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On Conditional Density Estimation
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With the aim of mitigating the possible problem of negativity in the
estimation of the conditional density function, we introduce a
so-called re-weighted Nadaraya-Watson (RNW) estimator. The
proposed RNW estimator is constructed by a slight modification of
the well-known Nadaraya-Watson smoother. With a detailed asymp-
totic analysis, we demonstrate that the RNW smoother preserves the
superior large-sample bias property of the local linear smoother of the
conditional density recently proposed in the literature. As a matter of
independent statistical interest, the limit distribution of the RNW
estimator is also derived.
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1 Introduction

Let {(X.Y,);i > 1} be a RY x R valued strictly stationary process with a common
probability density function f{.,.) as (X,Y). Also assume that X admits a marginal
density g(.). Suppose we are given n observations of (X,Y) denoted by (Xi,Y7),...,(X-
a.yn)- Of interest is estimating the conditional density of Y given X = x, i.e.

f(xy)
VAREY ox)
where ¢(.) is assumed positive at x. The conditional density can be a useful statistical
tool in several ways. The most obvious need for estimating conditional densities
arises when exploring relationships between a response and potential covariates.

A motivating example: Consider the bivariate data analysed by AzzALINI and
BowMAN (1990) on the waiting time between the starts of successive eruptions and
the duration of the subsequent eruption for the Old Faithful geyser in Yellowstone
National Park, Wyoming. The data were collected from August 1st until August
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Fig. 1. Duration of eruption plotted against waiting time to eruption.

15th, 1985. There are a total of 299 observations. The times are measured in minutes.
In Figure 1 we give a scatter plot of the data. Note that both variables are
transformed to have mean zero and variance one. From the plot it is clear that when
there has been a relatively short waiting time between eruptions, the duration of the
next eruption is relatively long. But, when the waiting time between eruptions is
longer than about —0.17 (or 70 minutes in the scale of the untransformed data), the
duration of the next eruption is more or less a mixture of short and long durations.
This interesting observation can be nicely summarized by the conditional density.

Figure 2 gives the estimated conditional density. Notice that when the waiting time
to eruption is more than —0.17, the conditional density of eruption duration
conditional on waiting time to eruption is bimodal. On the other hand, for waiting
times below —0.17, the conditional density is unimodal. To appreciate visually how
the shape of the conditional density evolves across the various values of the waiting
time to eruption, the estimated conditional densities in Figure 2 are stacked side-
by-side. This stacked conditional density plot is produced using HYNDMAN’s (1996)
S-Plus code which is freely available at the website: www-personal.buseco.
monash.edu.au/hyndman.

Having recognized the role conditional densities could play in data analysis, the
purpose of the present paper is to suggest a nonparametric estimator of the
conditional density, f{(y|x). In particular, our suggestion adapts the conditional
distribution smoother of HALL, WOLFF and YAo (1999). Car (2001, 2002) also
extended the smoother of Hall et al. (1999) to contexts other than the distribution
function mainly to conditional quantiles.
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Fig. 2. Conditional density estimates of eruption duration conditional on the waiting times to eruption.

The plan of the paper is as follows. In Section 2 we introduce the RNW
conditional density smoother. In the same section, two existing smoothers are also
discussed so as to motivate the proposed smoother. In Section 3 we study the
asymptotic behaviour of the suggested smoother. We close in Section 4 with some
concluding remarks. Technical arguments and proofs are collected in the Appendix.

2 Methods

To help motivate the construction of the proposed conditional density estimator, we
first discuss two existing kernel-based smoothers of the conditional density. To
simplify the presentation, we shall consider the case of d = 1 throughout the paper.

2.1 Nadaraya-Watson (NW) and local linear

Let the kernel K(.) be a symmetric density function on R. Let 4, , and 45, denote
bandwidths (or smoothing parameters). As k; ,—0, it is easy to see from a standard
Taylor argument that

E{Ky,, (v = V)X =x} ~ f(ylx)

where Kj, (.) = K(./h,)/h,. This suggests that the estimation of f{(y|x) can be viewed as
a nonparametric regression of Kj, (y—Y;) on {X;}. In fact, it is based on this particular
idea that the well-known Nadaraya-Watson kernel smoother, here denoted by
fNW(y|x), was first proposed by ROSENBLATT (1969) and later extended by HYND-
MAN, BASHTANNYK and GRUNWALD (1996). According to HYNDMAN et al. (1996),
Fuw(V]x) is defined as
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Fawblx) = ZKhI,, y=Yw" (x) (1)

where

Kh,, (x - )(t)
izt Ky, (x = Xi)

Now suppose that the second derivative of f{y|x) exists. Also introduce the short-
hand notation, f*’(ylx) = o' */f(y1x)/0x'd)’. In a small neighbourhood of a point x,
we can approximate f{(y|z) locally by a linear term

FOlz) = foh) + 00l (2 = x) = a+ b(z — ).

