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Preface

How to solve partial differential systems by completing the square. This could well
have been the title of this monograph as it grew into a project to develop a sys-
tematic approach for associating suitable nonnegative energy functionals to a large
class of partial differential equations (PDEs) and evolutionary systems. The minima
of these functionals are to be the solutions we seek, not because they are critical
points (i.e., from the corresponding Euler-Lagrange equations) but from also be-
ing zeros of these functionals. The approach can be traced back to Bogomolnyi’s
trick of “completing squares” in the basic equations of quantum field theory (e.g.,
Yang-Mills, Seiberg-Witten, Ginzburg-Landau, etc.,), which allows for the deriva-
tion of the so-called self (or antiself) dual version of these equations. In reality,
the “self-dual Lagrangians” we consider here were inspired by a variational ap-
proach proposed — over 30 years ago — by Brézis and Ekeland for the heat equation
and other gradient flows of convex energies. It is based on Fenchel-Legendre du-
ality and can be used on any convex functional — not just quadratic ones — making
them applicable in a wide range of problems. In retrospect, we realized that the “en-
ergy identities” satisfied by Leray’s solutions for the Navier-Stokes equations are
also another manifestation of the concept of self-duality in the context of evolution
equations.

The book could have also been entitled How o solve nonlinear PDEs via convex
analysis on phase space. Indeed, the self-dual vector fields we introduce and study
here are natural extensions of gradients of convex energies — and hence of self-
adjoint positive operators — which usually drive dissipative systems but also provide
representations for the superposition of such gradients with skew-symmetric opera-
tors, which normally generate conservative flows. Most remarkable is the fact that
self-dual vector fields turned out to coincide with maximal monotone operators,
themselves being far-reaching extensions of subdifferentials of convex potentials.
This means that we have a one-to-one correspondence between three fundamental
notions of modern nonlinear analysis: maximal monotone operators, semigroups of
contractions, and self-dual Lagrangians. As such, a large part of nonlinear analy-
sis can now be reduced to classical convex analysis on phase space, with self-dual
Lagrangians playing the role of potentials for monotone vector fields according to
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a suitable calculus that we develop herein. This then leads to variational formula-
tions and resolutions of a large class of differential systems that cannot otherwise be
Euler-Lagrange equations of action functionals.

A note of caution, however, is in order about our chosen terminology. Unlike
its use in quantum field theory, our concept of self-duality refers to an invariance
under the Legendre transform — up to an automorphism of phase space — of the
Lagrangians we consider. It also reflects the fact that many of the functionals we
consider here are self-dual in the sense of convex optimization, meaning that the
value of the infimum in the primal minimization problem is exactly the negative of
the value of the supremum in the corresponding dual problem and therefore must be
zero whenever there is no duality gap.

Another note, of a more speculative nature, is also in order, as our notion of
self-duality turned out to be also remarkably omnipresent outside the framework
of quantum field theory. Indeed, the class of self-dual partial differential systems —
as presented here — becomes quite encompassing, as it now also contains many of
the classical PDEs, albeit stationary or evolutionary, from gradient flows of convex
potentials (such as the heat and porous media equations), Hamiltonian systems, and
nonlinear transport equations to Cauchy-Riemann systems, Navier-Stokes evolu-
tions, Schrodinger equations, and many others. As such, many of these basic PDEs
can now be perceived as the “self-dual representatives” of families of equations that
are still missing from current physical models. They are the absolute minima of
newly devised self-dual energy functionals that may have other critical points that
correspond — via Euler-Lagrange theory — to a more complex and still uncharted
hierarchy of equations.

The prospect of exhibiting a unifying framework for the existence theory of such
a disparate set of equations was the main motivating factor for writing this book.
The approach is surprising because it suggests that basic convex analysis — prop-
erly formulated on phase space — can handle a large variety of PDEs that are nor-
mally perceived to be inherently nonlinear. It is also surprisingly simple because
it essentially builds on a single variational principle that applies to a deceivingly
restrictive-looking class of self-dual energy functionals. The challenges then shift
from the analytical issues connected with the classical calculus of variations to-
wards more algebraic/functional analytic methods for identifying and constructing
self-dual functionals as well as ways to combine them without destroying their self-
dual features.

With this in mind, the book is meant to offer material for an advanced gradu-
ate course on convexity methods for PDEs. The generality we chose for our state-
ments definitely puts it under the “functional analysis” classification. The examples
— deliberately chosen to be among the simplest of those that illustrate the proposed
general principles — require, however, a fair knowledge of classical analysis and
PDEs, which is needed to make — among other things — judicious choices of function
spaces where the self-dual variational principles need to be applied. These choices
necessarily require an apriori knowledge of the expected regularity of the (weak)
solutions. We are therefore well aware that this project runs the risk of being per-
ceived as “too much PDE:s for functional analysts, and too much functional analysis
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for PDErs”. This is a price that may need to be paid whenever one ventures into any
attempt at a unification or classification scheme within PDE theory.

At this stage, I would like to thank Ivar Ekeland for pointing me toward his 1976
conjecture with Haim Brézis, that triggered my initial interest and eventually led to
the development of this program. Most of the results in this book have been obtained
in close collaboration with my postdoctoral fellow Abbas Moameni and my former
MSc student Leo Tzou. I can certainly say that without their defining contributions
— both conceptual and technical — this material would never have reached its present
state of readiness.

I would also like to express my gratitude to Yann Brenier, David Brydges, Ivar
Ekeland, Craig Evans, Richard Froese, Stephen Gustafson, Helmut Hofer, Robert
McCann, Michael Struwe, Louis Nirenberg, Eric Séré, and Tai-peng Tsai for the
numerous and fruitful discussions about this project, especially during the foggi-
est periods of its development. I am also thankful to Ulisse Stefanelli, who made
me aware of the large number of related works on evolution equations. Much of
this research was done during my visits — in the last five years— to the Centre de
Recherches Mathématiques in Montréal, the CEREMADE at I’Université Paris-
Dauphine, 1’Université Aix-Marseille III, 1’Université de Nice-Sophie Antipolis,
and the Universita di Roma-Sapienza. My gratitude goes to Jacques Hurtubise,
Francois Lalonde, Maria Esteban, Jean Dolbeault, Eric Séré, Yann Brenier, Philipe
Maisonobe, Michel Rascle, Frédéric Robert, Francois Hamel, PierPaolo Esposito,
Filomena Pacella, Italo Capuzzo-Dolcetta, and Gabriella Tarantello, for their friend-
ship and hospitality during these visits. The technical support of my ever reliable
assistant Danny Fan has been tremendously helpful. I thank her for it.

Last but not least, “Un Grand Merci” to Louise, Mireille, Michelle, and Joseph
for all the times they tried — though often with limited success — to keep me off this
project.

Big Bar Lake, August 2008 N. A. Ghoussoub
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Chapter 1
Introduction

This book is devoted to the development of a calculus of variations that can apply
to a large number of partial differential systems and evolution equations, many of
which do not fit in the classical Euler-Lagrange framework. Indeed, the solutions
of many equations involving nonlinear, nonlocal, or even linear but non self-adjoint
operators are not normally characterized as critical points of functionals of the form
Jo F(x,u(x), Vu(x))dx. Examples include transport equations on a smooth domain
£ of R" such as

Iel _ -1
{Zl”]a,'a)’:i +aou = |ulP"lu+f on QCR", (1)

u(x) =0 on X_,

where a = (g;); : Q — R is a given vector field, p > 1, f € L>(Q), and Z_ is the
entrance set £_ = {x € dQ; a(x)-n(x) < 0}, n being the outer normal on J.Q.
Another example is the equation

{div(T(Vf(x))): (x) on QCR,

8
fix)=0 on JQ, (1.2)

where T is a monotone vector field on R” that is not derived from a potential.
Similarly, dissipative initial-value problems such as the heat equation, porous
media, or the Navier-Stokes evolution

%+(M.V)u+f:(xAu—Vp on 2 CR",
divie = 0 on [0,7] x 2, (1.3)
u:O On[ovT]Xa‘Q7

where & > 0 and f € L*([0,T] x 2), cannot be solved by the standard methods
of the calculus of variations since they are not Euler-Lagrange equations of action
functionals of the form j'OT L(t,x(t),x(t))dt. Our goal here is to describe how these
examples and many others can still be formulated and resolved variationally by
means of a self-dual variational calculus that we develop herein.
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The genesis of our approach can be traced to physicists who have managed to
formulate — if not solve — variationally many of the basic nonself-adjoint equations
of quantum field theory by minimizing their associated action functionals. Indeed,
most equations arising on the interface between Riemannian geometry and quantum
field theory (e.g., Yang-Mills, Chern-Simon, Seiberg-Witten, and Ginzburg-Landau)
have self-dual and/or antiself-dual versions that enjoy very special features: They are
obtained variationally as minima of their action functionals, yet they are not derived
from being stationary states (i.e., from the corresponding Euler-Lagrange equations)
but from the fact that they are zeros of certain derived nonnegative Lagrangians ob-
tained by Bogomolnyi’s trick of completing squares. But this is possible only if
the action functional attains a natural and — a priori — known minimum. The iden-
tities thus obtained are usually called the self (or antiself) -dual equations, which
are often lower-order factors of the more complicated Euler-Lagrange equations.
Our main premise here is that this phenomenon is remarkably prevalent in the equa-
tions originating from geometry, physics, and other applied mathematical models.
We shall see that many of the basic partial differential equations, whether stationary
or evolutionary, can be perceived as the “self-dual representatives” of a less obvi-
ous and more complicated family of equations. They are the absolute minima of
appropriately devised new energy functionals that may have other critical points via
Euler-Lagrange theory that correspond to more complex hierarchies of equations.

This volume has been written with two objectives in mind:

e First, we develop a general framework, in which solutions of a large class of
partial differential equations and evolutionary systems — many of which are not
of Euler-Lagrange type — can be identified as the minima of appropriately devised
self-dual energy functionals.

e Our second objective is to show how to use such self-dual features to develop a
systematic approach for a variational resolution of these equations.

The general framework relies on the observation that a large number of partial dif-
ferential equations can be written in the form

(Ax,Ax) € IL(Ax, Ax), (1.4)

where A : D(A) C X — X and A : D(A) C X — X* are — possibly nonlinear — op-
erators on a reflexive Banach space X and dL is the subdifferential (in the sense of
convex analysis) of a Lagrangian on phase space X x X* satisfying the following
duality property:

L*(p,x) = L(x, p) for all (p,x) € X* x X. (L.5)
Here L* is the Legendre transform of L in both variables, that is,

L*(p,x) =sup{{p,y) + (x,q) — L(y,q); (y,q) € X xX"}. (1.6)
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These equations will be called self-dual partial differential systems, while those that
correspond to when A = 0 will be called completely self-dual systems. This class
is remarkably encompassing since besides the equations of quantum field theory
mentioned above it also includes many of the classical PDEs: gradient flows of con-
vex potentials (such as the heat and porous media equations), Hamiltonian systems,
transport equations, nonlinear Laplace equations with advection, Cauchy-Riemann
systems, Navier-Stokes evolutions, Schrédinger equations, and many others.

As for our second objective, developing a systematic approach for a variational
resolution of these equations, it consists of noting that such equations can be re-
solved by simply minimizing the self-dual energy functional

I(u) = L(Au,Au) — (Au,Au). (1.7)

However, besides ensuring that the minimum is attained, one needs to establish
that the infimum is actually the “natural lower bound”, which in our case has been
tailor-made to be always zero. For that we establish general self-dual variational
principles that will achieve both goals and will therefore allow for the variational
formulation and resolution of these equations. Our principles cover lots of ground
and apply to all linear and nonlinear equations mentioned above, though ironically
they do not yet cover most equations of quantum field theory because of the pro-
hibitive lack of compactness inherent in these problems.

As mentioned above, a typical example' is the Yang-Mills functional on the space
of smooth connections over a principal SU(2)-bundle P of an oriented closed 4-
manifold M. To any connection A € Q;(AdP) on M, one associates a curvature
tensor Fy = dA+ J[ANA] € Q(AdP), and an exterior differential on k-forms daw =
dw + [A Aw]. After completing the square, the Yang-Mills functional on the space
of connections looks like

1
1(A) ::/ ||FA||2:7/ |+ #Ea |2 — (+Ex, Ex) z—/ (Fa NEy) = 87%¢2(P),
M 2 Jm M

where * is the Hodge operator and the inner product is the negative of the trace of
the product of the matrices. The last term on the right is a topological invariant of
the bundle P — M, with c;(P) being the second Chern class. If now the infimum of
the functional / is actually equal to 8¢y (P), and if it is attained at some A, it then
follows immediately that such a connection satisfies

FA:f*FA7 (18)

which are then called the antiself-dual Yang-Mills equations. Indeed, the Bianchi
identities ensure that we then have d3F4 = 0, which are the corresponding Euler-
Lagrange equations (see, for example Jost [80]). We note again that, even though
equations (1.8) were obtained variationally as absolute minima, they are not derived
from the Euler-Lagrange equations of the Yang-Mills functional. In this case, the
self-dual Lagrangian is nothing but the “true square” L(x, p) = % (||x||* +||p[?).

! Which could/should be skipped by those not familiar with the basics of differential geometry.
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From a totally different perspective, Brézis and Ekeland [29] formulated about
30 years ago an intriguing minimization principle that can be associated to the
heat equation and other gradient flows of convex energy functionals. It is based on
Fenchel-Legendre duality, which can be seen as a more general procedure for “com-
pleting squares” that can be used on any convex functional and not just quadratic
ones. More recently, Ghoussoub and Tzou eventually demonstrated in [67] the use-
fulness of this formulation in proving existence results, by showing that one can
indeed prove the existence of a gradient flow

{Zgg))i;oz’?(p(u(t)) ae. on [0,T] (19)

for a convex energy ¢ by minimizing the nonnegative functional

1) = [ [0()) + 0 (~))dr-+ 5 (uO) + 1(T)P) ~2(u(0) o) + o

on an appropriate path space .« and by showing that it has a minimizer i in </ such
that I(i1) = in; I(u) = 0. The self-dual Lagrangian here is an appropriate “lifting”
ue

of L(x,p) = @(x) + ¢*(p) to path space.

In [9] and [10], Auchmuty proposed a framework, in which he formalizes and
generalizes the Brézis-Ekeland procedure in order to apply it to operator equations
of nonpotential type. However, the applicability of these variational principles re-
mained conditional on evaluating the minimum value and — in most cases — could
not be used to establish the existence — and sometimes uniqueness — of solutions.

The basic ideas are simple. Starting with a functional equation of the form

—Au=0¢(u), (1.10)

on a Banach space X, it is well known that it can be formulated — and sometimes
solved — variationally whenever A : X — X* is a self-adjoint bounded linear operator
and ¢ is a differentiable or convex functional on X. Indeed, it can be reduced in this
case to the equation dy/(u) = 0, where y is the functional

l,l/(u):(p(u)—i—%(Au,m. (1.11)

A solution can then be obtained, for example, by minimization whenever ¢ is con-
vex and A is positive. But this variational procedure fails when A is not self-adjoint
or when A is a nonpotential operator (i.e., when A is not a gradient vector field),
and definitely when A is not linear. In this case, the Brézis-Ekeland procedure — as
formalized by Auchmuty — consists of simply minimizing the functional

I(u) = @(u) + ¢ (—Au) + (u,Au), (1.12)

where ¢ is the Fenchel-Legendre dual of ¢ defined on X* by ¢*(p) = sup{(x,p) —
©(x); x € X}. The basic Legendre-Fenchel inequality states that
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o(x)+ 0*(p) > (x, p) with equality if and only if p = d@(x). (1.13)

This clearly yields that o := inf,cx (1) > 0, and the following simple observation
was made by several authors: If the infimum o = 0 and if it is attained at & € X,
then we are in the limiting case of the Fenchel-Legendre duality, ¢ (i) + @*(—Ai) =
(i1, —Aii), and therefore —Ai = d @ (i).

Note that the procedure does not require any assumption on A, and very general
coercivity assumptions on ¢ often ensure the existence of a minimum. However,
the difficulty here is different from that of standard minimization problems in that
besides the problem of existence of a minimum one has to ensure that the infimum is
actually zero. This is obviously not the case for general operators A, though one can
always write (and many authors did) the variational principle (1.12) for the operator
equation (1.10).

In this volume, we tackle the real difficulty of deciding when the infimum « is
actually zero, and we identify a large and structurally interesting class of self-dual
vector fields F, for which equations such as

0€F(u) and Au€F(u), (1.14)

with A being a suitable linear or nonlinear operator, can be formulated and solved
variationally. Such vector fields will be derived from self-dual Lagrangians L and
will be denoted by F = dL. Equations of the form 0 € dL(u) coincide with the
completely self-dual systems described above and will be dealt with in Part II of this
book. The more general class of self-dual systems will contain equations of the form
Au € JL(u) and will be tackled in Parts IIT and IV.

For the convenience of the reader, we now give a summarized description of the
contents of each chapter.

Part I: Convex analysis on phase space

A large class of PDEs and evolution equations, which we call completely self-dual
differential systems, can be written in the form

(p,x) € IL(x, p), (1.15)

where dL is the subdifferential of a self-dual Lagrangian on phase space L : X X
X* — RU{+oo}, and X is a reflexive Banach space. We therefore start in Part I by
recalling the classical basic concepts and relevant tools of convex analysis that will
be used throughout the text. We then introduce the key notions of convex analysis
on phase space and focus on their calculus.
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Chapter 2: Legendre-Fenchel duality on phase space

We review basic convex analysis and in particular Fenchel-Legendre duality and its
relationship with subdifferentiability. As mentioned before, our approach is based
on convex analysis on “phase space”, and we shall therefore consider Lagrangians L
on X x X* that are convex and lower semicontinuous in both variables. All elements
of convex analysis will apply, but the calculus on X x X* becomes much richer for
many reasons, not the least of which being the variety of automorphisms that act on
such phase space, as well as the ability of associating Hamiltonians, which are the
Legendre transforms of L in one of the two variables.

Chapter 3: Self-dual Lagrangians on phase space

At the heart of the theory is the interplay between certain automorphisms and Legen-
dre transforms. The class of Lagrangians L satisfying the duality conditions (1.5) on
phase space is introduced and analyzed in this chapter. Its remarkable permanence
properties are also established, in particular, their stability under various operations,
such as convolutions, direct sum, regularizations, and superpositions with other La-
grangians and operators.

Chapter 4: Skew-adjoint operators and self-dual Lagrangians

If L is a self-dual Lagrangian on a reflexive Banach space X and I" : X — X* is
a skew-adjoint operator, then the Lagrangian defined by Lr(x,p) = L(x,['x+ p)
is also self-dual on X x X*. Here, we deal with the more interesting cases of un-
bounded antisymmetric operators and with the nonhomogeneous case where opera-
tors may be skew-adjoint modulo certain boundary terms. This is normally given by
a Green-Stokes type formula of the type

(x,T'y) + (y,['x) = (Bx,RABy) for every x,y € D(I'), (1.16)

where % : D(%) C X — H is a boundary operator into a Hilbert space H and R is a
self-adjoint automorphism on the “boundary” space H. In other words, the symmet-
ric part of I" is conjugate to a self-adjoint operator R on the boundary space. In this
case, a suitable R-self-dual function £ on H is added so as to restore self-duality to
the whole system. More precisely, one needs a function on the boundary space that
satisfies

*(Rx) = {(x) forallx € H, (1.17)

so that the Lagrangian on X x X*

L(x,—I'x+p)+{(%Bx) ifxeDI)ND(A),

Lr(x,p) = {+oo itx¢ Dr)np(#), 1Y
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becomes self-dual on X x X*.

Chapter 5: Self-dual vector fields and their calculus

We introduce here the concept of self-dual vector fields and develop their calculus.
The starting point is that self-dual Lagrangians on phase space necessarily satisfy

L(x,p) > (p,x) forall (p,x) € X* x X, (1.19)

and solutions for equation (1.15) can then be found for a given p by simply minimiz-
ing the functional /,(x) = L(x, p) — (x, p) and proving that the minimum is actually
zero. In other words, by defining the self-dual vector field of L at x € X to be the
possibly empty sets

IL(x) :={p € X*; L(x,p) — (x,p) =0} = {p € X" (p,x) € IL(x,p)}, (1.20)

one can then find variationally the zeros of those set-valued maps 7" : X — 2X" of the
form T'(x) = dL(x), where L is a self-dual Lagrangian on phase space X x X*. These
self-dual vector fields are natural extensions of subdifferentials of convex lower
semicontinuous energy functionals. Indeed, the most basic self-dual Lagrangians
are of the form L(x, p) = ¢(x) + ¢*(p), where ¢ is such a function on X and ¢@* is
its Legendre conjugate on X*, in which case

IL(x) = d(x).

More interesting examples of self-dual Lagrangians are of the form L(x, p) = ¢(x)+
©*(—I'x+ p), where ¢ is a convex and lower semicontinuous function on X and
I' : X — X* is a skew-symmetric operator. The corresponding self-dual vector field
is then,

IL(x) =x+do(x).

The examples above are typical — possibly multivalued — nonlinear operators 7" that
are monotone, meaning that their graphs G(T') = {(x, p) € X x X*;p € T (x) } satisfy

(x—y,p—¢q) > 0for every (x,p) and (y,q) in G(T). (1.21)

Their graphs are actually maximal in the order of set inclusion among monotone
subsets of X x X*, and the theory of such maximal monotone operators has been de-
veloped extensively over the last 30 years because of its prevalence in both parabolic
and elliptic PDEs. Most remarkable is the fact — shown in this chapter — that one can
associate to any maximal monotone operator 7" a self-dual Lagrangian L such that

IL=T, (1.22)

so that equations involving such operators can be resolved variationally. The ad-
vantages of identifying maximal monotone operators as self-dual vector fields are
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numerous. Indeed, all equations, systems, variational inequalities, and dissipative
initial-value parabolic problems that traditionally involve maximal monotone op-
erators, can now be formulated and resolved variationally. In effect, self-dual La-
grangians play the role of potentials for maximal monotone vector fields in a way
similar to how convex energies are the potentials of their own subdifferentials, and
in particular how the Dirichlet integral is the potential of the Laplacian. These prob-
lems can therefore be analyzed with the full range of methods — computational or
not — that are available for variational settings.

Furthermore, while issues around the superposition of, and other operations on,
maximal monotone operators are often delicate to prove, the class of self-dual La-
grangians possesses remarkable permanence properties that are relatively easy to
establish. It reflects most variational aspects of convex analysis and is stable un-
der similar types of operations making the calculus of self-dual Lagrangians (and
consequently, of maximal monotone operators) as manageable as, yet much more
encompassing than, the one for convex functions.

Part II: Completely self-dual systems and their Lagrangians

This part of the book deals with the variety of boundary value problems and evolu-
tion equations that can be written in the form of a completely self-dual system

0 € JL(x) (1.23)
and can therefore be solved by minimizing functionals of the form
I(x) = L(x,0) (1.24)

on a Banach space X, where L is a self-dual Lagrangian on X x X*. Such functionals
I are always nonnegative, and their main relevance to our study stems from the fact
that — under appropriate conditions on L — their infimum is equal to 0. This property
allows variational formulations and resolutions of several basic differential systems,
which — often for lack of self-adjointness or linearity — cannot be expressed as Euler-
Lagrange equations but can, however, be written in the form (1.23).

Chapter 6: Variational principles for completely self-dual functionals and first
applications

The fact that the infimum of a completely self-dual functional / is zero follows from
the basic duality theory in convex analysis, which in our particular “self-dual case”
leads to a situation where the value of the dual problem is exactly the negative of the
value of the primal problem. This value is zero as soon as there is no duality gap,
which is normally a prerequisite for the attainment of these extrema.
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Several immediate applications follow from this observation coupled with the
remarkable fact that the Lagrangian L (x, p) = L(x,I'x + p) remains self-dual on
X x X*, provided L is and as long as I" is a skew-symmetric operator. One then
quickly obtains variational formulations and resolutions of the Lax-Milgram theo-
rem, of variational inequalities, of nonself-adjoint semilinear Dirichlet problems, as
well as several other nonpotential operator equations, such as (1.2).

Chapter 7: Semigroups of contractions associated to self-dual Lagrangians

A variational theory for dissipative initial-value problems can be developed via the
theory of self-dual Lagrangians. We consider here semilinear parabolic equations
with homogeneous state-boundary conditions of the form

{—u(t)+Fu(l)+wM(l) € do(t,u(r)) on [0,T] (1.25)

u(0) = up,

where I' is an antisymmetric, possibly unbounded, operator on a Hilbert space H,
¢ is a convex lower semicontinuous function on H, ® € R, and uy € H. Assuming
for now that @ = 0, the framework proposed above for the stationary case yields a
formulation of (1.25) as a time-dependent self-dual equation on state space,

{—uu)eaLUJdﬂ) (1.26)

u(0) = uo,

where the self-dual Lagrangian L(z,-,-) on H x H is associated to the convex func-
tional ¢ and the operator I in the following way:

L(t,u,p) = @(t,u) + ¢ (1,Tu+p). (1.27)
We shall then see that a (time-dependent) self-dual Lagrangian L: [0,T] x H x H —

R on state space H, “lifts” to a self-dual Lagrangian .Z on path space A,Z, ={u:
[0,T] — H; i € L%} via the formula

ZL(u,(p,a)) = /OTL(t,u(t) —p(t),—u(t))dt + €y, (u(0) — a,u(T)), (1.28)

where (p(t),a) € L% x H, which happens to be a convenient representation for the
dual of A%,. Here ¢, is the boundary Lagrangian

1 1
Cuy (6, ) = 5 ¥l = 2{ut0,x) + [uolfy + 5[ (1.29)

that is suitable for the initial-value problem (1.26), which can then be formulated as
a stationary equation on path space of the form

0€dL(u). (1.30)
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Its solution #(¢) can then be obtained by simply minimizing the completely self-dual
functional I(u) = £ (u,0) on the path space A% since it can also be written as the
sum of two nonnegative terms:

I(u) = ./O'T {L(t (o), —i(r)) + ((r),u(r)) } de + | u(0) — uo -

This provides a variational procedure for associating to a self-dual Lagrangian L
a semigroup of contractive maps (S;); on H via the formula S;u := i(t), yielding
another approach to the classical result associating such semigroups to maximal
monotone operators. This chapter is focused on the implementation of this approach
with a minimal set of hypotheses and on the application of this variational approach
to various standard parabolic equations.

Worth noting is the fact that we now have a one-to-one correspondence be-
tween three fundamental notions of nonlinear analysis: maximal monotone oper-
ators, semigroups of contractions, and self-dual Lagrangians.

Chapter 8: Iteration of self-dual Lagrangians and multiparameter evolutions

Nonhomogeneous boundary conditions reflect the lack of antisymmetry in a differ-
ential system. The iteration of a self-dual Lagrangian on phase space X x X* with
an operator that is skew-adjoint modulo a boundary triplet (H, %, R) needs to be
combined with an R-self-dual function ¢ on the boundary H in order to restore self-
duality to the whole system. This is done via the Lagrangian Lr ¢ defined in (1.18),
which is then self-dual, and as a consequence one obtains solutions for the boundary
value problem

R%x € dl(HBx), (1.31)

{ I'x € IL(x)
by inferring that the infimum on X of the completely self-dual functional I(x) :=
Lr(x,0) = L(x,I'x) + £(%x) is attained and is equal to zero. Moreover, the addition
of the R-self-dual boundary Lagrangian required to restore self-duality often leads
to the natural boundary conditions.

