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Fig. 6. Two-parameter diagram. Abstract—The method of support vector machines (SVM's) has been de-

veloped for solving classification and static function approximation prob-
) . o lems. In this paper we introduce SVM'’s within the context of recurrent
That is, the system has two symmetric periodic attractors, one of whigkural networks. Instead of Vapnik’s epsilon insensitive loss function, we

is shown in Fig. 2(c). 0 consider aleast squares version related to a cost function with equality con-
In this lemma, we can see an essential function of the ICC thdtaints for a recurrent network. Essential features of SVM’s remain, such

: - - AR Mercer’s condition and the fact that the output weights are a Lagrange
makeg stable dyna_mllcs_ by averaging _tvvp_expandmg maps multiplier weighted sum of the data points. The solution to recurrent least
opposite slopesd/dx)f(#,1) > 1, (d/d¥)f(¥,—1) < —1,and gquares (LS-SVM's) is characterized by a set of nonlinear equations. Due
1/2|(d/dz)f(z,1) + (d/dz)f(z,—1)] < 1forz, < |Z| < 2. toits high computational complexity, we focus on a limited case of assigning
Then Lemma 1 and Lemma 2 guarantee the coexisting phenomettgrsquared error an infinitely large penalty factor with early stopping as a
of chaos synchronization, a periodic attractor, and their symmetfﬂénﬁ:sgggfl";‘égﬁﬁ'g”'J?ﬁeegf;fg'l‘;e;‘;zi Z]Lttrgitﬁfiijr:?ﬁﬂe;’ss iﬁ’g‘u?tns”atw
ones. The parameters’ conditions (8), (10) are satisfied in the shad8d™ y g '

region in Fig. 6. Index Terms—Dbouble scroll, radial basis functions, recurrent neural net-
works, support vector machines.

Ill. CONCLUSION

Using the ICC, we have considered a simple coupling system of two |. INTRODUCTION

nonautonomous chaotic circuits. The ICC changes the two chaotic atRecently, support vector machines (SVM’s) have been introduced as
tractors into a coexisting state of chaos synchronization, a periodic atnew method for solving classification and function estimation prob-
tractor and their symmetric ones. The coexisting phenomenon is guains with many successful applications [24]-[27]. SVM’s are based on
anteed theoretically and is demonstrated in the laboratory. Now ‘e structural risk minimization principle. The quality and complexity
are extending the ICC system to a coupled system of a large numbgthe SVM solution does not depend directly on the dimensionality
of chaotic circuits and are analyzing their various synchronous phg-the input space. The derivation of SVM's is based on constructing
nomena. It may be developed into a novel artificial neural network. an optimal separating hyperplane after nonlinearly mapping the input
space into a higher dimensional space. The explicit construction of this
REFERENCES mapping is avoided by the application of Mercer’s condition. Kernels
[1] H. Torikai and T. Saito, “Occasional linear connection for synchroniza{[-hf'jlt satlsf_y this cor_wdltlon _and Car_] be employed_for SVM's are polyng-
tion of chaos, 1EEE Trans. Circuits Syst, ol. 43, pp. 374-385, May Mials, splines, radial basis functions, and multilayer perceptrons with
1996. one hidden layer. For classification problems the parameters which are
[2] —— "Synchronization of chaos and its itinerancy from a network bye|ated to these kernel functions are chosen so as to minimize an upper
occasional linear connectionEEE Trans. Circuits Syst, bol. 45, pP. g on the Vapnik—-Chervonenkis (VC) dimension of the SVM. The
3] 31.64;.—4:{70254\6%.,;”9(19£;. V. M. Herz, “Rapid local synchronization oftraining of SVM’s with Vapnik's epsilon insensitive loss function is

action potentials: Toward computation with coupled integrate-and-fidone by quadratic programming. The number of hidden units in the
neurons,”Proc. Nat. Acad. Sci. USAol. 92, pp. 6655-6662, 1995.

