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1 Introduction

Throughout this paper all rings are commutative with identity element and all modules are unital.

Setup and Notation: Let R be a ring, and let M be an R-module.
As usual we use pdg(M), idr(M), and fdr(M) to denote, respectively, the classical projective,
injective and flat dimensions of M. And we use Gpdy (M), Gidr(M), and Gfdr(M) to denote,
respectively, the Gorenstein projective, injective and flat dimensions of M. gldim(R) and wdim(R)
are, respectively, the classical global and weak dimensions of R.

The history of Gorenstein homological dimensions starts in the sixties, when Auslander and
Bridger introduced the Gorenstein dimension (G-dimension for short), for finitely generated modules
over commutative Noetherian rings [2, 3]. From The reason behind this name (i.e., Gorenstein
dimension) is that a commutative local Noetherian ring is Gorenstein (i.e., with finite self-injective
dimension) if, and only if, every finitely generated module has finite Gorenstein dimension.

Several decades later, Enochs et al. [15, 16, 19] defined the Gorenstein projective dimension
as an extension of the G-dimension to modules that are not necessarily finitely generated, and
the Gorenstein injective dimension as a dual notion of the Gorenstein projective dimension. To
complete the analogy with the classical homological dimension, Enochs et al. [18] introduced the
Gorenstein flat dimension.

The principal importance of this three dimensions is that they are refinements of the classical
homological dimensions (see [23, Proposition 2.27] and [6, page 13]), in the sense that, for a ring R
and every R-module M:

1. Gpdgr(M) < pdg(M) with equality when pdg(M) is finite.
2. Gidr(M) < idr(M) with equality when idr(M) is finite.
3. If R is coherent, then Gfdgr(M) < fdr(M) with equality when fdr (M) is finite.

In the last years, the Gorenstein homological dimensions have become a vigorously active area of
research (see [10]* for more details). In 2004, Holm [23] generalized several results which already
obtained over Noetherian rings (see also [11]). Then, the notion of the Gorenstein dimensions
witnessing a new phase, and becomes a recent active area of research.

In this paper, we study the Gorenstein dimensions of arbitrary rings, which are canonically de-
fined, for any ring R, as follows:

1. The Gorenstein projective dimension of R is:

GPD(R) = sup{Gpdz (M) | M R—module}
2. The Gorenstein injective dimension of R is:

GID(R) = sup{Gidr (M) | M R—module}
3. The Gorenstein flat dimension of R is:

GFD(R) = sup{Gfdr (M) | M R—module}

*In [10] Christensen forgot some details in few results. For the correction, see errata on the Christensen’s
homepage:

http://www.math.unl.edu/~1christensen3/publications.html
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The majority of researches done in Gorenstein homological dimensions are influenced and based
on ones existed in the classical homological dimensions, and proved that there is a strong similarity
between them. In this direction it is natural to ask to what extent the results existed in the theory
of classical homological dimensions of rings can hold in the Gorenstein homological dimensions.
Then we ask the first question:

Question A: For any ring R, does the Gorenstein projective dimension of R agrees with its
Gorenstein injective dimension ?

Over Noetherian rings, we have already an affirmative answer to this question (see Corollary 2.3).
In Section 3, we generalize this result, such that we obtain an affirmative answer to Question A, that
is, the Gorenstein projective and injective dimensions of any ring R coincide, GPD(R) = GID(R)
(Theorem 3.2). So, according to the terminology of the classical theory of homological dimensions
of rings, this common value of GPD(R) and GID(R) will be called Gorenstein global dimension of
R, and denoted by G —gldim(R).

In Section 4, we investigate the Gorenstein flat dimension of rings. Following the same pattern
as in the Gorenstein projective and injective dimensions of rings, we ask two questions:

Question B: For any ring R, do we have inequality GFD(R) < G—gldim(R) ?

Over a Noetherian ring R, we have already equality GFD(R) = G—gldim(R) (see Corollary 2.3).
Over a general ring R, there is inequality GFD(R) < G—gldim(R) (Theorem 4.2), this gives an
affirmative answer to Question B. Then, the Gorenstein flat dimension of a ring R will be called
Gorenstein weak dimension of R, and denoted by G —wdim(R).

Question C: If R is a perfect ring, do we have equality G—wdim(R) = G—gldim(R) ?
We shall see this holds over rings of finite Gorenstein global dimension (Proposition 4.9).

Also, in the same section, we give a characterization of the Gorenstein weak dimension of coherent
rings (Theorem 4.11). We will see that this deals with the notion of n-FC rings (see Definition 2.4),
which is introduced in [9] to generalize the characterization of Gorenstein flat modules over Goren-
stein rings (see Definition 2.4 and Theorem 2.5). This characterization gives a partial affirmative
answer to each of the two following questions:

1. Foxby’s Conjecture: For any ring R, if Gfdr(M) is finite, then Gfdr(M) = Rfdr(M).
Recall, the large restricted flat dimension [12], Rfdr (M), of an R-module M, is defined by:

Rfdg(M) = sup{i > 0|3L € F(R): Tor;(L, M) # 0}

such that F(R) is the class of all R-modules of finite flat dimension.

2. Asin the classical case, have we, for any ring R, the equivalence: an R-module M is Gorenstein
flat if, and only if, Mp is Gorenstein flat Rp-module for any prime ideal P of R 7

Finally, we conclude this paper with a brief discussion of the scopes and limits of our results (see
Section 5).