The latter Lagrangian can then be lifted to path space, provided one adds a suit-
able self-dual time-boundary Lagrangian. This iteration can be used to solve initial-
value parabolic problems whose state-boundary values are evolving in time such
as _

—x(t)+ I;x(t) € dL(t,x(t)) fort € [0,T]
R % (x(t)) € 94, (%x(t)) fortel0,T] (1.32)
x(0) = xo,
where L is a time-dependent self-dual Lagrangian on a Banach space X anchored

on a Hilbert space H (i.e., X C H C X*), xg is a prescribed initial state in X, I; :
D(I;) C X — X* is antisymmetric modulo a boundary pair (H;,R;,,%,) with %, :
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D(%;) C X — H, as a boundary operator, R, a self-adjoint automorphism on H,
and ¢; an R;-self-dual function on the boundary space H;. The corresponding self-
dual Lagrangian on L%[0,T] x L%.[0,T] is then

Lup) = [ L, 60), p0) ~ 0+ L 0) ().

This process can be iterated again by considering the path space L%[0,T] as a new
state space for the newly obtained self-dual Lagrangian, leading to the construction
of multiparameter flows such as

=95 (s,0) = Fl5s1) € AL ((5,0),2(5,0), G5, + 2 (s,r)) on [0,5] < 0,71,
x(0,¢) = xo fort € [0, 7],
x(s,0) = xq for s € [0,S5].
(1.33)
This method is quite general and far-reaching but may be limited by the set of con-
ditions needed to accomplish the above-mentioned iterations. This chapter focuses
on cases where this can be done.

Chapter 9: Direct sum of completely self-dual functionals

If I' : X — X* is an invertible skew-adjoint operator on a reflexive Banach space
X, and if L is a self-dual Lagrangian on X x X*, then M(x,p) = L(x+ I ~'p,I'x)
is also a self-dual Lagrangian. By minimizing the completely self-dual functional
I(x) = ¢(x)+ ¢*(I'x) over X, one can then find solutions of I"x € d¢(x) as long as
¢ is convex lower semicontinuous and bounded above on the unit ball of X. In other
words, the theory of self-dual Lagrangians readily implies that if the linear system
I'x = p is uniquely solvable, then the semilinear system I'x € d ¢(x) is also solvable
for slowly growing convex nonlinearities ¢.

Self-dual variational calculus allows us to extend this observation in the follow-
ing way. Consider bounded linear operators I; : Z — X/ for i = 1,...,n. If for each
(pi)l, € X{ x X3... x X, the system of linear equations

Lix = pi (1.34)
can be uniquely solved, then one can solve — variationally — the semilinear system
Ixedgi(Aix) fori=1,..,n,, (1.35)

provided A; : Z — X; are bounded linear operators that satisfy the identity

(Aix,Iix) =0 for all x € Z. (1.36)

L

M=

The solution is then obtained by minimizing the functional
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-

I(z) = ) ¢i(Aiz) + ¢ (Iiz), (1.37)

i=1

which is then completely self-dual. This result is then applied to derive variational
formulations and resolutions for various evolution equations.

Chapter 10: Semilinear evolutions with self-dual boundary conditions

One may use self-dual variational principles to construct solutions of evolution
equations that satisfy certain nonlinear boundary conditions. More specifically, we
consider evolutions of the form

{ i(t) € —L(t,u(t)) Vit €0,T] (1.38)

wOT) ¢ _J0(u(0) —u(T)),

where both L and ¢ are self-dual Lagrangians. The novelty here is that the self-dual
time-boundary equation we obtain is very general and includes — with judicious
choices for ¢ — the more traditional ones such as:

initial-value problems: x(0) = x;

periodic orbits: x(0) = x(7T);

antiperiodic orbits: x(0) = —x(7T);

periodic orbits up to an isometry: x(T) = e~ (@/+A) x(0), where w € R and A is a
skew-adjoint operator.

Solutions are obtained by minimizing the self-dual functional

1= e 0) o (300 a0 K.

Worth noting here is that many choices for L are possible when one formulates
parabolic equations such as

—u(t) + Lu(t) + Hu(t) + ou(t) € do(t,u(t)) on [0,T]

in a self-dual form as in (1.38). The choices depend on the nature of the skew-adjoint
operators I;,i = 1,2, on whether the equation contains a diffusive factor or not, or
whether @ is a nonnegative scalar or not.

Part II1: Self-dual systems and their antisymmetric Hamiltonians

Many more nonlinear boundary value problems and evolution equations can be writ-
ten in the form B
0€ Ax+dL(x) (1.39)
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on a Banach space X, where L is a self-dual Lagrangian on X x X* and A : D(A) C
X — X* is an appropriate linear or nonlinear operator. They can be solved by show-
ing that functionals of the form

J(x) = L(x,—Ax) + (x,Ax) (1.40)

attain their infimum and that the latter is equal to zero. These are very important
examples in the class of — what we call — self-dual equations. To understand the
connection to the systems studied in the previous part, we note that completely self-
dual functionals can be written as

I(x) = L(x,0) =supHL(y,x) forallxeX, (1.41)
yeX

where L is the corresponding self-dual Lagrangian on X x X* and where Hy, is the
Hamiltonian associated with L (i.e., the Legendre transform of L but only in the
second variable). These Hamiltonians are concave-convex functions on state space
X x X and verify the antisymmetry property

HL(X,y) = _HL(yax)v (14’2)
and in particular Hy (x,x) = 0. One can easily see that

J(x) = L(x,—Ax) + (x,Ax) = sup(x —y,Ax) + HL(y,x), (1.43)
yeX

where M(x,y) = (x —y,Ax) + Hj(y,x) is again zero on the diagonal of X x X.

Chapter 11: The class of antisymmetric Hamiltonians

We are then led to the class of antisymmetric Hamiltonians M on X x X, which —
besides being zero on the diagonal — are weakly lower semicontinuous in the first
variable and concave in the second. Functionals of the form

I(x) =supM(x,y), (1.44)
yeX

with M being antisymmetric , will be called self-dual functionals as they turn out
to have many of the variational properties of completely self-dual functionals. They
are, however, much more encompassing since they are not necessarily convex, and
they allow for the variational resolution of various nonlinear partial differential
equations. Indeed, the class of antisymmetric Hamiltonians is a convex cone that
contains — Maxwellian — Hamiltonians of the form

M(x,y) = @(x) — @(y),
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with @ being convex and lower semicontinuous, as well as their sum with terms of
the form
M(X,y) = <A)C,)C—y>,

provided A : X — X* is a not necessarily linear regular operator that is, a weak-to-
weak continuous operator such that the diagonal map

u — (u,Au) is weakly lower semicontinuous. (1.45)

Examples include of course all linear positive operators, but also certain linear but
not necessarily positive operators such as Au = Ju, which is regular on the Sobolev
space H),,[0,T] of R*N-valued periodic functions on [0,7], where J is the sym-
plectic matrix. They also include important nonlinear operators such as the Stokes
operator u — u - Vu acting on the subspace of H(} (Q,R") consisting of divergence-
free vector fields (up to dimension 4).

Chapter 12: Variational principles for self-dual functionals and first
applications

Here we establish the basic variational principle for self-dual functionals, which
again states that under appropriate coercivity conditions, the infimum is attained and
is equal to zero. Applied to functionals J(x) = L(x,—Ax) + (x,Ax), one then gets

solutions to equations of the form 0 € Ax+ dL(x), provided we have the following
strong coercivity condition:

lim  Hy(0,x) 4 (x,Ax) = +oo. (1.46)

[lel| =

This allows for the variational resolution of a large class of PDEs, in particular
nonlinear Lax-Milgram problems of the type:

Au+Au+fe—-ao(u) (1.47)

where ¢ is a convex lower semicontinuous functional, A is a nonlinear regular oper-
ator, and A is a linear — not necessarily bounded — positive operator. Immediate ap-
plications include a variational resolution to various equations involving nonlinear
operators, such as nonlinear transport equations, and the stationary Navier-Stokes
equation:
(u-VYu+f=vAu—Vp onQ CR,
divu =0 on Q, (1.48)
u=~0 on 0,

where v > 0 and f € L”(Q;R?). The method is also applicable to nonlinear equa-
tions involving nonlocal terms such as the generalized Choquard-Pekar Schrodinger
equation

—Au+V(x)u= (wxf(u))g(u), (1.49)
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where V and w are suitable real functions.

Chapter 13: The role of the co-Hamiltonian in self-dual variational principles

Self-dual functionals of the form I(x) = L(Ax,—Ax) + (Ax,Ax) have more than
one antisymmetric Hamiltonian associated to them. In this chapter, we shall see
that the one corresponding to the co-Hamiltonian A7 can be more suitable not only
when the operator A is nonlinear but also in situations where we need a constrained
minimization in order to obtain the appropriate boundary conditions. Furthermore,
and even if both A and A are linear, the co-Hamiltonian representation can be more
suitable for ensuring the required coercivity conditions. Applications are given to
solve Cauchy problems for Hamiltonian systems, for doubly nonlinear evolutions,
and for gradient flows of non-convex functionals.

Chapter 14: Direct sum of self-dual functionals and Hamiltonian systems

This chapter improves on the results of Chapter 9. The context is similar, as we
assume that a system of linear equations

Iix=p;,i=1,..,n, (1.50)

with each I; being a linear operator from a Banach space Z into the dual of another
one X;, can be solved for any p; € X*. We then investigate when one can solve
variationally the semilinear system of equations

—Iixe 8(p,~(Al~x), (1.51)

where each A; is a bounded linear operator from Z to X;. Unlike Chapter 9, where
we require Y. (A;z,I;z) to be identically zero, here we relax this assumption consid-
=1

i=
erably by only requiring that the map
n
z— Y (Aiz,I7) is weakly lower semicontinuous, (1.52)
i=1

as long as we have some control of the form

o ||z, (1.53)

-

I
-

<

n
Z(AiZ7EZ>
i=1

1

for some ¢; > 0. In this case, the growth of the potentials ¢; should not exceed a
quadratic growth of factor ﬁ The existence result is then obtained by minimizing
the functional
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I(z) =) ¢i(Aiz) + ¢ (—Iiz) + (Aiz, I}z), (1.54)

i=1

which is then self-dual. This is then applied to derive self-dual variational resolu-
tions to Hamiltonian systems with nonlinear boundary conditions of the form

{Ju(t) € do(r,u(r)) (1.55)
T)+u(0 :

—J OO € Jy(u(T) - u(0)),

where for every ¢ € [0, T], the functions @(¢,-) and y are convex lower semicontinu-
ous on R?" and J is the symplectic matrix. By making judicious choices for v, these
boundary conditions include the traditional ones, such as periodic, antiperiodic and
skew-periodic orbits. The method also leads to the construction of solutions that
connect two Lagrangian submanifolds associated to given convex lower semicon-
tinuous functions y; and y> on RV that is,

p(t) € ho(p(t),q(t)) t€(0,T)
~4(0) € 2p(pli).q) 1€ (0.7) 156
q(0) € I (p(0)) '
—p(T) € dya(q(T)).

In other words, the Hamiltonian path must connect the graph of dy; to the graph of
—dy,, which are typical Lagrangian submanifolds in R?V.

Chapter 15: Superposition of interacting self-dual functionals

We consider situations where functionals of the form
I(x) = Li(A1x,—A1x) + (A1x,A1x) + Lo (A2x, —Aax) + (Aax, Aax) (1.57)

are self-dual on a Banach space Z, assuming that each L;,;i = 1,2 is a self-dual
Lagrangian on the space X; x X/, and where (A1,Az) : Z — X x X; and (A1,A2) :
Z — X1 x X, are operators on Z that may or may not be linear. Unlike the framework
of Chapter 14, the operators Aj,Az,A1, Ay are not totally independent, and certain
compatibility relations between their kernels and ranges are needed for the func-
tional 7 to become self-dual. One also needs the map x — (A|x, A1x) 4 (A2x, Axx) to
be weakly lower semicontinuous on Z. Under a suitable coercivity condition, / will
attain its infimum, which is zero, at a point X that solves the system

{o € A1X+dLi (A1) (1.58)

0e Aszrng(Az)f).

This applies for example, to Laplace’s equation involving advection terms and non-
linear boundary conditions, but also nonlinear Cauchy-Riemann equations on a
bounded domain Q C R?, of the type
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du _dv dv | du dv __ du dv __ du
(5—7},;$+7y)€9fp(7y_;7—$—7y) (1.59)
a ) ’

Ugo € A (nxa—)v _"YE> ,

where @ (resp., y) are convex functions on R? (resp., R).

Part IV: Perturbations of self-dual systems

Hamiltonian systems of PDEs, nonlinear Schrodinger equations, and Navier-Stokes
evolutions can be written in the form

0 € Au+Au+IL(u), (1.60)

where L is a self-dual Lagrangian on X x X*, A: D(A) C X — X* is a linear —
possibly unbounded — operator, and A : D(A) C X — X* is a not necessarily linear
map. They can be solved by minimizing the functionals

I(u) = L(u,—Au — Au) + (Au+ Au,u)

on X and showing that their infimum is attained and is equal to zero. However,
such functionals are not automatically self-dual functionals on their spaces of def-
inition, as we need to deal with the difficulties arising from the superposition of
the operators A and A. We are often led to use the linear operator A to strengthen
the topology on X by defining a new energy space D(A) equipped with the norm
||u|\12)(A) = ||ul|% + ||Aul|%. In some cases, this closes the domain of A and increases
the chance for A to be regular on D(A), but may lead to a loss of strong coercivity
on the new space. We shall present in this part two situations where compactness
can be restored without altering the self-duality of the system:

e If A is linear and is almost orthogonal to A in a sense to be made precise in
Chapter 16, one may be able to add to / another functional J in such a way
that 7 = I +J is self-dual and coercive. This is applied in the next chapter when
dealing with Hamiltonian systems of PDEs.

e The second situation is when the functional [ satisfies what we call the self-dual
Palais-Smale property on the space D(A), a property that is much weaker than
the strong coercivity required in Part III. This method is applied in Chapter 18 to
deal with Navier-Stokes and other nonlinear evolutions.

Chapter 16: Hamiltonian systems of PDEs
While dealing with Hamiltonian systems of PDEs, we encounter the standard dif-

ficulty arising from the fact that — unlike the case of finite-dimensional systems —
the cross product u — [y (u(t),Ji(t))dt is not necessarily weakly continuous on
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the Sobolev space Hy [0, 7] of all absolutely continuous paths valued in an infinite-
dimensional Hilbert space X := H x H. Such systems can often be written in the
form

Ju(t) +J<fu(t) € IL(t,u(t)),

where J is the symplectic operator, .27 is an unbounded linear operator on X, and L
is a time-dependent self-dual Lagrangian on [0,7] x X x X. The idea is to use the
linear operator <7 to strengthen the topology on X by considering the space D(<7)
equipped with the norm Hu||D(ﬁ) = ||u||§ + ||« u||%, and a corresponding path space
#'10,T]. The operator Au = Jii+ J.o/ u becomes regular on the new path space, but
the functional

I(u) = L (u,Ju+JAu)— (u,Ju+J A u), (L.61)

where .Z is given by formula (1.28), may cease to be coercive. We propose here
a way to restore coercivity by perturbing the functional / without destroying self-
duality. It can be used because Jit is almost orthogonal to J<f in a sense described
below. In this case, one adds to I another functional J in such a way that I=1+J
is self-dual and coercive on #[0, T]. This will be applied to deal with Hamiltonian
systems of PDEs such as

{ —v(t)—A(v+u)+bVv =3¢ (t,u), (1.62)

u(t) —A(u+v)+aVu=9Jd@(t,v),
with Dirichlet boundary conditions, as well as

—0(t) + A% — Av = Aoy (t,u),
u(t) + A%u+Au = dg(t,v),

with Navier state-boundary conditions, and where ¢;,i = 1,2 are convex functions
on some L”-space.

Chapter 17: The self-dual Palais-Smale condition for noncoercive functionals

We extend the nonlinear variational principle for self-dual functionals of the form
I(x) = L(x,—Ax) + (x, Ax) to situations where I does not satisfy the strong coerciv-
ity condition required in (1.46) but the weaker notion of a self-dual Palais-Smale
property on the functional 1. This says that a sequence (u;,), is bounded in X, pro-
vided it satisfies

Auy, + dL(u,) = —€,Duy, (1.63)

for some &, — 0. Here D : X — X* is the duality map (Du,u) = ||ul|?.

This is often relevant when dealing with the superposition of an unbounded linear
operator A : D(A) C X — X* with the possibly nonlinear map A in an equation of
the form

0€Au+Au+dL(u) (1.64)
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by minimizing the functional I(u) = L(u, —Au — Au) + (u,Au+ Au). Unlike in the
previous chapter, we consider here the case where A is either positive or skew-
adjoint (possibly modulo a boundary operator). This is particularly relevant for the
resolution of nonlinear evolution equations and will be considered in detail in the
next chapter.

Chapter 18: Navier-Stokes and other nonlinear self-dual evolution equations

The nonlinear self-dual variational principle established in Chapter 12, though suf-
ficient and readily applicable in many stationary nonlinear partial differential equa-
tions, does not, however, cover the case of nonlinear evolutions such as those of
Navier-Stokes (1.3). One of the reasons is the prohibitive coercivity condition that
is not satisfied by the corresponding self-dual functional on the relevant path space.
We show here that such a principle still holds for functionals of the form

T
I(u) = /0 [L(t,u, —ii—Au)+ (Au, u>} dt+/¢ (u(O) —u(T), —W) )

where L (resp., ¢) is a self-dual Lagrangian on state space (resp., boundary space)
and A is an appropriate nonlinear operator on path space. As a consequence, we pro-
vide a variational formulation and resolution to evolution equations involving non-
linear operators, including those of Navier-Stokes (in dimensions 2 and 3), with var-
ious boundary conditions. In dimension 2, we recover the well-known solutions for
the corresponding initial-value problem as well as periodic and antiperiodic ones,
while in dimension 3 we get Leray weak solutions for the initial-value problems but
also solutions satisfying u(0) = au(T) for any given ¢ in (—1,1). The approach is
quite general and applies to certain nonlinear Schrodinger equations and many other
evolutions.

Final remarks: Before we conclude this introduction, we emphasize that this book
is focused on questions of existence of solutions for a class of PDEs once they have
been formulated as functional equations in suitable energy spaces. It is therefore
solely concerned with “weak solutions”, which just means here that they belong to
whatever apriori function space was considered suitable for our proposed variational
setting. This does not preclude the fact — not discussed here — that self-duality may
be also prove useful in establishing regularity results.

We do not address questions of uniqueness, but it is important to observe that
an immediate consequence of our approach is that — apart from very degenerate
cases — all completely self-dual systems have unique solutions (at least in the func-
tion spaces where they are defined). This is simply because they were obtained as
minima of self-dual convex functionals. This is not, however, the case for general
self-dual functionals, and a more thorough analysis is needed for each separate case.

Many of the equations in the examples we address here are known to have so-
lutions via other methods. We did not, however, make a serious attempt at tracking
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their history and therefore could not credit their original authors. This may be re-
gretful, though we did not find it essential to this project, whose objective is simply
to establish the efficacy, versatility, and unifying features of a new approach for
proving existence results.

Missing from this volume are the following thrusts of current — and potential —
research areas related to this self-dual approach to PDEs.

1. The computational advantages of self-duality in problems as basic as those deal-
ing with numerical resolutions of nonsymmetric linear systems of equations
(Ghoussoub and Moradifam [66]). We also refer to a somewhat related varia-
tional point of view in the case of evolution equations, considered recently by
Mielke, Stefanelli, and their collaborators. See for example [71], [99], [102],
[108], [112], [145], [150], [152].

2. The relevance of the self-dual approach in the introduction of a penalty method
in nonlinear inverse problems, as pioneered by Barbu and Kunisch [20] in the
case of gradient of convex functions, and extended recently by Ghoussoub [60]
and Zaraté [163] to more general monotone nonlinearities.

3. The potential of extending self-duality to certain infinite dimensional manifolds
such as the Wasserstein space, so as to give a variational resolution for gradient
flows of geodesically convex energies, a topic recently addressed in the ground-
breaking book of Ambrosio, N. Gigli, and G. Savare [2].

4. The pertinence of the self-dual approach to second order differential equations
[92], and to parabolic equations with measure data [90].

5. The need to develop a self-dual min-max variational approach to deal with the po-
tential of higher critical levels and the multiplicity of solutions for certain semi-
linear superquadratic elliptic equations involving advection terms.

Finally, we note that while all necessary concepts from functional and convex anal-
ysis are spelled out in this book, the same cannot be said unfortunately about the
material needed in all of the 53 examples of applications that are included herein.
For example, the reader is expected to be somewhat familiar with the basic theory of
Sobolev spaces, vector-valued or not, and with their various embeddings into clas-
sical LP-spaces and/or spaces of continuous functions. For this material, we refer
the reader to the books of Adams [1], Brézis [26], Evans Ev, Gilbarg and Trudinger
[70], Mawhin and Willem [96], and Maz’ja [97]. We also refer to the books of
Aubin and Cellina [7], Barbu [17] [18], Browder [33], Ekeland [46], Pazy [127], and
Showalter [144], for related topics on evolution equations, Hamiltonian systems and
general differential inclusions. The books of Dautray and Lions [41], Kinderlehrer
and Stampachia [81], Lions and Magenes [88], Roubicek [139], Struwe [153], and
Temam [157] are also excellent sources of material related to our chosen examples
of applications to partial differential equations.
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Glossary of notation

The following list of notation and abbreviations will be used throughout this book.
Let Q be a smooth domain of R", and let X be a Banach space.

1.

C*(Q,R") (resp., Cy’(2,R") will denote the space of infinitely differentiable
functions (resp., the space of infinitely differentiable functions with compact sup-
port) on L.

. For 1 < p < +oo, Lf( () will be the space of all Bochner-integrable functions

u: 2 — X with norm

Y
Jullyg = ([ luColax) "

. For 1 < p < +oo, the space W!'P(Q) (resp., WOI"p(Q) is the completion of

C=(22,R") (resp., C5 (£2,R") for the norm
lellw (@) = llellp + 1 Vullp (resp., fully 1 q) = 1Vullp)-

We denote the dual of W7 (Q) by Wh=7(Q).

. Wh2(Q) (resp., Wol’z(.Q) will be denoted by H' () (resp., H} (€2)) and the dual

of H} () will be denoted by H~!(Q).

. Suppose now that H is a Hilbert space, 0 < T < oo, and 1 < p < 4o0. We shall

consider the space W!-7([0,T]; H) of all functions u : [0,T] — H such that there
exists v € L [0, T] with the property that, for all 7 € [0,T]

u(t) = u(0) + /0 "o(s)ds.

In this case u is an absolutely continuous function, it is almost everywhere dif-
ferentiable with it = v a.e. on (0,7, and

T—h t+h)—

O df =
fim |, A u(t)||5 dt = 0.

See for example the appendix of [25]. The space W' ([0, T]; H) is then equipped
with the norm

el ryny = (1l 71+ 12 )77

More generally, for any reflexive Banach space X, one can associate the space
WP ([0,T];X) = {u: [0,T] — X; it € L%[0,T]} equipped with the norm

. 1
[l rp (o, = (IIMHQ}( + IIMHZ;) /P,
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For simplicity, we shall often denote the space W'2([0,T];X) by A%[0,T], or
simply AJQ(, if there is no ambiguity as to the time interval.

. An important framework for evolution equations involving PDEs is the so-called
evolution triple setting. It consists of a Hilbert space H with (, )y as scalar prod-
uct, a reflexive Banach space X, and its dual X* in such a way that X C H C X*,
with X being a dense vector subspace of H, while the canonical injection X — H
is continuous. In this case, one identifies the Hilbert space H with its dual H* and
can inject it in X* in such a way that

(hyu)x= x = (h,u)y forallhe€ Handallu€X.

This injection is continuous and one-to-one, and H is also dense in X*. In other
words, the dual X* of X is represented as the completion of H for the dual norm

|Al| = sup{{h,u)y: lullx < 1}.

One can then associate the space W!2([0,7];X,H) of all functions u € L%[0,T]
such that i € L2.[0,T] equipped with the norm

112 2
il 0. = (Ul + Nl )72

For simplicity, we shall often denote this space by %25 » [0,T], or even 2.
. More generally, we may consider for 1 < p < oo and % + é =1 the space

Zpgl0,T] :=W"P((0,T);X,H) = {u; u € LY[0,T],u € L. [0,T]}
equipped with the norm
ullwrr = ”u”Lf([O,T] + ||”HL§’(* [0,7]>

which then leads to a continuous injection £, ,[0,T] C C([0,T]; H), the latter be-
ing the space of continuous functions u : [0, 7] — H equipped with the supremum

norm |ju|| = sup |lu(t)||z. Moreover, for any pair u,v in 2, 4[0, T], the function
1€(0,7T]
t — (u(t),v(t))n is absolutely continuous on [0, 7], and for a.e. t € [0,T] we have

d . .
5 @) v(0))yy = ((0),v(0) o y (1), V(1) .-

Finally, if the inclusion X — H is compact, then 2}, 4[0,T] — L5[0,T] is also
compact. For details, we refer the reader to Evans [48], or Temam [156].
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CONVEX ANALYSIS ON PHASE SPACE



A large class of stationary and dynamic partial differential equations — which will
be called completely self-dual differential systems — can be written in the form

(p,x) € IL(x,p),

where dL is the subdifferential of a real-valued convex self-dual Lagrangian L on
phase space X x X*, with X being an infinite dimensional reflexive Banach space,
and X* its conjugate. Part I of this volume starts with a recollection of the classical
basic concepts and relevant tools of convex analysis that will be used throughout this
book, in particular Fenchel-Legendre duality and its relationship with the notion of
sub-differentiability of convex functions.

The required notions of convex analysis on phase space are introduced, with
a special focus on the basic permanence properties of the class of self-dual La-
grangians and their corresponding self-dual vector fields, including their stabil-
ity under sums, convolutions, tensor products, iterations, compositions with skew-
adjoint operators, superpositions with appropriate boundary Lagrangians, as well as
appropriate liftings to various path spaces.



Chapter 2
Legendre-Fenchel Duality on Phase Space

We start by recalling the basic concepts and relevant tools of convex analysis that
will be used throughout the book. In particular, we review the Fenchel-Legendre
duality and its relationship with subdifferentiability. The material of the first four
sections is quite standard and does not include proofs, which we leave and recom-
mend to the interested reader. They can actually be found in most books on convex
analysis, such as those of Brézis [26], Ekeland and Temam [47], Ekeland [46], and
Phelps [130].

Our approach to evolution equations and partial differential systems, however,
is based on convex calculus on “phase space” X x X*, where X is a reflexive Ba-
nach space and X* is its dual. We shall therefore consider Lagrangians on X x X*
that are convex and lower semicontinuous in both variables. All elements of convex
analysis will apply, but the calculus on state space becomes much richer for many
reasons, not the least of which is the possibility of introducing associated Hamilto-
nians, which are themselves Legendre conjugates but in only one variable.

Another reason for the rich structure will become more evident in the next chap-
ter where the abundance of natural automorphisms on phase space and their inter-
play with the Legendre transform becomes an essential ingredient of our self-dual
variational approach.

2.1 Basic notions of convex analysis

Definition 2.1. A function ¢ : X — RU {4} on a Banach space X is said to be:

1. lower semicontinuous (weakly lower semicontinuous) if, for every r € R, its epi-
graph Epi(@) := {(x,r) € X x R;@(x) < r} is closed for the norm topology
(resp., weak topology) of X x R, which is equivalent to saying that whenever
(xq) is a met in X that converges strongly (resp., weakly) to x, then f(x) <
liminfy f(xg).

25
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2. convex if, for every r € R, its epigraph Epi(¢) is a convex subset of X x R,
which is equivalent to saying that f(Ax+ (1 —Ay) < Af(x)+ (1 —21)f(y) for
anyx,y€ X and0< A <.

