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Abstract:

In this work, a computational method to compute balanced realizations for nonlinear
differential-algebraic equation systems is derived. The work is a generalization of an
earlier work for nonlinear control-affine systems, and is based on analysis of the con-

trollability and observability functions.
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1. INTRODUCTION

During the last decades, Differential-Algebraic Equa-
tions (DAEs) have been extensively studied, see for
example (Dai, 1989; Brenan et al., 1996; Kumar and
Daoutidis, 1999; Kunkel and Mehrmann, 2006) and
references therein. One reason is the natural formu-
lation of many applications using this kind of system
models. The growing use of objected-oriented model-
ing languages such as MODELICA also increases the
interest in these models, since most often the output
from such tools is equations in this form.

The topic of this paper is model reduction of nonlinear
DAESs. The basic idea in model reduction is to ana-
lyze the system and decide which states of the system
are most important for the input-output behavior. The
analysis is based on the Hankel operator and studies
the energy in the input and output signals. States dif-
ficult to control, i.e., requiring a lot of control effort,
while not contributing so much to the output energy,
will affect the input-output behavior less than other
states and can therefore be removed. To analyze the
energy in the input and output signals, the controlla-
bility and observability functions will be used.

The controllability function is the minimum amount
of control energy required to reach a specific state in
infinite time, and hence it measures how hard a given
state is to reach. It is defined as the solution to an
optimal control problem. The observability function
measures the energy in the output signal when the
system is released from a given state and the control
input is equal to zero.

For control-affine state-space systems the background
and theory can be found in (Scherpen, 1994; Gray and
Mesko, 1999; Fujimoto and Scherpen, 2005) and ref-
erences therein. For linear time-invariant state-space
systems the controllability function is equal to the con-

trollability gramian multiplied from the left and right
by the state, while the observability function equals
the observability gramian post- and pre-multiplied by
the state. Computation of both the controllability and
the observability function in the nonlinear case in-
cludes solving a partial differential equation. For the
controllability function it is nonlinear while for the ob-
servability function it is linear. In both cases, it can be
difficult to find a solution in closed form. For control-
affine nonlinear systems some methods have been
studied. One method finds a local solution expressed
as a power series expansion, see (Scherpen, 1994),
while another is based on stochastics (Newman and
Krishnaprasad, 2000).

In (Stykel, 2004), linear time-invariant DAE systems
are considered and methods to compute the controlla-
bility and observability functions are derived. A phe-
nomenon that may occur for DAE systems is that some
combinations of the variables are not allowed due to
inherent constraints. Allowed combinations are de-
noted consistent and in (Stykel, 2004) only consistent
variables are considered.

In (Sjoberg and Glad, 2006; Sjoberg, 2006), nonlinear
DAE systems are considered. There some methods
to compute the controllability and the observability
functions are derived. One of these methods is similar
to a method derived in (Scherpen, 1994), yielding
local solutions expressed as power series. This method
will be used in this paper. All methods in (Sjdberg
and Glad, 2006; Sjoberg, 2006) follows the line of
(Stykel, 2004) and considers only consistent variables
and we will also do the same in this paper.

The research concerning nonlinear model reduction
is rather extensive. Some references are (Scherpen,
1994; Newman and Krishnaprasad, 2000; Lall et al.,
1999; Fujimoto and Scherpen, 20035; Fujimoto and
Scherpen, 2003a; Fujimoto and Scherpen, 2005). In



the last three of these references, the Hankel operator
has been studied. Based on this operator it has been
shown that natural nonlinear extensions to results for
linear models can be derived. The computation of a
balanced realization and a reduced order model is
however rather involved to do analytically. Therefore
a method for nonlinear control-affine systems was
derived in (Fujimoto and Tsubakino, 2006) which is
based on power series expansions of the functions
involved to find a local balanced realization. In this
paper this work will be generalized to handle also
nonlinear time-invariant DAE systems.

Notation: The notation in this paper is fairly standard.

The Jacobian matrix of V},, i.e., %Lmh is denoted Vj,. ;.