Before starting, we give, in the next section, some definitions and results to complete the overview
of our topic and to use later.
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2 Preliminaries

The Gorenstein projective, injective, and flat dimensions of modules are defined in terms of res-
olutions by Gorenstein projective, injective, and flat modules, respectively, which are defined as
follows:

Definition 2.1 ([23])
1. An R-module M is said to be Gorenstein projective (G-projective for short), if there exists an
exact sequence of projective modules

P=...»P 5P —-P - pP ...

such that M = Im(Py — P°) and such that Hompg(—, Q) leaves the sequence P ezact whenever
Q is a projective module.
The exact sequence P is called a complete projective resolution.

2. The Gorenstein injective (G-injective for short) modules are defined dually.
3. An R-module M is said to be Gorenstein flat (G-flat for short), if there exists an exact
sequence of flat modules

F= .« .- F -F—>F S F'—...

such that M = Im(Fy — F°) and such that — ® I leaves the sequence F exact whenever I is
an injective module.
The exact sequence F is called a complete flat resolution.

Recall that a ring R is said to be n-Gorenstein, for a positive integer n, if it is Noetherian with
self-injective dimension less or equal than n (i.e., idg(R) < n) [24]. And R is said to be Gorenstein,
if it is n-Gorenstein for some positive integer n. The Gorenstein dimensions were extensively studied
over Gorenstein rings (see for example [17, Theorems 11.2.5, 11.5.7, and 11.7.5]). They are specially
used to characterize the n-Gorenstein rings, as follows:

Theorem 2.2 ([17], Theorem 12.3.1) If R is a Noetherian ring, then, for a positive integer n,
the following are equivalent:

1. R is n-Gorenstein;

2. Gpdg(M) <n for all R-modules M ;

3. Gidr(M) < n for all R-modules M ;

4. Gfdr(M) <n for all R-modules M.

This may be rewrited using the Gorenstein dimensions of rings (see page 2) as follows:
Corollary 2.3 For any Noetherian ring R, there is equalities:
GID(R) = GPD(R) = GFD(R).

Such that, for a positive integer n, this common value is less or equal than n if, and only if, R is
n-Gorenstein.

The n-FC rings (Definition 2.4 (2) below) are introduced in [9] to generalize the characterization
of Gorenstein flat modules over Gorenstein rings.
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Definitions 2.4 ([9], [22] and [28]) Let R be a ring, and let M be an R-module.

1. We say that M has FP-injective (or pure) dimension at most n (for some n > 0), denoted
by FP-idr(M) < n, if and only if, Exts™ (P, M) = 0 for all finitely presented R-modules P.
The modules of FP-injective dimension 0 are called FP-injective (or absolutely pure) modules.

2. A ring R is said to be n-FC (for some n > 0), if it is coherent and it has self-FP-injective
dimension at most n (i.e., FP-idr(R) < n).

Obviously, over Noetherian rings, the FP-injective dimension coincide with the usual injective
dimension. Then, the Noetherian n-FC rings are same the n-Gorenstein rings. From this fact, the
following theorem is a generalization of Theorem 2.2.

Theorem 2.5 ([9], Theorem 7) A coherent ring R is n-FC' if, and only if, GIdr (M) < n for all
R-modules M (i.e., GFD(R) < n).

3 Gorenstein global dimension of rings

We give in this section a detailed treatment of the Gorenstein projective and injective dimensions
of rings, which are canonically defined as follows:
Definition 3.1 For any ring R,

1. The Gorenstein projective dimension of R is: GPD(R) = sup{Gpdr(M)| M R—module}.

2. The Gorenstein injective dimension of R is: GID(R) = sup{Gidr(M) | M R—module}.

As shown in Corollary 2.3, we have GPD(R) = GID(R) for any Noetherian ring R. Our main

result in this section is to prove this equality holds over arbitrary rings. Namely, this is an extension
of the well-known result [27, Theorem 9.10], that is, the global dimension of a ring R is precisely the

common value of the two equal quantities: PD(R) = sup{pdg(M)| M R—module} and ID(R) =
sup{idgr (M) | M R—module}.

Theorem 3.2 For any ring R, GPD(R) = GID(R).

The proof would use the following results:

We need the following (functorial) characterization of the Gorenstein projective dimension of rings.
Lemma 3.3 Let R be a ring. If R has finite Gorenstein projective dimension, then, for a positive
integer n, the following are equivalent:
1. GPD(R) < n;
2. Gpdg(M) <mn for all finitely generated R-modules M ;
3. Gpdgr(R/I) < n for all ideals I of R;
4. Exth (M, P') = 0 for all i > n, all (finitely generated) R-modules M, and all R-modules P’
with finite pdp(P’) (i.e., idr(P’) < n for all R-modules P’ with finite pdg (P’));
5. Extiz (M, P) = 0 for all i > n, all (finitely generated) R-modules M, and all projective R-
modules P (i.e., idr(P) < n for all projective R-modules P ).

Proof. All no obvious implications follow immediately from [23, Theorem 2.20], [27, Theorem 9.8],
and [27, Lemma 9.11]. [ ]
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A dual argument of the proof of Lemma 3.3 gives the following (functorial) characterization of
the Gorenstein injective dimension of rings.

Lemma 3.4 Let R be a ring. If R has finite Gorenstein injective dimension, then, for a positive
integer n, the following are equivalent:

1. GID(R) < n;

2. Exth(I',M) = 0 for all i > n, all R-modules M, and all R-modules I' with finite idr(I')
(i.e., pdg (I') < n for all R-modules I with finite idr (I")).

3. Extiz(I, M) = 0 for alli > n, all R-modules M, and all injective R-modules I (i.e., pdg (I) < n
for all injective R-modules I).