In this sense, one can also regard the estimation of f{y|x) as a nonparametric weighted
regression of Kj, (y—Y;) against (1,(X;—x)) using weights Kj, (x—X;). Accordingly, FAN,
Y A0 and TONG (1996) proposed the so-called local linear smoother of f(y1x). The local
linear estimator, here denoted by £, (y|x), is defined as a(x), where (&, b) minimize

w' (x) =

n

Z(Khl.n y—Y)—a—-bX — x))thz)h (x —X;).

i=1

Simple algebra (see FAN and GUBELS, 1996) shows that £, (y|x) can be expressed as

fLL x) = ZK]’II Y- Y)WLL( )

where
_ Khz.u(x —)(,-){Tn,z - (‘Xl _X)Tn,l}
(Tn,OTnJ - T,ﬁ])

with T,; = >0 K, (x = X)(Xi —x)) (j =0, 1, 2).

From the definition of the two estimators, we can see that while fy; (y|x)
approximates f{y[x) locally by a constant, say a, f;, (y|x) approximates f(yx) locally
by a linear model. To appreciate why the extension of the local constant fitting to the
local linear alternative is interesting, we now compare the two estimators via their
respective moments. To keep the presentation simple, we assume in the rest of the
paper, without loss of generality, that 4, = h,,, = h,. When the process {(X},Y;)} is
o-mixing (see Section 3 for a definition of ¢-mixing), CHEN, LINTON and ROBINSON
(2001) showed the approximate asymptotic bias and variance of fy; (yx) to be

g

Bias(fyy (v]x)) = %klh;% FEOGk) + O (yx) + 2 o FARCTOIE (2)
and
; R 1 f(lx)
Var(fyw (vlx)) = ks (nh;,) o) (3)

where k; = [u?K(u)du and k, = [K*(u)du. Similarly, under p-mixing, FAN et al. (1996)
gave approximate asymptotic bias and variance of f;; (y|x), i.e
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Bias(f,, (v[v)) = %kl |00 + 70D ) | “)
FarlFu 1) = ) L), 5

Some remarks about the above asymptotic bias and variance expressions are in
order. We see that the two variances are identical. Therefore, the difference in the
asymptotic mean squared errors (MSEs) between the two estimators depends only
on their respective biases. Note that the bias of fy; (y|x) has an extra term (¢’(x)/
g())f O(y/x). The bias of fy, (y|x) is large if either |g'(x)/g(x)| or |fO(yx)| is large,
but neither term appears in (4). For example, when the design density is highly
clustered, the term |g’(x)/g(x)| becomes large. Of course, when g(x) is uniform the
biases of the two estimators are the same. Thus, the fact that f;;(yx) does not
depend on the density of X makes it “design adaptive” (see FAN, 1992). Now, let’s
consider [f"*9(yx).. For simplicity, suppose that the conditional density of Y
depends on x only through a location parameter, say the conditional mean (denoted
here by m(x)) and hence f(yix) = f(y—m(x)). Then fOx) = m V) TO0—-m(x)|x)
where m"(.) denotes the first derivative of m(.). In this set-up when, for example,
m(x) is linear m(x) = a+ bx with large coefficient b, the bias of fy; (y|x) gets large.
But, when m(x) is flat or has maximum or minimum, or inflection point at x, the
biases of the two estimators become the same.

The above theoretical comparisons suggest that the local linear estimator is more
attractive than the local constant alternative because of its better bias performance
and design adaptation. It is also possible to show that both in the interior and near
the boundary of the support of g(.), the asymptotic bias and the variance of fLL (lx)
are of the same order of magnitude. On the other hand, fy; (v|x) has a bias of order
h, for x in the boundary. So, at least in theory, the local linear smoother does not
suffer from boundary effects and hence does not require modifications at the
boundaries.

