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Let M be a compact smooth manifold with group action and P be
an elliptic operator on M which commutes with the action. Then the
kernal and cokernal of P are representations of the action group. For

an element ¢ in the action group, the Lefschetz number of P at g is

F(g) = tryKerP — tr,CokerP.
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We say that P is rigid with respect to this group action, if F(g) is
independent of g. In the following, we will only consider S!-action, in
which case two well-known rigid elliptic operators are the signature and
the Dirac operator. Obviously, if P is rigid with respect to Sl-action,
then it is rigid with respect to any compact connected Lie group action.

Motivated by the work of Landweber-Stong, in [W] Witten derived a
series of elliptic operators from LM, the loop space of M. The indices
of these operators are the signature, ﬁl—genus or the Euler characteristic
of LM . He also derived some elliptic operators which do not have finite
dimensional analogues. The cohomological aspects of these operators
were discussed in detail by W. Lerche, B. Nilsson, A. Schellekens, N.
Warner and many other physicists. Surprisingly the elliptic genus of
Landweber-Stong turns out to be the index of one of these elliptic
operators. Motivated by physics, Witten conjectured that these elliptic
operators should be rigid with respect to S'-action. These conjectures
generalize the rigidity of the usual signature, Euler characteristic and
Dirac operator to infinite dimensional manifolds.

After some partial work of Ochanine and Landweber-Stong, these
remarkable conjectures were first proved by Taubes, then by Bott-
Taubes. Hirzebruch and Krichever proved Witten’s conjectures for
almost complex manifold case. They used the very technical transfer
argument. Many aspects of mathematics are involved in their proofs.
Taubes used analysis of Fredholm operators; Krichever used cobor-
dism; Bott-Taubes and Hirzebruch used the Atiyah-Bott-Segal-Singer
Lefschetz fixed point formula.

In [Liul] I observed that all of these operators have some kind of
intrinsic symmetry under the action of the modular group SLy(Z),
which actually implies their rigidity. This observation immediately
gives a very simple and unified proof of the above conjectures of Witten.
There the classical Jacobi theta-functions came into play in a very nice
and crucial way. Strictly speaking, it is the theta-function expressions
of the Lefschetz numbers of these elliptic operators that attracted me
to the modularity argument.

This paper is the continuation of [Liul] and is naturally divided into
three parts. The main results which were circulated in my preprints
[Liu2] and [Liu3] and in my thesis [Liud|, were anounced in [Liu5].

In the first part, by using the beautiful results of Kac-Peterson-
Wakimoto about the modular invariance of the characters of affine Lie
algebras, under a very natural assumption on the first equivariant Pon-
trjagin class, I prove the rigidity of the Dirac operator on loop space
twisted by positive energy loop group representations of any level, while
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the Witten rigidity theorems are the special cases of level 1. One can
immediately construct many new rigid elliptic operators from this the-
orem. In this paper I have only considered the tensor products of level
1 representations and hope to discuss the general case in another pa-
per. In the second part, I generalize the rigidity theorems in part I and
[Liul] to the so-called non-zero anomaly cases. As corollaries I obtain a
series of interesting holomorphic Jacobi forms and many new vanishing
theorems, especially an iﬁl—vanishing theorem for loop spaces with spin
structures. Using our result, G. Hoehn was able to characterize this
loop space ﬁ[—vanishing theorem in terms of MO < 8 >-fibrations.

In the third part I discuss the relationships between these elliptic
operators and the geometry of elliptic modular surfaces. We show
that the Lefschetz numbers of these elliptic operators are holomorphic
sections of certain holomorphic line bundles on some elliptic modu-
lar surfaces. In studying their degenerations to the singular fibers of
the elliptic surfaces, we get some topological results for manifolds and
bundles with group actions. This idea also gives a very natural algebro-
geometric explanation of the transfer argument used in [BT], [H] and
[Kri]. Finally in Appendix B, by a simple observation I prove a rigidity
theorem for mod 2 elliptic genera which was also obtained by K. Ono
independently.

While its rigidity property is basically clarified, many aspects of el-
liptic genus remain mysterious, notably the geometric construction of
elliptic cohomology, its relationships with the monstrous moonshine,
with vertex operator algebras, with mirror symmetry and with the Vi-
rasoro algebra. The study of these topics is under progress.

It is my great pleasure to thank Prof. Raoul Bott and Prof. Shing-
Tung Yau for their guidance and encouragement, for introducing me
to the beautiful theory of elliptic genus.

I thank Prof. R. Bott, Prof. C. Taubes, Prof. E. Witten, Prof. S. T.
Yau for their deep mathematical insights from which this work started.

During the preparation of this work, I had very useful discussions
with many mathematicians. I want to thank them all, especially Pro-
fessors H. Miller, Y. Namikawa, K. Ueno, N. Warner and Doctors G.
Hoehn, W. Zhang. The main results in this paper are contained in my
preprints [Liu0], [Liul], [Liu2] and [Liu3]. I thank Prof. P. Landweber
and Prof. J-P. Serre who corrected many English mistakes in the early
versions of those papers and taught me a lot both in mathematics and
in mathematical writing.

I have presented the results in the 877 AMS meeting, in the topology
and geometry seminars of MIT, Yale University, Columbia University,
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Cornell University, Harvard University, UC San Diego, UC Irvine and
the Johns Hopkins University. [ thank all the audience, especially
Professors S. Chang, X. Dai, M. Freedman, E. Frenkel, 1. Frenkel, L.
Gross, D. Kazhdan, M. Kuranishi, P. Li, W. Li, F. Luo, J. Morava,
X. Wang, S. Wu, A. Szenes, G. Zuckerman, for their interests and
patience.

2. LoorP GROUPS AND RIGIDITY THEOREMS

In this part we prove the rigidity of the Dirac operator on loop space
twisted by general positive energy loop group representations for both
spin manifolds and almost complex manifolds.

After state Theorem 1, the main result in this part, we review some
basic results in affine Lie algebra theory, especially the modular in-
variance of the characters of integrable highest weight modules. Then
we give the construction of )(E, V'), which, used in Theorem 1, is a
formal power series with coefficients in the K-group K (M), from a
positive energy representation F of ESpin(Ql) of highest weight and a
rank 2/ spin vector bundle V on M. This construction is motivated
by Brylinski’s work [Br]. Some examples, including several new rigid
elliptic operators are given in Section 2.4 as the corollaries of Theorem
1. From the point of view of loop group representation, our examples
have exhausted all of the rigid elliptic genera. Theorem 1 is proved in
Section 2.5. In Section 2.6, we discuss the rigidity theorems for almost
complex manifolds.

2.1. A General Rigidity Theorem. Let ZSpin(Ql) denote the cen-
tral extension of the loop group LSpin(2l) and E be a positive energy
representation of it. See Section 2.2 for the definition of positive en-
ergy. Given a rank 2[ spin vector bundle V' on a spin manifold M, we
can construct an element (E, V) in K(M)][[q]] associated to E and
V. Here ¢ = e*™ with 7 in the upper half plane H is a parameter.
See Section 2.3 for the construction. In this paper, by a vector bun-
dle we always mean a real vector bundle, except otherwise specified.
Let D denote the Dirac operator on M. Assume that there exists an
Sl-action on M which lifts to V. For an equivariant vector bundle F,
let p(F)s1 denote its first equivariant Pontrjagin class. See Appendix
A for a geometric discussion about equivariant characteristic classes.
Then we will prove the following:

Theorem 1: For every positive energy representation E of zSpin(2l)
of highest weight of level m, if p1(M)s1 = mp1(V)s1, then

D ® @2, S:(TM)®y(E,V)
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s Tigid.
Here recall that, for a vector bundle F,

Sy(F)=1+tF +t*S*F + - -

is the symmetric operation in K (M)[[t]]. Theorem 1 actually holds for
any semisimple and simply connected Lie group, instead of Spin(21).
It actually holds in much more general situations. See Section 2.4 for
the details. .

If m = 1, we know that LSpin(2[) has four irreducible highest weight
representations of positive energy which exactly give those elliptic op-
erators considered by Witten [W], Bott-Taubes [BT] and [Liul]. See
the examples in Section 2.4. Therefore Theorem 1 includes all of the
Witten rigidity theorems for spin manifolds.

In our proof, the actual use of the spin condition on M is the exis-
tence of the Dirac operator which we need to show that the modular
transformations of the Lefschetz number of the above elliptic operator
are still the Lefschetz numbers of some twisted Dirac operators. This
shows that the modular invariance of the characters of the representa-
tions of affine Lie algebras discussed in Section 2.2 implies the rigidity
of the elliptic operator in Theorem 1. This is surprising. We would like
to know whether there is a finite dimensional analogue of this mod-
ular property which may explain the famous ﬁ[—vanishing theorem of
Atiyah-Hirzebruch. We are also interested in giving an explanation of
our results by using the geometry of loop space and physics.

2.2. Affine Lie Algebras. In Theorem 1 we need highest weight pos-
itive energy representations of ESpin(Ql). This kind of representations
can always be obtained by lifting the integrable highest weight repre-
sentations of the affine Lie algebra Lso(21) associated to so(21), the Lie
algebra of Spin(2/). In this section we review some basic facts about
affine Lie algebras, especially the modular invariance of their charac-
ters.

Given a simple, simply connected compact Lie group G of rank [, let
g denote its Lie algebra. Let h be the Cartan subalgebra, W be the
Weyl group. Denote by Q = 22:1 Za;, where {«;} is the root basis,
the root lattice of g. The affine Lie algebra associated to g is

A

Lg=g®xClt,t ] ®CR® Cod

where K,d are two operators on g. Explicitly K (resp. d) is the
infinitesimal generator of the central element (resp. the rotation of S*)
of LG.
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f/g has the triangle decomposition
Lg=n_®hdh,
where ny are the nilpotent subalgebras and
h=h®rC e CKa Cd

is the Cartan subalgebra. Let 6* be the dual of 6 with respect to the
normalized symmetric invariant bilinear form (-, -) on Lg which extends
the standard symmetric bilinear form on g, such that

(CK 4+ Cd, g@r Clt,t™']) = 0; (K, K) =0,
(d,d) =0, (K,d)=1.

Let < -,- > denote the pairing between 6 and 6*, then the level of
A € b* is defined to be < A\, K >.

f/g falls into class X](\}) in the classification of Kac-Moody algebras
(see [Ka]). An Lg-module U is called a highest weight module with
highest weight A € 6* if there exists a nonzero vector vy, € U such that

i (vy) = 0; h(vy) = A(h)vy for h € h; and

U(Lg)(va) = U
where U (f/g) is the universal enveloping algebra of Lg. If an irreducible

representation L(A) of Lg is of highest weight A and the level of A = k
we say that L(A) is of level k. It is called integrable if A € P, where

P, ={\eb*|(\ o) € Zand >0 for all i}

is the set of dominant integral weights.

An integrable highest weight representation L(A) of Lg can always
be lifted to a representation of LG which turns out to be irreducible
and of positive energy. This lifted representation has the same level as
L(A). See [PS]. Recall that for each level there are only finitely many
integrable highest weight representations induced from the irreducible
representations of G.

An ﬁg—module V' can be splitted into the form B Vs when re-

stricted to the Cartan subalgebra 6 The formal Kac-Weyl character
of V' is defined to be

ChV = Z dimV)\B)\.
Aeb*
The normalized character of L(A) is
XA = ¢ chp )
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where
(A+2p,A) mdimg

2m+hY)  24(m+ hY)
with hY =< p, K > the dual Coxeter number of g and p half the sum
of the positive roots. We call ¢™* the anomaly factor.