2. PRELIMINARIES

The work in this paper will mostly consider nonlinear
DAE:s in semi-explicit form

i'1 :Fl(xlaxQ;u) (la)
OZFQ(.’I}]_,J)Q,U) (lb)
y = h(zy1,x2) (1¢)

where 1 € R™, 25 € R™, v € R™, F| :
Rratnetm R™, Fy : Rratn2tm . Rn2 gpd
h : R™m+n2 — R”. Throughout this paper it will be
assumed that the DAE system satisfies the following
assumption.

Assumption 1. The system (1) has an equilibrium at
the origin and the corresponding output is zero, i.e.,

F1(07O70):Oa F2(07O7O):O? h(O,O)ZO

Furthermore, it holds that F.,, (0, 0, 0) is nonsingular.

From this assumption, it is known from the implicit
function theorem that it is possible to solve Fs for x4
as

T2 = ()0(‘/1717’“) (2)

on a small neighborhood of the origin. The challenge
lies in the fact that in most practical cases, ¢ is not
possible to express explicitly.

It may seem very restrictive to just consider this class
of systems, but in (Kunkel and Mehrmann, 2000) it is
shown how rather general nonlinear DAEs

F(&,z,u) =0 3)

can be put into semi-explicit form satisfying the as-
sumptions above, possibly after introduction of an
integrator chain and control by using the highest
derivative of the input signal. Furthermore, it should
be noted that semi-explicitness is mostly assumed to
lessen the notation. The method derived can also han-
dle systems not being semi-explicit. For details, see
(Sjoberg, 2006).

One further assumption made in order to be able to
compute the reduced model will be that the system is
analytic.

Assumption 2. The functions Fi(x1, 22, u),
Fy(x1,29,u) and h(z1,x2,u) are real analytic func-
tions in some open set around the origin.

From this assumption it follows that the system can be
expressed by power series

F(z1,29,u) = A (i;) + Bu + Fp(x1, 29,u)
(4a)

> + hp(x1, 22, u) (4b)

Z1
T2

h(z1,z9,u) = C <

where the matrices A, B, and C are constant matrices
partitioned as

Ay A B
A:<A11 AIQ)’ B:(BD’ C = (Cy C)

21 22

and F} and h; are the higher order terms of each
series expansion. For convenience later, we make the
following notational definition

A=Ay — A1pA3 Ay B =By — A1xA3,) By
C= Ci — A12A2_2102

Based on this notation two more assumptions that will
be made throughout the paper can be stated.

Assumption 3. The matrix A is Hurwitz.

Assumption 4. (A, B) is controllable.

That is, we assume that the linear part of the system is
stable and controllable.

2.1 Controllability Function

The controllability function basically measures the
minimal amount of energy in the control signal w(t)
required to reach a specific state x. It is defined as the
solution to the following optimal control problem

0
Le(21(0) = min % /_ N u(t)Tu(t)dt  (5)

subject to the system dynamics
&1 = Fi(x1,22,u) (6a)
0= Fy(x1,22,u) (6b)
and the boundary conditions
z1(0) =210 € Qy
tli{noo z1(t) =0

where €, is a neighborhood of z; = 0.

The controllability function must satisfy the condi-
tion L.(0) = 0. The reason is the interpretation of
L.(x10) as the minimum amount of input energy
required to drive the system from zero at { = —oo
to 21(0) = z10 at ¢ = 0. According to the as-
sumptions, the system (6) has an equilibrium at the
origin and since no control effort is needed to keep
(z1,22) = 0, the energy then equals zero. We also
use a convention that if zy cannot be asymptotically
reached from 0, i.e., if there exists no control input
such that 21 (—o0) = 0 and 1 (0) = 21,0, Lc(x10) is
infinite.

We will only consider variables in the set
N ={x1 € Q, 2 e R™ |22 = p(x1,u), u € Qy}

where (), is a neighborhood of . = 0 such that the im-
plicit function theorem is valid. This means that only
points not violating the constraints are considered.



The optimal control problem presented above leads to
the task of finding a solution to the equations
0=u" = Loy, (Fiou — Friaoy Fo g, For)  (72)
0=12u"u—Le, Fy (7b)
0=I5 (7¢)

Sufficient conditions for the existence of a locally
unique solution to (7), which then is the controllability
function, will be shown below.