Although the local linear approach is more efficient in the sense already discussed,
the smoother f;,(y|x) may give conditional density function estimates that are
not constrained to be nonnegative. On the other hand, fy; (y|x) always gives
nonnegative estimates. With these remarks in mind, we pass on to the suggestion of
this paper.

2.2 RNW estimator
Now we introduce a simple kernel smoother called RN'W which combines the better
sides of the LL and NW smoothers. In other words, while sharing the nice sampling
properties of the LL estimator, it is always nonnegative.

From least squares theory, it is easy to see that the local linear weights wt(x)
satisfy: Y7 (X; — x)wt(x) = 0. But for the Nadaraya-Watson weights w}” (x), this
moment condition is not fulfilled. It is this observation that motivates the
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introduction of the RNW smoother. Let 7,(x) denote probability like weights with
properties that 7,(x) > 0, Y, 7:(x) = 1, and

n

> @)X = 0K, (x = X;) = 0. (6)

i=1

Note how t(x) is introduced to force the Nadaraya-Watson weights wM” (x) to
resemble that of wi(x) (see also HALL and PRESNELL, 1999). Following similar
arguments as in OWEN (1988), we look for the unique solution of 7,(x) by maximizing
i log{t:(x)} subject to the above constraints via Lagrange multipliers, i.e.

n

G= Zlog{‘c }+K<1—Z, )—n)Zr, X; — x)Kp(x — X;).

i=1

Setting dG/dt(x) = 0, one obtains 1,(x) = 1/{x +nMX;—x)K, (x—X;)}. But, just sum-
ming dG/dt(x) and employing (6), we can see that x = n. Hence,

1(x) = n {1 4+ 4G — x)Kp, (x — X;)} . (7)

Now we show that [A| < O(h,). This is a useful intermediate result in studying the
asymptotic theory of the RNW smoother. Let v; = (X;i—x)K}, (x—X;). Then from (6)
and (7),

n71 Zl)l‘{l + 21),‘}71 =
i=1
Rewriting this

IZ{)U (14 o) — v}
) —u}
IZU +20) 7 = ||

where o1 =n~! >°7_, v;. But notice that

|1+ 20| > (1 + 2] max(joi])) !
Thus continuing,
0= |4(1 + |4C) "2 — [oa],

where 7, = n~! 327 v? and C, denotes the upper bound to v;. Hence,

i=1 Ui

121+ G| A) "3 < 3]
This implies,
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[v1]

)\, <f.
vy — Co|vy]

<

Now, by standard Taylor expansion, it follows easily that
v = Op(l’li), and vy = Op(l’l,,).
Therefore, |A| <O,(h,).

Definition and computation. The RNW smoother looks very much like that of
NW smoother. The only difference is that it involves re-weighting the NW weights
by 1i{x). The role of 7,x) is to adjust the NW weights such that resulting
conditional density estimates resemble that from the LL smoother. We define the
RNW conditional density estimator as follows

fRNW Olx) = ZKh Y- Y)WRNW( ) (8)

where

NI [\ i (%) Ky, (x — X;)
W) = S K - X)

From computational perspective the RNW smoother is easy to implement. To see
that, let’s substitute (7) into (6). Upon doing this, we obtain

_ — 0K, (x —X;)  _
0= Zl-l—A X — x)K;, (x X):W“)'

Now notice that —g(.) is just the gradient with respect to A of

=3 og{ 1+ A(X; — x)Ki, (v — X))
i=1

So a zero of ¢g(.) is a stationary point of L(.). The implication is that, in practice, one
can compute A as the unique minimizer of L(.). Our experience suggests that a line
search algorithm is a suitable choice to compute A. The conditional densities dis-
played in Section 1 are computed via the RNW smoother.

3 Asymptotic behaviour

In this section, our aim is to study the asymptotic properties of the RNW
conditional density estimator fuy;(v[x) under a reasonably weak mixing
condition. In particular, we consider the so-called strong mixing («-mixing). This
mixing condition ensures an asymptotically vanishing memory of the strictly
stationary process. The a-mixing condition (ROSENBLATT, 1956) is satisfied if there
exists a sequence of nonnegative numbers called mixing coefficients (x(k)) such
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that lim ;_, o o(k) =0 and for any 4 in F| = o{(X1, 11),..., (X, ¥,)} and any set
B in F, = o{(Xusks Yasr), - .}, we have |[AANB)-PA)AB)| <o(k).