Let M = Z(W - 0), where 6 is the long root in () and W is the Weyl
group of g, be a lattice in h*. For any integer m, let

P ={\e P <\ K >=m}

ma =

be the level m subset of the dominant integral weights. Let Ay, € h*
be the elements such that

§‘h@Cﬁ = 07 < 57d >= 17
Aolpeco =0, < Ag, K >=1.
Then xa can be expressed as

A
XL(A) = fA;p (+)

p
where
A)\ = Z S(w)@w()\)
weW
with O, the classical theta-functions associated to the lattice M. If we
choose an orthonormal basis of h* ®x C, {v;}\_,, such that for v € b*

one has
!

v = 27?2'225115 — 17Ny +ud

s=1

where 2z = 22:1 2s0s € h* ®p C, then

@/\(27 7_) — e27rzmu E 67rzm7'('y,'y)+2mm('y,z).

~NEMA4m=1X

Here A means the orthogonal projection of A from 6* to h* ®@x € with
respect to the bilinear form (-,-) and v = Zizl viv; with

l
i=1

Obviously xa(z, 7) is well-defined for 7 in the upper half plane. Another
expression of y, is a finite sum

xa(z,7) = > ex(1)Oa(z,7)

rePmmod(mM+Cé)
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where P™ is the level m element in the integral weight lattice and
{c}(7)} are some weight —1/ modular forms. They are called string
functions in [Ka].

Recall that the modular transformation of

g—(ﬁ Z>ESL2(Z)

on (t,7) € C x H is given by
t at +0b

t7)=(——, ——
9(t:7) (CT+d’CT+d)
which defines a group action. Obviously two generators of SLq(Z),

(V) (o)

St = (5, —%), T(t,7) = (t, 7+ 1),

act by

The following theorem, which is due to Kac and Peterson, is one of
the most beautiful results in affine Lie algebra theory. It is the easy
consequence of the theta-function expression (+) of the character.

Theorem: Let A € P, then

a)
ﬂim@
Xal=, ——) ="~ > Sawxn(zT)

T T
NePprmodcs

for some complex numbers Sy ar;
b)

xalz, 7+1) = eQmmAXA(z,T). O

(z,2)

In general, this theorem implies that, up to the factor e e+ the
complex vector space spanned by the characters of the highest weight
modules of a given level is stable under the modular transformations.
Note that we have slightly revised the statements in [Ka] to fit our pur-
pose. Especially we have omitted considering the variable u. Instead
we get the exponential factors. For a € M we also have

Orz+a,7) = Oy(z,71);

Or(z+ar,7) = ermmEatrimlaa)g, (1),

This, together with its transformation formulas under S Ls(Z), means
that x is an [-variable Jacobi form of index % and weight 0. See

Section 3.2 of the next part for the definition of Jacobi forms. We refer

cmim
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to Theorem 13.8 in [Ka] for the details of the above theorem. In the
proof of Theorem 1 we will take
(Z17"' azl) = (n1t7" ' anlt)
for some integers {n;}, this makes y, into a one variable Jacobi form.
Example: The irreducible highest weight Lsu(2)-modules of level

[ are parametrized by an integer j. We denote them by Vj;. The
corresponding characters are given by

9j+1,l+2(27 T)

(2, 7) =
X]J( ) 9172(27 7_)
where
Opm (2, 7) = e*mme Z 2Tk for | € Z(mod 2m)
kEZ+ 5
is the theta-function of degree (m, k).
One has
z 1 milz?
Xj,l(;v _;) =€ T Z Aé‘,ka,l(za T)
kez(mod2mz)
where
! V2w +1)(k+1)

Al
ik \/H_Zsm )

as appeared in the now famous Verlinde formulas.

2.3. The Construction of ¢)(E, V). For a simply connected simple
Lie group G, the positive energy representation E of the loop group
LG is characterized by the following properties:

(a) E is a direct sum of irreducible representations.

(b) Let Ry be the rotation action of the loop by the angle 6, then
Ry acts on E as exp(—iAf) with A an operator of positive spectrum
and the subspace E, = {v € E: Ry(v) = ¢™v} is a finite dimensional
representation of G.

(c) The action of LG x S' on F naturally extends to a smooth
action of LG x Diff(S"), where Diff(S?) is the group of orientation
preserving diffeomorphisms of S*.

Assume that the infinitesimal generator K of the central element of
LG acts on E by K -v =mu, for any v € E and a positive integer m,
then m is called the level of E. As discussed in last section, positive en-
ergy representations of level m can always be lifted from the integrable
representations of level m of the corresponding affine Lie algebra. See
[PS] for the details of positive energy repersentations.
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Consider G = Spin(2[). Since the representation £ in Theorem 1 is
of positive energy, one then has the decomposition £ = ®,,>¢L, under
the action of Ry. Here each FE,, is a finite dimensional representation
of Spin(2l). Let @y be the frame bundle of V| then Qy is a principal
Spin(2l)-bundle. For each E, we can get an element E, € K(M)
associated to F,, and Qy. Let us write formally

Y(E V) = Eug" € K(M)[[q]):
n>0
This ¢(E,V) is the desired element in Theorem 1.

Now let us discuss the characteristic classes of ¢)(E, V). For G =Spin(21),
let {v;},_, be an orthonormal basis of h*, the dual of the Cartan sub-
algebra. The root basis {a;}_, is given by

{aa=vi—vy, - =01 — v, =gtk

The root lattice is

Q= {Z kivilk; € Z,Zk:i € 27Z}.

In this case the long root 6 = vy 4+ vy, the Weyl group W consists of all
permutations and even number of sign changes of the v;’s. The lattice
M = Z(W -60) = Q. The dual Coxeter number h¥ = 2(I — 1). The
affine Lie albegra Lso(21) is of class Dfl) in the notations of [Ka].

Let R(Spin(2l)) denote the ring of Spin(2l) representations and by
H épin (21)(Q> the ring of characteristic polynomials. We have the char-
acteristic map

ch: R(Spin(21)) — Hg,i 0, (Q)

which sends a representation to its character. Let {Uj}é-zl also denote
the standard character of b, then

Hépjn@l)(Q) = Q[[vla e 7Ul]]wa

the W-invariant polynomials. By our choice of the coordinate in 6* in
last section, we can view x(z,7) as xa(v,7), where

UV = (Ub'" ,Ul),
evaluated at
1 0, 27Ti2j
D1 < —2mizj, 0 €herC.

Therefore for E = L(A) we, consider (E, V') as an element in R(Spin(2())[[q]],
can write the character as

ch(Y(E,V)) = chg(v,7) = ¢ ™ xa(v, 7).
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Under transgression, {+v;}}_, lift to {£2miz;},_, where {£2miz;},_
are the formal Chern roots of V' and the character map lifts to the
Chern character. Therefore we only need to replace z; by x; in the
character chg(z,7) when considering the Chern character of ¢ (E, V).

2.4. Corollaries and Examples. In this section we give several ex-
amples as the corollaries of Theorem 1. In the following, real bundles
will be automatically complexified.

Example a) Let 03(v,7), 02(v,7), 0;(v,7) and 6(v,7) be the clas-
sical Jacobi theta-functions. Recall that we have

Os(v,7) = c- ﬁ(l + q"_%em”) ﬁ(l + qn—%e—mv)
n=1 1
Oz(v,7) = c- ﬁ(l — q”_%e%w) ﬁ(l _ qn—ée—zmv)
n=1 1
bi(v,7) = c- q%2coswv ﬁ(l + q”e%iv) ﬁ(l + qn€—27riv)
n=1 oyl
O(v,7) = c- Q%QSHUTU ﬁ(l — q”e%iv) ﬁ(l _ qne—zm‘u)
n=1 ol

where ¢ = [[°2,(1 — ¢"). Let M and V be as in Theorem 1. Consider
the case of level m = 1 and the spin representation S = St + 57 of
LSpin(2l). Here S* are the half spin representations. For a vector

bundle F, let
A(F)=1+tF +t?A°F + - --
be the wedge operation in K (M)[[t]]. Then one gets
(5, V) = AV) @521 Agn (V).

where A(V) = AT(V) @ A~ (V) is the spinor bundle of V. In terms
of the coordinate of h* ®g C introduced in Section 2.2, the normalized
Kac-Weyl character is

l

s(z7) = — [10:(7)

where 5(7) = ¢ I[,=,(1 — ¢") is the Dedekind eta-function. The
elliptic operator in Theorem 1 is

DR AWV)@5, A (V) @22 Sym (TM).
Example b) Similarly for 7= ST — S~ one gets
(T, V) = (AT(V) = A7(V) @3y Agn(V)
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and the character

XT

H

This gives another elliptic operator
D& (LH(V) = A (V) @5y Agn (V) @5, Sym(TM).

m=1

Note that the anomaly factor for Examples a) and b) is qm.

Let Qv be the frame bundle of V. From @)y we naturally get a prin-
cipal LSpin(2l) bundle LQy on LM. Actually LQy is the loop space
of Qy. If py(V) = 0, we can further get a principal LSpin(2!) bundle
Qv by central extension. One can associate S and T to Qy to get two
vector bundles on LM which are the infinite dimensional analogues of
AT(V)@ A™(V) and AT(V) — A~ (V) respectively. See [Br| for the
details. Since D ®@ ®°_,Sym (T M) corresponds to the Dirac operator
on LM, the constructions in Examples a) and b) give, respectively, the
signature and the Euler characteristic operator for the loop bundle LV
which is the loop space of V', on LM.

Example c) LSpin(2l) has exactly four irreducible highest weight
representations of level m = 1. The remaining two are denoted by S’
and 5. Let ' =5, + 5" and T" = S’ — S”. Then we have

XS/ Z T ZH62 Zl?

XT/ Z 7- ZHG?’ ZZ?

and respectively
WS, V) = ®;:°:1Aiqn,% V),
UT V) = Ay (V).
Their corresponding elliptic operators are

D@ @Ay (V) @5y Sgn(TM)

2 m=1
and
D@2 A (V) ©%, Sp(TM)

respectively. The anomaly factor for both operators is q’ﬁ.

The above examples are exactly those elliptic operators considered
in [T], [BT], [W], [W1]. See also [Br]. By Theorem 1 all of these
elliptic operators are rigid if p;(M)g1 = p1(V)g:1. Compare with the
discussions in [Liul].
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Example d) Take V' = T'M in the above examples, we get the
elliptic operators discussed in [W]:
D ® AM)&L, Ap(TM) G, Syn(TM),
D & @Ay (TM) @5, Sp(TM),
D © @y (TM) &5, S,m(TM)
where A(M) is the spinor bundle of TM. Of course in this case, only
the level 1 representations can satisfy the assumption of Theorem 1,
except the trivial case p;(M)s1 = 0. Therefore we can say that for
V' =TM in Theorem 1 the only possible rigid elliptic operators are
given by the level 1 representations of LSpin(21).
Example e) The virtual version of Example d), i.e. one replaces
TM by TM — dimM to get
D @ AM)®y Ap(TM —dimM) @y Sym(TM — dimM ),
D ® ®§;°:1Aiqn,%(TM — dimM) ®;°_y Sym(T'M — dimM),
D ® ®;”:1Aqn,%(TM —dimM) ®;°_y Sgm(TM — dimM).
The indices of these operators are called universal elliptic genera.
We go further to consider the representation
P=Sa2s5 a2T
of LSpin(2l) and take V = TM. The corresponding character is given
by
xp(z,7) = xs(z,7) + 2"xs (2, 7) + 2xp (2, 7)

k k k
= Wi)k(n 01(zi, 7) + oF HQQ(ZZ‘,T) + 2F HQg(zi,T))

where k = %dimM . We would like to consider the virtual version of
this example. The index of

D ® @ _Sgm(TM — dimM) @ (P, TM),
is an elliptic genus which gives modular forms of level 1. Here
Y(P,TM), = AM)®52, Agp(TM — dimM)
+ f@ﬁﬂAﬂ%gTM—dMMH
- f@ﬁﬂ%mﬂTM—&mM)
is the virtual version of ¢(P,TM). Its modular property under SLy(Z)
is easy to verify by using the transformation formulas of theta-functions.