Theorem 5. Consider a nonlinear DAE system (1) sat-
isfying Assumptions 1-4. Then the system has a local
controllability function around the origin which can be
expressed as

1
Le(w1) = 521 Gewr + Len(1) (8)
where G is a positive definite matrix and L., (x1) is a
uniformly convergent series expansion beginning with
terms of order three.

PROOF. See (Sjoberg, 2006).

The matrix G, is the unique positive definite solution
to the Lyapunov equation

0=G'AT + AG;' + BBT 9)

such that —A — BBT G.. is Hurwitz. The higher order
terms in L.; (1) can be computed recursively to any
degree. The corresponding control signal, achieving
this controllability function, is also given as a power
series

u*(ml) = BTchl + uh,*(xl) (10)

where the higher order terms can be computed recur-
sively as higher orders of L.(xz1) become available.
Please see (Sjoberg, 2006) for details about the com-
putation.

2.2 Observability Function

The observability function reflects the energy in the
output signal when the system is released from a
certain initial state. Only the energy corresponding to
the initial state is of interest and therefore the control
signal is set to zero. The observability function L, (z1)
is then defined as

1 oo
L) =5 [ w®Ty0a an
0
subject to
iy = Fy(v1,72,0) (12a)
0= Fg(l‘l,xg,O) (12b)
y = h(z1,x2) (12¢)

and the initial conditions x1(0) = 1,9 € Q.

The observability function is found by solving

1
0= Eh(l'th)Th(xlaxQ) + Loy, (1) F1 (21, 22,0)
0= F2($1,$2,0)

and a theorem giving sufficient conditions for the
existence of a local observability function is given
below.

Theorem 6. Consider a nonlinear DAE system given
in the form (12). Assume that it satisfies Assump-
tions 1-3. Then a local observability function exists,
and can be expressed as

1
Lo(xy) = §x1TGox1 + Lon(z1) (13)

where G, is positive semi-definite and L,p(x1) is
a uniformly convergent series consisting of terms of
order three and higher. Moreover, if (A, C) is observ-
able, G, is positive definite.

PROOF. See (Sjoberg, 2006).

The first term G, is given as the positive semi-definite
solution to the Lyapunov equation

0=G,A+ATG,+CTC

and higher order terms in L,(z1) can be computed
recursively as described in (Sjoberg, 2006).

2.3 Model Reduction for State-Space Systems

In this section, theory for model reduction of state
space systems, i.e., when F5 is absent, will be dis-
cussed briefly. For a more thorough discussion see
(Scherpen, 1994; Fujimoto and Scherpen, 2005; Fu-
jimoto and Scherpen, 2003b; Fujimoto and Scher-
pen, 2003a).

The considered systems can be written as

I.l :Fl(xl,u) (14a)
y = h(z1) (14b)

where ;1 € R?, v € R™, F} : R*™ — R"” and
h:R" - R".

Before a theorem presenting conditions under which
a system can be formulated as an input-normalized/
output-diagonalized realization, an assumption needs
to be made.

Assumption 7. The eigenvalues of G'G, are dis-
tinct.

Having this assumption and the assumptions made
earlier, a theorem can be stated as follows.

Theorem 8. Suppose that Assumptions 3, 4, and 7 are
satisfied. Then there exists a neighborhood Xy C €,
of the origin and a coordinate transformation

1 =®(2), P0)=0 (15)

on Xy, converting the system into input-normal/output-
diagonal form, i.e., there exist n smooth functions
pi:So— Ry,i=1{1,2,...,n}, such that

L.(®(z)) = %ZTZ (16a)

I 2
L, ((I)(Z)) =3 z_; 27 pi(zi) (16b)
fori ={1,2,...,n}.
PROOF. Follows by combining the proofs in
(Fujimoto and Scherpen, 2003b) and (Fujimoto and
Scherpen, 2003a).

Note that we will normally assume that €2, is chosen
small enough so that Xy = 2.