3. proper if its effective domain ( i.e., the set Dom(@) = {x € X; @(x) < +oo}) is
nonempty, the effective domain being convex whenever ¢ is convex.

We shall denote by ¢ (X) the class of convex lower semicontinuous functions on a
Banach space X.

Operations on convex lower semicontinuous functions

Consider ¢ and y to be two functions in €’ (X). Then,

1. The functions ¢ + y and A @ when A > 0 are also in € (X).

2. The function x — max{@(x), y(x)} is in €(X).

3. The inf-convolution x — @ x y(x) := inf{@(y) + y(x—y);y € X } is convex. If ¢
and y are bounded below, then ¢ x y is in ¥ (X) and Dom(¢@ x ) = Dom(¢@) +
Dom(y). Moreover, @ x ¥ is continuous at a point x € X if either ¢ or y is
continuous at x.

4. If p € €(R), then x — p(||x||x) is in € (X).

Convex functions enjoy various remarkable properties that make them agreeable to
use in variational problems. We now summarize some of them.

Proposition 2.1. If ¢ : X — RU {+} is a convex function on a Banach space X,
then:

1. ¢ is lower semicontinuous if and only if it is weakly lower semicontinuous, in
which case it is the supremum of all continuous affine functions below it.

2. If ¢ is a proper convex lower semicontinuous function on X, then it is continuous
on the interior D of its effective domain, provided it is nonempty.

We shall often use the immediate implication stating that any convex lower semi-
continuous function that is finite on the unit ball of X is necessarily continuous.
However, one should keep in mind that there exist continuous and convex functions
on Hilbert space that are not bounded on the unit ball [130].

2.2 Subdifferentiability of convex functions

Definition 2.2. Let ¢ : X — RU{+} be a convex lower semicontinuous function
on a Banach space X. Define the subdifferential d@ of ¢ to be the following set-
valued function: If x € Dom(¢), set

dp(x) ={peX*;(p,y—x) < @(y)—@(x) forall y € X}, (2.1)

and if x ¢ Dom(@), set dp(x) = 0.
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The subdifferential d@(x) is a closed convex subset of the dual space X*. It can,
however, be empty even though x € Dom(¢), and we shall write

Dom(d¢) ={x € X;dp(x) #0}. (2.2)
An application of the celebrated Bishop-Phelps theorem due to Brondsted and Rock-
afellar (see [130]) however yields the following useful result.

Proposition 2.2. Let ¢ be a proper convex lower semicontinuous function on X.
Then,

1. Dom(d @) is dense in Dom(o).
2. Moreover, d@(x) # 0 at any point x in the interior of Dom(@) where @ is contin-
uous.

If x € Dom(¢), we define the more classical notion d™ @(x) of a “right-derivative”
atx as

(d*o(x),y) :=1lim, o+ 1 (@(x+1y) — @(x)) forany y € X. (2.3)

The relationship between the two types of derivatives is given by
p € d9(x) if and only if (p,y) < (dT@(x),y) for any y € X. (2.4)

Now ¢ is said to be Gdteaux-differentiable at a point x € Dom(¢) if there exists
p € X*, which will be denoted by D¢ (x) such that

(p,y) zlim,ﬁo}((p(x—ﬁ—ty)—(p(x)) for any y € X. (2.5)
It is then easy to see the following relationship between the two notions.

Proposition 2.3. Let ¢ be a convex function on X.

1. If ¢ is Gateaux-differentiable at a point x € Dom(@), then d@(x) = {Dg@(x)}.
2. Conversely, if ¢ is continuous at x € Dom(@), and if the subdifferential of ¢ at x
is single valued, then d@(x) = {Dg@(x)}.

Subdifferentials satisfy the following calculus.

Proposition 2.4. Let ¢ and y be in € (X) and A > 0. We then have the following
properties:

1. 0(A@)(x) = LI @(x) and d(x) + dy(x) C (@ + v¥)(x) for any x € X.

2. Moreover, equality d@(x) + 9y (x) = d(@+ y)(x) holds at a point x € Dom(¢p) N
Dom(y), provided either ¢ or  is continuous ar x.

3. If A:Y — X is a bounded linear operator from a Banach space Y into X, and if
@ is continuous at some point in R(A) NDom(), then d(@oA)(y) = A*dp(Ay)
for every pointy €Y.

As a set-valued map, the subdifferential has the following useful properties.

Definition 2.3. A subset G of X x X* is said to be
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1. monotone, provided
(x—y,p—¢q) > 0 for every (x,p) and (y,p) in G. (2.6)

2. maximal monotone if it is maximal in the family of monotone subsets of X x X*
ordered by set inclusion, and

3. cyclically monotone, provided that for any finite number of points (x;, p;)"_ in
G with xg = x,,, we have

1<Pkaxk —X4—1) > 0. (2.7

\TM:

A set-valuedmap 7 : X — 2X" is then said to be monotone (resp., maximal mono-
tone) (resp., cyclically monotone), provided its graph G(T) = {(x,p) € X x X*;p €
T (x)} is monotone (resp., maximal monotone) (resp., cyclically monotone).

The following result was established by Rockafellar. See for example [130].

Theorem 2.1. Let ¢ : X — RU{+o0} be a proper convex and lower semicontinuous
functional on a Banach space X. Then, its differential map x — 0@ (x) is a maximal
cyclically monotone map.

Conversely, if T : X — 2% is a maximal cyclically monotone map with a
nonempty domain, then there exists a proper convex and lower semicontinuous func-
tional on X such that T = d .

2.3 Legendre duality for convex functions

Let ¢ : X — RU{+-oo} be any function. Its Fenchel-Legendre dual is the function
¢@* on X* given by
¢ (p) = sup{(x,p) — @(x);x € X}. (2.8)

Proposition 2.5. Let ¢ : X — RU{+co} be a proper function on a reflexive Banach
space. The following properties then hold:

1. @* is a proper convex lower semicontinuous function from X* to RU {+eo}.

2. ™ == (@*)* : X — RU{+Ho0} is the largest convex lower semicontinuous func-
tion below @. Moreover, @ = @** if and only if ¢ is convex and lower semicon-
tinuous on X.

3. For every (x,p) € X X X*, we have @(x)+ @*(p) > (x, p), and the following are
equivalent:

i) (x)+¢"(p) = (x,p),
ii) p€dp(x),
iii) x € dQ*(p).

Proposition 2.6. Legendre duality satisfies the following rules:
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1. ¢*(0) = — inf ¢(x).

2. If o <y, then ¢* > y*.
3. We have (inf ¢;)* = sup @ and (sup ¢;)* <inf @} whenever (@;)ics is a family of
iel icl icl iel

functions on X.

4. For every A >0, (A@)*(p) = l(p*(%p).

5. Forevery @ €R, (p+ )" = 0* —q.

6. For a fixed a € X, we have, for every p € X*, @(p) = ¢*(p) + (a,p), where
@u(x) := @(x—a).

7. If p is an even function in € (R), then the Legendre transform of ¢(x) = p

(llulx)
g, then ¢*(p) = }|

P15,

is 9*(p) = p*(llpllx+)- In particular, if ¢(x) = ||x]
where é + % =1

8. If @ and ¥ are proper functions, then (Qx y)* = @* + y*.

9. Conversely, if Dom(¢@) — Dom(y) contains a neighborhood of the origin, then
(P+y) =9 xy".

10. Let A : D(A) C X — Y be a linear operator with a closed graph, and let ¢ : Y —

RU{+oo} be a proper function in € (Y ). Then, the dual of the function @4 defined
on X as @a(x) = @(Ax) if x € D(A) and + otherwise, is

@a(p) =inf{9"(q); A"q = p}.

11. Let h(x) := inf{F(x1 ,X2)sx1,% €EX,x = %(xl erz)}, where F is a function on
X x X. Then, h*(p) = F*(5,5) for every p € X*.

12. Let g be the function on X x X defined by g(x1,x2) = ||x1 —x2||%. Then, g*(p1,p2) =
%HPI |? if p1 + p2 = 0 and +oo otherwise.

The following lemma will be useful in Chapter 5. It can be used to interpolate be-
tween convex functions, and is sometimes called the proximal average.

Lemma 2.1. Let fi, f> : X — RU{+o0} be two convex lower semicontinuous func-
tions on a reflexive Banach space X. The Legendre dual of the function h defined for
X eXby

. 1 1 1 1
h(x) := 1nf{2f1 (x1)+ Efz(xz) + §||x1 —x2||2; x,xeX, x= E(XI +x2)}
is given by the function h* defined for p € X* by
h*(p) = inf >/ (p1)+§f2 (p2) + gllm -p2l|s P2 €XY p= E(pl +p2)p-
Proof. Note that

1
h(x) := inf{F(xl,xz);x1,xz eX,x= E()q +xz)},

where F is the function on X x X defined as F (x,x3) = g1(x1,x2) + g2(x1,x2) with
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gi(x1,x2) =3 filx1)+3f2(x2) and  ga(x1,x2) = §|lx1 —xof %

It follows from rules (10) and (7) in Proposition 2.6 that

(= (L.2) = *(2,2) = giwgs (2.2)
) =F (L2) =@+ (£.2) =gives (£.2).

It is easy to see that
. b piy 1
8i(p1,p2) = 5 fi ( 7 )+ 2f2( 7 )
while rule (11) of Proposition 2.6 gives that
g (p1,p2) =2|Ip1l> ifpi+p2=0 and oo otherwise.

It follows that

h = _— -
(p) gl*g2(272)

. 1 P1 1 p2 P D
= inf f*——s——*——sz———
m {2f1(2) ZfZ(Z) 2 4

2
i P1, P2 EX*7p=p1+pz}

N L, P q
:lnf{zfl(QI)+2f2(42)+2H2—2

2 . 1
iq1,2 €XT,p= 2(q1+qz)}

. 1 1 1 1
= lnf{sz‘(ql) +5/2(92) +glle2 —an @ eXt p= 5@ +qz)} :
The following theorem can be used to prove rule (8) in Proposition 2.6. It will also
be needed in what follows.

Theorem 2.2 (Fenchel and Rockafellar). Let ¢ and v be two convex functions on
a Banach space X such that @ is continuous at some point xo € Dom(¢) NDom(y).
Then,

inf {9(x) + y(x)} = max {~¢"(~p) —y"(p)}. 2.9
xe pe

The theorem above holds, for example, whenever Dom(¢) — Dom(y) contains a
neighborhood of the origin or more generally if the set IntDom(¢) N Dom(y) is
nonempty.

The following simple lemma will be used often throughout this text. Its proof is
left as an exercise.

Lemma 2.2. If ¢ : X — RU {+o0} is a proper convex and lower semicontinuous
functional on a Banach space X such that —A < @(y) < B||y||% + C with A > 0,
C>0,B>0,and o > 1, then for every p € d¢(y)

B a—1
Iplix < {aBe(lylx +a+C)+1} . (2.10)
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2.4 Legendre transforms of integral functionals

Let 2 be a Borel subset of R” with finite Lebesgue measure, and let X be a separable
reflexive Banach space. Consider a bounded below function ¢ : Q x X — RU{+oo}
that is measurable with respect to the o-field generated by the products of Lebesgue
sets in £ and Borel sets in X. We can associate to ¢ a functional @ defined on
L*(02,X) (1 < o < 4o0) via the formula

o) = | pl@.x(w)do.

where x € L%(Q,X). We now relate the Legendre transform and subdifferential of
¢ as a function of its second variable on X to the Legendre transform and subdiffer-
ential of @ as a function on L*(Q,X). We shall use the following obvious notation.
Forw e Q,x€ X, and p € X*,

¢*(0,p) = ¢(@,-)"(p) and  IP(@,x) = IP(,-)(x).

The following proposition summarizes the relations between the function ¢ and “its
integral” @. A proof can be found in [46].

Proposition 2.7. Assume X is a reflexive and separable Banach space, that 1 < @ <
oo, é + é =1, and that ¢ : Q x X — RU{+-o0} is jointly measurable such that
[ o (@, p(®))|dw < o for some p € LP(Q,X), which holds in particular if ¢ is
bounded below on Q2 x X.

1. If the function @(®,-) is lower semicontinuous on X for almost every @ € Q,
then ® is lower semicontinuous on L*(Q,X).

2. If o(®,-) is convex on X for almost every @ € £, then @ is convex on L*(Q,X).

3. If o(®,-) is convex and lower semicontinuous on X for almost every @ € £,
and if @(X) < +oo for some X € L”(Q,X), then the Legendre transform of ® on
LP(Q,X) is given by

D*(p) = [ ¢*(0,p(®))do  forall p € LP(Q,X). (2.11)

4. If [olo(w,5(®))|do < o and [, |¢* (0, p(®))|dw < oo for some X and p in
L>(2,X), then for every x € L*(Q,X) we have

D (x) = {p € LP(Q,X); p() € I¢(0,x()) a.e.} . (2.12)

Exercises 2.A. Legendre transforms of energy functionals

1. Review and prove all the statements in Sections 2.1 to 2.4.
2. Let Q be a bounded smooth domain in R”, and define on L2() the convex lower semicontin-
uous functional
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1 Ja|Vul* on Hi(Q)

o) = { o0 elsewhere. (2.13)

Show that its Legendre-Fenchel conjugate for the L2-duality is ¢*(v) = 4 [o |[V(—A)~!v|%dx
and that its subdifferential d¢ = —A with domain H} (Q) NH?(Q).
3. Consider the Hilbert space H~!(2) equipped with the norm induced by the scalar product
UV 10y = [ u(—A) " 'vdx. For m > "=2 we have L"*!(Q) c H!, and so we may con-
H1(Q) = Ja nt2
sider the functional
bt fg lu™ on 17 (@)

() = { o0 elsewhere. 219

Show that its Legendre-Fenchel conjugate is ¢*(v) = ;25 [o [(—=A) V| " dx with subdiffer-
ential d@(u) = —A(u™) on D(d@) = {u € L" 1 (Q);u™ € HI(Q)}.

4. If 0 <m < 1, then (—A)~'u does not necessarily map L1 (Q) into L"", and so we consider
the space X defined as

X ={uel™(Q): (—~A) luel"" (Q)}

equipped with the norm |[u||x = ||u|ms1 + ||(=A) " 'u/| wr1 . Show that the functional ¢(u) =

m%rl Jo lu[™*! is convex and lower semicontinuous on X with Legendre-Fenchel transform
equal to

_1,mtl . — mtl
(,,*(v):{m"il Jo|(=8)" " dx it (-4)"ve L (@) 2.15)
o0 otherwise.

2.5 Legendre transforms on phase space

Let X be a reflexive Banach space. Functions L : X X X* — RU{+-o} on phase space
X x X* will be called Lagrangians, and we shall consider the class - (X) of those
Lagrangians that are proper convex and lower semicontinuous (in both variables).
The Legendre-Fenchel dual (in both variables) of L is defined at (¢,y) € X* x X by

L*(g,y) = sup{{q,x) + {v,p) = L(x,p): x X, p €X"}.
The (partial) domains of a Lagrangian L are defined as
Dom; (L) = {x € X;L(x,p) < +oo for some p € X*}

and
Domy(L) = {p € X*;L(x,p) < +oofor some x € X }.

To each Lagrangian L on X x X*, we can define its corresponding Hamiltonian
Hp : X x X — R (resp., co-Hamiltonian H; : X* x X* — R) by

Hi(x,y) = sup{(y,p) —L(x,p):p € X*} and H.(p,q) = sup{(y,p) —L(y.q):y € X},

which is the Legendre transform in the second variable (resp., first variable). Their
domains are

Dom; (Hy) : = {x € X;Hy (x,y) > —eoforall y € X}
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= {x € X;H(x,y) > —cofor some y € X }
and

Domy(Hy) : = {q € X*;H(p,q) > —ooforall p € X*}
= {q € X*;H(p,q) > —oofor some p € X*}.

It is clear that Dom; (L) = Dom (H ) and Dom, (L) = DomyH;..

Remark 2.1. To any pair of proper convex lower semicontinuous functions ¢ and y
on a Banach space X, one can associate a Lagrangian on state space X x X* via the
formula L(x, p) = @(x) + y*(p). Its Legendre transform is then L*(p,x) = y(x) +
¢©*(p). Its Hamiltonian is Hy (x,y) = y(y) — @(x) if x € Dom(¢) and —eoo otherwise,
while its co-Hamiltonian is Ay (p,q) = ¢*(p) — w*(q) if ¢ € Dom(y*) and —oo
otherwise. The domains are then Dom; Hy, := Dom(¢) and Dom, (H; ) := Dom(y*).
These Lagrangians will be the building blocks of the variational approach developed
in this book.

Operations on Lagrangians

We define on the class of Lagrangians .#(X) the following operations:
Scalar multiplication: If A > 0 and L € .#(X), define the Lagrangian A-L on
X x X* by
AL p) =271 (5. 5).
(A-L)(x,p) T
Addition: If L,M € £(X), define the sum L& M on X x X* by:
(L& M) (x, p) = inf{L(x,r) + M(x,p — r)ir € X"},
Convolution: If L,M € .#(X), define the convolution LxM on X x X* by
(LxM)(x,p) = inf{L(z, p) + M(x—z,p):z € X}.

Right operator shift: If L€ .2 (X)andI : X — X* is a bounded linear operator,
define the Lagrangian L;- on X x X* by

Lr(x,p) :==L(x,—T'x+p).

Left operator shift: If L € Z(X) and if I : X — X* is an invertible operator,
define the Lagrangian L on X x X* by

FL<x7p> = L(x_rilp?rx)'

Free product: If {L;;i € I} is a finite family of Lagrangians on reflexive Banach
spaces {X;;i € I'}, define the Lagrangian L := X;c/L; on (ITe/X;) x (ITic/X7) by
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L((x1)i, (pi)i) = ZierLi(xi, pi).-

Twisted product: IfL e Z(X)and M € £(Y), where X and Y are two reflexive
spaces, then for any bounded linear operator A : X — Y*, define the Lagrangian
LEsMon (X XY) x (X*xY*) by

(LoaM)((x,y),(p-q)) == L(x,A"y+p) +M(y,—Ax+q).

Antidualization of convex functions: If ¢, y are convex functions on X x Y and
if A is any bounded linear operator A : X — Y*, define the Lagrangian ¢ @4 W on
(X xXY)x (X*xY*) by

P av((x,y),(p,q) = @(x,y) + ¥ (A"y+p,—Ax+q).

Remark 2.2. The convolution operation defined above should not be confused with
the standard convolution for L and M as convex functions in both variables. Indeed,
it is easy to see that in the case where L(x, p) = @(x) + ¢*(p) and M (x, p) = y(x) +
y*(p), addition corresponds to taking

(LeM)(x,p) = (¢+y)(x)+ ¢ xy"(p),

while convolution reduces to

(LxM)(x,p) = (@x¥)(x)+ (9" +v¥")(p).
Proposition 2.8. Ler X be a reflexive Banach space. Then,

1. (A-L)* =A-L* forany L € £(X) and any A > 0.

2. (LeM)* <L*xM* and (LxM)* < L* ®M* for any LM € £ (X).

3. If M is a basic Lagrangian of the form ¢(Ux) + w*(V*p), where y is continuous
on X and U,V are two automorphisms of X, then (LxM)* = L* & M* for any
Le Z(X).

4. If LM € £ (X) are such that Domy(L*) — Domy (M*) contains a neighborhood
of the origin, then (LxM)* = L* ® M*.

S. If LM € £ (X) are such that Dom; (L) —Dom; (M) contains a neighborhood of
the origin, then (L&M)* = L* x M*.

6.IfLe L(X)and I : X — X* is a bounded linear operator, then (Lr)*(p,x) =
L*(I'*x+ p,x).

7.IfLe LX) and if ' : X — X* is an invertible operator, then (rL)*(p,x) =
L (—T*x,(I'"Y*p+x).

8. If {L;;i € I} is a finite family of Lagrangians on reflexive Banach spaces {X;;i €
I}, then

(ZietLi) " ((pi)i, (%)) = ZierLi (piyxi).-

9.IfLe L(X)and M € L (Y), where X and Y are two reflexive spaces, then for
any bounded linear operator A : X — Y™, we have

(L@AM)*((pvq)v(xay)) :L*(A*y+p,x)—|—M*(_Ax+q,y).
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10. If @ and y are convex functions on X XY and A is any bounded linear op-
erator A : X — Y™, then the Lagrangian L defined on (X xY) X (X* x Y*) by
L((x), (,9)) = §(x,7) + W' (A% + p, ~Ax+q) has a Legendre transform

L*((pvQ)v(x’y)) = W(X,Y) +(p*(A*y+p7_Ax+Q)'

Proof. (1) is obvious.
To prove (2) fix (¢,y) € X* x X and use the formula (¢ x y)* < ¢* 4+ y* in one
variable on the functions @(p) = L(z,p) and y(p) = M (v, p) to write

(LxM)*(q,y) = sup{{q,x) + (y,p) — L(z,p) —M(x—z,p); (z,x,p) EX x X x X"}
= sup{{(q,v+2) + (»p) —L(z,p) =M (v, p); (z,v,p) € X x X x X"}
S( 11)1; X{<q,V+Z>+SuP{<y,p>*L(z,p)*M(v,p);pGX*}}

< sup {<q,v+Z> lnf{sup ({(w,p1) —L(z, p1))
(z,v)EX XX WEX  peX*

+ sup ({y—w,p2) —M(V,PZ))}}
P2EX™

ginf{( sup  {(g,2) +(w,p1) —L(z,p1))}

weX , )EX < X*

+ sup {<q7V>+<y_W7P2>_M(V7P2)}
(np2)EX X X*

= inf {L*(q,w) +M"(g,y—w)}
= (L*®M*)(q,y).

For (3), assume that M(x,p) = @(Ux) + y*(V*p), where ¢ and y are convex
continuous functions and U and V are automorphisms of X. Fix (¢,y) € X* x X and
write

(L*M)*(q,y) = sup{{g,x) + < > L(z,p) —M(x—2z,p);(z,x,p) € X x X x X*}

sup{(q,v+2) + (y,p) —L(z,p) =M(v,p): (z,v,p) EX x X X X"}
= sup{ sup {{qg,v+2)—L(z, )—(P(UV)}—W*(V*p)}
pEX* (z,v)eX?
- sup{ P+ supl(a.2) - Lizp)}
peEX™

T sup{{g.v) — @(Uv)} — w*(V*m}

veX

~ up {< p) -+ sup{{g,2) — L(z,p)} + 0 (U~ )*g) - w*(V*p)}
zeX

peX
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= sup sup{(y,p) +(g,2) —L(z,p) —¥*(V*p)} + 0" (U ")*q)
peEX* zeX

= (L+T)"(g.y)+9 (U ) g),

where T (z,p) := y*(V*p) for all (z,p) € X x X*. Note now that

oo if ¢#0,

() =splla) + o) - w vl ={ o7 470

p

in such a way that by using the duality between sums and convolutions in both
variables, we get

(L+T)*(q,y) = conv(L*,T*)(q,y)
= inf {L*(n2)+T"(-r+q,—z+y)}

reX* zeX
= inf {L*(q,2) + w(V "' (—z+y))}.
Finally,
(L+M)*(q,y) = (L+T)*(g,y) + 9" (U ")"q)
inf{L"(q,2) +y (V" (=243} +97((U)q)
= inf {L*(q,2) +(9oU)"(q) + (¥ o V)" (—z+y)}
= (L"eM)(q,y)-

For (4), again fix (¢,y) € X* x X, and write

(LxM)*(q,y) = sup  {{g,x)+(,p)—L(z,p) —M(x—2z,p)}
(zx,p)EX XX X X*

= sup {(q,v+z>+<y,p>*L(z,p)*M(v,p)}
(z,1,p) EX XX X X*

= sup {—(P*(—Z,—V,—p)—W*(Z,V,p)}
(z,1,p) EX XX X X*

with ¢*(z,v,p) = (¢,2) + L(—z,—p) and y¥*(z,v,p) = —(y,p) — (¢,v) + M(v, p).
Note that now

(p(rvs’x) = sup {(r,z>+<v,s>+<x,p)—(q,z)—L(—z,—p)}
(z,v,p)EX XX xX*

= sup  {(r—q,2) +(v5)+(x,p) —L(—z,—p)}
(z,1,p) EX XX X X*

= sup{(v,s) +L*(qg—r,—x)},
veX

which is equal to 4o whenever s # 0. Similarly, we have
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y(rsx) = sup  {(nz)+vs)+(x,p)+.p)+(ng)—Mv,p)}
(z,1,p) EX XX X X*

= sup  {(nz)+(v,q+s)+ (x+y,p) —M(v,p)}
(z,1,p)EX XX X X*

= sup{{z,r) + M* (g +s,x+y)},
€X

which is equal to +eo whenever r # 0. If now Dom; (L*) — Dom,(M*) contains a
neighborhood of the origin, then we apply the theorem of Fenchel and Rockafellar
to get

(LAM)"(q,y) = sup{=@*(=z,—v,=p) = ¥"(z,%,p); (z,v,p) EX X X x X"}
= inf{@(r,s,x) + W(r,s,x);(r,s,x) EX* x X* x X}

= inf su : _|_L* -
(rs.x)EX* X X*x X {v€§{<v ) (g—r,—x)}

+sup{(z,7) +M*(q+s,x+y)}}
zeX

= inf{L"(g,—x) +M"(g,x+y);x € X}
= (L"eM")(q,y).

Assertion (5) can be proved in a similar fashion.
For (6), fix (q,y) € X* x X, set r = I'x+ p and write

(Lr)*(g,y) = sup{{g,x) + (v, p) — L(x,—I'x+p); (x,p) € X x X"}

= sup{{(q,x) + (y,r +I'x) — L(x,r); (x,r) € X x X*}
sup{{g+I"y,x) + (y,r) — L(x,7); (x,r) € X x X*}
=L (g+I"yy).

For (7), let r:x—F’lp and s = I'x and write

(rL)*(¢.y) = sup{(q,x) + (,p) = L(x="'p,[x); (x,p) € X x X"}
— sup{{g,T"s) + (v~ T7) — L(5,8); (1) € X x X}
= sup{{(T"")"q+y.s) = (*y,r) = L(r5); (r,5) € X x X*}
=L (=I*y.(I 1) q+y).
The proof of (8) is obvious, while for (9) notice that if (Z,7) € (X x¥) x (X* x
Y*), where Z = (x,y) and 7 = (p,q), we can write

LPaM(Z,7) = (L+M)(Z,A747),

where A : X x Y — X* x Y* is the skew-adjoint operator defined by A () = A((x,y)) =
(—A*y,Ax). Now apply (6) and (8) to L+ M and A to obtain

(LeaM) ((p,q),(x,y)) = (L+M)"(F+A'Z,2)
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= (L* +M*)(F —Az,%)
=L"(A"y+ p,x) + M"(—Ax+q,y).

Assertion (10) follows again from (6) since the Lagrangian M((x,y),(p,q)) =
@(x,y) + y*(—A*y — p,Ax — q) is of the form L((x,y),A(x,y) + (p,q)), where
L((x,y),(p,q)) = ¢(x,y) + v*(p,q) and A : X x Y — X* x Y* is again the skew-
adjoint operator defined by A((x,y)) = (—A*y,Ax). The Legendre transform is then
equal to L*((p,q), (x,y)) = ¥(x,y) + ¢"(A"y + p, —Ax +¢q).