Lemma 3.5 Let R be a ring.
1. If GPD(R) < n, then pdg(E) < n for every R-module E with finite idr(E).
2. If GID(R) < n, then idr(P) < n for every R-module P with finite pdg(E).

Proof. It suffices to prove the first assertion. The second has a dual argument.
We prove by induction on idg(E).

First, assume E to be an injective R-module. We have Gpd(E) < n (since GPD(R) < n). The case
where Gpd(E) = 0 is easy. Then, we may assume that 0 < Gpd(E) < n. Thus, from [23, Theorem
2.10], there exists a short exact sequence

(F1) 0—P—G—FE—0

where G is Gorenstein projective and pdg(P) < n — 1.
Applying the functor Homg(Go, —) to (F1), where Go is a Gorenstein projective R-module, we get
the long exact sequence:

- — Ext(Go, P) — Ext(Go, G) — Ext(Go, E) — - --

Since Ext(Go, F) = 0 (since F is injective), and Ext(Go, P) = 0 (from [23, Theorem 2.20] and since
P is projective), Ext(Go,G) =0 ().
On the other hand, since G is Gorenstein projective, there exists (by Definition 2.1 (1)) a short
exact sequence

(F2) 0—G—Q—G —0

where @ is projective and G’ is Gorenstein projective.

By the equality (%) above, Ext(G’, G) = 0, hence the sequence (F%) is split. Then, G is projective
as a direct summand of the projective module Q.

Finally, the standard inequality [8, §8, N°1, Corollary 2 (b)] applied to (Fi) gives pdgr(E) =
pdg(P)+1 < n, as desired.

Now, assume that idg(E) =m > 0.
Pick a short exact sequence:

0—F—I—L—0
where I is an injective R-module, and id(L) = m — 1.

By induction, pd(I) < n and pd(L) < n. Then, from also [8, §8, N°1, Corollary 2 (c)], we have
pd(E) < sup{pd(I),pd(L) — 1} < n. Thus, the proof is complete. ]
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Lemma 3.6 For any short exact sequence of modules 0 — A — B — C — 0, we have the
inequality:
Gid(C) < sup{Gid(B), Gid(A4) — 1}

Proof. Using the dual version of Horseshoe’s lemma (see the remark below [27, Lemma 6.20]), the
argument is essentially dual to the proof of [10, Corollary 1.2.9 (a)]. [ ]

Also, we need the notion of strongly Gorenstein projective and injective modules, which are
defined as follows:

Definition 3.7 ([6], Definition 2.1) If we consider all projective (resp., injective) modules and
homomorphisms of the complete projective (resp., injective) resolution of Definition 2.1 are the
same, M will be called strongly Gorenstein projective (resp., injective) module.

The principal role of these modules is to characterize the Gorenstein projective and injective
modules, as follows:

Theorem 3.8 ([6], Theorems 2.7) A module is Gorenstein projective if, and only if, it is a direct
summand of a strongly Gorenstein projective module.

Each of the strongly Gorenstein projective and injective module has simple characterizations [6,
Proposition 2.9]. These characterizations may be modified as follows (we set only the character-
ization of a strongly Gorenstein projective module, and, from [6, remarks 2.10 (2)], a strongly
Gorenstein injective module has a dual characterization):

Proposition 3.9 A module M is strongly Gorenstein projective if, and only if, there exists a short
exact sequence 0 — M — P — M — 0 where P is a projective module, and Ext'(M,Q) = 0 for
some integer ¢ > 0 and for any module Q with finite projective dimension (or for any projective
module Q).

Proof. We prove only the projective case, and the flat case is analogous.
Note that if we have a short exact sequence 0 — M — P — M — 0 where P is a projective module,
then, for all modules L and all i > 0, we have the long exact sequence:

0 = Ext’(P, L) — Ext'(M, L) — Ext""" (M, L) — Ext'™'(P,L) = 0

This means that Ext’(M, L) = Ext"*' (M, L), for all integer i > 0 and all R-modules L.
Therefore, the desired equivalence is easily obtained from the first characterization of strongly
Gorenstein projective modules [6, Propositions 2.9]. |

Proof of Theorem 3.2. To prove this theorem, it is sufficient, from Lemmas 3.3 and 3.4, using
Lemma 3.5, to prove the following equivalence:

GPD(R) < 0o <= GID(R) < .

We claim only the implication GPD(R) < co = GID(R) < oo, and the converse implication is
proved dually.

Then, let GPD(R) < n (for some positive integer n).

First, we argue that for any strongly Gorenstein projective R-module L, Gid(L) < n.
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From Proposition 3.9, there exists a short exact sequence 0 — L — P — L — 0 where P is
projective.

From the dual version of Horseshoe’s lemma (see the remark below [27, Lemma 6.20]), with an
injective resolution of L, we have the following commutative diagram:

0 0 0
1 1 1

0 - L — P - L — 0
! ! !

0 — Iy — Ipn®ly — Ipn — 0
! ! !

1

1

0o — I, — E, — I, — 0
1
0 0

where [; is injective for ¢ =0, ...,n — 1.
We claim that I, is strongly Gorenstein injective. So, Gid(L) < n.
Since P is projective, id(P) < n (by Lemma 3.3), hence E, is injective. Then, from the injective
version of Proposition 3.9 (1), it remains to prove that Ext’(FE, I,) = 0 for all injective R-modules
FE, and some positive integer 1.
Indeed, we have pd(E) < n for such injective R-module E (from Lemma 3.5), which implies that
Ext!(E,M) =0 for all i > n + 1 and all R-modules M, as desired.
This implies, from [23, Proposition 2.19], that Gid(Q) < n for all Gorenstein projective R-modules
@, since every Gorenstein projective module is a direct summand of a strongly Gorenstein projective
module (Theorem 3.8).
Now, consider any R-module M. We may assume that 0 < Gpd(M) < n. Then, there exists a
short exact sequence

0-K—-N-M-—>0

such that NV is Gorenstein projective and Gpd(K) < n — 1 [23, Proposition 2.18].
Then, by induction, Gid(K) < n and Gid(N) < n. Finally, from Lemma 3.6, Gid(M) < n. Thus,
the proof is complete. |

From this, we denote by G —gldim(R) the common value of GPD(R) and GID(R), and we call
it Gorenstein global dimension of R.