[4] J. F. Heagy, L. M. Pecora, and T. L. Caroll, “Short wavelength bifur-
cations and size instabilities in coupled oscillator systerRbys. Rev. Manuscript received November 11, 1998; revised December 1, 1999 and Jan-

Lett, vol. 74, no. 21, pp. 4185-4188, 1995. uary 14, 2000. This work was carried out at the ESAT Laboratory and the In-
[5] M. P. Kennedy, “Communication with chaos: State of the art and endierdisciplinary Center of Neural Networks ICNN of the Katholieke Universiteit
neering challenges,” iRroc. NDES 1996, pp. 1-8. Leuven, in the framework of the FWO Project G.0262.97 Learning and Opti-

[6] H. Nijmeijer, I. Blekhman, A. Fradkov, and A. Pogromsky, “Self-syn-mization: an Interdisciplinary Approach, the Belgian Programme on Interuni-
chronization and controlled synchronization,”"Rnoc.COG St. Peters- versity Poles of Attraction, initiated by the Belgian State, Prime Minister’s Of-
burg, FL, 1997, pp. 36—41. fice for Science, Technology, and Culture (IUAP P4-02 and IUAP P4-24) and

[7] M. G. Rosenblum, A. S. Pikovsky, and J. Kurths, “Phase synchronizéhe Concerted Action Project Model-Based Information Processing Systems
tion of chaotic oscillators,’Phys. Rev. Lettvol. 76, pp. 1804-1807, (MIPS) of the Flemish Community. Johan Suykens is a Postdoctoral Researcher
1996. with the National Fund for Scientific research FWO-Flanders. This paper was

[8] E. Ottand J. C. Sommerer, “Blowout bifurcation: The occurence of ridcecommended by Associate Editor J. M. Zurada.
dled basins and on-off intermittencyhys. Lett., Avol. 188, pp. 39-47, The authors are with the Department of Electrical Engineering, ESAT-SISTA,
1994. Katholieke Universiteit Leuven, B-3001 Leuven (Heverlee), Belgium (e-mail:

[9] T. Stojanovski, L. Kocarev, and U. Parliz, “Driving and synchronizingohan.suykens@esat.kuleuven.ac.be).
by chaotic impulses,Phys. Rev. Evol. 54, no. 2, pp. 2128-2131, 1996. Publisher ltem Identifier S 1057-7122(00)05504-5.

1057-7122/00$10.00 © 2000 IEEE



1110 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: FUNDAMENTAL THEORY AND APPLICATIONS, VOL. 47, NO. 7, JULY 2000

SVM is determined by the number of support vector data, which cor-Let us consider first the regression in the set of linear functions
responds to the number of nonzero coefficients in the solution vector .

to the QP problem. A least squares version of SVM's for function es- FX)=wW'x+8 1)
timation and classification has been investigated in [14] and [23]. The . , M )
training is done then by solving a set of linear equations. On the ot yen tra'n'ng’data{,;h’yi}i:} where M denotes the number of
hand, sparseness is lost in the least squares version. training data,\X; € R™ are the input datay; € R are the output data,

In this paper we introduce a recurrent neural network version of Iefﬁdwte R_ B € tlﬁ‘ O”g'.n‘.”l”%’ n l:he support vector method one
squares SVM’s (LS-SVM's). We investigate a class of nonlinear outpﬁFnS at minimizing the empiricat ris

error models for the autonomous case. In time-series prediction appli- 1M 5
cations the difference between feedforward and recurrent is crucial, es- Remp( W, B) = i Z Vi = wha, - B|. 2
pecially concerning chaotic systems [9], [20], [29]. Often the model is =

trained as a feedforward network (one step ahead predictor). On gh

. . . . . u%ject to elements of a structut®,, defined by the inequality
othgr hand_ln or_d_er to make a further contlnuatlon_ of the given _t' "W < ¢,.. The loss function employs Vapnikisinsensitive model
series, the identified feedforward model has to be iterated, i.e., it has

to be used as a recurrent network for prediction. Due to the sensitivity ()| = 0, if | Vi —F(X)|<e
of chaotic systems for small perturbations, replacing the feedforward Yi— F (X))l = | Vi — F(X;)| — e, otherwise.
model by its recurrent version (replacing the true signal values by the 3)