2.6 Legendre transforms on various path spaces

Legendre transform on the path space L*([0,T],X)

For 1 < a < +eo, we consider the space L%[0,7] of Bochner integrable functions
from [0, T] into X with norm

T o
el = (| latoar)

Definition 2.4. Let [0, 7] be a time interval and let X be a reflexive Banach space.
A time-dependent convex function on [0,T] x X (resp., a time-dependent convex
Lagrangian on [0,T] x X x X*) is a function ¢ : [0,7] X X — RU {400} (resp.,
L:[0,T] x X x X* — RU{+eo}) such that :

1. ¢ (resp., L) is measurable with respect to the o-field generated by the products
of Lebesgue sets in [0, 7] and Borel sets in X (resp., in X x X*).

2. For each ¢ € [0, T], the function @(z,-) (resp., L(t,-,-)) is convex and lower semi-
continuous on X (resp., X x X™).

The Hamiltonian Hy, of L is the function defined on [0,7] x X x X* by

HL(tvxvy) = sup{(y,p} _L(taxvp);p € X*}

To each time-dependent Lagrangian L on [0,7] x X x X*, one can associate the
corresponding Lagrangian . on the path space L§ X Lg*, where é + % =1tobe

T
Zup)i= [ L) p0)dr,

as well as the associated Hamiltonian on L§ x L¥,

Hy(1,v) = sup { [ oo~ Lisute) ey s p e L”*}
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The Fenchel-Legendre dual of . is defined for any (q,v) € Lg* x LY as
T
L (q,v) = sup / {{q(t),u(t)) +{p(),v(1)) — L(t,u(r), p(t)) } dr.
(u,p)eLy ng* 0

Proposition 2.7 immediately yields the following.

Proposition 2.9. Suppose that L is a Lagrangian on [0,T] x X x X*, and let £ be
the corresponding Lagrangian on the path space L§ x Lg*. Then,

1. 2 (o) = I L (6. p(e) o).
2. Hy(u,v) = [ Hy(t,u(t),v(t))dr.

Suppose now that H is a Hilbert space, and consider the space A%, of all functions
in L12-1 such that i € lej, equipped with the norm

lul g, = (a2, + 12, )12

Theorem 2.3. Suppose { is a convex lower semicontinuous function on H x H, and
let L be a time-dependent Lagrangian on [0,T] x H X H such that

For each p € L2, the map u — fOT L(t,u(t), p(t))dt is continuous on L. (2.16)
The map u — [ L(t,u(t),0)dt is bounded on the unit ball of L. (2.17)
—C <{(a,b) < (1+|\ali3 +bl|%) for all (a,b) € H x H. (2.18)

Consider the following Lagrangian on L%, X L%,.'

Jo L(t,u(t), p(r) — i(t))dt +£(u(0),u(T)) if u € A%
~+o0 otherwise.

Z(u,p) = {
The Legendre transform of £ is then

JE L (1, p(e) — (e )yt + 0 (—u(0),u(T)) if u € AZ
~+oo otherwise.

2 () = {
Proof. For (q,v) € L2, x A2, write

Z(q,v)

sup sup { [ (t0).a(0)) + 000).p(0)  Litle)p(1) a0

uEL%i pELIZ_I

—~(u(0),u(T)) }

— wup sup { [ Qo) a(0) + 00),p)) — L), pl0) — )

ueA%I pEL%I

—~0(u(0),u(T)) }.
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Make a substitution p(t) —i(t) = r(t) € L. Since u and v are both in A%, we have

[ iy == [+ )T)) = ((0),(0).

Since the subspace Ai}o = {u € A%; u(0) = u(T) = 0} is dense in L%, and since
u— [ L(t,u(t), p(t))dt is continuous on L for each p, we obtain

= Sup Ssu U u d
ME,E,G}Z{/{ (1) () = L{t,u(t),r(1)) i
—0(u(0),u(T))}

= sup sy { [ (00).q0) =50+ 000).10) = Lltae).r0) e

2 2
u€Ay reLy

+(W(T),u(T)) — (v(0),u(0)) —f(u(o)aM(T))}
T
— sup sup sup { /0 (g — )+ (v, 1) — L{t,u(t), r(1)) Yt

2 2 2,0
MEAH reLH MOEAH

(T, (-4 0)(T)) = (v(0), (u+0)(0)) |
~(((u+10) (0), (u+10)(T)) |

sup sup sup { [ 0(0) < f0)0) 90 + (00,70

WEA%_I rEL%{ quAlzi‘rO
T
—/0 L(Lw(t)—uo(t),r(t))dt}
+((T),w(T)) = (v(0),w(0)) —f(W(O),W(T))}
T
= sup sup sup { [ {0 =9) + (01,0 = Lit(0). (0

WGA%, rGL%, xeL%,

+(T),w(T)) = (v(0),w(0)) *K(W(O),W(T))}-

Now, for each (a,b) € H x H, there is w € A% such that w(0) = a and w(T) = b,
(T 1

namely the linear path w(z) =
obtain that

a+ L 7b. Since £ is continuous on H, we finally

ZL*(q,v) = sup sup {/ {{x,g—v)+ (v,r) = L(t,x(2),r(t)) }dt

(a.b)eHxH (rx)eL} <L
+((T),b) — (v(0),0) — £(a,b)}
T
— sup sup { | 160,00 =50) + 60).r ) —L(nx(r»r(z))}dr}

2 2
XLy rely
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+sup sup{ (v(T),b) — (v(0), a) —E(a,b)}
acH beH

- /0 "L (1 q(0) = 5(6) ()t + £ (—(0) v(T)).

If now (g,v) € Ly x L \ A%, then we use the fact that u — [y L(t,u(r),0)dr is
bounded on the unit ball of A% and the growth condition on ¢ to deduce that

2%(qu) = sup sup { [ ul0).g))+ 010).0) + 00).00)) = o))

ueA%, rGA%,
—~(u(0),u(T)}

T
> sup sup {—nunL;,nng, vl Il + [ () = L.t e

2 2
u€Ay reAy

—~0(u(0),u(T)) }
T
> sup {=lala [ (00.00) - L0, 0~ 07
T

N ull o <1
I ||AH

> sp ek [ 00000 - Ll 0)dr - @)+ ()|

ull,» <1
il

> sip {0 [ watn)ar SOV + 1T |

ull 2 <1 J0
il

Since now v does not belong to A%,, we have that

sup_{ [ 00 SO+ 1) =

u 2§1
lal

which means that .Z*(q,v) = -co.

Legendre transform on spaces of absolutely continuous functions

Consider now the path space A% = {u: [0,T] — H; it € L} } equipped with the norm

2 T 2 %
el g, = ()G + [ flar )
H 0
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One way to represent the space qu is to identify it with the product space H x L%,
in such a way that its dual (A%)* can also be identified with H x L% via the formula

<u7(p17p0)>A1217HxL%1 = <M(O)7PI>H +/()T<u(l)7p0([)>dta (2.19)

where u € A%, and (p1,po) € H X L%,. With this duality, we have the following the-
orem.

Theorem 2.4. Let L be a time-dependent convex Lagrangian on [0,T] x H x H and
let £ be a proper convex lower semicontinuous function on H x H. Consider the
Lagrangian on A% x (A%)* = A% x (H x L%,) defined by

N (u,p) = /OT L(t,u(t) — po(r), —u(t))dt +£(u(0) —a,u(T)), (2.20)

where u € A, and (po(t),a) € L} x H represents an element p in the dual of A,
Then, for any (v,q) € A% x (A%)* with q of the form (qo(t),0), we have

A= | UL, —9(0), V(1) — o(0), )+ (w0 W(T)). 22D)

Proof. For (v,q) € A, x (A%)* with g represented by (go(t),0), write

T
A"(q,v) = sup sup sup {<p17V(0)>+/0 {Po(1),9(1)) +(qo(t),u(r)) dt

P1€H poer? ueA?,
T
= [ 2ttt po), a0t~ €0) = prou(r) .
Making a substitution u(0) — p; = a € H and u(t) — po(t) = y(t) € L2, we obtain

N (gv) = sup sup sup { (u(0) ~a,v(0)) ~ ¢(a,u(T))

a€H yeld ucAy,
T
00 = 50050) + 00~ L300 Y |
Since i and v € L%, we have
T T
|ty == [ i) + 60,01 = (0(0)u(0),
which implies

A" (q,v) = sup sup sup q (=a,v(0)) + (W(T),u(T)) — £(a,u(T))

acH ye 2 ucA?,
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T

000500 + 00) = ao0) o) ~ Lt (0, a0 .

Now identify Az with H x L% via the correspondence
T 2
(b,r) € H x L} — b+/ r(s)ds € Ay,
t
ue Ay — (u(T),—u(t)) € H x L.

We finally obtain

N (gv) = supsup { @, ~v(0)) + (v(T),b) — €(a,b) }

acH beH

+ sup sup { [ 5(0,50) + 010 = ao0) (0} - L0 )t}

yEL%_I reL%I

T
= [ 1~ = o)+ (=(0),v())
Legendre transform for a symmetrized duality on spaces of
absolutely continuous functions

Consider again A%, := {u: [0,T] — H;ii € L}, } equipped with the norm

. !
u = +/ al|Zdt s .
llull 2, { T (e[| }

We can again identify the space A%, with the product space H x L%{ in such a way
that its dual (A%)* can also be identified with H x L2, via the formula

u(0) +u(T)
2

(o)) o = (O 0y [t ) .

where u € A2 and (p1,po(t)) € H x L.

Theorem 2.5. Suppose L is a time-dependent Lagrangian on [0,T| X H x H and {
is a Lagrangian on H x H. Consider the following Lagrangian defined on the space
A2 X (AZ)" = A% x (H x LY,) by

A, p) = /OTL(fau(t) + po(t), —u(t)) dr + ¢ (u(T) —u(0) + p1. M)

The Legendre transform of .4 on A%, x (L% x H) is given by
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T

M (p,u) :/ L (L—L’t(t),u(t)+Po(t))dt+€*<M,M(T) —u(0)+p1>.

0

Proof. For (g,v) € A% x (A%)* with g represented by (go(t),q1), we have

v(0)+v(T) > N <ql7 u(0) +u(T) >

M (qv) = {p1.
(g,v) = sup sup sup (pi 5 5

P1EH py eLi, ueAé

~ [ oo 900) + aole) ) = Lo+ pole), 1))

—0(u(T) - u(0) + py, 1) ;“(T) ) }

Making a substitution u(T) —u(0) + p; = a € H and u(t) + po(t) = y(t) € L2, we
obtain

A *(q,v) = sup sup sup <a—u(T) +u(0), v

acH yer? uecAy

[ 10 .9+ (a0 (0,0)) ~ Lo 30, i)

—é(a, M(O)ZM(T)>}~

Again, since  and v € L%, we have

T T
| @50y = = [0 v(0)) di + (7). (7)) = (0(0), (),

which implies

AM*(q,v) = sup sup sup {<a’v(0)+v(T)> — <u(T),M fv(T)>

acH yer?, ueAl, 2 2

_<M(0),v(0) ~v(0)+v(T) > n <q17 M(O)—fz—u(T) >

Hence,

M*(q,v) = sup <a7 > >+<q1 +v(T) —v(0), 5

aGH,yEL%_I,MEAIZ,_I
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_y (a, u(0) —iz-u(T))

T
—/0 [0(0)9(0)) + (a(t), v(t) + qo(0)) — L (1, 3(t), —i(1)) ] dl}
Now identify A with H x L2, via the correspondence:

(b,f(t)) € HX Ly — b+ = (/f ds—/f )

u(0)+u(T

Rt i(t)) € H x L.

uec Al — (

We finally obtain

M*(q,v) = 21615 21612{(51,W>+<6]1 +v(T)—v(0),b) —E(a,b)}

+sup { [T 0050 +00) + (0,70 - L300 |

yeL4rel}

:(*(Mgﬁ— )—v(0 +/L*t—v v(t) +qo(r)) dt.

Exercises 2.B. Legendre transforms on path spaces

. Prove Proposition 2.9.
. Establish the identification between the Hilbert spaces A%[0,T] and H x L% via the isomor-

phism u € Ay, — (u(T), —i(r)) € H x L.

3. Establish the identification between the Hilbert spaces A%[0,T] and H x L% via the isomor-
phism u € A; — (M,fu(t)) € Hx L}

4. Show that the Legendre transform of the Lagrangian on L2, x L,

o —

Llup) = {fo Lt u(e). p(s) —i(0))di + € (u(T) —u(0), “O50) i u € Ay

o0 otherwise

; T, p(e) — o) u(e))de + € (“OF1D (T — u(0)) if u € A2
“ (pA/u)i{Jg‘” ! ( ) othervlgise7

provided the conditions of Theorem 2.3 are satisfied.
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2.7 Primal and dual problems in convex optimization

Consider the problem of minimizing a convex lower semicontinuous function / that
is bounded below on a Banach space X. This is usually called the primal problem:

(2) inf I(x). (2.22)

xeX

One can sometimes associate to / a family of perturbed problems in the following
way. Let Y be another Banach space, and consider a convex lower semicontinuous
Lagrangian L : X x Y — RU {+oe} such that the following holds:

I(x)=L(x,0) forallxeX. (2.23)
For any p € Y, one can consider the perturbed minimization problem

(2,) inf L(x, p) (2.24)

xeX

in such a way that (£%)) is clearly the initial primal problem. By considering the
Legendre transform L* of L on the dual space X* x Y*, one can consider the so-
called dual problem

(7%) sup —L*(0, p*). (2.25)
prey*

Consider the function /: Y — RU {4} on the space of perturbations Y defined by

h(p) = ;gL(x,p) forevery p €Y. (2.26)

The following proposition summarizes the relationship between the primal problem
and the behavior of the value function 4.

Theorem 2.6. Assume L is a proper convex lower semicontinuous Lagrangian that
is bounded below on X x Y. Then, the following assertions hold:

1. (Weak duality) —oo < sup {—L*(0,p*)} < inf L(x,0) < +oo.
prey* xeX

2. his a convex function on Y such that h*(p*) = L*(0, p*) for every p* € Y*, and

1 (0) = sup {~L(0,p")}.

prey*

3. h is lower semicontinuous at 0 (i.e., () is normal) if and only if there is no
duality gap, i.e., if
sup {—L*(0,p*)} = inf L(x,0).
prey* xeX
4. h is subdifferentiable at 0 (i.e., () is stable) if and only if (Z?) is normal and
(L") has at least one solution. Moreover, the set of solutions for () is equal
to dn**(0).
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5. If for some xo € X the function p — L(xq, p) is bounded on a ball centered at 0
inY, then (&) is stable and (97*) has at least one solution.

Proof. (1) For each p* € Y*, we have
L*(0,p") = sup{(p",p) —L(x,p);x€X,p€Y}
> sup{(p*,0) —L(x,0); x € X}
= —inf{L(x,0); x € X }.
(2) To prove the convexity of A, consider A € (0,1) and elements p,q € Y such

that A(p) and h(q) are finite. For every a > h(p) (resp., b > h(q)), find u € X (resp.,
v € X) such that

h(p) <L(x,p)<a and h(q) <L(v,q) <b.
Now use the convexity of L in both variables to write

h(Ap+(1—2)q) = inf{L(x,Ap+ (1 —A)g); x € X}
< LAu+(1=2)v,Ap+(1—21)q)
< AL(u,p)+(1—A)L(v,q)
< Aa+(1-2)b,

from which the convexity of & follows.
(3) Note first that the Legendre dual of & can be written for p* € Y* as

h*(p*) = sup{{p*,p) —h(p);p €Y}
= sup{ (", p) ~ inf{L(x,p); p€ Y} }

sup{(p*,p) —L(x,p); p€Y,xe X}
= L*(0,p").

It follows that

sup {—L*(0,p")} = sup —h*(p*) =™ (0) < h(0) = inf L(x,0).  (2.27)
p*EY* p*ey* xeX

Our claim follows from the fact that £ is lower semicontinuous at 0 if and only if
h(0) = h*™(0).

For claim 4), we start by establishing that the set of solutions for (£7*) is equal
to dh**(0). Indeed, if p* € Y* is a solution of (&?*), then

~h*(p*) = —L*(0,p")
=sup{—L"(0,4");¢" €Y"}
=sup{—h"(¢");q" €Y}

= sup{(0,4") —h*(¢*); ¢* € Y*}
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= h(0),

which is equivalent to p* € dh**(0).

Suppose now that dh(0) # 0. Then, h(0) = #**(0) (i.e., (&) is normal) and
dh(0) = dh**(0) # 0, and hence (£?*) has at least one solution. Conversely, if 4 is
lower semicontinuous at 0, then k(0) = #**(0), and if dh**(0) # 0, then dh(0) =
o (0) £ 0.

The condition in (5) readily implies that % is bounded above on a neighborhood of
zero in Y*, which implies that £ is subdifferentiable at 0.

Further comments

The first four sections summarize the most basic concepts and relevant tools of
convex analysis that will be used throughout this text. Proofs are not included, as
they can be found in a multitude of books on convex analysis. We refer to the books
of Aubin and Ekeland [8], Brézis [26], Ekeland and Temam [47], Ekeland [46], and
Phelps [130].

The particularities of convex calculus on phase space were developed in Ghous-
soub [55]. Legendre transforms on path space for the basic action functionals of the
calculus of variations have already been dealt with by Rockafellar [137]. Theorem
2.4 is due to Ghoussoub and Tzou [68], while the new symmetrized duality for A%
and the corresponding Legendre transform were first discussed in Ghoussoub and
Moameni [63].



Chapter 3
Self-dual Lagrangians on Phase Space

At the heart of this theory is the interplay between certain automorphisms and Leg-
endre transforms. The main idea originates from the fact that a large class of PDEs
and evolution equations —the completely self-dual differential systems— can be writ-
ten in the form

(p,x) € IL(x, p),

where dL is the subdifferential of a self-dual Lagrangian L: X x X* — RU {+oo}
on phase space. This class of Lagrangians is introduced in this chapter, where its
remarkable permanence properties are also established, in particular, their stability
under various operations such as convolution, direct sum, superposition, iteration,
and certain regularizations, as well as their composition with skew-adjoint operators.

3.1 Invariance under Legendre transforms up to an
automorphism

Definition 3.1. Given a bounded linear operator R from a reflexive Banach space
E into its dual E*, we say that a convex lower semicontinuous functional ¢ : E —
RU {+eo} is R-self-dual if

*(Rx) = {(x) for any x € E, 3.1
where here ¢* is the Legendre transform of ¢ on E.

The following easy proposition summarizes the properties of R-self-dual func-
tions to be used in what follows.

Proposition 3.1. Let ¢ be an R-self-dual convex functional on a reflexive Banach
space E, where R : E — E* is a bounded linear operator. Then,

1. For every x € E, we have {(x) > % (Rx,x).
2. For ¥ € E, we have ((X) = 1(R%,%) if and only if R% € J{(%).

49
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Proof. It is sufficient to combine self-duality with the Fenchel-Legendre inequality
to obtain

20(x) = £*(Rx) 4+ £(x) > (Rx,x) with equality if and only if Rx € d¢(x).
This leads us to introduce the following definition.

Definition 3.2. The R-core of / is the set
érl={x € E;Rx€dl(x)} =(R— 86)_1{0}.

It is easy to see that the only functional satisfying ¢*(x) = ¢(x) (i.e., when R is the
identity) is the quadratic function @(x) = 1 ||x||. In this case, the I-core of ¢ is the
whole space. On the other hand, by simply considering the operator Rx = —x, we
can see that the notion becomes much more interesting. The following proposition
is quite easy to prove.

Proposition 3.2. Let E be a reflexive Banach space.

1. If R is self-adjoint and satisfies (Rx,x) > 8|\x||> for some 8 > 0, then the only
R-self-dual function on E is £(x) = 1 (Rx,x). In this case, €x{ = E.
2. On the other hand, for every a in a Hilbert space H, the function

1
lax) =5 [ = 2¢a,x) + [|a]®

satisfies U (—x) = L,(x) for every x € H. In this case, d_;{ = {a}.

3. If E = E| X E; is a product space and R(x1,x) = (R1x1,Ryx2), where R; : E; —
E} (i=1,2), then a function on E| X E; of the form £(x1,x2) = {1 (x1) +{2(x2)
is R-self-dual as long as ¢y is Ri-self-dual and 0 is Ry-self-dual. In this case,
Grl = Cr, 1 X Cr,{2. In particular, for any a in a Hilbert space E», the function

1 1
0 x2) = S |2+ 5 all® = 2(a,x2) + ol

is (I, —I)-self-dual on E\ x E and 6(; _p{ = E\ x {a}.

4. If R(x1,x) = (x2,x1) and S(x1,x3) = (—x2,—x1) from a Hilbert space H x H
into itself, then for any convex lower semicontinuous functions ¥ on H and any
skew-adjoint operator A : H — H, the function defined for (x1,x;) € E = H? by

Ly (x1,x2) = w(x1) + W (Ax) +x2) (resp., Ca(x1,x2) = w(x)) + y*(—Ax; —x2))
is R-self-dual (resp., S-self-dual) on E = H?. In this case,
Crl = {(xl ,xz) € HXxH;x) € —Ax +(91//(X1)}

and
Cslr = {(xl,xz) €HXxH;x, € —Ax| — 81//(x1)}
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Exercises 3.A. R-self-dual functions

Establish claims 1- 4 in Proposition 3.2.

Give an example of a J-self-dual function where J(x, p) = (—p,x).

Are functions of the form ¢, above the only convex functions satisfying ¢*(x) = ¢(—x)?
Is assertion (1) valid without the condition & > 0?

=

3.2 The class of self-dual Lagrangians

A rich class of automorphisms appears when E is a phase space X x X*, which is
of particular interest when studying partial differential systems. One may consider
the self-adjoint automorphism R : X x X* — X* x X defined by R(x, p) = (p,x), or
more generally R(x, p) = (B*p,Bx), where B is any bounded linear operator on X.

The following classes of self-dual convex functionals on phase space will play a
significant role in the sequel.

Definition 3.3. Say that a convex Lagrangian L : X x X* — RU{+oc0} on a reflexive
Banach space X is a self-dual (resp., antiself-dual) Lagrangian on X x X* if

L*(p,x)=L(x,p) (resp.,L*(p,x)=L(—x,—p)) forall (p,x)eX*xX. (3.2)

Denote by .Z%4(X) (resp., £*4(X)) the class of self-dual (antiself-dual) Lagrangians.
More generally, given a bounded linear operator B : X — X, say that L is a B-self-
dual Lagrangian if

L*(B*p,Bx) =L(x,p) forall (p,x) € X* xX. (3.3)

We denote by #*4(X; B) the class of B-self-dual Lagrangians.

The basic B-self-dual Lagrangians

Following are the first examples of B-self-dual Lagrangians. More elaborate exam-
ples will be devised later, though all constructions will be based on these important
building blocks. The proofs are easy and will be left to the interested reader.

1. Any convex lower semicontinuous function on X defines a self-dual (resp.,
antiself-dual) Lagrangian on E = X x X* via the formula

Lix,p) = ¢(x) +¢"(p)  (resp., L(x,p) = ¢(x) + ¢*(=p).)

2. If B is a bounded linear operator on X and ¢ is a convex lower semicontinuous
function, then a typical B-self-dual Lagrangians is given by L(x, p) = ¢(Bx) +
¢©*(p), provided that B is either an onto operator on X or has dense range, while
¢ is continuous.
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3. Another way to construct a B-self-dual Lagrangian is to consider L(x,p) =
©(x)+ @*(B*p) again, provided B* is either an onto operator on X*, or has dense
range and @* is continuous.

4. As seen below, one can iterate the procedure above to construct new self-dual
Lagrangians from old ones. Indeed, if B,C : X — X are such that B and C* are
onto, then N(x, p) = @(Bx) + ¢*(C*p) is a C o B-self-dual Lagrangian.

5. Furthermore, if I : X — X* is a bounded linear operator such that [ *oCoB
is a skew-adjoint operator, then Nr-(x, p) = @(Bx) + ¢*(C*I'x+ C*p) is again a
C o B-self-dual Lagrangian.

These examples can be checked directly, but they also follow from the following
propositions that summarize the permanence properties enjoyed by self-dual La-
grangians and will be frequently used (and extended) in the sequel.

Permanence properties of the class of self-dual Lagrangians

The proof of the following proposition is straightforward.

Proposition 3.3. Let L be a B-self-dual Lagrangian on a reflexive Banach space X,
where B is a bounded linear operator on X.

1. If C: X — X is an onto bounded linear operator or if C has dense range and L
is continuous in the first variable, then M(x,p) = L(Cx, p) is a B o C-self-dual
Lagrangian.

2. If D : X — X is a bounded linear operator such that D* is onto or if D* has dense
range and L is continuous in the second variable, then N(x,p) = L(x,D*p) is a
D o B-self-dual Lagrangian.

Proof. Indeed, fix (¢,y) € X* x X and write

M*(C*B"q,BCy) = sup{(C"B’q,x) + (BCy, p) — L(Cx, p); (x,p) € X x X"}
= sup{(B"q,Cx) + (BCy, p) — L(Cx, p); (x,p) € X x X"}

sup{(B"q,z) + (BCy,p) —L(z,p);(z,p) € X X X"}

= L"(B"q,BCy)

= L(Cy,q) = M(,q).

The proof of the rest is similar.
The following proposition summarizes some of the most useful permanence
properties of B-self-dual Lagrangians.

Proposition 3.4. Let B be a bounded linear operator on a reflexive Banach space
X. The following properties hold:

1. If Lis in £*(X;B) and if A > 0, then A-L also belongs to £*4(X;B).
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2.

8.

9.

10.

IfLis in £%4(X;B), then for any y € X and q € X*, the translated Lagrangians
M, and N, defined respectively by My(x, p) = L(x+y, p) — (By, p) and Ny(x, p) =
L(x,p+q) — (x,B*q) are also in £*(X;B).

. IfL € (X B) for some automorphism B of X and if M(x, p) = ¢(Bx) + ¢*(p)

or @(x) + @*(B*p), where @ is a convex finite function on X, then the La-
grangians L® M and L+ M also belong to £**(X;B).

CIf LM € £%(X;B) are such that Dom, (L) — Dom; (M) contains a neighbor-

hood of the origin, then LxM and L& M are also in L% (X;B).

. If U is a unitary operator (U~' = U*) on a Hilbert space X that commutes with

BandifLisin £ (X;B), then M(x, p) = L(Ux,U p) also belongs to £*(X;B).

AfLie L Sd(X,~;B,~), where B; is a bounded operator on a reflexive Banach space

X; for each i € I, then XiciL; is in D%Sd(HiEIXh (B))icr)-

CIfL € L%(X;B) and if T : X — X* is a bounded linear operator such that I'*B

is skew-adjoint, then the Lagrangian Lr is also in Z*(X;B).

IfLe LX;B) and if I" : X — X* is an invertible operator such that BI" and
I ~'B* are skew-adjoint, then the Lagrangian rL is also in £*(X;B).

IfL € Z%X;B)) and M € L4 (Y;B,), then for any bounded linear operator
A X — Y* such that AB| = B3A, the Lagrangian L &a M belongs to L(X x
Y;(B1,By)) on X x Y.

If ¢ is a convex continuous function on X XY, B = (B1,B,) is a dense range
operator on X xY and A : X — Y™ is such that AB1 = B3A, then the Lagrangian
L defined on (X xY) x (X* xY*) by

L((x,y),(p,q)) = @(Bi1x,B2y) + @*(A"y + p, —Ax+q)

is in (X x Y;B).

Proof. (1) and (2) are straightforward.

To prove (3), use Proposition 2.8 (3) to get that (LM )* = L* @ M*. On the other

hand, note that

L"©M*(B"q,By) = inf{L"(B"q,r) + M"(B"q,By—r);r € X}
= inf{L*(B*q,Bt) + M*(B*q,By — Bt);t € X}
= inf{L(t,q) + M(y—1,9):t €X}
= LxM(y,q)-

The proof of (4) is similar, provided one uses Proposition 2.8.(4) and (5).
The proofs of (5) and (6) are straightforward, while those of (7) and (8) readily

follow from (6) and (7) in Proposition 2.8.