The a-mixing condition is weaker than many other mixing modes and dependence
conditions, for example, m-dependent, ¢-mixing, absolute regular, and p-mixing.
Further, it is known that o-mixing is fulfilled for many stochastic processes,
including many time series models. For example, under mild assumptions, linear AR
and bilinear time series models are strongly mixing, with mixing coeflicients decaying
exponentially. For more details on mixing conditions, we refer the interested reader
to, for example, RoussAs and IOANNIDES (1987).

Before we state the results of this paper, we first provide a list of regularity
conditions that are useful in asymptotic theory of the RNW smoother. For brevity,
theoretical results will be given for x in the interior of the support of X. All through
this paper C will denote a generic constant.

A.1 The kernel K(.) is a symmetric and bounded probability density function
such that [u[K(u)—0 as |u|— co and Ju’K(u)du< oc.
A2
(1) The marginal density g(x) is continuous and is bounded from below by a
positive constant.
(i1)) The function f{yx) has bounded continuous second order derivative with
respect to x at (x,y).
A.3 The joint conditional density fy, v)x,.x) of (¥1,Y)) given (X;,X)) satisfies, for
all j>1 and all values of arguments involved,

S x)len.x) 01, yilus v) < C < 0.

A4
As n— oo , h,—0 and nhﬁ — 0.
A.S
(i) There exists a sequence of positive integers {d,} such that d,— oo and

d,h? — 0.
(ii) For some constant J, 0<d<1, and a> 9, Z;ilj“oc‘s(j) < 0.
A.6 Assume that there exists a sequence of positive integers, g, such that
Gn—> 00, gy = 0((nhﬁ)l/2), and (n/h%)l/zoc(qn) — 0 as n— oo.

REMARK 1. We provide a sufficient condition for the mixing coefficient «(n) to
satisfy Conditions A.5(ii) and A.6. Suppose that h, = An "> (0<p<1, 4>0),
qn = (nh?/log n)l/2 and a(n) = O(n™") for some 6>0. Note that such choice of a(n)
encompasses a large class of strongly mixing random variables with mixing
coefficients decaying moderately fast. Then Condition A.5(i) is satisfied for
0>(+1)/0 and Condition A.6 is satisfied if 6> (1+ p)/(1-p). Hence, both
conditions are satisfied if
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a(n) =0n"?%, and 0> max{ifﬁ,égl}.

THEOREM 1. Assume that Conditions A.1-A.6 are satisfied and suppose that nhS — ¢
for some ¢ # 0. Then, as n— oo, we have
(i)
fRNW()’|x) —flx) = Bias(fRNW()/'x)) + Op((”hﬁ)_l/z)v
(ii)

A~ ; 2 x
(12" o 1) = £ (412) = Bias iy (1) | B)N<O’kzgg)| )>

Bias(fryy (V%)) = %klhg O (ylx) + O (plx)). )

REMARK 2. From Theorem 1 (i), it may be seen that to the first order, the RNW
smoother enjoys the same convergence rates as the LL smoother of FAN et al.
(1996). However, they employed the p-mixing condition which is stronger than the
o-mixing.

REMARK 3. From Theorem 1 (ii), the asymptotic variance is given as

Ve ; :k2 h2 7lf(y|x>.

ar(frww (v]x)) 3 (nh;) —g(x)
Note that to the first order, fpyy (v]x) matches both the bias and the variance of the
local linear smoother f;; (y|x) (see (4)). Thus, the RNW smoother shares the better
bias behaviour of the LL smoother.

REMARK 4. If one chooses the optimal bandwidth, say /7, such that it minimizes the
asymptotic MSE of fryy (¥]x), it is easy to see that

h, = Bn /¢

where B is a function of some unknowns such as f{y|x). In practice, B may be
replaced by consistent estimates in order to construct a feasible, approximately
optimal bandwidth. Unlike the »n~'° rate familiar from the univariate density
estimation, notice that 4% ~n~'/® as one needs to smooth in both x and y
directions.

REMARK 5. As seen in Remark 4, the optimal bandwidth choice under the MSE
criterion gives A, satisfying nh$ — c. If nhS — 0, the bias will be negligible, the
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168 J. G. De Gooijer and D. Zerom

asymptotic MSE will be dominated by the variance and hence we are not in the
optimal case. So the imposed condition nhS — ¢ allows us to give an asymptotic
normality theorem under optimal conditions of convergence.