By Theorem 1 this genus is rigid. Without confusing the level of mod-
ular forms with the level of loop group representations, we say that this
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elliptic genus is of level 1. This example solves a problem of Landweber
in [Lal] about the construction of level 1 elliptic genus. From the point
of view of loop group representations, this genus seems to be the only
possible rigid elliptic genus of level 1 for spin manifolds.

One can get more general rigid elliptic genera by considering

Pope=a(r)S @ b(1)S" & ()T’
where a(7),b(7), ¢(r) are modular forms over a modular subgroup I'(2K)
for some positive integer K > 1. Then
D ® ®$r?:15qm (TM — dlmM) & ¢(Pa,b,67 TM)U
is an elliptic genus of level 2K. Here
V(Popes TM)y = a(r)AM) @52, A (TM — dimM )
+ (1) ®2, Aiqn, (TM — dimM)

1
+ ofr) @, Aqn_% (TM — dimM)

is the virtual version of 1(Py.0, TM) and lies in K (M)[[¢2x]] @ C.
The proof of Theorem 1 works for more general loop group repre-
sentations. Especially it works for the tensor product of two positive
energy representations of highest weight and different level.
Example f) Consider the tensor product
Q=5S5xT
which is a level 3 representation. For an S'-equivariant rank 2 spin
vector bundle V' with 3p;(V)s1 = p1(M)s1, by Theorem 1 we know
that
D@ ®p_1 S (TM) @ 9(Q, V)
is rigid. Here
¢(Q7 V) = A(V) ®$Lo:1 Aq"(v) ®ZO:1 qun—?} (V) ®ZO:1 Aqn—% (V)
One can also consider level 2 representations X =S® S, Y =51’
and Z = S"®T'. As an easy corollary we know that, if the bundle V'
satisfies p1(M)g1 = 2p1(V) g1, then
D ® ®p_Sym(TM) @ (U, V),
for U = XY or Z, is rigid. By taking the first two terms of the
g-expansions we get the rigidity of the following elliptic operators
D® AV, D S*V,
DRAV)® (TM +V + A*V),
D® (TM + S*(TM) +2TM @ A’V + A’V @ A’V — 2V @ A*V),
DRAV)Q(TM+V+S*(TM)+VRV+VRTM+ANV+VRANV+TMRA*V).
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One can get more examples by taking tensor product of the basic rep-
resentations, S,7,S" and T".

Example g) Take three non-negative integers a, b, c and consider
the representation

Qape, = S @ 8" @ T,
Consider the corresponding elliptic operator
D @ @y Sqm(TM) @ ¢(Qape, V)
where
U(Qape, V) = (AL A (V) @(@5LA_ -

If p1(M)s1 = (a+b+c)p1(V)s1, then this opreator is rigid. Actually it is
easy to see that {S, 5", T, T"} generate a graded ring by tensor product,
each homogeneous term of degree m gives a rigid elliptic operator, if
the corresponding vector bundle V' satisfies p1(M)g1 = mp1(V)g1.

Example h) If we have another rank 2n spin vector bundle W such
that

(V)P @(@52, A

1 1
2 2

(V))=e.

ap1(V)s1 4 bp1(W)s1 = p1(M)s1
for some non-negative integers a, b, then as a corollary of Theorem 1
we have that, for two highest weight positive energy representations F
and F of level a and b of LSpin(2l) and LSpin(2n) respectively, the
operator
D ® @5 _1Sgm(TM) @ Y(E,V)Qp(F,W)

isrigid. One can also consider the tensor product of several bundles and
several representations. This example may be used to study the equi-
variant splitting of T M. More interesting examples may be obtained by
studying the explicit constructions of the higher level irreducible rep-
resentations of Z/Spin(Ql). It is also interesting to get examples from
Lie groups other than Spin(2[).

2.5. The Proof of Theorem 1. To display our idea clearly, we first
restrict our attention to the isolated fixed point case. By the discussions
in Section 2.2 and Section 2.3 we can assume that E is an integrable
highest weight module L(A) of Lso(21) of level m.

Let g = €™ € S! be a generator of the action group and {p} C M
be the set of fixed points. Let

1
TM|,=Ei @@ B, k= dimM

be the decomposition of the tangent bundle into sum of the S'-invariant
2-planes when restricted to the fixed points. Assume that g acts on E;
by e*™mit. Recall that {m;} C Z is called the exponents of TM at
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the fixed point p. See [BT] and [Liul]. Choose the orientations of
the E;’s compatibly with the orientation of M. Similarly let {n,} be
the exponent of V' at the fixed point p, i.e. one has the corresponding
equivariant decomposition

V‘p:Ll@...@Ll

2mingyt

and g acts on L, by e
Consider the following functions

CE(tv T) = XE(Tv T)
where T' = (nqt,- -+ ,mt) and xg(z,7) = ¢"™chg(z, 7) is the normalized
Kac-Weyl character of the representation E = L(A) of LSpin(2l).
Then it is not difficult to see that

Fg(t,7) =Y H(t,7)ep(t,7)

is the Lefschetz number of
"™ DRy, Sy (TM —dimM) @ Y(E, V).

See Appendix A for the derivation of Fg(t,7) in general. Obviously
we can extend Fg(t,7) to a (meromorphic) function on C x H. The
rigidity theorem is therefore equivalent to the proof that Fg(t,7) is
independent of t.

Lemma 5.1: [fpi(M)s = mpy(V)s1, then Fp(t,7) = H(t,7)cp(t, 7)
15 invariant under the action

t—t+ar+b

fora,b e 2Z.
Proof: For (a,b) € (2Z)*, we have

H(t+ar+b,71) = e”zjmf(“27+2“t)H(t, T);

ce(t+ar+0b,1)= e‘mmZvng(“gT“at)cE(t, )

which can be seen by the transformation formulas of theta-functions.
JFrom Appendix A we know that, if p;(M)gs1 = mp(V)g1, then
>-;mi = m> n, for each fixed point and the exponential factors
cancel each other. O
So the rigidity theorem is equivalent to that Fg(t,7) is holomorphic
in t. We will prove that Fg(t, 7) is actually holomorphic in two variables
t and 7 on C x H.
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Now we study the modular transformation of SLy(Z) on Fg(t, 7).

Recall that
a b
g:(Cd>ESL2<Z)

acts on (¢,7) € C x H by

g(t,7) = (
One has the following
Lemma 5.2: For any g = ( CCL Z > € SLy(Z), we have

t ar +b
cr+d et +d

).

Fp(g(t, 7)) = (7 + d)* Fyp(t, 7)
where gl = Eu a, B, is a finite complex linear combination of positive

enerqy representations of iSpin(Ql) of highest weight of level m.
Actually the function

Fop(t,T) = ZZHtTCEMtT)

is the complex linear combination of the corresponding Lefschetz num-
bers.

Proof: We use the theorem of Kac-Peterson in Section 2.2, which
tells us the actions of the two generators

0 -1 11
=(10 ) r=(on)
of SLy(Z) on the characters. In general this gives

meni S . 22/ (et
Xe(g(z,7)) = "2 5Ty (2, 7)

where gF = ) pOpkoy is a finite linear combination of positive energy

representations of LSpin(2l) of highest weight of level m. Here {a,}

are some complex numbers and E, is a representation of LSpin(21) of
highest weight A, and level m, i.e. £, = L(A,). Here we define

XgE Z, 7' E aMXEu zZ, T

by complex linear extension and we also extend the elliptic operator
associated to gE and its Lefschetz number linearly to K (M) ®,C. We
have the corresponding elliptic operator

> a,g" D @ @2, Sy (TM — dimM) @ ¢(E,,, V)

o
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whose Lefschetz number is

Fup(t,7) = Z Z a,H(t,7)cg,(t,7).

It is easy to see that

CE(g(t, 7_)) _ ecmmzynﬁﬁ/(cfr-i-d) Z a,cE, (t, 7_).
o

Since we also have
H(g(t, 7)) = (e7 + d)fem st T (1, 7)

for any g € SLy(Z). By the condition on equivariant Pontrjagin classes,
the exponential factors cancel each other, which gives the lemma. O

One actually only needs to check Lemma 5.2 for the two generators
of SLy(Z), S and T'. The following lemma is a generalization of Propo-
sition 6.1 in [BT] or Lemma 1.3 in [Liul]. The proof is essentially the
same. For completeness, we give the detail.

Lemma 5.3: For any g € SLy(Z), the function Fyg(t, ) is holo-
morphic in (t,7) fort € R and 7 € H.

Proof: Let z = *™ and N = max{|m;|} where m; runs through
the exponents of all fixed points. The expressions

cp(t,T) = > A (T)O(T, 7)

AePk(modkM+Cs)
and
k
. 0'(0,7)
H(t, 1) = (2mi)~* | | s
(t,7) = (2mi) LLO(myt,T)
Jj=1

tell us that Fyp(¢,7) has a convergent Laurent series expansion of the

form
oo
D aug"™ D W, ()
M Jj=0

in the domain |g|~¥ < |z| < |¢|~~. Here {69,(2)} are rational functions
of z with possible poles on the unit circle.
But considered as a formal power series of ¢,

Qg Sgn(TM) @ (Z apq" M p(Ey, V) = Z auq" Z V}iqj
H H Jj=0

with V% € K(M)®z C. Note that the terms in the above two j-sums
correspond to each other. Apply Lefschetz fixed point formula to each
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Vi, we get that, for |z| = 1, each b7,(2) is the Lefschetz number of an

elliptic operator. This implies that
N(j)
g _ gr .m
bju(2) = Z Amj=
m=—N(j)
for N(j) some positive integer depending on j and a;);; complex number.
Since both sides are analytic functions of z, this equality holds for any

z € C.
On the other hand, multiply F,g(t,7) by

fe=TIIJa-=)

p j=1
where the product runs over all of the fixed points {p}, we get a holo-

morphic function which then has a convergent power series expansion

of the form

D™ ) ()
M Jj=0
with {cj,(2)} polynomial functions, in the domain lg|v < |z| < |g .
Compare the above two expansions, one gets that for each j the equality
Gu(2) = f(2) - b.(2)
holds. So by the Hilbert Nullstellensatz, we know that

S S0 = S S0
M Jj=0 Iz Jj=0

is holomorphic in the domain |¢|~ < |z| < |¢"~. Obviously R x H lies
inside this domain. O

Now let us prove Theorem 1. At this point the proof is almost
identical to our new proof of the Witten rigidity theorems in [Liul].

By Lemma 5.1, we know that Fg(t,7) is a doubly periodic meromor-
phic function in ¢, therefore to get the rigidity theorem, we only need
to prove that Fg(t,7) is holomorphic on C x H.

First note that, as a meromorphic function on C x H, all of the
possible polar divisors of Fg(t,7) can be expressed in the form ¢ =
n(cr+d)

== with A, n,c,d integers, A # 0 and ¢, d prime to each other.

Lemma 5.3 tells us that the divisor ¢ = % is not the polar divisor of

F,g(t,7) for any ¢ and any integers A, n.
For any polar divisor ¢t = M of Fr(t,7) with (¢,d) = 1, we

can find integers a,b such that ad — bc = 1 and consider the matrix
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d —b .
g=< ¢ a )ESLQ(Z). Since

t dr —b
—cT+a —cT+a

FgE(t,T) = (—CT + a)’kFE(

)7

it is easy to see that, if t = is the polar divisor of Fg(t,7), then
a polar divisor of Fyg(t,7) is given by

n(cr+d)
A

/ _ n(c% +d)
—cT +a A

which exactly gives ¢ = %. This is a contradiction to Lemma 5.3. So
Fg(t,7) is holomorphic on C x H. This proves Theorem 1 for the
isolated fixed point case.

Now we discuss the general fixed point case. Obviously we only need
to verify the transformation formulas used above.