Remarks 3.10 1. From Lemmas 3.3 and 3.4, we deduce that if, for a ring R, G—gldim(R) is
finite, then G—gldim(R) is also determined by the formulas:
G—gldim(R) = sup{Gpdgz(R/I)|I ideal of R}
sup{Gpd (M) | M finitely generated R — module}.

This may be shown as a generalization of [17, Corollary 12.3.2].

2. Recall the finitistic projective dimension of a ring R, denoted by FPD(R), is defined by the
formula: FPD(R) = sup{pdg(M)|M R — module with pdg(M) < co}.
From [23, Theorem 2.28], if G—gldim(R) is finite, then G—gldim(R) = FPD(R).
However, the fact that FPD(R) is finite does not assure that the Gorenstein global dimension
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of R is also finite. For example, consider the ring R = k[[X,Y]]/(X?, XY) where k is a field;
we have G—gldim(R) = oo, but FPD(R) = 1.

Indeed, R is Noetherian with Krull dimension 1, dim(R) = 1, but it is not Gorenstein ring
(see [10, page 15]). So, by Corollary 2.3, G—gldim(R) = oo, and, from [29, Theorem 0.16],
FPD(R) = dim(R) = 1.

3. From Corollary 2.3, we deduce that the Gorenstein global dimension of any Noetherian ring
R may be determined from its self-injective dimension, such that we have G—gldim(R) =
idr(R). In general, if G—gldim(R) = n < oo, then idgr(R) < n (from Lemma 3.8). Never-
theless, the self-injective dimension of a non-Noetherian ring does not assure any information
about its Gorenstein global dimension. Indeed, we can see this, using Theorem 5.2.4, if we
consider a non-Noetherian self-injective ring (for example an infinite product of fields).

The Gorenstein projective and injective dimensions of modules are refinements of the usual pro-
jective and injective dimensions, respectively [23, Proposition 2.27]. Now, it is natural to investigate
how much the usual global and weak dimensions of rings differ from the Gorenstein global dimension.

Proposition 3.11 For any ring R, G—gldim(R) < gldim(R).
The equality holds if wdim(R) < oo.

To prove this, we need the following lemma, which is a strong version of [6, Corollary 3.11]:

Lemma 3.12 A strongly Gorenstein projective module is projective if, and only if, it has finite flat
dimension.

Consequently, if R is a ring with finite weak dimension, then the class of all projective R-modules
and the class of all Gorenstein projective R-modules are the same class.

Proof. Use [6, Corollary 3.11] and [7, Theorem 2.5]. ]

Proof of Proposition 3.11. The inequality holds since every projective module is Gorenstein
projective, and the equality holds from Lemma 3.12. |

Remark 3.13 Recall a Noetherian ring is called regular, if it has finite global (=weak) dimension.
Proposition 3.11 is a generalization of the obvious fact that a Gorenstein ring is regular if, and only
if, it has finite weak dimension. Thus, we have already examples of rings showing that the inequality
of Proposition 3.11 may be strict and so the condition wdim(R) < oo cannot be removed. In fact,
it suffices to consider a non-regular Gorenstein ring (see for example [10, page 15]).

Now, we study the behavior of modules over rings of finite Gorenstein global dimension.

The next result is a generalization of a result due to Iwanaga (see [17, Proposition 9.1.10]). It
implies that, for a ring of finite Gorenstein global dimension, the class of all modules which have
finite projective dimension, the class of all modules which have finite injective dimension, and the
class of all modules which have finite flat dimension are all the same class. We use € to denote this
class.

Proposition 3.14 Let R be a ring, and let M be an R-module. If G—gldim(R) < n for some
positive integer n, then the following are equivalent:

1. pdg(M) < oo;
2. pdgp(M) < n;
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3 idR(M) < 005
4. idr(M) <mn;
5. [dr(M) < oo;
6. dr(M) < n.

Proof. From Lemmas 3.3 and 3.4, and Lemma 3.5, only the implication (5) = (1) merits a proof.
So, this implication is proved immediately using the fact that if FPD(R) is finite, then every flat
R-module has finite projective dimension [29, Theorem 0.13 ]. [ ]

The following is an extension of [17, Proposition 11.5.7].

Proposition 3.15 Let R be a ring, and let M be an R-module. If G—gldim(R) < oo, then, for a
positive integer m, the following are equivalent:

1. Gpdr(M) < m;
2. Extit (M, X) =0 for all X € Q;
8. Exth(M,X) =0 for alli >m and all X € Q.

Proof. Easy from Lemma 3.3. [ |

For the strongly Gorenstein projective modules we have:

Proposition 3.16 Let R be a ring. If G—gldim(R) < oo, then an R-module M is strongly Goren-
stein projective if, and only if, there exists a short exact sequence 0 — M — P — M — 0 where P
is a projective R-module.

Proof. This is obtained immediately from Proposition 3.14 and Proposition 3.9 (1). |

Remark 3.17 Fach of Propositions 3.16 and 3.15 has a Gorenstein injective version.