estimated ones as input of the network) may result into large devia-
tions. In this paper we consider the problem of trajectory learning @he function estimation problem is formulated then as
the double scroll attractor [4], [5], [10] by recurrent neural networks

which are parametrized by SVM’s. In [21] a simple recurrent neural min TV, €) = EWTW T ig n ig
state space model has been trained for the double scroll. It has been ws.exe” " 7> 7> 7 2 ’ — ‘ — '
observed that by using classical dynamic backpropagation [11], [12] B h (4)

this is a difficult task [21].
For the recurrent LS-SVM's essential features of SVM’s, such &sibject to the constraints
Mercer’s condition and the fact that the output weights are a Lagrange

multiplier weighted sum of the data points, are still applicable. The Yi—W! '}/i —B<etg, i=1....M
solution to recurrent LS-SVM's is characterized by a set of nonlinear ViAW X 4+ B<et+ &, i=1,.... M
equations. Because of the considered least squares norm there seems to & >0, i=1....M
be some similarity at first sight with Widrow’s adaline [9], [29]. How- & >0, t=1,....M

ever, recurrent LS-SVM’s and Widrow's adaline are fundamentally dif- . . . "
ferent, e.g., due to the recurrent versus feedforward architecture,vtyg-er?& ”_&' are slack variables andis a positive real constant. The
spectively, with corresponding implications for the training procedurgpluuon is given by

The training problem for recurrent LS-SVM’s is formulated as M
a nonconvex constrained nonlinear optimization problem in the W= Z(aj — ;)X (5)
error variables and the Lagrange multipliers. The computational i=1
cost of the training process is relatively expensive. Due to this hi
computational complexity, we focus on a limited case of assigni
the squared error an infinitely large penalty factor with early stoppi
as a form of regularization. A sequential quadratic programming [
training process is behaving well for this problem. For the example
trajectory learning of the double scroll attractor, recurrent LS-SVM
with a radial basis function (RBF) kernel yield a good generalization 1 M M
performance. Due to the study of the limited case, early stopping has  Je,(W,£", &) = 5WTW +7 {Z(f?)p + Z(&)p} (6)
to be applied which is equivalent to a form of regularization [1], [16]. - i=1 i=1
The overfitting phenomenon can be detected on the training data it%”ereya = 1 corresponds to (4).

by taking the first given d_ata points in time as the initial state for the The work in this paper is related to a least squares version of SVM's.
recurrent LS-SVM, while in the case of standard feedforward modetgyis version has been investigated in [14] for function estimation and in

early stopping is usually based upon a test data set. Finally, part of {58 oy classification problems. For function estimation it corresponds
SVM theory that is related to upper bounds on the generalization erfgripe following form of ridge regression

is not applicable because the input vectors to the recurrent architecture

rhereaf, «; are obtained by solving a quadratic program and are the
r?_(%Igrange multipliers related to the first and second set of constraints.
e data points corresponding to nonzero valuesdér— «;) in (5)
e called support vectors. Typically, many of these values are equal to
% ro. Another loss function which has been investigated is

are not independent of each other. ) 1 e 1 X N
This paper is organized as follows. In Section Il we review work on i, Jus(W, B, §) = W W3 Z & (7)
classical SVM'’s and LS-SVM'’s. In Section lll, recurrent LS-SVM’s =1

are introduced. In Section IV, recurrent LS-SVM'’s with an RBF kerngjupject to the equality constraints
are applied to trajectory learning of the double scroll attractor.
Vi=WIXi+B+¢, i=1,...,M.

One defines the Lagrangian
Il. SUPPORTVECTORMACHINES AND FUNCTION ESTIMATION

Lrs(W,B, & a) = s, B,
Here we review basic ideas of the support vector method of static s(W. B, & o) JLL( - 5,8)
function estimation and LS-SVM's. For detailed information about _ Z‘” (WT‘% FBA4E— yi) ®)
SVM's we refer to [3], [6], [15], [17]-[19], and [24]-[27].