Let {M,} be the fixed submanifolds of the circle action and

TM|y, =E & ® E,®TM,

be the equivariant decomposition of T'M with respect to the S*-action.
We denote the Chern root of E, by 2wz, and the Chern roots of
TM, ® C by {£27iy;}. Assume that g acts on E, by e*™,

Similarly let

Vi =L1®---® L

be the equivariant decomposition of V' restricted to M,. Assume that
g acts on L, by €' Here some n, may be zero. We denote the
Chern root of L, by 2miu,.

Let 2k, denote the dimension of M,,. Then the Lefschetz number of

¢ DR, Sy (TM —dimM) @ Y(E, V)

is given by
Fg(t,7) = Z(ﬁ(%iyﬁ(wa T))(ﬁ Fay +myt, 7))ep(u+t, 7)) [Ma]
where o -

Fz,7) = (zm)lg((g: ;) colu+1,7) = xu(U+T,7)

with U+T = (ug+nqt, -+ ,u+ngt). See Appnedix A for the derivation
of Fg(t, 7).
Since gF = oy, the corresponding elliptic operator is
N g™ D @ (852, 5y (TM — dimM) @ $(E,., V)

"
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whose Lefschetz number is

ko h
Fup(t,7) =Y ([ @miy; Flys, D) ] F@y+mat, 7))eqr(utt, 7)) [Ma]
M, j=1 =1

with

a,cp, (u+t,7)

cgEu—i—tT "

tM

as in Lemma 5.2.

Let us first check the modular transformation of g = ( ch Z > €
SLy(Z). We have

t  ar+b
Fo(— — 2217
E(CT—I—d’CT—i—d)
h
at +b m~,t  at +b t at +b
= (2 F = — M,
;H win Pl o Lo S esto g
h
= (cT+d) Z H 2miy; F((et+d)y;, 7)) H(F((m’—l—d)xv—l—mvt, 7))egr((cT+d)u+t, 7)) [M,].
M, j=1 v=1

Here to cancel the exponential factors one needs
Z y; + Z(% +mat)? = mZ(uy +n,t)?
J ol v

which is exactly the localization of the equality pi(M)g1 = mp;(V)s
to M,. See Appendix A.

But since we only need the k,-th homogeneous terms of the polyno-
mials in x’s, y’s and u’s, one gets

H y; F((er+d)y;, 7)) H(F((CT—I—d)ZL’V‘f‘mA/t, 7))cgr((cT+d)u+t, 7)) [M,]

ko h
= ([T F () T TF (@ + mat, 7))egr(u + t,7) [Ma).
- P
Therefore
Fu(g(t,7)) = (e + d)* Fyp(t, 7)

as in the isolated fixed point case.

We leave to the reader to check the action of ¢ — t + ar + b for
a,b € 2Z. Note that, for this, one only needs the conditions

2 : 2 _ E 2 E _ §
mj =1m n,, M~yTy =M ny,uy
J v ¥ v
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which are easy consequences of the localization of the equality of the
first equivariant Pontrjagin classes.
This finishes the proof of Theorem 1.

2.6. Almost Complex Manifolds I. Now let X be a compact almost
complex manifold of complex dimension k and W be a complex vector
bundle of rank [ on X. Here by complex bundle we mean a real bundle
with a complex structure. One has the decompositions

TXC=TXaeT'X, WeC=W aW".

Assume that there exists an S'-action on X which lifts to W and
preserves the complex structures of X and W.

Following Witten, consider the fiberwise multiplication action by a
complex number y = €™ on W’ and by y~! on W” respectively. In
this way we get a real Gy-equivariant bundle V< such that V¢ ® C =
W' @ W". Here G, denotes the multiplicative group generated by y.
One notes that V¢ is actually isomorphic to W viewed as a real bundle.

If we(W) = 0 which is equivalent to ¢; (W) = 0(mod2), then V¢ is
a Spin(20)-vector bundle and the method in Section 2.3 can be used
to get an element (E,V®), associated to V* and a positive energy
representation E of LSpin(2) of highest weight.

Let O denote the anti-holomorphic differential on X. Assume fur-
thermore that ws(X) = 0 and denote the Dirac operator on X by D.
Recall that D = d® K2 with K = detTX’. Consider the equivariant
elliptic operator

D® @2, 8,:(TX ®C) @ W(E, V)

under the action of G, x S*. Take o = % for some positive integer N.
For a complex vector bundle F, let p;(F)g1 = c2(F)g1 — 2¢3(F)s1 be
the first equivariant Pontrjagin class of the underlying real bundle. We
have ~

Theorem 2: For any positive energy representation E of LSpin(2l)
of highest weight of level m, if wa(X) = wo(W) = 0, ¢, (W) = 0(modN)
and p1(X)s1 = mp1(W)g1, then the G, x S*-equivariant elliptic oper-
ator

D ® @;2,50(TX @ C) @ (E, V)

is rigid with respect to the S'-action.

Proof: We only give a sketch for isolated fixed point case and leave
the general fixed point case to the reader.

Let {p} be the fixed points of the S*-action. Choose the orientation
compatible decompositions of TX’ and W' at each fixed point. One
then has
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TX/|p = @leEja Wllp = @Lzle
Assume that g = e*™ acts on F; and L, by e*™™* and e*™™! respec-
tively. Write
X%<Z> T) = XE(Z +a, T)
where z + o = (21 + «, -+ , 2+ «). First by the same method as in
Section 2.5, we get that

Fo(t,r)=>_ H(t,7)ch(t,7),

where
cp(t, ) = x5(T, 1),
is the Lefschetz number of
" DR, S (TX @C —dimX) @ (£, V)

at y x e*™ € G, x S'. Here H(t,7) , T and m, have the same
expressions as in Section 2.5. As in the proof of Theorem 1, one first
verifies that Fig(t, ) is doubly periodic with respect to the action

T—t+ar+b

for a,b € NZ. Then one can check that, for any g = < CCL 2, ) €

SLy(Z),
Filg(t.7)) = (er + d)* Fpg ™ (¢, 7)
where F, "7+ (¢ 7) is the Lefschetz number of
it " a0, g DRI Q@5 Sy (TX@C—~dim X )@y (B, V).
w

Here L = detW’ and {a,} are some complex numbers. Also V(e +d)

is the corresponding equivariant bundle with respect to the fiber mul-
tiplication by y = ¥4 and (E,, V+d) is the element in
K(X)][[q]] associated to V™9 and the positive energy representa-
tion E, = L(A,) of LSpin(2l) of highest weight A, of level m. Recall
gE =>" GpEy. In terms of local data, we conveniently write

FgaE(Jcr—i-d) (t, 7_) _ Z H(t, T)ngf-i-d) (t, 7_)
p

with

(eT+d) Immica?(er+d 27 ot (cT+d)
CZ;T (t,T)ZGm ica (C+)Za,ue imcay, n .XCXEHCT (t,T).

I
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By our discussions in Section 2.5, these two properties, together with
Lemma 5.3 of that section, are enough for Theorem 2. O

As the applications of Theorem 2, we give some examples. We will
use the same notations S,7,S" and 7" as in Section 2.4 to denote the
four highest weight representations of ESpin(?l) of level 1.

Example A) Take m =1 and E = T, One easily sees that

B(VOT) = L2 @ R gA_y1gnW" @2 A_yn W',

We get the rigidity of 0@ (K '@ L)2 @ OF (T'X[W). Here L = detW,
K = detT'X and

@? (TX|W> = ®7010=0A7y‘1q" W//®;:O=1A*yq” W/®$LO=1Sq”T/X®$LO=1Sq”T”X-

Actually, in [Liul] we have proved this result by assuming the slightly
weaker condition we(W) = we(X), ¢1(W) = 0(modN) and p;(W)s1 =
p1(X)gi. Take W = TX, we get the rigidity theorem of Hirzebruch
[H], i.e. the rigidity of 9 ® ©2(TX). Here

05 (TX) = @ploh_y 1o T" X A_yn T' X0 S T' X @52 Sn T X
These examples were also discussed by Witten in [W].

Example B) Take m =1 and E = S, S’ or T”, one gets the rigidity
of 08 (K~'® L)z @ PX(TX|W), DoQ(TX|W) and D® R(TX|W).
Take W = T X, one gets the rigidity of 0 ® PXTX), D®Qg(TX) and

D ® R3(TX). The rigidity of these operators were proved in [Liul],
Proposition 2.1. Here recall that

QTXIW) = @A WO AW &, SpT'X @, S, T7X,
Ry(TX|W) = ®§:1Ay71qn_%W” R0 qun_%W’ R0 ST’ X @0, SnT" X
and take W =TX, one gets
PHTX) = @plohy 1o T"X @02 Ayn T'X @52, SpnT'X @72, SpnT" X,
QTX) = @A, G T'X @ A T'X @, S, T'X @5, S, T'X.
RUTX) = @A L, T'X @ A T'X @2, SpT'X @, S, TX.
Example C) Consider the tensor products of S,T,S" and T’ one
can get some higher level rigidity theorems, especially the examples in
Section 4 of [Liul]. We omit the details here. In fact {S,T,S5",7"}
form a ring by tensor product, each homogeneous term of degree m
gives a rigid elliptic operator, if the corresponding bundle W satisfies
ci(W) = 0(modN), we(X) = we(W) =0 and p1(X)g1 = m - p1(W)gr.
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Take m =1, W = T'X and consider the following elliptic operator
D 0@, S (T'X —dimX ) @52, Sgn (T" X — dim X ) @¢p (V) T,

g

where the sum is over
b
o= (4 ) e sr@mm

The index of this operator gives a rigid elliptic genus of level 1 for
compact almost complex manifolds with ¢; = 0(modNV). Explicitly

P(VTHD T), = L% gA_y- 190 (W' —=dimW) @52 A_ygn (W —dimW)

2mia(eT+d

with y = e ). Also recall

IY(N) = {( “ ! ) e = 0(modN), a = d = 1(modN)}

It is not difficult to see that when ¢;(W) = 0 Theorem 2 actually
holds for any complex number «, this generalizes the result of Krichever
to higher level loop group representations. See the corresponding dis-
cussions in [Liul].

3. JAacoBl FOrRMS AND RiIGIDITY THEOREMS

In this part we generalize the the rigidity theorems in last part and
in [Liul] to the non-zero anomaly case from which we derive a family
of holomorphic Jacobi forms. As corollaries we get many vanishing
theorems, especially an él—vanishing theorem for loop space.

3.1. Non-zero Anomaly. Let M be a compact smooth spin manifold
of dimension 2k with an S'-action and V be a rank 2/ equivariant spin
vector bundle on it. We consider the equivariant cohomology group
of M, H% (M, Z). Obviously H% (M, Z) is a module over H*(BS',Z)
induced by the projection

7 M xq ES' — BSh.

Recall that
2(M,Z) = H*(M xs1 ES*,Z).

Let p1 (V) g1, p1(M)s1 € HS (M, Z) be the equivariant first Pontrjagin
classes of V' and T'M respectively. See Appendix A for a geometric
discussion of equivariant characteristic classes. From our previous dis-
cussions, one knows that the condition p;(V)g1 = pi1(M)g: puts very
strong restriction on the characteristic numbers of M and V. Actually
this condition governs the modular invariance of the elliptic operators
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discussed in [Liul] and last part which is one of the essential reasons
for their rigidity.

In this part we consider the situation when p;(V)s1 — p1(M)s1 €
H% (M, Z) is equal to the pull-back of an element in H*(BS*, Z). Since

H*(BS',Z) = Z|[u]]
with u a generator of degree 2, we know that this is equivalent to
p1<V)51 — pl(M)Sl =n- ’7T*'LL2

with n an integer. We call n the anomaly of rigidity. The reason for this
will be clear in the following. Follow [Liul], we introduce the following

elements in K (M)[[¢2]):

OLTM|V), = @2 Agn(V —dimV) &% Sym(TM — dimM),
O,(TM|V), = &LA_. 3 (V —dimV) &7 Sy (TM — dimM),
O_y(TM|V), = LA, 3 (V —dimV) @7, S (TM — dimM),
O,(TM|V), = ®;°;;1A_qn(v —dimV) ®2_, Sym(TM — dimM).