4 Gorenstein weak dimension of rings

In this section we investigate the Gorenstein flat dimension of commutative rings, which is canoni-
cally defined as follows:

Definition 4.1 For any ring R, the Gorenstein flat dimension of R, denoted by GFD(R), is defined
by the formula: GFD(R) = sup{Gfdr(M)| M R—module}.

From the reason below (Theorem 4.2) and according to the classical terminology of homological
dimensions of rings, the Gorenstein flat dimension of a ring R will be called Gorenstein weak
dimension of R, and denoted by G—wdim(R).

We begin with the relation that exists between the Gorenstein weak dimension and the Gorenstein
global dimension of rings.

Theorem 4.2 For any ring R, G—wdim(R) < G—gldim(R).

Proof. Follows immediately from Lemma 4.3 bellow. |
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Lemma 4.3 Let R be a ring. If G—gldim(R) is finite, then every Gorenstein projective R-module
is also Gorenstein flat.

Proof. Let G—gldim(R) < oo for some positive integer n.

From the proof of [23, Proposition 3.4], it suffices to prove that the character of I (i.e., the R-module
I" = Homgz(I,Q/Z)) has finite projective dimension for every injective R-module I.

For such module I, fdr(I) < oo (from Proposition 3.14). Then, idr(I*) < oo (from [27, Theorem
3.52]). Therefore, from also Proposition 3.14, pdz(I*) < oco. ]

Note that this result gives a new condition so that the Gorenstein projective module be Gorenstein
flat (see [23, Propostion 3.4] and [6, Proposition 1.3]).

Remark 4.4 From Corollary 2.3, we have G—wdim(R) = G—gldim(R) for any Noetherian ring
R. This is an extension of the well-known equality wdim(R) = gldim(R) when R is a Noetherian
ing.

Next result shows that the Gorenstein weak dimension is a refinement of the weak dimension of
arbitrary rings.

Proposition 4.5 For any ring R, G—wdim(R) < wdim(R).
The equality holds if wdim(R) < oco.

Proof. The inequality holds since every flat module is Gorenstein flat, and the equality follows
immediately from [6, Corollary 3.8]. [ |

Similarly to Proposition 3.16, we give a characterization of strongly Gorenstein flat modules
over rings which have finite Gorenstein weak dimension. Recall if we consider all flat modules
and homomorphisms of the complete flat resolution of Definition 2.1 (3) are the same, M will be
called strongly Gorenstein flat module [6, Definition 3.1]. Similarly to Proposition 3.9, we give the
following simple modification of [6, Proposition 3.6]

Proposition 4.6 A module M is strongly Gorenstein flat if, and only if, there exists a short exact
sequence 0 — M — F — M — 0 where F is a flat module, and Tor;(M,I) = 0 for some integer
t > 0 and for any module I with finite injective dimension (or for any injective module I ).

Proposition 4.7 Let R be a ring. If G—wdim(R) < oo, then an R-module M is strongly Goren-
stein flat if, and only if, there exists a short exact sequence 0 — M — F — M — 0 where F is a
flat R-module.

Proof. The result follows immediately from Proposition 4.6 and the following lemma. |

Lemma 4.8 Let R be a ring. If G—wdim(R) = n < oo for some positive integer n, then fdr(I) < n
for all injective R-modules I (or all R-modules I with finite idr(I)).

Proof. Assume that G—wdim(R) = n < co. Then, for all R-modules M, Tor®(M,I) = 0 for all
¢ > n and all injective R-modules I (or all R-modules I with finite idr(/)). This implies the desired
result. |
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Now we give a partial affirmative answer to Question C (page 3) under the condition G—gldim(R) <
0.
Recall a ring is called perfect, if every flat module is projective [4]; a ring is called quasi-Frobenius,
if it is Noetherian and self-injective (see [1]); and a ring is called weakly quasi-Frobenius, if it is
coherent and self-FP-injective [21]. From [28, Theorem 4.4], we have:

A weakly quasi-Frobenius ring is quasi-Frobenius if, and only if, it is perfect.

As shown later (Theorems 5.2.2 and 5.2.4), the weakly quasi-Frobenius rings are those of Gorenstein
weak dimension 0, and the quasi-Frobenius rings are those of Gorenstein global dimension 0. Now,
we set the following extension:

Proposition 4.9 If R is a perfect ring with finite Gorenstein global dimension, then: G—wdim(R) =
G—gldim(R).

Proof. Follows immediately from the following lemma. [ |

The following result gives a characterization of perfect rings which have finite Gorenstein global
dimension.

Lemma 4.10 If R is a ring with finite Gorenstein global dimension, then the following are equiv-
alent:

1. R is perfect (i.e., every flat module is projective);
2. Every strongly Gorenstein flat R-module is strongly Gorenstein projective;

3. Fvery Gorenstein flat R-module is Gorenstein projective;

Proof. (1) = (2). Follows from Propositions 3.16 and 4.7.
(2) = (3). This is simple consequence of Theorem 3.8 and [6, Theorem 3.5].

(3) = (1). Let F be a flat R-module (then Gorenstein flat), hence it is Gorenstein projective. From
Proposition 3.14, pd(F') < co. Therefore, from [23, Proposition 2.27], F is projective. |

Note, from Lemma 3.12, we deduce easily the implication 2 = 1 of Lemma 4.10 above without
assuming that G—gldim(R) < co.

Now, we give a (functorial) characterization of the Gorenstein weak dimension of coherent rings.
We shall see this deals with the n-FC rings, then of the FP-injective dimension of modules (see
Definition 2.4). In fact, using Gorenstein (flat) weak dimension approach, this characterization
gives and extends the list of properties characterizing the n-FC rings [9, Theorem 7].

