || AC)1* + 1

CeXe (26)

where ¢, = /pi forall kand Xy = {{ € RF : 0 < ¢, <

VP VE € {1,...,K}}.13

Theorem 3: The program PSE(yGE) is a strictly convex
optimization program with a compact feasible set. When the
problem is feasible, there exists a unique optimal solution (.
We can equivalently formulate P$E(vSGE) in SOCP form as'4

ming ; ¢
CTC %
Yth D
s.t. 1 t;g 0
AC)
t+1
2
{( ¢ >} zx 0 (27)
t—1
2
(e

Proof: Clearly, the objective function ||€]|? is a strictly
convex function since the Hessian matrix of the objective func-
tion is positive definite [31], [32]. To show that the feasible set
is convex, we cast the first constraint in (26) in standard form as

follows:
“\ ez = | ac)|

which can be rewritten in the form of an SOC constraint as

(28)

CE ;2
Yeh 7D

I

Therefore, the feasible set in (26) is convex since it is the in-
tersection of a hypercube and an SOC, which are both convex
sets [31], [32]. As a result, PSE(vSE) is a strictly convex opti-
mization program. Moreover, the feasible set is bounded since

(29)

13Similarly, the above program only requires perfect knowledge of large-scale
fading.
14The SOCP form can be solved efficiently [30].

it is contained in a hypercube. It is also closed since it consists
of the intersection of an SOC and a hypercube, which are both
closed sets [31], [32]. Therefore, it follows that the feasible set
is compact. By the Weierstrass theorem, it follows that there ex-
ists at least one optlmal solutlon for program ’Pcoh(vth ) [311,
[ 2 there is a
unique optimal solution ¢, ;.

To cast PSE(1SF) into an SOCP, we use a slack variable
t € R4. The program can be equivalently written as!>

ming; ¢

s.t. 1
(ac)
K
Y G<t
k=1

CEX(-

(30)

From [30], we can easily express the second constraint in (30)
as

< ¢ ) =i 0. (31)
%

Substituting (31) into (30), we obtain the program (27) in SOCP
form. (|
Proposition 1 (Feasibility): A necessary and sufficient con-
dition for PSE(vS§F) to be feasible is given by
CE_2
Yth 9D
tP—s < Topt (32)
where T o, is the optimal objective value of the following max-
imization problem:

max, ( TC)
“lACP+1
st € X (33)

Furthermore, we can derive a necessary condition given by

CE Ds|le]”
Yen < (AT A) (34
where Tmin (ATA) denotes the smallest eigenvalue of AT A, and
Tmin(ATA) = HlinlgkgK az.

Proof: See Appendix II. O
Remark 2: Proposition 1 provides us with useful conditions
not only for verifying the feasibility of Pcoh('yth ), but also for
designing system parameters such as Ps, 'yth , and K. For ex-
ample, we could use the simple condition in (34) to check if
PECE(1SF) is infeasible. We check the condition in (32) only

C

when (34) is satisfied. When (32) or (34) fails, we adjust the

I5Note that there is no loss of optimality by introducing such a slack variable
[31], [32].
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system parameters to ensure that both (32) and (34) are satis-
fied. This process effectively converts an infeasible program into
a feasible one.

As for the case of the noncoherent AF relay network, we for-
mulate the dual problem of (26) and derive its Karush-Kuhn-
Tucker (KKT) conditions in the following theorem.

Theorem 4 (Duality): The dual problem of PSE(1SE) is
given by

Pcoh (’YSI}E) Lnaxy, a v g(.uﬂ’\7 V)

s.t. Ie+puQ >0 (35)
with
gl A w) = ’”;*;,S — tx(A)
1
— {0 =) I+ Q) (A )

CE_ 2
Jth 9D 4T
———=A"A-

Q= Ps
A =V Pdiag(M

where 11 € Ry, A € RY and v € RY are the dual feasible vari-
ables. If the primal problem is strictly feasible, strong duality
holds and there exists > 0 such that

LI
Tmin(Q) ’

Moreover, the optimal primal solution ¢, takes the form

w> — (36)

Copt = (37)

(Aopt - Vopt)

1 _
_5(11( +.U'0th) !
where (Lopt; Aopts Yopt) 1S the optimal dual solution and fiopt
satisfies the condition in (36).