One of our main results in this part is the following theorem which
generalizes the rigidity theorems to the non-zero anomaly case:
Theorem 3: Let M and V' be as above. Assume

p(V)st —p1(M)st =n - T,

then the Lefschetz numbers of DQA(V)@O, (TM|V )y, DRO(TM|V),,
D®O_,(TM|V), are holomorphic Jacobi forms of index 5 and weight
k over (2Z)?> x T with T equal to Ty(2), T°(2), Ty respectively. The Lef-
schetz number of DR (AT (V)=A~(V))@0;(TM|V), is a holomorphic
Jacobi form of index % and weight k — 1 over Z? x SLy(Z)

Here by Lefschetz number we actually mean its extension from unit
circle to complex plane. See the discussions in Section 3.2 for definitions
of the modular subgroups appeared in Theorem 3.

As a corollary of Theorem 3 we have the following vanishing theorems
for loop space.

Corollary 4.1: Let M, V and n be as in Theorem 3. If n =0, the
Lefschetz numbers of the elliptic operators in Theorem 3 are indepen-
dent of the generators of S. If n < 0, then these Lefschetz numbers
are identically zero, especially the indices of these elliptic operators are
zero.

This explains the reason that we call n the anomaly. There are some
other corollaries by applying several simple facts about Jacobi forms
in [EZ] to our situation. We believe that the applications of certain
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deeper results in Jacobi form theory may bring new light to elliptic
genus theory.
It is very interesting to discuss the operator

D ® ®2_,Sygn (TM — dimM),

which corresponds to the Dirac operator on LM. One notes that this
operator is the same as
[T(1— ¢ D& Spm(TM).

n=1

We will prove the following él—vanishing theorem for loop space.
Theorem 4: If p;(M)s1 = n - m*u?® for some integer n, then the
Lefschetz number, especially the index, of

D ® ®_,Sgn (TM — dimM)

s zero.

We note that p;(M)g1 = n-m*u? is the equivariant spin condition on
LM. If M is 2-connected or the S'-action is induced from an S3-action,
then this condition is equivalent to the condition p;(M) = 0 which is
the spin condition on LM . See the discussion in Section 3.4.

We remark that Witten has predicted Theorem 3 by considerations
from physics. See the discussions in [W1]. We may view the results
here as part of his famous rigidity theorems.

It is also interesting to generalize Theorem 3 to higher level cases.
In last part, we considered the Dirac operator on loop space twisted by
some element ¢(F, V) € K(M)[[q]] associated to a spin vector bundle
V' of rank 2/ and a positive energy representation F of f/Spin(2l) of
highest weight of level m. Our theorem there says that, if p;(M)s1 =
mp1(V)s1, then

D ® @y Spn(TM)@¢Y(E,V)
is rigid. Using a refinement of the modular invariance of the characters
of the highest weight modules of affine Lie algebras given by Kac-

Wakimoto, we will show the following.
Theorem 5: Let M,V and E be as above. If

mp1(V)sr — p1(M)s1 =n - T,
then
¢"D @ ®p2 1 Sgn(TM — dimM) @ p(E,V)

is a holomorphic Jacobi form of index 5 and weight k over (2Z)* x
['(N(m)). O
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Here N(m) is an integer depending on the level m and given in [Ka],
and my is as given in Section 2.2 of last part. As a corollary one has
that, if n < 0, the Lefschetz number of the above elliptic operator must
be zero, so is its index. If n = 0, Theorem 5 gives the rigidity theorem.
There are similar theorems for almost complex manifolds which will be
discussed in Section 3.3.

We organize this part in the following way. In Section 3.2 we prove
Theorem 3 and Theorem 5. In Section 3.3, we discuss the the corre-
sponding theorems for almost complex manifolds. In Section 3.4 we
prove Theorem 4 and give some vanishing theorems by combining sev-
eral simple facts in the theory of Jacobi forms with the theorems in
Sections 3.2 and 3.3.

3.2. Proofs of Theorems 3 and 5. Recall that a (meromorphic)

Jacobi form of index m and weight [ over L x I', where L is an integral

lattice in the complex plane C preserved by the modular subgroup

[' C SLy(Z), is a (meromorphic) function F(t,7) on C x H such that
t at +0b

1) F
) (CT +d er+d
2) Fit+M+p71) = e_zmm()‘27+2M)F(t, T),

) = (cr+d) e e F(t, 1),

a b
d
we say that F'is a holomorphic Jacobi form. It is important for us to
emphasize this point, since the key point of our theorems is to prove
that those Lefschetz numbers are holomorphic Jacobi forms.
Jacobi forms can be viewed as sections of holomorphic line bundles
on the elliptic modular surface

where (\,pu) € L, g = e I'. If F' is holomorphic on C x H,

Xt =CxH/LxT.

See [EZ] and [Kr]. Also see Section 4.1 for more detail about elliptic
modular surface. Obviously F'(t,7) is holomorphic iff it is a holomor-
phic section.

Now let us start to prove Theorem 3. We first prove that the Lef-
schetz numbers of the elliptic operators in Theorem 3 are, possibly
meromorphic, Jacobi forms over the corresponding modular subgroups.

Let us first consider the isolated fixed point case. Let g = 2™ €
S be a generator of the action group and {p} C M be the set of
fixed points. Let {m;},{n,} C Z be the exponents of TM and V
respectively, at the fixed point p. See Section 2.5 for the geometric
meaning of these local data.
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Denote the Lefschetz numbers of 27'- D@ A(V) @ ©,(TM|V),, D ®
O,(TM|V),, D®O_,(TM|V), and 27" - D @ (AT(V) — A (V)) ®
OHTX|V)y by F/(t, 1), Fy(t,7), F¥p(t,7) and Fp.(t, ) respectively.
Apply the Atiyah-Bott-Segal-Singer Lefschetz fixed point formula, one
has

)

Fi(tr) = (2mi)™* ) 9/1((0’77 III:IIV 191(: Z :))
/(OvT)kH 92(77’” T>
(077—)[ H (mﬂt 7—)

y N (0,7 k 93 n,t, T
Fipt,m) = (2m) ’“Z 93((0,7))111_—[[ ) (En]t r))’
L lHV 1 (”Vt’T)_
HJ 1 H(mjt, 7')

Here 6(t,7),0,(t,7) for 1 = 1,2,3 are the four classical Jacobi theta-
functions and

)

Fp.(t,7) = (2m)~ ’“Ze’

0
S 0Tz, 0,0, 7) = 0, (t, 7)o

Similarly let us denote the Lefschetz number of

D ® @57 _1Sgm(TM — dimM)

0'(0,7) =

by H(t, ), then

d (0, 7)
H(t,7) = (2mi)~ ZHGmtT
12)

As Lefschetz numbers, the F'V’s and H are only defined for t € R i.e.
for z = 2™ ¢ S'. But we can obviously extend them to well-defined
meromorphic functions for (¢,7) € C x H. This follows easily from the
infinite product expressions of the theta-functions. In the following,
when mention F'V’s and H, we actually mean their extensions.

Recall the three modular subgroups

To(2) = {(Z Z) € SLy(Z)e = 0(mod 2)},
ro2) — {(Z Z) € SLy(Z)[b = O(mod 2)}, and
r, — {(Z S)GSLz(ZN(i 2)5((1) ‘f) or ((1) (1))<mod2)}.
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First one has the following

Lemma 2.1: If p;(V)g1 — p1(M)g1 = n - m*u?, then

F)(t,7) is a Jacobi form over (2Z)* x To(2);

FY(t,7) is a Jacobi form over (2Z)* x T°(2);

FY,(t,7) is a Jacobi form over (2Z)? x Ty;

If py(M)s1 = —n - u?, then H(t,T) is a Jacobi form over (27Z)?
SLy(Z).

All of them are of index 5 and weight k;

Fp.(t,7) is a Jacobi form of index % and weight k — 1 over Z* x
SLy(Z).

Proof: The condition p;(V)s1 — p1(M)s1 = n - 7*u? implies that

2 2 _
E nV—E m;=n
v J

for each fixed point. See Appendix A. First under the actions of a,b €
27, one has
0,(m;(t+ar +0b),7) = e*”m?(a%”at)eﬂ(mjt, 7)
and
0,(n,(t + ar +b),7) = e ™ @20 (1 T
for 0, = 0,0:,05 or 5. Therefore

4 !
[T Ou(n(t 07 +0).7) _iniatrszan [Loms O (0t 7)

[15_; 0, (m;(t + ar +b),7) [15_, 0(myt,7)°

7=1

So we get that these F'V’s satisfy the condition 2) in the definition of
Jacobi forms. Similarly if pi(M)g1 = —n - 7*u?, then 3, m3 = —n for
each fixed point, one can get

H(t +ar+ b) — e77rin(a2‘rJerJn‘/)]’_[(t7 7_>.

On the other hand, we have the well-known modular transformation
formulas for theta-functions under the action of the generators S, 1" €
SLy(Z). See [Ch] or [Liul]. For S, we have

0O~ Loy 0 =Y e 00,1 [Ty ol )
010, ~1) I}, 002 - RO Omst, )
0/(0, _%>k Hluzl 03(%7 _%) = ke 7”"'52 '9/(07 T)k HV 1 93(”” T)
(0, =)' T, 6%, =) 6a(0.7) TI}_, B(m,t.7)’
9/(07 _%)k Hf/:l e(nTytv _%) — Tkemztz 01(07 T)k H =1 (nl/t’ T)
6(0, — 1)1 H§:1 G(mTjt,—%) 6(0, 1) H _, 0(m t,T)
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Therefore
t 1 7rznt t 1 7r'm,t
Fj(=,—=) =717 Fp(t,7), F'p(=,—=)=r1"e"r F'p(t,7)
T T T T
and
Fl(L =Ly o e 7Y (1),
DA r

For H(t, ), we have

t 1 Trznt2
H(Z,—2) = the™ H(t, 7).

T T

Similarly under the action of 7', we have
FOX(t,T +1) = FOX(t,T), FY(t,7+1)=FY,(t,7)
and
Fp.(t,7+1) = Fp.(t, 7).
For H(t, ), one has
H(t,7+1)=H(t,1).

One knows that T and ST?ST generate ['y(2). Also I'°(2) and Ty are
conjugate to I'o(2) by S and T'S respectively. So the assertions for
EY(t,7), Fp(t,7) and FY,(t, 7) follow easily from the above formulas.
Also easily follow the cases for Fp.(t,7) and H(t,7). O

The above proof gives some transformation formulas of the F'V’s and
H which are crucial for the proof of Theorem 3. We single them out
as a lemma.

Lemma 2.2: [fpl(V) ! —pl(M)Sl =n - 7*u?, we have

FY(4,=4) = e B (4,7), FY(t7+1) = FY (t.7);
FYp(f,—3) = rhe™ FV( 7), Fh(t7+1) = FIp(t,7);
FY.(5,—4) = P L (7). FYL(ror +1) = FhL(6,7).

If pr(M)gr = —n - w*u?
t 1 k‘ 7r7,nt2
H(-,——)=71"%"+ H(t,7), H{t,7+1)=H(t,7). O
T T

For g = < CCL Z ) € SLy(Z), let us use the notation

t cm’—i—b)
cr+d et +d

to denote the action of g on a Jacobi form F' of index m and weight k.