Theorem 4.11 If R is a coherent ring, then, for a positive integer n, the following are equivalent:
1. G—wdim(R) < n;
2. Gfdr(G) < n for all Gorenstein injective R-modules G;
3. GIdr(M) < n for all finitely presented R-modules M ;
4. Gfdr(R/I) < n for all finitely generated ideals I of R;
5

. TortB(M,E) = 0 for all i > n, all (finitely presented) R-modules M, and all FP-injective
R-modules E (i.e., fd(E) < n for all FP-injective R-modules E);
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6. Tory(M,E’) = 0 for all i > n, all (finitely presented) R-modules M, and all R-modules E’
with finite FP-idr(E") (i.e., fd(E’') < n for all R-modules E’ with finite FP-idr(E’));

7. Torf(M,I) = 0 for all i > n, all (finitely presented) R-modules M, and all injective R-
modules I (i.e., fd(I) < n for all injective R-modules 1);

8. Torly(M,I') = 0 for all i > n, all (finitely presented) R-modules M, and all R-modules I’
with finite idr(I') (i.e., fd(I') < n for all R-modules T’ with finite idr(I'));

9. Extizs(M,F') = 0 for all i > n, all finitely presented R-modules M, and all R-modules F'
with finite fdgr(F') (i.e., FP-idr(F’) < n for all R-modules ¥’ with finite fdr(F’));

10. Ext% (M, F) = 0 for all i > n, all finitely presented R-modules M, and all flat R-modules F
(i.e., FP-idr(F) < n for all flat R-modules F);

11. Exth (M, R) =0 for all i > n, all finitely presented R-modules M (i.e., R is n-FC).

Consequently, the Gorenstein weak dimension of R is also determined by the formulas:

G—wdim(R) sup{Gfdr(R/I)|I finitely generated ideal of R}
sup{Gfdgr(M) | M finitely presented R — module}
sup{Gpdg(R/I)|I finitely generated ideal of R}

sup{Gpd (M) | M finitely presented R — module}.

To prove this theorem we need the following characterization of the FP-injective dimension of
modules over coherent rings.

Lemma 4.12 Let R be a coherent ring, and let M be an R-module. Then, for some positive integer
n, the following are equivalent:

1. FPidp(M) < n;
2. Extiy(P,M) =0 for all i > n and all finitely presented R-modules P;
3. fdr(M™) < n, where M™ = Homyz(M,Q/Z) the character module of M.

Proof. From Definition 2.4 (1), the implication (2) = (1) is obvious.

W claim (1) = (2). Since R is coherent, for every finitely presented R-module P, we have a short
exact sequence: 0 — K — L — P — 0 where L is a finitely generated free R-module and K is a
finitely presented R-module. Thus, considering the long exact sequence:

0 = Ext'(L, M) — Ext' (K, M) — Ext"™ (P, M) — Ext"™' (L, M) =0
and by induction we obtain the desired result.
The equivalence (2) < (3) is simply deduced from the isomorphism [22, Theorem 2.6.6]:
(Extr (P, M))" = Torf(M*, P)
for all finitely presented R-modules P. |

Proof of Theorem 4.11. First, note that in the last equalities we also have the Gorenstein
projective dimension of modules, this follows from [6, Proposition 1.3].

The implications (1) = (3) = (4) are obvious.
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(4) = (7). Follows from [23, Theorem 3.14] and [22, Theorem 1.3.8].
(7) = (8). Easy, using an induction on idg(I’).

(8) = (9). Let M be finitely presented R-module. From [22, Theorem 2.6.6], we have the following
isomorphism:

(Extlr (M, F))* = Tor[ (M, F*)
for any ¢ > 0, and any R-module F.
If such R-module F is flat, then F'* is an injective R-module (from [22, Theorem 1.2.1]). Then, by
hypothesis, Tor?(M, F*) = 0, hence (Extz(M, F))* = 0. Therefore, Ext%(M,F) = 0 (from [27,
Lemma 3.51]).

(9) = (10) = (11) Obvious.
(11) = (1). This is Theorem 2.5.

(1) & (2). The direct implication is straightforward.

For the converse implication, it suffices, from the above implications to prove the implication (2) =
(7). So, let I be an injective R-module. We claim fdr(I) < n. Since I is injective, it is Gorenstein
injective. Then, Gfdr(I) < n (by (2)). The case Gfdr(I) = 0 (i.e., I is Gorenstein flat) is evident.
Then, we may assume that 0 < Gfdr(I) < n. Thus, from [23, Theorem 3.23], there exists a short
exact sequence 0 — K — G — I — 0 where G is Gorenstein flat and fdr(K) < n — 1. From
Definition 2.1 (2), there exists a short exact sequence 0 — G — F — G’ — 0 where F is flat and
G’ is Gorenstein flat. Consider the following pushout diagram:

0 - K —

0 - K —

T Qe o
!

D ~e— o
!
o

—

o— Q«—
I
o— Qe

From the middle horizontal sequence fdr(D) < n. On the other hand, since I is injective, the right
vertical sequence is split. Therefore, fdr(I) < n.

(5) < (7). The direct implication is easy since every injective module is FP-injective.

For the converse implication, it suffices, from the above implications to prove the implication (10) =
(5). So, this implication is simply deduced from Lemma 4.12 and the following isomorphism [22,
Theorem 1.1.8] (1): (Tor’y (M, E))* = Ext(M, E*).