=1
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whereqw; are Lagrange multipliers (which can be either positive or negaput/output models [9], [20], [29], nonlinear output error (NOE)
ative due to the equality constraints as follows from the Kuhn—Tuckerodels [16], or parallel models [11]. These are opposed to
conditions [7]). The conditions for optimality

" G = F(Yh—12Yk—2+ -+ s Yh—pr Uk—1, Uk—24 -+, Uk—p) (16)

dLrs 0= W= Za_ Y.
ow = v which are called feedforward models, NARX models or series-parallel
9L« M models. Models of this form can be trained by means of the standard
E)L’i’b =0— Zo“ =0 . SVM methods discussed in Section Il. The parametrizatiorf bfy
i=1 ©) SVM's is static because there is no recursion in the variable
Lrs _ 0= a; = véi, i=1.....M Without loss of generality concerning the methods, we will further
E)?/:& o - discuss the autonomous case of the recurrent model (15)
P =0 WX+ B+E-Yi=0, i=1....M
i Gk = f(Uh—1>Tk—25 -+ s Ghmp)- 7
can be written immediately as the solution to the following set of linear
equations: We take the following parametrization:
I 0 0 -X w 0 Uk—1
0 0 0 -7 | B 0 . Jr—2
0 0 ~I | —I el o (10) =y : +o (18)
(l)T T I | 0 (€4 )’ yk—p
whereX = [Xi... XY = Di;...;Vul. T = [1;...:1], ¢ = Weexpressthis modelinterms of the given data and the error variables:
[15...1&m], @ = [aa; ... aar]. The solution is finally given by -
Yy —exr =W P(p_1k—p — Ek—1|k—p) + D (19)
0| i B 0
T ‘ XTX +~47'T {;} N {5} (A1) whereex =y — s, Tp1)kp = [Ur—13Yr—25.. . iYr—p],
7 Ek—1|k—p = [€k—1j€k_2}...; ex_p] by definition. The nonlinear

with W = 3. 0, Xi, & = a./~. The support values; are propor- mapping(+) : R’ — R"% Wi|! be related to Mercer’s cgndition.
tional now to the errors at the data points (9). The output weight vector and bias term are denoted by R * and _

So far we explained the linear case. SVM's with polynomialé’, e R. Regurrent neural ne_tworks (15) and (18)_are classmal!y trained
splines, radial basis function networks, or multilayer perceptro dynamic backpropagatlon or b_ackpropagatlon through time [11],
as kernels are obtained after mapping the input data into a hig ]e?] [28]. The goal of this Section is to develop an SVM approach for
dimensional space by(X;), whereg(-) : R™ — R"*. The number the recurrent model. .
np, does not have to be specified because of the application of Mercer’é’ve formulate the training of the network (19) as
condition, which means that

N+p
. 1 7 1 2
o , , min J(w,b,e) = Zw' w4+ = er (20)
K(X;, X;) = (,:((’L'i)TL,?(()L'J’) (12) w,b,e 2 2 kgl

can be imposed for these kernels. For LS-SVM’s the nonlinear functignbject to the equality constraints
can then be represented as
" Yo — ek =W P(Th_1)hep — Ekmt | kp) + by

yi:ZOL’jK(f LX)+ B (13) k=p+1,....,.N+p. (21)
J=1
We define the Lagrangian
where the parameters;, 53 follow from (11) after replacingt,” X; by

K(X;, X;). For RBF kernels one has L(w, b, e; x)
N+p
K (X;, X)) = exp(—v|| 4 — A13) (14) =TJ(w.be)+ > arey
k=p+1

wherev is a positive real constant. The number of hidden units in
the LS-SVM is equal to the number of data points, while in standard
SVM's this is equal to the number of support vectors. In other word
sparseness is lost in the LS-SVM case.