For (9), it is enough to note that for (Z,7) € (X x Y) x (X* x Y*), where 7 =

(x,y) EX xY and 7 = (p,q) € X* x Y*, we can write

L®sM(Z,F) = L(x,A"y+ p) + M(y, —Ax+¢q) = (L+M)(Z,AZ +F),
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where A : X x Y — X* x Y* is defined by A(7) = A((x,y)) = (A*y, —Ax). The condi-
tions ensure that the operator (A)* o (By,B5) is a skew-adjoint operator, so that the
assertion follows from (7) above.

Assertion (10) follows again from Proposition 3.3 and (7) above since again the
operator (A)* o (By,B,) is skew-adjoint.

Self-duality and orthogonal decompositions

Proposition 3.5. Let L be a self-dual Lagrangian on a Hilbert space E, and let
E =Y ®Y" be a decomposition of E into two orthogonal subspaces, withw : E —Y
denoting the orthogonal projection onto Y and n'- = I — m. The Lagrangian

M(u, p) = L(z(u) + 7 (p), n(p) + 7 (u)) 3.4)

is then self-dual on E X E.

Proof. Fix (v,q) € E x E. Note that if we set r = 7(u) + 7+ (p) and s = 7(p) +
7t (u), then p = 7(s) + 7 (r) and u = 7(r) + 7+ (s) and therefore

M*(g,v) = sup{ (g,1) + (p.v) — L(x(w) + 7 (p), 7(p) + 7 (W))su € E.p €
= sup{ (g, 2(r) + 7 (5)) + (n(s) +
= sup{ (x(q) + 7" (v).r) + (w(v) + 7" (), ) ~ L(rs)ir € Es € E |

)

= L*(n(q) + 7+ (v),x(v) + 7 (q)
= L(n(v) + 7"(q), m(q) + ()
=M®,q).

nt(r), v>—L(r,s);r€E,s€E}

Exercises 3.C. Fenchelian and subself-dual Lagrangians

1. Show that if L is a B-self-dual Lagrangian on X x X*, then
L*(B*p,Bx) > L(x,p) > (Bx,p) for all (p,x) € X* x X. 3.5)

Any Lagrangian L that satisfies (3.5) will be called B-subself-dual. 1t is said to be B-Fenchelian
if it only satisfies
L(x,p) > (Bx,p) forall (p,x) € X* xX. (3.6)

Denote by .#34(X;B) the class of B-subself-dual Lagrangians and by .#34(X) the class cor-
responding to when B is the identity operator. Similarly, denote by .%(X,B) the class of B-
Fenchelian Lagrangians on X x X*.

2. Let ¢ be a finite convex lower semicontinuous function on X and I" : X — X* be any bounded
linear operator, and define the following Lagrangian on X x X*:

L(x,p) =@ (x)+@"(—I'x+p)+(I'x,x).
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Show that if I is nonnegative (i.e., (I'x,x) > 0 for all x € X), then L is Fenchelian on X x X*,
and M(x, p) = L*(p,x) is subself-dual on X x X*.
3. Establish the following permanence properties for the classes £$4(X;B) and .7 (X, B).

a.

b.

If Lis in Z¥(X;B) (resp., Z(X,B)) and if A > 0, then A-L also belongs to Z34(X,B)
(resp., Z (X,B)).

If Lis in fjd(X;B) (resp., -7 (X,B)), then for any y € X and g € X*, the translated La-
grangians M, and N, defined respectively by M, (x, p) = L(x+y, p) — (By, p) and Ny(x, p) =
L(x,p+q) — (x,B*q) are also in Z}4(X;B) (resp., Z (X, B)).

If L € £34(X;B) (resp., # (X, B)) for some automorphism B of X, and if M(x, p) = ¢(Bx) +
@*(p) or @(x) + ¢*(B*p), then the Lagrangians L® M and Lx M also belong to -#$4(X; B)
(resp., Z(X,B)).

If L,M € £ (X;B) (resp., # (X,B)) are such that Dom (L) — Dom; (M) contains a neigh-
borhood of the origin, then LxM and L@® M are also in Z{(X;B) (tesp., . (X, B)).

If U is a unitary operator (U~! = U*) on a Hilbert space X that commutes with B, and if
Lis in Z}4(X;B) (resp., .7 (X,B)), then M(x, p) = L(Ux,Up) also belongs to Z4(X;B)
(resp., Z(X,B)).

IfL; € .ffjd (Xi,Bi) (resp., -Z (X;, B;)), where B; is a bounded operator on a reflexive Banach
space X; for each i € I, then Xi/L; is in ;.ipj_d(Hie[X,-7 (By)icr) (resp., F (ILic1X;, (Bi)ier))-
If L€ Z}4(X;B) (resp., #(X,B)) and if I' : X — X* is a bounded linear operator, then the
Lagrangian Lr is in Z$4(X;B) (tesp., F (X, B)), provided B*I" is skew-adjoint (resp., B*I"
is positive).

If L€ 239(X;B)) (resp., F(X,B1)) and M € LY : By) (resp., F (X, By)), then for any
bounded linear operator A : X — Y* such that AB| = B3A the Lagrangian L ®4 M belongs
to Z34(X x Y;(B1,By)) (resp., F (X x Y, (B1,B2))).

If L is in Z4(X;B) (resp., .7 (X,B)), then for any onto operator C : X — X, or if C has
dense range and L is continuous in the first variable (resp., for any linear operator C), the
Lagrangian M(x, p) = L(Cx, p) is in Z}4(X;BoC) (resp., F (X,BoC)).

If Lis in .Z9(X;B) (resp., 7 (X, B)), then for any D : X — X such that D is onto, or if D*
has dense range and L is continuous in the second variable (resp., for any D), the Lagrangian
N(x,p) = L(x,D*p) is in Z}4(X;D o B) (resp., F (X, Do B)).

3.3 Self-dual Lagrangians on path spaces

We now present two different ways to “lift” a B-self-dual Lagrangian from a Hilber-
tian state space to path space.

Self-dual Lagrangians on A%, x (H x L)

Let H be a Hilbert space, and consider again the space A% equipped with the equiv-
alent norm

1
QD il
||u||Ag—{H sl

The space Ai, can be identified with the product space H x L121 in such a way that its
dual (A%)* can also be identified with H x L, via the formula
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(o), o = (O ) [ e, ot

where u € A2 and (p1, po(t)) € H x L.

Proposition 3.6. Let B be a self-adjoint bounded linear operator on H, and suppose
L is a time-dependent B-self-dual Lagrangian on [0,T] x H x H and that { is a B-
self-dual Lagrangian on H x H. The Lagrangian defined on A%, X (A%I)* = A%I X
(H x L) by

u(O)—Ht(T)).

T
.z(u,p):/o L(t,u(t)+P0(t),—u(t))dt+€(u(T)—u(0)+p1, :

is then a B-self-dual Lagrangian on A%—I X (AIZ_I)*, where B is defined on A%i by
(Bu)(r) = B(u(1)).

Proof. This follows immediately from Theorem 2.5, which states that the Legendre
transform of .% on A% x (L% x H) is given by

r (u(O) +u(T)
2

M (po) = [ L, =a(e) () + pol0) di + € u(T) = u(0)+p1 ).

Self-dual Lagrangians on L7, x L%

Theorem 3.1. Let B be a bounded linear operator on a Hilbert space H, and sup-
pose L is a (—B, B)-self-dual function on H X H. Let L be a time-dependent B-self-
dual Lagrangian on H X H such that:

For each p € L2, the map u — fOTL(t, u(t), p(t))dt is continuous on LY. (3.7)
The map u — [y L(t,u(r),0)dr is bounded on the balls of L}, (3.8)

—C < {(a,b) <C(1+|al} +|bli%) for all (a,b) € H x H. (3.9)
The Lagrangian defined on L%, X L%, by

_[OT L(t,u(t), p(t) — a(t))dt + £(u(0),u(T)) ifuc A2
~+o0 otherwise

20up) =

is then B-self-dual, where B is defined on L2 by (Bu)(t) = B(u(t)).

Proof. This follows immediately from Theorem 2.3, which states that the Legendre
transform of . on leq X L12_1 is given by

Jo L (e, p(r) — a(r), u(t)dr + 0 (—u(0),u(T)) ifuc A}
40 otherwise.

f*(zuu):{
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Remark 3.1. Note the differences between the two ways of lifting self-dual La-
grangians to path space. For one we need more boundedness hypotheses on L and ¢
in the case of LZ,. Moreover, in the case of A%, the boundary Lagrangian ¢ needs to
be a B-self-dual Lagrangian (i.e., £*(B*p,Bx) = {(x, p)), while for the case of L%,
£ needs to be a (—B, B)-self-dual function (i.e., £*(—Bx,Bp) = {(x, p)) and B need
not be self-adjoint.

3.4 Uniform convexity of self-dual Lagrangians

We shall need the following notion of uniform convexity for Lagrangians since it
will yield certain regularity properties for the solutions of evolution equations driven
by such Lagrangians.

Definition 3.4. Say that a Lagrangian L on X x X* is uniformly convex in the first
variable (resp., uniformly convex in both variables) if for some & > 0 (resp., for
some & > 0 and &y > 0), the function

M(x,p) := L(x, p) — |x||* (resp., M(x, p) := L(x, p) — &||x[|* = 8| p||*)
is convex on X x X* for all 0 < € < &) (resp., forall 0 < € < gy and 0 < & < &).

Lemma 3.1. Let F : H — RU{+o0} be a convex and lower semicontinuous function
on a Hilbert space such that its Legendre dual F* is uniformly convex. Then, for
every x € H, the subdifferential dF (x) is nonempty and single valued and the map
x — dF (x) is Lipschitz on H.

2
Proof. Since F* is uniformly convex, then F*(x) = G(x) + % for some con-
vex lower semicontinuous function G and some € > 0. It follows that F*(x) > C +
ellx|®

(a,x)+ =5 for some a € H and C > 0, and hence F (x) = F**(x) < C(1+ ||x[|*),
which means that F' is subdifferentiable for all x € H.

Consider now p; € dF(x;) for j = 1,2 in such a way that x; € dF*(p;) =
dG(pj) + €pj. By monotonicity, we have 0 < (p; — p2,dG(p1) — IG(p2)) =
(p1 — p2,X1 — €p1 — X2 + Ep2), which yields that €||p; — p2|| < ||x1 — x2|| and we
are done.

Proposition 3.7. Assume that L : H x H — RU {40} is a Lagrangian on a Hilbert
space H such that both L and L* are uniformly convex in both variables. Then, for
all x,u € H, there exists a unique v € H, denoted v = R(u,x), such that x = d»L(u,v).
Moreover, the map (u,x) — R(u,x) is jointly Lipschitz on H x H.

B

2
Proof. Since L is uniformly convex, then L(x, p) = M(x,p)+€ (T + @) , where

M is convex lower semicontinuous in such a way that x = d,L(u,v) if and only if
0 € 2M(u,v) + ev—x if and only if v is the solution to the minimization problem
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p

min {M(u, p)+ %””2 — p)} .

But for each fixed u and x, the map p — M(u, p) — (x, p) majorizes a linear func-
tional, and therefore the minimum is attained uniquely at v by strict convexity and
obviously x = & L(u,v).
To establish the Lipschitz property, write
R(ul,xl) —R(uz,XQ) = R(ul,xl) —R(ul,X2) —|—R(u17x2) —R(uz,)q).

We first bound ||R(u;,x1) — R(u1,x2)| as follows. Since

2
X1 = azL(Ltl 7R(Lt1 ,X1)>, Xy = 82L(u1,R(u17x2)), and L(ul,v) = M(ul,v) + @ for
some M convex and lower semicontinuous, it follows that x; = M (ul,R(ul X j)) +
€R(uy,x;) for j = 1,2, so by monotonicity we get

0< <R(u1,x1) —R(ul,xg),8M(u1,R(u1,x1)) — aM(ul,R(ul,xz))>
= (R(u1,x1) — R(u1,x2),x1 — €R(uy,x1) —x2 —|—€R(u1,x2)> ,

which yields that
el|R(u1,x1) — R(u1,x2)||* < |R(ur,x1) — R(ur,x2)|[||x1 — 2|

and therefore |
||R(u1,x1) —R(Lll,xz)” < ngl —X2H. (3.10)

Now we bound ||[R(u;,x2) — R(u2,x2)||. For that we let xo = &L (uj,R(uj,x2)) =
M (uj,R(uj,x2)) + €R(u;,x) for j = 1,2, and note that

0 < (R(u1,x2) — R(u2,x2), oM (u1,R(u1,x2)) — M (u1,R(uz,x2)) )
by monotonicity. Setting p; = R(u;,x), we have with this notation

(p1—p2,M(ur,p2) — hM(uz, p2)) < (p1— p2,M(ui, p1) — hM(uz, p2))
= (p1—p2,X2 —Ep1 — X2 +E€p2)
—8”[)1 _p2H27

sothat || p1 — pa||* < || p1 — pal|[|2M (ur, p2) — 2M (12, p2)||. Since M (uj, p2) =
hL(uj,pr) — €pr, we get that

ellpr = p2l < |2L(ur, p2) — 2 L(u2, p2)|| < |0L(u1, p2) — IL(uz, p2)||
since L* is also uniformly convex. We then apply Lemma 3.1 to get
10L(u, p) — L', p")|| < C([lu—ul|+[p = Pl})

from which follows that ||p; — pa|| < $|ju; — u2||, and hence,
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C
1R (ue1,202) = R(uz, ) | <l = a - (.11

Combining estimates (3.10) and (3.11), we finally get

—_

1R (w1, x1) = R(uz, x2) || < —(14C) ([far — w2 + [lrer = x2]).

e
We can now deduce the following regularity result for certain flows driven by uni-
formly convex self-dual Lagrangians.

Corollary 3.1. Assume L: H x H — RU{+oo} is a Lagrangian on a Hilbert space
H such that both L and L* are uniformly convex in both variables. Suppose the
paths v,x,u: [0,T] — H are such that x,u € C([0,T];H) and x(t) = L (u(t),v(r))
for almost all t € [0,T). Then, v € C([0,T];H) and x(t) = oL (u(t),v(t)) for all
t€[0,T].

Exercises 3.D. Uniform convexity of self-dual Lagrangians

1. Show that the Lagrangian L(x,p) = @(x) + ¢*(p) is uniformly convex in the first variable
(resp., uniformly convex in both variables) on X x X*, provided ¢ is a (resp., ¢ and ¢* are)
uniformly convex function.

2. Prove the following analogue of Corollary 3.7, where the Hilbert space H is replaced by a
reflexive Banach space X: If L is a self-dual Lagrangian on X x X* that is uniformly convex in
both variables, then there exists C > 0 and a map R : X x X — X* such that R(x,y) < C(||x|| +
lyll) and y = hL(x,R(x,y)) for every (x,y) € X x X.

Hint: Use the fact that X then has an equivalent locally uniformly convex norm [42], from
which it follows that the duality map between X and X*, D(x) = {p € X*; (p,x) = ||x||*}, is
single valued and linear.

3.5 Regularization of self-dual Lagrangians

We now describe three ways of regularizing a self-dual Lagrangian. The first one
ensures that it becomes bounded on bounded sets in the first variable, while the sec-
ond guarantees coercivity in that variable. The third regularization is a combination
of the first two and leads to both properties being satisfied. What is remarkable is
that the regularized Lagrangians remain self-dual. It is worth comparing these regu-
larization procedures to the inf-convolution operations on convex functions but also
to the regularization by resolvents in Yosida’s theory for operators (see Exercise
5.B). This should not be surprising, as self-dual Lagrangians include convex lower
semicontinuous potentials, skew-adjoint operators and their superpositions.

Now it is clear that the most basic and the most regular self-dual Lagrangian on a

2 2
Banach space X is M) (x,p) = % + %, where A > 0. We shall use it to regu-

larize other self-dual Lagrangians.
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Lemma 3.2. For L : X x X* — RU {0}, define the following Lagrangians. For
(x,r) € X x X*, set

w12 2 2*
L}m(x,r):inf{L(yvr)Jr”xMyHX+ HQ‘X ;yGX}

—sl3. Allx|3
Lﬁ(x,r):inf{L(x,s)Jr”r Z;HX + ”;”X;SEX*}

and

1 A 1 A
12 .
Liter) = i L)+ gyl + GG + 5z lls—rle + SR -
If L is a self-dual (or antiself-dual) Lagrangian on X x X*, then the following prop-
erties hold:

1. L}u L%L and Llll‘2 are also self-dual (or antiself-dual) Lagrangians on X x X*.

2. Li (resp., L% ) (resp., L;L’z ) is bounded on bounded sets in the first variable (resp.,
in the second variable) (resp., in both variables).

3. Suppose L is bounded from below. If x;, — x and p), — p weakly in X and X*
respectively, as & — 0, and if L} (x;, py.) is bounded from above for i =1 or 2,

then L(x, p) < liminf, oL} (x3,p;). The same holds for L}l’z.

Proof. It suffices to note that Li = L*M), and Li = L® M,, where the Lagrangian
M (x,r) = i (x) + w5 (r) with y (x) = 55 [[x]|>. Note that L}l’z = (L®M))*M,
with M, (x,r) = ﬁ ]| + %||r||2 The fact that they are self-dual Lagrangians fol-
lows from the calculus of self-dual Lagrangians developed in Chapter 2 and Propo-
sition 3.4. The rest is straightforward and is left as an exercise.

For (x,p) € X x X*, we denote by Jj (x, p) the minimizer in (3.12), that is,

5 F Apl?
LIA(X’P)ZL(JA(x,p),p)JrHX ;LELXP)H ||§||

lx—=z|* | Allpll? }
zeX
4 + 5 S ,

- inf{L(z, p)+
in such a way that for all (x,p) € X x X*

—J
o e.p) =P 311 (0, (x.p). ). G.12)

We shall need the following proposition, which relates the properties of a La-
grangian to those of its A-regularization.

Lemma 3.3. Let L : X x X* — RU {+e} be a convex lower semicontinuous La-
grangian and consider for each A > 0 its A-regularizations L/II and Li.
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1. If L is uniformly convex in the first variable (resp., the second variable), then L)lL
(resp., Li ) is uniformly convex (in both variables) on X x X*.

2. If L is self-dual and uniformly convex in the first variable, then Li and (Li)* are
self-dual and uniformly convex in both variables, and the map (x, p) — J),(x, p)
is Lipschitz on X x X*.

Proof. (1) For each A > 0, there exists € > 0 such that M(x, p) := L(x, p) — SHXH is

_1
convex. Pick 6 = l% sothat 1 + € = ﬁ and note that the quantity
A p 2 x 2
Nas(xp) =1L (x.p) - % - 5@

can be written as

Nl,é(xap) = Hgf L(Zap)+

b=zl 8llx?
21 2

L(z,p) +

= inf
Z

[ % 2 1
22 A 22 2

HﬁxH LI

{
{
{ »
{
{

—inf{ I )me,ﬁjmxvmulldlz

Tz ¢ 2A A )

—infd MG )+e||z||z+”mx‘,2_<mx, %w>+”z“2
: ’ 2 22 A 2
. Aol VT-28% 7)) | |VI- A8y’

=inf< M(z,p)+ _
z 21 2 A

N v

—infd M
infq M(z 22

is convex and therefore the

%’7”2 -0 % is itself convex
and hence, L/ll is uniformly convex in both variables. The same proof shows that if L
is uniformly convex in the second variable, then Lﬁ = L ® M, is uniformly convex
in both variables.

For (2), apply (1) to L*, which is then uniformly convex in the second variable,
and use Proposition 3.4 (3), to get that both L} = LM, and (L} )* = (L«M,)* =
L*eM) = (L* )% are self-dual and uniformly convex in both variables. From Lemma

2
_ i T A6k
This means that (z, p,x) — M(z,p) + H—“’“MH

infimum in z is convex, which means that L} (x, p) —
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3.1, we get that (x,p) — JL} (x,p) is Lipschitz, which yields — in view of (3.12)
above — that J; (x, p) = x— A9\ L, (x, p) is Lipschitz as well.

Exercises 3.E. More on regularizations of self-dual Lagrangians

1. Assume p > 1 and % + é = 1. For a Lagrangian L : X x X* — RU {00}, define for every
(x,r) €X x X*

—y||P A2
LY (x,r)=inf{L(y,r +Hx vl + yeEX (3.13)
boer) = inf{Lur)+ 2 ; }
and
—sll4 )Lp—l||x“p
L2 (o) —intdL(rs)+ 20 sext L. (3.14)
o) = inf L)+ ; }

Show that Li_ » and Lﬁ_ » satisfy most of the claims in Lemma 3.2 and 3.3.

2. Consider a self-dual Lagrangian of the form L(x, p) = @(x) + @*(Ax+ p), where @ is a convex
lower semicontinuous function on a reflexive Banach space X and A : X — X* is a bounded
skew-adjoint operator. Compare the self-dual Lagrangian L}L (resp., Lﬁ) with the self-dual La-
grangians

Mj (x,p) = 0 (x) + (@2)" (Ax+ p) (resp., M} (x, p) = @(x) + 5 |lxI> + (97)2 (Ax+ p)),

where, for any A > 0, the A-inf-convolution of a function y is defined as

. A
walo)i=int{ )+ S ey x|

3.6 Evolution triples and self-dual Lagrangians

A common framework for PDEs and evolution equations is the so-called evolution
triple setting. It consists of a Hilbert space H with (, )y as its scalar product, a
reflexive Banach space X, and its dual X* in such a way that X C H C X*, with
X being a dense vector subspace of H, while the canonical injection X — H is
continuous. In this case, one identifies the Hilbert space H with its dual H* and can
inject it in X* in such a way that

(hyu)x=x = (h,u)y forallhe€ HandallueX.

This injection is continuous and one-to-one, and H is also dense in X*. In other
words, the dual X* of X is represented as the completion of H for the dual norm

1] = sup{ (A, u) s [luelx < 1}.

1. A typical example of an evolution triple is H} () C L?(Q) C H~ (), where
£ is a smooth bounded domain in R”.
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2. Another example that is relevant for evolution equations is A2 [0, T] C L2[0,T] C
(A%[0,T])*, where H is a Hilbert space and T > 0.

3. More generally, for any evolution triple X C H C X*, one can associate an evo-
lution triple of path spaces such as A%[0,T] C L%[0,T] C (A%[0,T])*, where
A%[0,T) = {u: [0,T] — X;u € L%[0,T]} equipped with the norm leell i =
(a2, + l}2)2

4. Another choice is 232[0,T] C L4[0,T] C 25510,T], where 23,[0,T] is the
space of all functions in L%[0, 7] such that it € L%. [0, T, equipped with the norm
lull 23, = (llull7, + Hu||i§*)1/2.

5. More generally, we may consider for 1 < p < oo and % + é =1 the space
Zpg =W (0,T;X,H) = {u;u € L(0,T : X), € LY(0,T : X*)}
equipped with the norm [|ul|y 1., = ||ul|zr0,7:x) + |14l z4(0,7:x+), Which leads to a
continuous injection W!?(0,7;X,H) C C(0,T : H).
The following useful lemma relates self-dual Lagrangians on X x X* to those on the

intermediate Hilbert space H.

Lemma 3.4. Let X C H C X* be an evolution triple, and suppose L : X x X* —
R U {+o0} is a self-dual (resp., antiself-dual) Lagrangian on the Banach space X.
Assume the following two conditions:

1. Forall x € X, the map L(x,-) : X* — RU {+oo} is continuous on X*.
2. There exists xo € X such that p — L(xo, p) is bounded on the bounded sets of X*.

Then, the Lagrangian defined on H x H by

is self-dual (resp., antiself-dual) on the Hilbert space H X H.
In particular, the result holds for any self-dual (resp., antiself-dual) Lagrangian
L on X X X* that satisfies for some C1,C, >0andry > rp > 1

Ci(|lx]|¥ — 1) < L(x,0) < Co(1+ ||x||}) for all x € X. (3.15)
Proof. Assume L is self-dual on X x X*. For (¥, p) € X x H, write

M*(ﬁvi) = igf{<ivp>H + <p~7x>H —L(x,p)}
pEH

= sup sup {(¥, p)x x + (x, p)xx» —L(x,p)}
xeX peX*

= L(%,p).

If ¥ € H\X, then



64 3 Self-dual Lagrangians on Phase Space

M (p,%) = sup {& Py +(Px) g —Lx,p)} = (P, %0) +;gg{<i,p>g —L(x0,p)}-
PEH

Since % ¢ X, we have sup{(%,p);p € H,||p|lx+ < 1} = +oo. Since p — L(x, p) is
bounded on the bounded sets of X*, it follows that

M*(ﬁ’f) > <ﬁ7x0> =+ sup {<£ap>1-1 —L(x(),p)} = oo,
pEH

and we are done.
To prove the second part, one can use Lemma 3.5 below to get that for some
Ci,C;>0andfor L+ 1 =1,i=1,2,

Cillplly- +IIxlly = 1) < L(x,p) < 1+ |IxllY +[|plI¥e),

and therefore it satisfies the required continuity properties for M to be self-dual (or
antiself-dual) on H x H.

The following easy lemma establishes how boundedness in one of the variables
of a self-dual Lagrangian, relates to coercivity in the other variable and vice-versa.

Lemma 3.5. Let L be a self-dual (or an antiself-dual) Lagrangian on a reflexive
Banach space X x X*.

1. Assume that for some r > 1 we have L(x,0) < C(1+||x||%) for all x € X. Then,
there exist D > 0 such that

L(x,q) > D(||q||%- — 1) for every (x,q) € X x X*, where L +1 =1.  (3.16)
2. Assume that for C;,Cy > 0 and ry > ry > 1 such that
Ci(llx]|¢ — 1) <L(x,0) < G (14 ||x||y) for all x € X. (3.17)
Then, there exist D1,D, > 0 such that
Di(lpllys + lIxlly — 1) < L(x, p) < Do(1+ [|x[[¥ + | plly.). (3.18)
where rl, + % =1 fori= 1,2, and L is therefore continuous in both variables.

Proof. For (x,q) € X x X*, we have

L(x,q) = sup {{x,p)+(q)—L"(p,y)}
(n,p)EX xX*

= sup  {(x,p)+{q —Lp)}
(7,p) EX X X*

> sup{(y,q) —L(,0)}
yeX

> sup{(y,q) —C(1+|y[lx)}
yeX
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= Cillgllx —C
for some positive constants C; and C;. Part (2) then follows by duality.

Remark 3.2. Tt is clear that Lemma 3.5 holds for any B-self-dual Lagrangian L, pro-
vided B is a bounded linear operator on the Hilbert space H such that its restriction
to X is also a bounded linear operator on X that satisfies Bx € X if and only if x € X.

Remark 3.3. We shall need the following extension of property 5) in Proposition 3.4
above to the setting of an evolution triple X C H C X*, where X is reflexive and H
is a Hilbert space. Also assume that there exists a linear and symmetric duality map
D between X and X* in such a way that ||x||> = (x, Dx). We can then consider X and
X* as Hilbert spaces with the following inner products:

1

(u,V)xxx = (Du,v) and (u,v)x+xx* := (D" 'u,v). (3.19)

A typical example is the evolution triple X = H}(Q) C H := L[*(Q) C X* =
H~'(Q), where the duality map is given by D = —A.
If now S is an isometry on X*, then § = D' 8D is also an isometry on X in such
a way that
(u,p) = (Su,Sp) forall u € X and p € X*. (3.20)

Indeed, we have
(Su,Sp) = (DSu,Sp)x+xx+ = (SDu,Sp)x+xx+ = (Du, p)x+xx+ = (u, p),
from which we can deduce that
1Sul|% = (Su,Su)x «x = (Su,DSu) = (Su,SDu) = (u, Du) = ||ul|%.