Finally, similarly to the equivalence (5) < (7) above we prove the equivalence (6) < (8). [ ]

Since, over Noetherian rings the class of all FP-injective modules and the class of all injective
modules are the same class, and since the n-Gorenstein rings are n-FC, the following result is an
extension of [17, Proposition 9.1.10] to n-FC rings.

Corollary 4.13 Assume R be an n-FC ring. Let M be an R-module. Then, for a positive integer
n, then the following are equivalent:

1. FP-idg(M) < oo;
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2. FP-idg(M) < n;
3. fdr(M) < oo;
4. fdr(M) < n.

Proof. Follows immediately from Theorem 4.11. |

Also, as consequence of Theorem 4.11, we give the following partial affirmative answers to Ques-
tions 1 and 2 page 3. We begin by the relation that exists between the large restricted flat dimension
(see page 3) and the Gorenstein flat dimension of modules.

In [23], Holm gave a partial affirmative answer to the Foxby’s Conjecture (see Question 1, page 3)
concerning the relation between the large restricted flat dimension and the Gorenstein flat dimension
of modules, that is: Let R be a ring. For any R-module M, we have inequality: Rfdgr(M) <
Gfdr(M). The equality holds if R is Noetherian.

Next, we give an other partial affirmative answer to this question.

Proposition 4.14 If R is a coherent ring with finite Gorenstein weak dimension, then Rfdr(M) =
Gfdr(M) for any R-module M.

Proof. From [23, Theorem 3.19], it remains to prove the inequality Rfdr(M) > Gfdr(M).

We may assume that Rfdr (M) = n < co. Let I be an injective R-module, hence fdr(I) < oo (by
Theorem 4.11). Then Torf(M,I) = 0 for all i > n (by the definition of Rfdr(M) (see page 3)).
Therefore, from [23, Theorem 3.14], Gfdgr(M) < n, as desired. [ ]

Under the conditions R to be coherent and G—wdim(R) < oo (i.e., R to be n-FC for some positive
integer n), the Gorenstein flat modules behave much more like the usual flat modules, as shown by
[9, Corollary 8] and the following result:

Proposition 4.15 If R is a coherent ring with finite Gorenstein weak dimension, then an R-module
is Gorenstein flat if, and only if, Mp is a Gorenstein flat Rp-module for any prime ideal P of R.

Proof. The direct implication is a particular case of [23, Proposition 3.10].

Inversely, assume that Mp is Gorenstein flat Rp-module for any prime ideal P of R. We claim that
M is Gorenstein flat. Let, I be an injective R-module (hence fdr(I) < co by Theorem 4.11). From
[27, Theorem 9.49], we have:

(TorZ (M, I))p = Torl™® (Mp, Ip)

for all positive integer ¢ and every prime ideal P of R.

On the other hand, Rfdg, (Mp) = 0 (from Proposition 4.14). Then, Tor? (Mp,Ip) = 0 for all
i > 0 (since fdg, (Ir) < o0). Thus, (Tor(M,I))p =0 for all i > 0 and every prime ideal P of R.
This implies from [27, Theorem 3.80] that Torf(M, I) = 0 for all i > 0. Therefore, M is Gorenstein
flat (by [23, Theorem 3.14]). [ ]
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5 Closing remarks

5.1 How to remove the condition “G—gldim(R) < c0” in Lemmas
3.3 and 3.4 7

An attempt to arrive at a deeper understanding of the Gorenstein global dimension of rings leads
us to set the following definition of two homological invariants of rings:

Definition 5.1.1 1. IP-dimension: we say that a ring R has an IP-dimension, denoted by
IP—dim(R), at most n (for some integer n > 0), if every injective R-module has projective
dimension at most n.

2. PI-dimension: we say that a ring R has an PI-dimension, denoted by PI—dim(R), at most

n (for some integer n > 0), if every projective R-module has injective dimension at most n.

From Theorem 3.2, [17, Proposition 9.1.10], and [17, Theorem 9.1.11], we deduce that, if a ring
R is Noetherian or has finite Gorenstein global dimension, then:

G—gldim(R) = IP—dim(R) = PI—dim(R).

This seems interesting and raises many questions. Obviously, one would like to have these last
equalities for arbitrary rings.

Later, we characterize rings of Gorenstein global dimension 0 (see Theorem 5.2.4); this points out
that the desired equality holds if IP—dim(R) or PI—-dim(R) is equal to 0.

Also, a careful reading of the proof of [20, Theorem 2.1, (1) = (4)] gives us the following:

Proposition 5.1.2 If R is a coherent ring with finite both FPD(R) and IP—dim(R), then:
G—gldim(R) = IP—dim(R) = PI—dim(R).

Remark 5.1.3 In [14], Enochs and Jenda introduced the copure injective dimension of a module
M, denoted by cid(M), as the largest positive integer n such that Ext™ (E, M) # 0 for some injective
module E. Obviously, one can see that IP—dim(R) = sup{cid(M)|M R—module}.

5.2 Rings of small Gorenstein homological dimensions

Following the context of this paper and motivating by the important role of the rings of the classical
global and weak dimensions smaller or equal to one in several areas of algebra, it seems appropriate,
according to the terminology of the classical ring theory, to set the following definitions:

Definition 5.2.1 For a ring R:
1. R is called G-semisimple, if G—gldim(R) = 0.
2. R is called G-hereditary, if G—gldim(R) < 1, and R is called G-Dedekind, if it is G-hereditary
domain.