Proof: See Appendix III. O

IV. ROBUST RELAY POWER ALLOCATION

To account for CSI uncertainties, we adopt a robust optimiza-
tion methodology [33], [34]. Specifically, this methodology
treats uncertainty by assuming that CSI is a deterministic
variable within a bounded set of possible values. The size of the
uncertainty set corresponds to the amount of uncertainty about
the CSI.16 This methodology ensures that the robust counter-
parts of our optimization problems lead to feasible solutions
and yield good performance in all realizations of CSI within
the uncertainty set. As in [33], [34], we consider an ellipsoidal
uncertainty set for simplicity.!”

16The singleton uncertainty set corresponds to the case of perfect CSI.

17Besides resulting in mathematical simplification, the ellipsoidal uncertainty
set is well-motivated by practical CSI error models [35]. The size of the ellip-
soidal uncertainty set can be known a priori from preliminary knowledge of the
imperfect CSI estimation and/or from extensive wireless channel measurement
campaigns.

A. Noncoherent Amplify-and-Forward Relay Network

In the following theorem, we formulate the robust counterpart
of PCE 1 (7§F) with uncertainties in d and e.
Theorem 5: Let U be an ellipsoidal uncertainty set given by

U=1{Ad,

A0+ZwJ

s lw]| < po (38)

where A; = (Pg/’yth o3)e; —d; € RE and Ny is the dimen-
sion of w. The robust counterpart of P$E | (vGE) with uncer-
tainty set U/ is equivalent to the following SOCP:

CE : T
Pnoncoh (’Yth ) ¢ MMy 1 p

s.t. p S Snoncoh (’YSIE) (39)
where the feasible set Sponcon(75E) is given by
Ag‘p—l
Snoncoh (fYt(flE) =4qPE RK : |: g iK: 07 pE Xp
(40)

and A = [ATp, ..., A%Ap]

Proof: Since only (d,e) in the first constraint of
PCE L(1SE) is subject to uncertainty, we will focus on
this constraint and build its robust counterpart, which is given
by

T 'Y} 2
> [th 41
ep> 5 41)

S

P(1+dp)

for all (d, e) that satisfy A(d, e) € U. By substituting (38) into
(41), we have equivalently

T
Aw>- (AOTp_ 1) , Vwe{w:|[w]| <p) (42
and the robust constraint in (42) can be expressed as
min {A w) > — (AOT D 1) . 43)
wi|lw||<po

By the Cauchy—Schwartz inequality, the minimum value on the
left-hand side of (43) is equal to —py||A|| and hence, we obtain
an SOC constraint, as follows:

Agp—l

[ po

A

Since the objective function is linear in p and the rest of

the constraints in (40) are linear constraints, it follows that
RPSE n(7SF) is an SOCP. O

>x 0. (44)

noncoh
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B. Coherent Amplify-and-Forward Relay Network

Similarly, we formulate the robust counterpart of PSE (1 GF)
by incorporating uncertainties in A and ¢ in the following the-
orem. Since (A, ¢) appears only in the first constraint of (26),
we need to simply focus on this constraint and build its robust

counterpart given by

,YCEUQ
T¢I (14 Ag), V(A0 eU. @)
S

In the following, we adopt a conservative approach which as-
sumes that U/ affecting (45) is sidewise, i.e., the uncertainty
affecting the right-hand side in (45) is independent of that af-
fecting the left-hand side. Specifically, we have U = Ur X Uy,.
We summarize our results in the next theorem.

Theorem 6: Let Uy and Uy, be sidewise independent ellip-
soidal uncertainty sets given by

Na
Up = S A= Ao+ Y ujd;:lull < py

(46)
j=1
N
L{L =JqCc=c¢Cy+ Zvjcj : ||’U|| < P2 (47)
j=1

where N4 and N, are the dimensions of « and v, respectively.