F(g(t, 7—))|m,kz = (C’l‘ + d)_ke_ZﬂimCtQ/(CT+d)F(
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Lemma 2.2 tells us that, for F' € {FV/S, H}, its modular transfor-
mation F(g(t,7))|= x is still one of the F"’s or H. Similar to Lemma
5.3 of Section 2.5, we have the following

Lemma 2.3: For any g € SLy(Z), let F(t,7) be one of the FV’s or
H, then F(g(t,7))|= x is holomorphic in (t,7) fort € R and 7 € H.
O

For this lemma, it is crucial that the FV’s and H are the Lefschetz
numbers of elliptic operators. This is also the place where the spin
conditions on M and V come in. The following lemma can be viewed
as a summary of our key techniques.

Lemma 2.4: For a (meromorphic) Jacobi form F(t, ) of index m
and weight k over L x ', assume that F' may only have polar divisors
of the form t = %j in C'x H for some integers c¢,d and | # 0. If
F(g(t,7))|mx is holomorphic fort € R,7 € H for every g € SLy(Z),
then F(t,T) is holomorphic for any t € C and T € H.

Proof: Since the possible polar divisors of F'(¢,7) can be written in

the form ¢ = M with (¢, d) = 1. We can always find integers a, b

such that ad — bc = 1. Take g = ( _d _ab ) € SLy(Z). Since
t dr +b

Flg(t,m)) = F(—CT +a —cT+a

)?

n(cr+d)

it is easy to see that, if ¢t = is the polar divisor of F(t,7), a
polar divisor of F(g(t, 7)) is given by solving the equation

¢ n(c dr—b + d)

_ —cT+a
—cT +a l

which exactly gives ¢ = . This is a contradiction to the assumption.
O

Now it is easy to prove Theorem 3. By Lemmas 2.1, 2.2 and 2.3
we know that the F'V’s and H satisfy the assumptions of Lemma 2.4.
In fact all of their possible polar divisors are of the form ¢ = % where
¢, d are integers and m is one of the exponents {m;}. This easily follows
from their theta-function expressions. So Lemma 2.4 gives Theorem 3
for the isolated fixed point case.

For the general fixed point case, one only needs to verify the transfor-
mation formulas of the FV’s and H under the action of (2Z)%x S Ly(Z).
We only check the operator DRA(V)®O, (T'M|V'), and leave the other
cases to the reader. Let us keep the notations as in Section 2.5 of last
part. In terms of those data the Lefschetz number F| C}: (t,7) is then
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given by
Fc}:(ta T) = Z(ﬁ(QWiij(ij T))(H F(zy+m,t, T))(H Fi(uy+nyt, 7)) [ Ma]
where “ 200 0

Flx,7) = (2mi) " 0((96’;), Fi(z,7) = eigg

and 2k, is the dimension of M,.
First recall that the condition on the first equivariant Pontrjagin
classes implies the equality

Z(u,, +n,t)* — (Z y; + Z(.CIZ,Y +m,t)?) =n-t

14

for each fixed point. See Appendix A. This means
IS SN S S T3
v v v v v J v

Apply the transformation formulas of the theta-functions, we easily
get
(1) Under the action t — t 4 a7 + b with a, b € 2Z:
0, (2 +m(t + ar +b), 7) = e TR @ TR2R20m3) g (4 Loy 7)
and
e,u(uy + n,,(t +ar+ b), 7_) — e—m’(n%(a27+2at)+2anuu:/)9u(UV + nl,t,T)

for 6, one of the four Jacobi theta-functions. Combine these with the
equalities derived from the condition p;(V)g1 — p1(M)g1 = n-7*u?, we
get
FY(t+ar +b,7) = e ™20V (¢ 7).
(2) Under the action of SLy(Z). We only check the action of S =

( (1) _01 ) and leave to the reader to check the action of 7. We have

ma~t 1 1 T . (rzytmyt)?
9 it ,—— ) == —_ 7”/%9 t) 9
(xy + . 7_) ; ie (T2y +mat,7)
1 1 T ﬂ_i(Tyj)2 1 T T
0y;—~) = ;\/;e ~0(ty;, 1), (0, —-)= ;\/;9'(077%
l/t ]_ (Tup+npt 2
91(”1} + n_7 __) = :6ﬂl%92(7u1’ + nl’t’ T)'
T T 1

Write
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and put the above equalities together, we get

Y, -)
- ;(ﬁ(zmyjp(yj, —%))(ﬁl F(a:ﬁm%t, —%))(]l]1 Fl(uy+”7”t, —%))[Ma]
_ hemitt ;(ﬁ(zmij(Tyj, T))(f[:1 F(rz,+mat, T))(Vlill Fy(tuy4n,t, 7)) [ M)
= rhemint ;(f{l(Qﬂiij(yﬁ T))(p; F(zy+myt, T))(VILIZ1 Fy(u,+nyt, 7)) [Mo]

= rhe™ T Fp(t, 7).

For the second equality one needs

Z(u,, +n,t)* — (Z Y5+ Z(av7 +m,t)?) =n-t

14

which is exactly the localization of p; (V) g1 —pi (M) g1 = n-m*u?; for the
third equality one notes that we only need the k,-th homogeneous term
in the expansion in {y;, z,,u, }. This finishes the proof of Theorem 3.

Proof of Theorem 5. We only discuss isolated fixed point case.
The general fixed point case is the same as above. Take £ = L(A) to
be a level m highest weight representation of ESpin(Ql). Recall that
the Lefschetz number of

quD ® ®$Lo:15qn (TM — dlmM) ® ¢<E, V)
is given by

Fg(t,7) =Y H(t,7)ep(t,7)

where the sum is over the fixed points of g = €*™ with

k / -
H(t,) = 2ri) ] —9‘?”(2; 3)

and
CE(ta T) = XE(Ta T)'
Here T' = (nt,--- ,nit) and xg(z,7) = ¢™*chg(z,7) is the normalized
Kac-Weyl character of the representation £ = L(A) of LSpin(2l). See
Sections 2.2 and 2.5 for the notations.
First we extend Fg(t,7) to a (meromorphic) function on C x H and
then verify the following properties:
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(a) Under the action of (a,b) € (2Z)?, we have
H(t+ar+b,7)=¢"2i m?(“2T+2“t)H(t, T);
cg(t+ar+b,7) = e’m“ZV"a(“%”at)cE(t, 7).

These follow from the transformation formulas of theta-functions. Since
mpy(V)s1 —pi(M)s1 =n - T

implies m y_, i — . m7 = n for each fixed point, we immediately get

Fep(t+ar+0b,7)= e”i”(“27+2at)FE(t, T).

(b) Under the action of g = ( CCL 2 > € SLy(Z), we have
t ar+bD
H(g(t, 7)) = H(—— 472
(glt,m)) = (" 50

= (7 + dyfe TSmO (1 7)

which can be shown by using the transformation formulas of (¢, 7) and
¢'(0, 7).

On the other hand, by a theorem of Kac-Peterson-Wakimoto ([Ka],
Ch. 13), there exists an integer N(m) such that, for any g € I'(N(m))
where

r(vn) = o= (¢ ) €Sta@la=( o | ) modnm))

one has
; 242
c ( (t,T)) emcwz§ L, nit /(CT+d)C (th).

Therefore, if mp; (V)1 — p1(M)s1 = n - m*u?, we have
F(g(t,7)) = (cr + d)fem™ /D p(¢, 7).

Obviously, (a) and (b) together with Lemma 2.4 imply Theorem 5.
We leave the consideration of the general fixed point case to the reader.

3.3. Almost Complex Manifolds II. Now we consider the case of
almost complex manifolds. For simplicity we restrict ourselves to the
isolated fixed point case and leave the general fixed point case to the
reader.

Let W be a complex vector bundle, i.e. a real vector bundle with
a comlex structure, of rank [ on a compact almost complex manifold
M of dimension k. Assume that there exists an S'-action on M with
respect to which W is equivariant. Assume the action preserves the
complex structures of M and W.
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Recall

T\ (N) = {( j Z ) € SLy(Z)|c = 0(modN), a = d = 1(modN)}

and the decompositions
TM@C=TM oTM'", WoC=W oW".
Let L =detW’, K =detT M’ and
O (TMIW), = @52y A_yrgpn(W" —dimW) @72 A_ygn (W' — dimW)
0 Sy (T'M — dimM) @52, Sgn(T"M — dimM)

n=1
with y = €2™ an N-th root of unity. Then we have
Proposition 3.1: If we(W) = we(M), 1 (W) = 0(modN) for some

positive integer N and
p1(W)gt — pr(M)g1 = n - 752,

then the Lefschetz number of @ (K~ ® L)z @ ©X(TM|W), is a holo-
morphic Jacobi form of index % and weight k over (NZ)? x I'1(N).
O

Here recall p;(-)s1 means the equivariant first Pontrjagin class of the
intrinsic real bundle and 0 is the anti-holomorphic derivative.

We actually have more results. In fact all of the virtual versions
of the elliptic operators in Proposition 2.1 of [Liul] give holomorphic
Jacobi forms. We summarize this in the following

Proposition 3.2: Let M and W be as above. If wo(M) = we(W) =
0, c1(W) = 0(modN) and

p1(W)s1 — p1(M)st =n - T,

then d @ (K~ © L)2 ® PX(TM|W),, D @ Q{TM|W), and D &
R (TM|W), are holomorphic Jacobi forms of indexr § and weight k
over (2NZ)* x T1(2N). O

Here recall D = 9 ® K2 is the Dirac operator on M which exists
by the assumption and

PATMW), = &2 oAy1g(W" —dimW) @5, Aygn (W' — dim¥)
% Su(T'M — dimM) @22, Sy (T"M — dimM),
QITMIW), = @A, (W —dimW) @2, A (W~ dimW)
o S (T'M — dimM) @2, Sgn(T" M — dimM),
RUTMIW), = @A oy (W —dimW) @2, A .y (W — dimIV)
% Sp(T'M — dimM) @2, Sy (T"M — dimM).
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For the proofs of Propositions 3.1 and 3.2 we have to introduce the
following elliptic operators:

o (K ' L): e LX) (TMW),
for Proposition 3.1; and

§ K 'oL)Ee L™ Pt (TMIW),,

D &L®® Qg (TMW),,

D ®L™ @ RXTTNTMW),
for Proposition 3.2. Here the bundles @39 potertd) - palertd) 4
R are the same as the 0%, P, Q2 and RY respectively, but
replacing a by a(cr + d). We denote their Lefschetz numbers by
Folertd) (g 7y, polertd)(p 1) Qo+ (¢ 1) and R (¢, 7) respectively.

Let {m;},{n,} be the exponents of 7'M, W’ respectively. See Section
2.6. Then in terms of the theta-functions we have

v=1

po(ertd) (t,7) = (2mi)~" Z g2mical nut i
P

j=1

Poz(CTer) (t, 7_) _ (271'@)7k Z lericaZ nyt

aler +d), 1)t 15, 0(myt, 7)

g0,7) I O(n,t + aler +d), 7).

I

00,7)  TI._ 61t + aler +d), 7)

Y

b

. 01 (aler +d), 1) Hle O(m;t, T)
Qa(cT+d) (t 7_) — (271_2)—’{} Z 627ricozz nyt 0/(07 T>k Hlljzl 02 (th + Oé(CT + d)’ 7—)
’ . Or(a(er +d), 1) H§:1 0(m;t, 7)
Ra(CTJFd) (t 7-) — (271.2)*]? Z e?wicaz nyt 0,(07 T>k Hf/:l 93 (nl’t + Oé(CT + d)? T) .
’ p O3(aler +d), 1) H?=1 6(m;t, )

Obviously when ¢ = 0,d = 1 we recover the Lefschetz numbers of the
operators in Propositions 3.1 and 3.2.

Follow the same method as before, one can check the modularity
of Fe(t,7), P*(t,7), Q“(t,7) and R*(¢t,7) under the actions of the

b ) € SLy(Z) one has

corresponding groups. Also for any g = d

the following transformation formulas:
Fo(g(t, 7))z g = FETH(t, 1),

and
P(g(t,7))|2 e = U (L, 7)

where U™+ (¢ 7) is one of the PMc™+d) (¢ 1) Q™+ (¢ 7) and R+ (¢, 7).