3. R is called G-von Neumann regular, if G—wdim(R) = 0.

4. R is called G-semihereditary, if it is coherent and G—wdim(R) < 1, and R is called G-Priifer,
if it is G-semihereditary domain.
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Then, every semisimple ring is G-semisimple; every hereditary (Dedekind) ring is G-hereditary (G-
Dedekind); every von Neumann regular ring is G-von Neumann regular; and every semihereditary
(Priifer) ring is G-semihereditary (G-Priifer). The converse of each implication holds, if the ring
has finite weak dimension (Propositions 3.11 and 4.5).

These rings are related, from Theorem 4.2, as follows:

G — semisimple = G —von Neumann regular

4 4

G — hereditary — G — semihereditary

From Corollary 2.3, the converse implications of the horizontal implications hold if the rings
are Noetherian, and so they become the well-known 0-Gorenstein (i.e., quasi-Frobenius) and 1-
Gorenstein rings, respectively.

The following result shows that a ring R such that G—wdim(R) = 0 is coherent, then it is
0-FC ring. The 0-FC rings are extensively studied in non-commutative case, they are also called
weakly quasi-Frobenius rings (see for example [21, 25, 28]). In commutative case, we have, from [28,
Proposition 4.2], that these kind of rings and the IF-rings (i.e., rings which satisfied every injective
module is flat [13, 25]) are the same rings (see [13, 21]).

Next, we set and extend the list of some known properties characterizing these kind of rings (in
commutative case) using the Gorenstein projectivity, injectivity, and flatness approach.

Theorem 5.2.2 For any ring R, the following are equivalent:
1. R is G-von Neumann regular;
Every Gorenstein injective R-module is Gorenstein flat;
Every strongly Gorenstein injective R-module is strongly Gorenstein flat;
R is coherent and self-FP-injective (i.e., R is 0-FC ring);
Every injective R-module is flat (i.e., R is IF-ring);
Every FP-injective R-module is flat;

N N N

R is coherent and every flat R-module is FP-injective;
Proof. The equivalences of all statements, except 3, follow from Theorem 4.11.

We claim 3 = 5. Let I be an injective R-module, then it is strongly Gorenstein injective, then
strongly Gorenstein flat (by (3)). Hence, there exists a short exact sequence 0 - I — F — I — 0
where F is a flat R-module. This sequence splits (since I is injective); so, I is flat as a direct
summand of F', as desired.

5 = 3. Let M be a strongly Gorenstein injective R-module. Then, there exists a short exact
sequence 0 — M — I — M — 0 where [ is an injective R-module. From (5), I is flat, and
Tor(M,E) = 0 for every injective R-module E. This means from Proposition 4.6, that M is
strongly Gorenstein flat. |

From [13, Proposition 5], the IF-rings have either the weak dimension to be equal 0 (i.e., von
Neumann regular rings) or co. So, this can be shown, from Theorem 5.2.2, as a particular case of
Proposition 4.5.

Next we characterize G-semisimple rings; we will see that they are the same the well-known quasi-
Frobenius rings. Recall that a ring R is called quasi-Frobenius (QF-ring for short), if it is Noetherian
and self-injective (i.e., 0-Gorenstein). These kind of rings have the following characterization:
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Theorem 5.2.3 ([1], Theorem 31.9) For a ring R, the following are equivalent:

1. R is quasi-Frobenius;

2. Every projective R-module is injective;

3. Every injective R-module is projective.

Next result extends the list of properties characterizing the quasi-Frobenius rings using the Goren-

stein dimensions.
Theorem 5.2.4 For any ring R, the following are equivalent:

1. R is G-semisimple;
Every Gorenstein injective R-module is Gorenstein projective;
Every strongly Gorenstein injective R-module is strongly Gorenstein projective;
Every Gorenstein projective R-module is Gorenstein injective;

Every strongly Gorenstein injective R-module is strongly Gorenstein projective;

S v e e

R is quasi-Frobenius.

Proof. (1) = (6). Use Lemma 3.3 and Theorem 5.2.3.
(6) = (1). This is a simple case of Corollary 2.3.
The implications (1) = (2) and (1) = (4) are obvious.

The argument of (2) = (6), (4) = (6), (3) & (6), and (5) < (6) is similar to the proof of the
equivalence 3 < 5 of Theorem 5.2.2. |

Thus, Theorems 5.2.4 and 5.2.2 show that the G-semisimple and G-von Neumann regular rings
are well-known, and so we have many examples of G-von Neumann regular rings which are neither
G-semisimple nor von Neumann regular (see [13, 21]).

From [26, Theorems 69 and 206], we can see that, for a positive integer n, a ring R is n-Gorenstein
if, and only if, the polynomial ring R[X] is (n + 1)-Gorenstein. Then, using Corollary 2.3, and
consider, for example, the non-semisimple quasi-Frobenius ring R = k[X]/(X?) where k is a field
(see [27, Exercice 9.24]), the polynomial ring R[X] is an example of a Noetherian G-hereditary
(=G-semihereditary) ring which is neither G-semisimple (=G-von Neumann regular) nor hereditary
(=semihereditary).

Obviously, one would like to have examples out of the class of Noetherian rings.

Also one would like to have examples of G-Dedekind domains which are not Dedekind; and G-
Priifer domains which are neither G-Dedekind nor Priifer.
In the literature, the Noetherian G-Dedekind domains (i.e., 1-Gorenstein domains) are extensively
studied, and so we have examples of Noetherian G-Dedekind rings which are not Dedekind (see for
instance [5]). From Remarks 3.10 (1) and [22, Theorems 2.5.13 and 2.5.14], the coherent G-Dedekind
domains are Noetherian. Then, naturally we ask whether G-Dedekind domains are Noetherian ?
and generally, whether G-hereditary rings are coherent ?
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