The approximate robust counterpart of P$E(y§F) with uncer-

tainty sets Ur and U1, can be written in SDP form:

72’P§0]?l (’ySIE) sming ., t
st (€.t 7 1) € Seon (VSF) (48)

where (¢, t,7,11) € RE x Ry x Ry x Ry and the feasible set
Scoh(’}/tChE) is given by

Scoh (’Y‘SLE)

/LINA ONA AT |
=qCeRY | 0L A—pp? (TAT|=0
A AL Ay |
F (T, y -
(co 52 )IN” ¢ >0
oT (eg¢=7) | =

LK)

(49)

where A = 7,/ Ps/7SFo? — 1, A = [As(,..., AN, (], and

¢=lef¢,...,eq ()"
Proof: Due to the sidewise independence assumption, ¢ is
robust feasible if there exists 7 € R, such that [36], [37]

~CE 52
%(1+||A(||2) <, VA € Ur
S

(50)
r<ef¢, Veel. (51)
First, we consider (50) by rewriting it as follows:
1 Ps
< —=, VAEUR. 52
Gl <y vaci o
We now replace (52) by!8
0 <A,
Ao + Aul| <\, Vue {u:|jul| < p1} (53)

where A = 1 VCI}D—SP —1 and we have substituted A defined by
th D

the uncertainty set R in (46). Now, by expanding (53) in terms

of a quadratic form of u, we have

0 <A

0<go(w), Yue{u:0<qg(u)} (54)

o) = —uT A" Au— 2(A" Ag¢)Tu — CTAT AgC + N2

¢ (uw) =pi —u"u. (55)
We exploit the following lemma to express the quadratic con-
straints in (55) in terms of matrix inequality.

Lemma 1 (S-Procedure [32]): Let qo(u) = uTBgu+2b(7;u—|—
co and q1 () = uT Byu+ 2b] u+ ¢1 be two quadratic functions
of u, where B and B are symmetric, and there exists some
satisfying ¢1 (up) > 0. Then, we have

ql('u,) >0=> qO(’M) > 0 iff

da e R, : {BO bo} —a[Bl by

> 0.
bg Co bf 01:| _0

From Lemma 1, it follows that (54) is satisfied if and only if
there exists o € R such that

—A"A —AT A

(A" 4,07 N2 = ¢TAT Al

. ONA]
-« ‘ > 0.

[ 0r, i~
(56)

I81¢ follows from the triangle inequality that if (53) is satisfied, then (52) is
always satisfied. Note that with the use of constraint (53), instead of (52), we
have converted RPEL (vSE) into an SDP.

coh
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To convert the above quadratic matrix inequality into a linear
matrix inequality (LMI), we first let & = Ay for some 1 € Ry
Rearranging (56), we have!?

Ag 22 [’:)ITNA
N4y

oT o T 1T
SARCAPA
A=upi] [ ¢TAY ¢rall =
(57)
To linearize (57), we rely on the following lemma:
Lemma 2 (Schur Complement [32]): Let
C D
w-|p %)
be a symmetric matrix with £ > 0. Then, M > 0 if and only if
the Schur complement of E in M, i.e., Ap = C— DE'DT >
0

If A > 0, it follows that % Apg in (57) is the Schur comple-
ment of Mz in

T
A /LINA ONA A
M= oL, x—pp} (TAD (58)
A Ayl My

and by Lemma 2, M > 0 since %AE =0.ForA\=0,M >0
holds if and only if » = 0, Ag¢ and A = 0. Thus, we have the
first LMI in (49). In summary, a pair ({, 7) satisfies (50) if there

exists some p € Ry and 7 > /7GF03 / Ps such that the triple
(¢, T, 1) satisfies M > 0.
Next, when we turn to (51) and substitute ¢ defined by the

uncertainty set U, in (47) into (51), we have equivalently

o> (cd¢—7), Ywe{v:|v||<ps}. (59)
Following similar steps leading to (44), we can express the ro-
bust constraint in (59) as

|:cg(—r

7l =zx 0.
é

(60)

Using [30], we can represent (60) in the form of an LMI as

(Gl S

P2 ‘ = 0.
o (e | Z0
¢ P2

(61)

Therefore, we obtain the second LMI in (49). The other three
LMIs in (49) are easily obtained by representing the SOC con-
straint in terms of LMIs [30, p. 196]. O

19When A = 0, we have u = 0.
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Fig. 1. An example realization of a wireless relay network.