It is quite easy to show that they are preserved by the corresponding
modular subgroups. Consult [Liul].
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Together with Lemma 1.4 in [Liul|, we can prove Propositions 3.1
and 3.2 in the same way as that of proving Theorem 3.

Some higher level elliptic operators for almost complex manifolds
were discussed in last part. Under the assumption

mpr(W)sr —p1(M)s1 =n - T,

one can get holomorphic Jacobi forms of index 7 and weight & over
(2NZ)? x T'(2N(m)) for the elliptic operator in Theorem 2 in Section

2.6. We omit the details.

3.4. Vanishing Theorems for Loop Space. In this section we ap-
ply some simple facts in the theory of Jacobi forms to our situation
and get certain topological results for manifolds with Sl-actions. It
is conceivable that the applications of some deeper theory of Jacobi
forms might give much deeper topological results. This should be an
interesting topic for further studies.

The following lemma which is Theorem 1.2 in [EZ] can be easily
proved by using the property 2) of Jacobi forms in Section 3.2 and by

considering the integral of at around the boundary of the fundamental
domain of the lattice L.

Lemma 4.1: Let F' be a holomorphic Jacobi form of index m and
weight k. Then for fived T, F(t, ), if not identically zero, has exactly
2m zeroes in any fundamental domain for the action of the lattice on
C. O

This tells us that there are no holomorphic Jacobi form of negative
index, therefore, if m < 0, F' must be identically zero. If m = 0, it is
easy to see that F' must be independent of t.

The following lemma is Theorem 2.2 in [EZ] and can be proved by
using the property 2) of Jocobi forms as given in Section 3.2.

Lemma 4.2: Let F' be a holomorphic Jacobi form of index m and
weight k. Assume that F has Fourier development ), c(l,7)q'z
Then c(l,r) depends only on 4lm —r* and on T(mod 2m). If m =1 or
m is prime, then c(l,r) depends only on 4lm —r*. If m =1 and k is
odd, then F' is identically zero.

Combining Lemmas 4.1 and 4.2 with Theorem 3, we have the fol-
lowing result:

Corollary 4.1: Let M, V and n be as in Theorem 3. If n =0, the
Lefschetz numbers of the elliptic operators in Theorem 3 are indepen-
dent of the generators of S*. If n <0 orn =2 and k:%dimM 15 odd,
then these Lefschetz numbers are identically zero, especially the indices
of these elliptic operators are zero. O
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We know that, when k = %dimM is odd, the indices of these elliptic
operators should be zero by Atiyah-Singer index formula, since the
degree of characteristic classes of a compact real manifold are of 4i.
But it is not so obvious that their Lefschetz numbers should be zero.

One can also get the following results from the above lemmas and
Theorem 5,

Corollary 4.2: Let M, V, E and n be as in Theorem 5. If n =0,
the Lefschetz number of

¢"D @ ®p 1 Sgn(TM — dimM) @ Y(E,V)

is independent of the generator of S*. If n < 0, this Lefschetz number
15 identically zero, especially its index is zero.

For almost complex manifolds, we have

Corollary 4.3: a) Let M, W and n be as in Proposition 3.1. If
n = 0, the Lefschetz number of d ® (K™ ® L)z ® O (TM|W), is
independent of the generator of S*. Ifn < 0 orn = 2 and k is odd,
this Lefschetz number is identically zero, especially the index of this
operator 1S zero.

b) Under the assumptions of Proposition 3.2, the same conclusions
hold for d® (K" @ L)? @ P*(TM[W),, D ® QX(TM|W), and D &
Ry (TM|W),. O

Another quite interesting consequence of the above discussions is the

following
Theorem 4: Let M be a compact spin manifold with an S*-action,
if p1(M)g1 = —n - 7*u? for some integer n, then the Lefschetz number,

especially the index, of
D ® @7 _1Sym (T M — dimM)

18 zero. O

Proof: In fact, from the proof of Lemma 2.1 we find that the case
n > 0 can never happen, since the condition on the first equivariant
Pontrjagin class tells us that Zm? = —n for each fixed point. The
case n = 0 implies that all the exponents {m;} are zero which means
that the S'-action can not have fixed point. This in turn implies the
vanishing of any characteristic number. For n < 0, one can apply
Lemmas 2.1, 2.4 and 4.1 to get the result. O

Theorem 4 may be viewed as a loop space analogue of the ﬁl—vanishing
theorem of Atiyah-Hirzebruch [AH] for compact spin manifolds with
Sl-actions. It is easy to show that, if M is 2-connected, the condition
p1(M)s1 = —n - m*u? is actually equivalent to p;(M) = 0 which is the
spin condition on LM. Because of the special role played by Dirac op-
erator on spin manifold, Theorem 4 suggests that there should be much
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more interesting theory lying behind this vanishing theorem. When the
Slaction is induced from an S3-action, A. Dessai informed me that the
condition p;(M)g1 = —n - 7*u? is also equivalent to p; (M) = 0.

One can draw more corollaries from our theorems. Here we only give
several examples.

(1) If py(M)g1 — mp1(V)g1 = n - m*u? with the integer n < 0, then
D®V and D® A(V)® V are rigid.

(2) If p1(V)g1 = n - m*u? with n <0, then d, ® V' is rigid.

(3) If n < 0, then the indices of the above operators vanish.

These results can be derived from the tensor products of the four
level 1 irreducible representations of LSpin(2[). See Section 2.4.

3.5. Appendix A: The Derivation of Fg(t,7). In this section we
describe a simple way to derive Fi(t, ) which is the local expression in
the Lefschetz fixed point formula for the elliptic operator in Theorem
1. We also discuss equivariant characteristic classes from the point of
view of differential geometry.

Still let M be a 2k-dimensional compact smooth spin manifold with
Sl.action, and V be an equivariant spin vector bundle of rank 2/ on
M. All elliptic operators on M are twisted Dirac operators. Consider
elliptic operator D ® V' and denote its Lefschetz number at g = > ¢
St with respect to the S'-action by L(t, V).

It is very interesting to understand the Lefschetz fixed point formula
in the category of equivariant cohomology. First every equivariant vec-
tor bundle V on M has an equivariant extension which is the bundle

p: Vxg ES'— M xg ES".

The characteristic classes of this bundle are the equivariant character-
istic classes of V. We denote the equivariant A-class by ﬁl51 and the
equivariant Chern character by chg:.

Using differential geometry, we can give explicit formulas for these
equivariant classes. Let Dy be a covariant derivative on V', wy be the
Slinvariant connection form and Qy = Dy wy be the curvature matrix.
Let Jy = ixwy where X is the Killing vector field generated by the
Sl-action and ix is the contraction operator. Since wy is S'-invariant,
it is easy to see that

ixQy = —DyJy.

Similarly we have the corresponding .J); and €2, for the tangent bundle
TM of M. Replace the generator u of H*(BS', Z) = Z[[u]] by t, we
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then can use
. 1 (Qu +tJu)/2
M) = det2
Ql31( ) ¢ Slnh(QM +tJM)/27

chaV = tr vt

in practical computations. Here, modulo torsion, we have used the
identification of equivariant cohomology with the cohomology of the
complex (Q% (M), d + tix), where Q%,(M) is the S'-invariant C'*°-
differential forms on M. See [AB1] and [BV] for further details about
this identification.

When restricted to the fixed point set, using the notations of Section
2.5, we can formally write

0 2min
_ l v
Jvo= @":1(—2m'n1, 0 >
0 2miu
_ l v
v = S ( —2miu, 0 ) '

One has similar expressions for Jy; and ) in terms of the {y;, m., z,}
in Section 2.5. Denote by

T Hiu(M,Z) — H*(BS*, Z)
where
7: M xg ES*— BS!

is the canonical projection, the push-forward map. We then have the
following identities

Lt V) = (A (M)ChS1V)
Z E(I ChEV)[Ma]

where E(v,) is the equivariant Euler class of the normal bundle of M,
in M. The second equality is called Bott localization.

Let i, : M, — M be the inclusion and 7}, denote the induced
homomorphism in equivariant cohomology. In terms of the local data
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on M,, we have

l
3 _ 2mi(uy+nyt
i,chaV = E e?mil ),

v=1
h
E(v,) = H(J"'y +myt), and
v=1
h Ty +m,t
Zan(M) = Ql(Moz) 1_[1 eﬂ(xv'*‘mwg _ e—’ywi(x7+mwt) ’
=

One then notes that i’ chgt ®2°, Syn(T'M) is the inverse of

oo  ka h

H H 2772qu 27”qu H 27rz(z.y-|—m,Y )qn)(l_e—%ri(x.y—i-m—yt)qn)’
n=1j=1 y=1

and

quiZCh51¢(E7 v) = CE(U + t7 T) - XE(U + Ta T)

with U + T = (u; + nit, -+ ,u + nt). Also recall that the Jacobi
theta-function

[e.9]

O(v,7) = g% 2sinmv H(l —¢")(1 — e*™g") (1 — e~ 2™g").

n=1

Put these formulas together, we get the expression of Fg(t, 7).
One also has explicit expressions for the equivariant Pontrjagin classes

l

iZP(Vﬁl = H(l + (uu + nut)2>7

v=1
ka h

iop(M)sr = H(l + .%2) H(l + (2 +myt)?).
j=1 =1

Therefore

inm(V)st = Z(uy+n,,t)2,

v=1
ka h

i;pl(M)Sl == Z y]2 + Z(ZE,y + mwt)2
j=1 =1

These are the formulas of the first equivariant Pontrjagin classes which
we used in our proofs of the rigidity and vanishing theorems.
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4. ELLIPTIC GENERA AND ELLIPTIC SURFACES

In this part we use the geometry of elliptic modular surface to study
the topology of manifolds with S'-actions. We also use this idea to
explain the algebraic geometry behind the transfer argument in [BT],
[H] and [Kri]. From now on we only consider level 1 case and assume
that the anomalies vanish. So we are in the situation that the Witten
rigidity theorems hold. For explicity we only consider the isolated fixed
point case.

4.1. Localization and Elliptic Surfaces. For a positive integer K,
consider the open elliptic surface

Xrx) = C x H/Z? % T(K)
where the action of (a,b) € Z? is given by
(t,7) = (t+ar+0b,7)

and g € I' acts by modular transformation. Let )_(F(K) be the toric
compactification of Xr(xy by adding singular fibers and consider the
natural projection

VI XF(K) — YF(K)
where Yp(x) is the the compactification of H/T'(K) by adding cusps.
The fiber over 7 € Yk is

1) =C/Z + ZT.

For K > 2 the singular fibers of 7, lying only above the cusps of
Yr(x), are equivalent to each other and are K-gons of rational curves.
Explicitly a singular fiber is given by

ukte,, with®,-0,,, =1
where 6, ~ CP!. We know that ©, has self-intersection —2 and is
covered by two affine charts W? and W}, where the coordinates (u,,v,)
of W? can be chosen such that ©,|yo is given by v, = 0, then the
coordinates of W} are (u,',u?v,). From this the following relations
can be deduced easily

—1 2.
Up4+1 =V, 5 Upg1l = UV,

u,v, = qx, ulTY = 2
where g = e %", 2 = e2mit,
We keep the conventions of last two parts, i.e. M is a dimension 2k
spin manifold with an S'-action and V is a rank 2! equivariant spin
vector bundle on it. First let us consider the behaviors of F) (t,7)

and FY.(t,7) around ©, by using the above local coordinates. Let
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EY (w0, (u,v,)") denote F) (¢, 7), but replacing (z,¢) by the local
coordinates u,,v, on ©,. We use the same notations for F 1‘)/* (t,7) as
well as for the theta-functions in the fixed point formula expressions.