4 Concluding remarks

In defining the RN'W smoother, we have used the same bandwidth /4, in both x and
y directions, i.e. hy, = h»,, = h,. As was mentioned, our use of a single bandwidth
is aimed at simplifying the theoretical results of the paper. In practice there may
indeed arise a need to have different levels of smoothing for each direction. For
example, in the eruption-waiting time illustration, it is not advisable to have the
same bandwidth for both variables because they have different levels of variability.
In fact that was the reason for standardizing the variables before using a single
bandwidth for both. If the approach of pre-standardizing the data is found
inadequate, the RNW smoother can easily be re-defined to involve two
bandwidths.

To help appreciate the value-added of the RNW smoother in practical
applications, studying the finite sample size performance of the RNW smoother
using Monte Carlo methods is crucial. This would include the investigation of the
accuracy (in some sense) of the RNW smoother vis-a-vis existing conditional density
smoothers such as the traditional Nadaraya-Watson, the local linear smoother, and
so on. This paper does not go into such empirical comparison, it remains a likely
topic for future investigations.

In conclusion we like to note that HYNDMAN and YAO (2002) also introduced
two alternative kernel smoothers of the conditional density, both aimed at
removing negativity. Apart from the computation of A, which can be done
independently, the RNW smoother is explicitly defined in terms of data
observations. In this sense, our approach is computationally more feasible than
that of HYNDMAN and YAo (2002).

Appendix: Proofs

Throughout the proof we re-denote fxyy (v[x) by 7(y|x). In the course of the proof of
the theorem, we also derive some auxiliary results which are necessary to establish
the theorem.

Proof of the theorem

The first step in the proof is to get an arbitrary good approximation to the value of A.
Recall that [A|<O,(h,). After replacing t,(x) by (7), we Taylor expand (6) about
A = 0. This gives
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_ kg (x)
k3g(x)

where k3 = Ju?’K*(u)du. Now substituting (10) into (7),

+0p(ha) (10)

Ti(x) = n~'bi(x) (1 + 0,(1)) (11)
where

= (1490 e e )

bie) = (14 0 a0

Let m(x,y) = E{K), (y—Y)|X = x}. Also define ¢; = K, (x—X;)—m(X;,y). Using (8) and
(1),

N n_l " i+ m(X;, —f(y|x)]|bi(x X—
)= oty =2 G LB E 0 1)
={(nk2) " P+ )5 {1 +40,(1)} (12)

where

—hnl/ZZb Ve, (x — Xi),
IZ (Xi,») = f1xX)]bi(x)Ky, (x — X;), and

7le Kh X — )

By Condition A.2(ii) and (A.6) as well as the Taylor expansion, J> becomes

Jy = 3kik(x) {f(“> () 4102 <y|x>} + 0, ().

Similar manipulation applied to J; gives J3 = g(x) + 0,(1). Substituting the evaluated
J> and J3, (12) becomes
(082" 761) = 1)~ Bias7040) + 08
=g ' (x)1 +0,(1) (13)

where Bias(f (y|x)) is as defined in (9). Note that since the condition nk$ — ¢ implies
(”hﬁ)l/zop(hz) 0,(1), (13) reduces to

(nhz)m{ (o) = (yIX)—BiaS(f(yIX))] =g~ ()1 +o,(1). (14)

To deal with J;, we evaluate E(J;) and Var(J). Set A; = h,e:b(x)K), (x—X;), then
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Jl = n71/2 zn:A[
i=1

Note that E(A;) = 0. Thus E(J;) = 0. Exploiting stationarity

Var(J,) = E(A}) +2Z( ) (A1A)). (15)

From routine calculations, it follows that E(A?) = g(x)k3f (y[x) 4 0,(1). It remains to
evaluate the second term of (15). For notational convenience, we shall denote this
term by B. We follow the technique by Masry (MASRY, 1986). Namely, define the sets
Si, and S, by

Si={,):je{l,....n}, 1<j—1<d,}
Sy ={(,j):je{l,....n}, dy+1<j—-1<n—1}

where {d,} is as defined in Condition A.5(i). From the above splitting, notice that

_zz( ) (A1A)) +2Z( ) (A1A)). (16)

JESI JES:

Consider the first term on the right-hand side of B (or (16)), i.e.