From (16) it is then possible, using one further coordi-
nate transformation, to obtain the balanced realization
given as

1 Z i (17a)
2~ oi(q)
1 n
=52 doi(a) (17b)
=1

The coordinate transformation is defined to give

oi(q:) = pi(vi(z)) (18)
and is described by

z2=V(q) = (Y(q1),¥2(g2), - -
where ¢, 1 € {1,2,...,

g = Yi(gi)\/ pi(Vi(@i)), Vi € (20)

7wn(Qn))a \II(O) =0
(19)
n} is given as the solution to

Having the coordinate transformations we want to
pick out the parts of the system that affect the input-
output behavior most. For this end, consider the trans-
formed version of system (14)

¢=F(q.u), y=h(q) (21a)

i.e., where the coordinate transformation x; = ® o
U (q) has been applied. Assume that the Hankel singu-
lar value functions are in order, i.e.,

min o;(q;) > n%ax ]0’1'_._1((]1'), i=1,2,...,n

i €[—c,c] qi€[—c,c

where c is a small number determining the interesting
interval for the norm of u. Assume that o; is much
larger than 0. It then implies that the first j states
of (21) affect the input-output behavior much more
than the last n — j states. Hence, divide the system
into two subparts ¢ = (¢q, g5) With ¢, = (q1,-..,¢;)
and gy = (gj+41,- - -, ¢n). The system

Ga = F(QCH 0, u)a Yy = B(Qaa 0) (22a)

is then a j:th order reduced model of (14) in the sense
that (22) preserves several important properties of the
original system, such as controllability, observability
and stability. For a more thorough discussion, see
(Fujimoto and Scherpen, 20035; Fujimoto and Tsub-
akino, 20006).

3. MODEL REDUCTION FOR DAES

In this section, model reduction for nonlinear DAEs
will be discussed. For nonlinear DAEs satisfying As-
sumption 1, it is known that at least in some small
neighborhood of the origin it is possible to rewrite the
system (1) as

T = ﬁ'(xl,u) =F (:171, o(x1, u),u) (23a)
y = h(xy,u) = h(z1, (1, u),u) (23b)

Since this is a state-space system, it is from a the-
oretical point of view possible to use the results in
Section 2.3. However, the challenge comes from the
fact that normally is not explicitly given. This means
that ' and h cannot be written in closed form and
therefore the results in Section 2.3 can only be used in
very special cases to compute the balanced realization
for nonlinear DAEs in practice.

Also for state-space models, the methods in Sec-
tion 2.3 are not always easy to use computationally.
Therefore, a method based on power series expan-
sion is derived in (Fujimoto and Tsubakino, 2006). In
this paper this method is generalized to also handle
nonlinear DAEs given in the form (1). However, as
mentioned earlier there is no problem to also handle
systems not in semi-explicit form, except for a more
involved notation.

The basic idea in the power series method is to assume
that the transformations ®(z), ¥(q) and the singular
value functions p;(z;), 0;(2;) can be expressed as
convergent power series

21 =®(2) =Toz + Pp(z2) (24a)
z=V(q) = Twq+ Vp(q) (24b)
pi(zi) = poi + pri(zi), i=1,...,nz  (24c)
O'i(ZZ‘) :O'Oi+0'hi(zi>7 t=1,...,ng (244d)

where T'y will be diagonal as can be seen from (19).

If the DAE system satisfies the required assumptions,
we know from Theorem 5 and 6 that we can compute
the controllability and observability functions, respec-
tively. This can be done locally in the vincinity of the
origin and the functions will be expressed as power
series. The key point will therefore be that even though
closed express10ns for F" and h are not known, their

series expansions are still possible to compute, see
(Sjoberg, 2006) for details.

If ® and p in (24) are substituted into the controllabil-
ity and observability functions we want the result to be
in the form (16). The equations formed then become
1 1
0= §ZT(T§ G.To — 1)z + §ZTT§ G Py (2)

+ %@{(z)GC@(z) + Le(9(2))

1 1
0= §ZT (T§ GoTo — p(2)?)z + izTTgGotl)h(z)
1
+ 505 (2)Go®(2) + Lo (®(2))
where

p(z> = diag (Pl (Zl)’ p2(z2)7 s 7pn$1 (anl ))

Since these equations are supposed to be valid for all
z in a neighborhood, the coefficients corresponding
to different degrees in z must equal zero. The second
order terms yield the eigenvalue problem

G;1G0T¢' = T<I> dla‘g(pgla ng? R pgnrl) (25)

and solving this equation then gives the first order
terms of ¢ and the zeroth order terms of p;. The
higher order terms of ® are obtained by solving the
coefficients in the equations