Remark 3: Even if the sidewise independence assumption
does not hold, the robust counterpart obtained in Theorem 6
gives us an approximate robust counterpart [36]—[38]. Without
any sidewise independence assumption, it is unclear whether a
computationally tractable robust counterpart exists [36]—[38].
As a result, the above conservative approach using sidewise in-
dependent uncertainty sets becomes attractive.

V. NUMERICAL RESULTS

To illustrate the performance of our proposed algorithms,
we consider networks with K relay nodes deployed randomly
and independently over a 10 m X 10 m square. For each
network, the source and destination nodes are positioned on
the opposite sides of the square, i.e., the source node is fixed
at (z,y) = (0 m,5 m) and the destination node is fixed at
(z,y) = (10 m,5 m). One possible realization of the net-
work with K = 64 is shown in Fig. 1. For each realization
of the random network topology, we generate Spj and S i
according to (5) and (6) with ¢ = 4. This procedure is repeated
for 20,000 realizations. The noise variances are normalized
such that 012;{’ . = 1 and 03 = 1. The constraint on the max-
imum transmission power of each individual relay node is set at
P = 10 dB. Throughout this section, we use the SeDuMi opti-
mization package [39] to determine the relay power allocations
according to our algorithms described in Sections III and IV.
The uncertainty sets in Theorems 5 and 6 are chosen such that
NA = 1,A1 :Ao,NA = 1,A1 :Ao,al’lch: 1,61 = Cp.
We consider pyg = p1 = p2 = p, where p = 0 corresponds to
perfect knowledge of the global CSI and p = 1 corresponds to
an uncertainty that is of the same size as the estimated global
CSI, i.e., do, €p, Ag, Cy.
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Fig.2. Outage probability of the noncoherent AF relay network with X' = 64,
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Fig. 3. Outage probability of the coherent AF relay network with X' = 64,
Ps = 30 dB, and 45 = 8 dB.

Figs. 2 and 3 show the outage probabilities (the SNR constraint
in (13) is not satisfied) as a function of ), for noncoherent and
coherent relay networks, respectively.20 The power allocations
used in these plots were obtained by solving PSE | (v§F) and
PCE(vSE) using our proposed algorithms.2! It can be seen that
the outage probabilities of the noncoherent and coherent AF
relay networks decrease as the factor « increases. This decrease
shows that the CE formulation, which enables implementation
of practical algorithms that track only large-scale fading, can
effectively account for the random fluctuations in the actual in-
stantaneous SNR as well as compensate for the use of approxi-
mation in (15). Comparing Figs. 2 and 3, we see that the CE ap-
proach is less effective in noncoherent AF relay networks, even

20The chosen value of o4 in these plots is typical for macrocellular appli-
cations [20].

2IRecall from Section II-B that the SNR constraint in (13) may not be satisfied
even when PEE | (7SE) and PSR (vSF) are feasible.
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Fig. 4. CE outage probability of the proposed power allocation algorithm for
the noncoherent AF relay network as a function of vGE with K = 64 and
oqs = 8 dB.
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Fig. 5. CE outage probability of the proposed power allocation algorithm for
the coherent AF relay network as a function of vGF with K = 64 and 045 =
8 dB.

with larger ~ values, owing to the absence of phase alignment
at the relay nodes.22
There may be some situations where PSE  (7GE) and

PEE(1SF) are infeasible. We denote the probabilities of such
events as CE outage probabilities, i.e., probabilities that the
CE SNR constraints in (18) and (26) are not satisfied. The CE
outage probabilities as a function of %%E are plotted for various
values of Ps in Figs. 4 and 5 for noncoherent and coherent AF
relay networks, respectively. We see from these figures that,
for a fixed CE SNR target value, an increase in source power is
required to maintain a lower outage probability. This increase
in required source power is more drastic in noncoherent AF

relay networks compared to coherent AF relay networks.

221 such cases, time diversity techniques can be used [28].
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P{AP >z}

Fig. 6. Ccdf of AP of the noncoherent AF relay network for different & and
7SE with Ps = 30 dB and 64 = 8 dB. The solid and dashed lines indicate
K = 8 and 64, respectively.

P{AP > z}

z (dB)

Fig. 7. Ccdf of AP of the coherent AF relay network for different K and y§E

with Ps = 30 dB and 045 = 8 dB. The solid and dashed lines indicate ' = 8
and 64, respectively.