1 d,
22(1’ >E(A1A,) E(A1A;)]
JESI n Jj=1
dn
S h2, by Lemma 1 (ii) (in the Auxiliary results)
J:1
=Cd,h>=0(1). (17)

The last step follows from Condition A.5(i). For the second term on the right-hand
side of (16), note that

23 (1050 e < T IE@ )
JjES JES

Applying DAvYDOV’s (1970) inequality, we have that

D IEMA)IS Y 820G = DE (IA)EV (|A]")

Jj€SH Jj€S

where s> 1, t>1 and 1/s+ 1/t = 1-6 with ¢ is as defined in Condition A.5(ii). Now
setting s =t =/,
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Y IEAA)I<Y 3G~ DEN (Al

Jj€S Jj€S

<8 Z o’ (j—1)(Ch,)'™°, by Lemma 1 (i) (in the Auxiliary results)
JES>

<Chy0d, Y ().
j=dy
Let’s choose d, such that #d*=0O(h,). Then, using Condition A.5(ii), we have
> jes,lE(AjAp)|=0(1). Observe that under the above choice of d,, the condition
d,,hﬁ —0 is satisfied. Substituting the above evaluated terms into (15), we can see that

Var(Ji1) — g(okyf (V). (18)

Finally, recalling (14),

F0x) = (k) = Bias(f (y1x)) + Op((nh) 2.

This completes the proof of the first part of the theorem.

Denoting Var(J,) by 62(x.y), we now move to the second part of the theorem, i.e. to
show that the left-hand side of (14) is asymptotically normally distributed. To
achieve this, it is sufficient to establish that J; is M0,0%(x,y)) distributed. For the
proof we make use of Doob’s technique (see DoOB, 1953, pp. 228-232) according to
which the sum " | A; is split into large and small blocks. Specifically, we partition
{1,...,n} into 2r,+ 1 subsets with large block of size p, and small block of size g,,. Set

o)
r:
"ot an

where [.] denotes the integer part. Thus, we can write J; as,

n
Ji=n""2Y A = 0TS+ oS3}
i=1

where
Sl,n = Znﬂ S2,n = Zeﬁ S3,n = Wy,

Jj=1 j=1
with

kj+pn71

n; = Z A;, where k;j=(j—1)(pa+qn) +1,
i=k;
lit+qn—1

€ = Z Ah where lj:(]—l)(pn +CIn) +pn+17
i=l;

n

@y, = Z Ai.

i=ry(ptqn)+1

Before continuing with the proof, we first show some consequences of Condition
A.6. This condition implies that there is a sequence of positive constants f3,—0 such that
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Bugn = o((nh*)'/?) and B, (n/h*)'a(g,) — 0. (19)
Now define p, by p, = [(nh*)"?/B,]. Then it follows easily from (19) that as n— oo ,

%/Pn — 0, Pn/” — 0, Pn("h2)71/2 — 0, and (”/Pn)ﬁx(%) — 0.
(20)

Now we exploit Lemma 2. This Lemma tells us that S, and S;, are
asymptotically negligible. Then showing the asymptotic normality of J; reduces to
proving that n_l/leﬂ,, converges to MO0,06°(x,y)). The main idea of the proof is to
approximate n~\/ ZSI,,, by a sum of independent random variables (r.v.’s). For each n,
let z, 1,...,2,, denote independent r.v.’s with the distribution that of

Dn
n71/2171 _ nfl/ZZAj.
Jj=1

Then, the characteristic function (cf.) of Y/ |z, is o (tn’l/ 2), where CI)pn(tn’” %) is
the cf. of n~"/?y,. Notice that 7, is f’“-measurable w1th iy, =(a-1)(p,*+q,)+1 and
Ja=iatp,—1. Let V; = exp(itn;//n), then using Lemma 4,

|E[expl(itn™"/28) )] — @ (tn~'/?)| = |E[exp(itn™'/?5),)] — ﬁE[exp(itn’l/znj)H

<l6roa(g, +1) — 0.