Let us first take V' = TM and simply write the corresponding
F}(t,7) as Fy,(t,7). Denote by d, = D ® A(M) the signature op-
erator on M.

(1) On Oy, z = ug, q = (upvy)*™. It is easy to see that, when vy = 0,
one has ¢ = 0 and ©;(T'M), = 1, therefore

Fy,(t,7) = the Lefschetz number of ds on M.

(2) On ©, for v > 0. We assume that m,;v = 2ml; + k; with k; > 0.
Here recall that the m;’s are the exponents of T'M at the fixed points.
See Section 2.5. When v, goes to zero, one has

9,<07 (uuvl/)Qm)

— 1
01(0, (w0, )*™)

and
01 ((uuvu)mjyulrlnj ) (ul/vl/)2m)

9((“!/“1/)7”]'”“5% ) (u,,vl,)%‘)

(=14 if &y #0;
T (CDEESif ky = 0.

—Uy

, O ((wv) u”, (u,0,)°™")

8<<uvvu)kj uy? ) (ul,v,,)Qm)

- (-1)

Since M is spin, {(—1)21 i} have the same parity for different points
in one connected component of Ms,, which is the fixed submanifold of
the cyclic group Zsa,, C S* (see Lemma 8.1 in [BT]). Then the limiting
terms sum up to the Lefschetz number of the signature operator on
My, = U; Mj, where { M} } denote the connected components of Ma,,.

By rigidity theorems we know that Fy_ (¢, 7) is independent of ¢, so
we have

Theorem 6:

(1) sign(M3,,) = sign(M),

Ms,,
where sign(-) denotes the signature, i.e. the index of ds. O

The constancy of F)/(t,7) and Fp.(t,7) can also give some inter-

esting topological results which we would like to leave to the reader to
verify. For example assume M and V are spin with p;(V)s1 = p1(M)g1.
Let n;jv = 2mp; + ¢; with ¢; > 0, where the n;’s are the exponents of
V' at the fixed points. we then have

Ind(D @ A(V)) = ) (=1)> 5 Ind(D;, © A(V;),

Mz

2m
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e(V) =Y (=)=l 2irie(Vy),
M3,
where D!, denotes the Dirac operator on M2 | Vi is the Zs,, invariant
part of V restricted to M = and e(-) denotes the Euler number.
We leave the discussions of the case of almost complex manifolds to
the reader. For example let M and W be as in Section 3.3. Let {m;}
be the exponents of 7'M’ and

Td,(M) = the index of @ A_,~+T" M,

then one can easily get
Z y~2ibTd, (M)

where {l;} are integers such that mjv = 2ml; + k; with k; > 0 as in
the spin case and U;M:  are the fixed point submanifolds of Zy,,.
The following corollary also corresponds to the singular fibers of the
elliptic surface Xp 2m)- We use the same notations as above.
Corollary 1.1: a) For spin case, if wa(V) = 0 and p1(V)s1 =
p1(M)gr, then DO A(V), D® (A+(V) —A(V)) and DRV are rigid.
b) For almost complez case, if py(W)g1 = p1(M)s1, wo(M) = wy(W)
and ¢, (W) = 0(modN), then 0 ® (K ® L)z @ LV for —N < s < 1
and 0@ (K'® L)% @ A_yW" are rigid for y an N-th root of unity.
Recall that L = detW’ and K = detTM’.
Proof: At ¢ =0,

O (TM|V), =1; ©,(TM|V), =1; and O3 (TM|W), = A_,W".

Also V' is the second term in the g-expansion of ©,(TM|V),. O

As observed by Bott, we even do not know a direct proof of the rigid-
ity of D ® T'"M without using the Witten rigidity theorems. Therefore
it will be interesting to find a simple direct proof of the above corollary.
Our proof of the Witten rigidity theorems is, in some sense, representa-
tion theoretic, since the modular invariance is essentially related to the
characters of the representations of affine Lie algebras. It will be in-
teresting to find a representation theoretic proof of the ﬁl—vanishing
theorem of Atiyah-Hirzebruch, which may bring some new light to
rigidity theorems. The geometric relationship between the rigidity of
the elliptic operators on loop space and their modular invariance is still
mysterious at present.

4.2. Transfer and Elliptic Surfaces. In this section we study in
more detail the behavior of Fy, (¢, 7) around the singular fibers of the
elliptic modular surface Xr(ap), for any positive integer m > 1. It may
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be interesting to see that the expression of Fy, (¢,7) on O, discussed in
last section naturally invites us to the transfer argument which is the
crucial technique in [BT], [H] and [Kri]. We leave the considerations
of the other elliptic operators to the reader. For simplicity we consider
the non-virtual version of Fy_(t,7), that is we consider elliptic operator

D@ AM) Ry 1S TM @5 A TM

and still denote its Lefschetz number by Fy (t,7). In terms of the
theta-functions, we have

K 91 mjt 7'
Fds t T =1 ZH 9 mj
p j=1
See [Liul].
Let M and M, = U;Mj, be as in last section. Let p € M, be
a fixed point of the S'-action and still let {E£;} be the line bundles in
the equivariant decomposition of T'M restricted at p. Then according

to the action of the Zs,,, C S' we have
TM|yy =TM;, ®E @@ Ey.
and the S* acts on E; by e*™™' with k; # 0 where m;v = 2ml; + k; as

in last selction. Note that those £;’s which have k; = 0 are absorbed
into T'Mj,,. It is easy to see that

61 ((uuvy)mjyu:/nj ) (UVUV)2m)

O((u,v, )™ uy” | (u,v,)2m)

= (=1)"chs104, (E))

1
where w, = u,v, = ¢2=» and

A ch E] A 2mn+kj Ej A 2mn+k]- E;
(__)w E — Wy OO_ Wy Wy .
v ( ]) Afwkj E_] ®’I’L—1 ( A7w2"”L+kj Ej ® A7w2mn+kj E; )

Here chgi is the equivariant Chern character restricted to M3, and E}
denotes the complex dual of E; .
For a vector bundle F', write

O,(F) = @n_ 1Sy F @2y Agn F.
Then one gets
Fy (™Y, (uyv,)™™) = Z(—l)zlj (the Lefschetz number of
M;,,,

d,® Oy(TM,,) ®; Oy, (E;) on My,)

where d', is the signature operator on M; . By Proposition 6.1 of [BT]
or Lemma 2.3 of [Liul], see also Lemma 5.3 in Section 2.5, one knows
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that {1 — 2™ig72™ = (0}, which is the same as {1 — u,” = 0} in
the (u,,v,) coordinate, is not the polar divisor of Fy_ (t,7). Note that
only the k; = 0 terms in the fixed point formula may contribute polar
divisors of the form {1—wu,” = 0} in the neiborhood of ©,, and they are
eliminated by the above expression. In this way one can consider other
components of the singular fibers and prove that all of the possible polar
divisors can not happen. In fact all of the polar divisors of Fy_(t,7)
can be transformed into the form {1 —u,"” = 0} around some singular
component O,. Here we have omitted the consideration of the action
of —1 € S' and would like to refer the readers to [BT], [H] and [Kri]
for the details of this transfer argument. Note that we come up to
this argument from a different point of view from that of [BT], [H] and
[Kri]. Tt is quite interesting to relate this technique to the geometry of
elliptic modular surfaces. For example we find that the ‘transfer’ to the
Zs,, fixed point submanifold in [BT] corresponds to the ‘transfer’ from
O to O, for v # 0 on the singular fibers of )_(p(gm). Our proof of the
Witten rigidity theorems is, in some sense, a global transfer, because we
have used the whole elliptic surface. Modular group action interchanges
different singular fibers and transforms the ©, of one singular fiber to
the Oy of another singular fiber. The proofs of [BT], [H] and [Kri]
are, in a sense, local transfer, because they worked around one singular

fiber.

4.3. Appendix B: A Mod 2 Rigidity Theorem. Let M be an
8k 4+ 1 or 8k + 2 dimensional compact smooth spin manifold. Let
A(M) = AT (M)® A~ (M) be the Zy-graded spinor bundle on M, and
let
D: AT (M) — A= (M)

be the Dirac operator. Given a real vector bundle £ on M we can form
the twisted Dirac operator D ® E and obtain a skew adjoint or skew
Hermitian elliptic operator, which gives well-defined index

a) dimg Ker D ® F mod 2, if dimM = 8k + 1
b) dimc Ker D ® E mod 2, if dimM = 8k + 2

as topological invariant. We write it as Inds D ® E. This index can be
naturally extended to a homomorphism from the real K-group KO(M)
to ZQ.

Recall that a modular form f(7) over a modular subgroup I' is a
holomorphic function on the upper half plane H, with the following
transformation law

i

ar +b
ct +d

) = x(g)(cT +d)* f(7)
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where g = ( CCL Z ) € 'and xy : ' —» C* is a character of I'. The
integer k is called the weight of f. We also assume that f is holomorphic
at 7 = 100. _

The power series expansion of f(7) in gy = e“N" for some positive
integer N is called the Fourier expansion of f. We denote the ring
of modular forms over a modular subgroup I' with integral Fourier
coefficients by M?(T"). For f(r) = 37 ajqy € M?(I') and a prime
number p, we consider the modulo p reduction of f which is given by
f(r) = >0 @jqy Where a; is a;modp. We call f(7) amod p modular
form.

From number theory, we know that MZ%(I'y(2)) has an integral basis
consisting of two elements. We also know that I'°(2) and T'y are conju-
gate to I'g(2). Let ©,(T'M|V), and ©_,(TM|V), be as in Section 3.1.
Take V' = TM and denote the corresponding elements by ©,(7TM),
and O_,(TM), respectively. In [Liu] we proved the following

Theorem B1: Let M be a dimension 8k + 1 or 8k + 2 compact
smooth spin manifold . Then the following mod 2 indices are mod 2
modular forms over the corresponding modular groups

1): Indy(D @ ©,(T M), over I°(2);

2): Indy(D ® ©_,(TM), over T'y. O

The proof is essentially an index formula interpretation of an idea of
Ochanine. See [Liu| for the detail. The mod 2 modular forms in this
theorem are called mod 2 elliptic genera.

Now we prove a kind of mod 2 rigidity theorem which was also ob-
tained by K. Ono independently. First recall that an odd type invo-
lution on a spin manifold can not be lifted to an action on the spin
structure. See [AB] II for a detailed discussion about odd involutions.
The proof is very simple. Our purpose is to motivate the study of mod
p rigidity in topology.

Theorem B2: The existence of an odd type involution on an 8k +1
dimensional compact smooth spin manifold implies the vanishing of the
mod 2 elliptic genera.

Proof: We only consider D ® ©,(M),. Let T be the odd involution
on M. Naturally 7" induces an action on 7'M which we still denote by
T. Since T is of odd type, only its double cover can be lifted to the
spin bundle. See [AH]. We denote the lifting by 7. Then 72 = —1 on
the spinor bundle.

By choosing a T' invariant metric on M, we can assume that both
T and T commute with the action of the skew-adjoint operator P =
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D ® ©4(TM),. Consider the action
S=T&T

on

AT (M) ®@6,(TM),;
then

SP=T"®T°=-1.

This is because T" acts on the virtual bundle 7'M — dimM by invo-

lution and 72 acts on AT(M) by —1.

S? induces identity action on M and ©,(T'M),, while S induces a
non-trivial action on

(AT (M) @ ©,(TM),.
Since S commutes with P, naturally it induces an action on
Ker(P ® O,(TM),

which satisfies $% = —1.

As a family of (virtual) real vector spaces, each term in the ¢-
expansion of Ker(P ® ©,(TM), has a complex structure S, so the
dimension is even and

dimgKer(P ® ©,(TM), =0(mod 2). O

It is easy to see that this argument can be used to prove that Inds D®
E =0 for any T-equivariant vector bundle E.

Especially the 2l-invariant and the Brown-Kervaire invariant vanish.
For this see [Liu0].
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