We next compare our power allocation algorithms in terms of
power-efficiency AP, where AP £ 10 log(K P/ Ele Pr) is
defined as the ratio of the total relay transmission power based
on the naive scheme and that based on our algorithm.23 Figs. 6
and 7 show the complementary cumulative distribution func-
tion (ccdf) of AP for noncoherent and coherent AF relay net-
works with different numbers of relay nodes and CE SNR target
values.24 We see that our proposed algorithms offer significant
power savings in both networks. These figures indicate that A P
increases when the number of relay nodes increases. This is be-
cause our power allocation algorithms exploit the channel varia-

23Recall that the naive scheme is referred to one that employs maximum trans-
mission power at each relay node.

24The ccdf of ar.v. X gives the probability that X is above a particular level.
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Fig. 8. Ccdf of AP of the noncoherent AF relay network for different & and
o4 with Ps = 30 dB and v§¥ = 6 dB. The solid and dashed lines indicate
K = 8 and 64, respectively.
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Fig. 9. Ccdf of AP of the coherent AF relay network for different K and o4
with Ps = 30dB andy$” = 6 dB. The solid and dashed lines indicate &' = 8
and 64, respectively.

tions in the spatial domain. When vF decreases, the efficiency
increases, since less relay power expenditure is required to sat-
isfy the CE SNR constraint. Comparing Figs. 6 and 7, we see
that the increase in power-efficiency is more significant, due to
a higher cooperative gain, in coherent AF relay networks com-
pared to noncoherent AF relay networks, as observed in [24].

Figs. 8 and 9 show the ccdf of AP for noncoherent and co-
herent AF relay networks with different numbers of relay nodes
and o4p. These figures indicate that A P increases when ogp in-
creases, implying that our proposed power allocation algorithms
are more efficient for channels with large fluctuations. This in-
crease in A P is more significant for large networks for the same
reason noted in previous paragraph.
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Figs. 10 and 11 show the cumulative distribution function
(cdf) of the minimum number of relay nodes that are neces-
sary to achieve a certain percentage of the total relay transmis-
sion power in noncoherent and coherent AF relay networks, re-
spectively. We observe that most of the total relay transmission
power tends to be distributed among a smaller subset of relay
nodes in the noncoherent case, compared to the coherent case.
This suggests that relay selection is beneficial in noncoherent
AF relay networks as observed in [7].

Lastly, we compare the robust algorithms in terms of the CE
outage probabilities. Figs. 12 and 13 show the CE outage prob-
ability as a function of the size of the uncertainty set p for non-
coherent and coherent AF relay networks, respectively. We ob-
serve from these figures that adopting non-robust algorithms,
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Fig. 12. CE outage probability of robust power allocation algorithms for the

noncoherent AF relay network with K’ = 64, Ps = 30 dB, o04g = 8 dB, and
CE _—

Y = 6dB.
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Fig. 13. CE outage probability of robust power allocation algorithms for the
coherent AF relay network with K = 64, Ps = 30 dB, 045 = 8 dB, and
CE _—

Yo = 6 dB.

i.e., simply ignoring uncertainties in the global CSI, results in a
high penalty in terms of outage probability. On the other hand,
we clearly see that robust algorithms provide lower outage prob-
abilities compared to non-robust algorithms.

VI. CONCLUSION

In this paper, we formulated the AF relay power allocation
problem as the total relay transmission power minimization
problem subject to a QoS constraint. Under the CE output SNR
constraint, we proposed practical algorithms that track only
large-scale fading. Under perfect knowledge of the large-scale
fading, we showed that the optimization problems for the
noncoherent and coherent AF relay networks can be cast as an
LP and an SOCP, respectively. The conditions for verifying the
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feasibility of these problems and the optimality of the solutions
are also derived. Furthermore, we extended these optimization
problems to take into account uncertainties in the knowledge of
large-scale fading. For ellipsoidal uncertainty sets, we showed
that the robust counterparts of our optimization problems
for the noncoherent and coherent AF relay networks can be
formulated as an SOCP and an SDP, respectively. Numerical
results showed that the proposed algorithms provide significant
power savings over the naive scheme that employs maximum
transmission power at each relay node. In addition, our robust
algorithms provide effective and feasible solutions, yielding
good performance in the presence of uncertainties associated
with the global CSI. In summary, this work highlights the im-
portance of practical and robust algorithms in realistic wireless
networks.