Moreover, if L is a self-dual Lagrangian on X x X*, then Lg := L(Su,Sp) is also a
self-dual Lagrangian on X x X* since

Ly(p,u) = sup{(v,p) + (u,q) — Ls(v,q): (v.q) € X x X"}
= sup{(Sv,8p) + (Su,Sq) — L(Sv,8q); (v,q) € X x X*}
= L*(Sp,Su) = L(Su,Sp) = Ls(u, p).

Further comments

The basic properties of the class of B-self-dual Lagrangians were exhibited in
Ghoussoub [55]. Their various regularizations appeared in [68], [64], and [65].
Since self-dual Lagrangians represent extensions of both convex functions and
skew-adjoint operators, their A-regularization can be seen as an extension of both
Yosida’s resolvent theory for operators and the inf-convolution procedure often used
to regularize convex functions.






Chapter 4

Skew-Adjoint Operators and Self-dual
Lagrangians

If L is a self-dual Lagrangian on a reflexive Banach space X and if I" : X — X™ is
a skew-adjoint operator, we have seen that the Lagrangian defined by L (x,p) =
L(x,I'x+ p) is then also self-dual on X. In this chapter, we deal with the more
interesting cases of unbounded antisymmetric operators and with nonhomogeneous
problems where operators may be skew-adjoint modulo certain boundary terms nor-
mally given by a Green-Stokes type formula of the type:

(x,T'y) + (y,['x) + (Bx,RBy) = 0 for every x,y € D(I"),

where % : D(%) C X — H is a boundary operator into a Hilbert space H and R is a
self-adjoint automorphism on the “boundary” space H. In this case, a suitable self-
dual boundary Lagrangian — namely an R-self-dual convex function ¢ on H — should
be added to restore self-duality to the whole system. Under appropriate boundedness
conditions, the following Lagrangian is then again self-dual on X x X*:

L(x,I'x+p)+£4(%x) ifxeD()ND(AB)
Lr(x,p) = { o0 ! if x ¢ D(I') N D(Z).

4.1 Unbounded skew-symmetric operators and self-dual
Lagrangians

Definition 4.1. Let B be a bounded linear operator on a reflexive Banach space X,
and letI' : D(I') C X — X* be a — not necessarily bounded — linear operator with a
domain D(I") that is dense in X. We consider the set

D*(B,I') = {x € X;sup{(Bx,I'y):y € D(I'), |Iyllx <1} < e},

which — in the case where B is the idendity on X — is nothing but the domain of the
adjoint operator I'* of I".

67
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1. The pair (B,I") is said to be nonnegative if

(Bx,I'x) > 0 for every x € D(I'). “4.1)
2. (B,I') is said to be antisymmetric if

(Bx,I'x) = 0 for every x € D(I'). 4.2)

3. The pair (B, I") is said to be skew-adjoint if in addition to being antisymmetric it
satisfies
D(I')=D*(B,T"). (4.3)

When B is the identity, we shall simply say that I" is nonnegative (resp. antisym-
metric , resp., skew-adjoint), provided the pair (1,I") is nonnegative (resp. antisym-
metric , resp., skew-adjoint).

Exercises 4.A. Examples of antisymmetric operators

1. The Schrodinger operator: Let Q be an open subset of R”.
(i) Consider the Sobolev space H := H~(Q2;C) = H (Q) +iH ' (Q) endowed with its real
Hilbert space structure. Show that the operator I' : D(I") € H~'(Q2;C) — H~(Q;C) defined as

I'u = iAu with domain D(I') = H} (2, C)

is a skew-adjoint operator on H~!(€;C).
(ii) Consider the Hilbert space H := L?(Q;C) = L*(Q) +iL? () endowed with its real Hilbert
structure. Show that the operator I" : D(I') C L?(€2;C) — L?(;C) defined as

I'u = iAu with domain D(I") = {u € H} (2,C);Au € L*(Q;C)}

is a skew-adjoint operator on L?(Q;C).
(iii) On the other hand, if p # 2, show that the operator I, : D(I') C H~!(Q;C) — H~'(Q;C)
defined as
Tu = iAu with domain D(I},) = W, ” (2, C)

is antisymmetric but not necessarily skew-adjoint.
2. The transport operator: Leta: Q — R” be a smooth function on a bounded domain Q of R".
(i) Show that the first-order linear operator I" : D(I') C H~'(Q) — H~1(Q)

I'v=a-Vv=X!" ;9 with domain D(I') = H} ()

is skew-adjoint whenever div(a) = 0.
(ii) On the other hand, if p # 2, show that the operator I}, : D(I') C H~'(2;C) — H~'(Q;C)
defined as
I,u=a-Vy with domain D(I},) = Wol"p(.Q,C)

is antisymmetric but not necessarily skew-adjoint.
(iii) If a : Q — R" has compact support and div(a) = 0, show that for p > 1 the operator
I':D(I') C LP(R2) — LP(R2) defined by

I'v=a- Vv with domain D(I') = {u € LP(Q);a- Vv € L’ (Q)}
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is also skew-adjoint.
3. The wave operator: Let Q2 be an open subset of R”.
(i) Show that the operator I" : D(I') C H := L*(Q) x H'(Q) — L*(2) x H!(Q) defined
by
I'(u,v) = (v, Au) with domain D(I') = H} (Q) x L*(Q)
is skew-adjoint.
(i) Similarly, show that the operator I" : D(I") C H := H} (Q) x L*() — H}(Q) x L*(Q)

I'(u,v) = (v,Au) with domain D(I") = {(u,v) € H; Au € L*(Q),v € H} (Q)}

is skew-adjoint.

4. The Klein-Gordon operator: Let Q2 be an open subset of R”, and let A < A, (£2), the first eigen-
value of the Laplacian on HJ (€2). In this case, the operator —A — AT : H} (Q) — H™1(Q) is in-
vertible and we set Tj, = (—A — AI)~!. Now consider H := L*(2) x H~'(), equipped with the
equivalent scalar product

((u1,v1), (u2,v2)) :/(2V(T,1u1)~V(T,1u2)dx—7L/Q Tyu ~T,1u2dx+/ﬂ vivadx.

(i) Show that the operator I' : D(I') C H := L*(2) x H"1(Q) — L*(Q) x H™'(Q) defined
by
I'(u,v) = (v, Au+ Au) with domain D(I") = H} (Q) x L*(Q)
is skew-adjoint.
(ii) Similarly, show that the operator I" : D(I") C H := H} () x L*() — H} (Q) x L*(Q)

I'(u,v) = (v, Au+ Au) with domain D(I") = {(u,v) € H; Au € L*(Q),v € H}(2)}
is skew-adjoint.
5. The Airy operator defined on L(R) by

()= —% with domain D(I") = H3(R)

is clearly skew-adjoint.

6. The Maxwell operator: Consider the Hilbert space H = (L?(R?))® x (L*(R?))? and its sub-
space Hy = {(E,H) € H; V-E = V-H = 0}, where the differential operator V is defined in the
sense of distributions. Show that the Maxwell operator I : D(I") C Hy — Hp defined by

I'(E,H) = (—cV x H,cV x E) with domain D(I") = {(E,H) € Hy; I'(E,H) € Hy}
is skew-adjoint.

Definition 4.2. We say that a Lagrangian L is B-standard if for every y € X \
Dom; (L), there is x € B~!(Dom; (L)) such that Hy (Bx,y) = +co, where H; is the
Hamiltonian associated to L.

Note that any basic self-dual Lagrangian of the form L(x, p) = ¢(x) + ¢*(p),
where @ is a proper convex lower semicontinuous function, is B-standard when-
ever B~!(Dom(@)) # 0. Indeed, we have then H; (Bx,y) = ¢(y) — ¢(Bx) whenever
Bx € Dom(@).

The following permanence propery is the extension of Proposition 3.4.7) to the
setting of unbounded linear operators.
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Proposition 4.1. Let B be a bounded linear operator on a reflexive Banach space X
with dense range, L : X x X* — RU{+eo} a Lagrangian in £ (X) that is continuous
in the first variable, and I" : D(I') C X — X* a linear operator with dense domain.
Assume one of the following two conditions:

1. The pair (B,T") is antisymmetric , L is B-standard, and B~'(Dom; (L)) C D(I"),
or

2. the pair (B,I") is skew-adjoint, and the function x — L(x, py) is bounded on the
balls of X for some pgy € X*.

Then, the Legendre dual of the Lagrangian

_ [L(Bx,Tx+p) ifxeD(I)
Lrinp) = {8 e D)

satisfies

L*(I'x+p,Bx) ifxeD(I')
+oo ifx¢ D(I').

It follows that L is B-self-dual whenever L is a self-dual Lagrangian on X x X*.

Lh7p) - |

Proof. Assume first that the pair (B,I") is antisymmetric and that L is a Lagrangian
that is continuous on X in the first variable. We first consider the case where y €
D(I"). Indeed, write

Li-(B*q,By) = sup{(By,p)+ (x,B*q) — L(Bx,I'x+p);x€ D(I'),p € X*}.

Substituting r = I'x+ p and since for y € D(I") we have (By,I'x) = —(Bx,I"y), and
using that L is continuous in the first variable, we obtain

L (B*q,By) = sup {(By,r —I'x)+(Bx,q) — L(Bx,r)}
xeD(I')
rex*

= sup { BT+ (Brr) + (Brg) — (82}

xeD(I')
reX*

= sup{(BxJ“y—&—q)—i— (By,r) —L(Bx,r);x € D(I'),r GX*}

= Sup{<z,1"y+q> +(By,r) = L(z,r);2 EX,rGX*}
=L"(I'y+q.,By).
If now y ¢ D(I"), we shall distinguish the two cases.

Case 1. Under condition (1), we have that By ¢ Dom,(L). Hence, since L is B-
standard, we have for some Bxg € Dom; (L) that Hy (Bxy,By) = +o0 and therefore,
since xo € B~ (Dom, (L)) C D(I"), we have:
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Lr-(B*q,By) = sup {(By,r—I'x)+(Bx,q)—L(Bx,r)}
xe€Dom (L)
rex*

2> sup {<By,}"> +<By7 7F)C0>+ <B)C(),q> *L(B)C(),r)}

reX*
= Hy(Bxo,y) + (By, —I'x0) + (Bx0,q)
= —"—00'

Case 2. Under condition (2), write

L1-(B*q,By) = sup {(By,r —I'x)+ (Bx,q) — L(Bx,r)}
xeD(I')
rexX*

> sup {(—By,I'x)+ (Bx,q) + (By, po) — L(Bx,po)} -
xeD(I')
[|Bx]x <1

Since by assumption L(Bx, pg) < K whenever ||x||,, <1, we obtainsincey ¢ D(I") =
D*(B,I') that

Lr(B*q,By) > sup (By,I'x)—||Bl|llq]| + (By, po) — K = +ee.
xeD(I')
[Ixllx <1

The formula is then verified for all (y,q) € X x X*, and the proposition is proved.

Remark 4.1. Unlike the case of a bounded skew-adjoint operator, the conditions in
Theorem 4.1 are essential to conclude that Ly is self-dual. Here is a counterexample:
Let H = L?[0, 1], and consider the operator I" = % on H with domain

D(I') = {x € A%[0,1]; x(0) = x(1) } .

Note that y € D(I) if and only if y € L? and x — fol (%(¢),y(2))dt is bounded on
D(T'), i.e., for some C > 0,

‘ ORI d;‘ < C|lx» for all x € D(I').

Hence, —I'* =I" and D(I'*) = D(I"), meaning that I" is skew-adjoint. Now consider
the convex lower semicontinuous function ¢ on H defined by

() = 3112, if x € A
+o0 otherwise,

and let L be the self-dual Lagrangian L(x,p) = ¢@(x) + ¢@*(p). We claim that the
Lagrangian defined by

Lix,I'x+p) ifxeDT)
+o0 otherwise

Lr(x,p) = {
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is not self-dual on H x H.
Indeed, if ¥ ¢ D(I") but € A%, then

Lp(p,%) = sup sup{(p,x) + (z—I'x,%) — ¢(x) — ¢"(2)}

xeD(I')zeH
x *

= s L+ eon - )]

xeD(I")zeH
_ R . co Kl
= sup ps)x(t)dsdi+ | p(s)ds+(z—x,%) — —=—9"(2)

xeDg) 0 Jo 0 2

z€

fﬁg{<4¢@wsxw>+@@Wﬁw%@}+%%@ws
z€H
/Otﬁ(s) ds—%

and so Lr is not a self-dual Lagrangian.

More generally, suppose I' : D(I') — H is any skew-adjoint operator such that
D(I') CX CH C X* and ||I'x||x+ < C|x||y for all x € D(I"). Consider on H the
convex lower semicontinuous function

(P(x):{"f( ifxeX

2 1
+ o)+ [ pls)ds <o
12 0

1
T2

+oo ifxeH \X
and its Legendre transform ¢* on H. Let L be the Lagrangian defined by

_Jox)+¢ (Tx+p) ifxeD()
LF (x7p) - { +o0 otherwise.

We show that if D(I') # X, then Lr cannot be self-dual on H x H. Indeed,
Lr (X, p) = oo for ¥ € X\D(I"), while

Lr(p,%) = sup {(p,x) +(z=T'x,.%) — ¢(x) — 97(2)}

xeD(I')
z€H
) i a Ik Nzl
< sup 1Bl Il + 1Tl 181 + Izl €] — 5% = =55 o
xeD(I')
z€H

Using that ||[x||x+ < Cl|x||x, we get

- i - . elE el
Lp(p,%) < sup o ([1Bllx= +ClIFllx) Il + I=lxlzllxs = =% = =5
xeD(I')zeH

_ SN2 s
_ (I2lx- +Cli%lx) N %1% <o
2 2
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Exercise 4.B. Properties of L when I is not skew-adjoint

1. Assume L: X x X* — R is a self-dual B-standard Lagrangian that is continuous in the first
variable. Suppose I' : D(I') C X — X* is such that the pair (B,I") is a nonnegative linear
operator with dense domain such that Dom; (L) C D(I"). Show that the following Lagrangian

L(Bx,—I'x+p)+(Bx,I'x) ifxeD(I)
Lr(ep) = { oo ! if x ¢ D(I")

is B-Fenchelian, while the Lagrangian My (x, p) = L}-(B*p, Bx) is B-subself-dual on X x X*.

4.2 Green-Stokes formulas and self-dual boundary Lagrangians

We now consider operators that are antisymmetric modulo boundary terms. The
following framework covers many concrete situations.

Definition 4.3. Let X be a Banach space (the “state space”). A boundary triplet
(H,R, %) associated to X consists of a Hilbert space H (the “boundary space”), a
self-adjoint automorphism R on H, and a linear “boundary operator” % : D(%) C
X — H with a dense range and a dense domain.

Consider a bounded linear operator B on X and a linear operator I" : D(I") C X —
X*.
e The pair (B, I') is said to be antisymmetric modulo the boundary triplet (H,R, %)
if the following properties are satisfied:

1. The image of the space X, := Ker(#) N D(I") by B is dense in X.
2. The image of the space X| := D(I") N D(#) by A is dense in H.
3. For every x € X;, we have that (Bx,I'x) + % (%x,R%x) = 0.

e The pair (B,I") is said to be skew-adjoint modulo the boundary triplet (H,R, %)
if it is antisymmetric modulo (H,R, %) and if in addition it satisfies for C > 0

4. X, ={y € X;sup{(By,I'x) — C||Bx|*;x € Xy, ||x]|x < 1} < +oo}.

As Theorem 4.2 below will show, skew-adjoint operators modulo boundary triplets
allow the building of new self-dual Lagrangians from old ones, provided one super-
poses a suitable boundary Lagrangian. First, we give a few examples of antisym-
metric operators modulo a boundary.

Exercises 4.C. Antisymmeltric operators modulo a boundary

1. The operator %: Let H be a Hilbert space, and consider the space X = L%[0,7] and the

operator I : D(I') C X — X defined by

I'u = 9 with domain D(I") = A% [0, T].
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In view of the identity

[ 00 +ua)i0) et +u(0),v0)) — uT) 7)) =0,

which holds for any u,v in A% [0, T], show that the operator I" is skew-adjoint modulo a boundary
triplet (H x H,R, %) in two different ways:

e The boundary operator % : D(#) C L%[0,T] — H x H can be defined as %u = (u(0),u(T))
with domain A% [0, T], while the automorphism R is defined on H x H by Ry (a,b) = (a,—b).
In other words,

T 1 T 1
/0 u(l)u(t)dt—Q—E(:@u,Rl,%’u):‘/0 i(r)u(r)dr + 5 ((u(0),u(T)), (u(0), ~u(T))) =0.

e The boundary operator % : D(%’) C L% [0,T] — H x H can also be written as €'u = (61u, $ou) =
(u(0) —u(T), “QL4T)Y with domain A% [0, T], while the automorphism R; is defined on H x H
by R (a,b) = (b,a). In other words,

T 1 r 1
[ e+ 5 (@R = [ atute)de+ 3 (Gu), (6,6 1u)) =0,

0 0
2. The transport operator: We shall adopt the framework of [21], and in particular all conditions
imposed there on the smooth vector field a defined on a neighborhood of a C* bounded open set
£ in R". Consider the space X = L?(£2) with 1 < p < oo, and the operator I : D(I') C X — X*
defined by

T'u=a-Vu+ (V;)u with domain D(I") = {u eL’(Q);a-Vu+ @u S L"(Q)} into L9(Q2),
where % + é = 1. Observe that D(I") is a Banach space under the norm
lullpry = llull,+lla- Vullg-
In view of Green’s formula

1 1
/(a~Vu)u+f(diva)\u|2dx—7/ |u|*A-ado =0,
Q 2 2 Joo

which holds for all u,v € C*(£) and where 7 is the outer normal to €2, we define
2. ={x€dQ;+a(x) A(x) > 0} to be the entrance and exit sets of the transport operator a- V,

the corresponding Hilbert spaces Hy = L?(Z;|a-A|do), H, = L*(X_;|a-fi|do), and the boundary
(trace) operators Bu = (Bu, Bou) = (u|x, ,uls_) : LP(2) — H := Hy x Hp, whose domain is

D(B) ={uecL?(Q);(u|x, ulx_) € H x H}.
Observe that X; := D(I") N D(4) is also a Banach space under the norm
l[ullx, = llullp + lla- Vadllg + lluls, 25, jaijao)
and that under our assumptions on the vector field a and Q, we have that
C*(Q)CcD(I')ND(B) C D(T")

and that C°°(.(_2) is dense in both spaces (see Bardos [21]). Conclude the exercise by using the
following lemma.
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Lemma 4.1. The operator I is skew-adjoint modulo the boundary triplet (Hy @
H>,R, %), where R is the automorphism on H; X Hy defined by R(h,k) = (—h, k).

Proof. We check the four criteria of Definition 4.3. For (1) it suffices to note that
Cy(2) C Ker(#)ND(I') in such a way that Ker(%) ND(I") is dense in X. Criterion
(2) follows by a simple argument with coordinate charts, as it is easy to show that
forall (vy,v_) € C3(Z4+) x Cg (X-) there exists u € C*(L) such that (u|s, ,uly )=
(v4+,v_). The embedding of CJ(X+) C L*(X+;|a-#|do) is dense, and therefore the

image of C*(Q) C D(I') ND(%) under 4 is dense in H, x H,.
For (3), note that by Green’s theorem we have

/_Q (a-Vu)v+ %(diva)uvdx = _/

1
(a~Vv)u—|—f(diva)uvdx+/ uvii-ado
Q 2 20

for all u,v € C*(Q), and the identity on X; follows since C*() is dense in X; for
the norm ||u||x, .

For (4), we need to check that if u € X, then it belongs to X; := D(I") N D(£) if
and only if

1
sup{ (0T = SUBO +1 200 v e X ol < 1) <= ot

The “only if” direction follows directly from Green’s theorem and the fact that
C>(Q) is dense in the Banach space X; under the norm |||y, -

For the reverse implication, suppose that (4.4) holds. Then, we clearly have that
sup { (u, ['v);v € C3(Q), ||v|lx < 1}, which means that a- Vu+ %2y € L9() in the
sense of distribution and therefore u € D(I"). Now, to show that u € D(Z#), we
observe that if u € X and u € D(I'), then u|z, € L? (X.;|a-7i|do). To check that

loc
uly, € [*(X;;|a-i|do), a simple argument using Green’s theorem shows that (4.4)
implies that

sup{/ uv|a-ﬁ|dc;v€C5°(E+),/ |v2a.ﬁdag1}<+oo,
b b

which means that u|y, € L*(X;;|a-#|do) and u € D(%;). The same argument
works for u|y_, and (4) is therefore satisfied. Note that

/ uvﬁ-adG:/ uv\fra\dc—/ wv|ii-aldo
Jaa Jx, z

= ((ulz, ulz ), O]z, —vs )
= —(%u,RAv),

where R(h, k) = (—h,k).



76 4 Skew-Adjoint Operators and Self-dual Lagrangians

Self-dual Lagrangians associated to skew-adjoint operators modulo
a boundary

Proposition 4.2. Let B: X — X be a bounded linear operator on a reflexive Banach
space X with dense range, and let " : D(I') C X — X* be a linear operator such
that the pair (B,I") is antisymmetric modulo a boundary triplet (H,R,98). Let L :
X x X* — R be a convex Lagrangian that is continuous in the first variable, and
let £ : H — RU {40} be a convex continuous function on H such that one of the
following two conditions holds:

1. L is B-standard, B~'(Dom; (L)) C D(I") N D(%), and %(Dom (L)) N Dom(¥)
is nonempty.

2. The pair (B,I") is skew-adjoint modulo (H,R, %), the map x — L(x,py) is
bounded on the balls of X for some py € X*, and £(s) < C(1+ ||s||?) for s € H.

(i) The Lagrangian on X x X*

_ [ L(Bx,I'x+p)+4(ABx) ifxeDI)ND(A)
Lr(x,p) = {+oo i ifx¢ D(I')ND(AB)

has a Legendre transform L}Q ¢ that satisfies

- _ [ L*(T'y+q,By)+(R%y) ifyc D(I')ND(#)
Lr(B"q,By) = { Lo ify ¢ D(I')ND(%) (4.5)
(ii) Inparticular, if Lis a self-dual Lagrangian on X and ! is an R-self-dual function
on H, then L ¢ is a B-self-dual Lagrangian on X.

Proof. Assume first that (B,I") is antisymmetric modulo the boundary triplet
(H,R,%) and that, for every p € X*, the function x — L(x, p) is continuous on
X. We shall first prove formula (4.5) in the case where y € X; := D(I") N D(£A).
Indeed, we can then write

L*

i (B'4,By) = sup{(By, p) + {x,B"q) — L(Bx,['x + p) = {(%x); x € X1,p € X"}

Substituting r = I'x+ p, and since for y € X;, (By,I'x) = —(Bx,I"y) — (%x,R%3y),
we obtain

L., (B"q,By) = sup {(By,r —I'x) + (Bx,q) — L(Bx,r) — £(%x)}
’ xeX)
reX*

= sup { (Bx,I'y) + (Bx,RBY) + (By,r) + (Bx,q)
xeX]
reX*

—L(Bx,r) — e(@x)}

- sup{ (Bx.Ty+q)+ ((x+ x0),RBy) + (By,r) — L(Bx,r)
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—U(AB(x+x0));x € X1,r € X", x0 € Ker(B) ﬂD(F)}.
Since X is a linear space, we may set w = x + x( and write

Ly (B°0,B5) = sup{ (BOw —x0).T + ) + (50 RB) + (B~ LB 0.1

—U(Bw);we X, re X xo € Ker(%’)ﬁD(F)}.

Now, for each fixed w € X and r € X*, the supremum over Bxg where xy € Ker(%)N
D(I') can be taken as a supremum over z € X since the image of Ker(%)ND(I")
by B is dense in X and all terms involving Bxp are continuous in that variable.
Furthermore, since L is continuous in the first variable, we can for each fixed w € X,
and r € X* replace the supremum over z € X of the terms w — z by a supremum over
v € X, where v = w — z. We therefore get

L 80.8) = sup{ 02T y-+) + (90 R) + B~ L)

—b(PBw),veX,re X w EXI}
= sup sup {(v,['y+q) + (By,r) —L(v,r)}

veX reX*
+ sup {(Bw,RBY) —L(Bw)}
weX)
= L*(I'y+q,By) + sup {{(#Bw,RABy) — L(FBw)}.

weX)

Since the range of % : X; — H is dense and / is continuous, the boundary term can
be written as

Sgg{(a’R%’y} —l(a)} = Slelg{%Re@W —l(a)} = (RBy).

If now y ¢ X;, we shall distinguish the two cases.

Case 1. Under condition (1), we have that y ¢ B~!(Dom (L)), and since L is
B-standard, we have for some xy € X with Bxy € Dom;(L) and %xy € Dom(¢)
that Hy (Bxg,By) = +o0, where Hy, is the Hamiltonian associated to L. Since xp €
B~!(Dom (L)) C D(I"), we can write

L(*F p (B*q,By) = sup {(By,r—I'x)+ (Bx,q)— L(Bx,r) —{(%x)}
’ BxeDom (L)
rex*

= sup {(By,r) = L(Bxo,r)} — (By,I'xo) + (Bx0,q) — {(#x0)
rex*
= H; (Bxg,By) —C.
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Case 2. Under condition (2), write

L* (B*q,By) = sup {{By,r —I'x)+ (Bx,q) — L(Bx,r) — {(%x)}

0 xeX|
rex*

> sup {(—By,I'x)+ (Bx,q)+ (By,po) — L(Bx, po)
XEXI
[lellx <1

~C(1+ |21} -
Since by assumption L(Bx, pg) < K whenever ||x||y < 1, we obtain since y ¢ X; that

L., (B"qBy) > S;(I]’ {(=By,I'x) = ||B||llq|l + (By,po) — K —C(1+ || 2Z(x)|*) }
[lxllx <t
=C sup {(By,I'x)—[|B()|*}+C
et

= 4o

since = —% ¢ X;. The formula is then verified for all (y,q) € X x X*, and the
proposition is proved.

4.3 Unitary groups associated to skew-adjoint operators and
self-duality

We now apply Proposition 4.2 to lift self-dual Lagrangians on state space to self-
dual Lagrangians on the path space L§. For that, we shall consider an evolution
triple X C H C X*, where H is a Hilbert space equipped with {,) as scalar product
and where X is a dense vector subspace of H that is a reflexive Banach space once
equipped with its own norm || - ||. Let [0, 7] be a fixed real interval, and consider for
o, > 1 such that é—i—% = 1 the Banach space 2, g of all functions in L§ such

that it € L,"i* equipped with the norm

lell 7 = lellg + el g -
Proposition 4.3. Consider an evolution triple X C H C X*, and let B be an auto-
morphism of H whose restriction to X is also an automorphism of X. Suppose { is
a (—B,B)-self-dual function on H X H, and let L be a time-dependent B-self-dual
Lagrangian on X x X* such that:

Foreach p € L)ﬁ(*, the map u — [{ L(t,u(t), p(t))dt is continuous on L.~ (4.6)

The map u — fOT L(t,u(t),0)dt is bounded on the balls of LY. 4.7)
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—C </{(a,b) <C(1+ ||aH%.1 + Hb||12_,)f0r all (a,b) € H x H. (4.8)
The Lagrangian defined by

ZL(u,p) = { —fl(—)ioL<t,u(t)7p(t) O O i)ftzefwi%ﬁ

is then B-self-dual on LY x Lg*.