0=0](2)G.Tp + %@;{(z)ac@h(z) + Lep (®(2))

(26a)
1 1
0= §szh( z)z + 37 TG, @,(2)
+ %@{(Z)Gocb(z) + Lon (®(2)) (26b)

where



Ph(Z) = dlag <2Polph1(21) + 2pon$1 phnw1 (Znﬂ)
+ Ph1<31)27 o 7phnw1 (anl )2)

A problem is that p;(z;) are unknown, but it is shown
in (Fujimoto and Tsubakino, 2006) that it is always
possible to just solve the equations corresponding to
coefficients not including parameters in p;(z;). The
system of equations will be linear in the unknown
parameters and for cases with one or two states it will
also be well-determined. However, in cases with more
than two states, the system of equations will be under-
determined. This means that there will be several dif-
ferent coordinate changes, achieving different input-
normal/output-diagonalized realizations, and which to
choose is a design choice.

Remark 9. Note that it might seem like ®;, is uniquely
determined by (26a), since GG T is nonsingular (com-
pare with the discussion in for example (Lukes,
1969)). However, this is not the case since it will be the
m:th order terms of (26a) that determine the m — 1:th
order terms in ®. This leads to a system of equations
not uniquely determined.

Since the parameters in p;(z;) are not solved for in the
first step, they are computed from the definition as

Loy (2)
pi(z) = ZOTA\T) .
S (] R
2=(0,...,0, z; ,0,...,0)
fori = 1,...,n,,. To obtain the coordinate change

W, the same method as above is used. The equation
(20) is solved by substituting ¥ with its series expan-
sion (24b), power series expand the right hand side
and solve for the unknown coefficients. The singular
values o;(g;) can then be calculated from (18).

Having the coordinate transformations, it is now pos-
sible to express the reduced nonlinear DAE system.
Assume that the first j Hankel singular values are
significantly larger than the n — j other. Then divide
the states ¢ into two subspaces g, and g, where the
former corresponds to the larger singular values and
divide system in a corresponding way,

o = F1a(4a, 0,22, u) (27a)
0 = F5(qq,0,22,u) (27b)
Ya = h(qa,0,22) (27¢)
and
@ = F1p(0, gy, w2, u) (28a)
0 = F5(0, g, z2,u) (28b)
yp = h(0, gy, 2) (28¢)
where

_ -1
Fi(q1a, qup, w2,u) = (Z2542) 7 Fy (@ 0 W(g), 22, u)
Fa(q1a, qup, @2, 4) = Fo (0 ¥(q), z2, u)

h(g1a; G0, 2) = h(® 0 W(q), z2)

Then a j:th order reduced model for the DAE sys-
tem (1) is given by (27). This system still satisfies
Assumption 1.

Let the controllability and observability functions
computed for the reduced DAE model be denoted

Lca(qq) and Lo, (q,), and let the corresponding sin-
gular values be 04;(¢qi), ¢ = (1,...,7). Then these
will be the same as if ¢ = (gq,0) is substituted into
Lc(®oV(q)) and L, (Po¥(q)). The same holds sym-
metrically for the ¢;. This results basically comes from
(Fujimoto and Tsubakino, 2006), and is formulated as
a theorem.

Theorem 10. Consider a DAE system (1), satisfying
Assumptions 1 — 7. Then it holds that

Lca(Qa) = Lc ((I) o \Ij(qu 0))7 Loa(qa) = Lo ((} o \P(Qay 0))
Lep(ay) = Le(® 0 ¥(0,45)),  Lop(as) = Lo (® 0 (0, q))

and

Uai(Qai) - Ji(qai)a 1= 1327 e aj
ovi(qe) = 0i(qpi), i=7+1,7+2,...,n4

where o,; and oy; are the singular values to (27) and
(28), respectively.

PROOF. Implicitly the systems (27) and (28) is de-
fined from

q = ?1(q7u) = Fl (qa@(lLu)au)
y = h(q,u) = h(q, o(q. u),u)

where ¢(q,u) = ¢(® o ¥(q),u). Since this is a
state-space system it is possible to use the proof in
(Fujimoto and Tsubakino, 2006).