% [’yk —en—w! p(ep 1k p—Ek1lkp) — l’] - (22)

The conditions for optimality are given by (23) at the bottom of the

next page. By replacing into the last two conditions and applying

Mercer’s condition by lettingt; in (1) correspond tay_;|x—, =

Ill. RECURRENTLEAST SQUARESSVM’'sS - _
Tpet | k—p — Chm1 |k—p

Given a deterministic nonlinear dynamical system with inpute

R and outputy,. € R, we consider nonlinear models of the form K (2hmt | hmps 211 1=p) = 92kt [hmp) (2= 11p)  (24)

G = F(Gr—1, Gk—2s s Gl—p, Ukt , Ufp—2, - - o, U—p) (15) one obtains the following conditions for optimality in (25) at the bottom
of the next page. Hence, (23) which is of the foffn(w, b, e, a) = 0
whereg, denotes the estimated output afids a smooth nonlinear has been represented Bs(b, ¢, «) = 0 in (25) by elimination ofw.
mapping. Depending on the field, such models are called recurrdrtis is similar to the elimination of; in (11) for the static SVM case
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wherew itself is never explicitly calculated. Furthermore, the Mercer No centers have to be determined in SVM models, in contrast with

condition (24) is implicitly defining the nonlinear mapping-).

most of the classical RBF approaches [2], [13], [15]. For the recurrent

Finding a solution to (25) is computationally very expensive. Ther&VM case the parameter estimation problem becomes nonconvex. The

fore, we further consider the case— oo which corresponds to

N+p

> (26)

k=p+1

min —
a,e,b

constrained nonlinear optimization problem (26), (27) can be solved,
e.g,. by sequential quadratic programming (SQP) [7]. For large data
sets special methods for large scale nonlinear optimization have to be
applied. Because the results are based on the limitg¢aseoc and,

hence, partially neglecting the regularization teriy2)w” w in (26)
subject to (27) at the bottom of the page. At this point it is important fghe form of the solution is still derived by taking into account a regu-
note that the vectors depend on the error variablesHence, the cost larization term based upon (20)) there is a danger for overfitting. There-
function is subject to a set of nonlinear constraints iHence, although fore, instead of minimizing the cost function to its local minimum one
(26) and (27) might seem similar to Widrow's adaline at first sightias to apply early stopping, which is equivalent to a form of regular-
due to the least squares norm, the recurrent LS-SVM is fundamentaiigtion [1], [3], [16]. In standard SVM theory, which is applicable to
different. feedforward models, the parametein (29) could be determined by
The resulting recurrent simulation model is given by minimizing upper bounds on the generalization error. However, this
theory does not apply to the recurrent SVM case because the input ar-

Yk—1 guments: of K'(-, -) are notindependent of each other. Hemcghould
P Ni) o | - Y2 b (28) be either chosen as part of the unknown parameter vector for the opti-
Ye = e el R L A mization (26), (27) or ad hoc.
= :
/o
g IV. EXAMPLE: DOUBLE SCROLL TRAJECTORYLEARNING
with given initial conditiong; = y; fori = 1,2,...,p. For RBF

kernels one employs In this example we consider Chua’s circuit [4], [5], [10]

K (21 k—p> 211 1—p) = exp (= [|26_1 | s—p = Z1—1 [1-p]13)
(29) T =aly — h(z)]
j=r—y+z (30)
wherev is a positive real constant. = -8y
N+p
oL
i Z Ok p@P(Th—1 | kep — Ekm1 [k—p) = 0
k=p+1
N+p
w2
— = Qf—p = 0
b k=p+1 (23)
oL a o . r
6717 = vex — Qg—p — ;leprrz‘ 78&:—71 ['LU P(ib’k—l [kep — Erry U“—P)] =0, k=p+1,....N
oL P
=yp — e — w! @(@p—11k—p — Ex—11k—p) — b =0, k=p+1,....,N +p.
dag—p
N+p
k=p+1
P 9 N+p
Yek — Og—p — Zak_l)-“m Z a/z_p[x'(zk,l‘k,p,zi,l‘!,p) = 0, k :p—l— 17...7[\'T (25)
=1 I=p+1
N+p
Yp — ek — Z a1 p K (211 | k—p» 21-1 |1—p) — D =0, k=p+1,....,N+p.
l=p+1
N+p
Yk — Ck = Z (}'rlfpl\r(zl—l | l—p» Zh—1| k—p) + ba k= P+ 1,... » N+ P
I=p+1
N+p (27)

Z ar—p, =0.

k=p+1
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25 1 ! ! ! !
0 100 200 300 400 500 600 700

Fig. 1. Trajectory learning of the double scroll (full line) by an LS-SVM with an RBF kernel. The simulation result after training (dashedne) 800 data
points is shown with as initial condition data poirits= 1 to 12. For the model structure = 12 andr = 1 is taken. Early stopping is done in order to avoid
overfitting.