APPENDIX 1
PROOF OF THEOREM 2

First, we set up the Lagrangian function L : RX x R2K+1
associated with the primal problem (19) as

L(p,v) = -m"v+ (BTv+1)"p (62)
where v is the Lagrange multipliers corresponding to the linear
constraints in (19). The dual problem DPSE  (4GF) is given
by

max, -mTv

st. BTwr1=0

v>0. (63)

For LP, strong duality holds when either one of the primal or

dual problems is feasible [29], [32]. Thus, (pop“ Vopt) are op-

timal if and only if they satisfy the following three conditions.
Feasibility condition of the primal problem:

Bpopt S m7

Feasibility conditions of the dual problem:

BTVopt +1= 07

VEk,opt 207 k=1 K

geeey 5

Zero duality gap condition:

lTpOpt + mTuC,pt =0.

APPENDIX II
PROOF OF PROPOSITION 1

The necessary and sufficient condition for PSE(v§F) to be

feasible can be immediately obtained by maximizing the right-

hand side of the CE SNR constraint in (26) with respect to all
possible {. This maximization can be formulated as an optimiza-
tion problem in (33), which is shown to be quasiconvex [24]
with a non-empty feasible set since P > 0. To derive (34), we
first note that

CE 2 T ~\2
Yth 9D < max <(C C) > (64)
CeX,

Ps 1AC]1?
since the right-hand side of (64) is strictly greater than the right-
hand side of (32). The right-hand side of (64) can be further

bounded by
(c7¢)? )
max <
Cex; ( A<l )~

where we have applied the Cauchy—Schwartz inequality to the
vectors ¢ and {. From (65), we apply the Rayleigh-Ritz theorem
to obtain the desired result [40, p. 176].

ER
TAC (65)

mi¢exe g

APPENDIX III
PROOF OF THEOREM 4

First, we set up the Lagrangian function L : R¥ x R x R¥ x
R associated with the primal problem (26) as

—tr(A)+¢" (I +1Q)¢+¢" (A-v)

(66)
where p, A, and v are the Lagrange multipliers corresponding
to the CE SNR constraint and power constraints in (26), respec-
tively. The dual problem DPSE (vSF) is given by

coh

CE 2

HYth O

L(C,/J,,/\,I/): tI}) D
S

maX#;A;V Q(M )‘7 l/)

s.t. I +p@Q =0 (67)

where the dual feasible variables are y € Ry, A € Rf , and

S Rf . Under some constraint qualifications, strong duality

holds.25 In this case, the KKT optimality conditions are both

necessary and sufficient, and the optimal solutions of the primal

and dual problems, ¢, € RE and (ptopt; Aopt; Yopt) € Ry X

R x RX, must satisfy the following three conditions.
Feasibility conditions:

CE .2
Yth O T
t}})s D + CothCopt S 07
Ck,opt_\/ﬁgo., k:17K
_Ck,opt SO kzl.,...7K7

Complementary slackness conditions:

T T T
Hopt < })S + CothCopt) = 07

)\k,opt(gk’,opt - \/F) = 07

_Vk,optCk,opt = 07

k=1,....K
k=1,....K,

250ne simple version of the constraint qualifications is Slater’s condition [32].
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Stationarity condition:

VCL(Copm /J'Optv A0pt7 Vopt) = 0

Using (66), we can evaluate the stationarity condition to obtain

1
Copt = _i(IK + Noth)_l(Aopt - Vopt) (68)

where (68) has a unique Copt since the matrix (I g + ftopt@) is
positive definite. Furthermore, using the complementary slack-
ness condition, we have jiopt > 0 since (,,, must satisfy the
CE SNR constraint with equality when the primal problem is
feasible [41]. Combining the above results, we obtain

1
Hopt > _Tmin(Q)

where we have used the fact that the eigenvalues of a positive
definite matrix are strictly positive and Tpin(Ix + pQ) = 1+

.U'Tmin(Q)'

(69)
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