Above it has been shown that for quite a large class
of DAE’s it is possible to find a reduced model com-
putationally. However, it comes with a price. Two of
the main drawbacks are that the model is only valid in
the vincinity of the origin and the region in which it is
valid is not easy to derive analytically. A third draw-
back is that only an approximate reduced model is
obtained, since computationally the power series have
to be truncated. In practice, these obstacles can often
be handled. The reduced model given by a truncated
power series is in many cases a quite good approxi-
mation in a reasonably sized region. Furthermore, is
often possible to get a quite a good estimate of the
region from simulations. A small example of this will
be shown in the next section.

4. EXAMPLE
uc(t)
up(t) Cy
+ R G i)

u(t) Lg ur(t)

Fig. 1. An electrical circuit.

In this section a small example is shown mostly to
demonstrate the method. It describes an electrical cir-
cuit, which can be seen in Figure 1. The circuit con-
sists of a voltage source, a resistor, two capacitors
and an inductor. The voltage source is assumed to be
ideal, i.e., having no internal resistance and giving the
voltage u. The inductor is assumed to have a ferro-
magnetic core resulting in a saturated magnetic flux
® for large currents i. The capacitors are assumed to



have voltage dependent capacitances C; and Cs, and
finally, it is assumed that resistor depends both lin-
early and cubically of the current. Modeling the circuit
in an object-oriented fashion, where all components
are modeled separately and then connected using Kir-
choff’s voltage law, gives a model that does not satisfy
the assumptions. However, usage of the method in
(Kunkel and Mehrmann, 2006) yields a model in the
form

uc, = %14—10@1%1 + %1+10i32ucl (292)

b =up (29b)

0 = ® — arctan(s) (29¢)
0=up—5i—10:° (294d)
0=14—11 — g (29%e)

0= 1+10€11uc1 - 1+10€22uc1 (299)
0=u—ur —uc, —ur (29g)

and

h(uc,, ®,i,ur, ur) = uc, (29h)

which satisfies all assumptions in Theorems 5 and 6
for 1 = (uc,, ®) and zo = (4,471,142, ur,, ur). Then,
it is known that there locally exist a controllability
function (8) and an observability function (11).

Having the controllability and observability functions,
the coordinate transformations ¢ and ¥ can be com-
puted using the derived methods. The corresponding
second order approximation of the composite trans-
formation becomes

P . ( 0.43q1 —3.192—0.084¢2 —0.0033¢2+0.073¢1 g2 )

o \I’ = 2 —4 2
0.085¢1+32¢2 —1.8¢%—6.0-10"4¢74-0.006641 g2

Note that here only the second order approximation of
the transformation is given to save space, but in the
simulations the fourth order approximation has been
used. The Hankel singular values o;(g;) approximated
to second order are

o1(q1) = 0.51 — 0.00015¢; — 0.00024¢7
03(g2) = 0.0098 + 0.00054g2 — 15¢2

Hence, as can be seen the first state in the balanced re-
alization affects the input-output behavior much more
than the other state. Therefore, a one state reduced
model can used.

Two comparisons between the output for the reduced
model and for the original model can be found in
Figure 2 and 3. In both figures, the initial conditions
have been x1(0) = (0.01, 0.01) In Figure 2, the
input signal is zero, while in Figure 3 it is chosen as
u(t) = 0.01sin(¢). As can be seen, the reduced order
model seems to reflect the original system rather well.

5. CONCLUSIONS

In this paper, model reduction of nonlinear DAE sys-
tems has been considered. An algorithm for comput-
ing the reduced order model has been presented. The
challenge computationally was that the implicit func-
tion is known to exist, but can seldom be written in
closed form. It was shown that rather general nonlin-
ear DAE system can be handled using methods by
Kunkel and Mehrmann. The main drawback of the
method is that the reduced model is valid only in the
vincinity of the origin and the region in which it is
valid can often not be estimated analytically. That is,
one has to rely on simulations.

— Full system
- - Reduced system

0.008|

0.006

0.004]

0.002]

0 5 10 15 20

Fig. 2. Comparison between the full and the reduced
system, with no input.

0.01

—Full system
- - Reduced system

0.01f 7T

0.008|

0.006|

0.004]

0.002]

0 5 10 15 20

Fig. 3. Comparison between the full and the reduced
system, using a sinusoidal as input.
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