The last step follows from (20), i.e. r,0(q,) < (n/p,)(g,)—0. Therefore, it suffices to
establish that @ (tn‘l/z) converges to the cf. of the M0,5°(x,»)). Equivalently, it
would suffice to show that >7"_| Z, ,, is asymptotically M{0,1), where

I .
Zym = ZnA,m/Sna Si = ZE(Zim) = ;E(’ﬁ)
m=1

Now >, Z,,, will converge to N(0,1) provided that, for every &> 0,

Fn

gn(g) = Z/ xzan.m(x) — 0, asn— oo,
m—1+ [x|>¢

where F, ,(.) is the distribution function of Z,,,. This is the well-known Lindeberg

condition. But, since F,_,(.) is the same for m = 1,...,r,,

7’ .
”5;2 P(m|>ev/ms,) since || <piC,

C’p2 1

\
& ns

By Lemma 3, below, E(i?) — p,a*(x,y). Further, from (20), it is easy to see that
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p,,,,,/n—)l (see the proof of Lemma 2, below). Thus, s — ¢%(x,y) # 0. Again from
(20), p?/n — 0. Therefore, g,(¢)—0. Hence >.""_, Z,,, will converge to A{0,1), or
equivalently Y, z, ,, will converge to MO,5%(x.)). This completes the proof of the
theorem.

Auxiliary results
LEMMA 1. Under the conditions of Theorem 1,

(i) E(A|Y)<Chy;
(i) |E(A1A))|<Ch,.

Proor: (i) Recall that A} = h,e1b1(x)K;, (x—X;). Note that
BUM) =1, [ [ lorbr s, (v = X0)['F (81, 7).
RJR
Now conditioning on X; = u, and using Conditions A.1 and A.2(i), we can see that
E(IA ) < CH. / 1b1 (x)Ko, (x — u)|'du < Chy.
R
(i1) Clearly

E(AlAj):hi/R/R/RAflbl(x)Khn(x_Xl)sj

X b;(x)Kn(x — X)) fix, n x,.7) (1, 01, X5, vy ) dxrdyrd .

Conditioning on (X;,X;) = (u,v) and using Condition A.3,

E(AA )|<Ch2//\slb1 K (x — w)eb; ()i, (x — 0)\fix,.x (1t v)

<Chﬁ</R|bl(x)Khn(xu)|du)2

< Ch2.

LEMMA 2. Under conditions of Theorem 1, n'E(S3,) = o(1) and n™'E(S3,) = o(1).

PrOOF: Here we only prove n~'E(S?,) = o(1). The proof of n'E(S; ;) = o(1) can be
done along the same lines. Observe that
E(S;) ZE )42 > Eer). (21)
1<u<j<r,
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Consider the first term on the right-hand side of (21). In the rest of the proof, the
stationarity property will be repeatedly used. We can see that

T |:1{j+q,,l

iE(ef.):Z > E(A) +2 > E(AmA,-)}
Jj=1

=1 L =g G <m<i<l+qu—1

j= i=(; i=2 n
"n qn i
<3 o) +20, 3 (1= 1) i |
j=1 i=2 n

S

qn
< [an(Af) +2g, Y |E(AIA) |]
Jj=1 i=2

<r,(E@D +o(1)). (22)

The last step follows from applying similar arguments used in deriving the variance
of J;. Now we deal with the second term of (21). When u # &,

Z (€ut)) Z Z Z ZE u(putan)+ou+ DDt +u+7)-
I<u<j<r, u=1 k=1 i=1 j=
But Sil’lCC, W(Pn"‘%)"‘l’n"‘i—(k(l’n"'%) +pn+j)‘ ana
n—pn n
2 > Eae)<2) ] > |E(AA)
1<u<j<ry, i=1 j=i+p,
< Y JE(AA)]
J=14pu
= o(n). (23)

Note that >/

i—14p, [E(A1A;)] = o(1). Now combining (22) and (23),

E(s2,) <n”! (rnqnm%) Fo(l) + o<n>).

But from (19) #,,,/n<q,/(p.+q,). Further, from (20), g,/p,—0. Therefore,
7uq»/n—0. Thus the proof of the lemma is complete.

LemMA 3. Under conditions of Theorem 1,

E(1}) — pac®(x,).

Proor: Recall that n; =370 | A;. Then

© VVS, 2003
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Pn

E(m) =Y E(A)+2 Y E(AA).
=

1<j<m<p,
Proceeding in a similar fashion as in deriving the variance of J;, the lemma follows.

LEMMA 4. (VoLkonskil and RozaNov, 1959) Let Vy,...,Vy be strongly mixing random
variables  with respect to the c-algebras F|',...,F} respectively with

1<11 <j1<i2<...<jL<n, i[+1—j12W>1 and ‘Vj‘glfOV]: 1,...,L.
Then
V.

\E( L ) 1E)
= =1

where a(w) is the strongly mixing coefficient.

<16(L — 1)a(w)
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