Proof. This follows immediately from Proposition 4.2 applied to the B-self-dual La-
grangian L(u, p) := [) L(t,u(t), p(t))dt on LE x Lg*, the linear unbounded operator
u — —u that is skew-adjoint modulo the boundary operator 8 : D(%) : LY — H x H
defined by Pu = (u(0),u(T)), and where the automorphism is R(a,b) = (—a,b)
since for u and v in 2, g we have

T T
[ty == [0+ (7). (T)) = (4(0).0(0)),

Note that the subspace %O?ﬁ ={ue€ Zyp;u(0) =u(T) =0} is dense in L§. More-

over, for each (a,b) € X x X, there is w € 2, g such that w(0) = a and w(T') = b,

namely the linear path w(z) = (T;I) a+ %b. Since X is also dense in H and £ is con-

tinuous on H, all the required hypotheses of Proposition 4.2 are satisfied.

There are several possible ways to associate to a skew-adjoint operator I :
D(I') C X — X*, a self-dual Lagrangian on path space, and we shall see later that
each choice can be dictated by the hypothesis on the parabolic equation involv-
ing such a skew-adjoint operator. Start with a given time-dependent self-dual La-
grangian L on X x X*.

First choice: Use Proposition 4.1 to deduce that the Lagrangian

_ [L(t,x,Tx+p) ifxeD(I)
Lr(t,x,p) = {+°o i if x ¢ D(I').

is also a time-dependent self-dual Lagrangian on [0,7] x X x X* and then Proposi-
tion 4.3 above to conclude that

Jo L(t,u(t),Tu(t) + p(t) —(t))dt + L(u(0),u(T)) ifue Zyp
o0 otherwise

Llup) = {

is then a self-dual Lagrangian on L§ x L,@*.

Second choice: Skew-adjoint operators on Hilbert spaces can be seen as infinitesi-
mal generators of certain groups of unitary operators. Indeed, we recall the follow-
ing and we refer to [127] for details.
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Definition 4.4. A Cy-group on H is a family of bounded operators S = {S; };cr sat-
isfying

(i) 8,8y =S4, foreacht,s €R.
(i) S(0)=1.
(iii) The function (¢,x) — S;x is jointly continuous from R x H — H.

We recall the following celebrated result of Stone.

Proposition 4.4. An operator I' : D(I') C H — H on a Hilbert space H is skew-
adjoint if and only if it is the infinitesimal generator of a Cy-group of unitary oper-
ators (S;)ier on H. In other words, we have I'x = lilr(r)l % foreveryx € D(I').

t

More generally, assume that X C H C X* is an evolution triple such that there exists
a linear and symmetric duality map D between X and X* in such a way that ||x||> =
(x,Dx). As mentioned in Remark 3.3, we can then consider X and X* as Hilbert
spaces with the following inner products:

(u,vV)xxx = (Du,v) and (u,v)x+xx* := (D_lu,v>.

We then use Stone’s theorem on I as a skew-adjoint operator on the Hilbert space
X* to associate a Cp-group of unitary operators S; on X*. Then, by Remark 3.3,
S; = D~'§;D is also a Cy-group of unitary operators on X in such a way that

LS(t7u7p) = L(I,S[M,Slp)

is also a time-dependent self-dual Lagrangian on [0, 7] x X x X*. We again conclude
by Theorem 4.3 above that the Lagrangian

T L(r,Su(t), S p(t) — Spii(t))dt + £(u(0),u(T)) ifu e Za,
Z(u,p) = { -|(—)oo ! otherwise ’

is then self-dual on L§ x Lg*.

Mixed choice: We may of course use the first approach on a skew-adjoint operator
I7 and the second on I3 to associate to the sum I + I, the self-dual Lagrangian

Llup) = Jo L(t,Su, I Siu+8,p — Sp)dt + £(u(0),u(T)) ifue Zyp
P +o0 otherwise,

where S; is the Cp-unitary group associated to the skew-adjoint operator I5.

Further comments

The stability of self-dual Lagrangians under iteration with bounded skew-adjoint
operators was noted by Ghoussoub [55] and was verified in the unbounded case
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by Ghoussoub and Tzou [68]. The general case of a skew-adjoint operator modulo
boundary terms were given in Ghoussoub [58]. Applications to nonhomogeneous
boundary value problems and differential systems will be given in Chapter 8.






Chapter 5
Self-dual Vector Fields and Their Calculus

We introduce the concept of self-dual vector fields and develop their functional cal-
culus. Given a function on phase space L : X X X* — RU {+oo}, its symmetrized
vector field at x € X is defined as the - possibly empty - subset of X* given by

JL(x) = {p € X*;L(x,p) +L*(p,x) =2(x,p)}.
If L is convex and lower semicontinuous on X X X*, then
JL(x) = {p € X*;(p,x) € IL(x,p)}.
If now L is a self-dual Lagrangian, then

IL(x) = {p € X*;L(x,p) — (x,p) = 0}.

A self-dual vector field is any map of the form dL, where L is a self-dual La-
grangian. A key point is that self-dual Lagrangians on phase space necessarily sat-
isfy L(x, p) > (p,x) for all (p,x) € X* x X, and therefore the zeros v of a self-dual
vector field (i.e., 0 € dL(v)) can be obtained by simply minimizing the functional
I(x) = L(x,0) and proving that the infimum is actually zero.

Self-dual vector fields are natural extensions of subdifferentials of convex lower
semicontinuous functions as well as their sum with skew-adjoint operators. Most re-
markable is the fact — shown in this chapter — that one can associate to any maximal
monotone operator T a self-dual Lagrangian L in such a way that T = dL, so that
equations involving these operators can be resolved variationally. In effect, self-dual
Lagrangians play the role of potentials of maximal monotone vector fields in a way
similar to how convex energies are the potentials of their own subdifferentials. This
representation reduces the often delicate calculus of maximal monotone operators
to the more manageable standard convex analysis of self-dual Lagrangians on phase
space. Moreover, all equations involving maximal monotone operators can now be
analyzed with the full range of methods — computational or not — that are available
for variational settings.

83
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5.1 Vector fields derived from self-dual Lagrangians

Definition 5.1. Let B be a bounded linear operator on a reflexive Banach space X
andlet L: X x X* — RU {+-oo} be a proper convex lower semicontinuous function
on X x X*.

1) The symmetrized B-vector fields of L at x € X (resp., p € X*) are the possibly
empty sets B
dpL(x) :={p € X*; (B*p,Bx) € dL(x,p)},

resp. }
dsL(p) :=={x € X; (B*p,Bx) € dL(x,p)}.

2) The domains of these vector fields are the sets
Dom(dpL) = {x € X;dLp(x) #0}, resp. Dom(dgL)={p e X*;dpL(p) # 0}.

3) The graph of a symmetrized B-vector field d3L is the following subset of phase
space X x X*:

My(L) = {(x,p) € X x X" (B"p,Bx) € IL(x, p)}.

Remark 5.1. The vector fields defined above should not be confused with the subd-
ifferential dL of L as a convex function on X x X*. It is only in the case where the
Lagrangian is of the form L(x,p) = ¢(x) + ¢*(p), where ¢ is convex and lower

semicontinuous, that the field x — dL(x) is identical to the subdifferential map

x— dQ(x).

Proposition 5.1. For any convex lower semicontinuous Lagrangian L on X x X*,
the map x — dL(x) is monotone.

Proof. Indeed, if p € dL(x) and g € IL(y), then

(p—q,x—y) = %((pﬂc) —(9,5); (x,p) = (»q)) >0

since we have that (p,x) € dL(x,p) and (g,y) € L(y,q).
We shall denote by 8L the vector field

8pL(x) =: {p € X*; L(x,p) — (Bx,p) = 0}. (5.1)

It is clear that dgL = SzL whenever L is a B-self-dual Lagrangian. The following
summarizes their relationship for more general Lagrangians.

Proposition 5.2. Let L be a B-Fenchelian Lagrangian on X X X*. Then,

1. 8L(x) C dpL(x) for any x € X. B
2. If L is B-subself-dual, then 6gL(x) = dpL(x) for any x € X.
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Proof. (1) Assuming L(x, p) — (Bx, p) = 0, consider (y,q) € X x X* and write

L(x+y,p+q)—L(x,p) > 1! [L(x+1ty,p+1q) — L(x,p)]

> 17 [(B(x+1y),p+1q) — (Bx,p)]

Letting t — 0%, we get that L(x +y,p + q) — L(x,p) > (Bx,q) + (y,B*p), which
means that we have (B*p,B*x) € dL(x, p).
For (2), we assume that p € dpL(x) and use Legendre-Fenchel duality to write

0= L()C,p) - <Bx7p> +L*(B*p,BX) - <B)C,p>.
We can conclude since L(x, p) > (Bx, p) and L*(B*p,Bx) > L(x,p) > (Bx,p).

For self-dual Lagrangians, the relationship between the various notions is more
transparent.

Proposition 5.3. Let L be a B-self-dual Lagrangian on phase space X x X*. Then,
the following assertions are equivalent:

1. p € dpL(x).

2. x € dLg(p).

3.0 € dpL,(x), where L, is the B-self-dual Lagrangian L,(x,q) = L(x,p +q) +
(Bx, p).

4. The infimum of the functional I,,(u) = L(u, p) — (Bu, p) is zero and is attained at
xeX.

Proof. Assertions (1) and (2) are readily equivalent. It is clear that (3) is a reformu-
lation of (1) in view of Proposition 3.4 (2). For the equivalence with (3) and (4), use
the definition of B-self-duality and Legendre-Fenchel duality to write

2(Bx,p) = L(x,p) +L"(B"p,Bx) > (x,B"p) + (p, Bx) = 2(Bx, p),

and therefore L(x, p) — (Bx, p) = 0 if and only if L(x, p) + L*(B*p,Bx) = (x,B*p) +
{p, Bx), which is equivalent to (B*p,Bx) € dL(x, p).

The following vector fields are central to the subject of this book.

Definition 5.2. A set-valued function F : Dom(F) C X — 2X" is said to be a B-
self-dual vector field if there exists a B-self-dual Lagrangian on X x X* such that
F(x) = dpL(x) for every x € Dom(F).
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5.2 Examples of B-self-dual vector fields

1. Vector fields associated to convex energy functionals

For a basic self-dual Lagrangian of the form L(x, p) = @(x) + ¢*(p), where ¢ is a
convex lower semicontinuous function, and ¢* is its Legendre conjugate on X*, it
is clear that

IL(x) =de(x) while dL(p)=do*(p).

The corresponding variational problem reduces to minimizing the convex functional
I(x) = L(x,0) = @(x) + ¢*(0) in order to solve equations of the form 0 € d¢(x). The
associated self-dual Lagrangian submanifold is then the graph of d @, which is

My ={(x,p) eEXxX";pedo(x)}.

2. Superposition of conservative and dissipative vector fields

More interesting examples of self-dual Lagrangians are of the form L(x, p) = ¢@(x) +
©*(—I'x+ p), where ¢ is a convex and lower semicontinuous function on X and
I' : X — X* is a skew-symmetric operator. The corresponding self-dual vector fields
are then

OL(x) =[x+ d¢(x) while JL(p)=(I'+3¢) ' (p).

More generally, if the operator I" is merely nonnegative (i.e., (I'x,x) > 0), then one
can still write the vector field I 4+ d¢ as dL for some self-dual Lagrangian L on
X x X*. Indeed, denoting by % (X) the cone of bounded below, proper convex lower
semicontinuous functions on X and by I" € </ (X) the cone of nonnegative linear
operators from X into X*, we can show the following proposition.

Proposition 5.4. To any pair (¢,I') € €(X) x o/ (X), one can associate a self-dual
Lagrangian L := L((pf) such that for p € X* the following are equivalent:

1. The equation I'x+ 9 @(x) = p has a solution X € X.
2. The functional I,,(x) = L(x, p) — (x, p) attains its infimum at X € X with I,(X) = 0.
3. p € IL(%).

Proof. Let L(x, p) = y(x) + y*(—I'*x+ p), where v is the convex function y(x) =
I(I'x,x) + @(x), and where ' = $(I" —I'*) is the antisymmetric part of I" and
™= 1(I+TI*) is its symmetric part. The fact that the minimum of I(x) = y/(x) +
y*(—I'*x+ p) — (x, p) is equal to 0 and is attained at some ¥ € X means that y(X)+
y* (—I'*%+ p) = (['“X+ p,X), which yields, in view of Legendre-Fenchel duality,
that —I'*3+ p € dy(x) = I'*™%+ dp(X), and hence, ¥ solves p € I'x+ d(x).
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4. Superposition of dissipative vector fields with skew-adjoint operators
modulo a boundary

Now letI": D(I') C X — X* be an antisymmetric operator modulo a boundary triplet
(H,R,#).Let L: X x X* — R be a self-dual Lagrangian and let £ : H — RU {4}
be an R-self-dual convex continuous function on H. Then, the self-dual vector field
associated to the Lagrangian Lr o on X x X*

B Ty

— which is self-dual, for example under the hypotheses of Proposition 4.2 — is given
by

=T . . p € dL(x)—I'x
p € dLr(x) if and only if { 0 € AU(Zx) — R%Px. (5.2)
Indeed, if L(”) (x,p) — (x,p) =0, we write
1
L(m) (x,p) = (x,p) = L(x,Tx+ p) + £(Bx) — {x,p) — (x,['x) — 5(%)6, RAx)
1
=L(x,['x+p)—(x,[x+p)— 5(%’)5,&%’)6) +0(%x).
Since L(x,p) > (x,p) and £(s) > 1(s,Rs), we get
L(x,I'x+p) = (x,x+p) (5.3)
0(PBx) = 5 (Bx,RBx), ’

and we are done.

4. Maximal monotone operators

The vector fields of the form I" 4+ d ¢ above are actually very particular but impor-
tant examples of maximal monotone operators. It turns out that this latter class of
operators coincides with the class of self-dual vector fields. This remarkable result
is only of theoretical value since the corresponding self-dual Lagrangians are not
given by an explicit formula as in the case of the vector fields I" + d¢@. We shall
postpone its proof until the next section.

5. AntiHamiltonian vector fields
By considering a basic B-self-dual Lagrangian of the form L(x, p) = ¢(Bx)+ ¢*(p),

where ¢ is convex lower semicontinuous and B is onto (or ¢ continuous and B has
dense range), we obtain a B-self-dual vector field of the form



88 5 Self-dual Vector Fields and Their Calculus
dpL(x) = d@(Bx) while JL(p) =B 'de*(p).

In the case where B is the symplectic matrix J(x,y) = (—y,x), these correspond to
vector fields of the form JOH that appear in Hamiltonian systems. In other words,
the J-self-dual Lagrangian associated to the vector field JOH, where H is a convex
lower semicontinuous function on R” x R”, is

L((x,y),(p,q)) = H(x,y) + H*(g,~p)-

If A: X — X* is a bounded linear operator, then the operator J* o (A*,A) is skew-
adjoint, which means that the Lagrangian

M((xvy)v (pvq)) = H(X,y) +H*(Ay+q7 —A*x—p)
is J-self-dual and the vector field (A*,A) + JJH is J-self-dual. This means that if A
is self-adjoint, then solving the system

(Ax,Ay) € JOH (x,y) (5.4)

reduces to minimizing the functional E(x,y) = H(x,y) + H*(Ay, —Ax). This simple
case will be used in Chapter 7 to solve certain convex-concave Hamiltonian systems.
This is, however, not the case for Hamiltonian evolutions where A = %, which is
essentially skew-adjoint. In this case and in order to solve (Ax,Ay) € —JdH (x,y),
we are led to minimize the more complicated functional

E(x,y) = H(x,y) + H*(Ay, —Ax) — 2{Ay, x).

This will warrant an extension of our results on J-self-dual functionals and will be
considered in Part III of this book.

5.3 Operations on self-dual vector fields

The following proposition summarizes the elementary properties of the operator dg
on self-dual Lagrangians.

Proposition 5.5. Let B be a bounded linear operator on a reflexive Banach space X
and let L be a B-self-dual Lagrangian on X X X*. The following properties hold:

1. If A > 0, then the vector field associated to the Lagrangian (A -L)(x,p) :=
APL(5, %) is
= = /X
Ip(A-L)(x) = l&BL(I).

2. For y € X and q € X*, consider M, and N, to be the translated Lagrangians
defined respectively by My(x,p) = L(x+y, p) — (By,p) and Ny(x,p) = L(x,p +
q) — {(x,B*q). Then,
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dpMy(x) = dpL(x+y) and dpN,(x) = dpL(x) —q.

3. If X is a Hilbert space, U is a unitary operator (U~' = U*) on X that commutes
with B, and if M(x, p) :== L(Ux,Up), then

M (x) = U*dpL(Ux).

4. If B; is a bounded operator on a reflexive Banach space X; for each i € I and if L;
is a convex lower semicontinuous Lagrangian on X;, then on the product space
ITic; X;, we have B B

98(ZiciLi) = Iicdp,Li.

5. IfT : X — X* is any skew-adjoint operator and L (x, p) = L(x,—I'x+ p), then
dpLlr = dgL+T .

6.If I' : X — X* is an invertible skew-adjoint operator and rL(x,p) = L(x +
I''p,I'x), then B }
8B<FL)(X) :FaLB(Fx) —I'x.

7.IfLe L(X)and M € £(Y), By (resp., By) is a linear operator on X (resp., Y)
and A : X — Y™ is such that AB| = B}A, then setting B= (B1,B>) on X xY, and
writing J for the symplectic operator J(x,y) = (—y,x), we have

dp(LSaM) = (dp,L,dp,M) + (A*,A) 0.

8. If ¢ is a convex continuous function on X XY, By, By, and A are as in (7),
and if L is the Lagrangian on (X xY) x (X* x Y*) defined by L((x,y),(p,q)) =
@(Bix,Byy) + ¢*(A"y+ p, —Ax+q), then

gBLZ d@(B1,By)+ (A*,A)oJ.

Proposition 5.6. Let B be a bounded linear operator on a reflexive Banach space
X. The following properties hold for any B-self-dual Lagrangians L and M :

1. 8B(L@M)C(93(L)—|—BB(M). .

2. If Dom; (L) —Dom; (M) also contains a neighborhood of the origin, then dg(L®
M) =9dg(L)+dp(M). B

3. If M(x,p) = @(Bx) + ¢*(p) with ¢ convex and finite on X, then dg(L&M)(x) =
dpL(x)+Jd@(Bx). B

4. IfB=1d and p € IL} (x), then p € IL(J) (x,p)), where J_is defined in (3.12).

5. For each x € X, we have sup{||pH;p € gL}l (x)} < inf{Hq g € gL(x)}.

Proof. The proofs of (1), (2) and (3) are left as exercises. For (4), we assume
L (x,p) = (x,p) and write

2<x’p> =1L, (xvp) +Ll(x’p)
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= o)l , AlplR-
21 2

=2 <L(Jx(x,p),p) +

L*(p,J5(x,p)) +L(Ja(x,p),p)+2< 7 5

2({p,Jp(x,p)) +2(x—Jp(x,p),p)
2(x,p).

b= Ja (PR Alpli- )

Y

The second to last inequality is deduced by applying the Legendre-Fenchel inequal-
ity to the first two terms and the last two terms. The chain of inequality above shows
that all inequalities are equalities. This implies, again by the Legendre-Fenchel in-

equality, that (p,J (x,p)) € IL(J5(x,p),p).
For (5), if pj € L} (x), then (py,x) = Ly (x, py ), and we get from (3.12) that

x—Jy(x,
Py = % € dL(Jy(x,p2),P2),

and from property (4) that

(Pa:J2(x,p2)) € OL(J3(x,p2),P2)-

If now p € dL(x), then setting vj = Jj (x, p; ) and using that (p;,v;) € dL(v;,ps ).

we get from monotonicity and the fact that p; = %

0< <()C,p) - (Vﬂhpl)’ (alL(xvp)’a2L(x7p)) - (plvvl)>
— ()= apah (p) = (2 00))

el
= T x—=vy,p) +(P.x—va) — (Pa,Xx—va)

2
xX—v
72” A||X<i»2<xivl7p>7
A
vlvhich yields that M < ||pllx+ and finally the desired bound || p, || < ||p|| for all
> 0.

Exercises 5.A. More on self-dual vector fields

1. Prove claims (1) - (8) in Proposition 5.5 and show that they hold for any convex lower semi-
continuous Lagrangian on X x X*.

2. Prove claims (1), (2) and (3) in Proposition 5.6, and show that it suffices to assume that L and
M are Fenchelian.

3. Assume p > 1, % + é =1,D:X — X" is a duality map, and let L be a self-dual Lagrangian on

X x X*. Prove that, for every x € X and A > 0, we have (_QL%‘I,()C) = JL(x) + A"~ Y|x|P~2Dx.
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4. Show also that, for every x € X, we have éL}L_p(x) = L(x+ A9 Y|r||972D1F), where r =
IL(x).

5.4 Self-dual vector fields and maximal monotone operators

We now show that self-duality is closely related to a more familiar notion in nonlin-
ear analysis. The following establishes a one-to-one correspondence between max-
imal monotone operators and self-dual vector fields.

Theorem 5.1. If T : D(T) C X — 2% is a maximal monotone operator with a
nonempty domain, then there exists a self-dual Lagrangian L on X x X* such that
T = JL. Conversely, if L is a proper self-dual Lagrangian L on a reflexive Banach
space X x X*, then the vector field x — dL(x) is maximal monotone.

We shall need the following two lemmas.

Lemma 5.1. Let T : D(T) C X — 2X" be a monotone operator, and consider on
X x X* the Lagrangian Lt defined by

Ly (x,p) = sup{(p,y) +{(¢,x—y); (v.q) € G(T)} (5.5)

1. IfDom(T) # 0, then Lt is a convex and lower semicontinuous function on X x X*
such that, for every x € Dom(T), we have Tx C dL(x) N SL(x). Moreover, we
have

Ly (p,x) > Lr(x,p) for every (x,p) € X x X*. (5.6)

2. If T is maximal monotone, then T = oL = 8L and Lt is Fenchelean, that is
Ly(x,p) > (x,p) forall (x,p) € X x X*. (5.7)

Proof. (1) If x € Dom(T) and p € Tx, then the monotonicity of T yields for any

() € G(T)
<)C,p> > <y7p> + <X—y,q>

in such a way that Ly (x, p) < (x, p). On the other hand, we have
LT(x,p) > <x7p> + <p7x_x> = <xap>a

and therefore p € SL(x). Write now for any (y,q) € X x X*,

Lr(x+y,p+q) —Lr(x,p) = sup{(p+¢,2) + {rx+y) — (z,7); (z,r) € G(T)}
—Lr(x,p)
> (p+q,x)+(p,x+y) — (p,x) — (p,x)
= (g,x) +(p.¥),

which means that (p,x) € dL(x, p) and therefore p € IL(x).
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Note that Ly (x, p) = Hj (p,x), where Hr is the Lagrangian on X x X* defined by

_{p) if(xp) €G(T)
Hr(x,p) = { Joo otherwise. e-9

Since Ly (x, p) = (x, p) = Hr(x, p) whenever (x, p) € G(T), it follows that Ly < Hr
on X x X* and so Ly (p,x) > Hy(p,x) = L (x, p) everywhere. _

For (2), if now T is maximal, then necessarily Tx = 8Lz (x) Nd Ly (x) = dLr(x)
since x — dLz(x) is a monotone extension of 7. In order to show (5.7), assume to
the contrary that L7 (x, p) < (x, p) for some (x,p) € X x X*. Then,

(p,y) +{q,x—y) <{p,x) for all (y,q) € G(T),

and therefore
(p—q,x—y) >0forall (y,q) € G(T).

But since T is maximal monotone, this means that p € Tx. But then p € §L7(x) by
the first part, leading to Ly (x, p) = (x, p), which is a contradiction.

Finally, note that since L7 is now subself-dual, we have from Proposition 5.2 that
Tx=dLy(x) = 6Ly (x).

Proposition 5.7. Let X be a separable reflexive Banach space, and let L be a convex
lower semicontinuous Lagrangian on X x X* that satisfies

L*(p.x) > L(x,p) > {x, p) for every (x,p) € X x X", (5.9)
Then, there exists a self-dual Lagrangian N on X x X* such that dL = ON and
L*(p,x) = N(x,p) = L(x, p) for every (x,p) € X x X*. (5.10)

Proof. The Lagrangian N is simply the proximal average — as defined in Proposition
2.6 —of L and L, where L(x, p) = L*(p,x). It is defined as

(1 1,
N(x,p): = lnf{zL(m,pl) +5L (p2,x2)

gl =l + gl =l (5p) = 5 51p0) + o) |-
It is easy to see that L(x,p) < N(x,p) < L*(p,x), and in view of (11) in Propo-
sition 2.6, N is clearly a self-dual Lagrangian on X x X*. It remains to show that
JL(x) = IN(x). Indeed, first it is clear that N (x) C dL(x). On the other hand, since
L is sub-self-dual, we have from Lemma 5.2 that §L(x) = dL(x), which means that
if p € dL(x), then (p,x) € dL(x, p) and therefore L(x, p) +L*(p,x) = 2(x, p). Again,
since p € dL(x), this implies that L*(p,x) = (x, p) and therefore N(x, p) = (x, p) and
p € ON(x).
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Proof of Theorem 5.1: First, assume 7 is a maximal monotone operator, and asso-
ciate to it the sub-self-dual Lagrangian Ly via Lemma 5.1,

T = 9Ly and L} (p,x) > Ly (x, p) > (x,p).

Now apply the preceding proposition to Ly to find a self-dual Lagrangian Nr such
that Ly (x, p) < Nr(x,p) < L}(p,x) for every (x,p) € X x X* and Tx = dNr(x) for
any x € D(T).

For the converse, we shall use a result that we establish in the next chapter
(Proposition 6.1). Consider a self-dual Lagrangian L and denote by D : X — 2%
the duality map between X and X*,

D(x) = {p € X"; {p.x) = ||x|*}.

It suffices to show that the vector field 9L+ D is onto [130]. In other words, we need
to find for any p € X* an x € X such that p = (dL+ D)(x). For that, we consider the
following Lagrangian on X x X*:

. 1 1
MG p) = int {Lsp =)+ Sl + 3R exe .

It is a self-dual Lagrangian according to Proposition 3.4. Moreover, assuming with-
out loss of generality that the point (0,0) is in the domain of L, we get the estimate
M(0,p) < L(0,0) + %||p||%-. and therefore Proposition 6.1 applies and we obtain

% € X so that p € dM (). This means that

_ B . B _ 1, _ 1 _ N
M(x,p) —(%,p) :1nf{L(x,p—r)—<x7p—r>—|—2||x§+2r||§*—<x7r>;r€X }
=0.

In other words, there exists 7 € D(%) such that p — 7 € dL(%) and we are done.

Exercises 5.B. Operations on maximal monotone operators via the
corresponding Lagrangian calculus

Let T : D(T) C X — 2X" be a monotone operator, and consider on X x X* the “Fitzpatrick La-
grangian” Fr,
Fr(x,p) = sup{(p,y) + (¢,x—); (,p) € G(T)},

and let Ly be the self-dual Lagrangian obtained by the proximal average of Fr and F; . We shall
then say that Ly is a self-dual potential for T .

1. Show that 5LT is a maximal monotone extension of 7T'.
2. Assuming that T satisfies for all x € X

I 7x] < C(1 -+ [x])) and (Tx.x) > x| ~ B G.11)
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show that we then have for all (x, p) € X x X*,

(Clid + lIpID?

FT('X7P)§ 200

+ClIxl - 8.