25

with piecewise linear characteristic
1,
h(x) =mix+ §(mo —my)(|x + 1] — |= = 1)). (31)

A double scroll attractor is generated by taking= 9, 3 = 14.286, 1

mo = —1/7, my = 2/7. A trajectory has been generated for ini- |
tial condition[0.1; 0; —0.1] by using a Runge—Kutta integration rule °°
(ode23 in Matlab). 0 ]

In Fig. 1 the first NV = 300 data points were used for trajectory
learning of the double scroll by a recurrent SVM with an RBF kernel -%5
For the model structurge = 12 has been taken and = 1 for the ~
RBF kernel. In order to solve the constrained nonlinear optimizatiol
problem (26), (27), SQP has been applied (constr <AU: COMPLETI-15
WORD? >in Matlab with a specification of the number of equality con-
straints). The model (28) has been simulated in C by using Matlab® ™[
cmex facility. In all simulations, for the initial unknown parameter _, ¢ . . s s .
vectoray,, ex have been chosen randomly according to a Gaussiandi  ° o 200 oo 500 800 700
tribution with zero mean and standard deviation 0.1 &nd 0. Al-
though no further optimization of the model structure has been doffég. 2. Overfitting of the data obtained by taking the result of Fig. 1 as initial
it has been observed that small valueg dfhat are chosen in accor- parameter vector for a further optimization to the local minimum.
dance with Takens’ embedding theorem) are slowing down the training
process. The value ofin (29) has to be chosen relative to the scalingxample. The resulting recurrent SVM is generalizing to a double scroll
of the data set. In Fig. 1 the simulation result after training is shovattractor, also for small perturbations on the initial state. Fig. 2 shows
in dashed line based on (28), (29) with as initial condition data poinasfurther optimization to the local minimum with the result of Fig. 1 as
k = 1to 12. Early stopping has been decided based upon the given initial parameter vector, which leads to overfitting. The overfitting
training data (not on an additional test set, as is usual for feedforwandenomenon can be detected on the training data itself as illustrated
models) by evaluating the cost function in (26) for the simulation olen Fig. 2. Finally, note that for the recurrent SVM’s it is important to
tained from (28) withp = 12 andN' = 300 for the given initial state. simulate the form (28) because when solving the constrained nonlinear
Early stopping was applied at the moment when this performance indgptimization problem (26), (27) the constraints will usually not hold
degraded, which occurred after about 400 iteration steps of SQP for tli@ctly, but with a certain tolerance. For chaotic systems such small
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perturbation could cause significant differences between the solutioft9] A. Smola, “Learning with kernels,” Ph.D. thesis, GMD, Birlinghoven,
vector to (26), (27) and the recurrent simulation model (28).

(20]

V. CONCLUSION

In this paper we introduced recurrent LS-SVM's, in addition to ex-

isting SVM solutions for classification and static nonlinear function es-[2z
timation problems. Some essential features of SVM's such as Mercer’s

condition and the fact that the output weights are a Lagrange multipliel23]
weighted sum of the data points, are still applicable. For computation E

reasons we focused on the limit case of assigning the squared err
an infinitely large penalty factor. The training has been formulated ag25] ——, Statistical Learning Theory New York: Wiley, 1998.

a nonconvex constrained nonlinear optimization problem in the errof26]

variables and the Lagrange multipliers. Training recurrent neural net-
works by dynamic backpropagation to follow trajectories of chaotic

systems is well known to be a difficult problem. By trajectory learning [27]

of a double scroll we illustrated that recurrent LS-SVM'’s can gener-
alize well, even on relatively small given training data sets. For large

data sets, efficient methods for large scale constrained nonlinear 0}52-8]
timization have to be used. The work of recurrent SVM'’s opens ne 29
perspectives with respect to time-series prediction and nonlinear mod-

eling in general.
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