. For a given maximal monotone operator 7 : D(T') C X — X*, show the following

e If A > 0, then the vector field A - T defined by (4 - T)(x) = AT (3 ) is maximal monotone
with self-dual potential given by (4 - Lr)(x, p) := ALy (5, %).

e Foryc X and g € X*, the vector field T (resp., T>9) given by T (x) = T'(x +y) (resp.,
T24(x) = T(x) — ¢) is maximal monotone with self-dual potential given by M, (x,p) =
Lr(x+y,p) — (v, p) (tesp., Ny(x,p) = L7 (x,p + q) — (x,q)).

e If X is a Hilbert space and U is a unitary operator (UU* = U*U =1) on X, then the vector
field Ty given by Ty (x) = U*T (Ux) is maximal monotone with self-dual potential given by
M(x,p) =Ly (Ux,Up).

e IfA:X — X*isanybounded skew-adjoint operator, then the vector field 7+ A is a maximal
monotone operator with self-dual potential given by M(x, p) = Ly (x,—Ax+ p).

e If A:X — X* is an invertible skew-adjoint operator, then the vector field AT 'A — A is
maximal monotone with self-dual potential given by M(x, p) = Ly (x+ A~ p, Ax).

. If ¢ is a convex lower semicontinuous function on X x Y, where X,Y are reflexive Banach
spaces, if A : X — Y* is any bounded linear operator, and if J is the symplectic operator on
X XY defined by J(x,y) = (—y,x), then the vector field d¢ + (A*,A) oJ is maximal monotone
on X x Y with self-dual potential given by L((x,y),(p,q)) = ¢(x,y) + ¢*(A*y+ p,—Ax+q).

. If T; is maximal monotone on a reflexive Banach space X; for each i € I, then the vector field
ITic/T; on ITic/X; given by (ITic;T;)((x;)i) = Iie;T;(x;) is maximal monotone with self-dual
potential M((x,-),-, ([J,‘)i) = ZigjLTl. (xi,pi).

. If Ty (resp., T») is a maximal operator on X (resp., Y), then for any bounded linear operator
A:X —Y*, the vector field defined on X x Y by T = (T, T») + (A*,A) oJ is maximal monotone
with self-dual potential given by L((x,y), (p.q)) := Lz, (x,A*y+ p) + Lz, (y,—Ax+q).

. If T and S are two maximal monotone operators on X such that D(T~!) — D(S~!) contains
a neighborhood of the origin in X*, then the vector field 7 + S is maximal monotone with
potential given by Ly & Lg.

. If T and S are two maximal monotone operators on X such that D(T) — D(S) contains a neigh-
borhood of the origin in X, then the vector field T xS whose potential is given by Ly x Lg is
maximal monotone.

Exercises 5.C. Maximal monotone operators on path spaces via the
corresponding Lagrangian calculus

Let / be any finite time interval, which we shall take here without loss of generality, to be [0, 1],
and let X be a reflexive Banach space. A time-dependent — possibly set-valued — monotone map on

[0,1] X X (resp., a time-dependent convex Lagrangian on [0,1] x X x X*)isamap T : [0,1] x X —

2X" (resp., a function L : [0,1] x X x X* — RU {+oco}) such that:

e T (resp., L) is measurable with respect to the o-field generated by the products of Lebesgue

sets in [0, 1] and Borel sets in X (resp., in X x X*).

e For each 7 € [0,1], the map T; := T'(¢,-) is monotone on X (resp., the Lagrangian L(z,-,-) is

convex and lower semicontinuous on X x X*).

1. If T is a time-dependent maximal monotone operator on [0, 1] x X, then the function Ly (¢, x, p) =

Ly, (x, p) is a time-dependent self-dual Lagrangian Ly on [0, 1] x X x X*.
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2. If T satisfies
I (2,2)[| < C(1)(1+ |lx[|) and (T (7,x),x) > a(t)||x]|* = B(r) (5.12)

for C(t), a~'(¢) in L([0,1]), and B(¢) € L' ([0, 1]), then for some K > 0 we have for any « in
L%[0,1] and p in L%.]0,1]

Zrup) = [ L (tale). p0)r < KO-+ i+ 1) .13)

and the operator T defined on L% by T (u(t),) = (T (t,u(t))), is maximal monotone with poten-
tial given by .Z(u, p) = jol Ly, (u(t), p(r))dr.

3. Let T be a time-dependent maximal monotone operator on [0,1] x H, where H is a Hilbert
space, and let S be a maximal monotone operator on H. Then, the operator

= i+ T (u(0) —u(r) + 405

is maximal monotone on A%, with its potential given by the self-dual Lagrangian defined on
A% x (A})" =A% x (H x L) by

Z(u,p) = /OI Lz, (u(t) + po(t), —u(r)) dt + Ls (u(l) —u(0)+ p1, M)

Here, the dual of the space A% := {u:[0,1] — H;u € L} } is identified with H x L} via the
duality formula

e or e = (O )+ [ ) o),

where u € A%, and (p1,po(t)) € H x L.

Further comments

It is natural to investigate the relationship between maximal monotone operators and
self-dual vector fields since both could be seen as extensions of the superposition of
subgradients of convex functions with skew-symmetric operators. An early indica-
tion was the observation we made in [55] that self-dual vector fields are necessarily
maximal monotone. We suggested calling them then “integrable maximal monotone
fields”, not suspecting that one could eventually prove that all maximal monotone
operators are integrable in the sense that they all derive from self-dual Lagrangians
[57]. This surprising development actually occurred when we realized through the
book of Phelps [130] that Krauss [82] and Fitzpatrick [50] had done some work in
this direction in the 1980’s, and had managed to associate to a maximal monotone
operator T a “convex potential” on phase space. In our terminology, their potential
is Fenchelian and sub-self-dual.

The question of whether one can establish the existence of a truly self-dual La-
grangian associated to 7" was actually one of the original questions of Kirkpatrick
[50]. We eventually announced a proof of the equivalence in [57], where we used
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Asplund’s averaging technique between the sub-self-dual Lagrangian L given by
Fitzpatrick and its Legendre dual L*. This turned out to require a boundedness as-
sumption that could be handled by an additional approximation argument. Later, and
upon seeing our argument, Bauschke and Wang [22] gave an explicit formula for the
Lagrangian by using the proximal interpolation between L and L*. It is this formula
that we use here. Almost one year later, we eventually learned that the sufficient
condition in the equivalence had been established earlier with completely different
methods by R.S. Burachek and B. F. Svaiter in [35], while the necessary condition
was shown by B. F. Svaiter in [154]. Most of the material in this chapter is taken
from Ghoussoub [60].



Part I1

COMPLETELY SELF-DUAL SYSTEMS
AND THEIR LAGRANGIANS



Many boundary value problems and evolution equations can be written in the form
0 € dL(x),

where L is a self-dual Lagrangian on phase space X x X* and X is a reflexive Banach
space. These are the completely self-dual systems. They can be solved by minimiz-
ing functionals of the form

I(x) = L(x,0).

These are the completely self-dual functionals. They are convex lower semicontin-
uous and nonnegative , and under appropriate coercivity conditions they attain their
infimum. Their main relevance, though, stems from the fact that this infimum is
equal to 0. This property allows for variational formulations and resolutions of sev-
eral basic differential equations and systems, which — often because of lack of self-
adjointness — cannot be expressed as Euler-Lagrange equations, but can be written
as a completely self-dual system.

This framework contains all known equations involving maximal monotone op-
erators since they are shown to be self-dual vector fields. Issues of existence and
uniqueness of solutions of such equations are easily deduced from the considera-
tions above, with the added benefit of associating to these problems new, completely
self-dual energy functionals.

The functional calculus on phase space — developed in Part I — allows for natural
constructions of such functionals in many situations where the theory of maximal
monotone operators proved delicate. The remarkable permanence properties of self-
dual Lagrangians, lead to a fairly large class of completely self-dual equations to
which the proposed variational theory applies.



Chapter 6

Variational Principles for Completely Self-dual
Functionals

Our basic premise is that many boundary value problems and evolution equations
can be solved by minimizing completely self-dual functionals of the form

1p(x) = L(x,p) — (Bx, p),

where L is a B-self-dual Lagrangian. Since such functionals /,, are always nonnega-
tive , their main relevance to our study stems from the fact that their infimum is actu-
ally equal to 0. This property allows for variational formulations and resolutions of
several basic differential systems, which — often because of lack of self-adjointness
or linearity — cannot be expressed as Euler-Lagrange equations but can be written in
the form

pE §BL()C).

The fact that the infimum of a completely self-dual functional [ is zero follows
from the basic duality theory in convex analysis, which in our particular — yet so
natural and so encompassing — self-dual setting leads to a situation where the value
of the dual problem is exactly the negative of the value of the primal problem, hence
leading to zero as soon as there is no duality gap.

Several immediate applications follow from this observation coupled with the
remarkable fact that the Lagrangian L (x, p) = L(x,I'x + p) remains self-dual on
X x X*, provided L is and as long as I" is a skew-symmetric operator. One then
quickly obtains variational formulations and resolutions of the Lax-Milgram theo-
rem, variational inequalities, nonself-adjoint semilinear Dirichlet problems, certain
differential systems, and other nonpotential operator equations.

99
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6.1 The basic variational principle for completely self-dual
functionals

We consider the problem of minimizing self-dual functionals. It is covered by the
following very simple — yet far-reaching — proposition. Actually, we shall only need
the following relaxed version of self-duality.

Definition 6.1. Given a bounded linear operator B : X — X and a convex Lagrangian
Lin Z(X), we shall say that:

1. L is partially B-self-dual if
L*(0,Bx) = L(x,0) forallxeX. 6.1)
2. L is B-self-dual on the graph of amap I' : D(I') C X into X* if
L*(B*T'x,Bx) = L(x,I'x) forallxe D(I'). (6.2)

3. More generally, if Y x Z is a subset of X x X*, we shall say that L is self-dual on
Y xZif
L*(B*p,Bx) = L(x, p) for all (x,p) €Y X Z. (6.3)

We start by noting that if L is partially B-self-dual, then again
I(x) =L(x,0) >0 foreveryxeX (6.4)

and
I(%)=infI(x) =0 ifandonlyif 0¢ dpL(%). (6.5)
xe

This leads to the following definition.

Definition 6.2. A function 7 : X — RU {+oo} is said to be a completely self-dual
functional on the Banach space X if there exists a bounded linear operator B on
X and a partially B-self-dual Lagrangian L on X x X* such that /(x) = L(x,0) for
xeX.

We now give sufficient conditions to ensure that the infimum of completely self-dual
functionals is zero and is attained.

Proposition 6.1. Let L be a convex lower semi continuous functional on a reflexive
Banach space X x X* and let B be a bounded linear operator on X. Assume that
L is a partially B-self-dual Lagrangian and that for some xy € X the function p —
L(xo, p) is bounded above on a neighborhood of the origin in X*.

1. If B is onto, then there exists X € X such that

{ L(%,0) = inf L(x,0) =0,

x€ 6.6
0 € JpL(%). ©0



6.1 The basic variational principle for completely self-dual functionals 101

2. If B has dense range and L* is continuous in the second variable, then there exists
¥ € X such that

L*(0,5) = inf L*(0,x) = inf L(x,0) =0. 6.7)

Moreover, if lim L(x,0) = oo, then (6.6) also holds with y = Bx.

[l =

Proof. This follows from the basic duality theory in convex optimization de-
scribed in Section 2.7. Indeed, if (£?,) is the primal minimization problem h(p) =
in)t; L(x, p) in such a way that (%) is the initial problem 7(0) = in}f( L(x,0), then the
xe xXe

dual problem (%) is sup,cy —L"(0,y), and we have the weak duality formula

inf £y := inf L(x,0) > sup—L"(0,y) := sup Z".
xeX yex

From the “partial B-self-duality” of L, we get

inf L(x,0) > sup—L*(0,y) > sup—L*(0,Bz) = sup—L(z,0). (6.8)
xeX yeX 7€X z€X

Note that & is convex on X* and that its Legendre conjugate satisfies h*(By) =
L*(0,By) = L(y,0) on X.

If now for some xy € X the function p — L(xp, p) is bounded above on a neigh-
borhood of the origin in X*, then h(p) = ;Iel)g L(x,p) < L(xq,p) and therefore h is

subdifferentiable at O (i.e., the problem () is then stable). Any point j € dh(0) is
then a minimizer for x — L*(0,x) on X, and we have two cases.
(1) If Bis onto, then § = Bx € dh(0) and h(0) + h*(Bx) = 0, which means that

— inf L(x,0) = —h(0) = h*(B%) = L*(0, B%) = L(%,0) > inf L(x,0).
xeX xeX

It follows that infyex L(x,0) = —L(%,0) < 0, and in view of (6.5), we get that the
infimum of (&?) is zero and attained at X, while the supremum of (?*) is attained
at Bx. In this case, we have

L(x,0)+L*(0,Bx) =0,

which yields in view of the limiting case of Legendre duality that (0, BX) € dL(%,0)
or 0 € dpL(X).
(2) If B has dense range and L* is continuous in the second variable, we then get
for any sequence (Bx;), going to y
— in)f(L(x,O) = —h(0) = h* () = L*(0,y) = limL*(0, Bx, ) = limL(x,,0)
XE n n

> inf L(x,0).
xeX

It follows that again infyex L(x,0) = L*(0,5) = infyex L*(0,x) = 0.
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Finally, if lim L(x,0) = +oo, then (x,), is necessarily bounded and a subse-

[lx[|—ee
quence converges weakly to X € X. The rest follows from the lower semicontinuity
of I.

Remark 6.1. (i) If B is onto or if B has a dense range and L* is continuous in the
second variable, then (6.6) holds under the condition that x — L(x,0) is coercive in
the following sense:

L(x,0)

1m
x| —ee|lx]]

- f. (6.9)

Indeed, since h*(By) = L*(0,By) = L(y,0) on X, we get that A" is coercive on X,
which means that % is bounded above on neighborhoods of zero in X*.

Here is an immediate application of Proposition 6.1.

Corollary 6.1. Let L be a B-self-dual Lagrangian on a reflexive Banach space
X x X*, where B is a surjective operator on X. Suppose that, for some xy € X, the
Sunction p — L(xg, p) is bounded on the balls of X*. Then, for each p € X*, there
exists X € X such that

{ L(%,p) ~ (BF,p) = inf {L(x,p) ~ (Bx,p)} =0,

X€ (6.10)

p < 8BL()E).
Proof. We simply apply Proposition 6.1 to the translated Lagrangian M(x,q) =
L(x,p+q) — (Bx, p), which is also self-dual on X x X*.

The following corollary already leads to many applications.

Corollary 6.2. Let B : X — X be bounded linear on a reflexive Banach space X
and let I" : X — X* be an operator such that I'* o B is skew-adjoint. Let L be a
Lagrangian on X x X* that is B-self-dual on the graph of I'. Then, I1(x) = L(x,I'x)
is a completely self-dual functional on X. Moreover, assuming one of the conditions

(A) lim % = 40 and B is onto (or B has dense range and L* is continuous in

e ¥
the second variable) or
(B) I is invertible, the map x — L(x,0) is bounded above on the balls of X, and B
is onto (or B has dense range and L is continuous in the first variable),
then there exists X € X such that
I(¥) = inf I(x) =0,
®) xeX ®) (6.11)
I'x € dpL(X).

Proof. We first note that the Lagrangian defined as M(x,p) = L(x,['x+ p) is par-
tially B-self-dual. Indeed, fix (¢,y) € X* x X, set r = 'x+ p, and write
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M*(B"q,By) = sup{(B"q,x) + (By,p) — L(x,T'x+ p); (x,p) € X x X"}
= sup{(B*q,x) + (By,r —I'x) — L(x,r); (x,r) € X x X}
= sup{(B*q+I""By,x)+ (By,r) — L(x,r); (x,r) € X x X"}
=L"(B"q+B'Ty,By).
If g = 0, then M*(0,By) = L*(B*I"y,By) = L(y,I'y) = M(y,0), and M is therefore
partially B-self-dual.
Similarly, one can show that the Lagrangian N(x, p) = L(x+I"~!p;I'x) is par-
tially B-self-dual, provided I" is an invertible operator.
In other words, I has two possible representations as a completely self-dual func-

tional:
I(x) = M(x,0) = N(x,0).

Under assumption (A), we apply Proposition 6.1 to M to obtain X € X such that:

L(%,I'%) = M(%,0) = inf M(x,0) = inf L(x,["x) = 0.

Now, note that
L(x,I'x) = L*(B*I'x,Bx) = L*(—I"*Bx,Bx),
hence,
L(x,I'x)+L*(—I'"Bx,Bx) = 0= ((x,['x),(— *Bx,Bx)).
It follows from the limiting case of Legendre duality that

(B*I'x,Bx) = (—I'*Bx,Bx) € dL(%,I'%).

Under assumption (B), we apply Proposition 6.1 to the partially self-dual La-
grangian N to conclude in a similar fashion. Note that the boundedness condition
in this case yields that p — N(0, p) = L(I'"!p,0) is bounded on a neighborhood of
zero in X*.

Exercises 6.A. Uniqueness

—

Show that Proposition 6.1 still holds if L is only supposed to be a subself-dual Lagrangian.

2. Let L be a self-dual Lagrangian L on a reflexive Banach space X x X*. If L is strictly convex in
the second variable, show that x — dL(x) is then single valued on its domain.

3. Show that the vector field x — dL(x) is maximal monotone by proving that for every A > 0,
the map (14 A2dL)~" is defined everywhere and is single-valued.

4. If L is uniformly convex in the second variable (i.e., if L(x, p) — 8@ is convex in p for some
€ > 0), show that x — 9L(x) is then a Lipschitz maximal monotone operator on its domain.

5. Relate various properties of maximal monotone operators (e.g., strict and strong monotonic-

ity, boundedness, linearity, etc,... see Brézis [25] or Evans [48]) to their counterparts for the

corresponding Fitzpatrick subself-dual Lagrangians.
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6.2 Complete self-duality in non-selfadjoint Dirichlet problems

Consider a coercive bilinear continuous functional @ on a Banach space X, i.e., for
some A > 0, we have that a(v,v) > A||v||? for every v € X. It is well known that
if a is symmetric, then, for any f € X*, one can use a variational approach to find
u € X such that, for every v € X, we have a(u,v) = (v, f). The procedure amounts
to minimizing on H the convex functional y(u) = ya(u,u) — (u, f).

The theorem of Lax and Milgram deals with the case where a is not symmetric,
for which the variational argument above does not work. Corollary 6.2, however,
will allow us to formulate a variational proof of the original Lax-Milgram theorem
(Corollary 6.4 below) by means of a completely self-dual functional. The semilinear
version of that theorem (Corollary 6.3), as well as the one dealing with nonhomoge-
neous boundary conditions (Corollary 8.2), can also be resolved via the minimiza-
tion of a completely self-dual functional.

The rest of this chapter will consist of showing how Corollary 6.2 — applied to
the most basic self-dual Lagrangians — already yields variational formulations and
resolutions to several nonself-adjoint homogeneous semilinear equations.

A variational resolution for nonsymmetric semilinear
homogeneous equations

Corollary 6.3. Let ¢ : X — RU {+oo} be a proper convex lower semicontinuous
function on a reflexive Banach space X, and let I' : X — X* be a bounded positive
linear operator. Assume one of the following two conditions:
(A%ﬁm\MFW¢@%+%FL@)=+m0r

X||—o0

(B) The operator I'*
ball of X.

1L —T*): X — X* is onto and @ is bounded above on the

Then, there exists for any f € X* a solution X € X to the equation
—I'x+fedo(x) (6.12)
that can be obtained as a minimizer of the completely self-dual functional
I(x) = y(x) + " (-I"x), (6.13)
where  is the functional y(x) = 3 (Ix,x) + @(x) — (f,x).

Proof. Apply Corollary 6.2 to the skew-adjoint operator I" := I"“ and the self-dual
Lagrangian L(x, p) = y(x) + y*(p). Note that all that is needed in the proposition
above is that the function ¢(x) + %(F x,x) (and not necessarily ¢ itself) be convex
and lower semicontinuous.
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Example 6.1. A variational formulation for the original Lax-Milgram theorem

Corollary 6.4. Let a be a coercive continuous bilinear form on X x X, and con-
sider I : X — X* to be the skew-adjoint operator defined by (I'v,w) = % (a(v,w) —
a(w,v)). For any f € X*, the completely self-dual functional I(v) = y(v) + y*(I'v),
where y(v) = %a(v,v) — (v, f), attains its minimum at i € X in such a way that

I(i) = iglgl(v) =0 and a(vi)=(v,f)foreveryveX.

Proof. Consider the self-dual Lagrangian L(x, p) = y(x) + y*(p), and apply Corol-
lary 6.3 to I'. Note that I'ii € J y/(i1) means that for every v € X

1

_ _ | . _
5 (a(@,v) —a(v.a)) = 5 (a(@,v) +a(v,@)) = (v, f),

which yields our claim.

Example 6.2. Inverting nonself-adjoint matrices by minimizing completely
self-dual functionals

An immediate finite-dimensional application of the corollary above is the following
variational solution for the linear equation Ax =y, where A is a nonsymmetric n X n-
matrix and y € R”. It then suffices to minimize the completely self-dual functional

10 = 3 (Ax) 3 (A7 (= Ag).y — Ax) — 02
on R", where A, is the antisymmetric part of A and A; ! is the inverse of the symmet-
ric part. If A is coercive (i.e., (Ax,x) > c|x|? for all x € R"), then there is a solution
X € R" to the equation obtained as I(x) = inf,cgn I(x) = 0. The numerical imple-
mentation of this approach to the problem of inverting nonsymmetric matrices was
developed in Ghoussoub and Moradifam [66], where it is shown that it has certain
advantages on existing numerical schemes.

Example 6.3. A variational solution for variational inequalities
Given again a bilinear continuous functional @ on X x X and ¢ : X — R convex

and lower semicontinuous, then solving the corresponding variational inequality
amounts to constructing for any f € X*, an element y € X such that for all z € X

ay,y—2)+ey)—e(@) < (y—=z/f). (6.14)

It is easy to see that this problem can be rewritten as

feAy+do(y),
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where A is the bounded linear operator from X into X* defined by a(u,v) = (Au,v).
This means that the variational inequality (6.14) can be rewritten and solved using
the variational principle for completely self-dual functionals. For example, we can
formulate and solve variationally the following “obstacle” problem.

Corollary 6.5. Let a be a bilinear continuous functional on a reflexive Banach space
X x X so that a(v,v) > A||v||?, and let K be a convex closed subset of X. Then, for
any f € X*, there is x € K such that

a(¥,x—z) <(X—z,f) forallzcK. (6.15)

The point X can be obtained as a minimizer on X of the completely self-dual func-
tional
I(x) = @(x) + (@ + yk)" (—Ax),
where @(u) = ya(u,u) — (f,x), A: X — X* is the skew-adjoint operator defined by
1

(Au,v) = 5 (a(u,v) —a(v,u)), and yg(x) = 0 on K and +oo elsewhere.

Example 6.4. A variational principle for a nonsymmetric Dirichlet problem

Let a: Q2 — R be a smooth function on a bounded domain 2 of R®, and consider
the first-order linear operator Av = a-Vy = X lai%. Assume that the vector field

DI ai% is actually the restriction of a smooth vector field Zi”:la",-% defined on an

open neighborhood X of Q and that each @, is a C!! function on X. Consider the
Dirichlet problem:

Vu = |ulP?
{Au—i—a Vu=|ulPu+f on Q 6.16)

u=~0 on 0Q.

If a = 0, then to find a solution it is sufficient to minimize the functional

1 1
db(u):E/Q\Vu|2dx+;/9\u|pdx+/gfudx

and find a critical point d®(u) = 0. However, if the nonself-adjoint term a is not
zero, we can use the approach above to get the following existence theorem.

Theorem 6.1. Assume div(a) >0on Q, and 1 < p < ’12% then the functional

1
I(u) :==¥(u)+¥* (a.VLH— Ediv(a) u),
where

1 1 1 s
l}l(u):5/-Q|Vu|2dx+;/g|u\pdx+/9fudx+z/Qdiv(a)|u|2dx
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is completely self-dual on H}(Q), and there exists it € H}(Q) such that 1(i1) =
inf{I(u);u € HY ()} = 0 and i is a solution of equation (6.16).

Proof. Indeed, ¥ is clearly convex and lower semicontinuous on H(} (), while
the operator I'u = a.Vu + %div(a)u is skew-adjoint by Green’s formula. Again
the functional /(i) = ¥(u) +¥*(a.Vu+ 1div(a)u) is of the form L(u,I'u), where
L(u,v) = ¥(u) +¥*(v) is a self-dual Lagrangian on H} () x H'(Q). The ex-
istence follows from Corollary 6.3 since ¥ is clearly coercive. Note that & then
satisfies

1 1
a.Vii+ Sdiv(a)i = 0W(a) = —Ai+ '+ f+ Sdiv(a)a,

and therefore # is a solution for (6.16).

6.3 Complete self-duality and non-potential PDEs in divergence
form

Equations of the form

{—div(a(p(V f(}?ig = g(x) 2?1 aQQ,C R", (6.17)

where g € L>(2) and ¢ is a convex functional on R”, are variational since they are
the Euler-Lagrange equations associated to the energy functional

J(u) = /Q {o(Vu(x)) — u(x)g(x) }dx. (6.18)

However, those of the form

{div(T(Vf(X))) =g(x) on QCR" (6.19)

fx)=0 on 9Q,

where T is a nonpotential vector field on R", are not variational in the classical
sense. We shall now show how solutions can be derived through a self-dual varia-
tional principle, at least in the case where 7T is a general monotone operator.

Proposition 6.2. Let L be a self-dual Lagrangian on a Hilbert space E, and let
E =Y ®Y" be a decomposition of E into two orthogonal subspaces, withw: E — Y
denoting the orthogonal projection onto Y and n =1 — .

If p— L(n(p),7(p)) is bounded on the bounded sets of E, then for any py € E,
the completely self-dual functional

1(u) = L(m(u), m(po) + 7 (u)) — (u, 7(po))

attains its minimum at some @ € E in such a way that
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n(po) + 't (i) € IL(n(a)) (6.20)

and therefore B
7(po) € wdL(n(ir)). (6.21)

Proof. First, use Proposition 3.5 to deduce that
M(u,p) == L(z(u) + " (p), 7(p) + 7" (u))

is a self-dual Lagrangian on E x E. Then, apply Proposition 3.4 (2) to infer that the
Lagrangian

N(u, p) = L(m(u) + 7 (p+ m(po)), m(p+ m(po)) + & () — (u, w(po))

is also a self-dual Lagrangian on E X E since it is M “translated” by 7@(po). The
conclusion follows from Proposition 6.1 applied to /(1) = N(u,0). Indeed, the fact
that (i) = N(i1,0) = 0 yields that 7(po) + - (it) € IL(7(it)). Now apply 7 to both
sides to conclude.

Proposition 6.3. Ler L be a self-dual Lagrangian on a Hilbert space E X E such
that
L(a,b) < C(1+ ||a||?> + ||b||?) for all (a,b) € E X E. (6.22)

Consider A : X — E to be a bounded linear operator from a reflexive Banach space
X into E such that the operator A*A is an isomorphism from X onto X*. Then, for
any po € X, there exists xo € X such that

po € A*IL(Axo). (6.23)
It is obtained as xo = A~'A*(u), where ug is the minimum of the functional

I(u) = L(m(u), w(qo) + 7 (u)) — (u,7(4o))

on the Hilbert space E, qo being any element in E such that A*qy = po and &
denoting the projection A(A*A)~'A*.

Proof. Let A := A*A be the isomorphism from X onto X*, and note that 7 :=
AA~'A* is a projection from E onto its subspace ¥ = A(X). Since A* is onto, there
exists go € E such that A*go = po. By the preceding proposition, there exists ug € E
such that

7(qo) € mAL( (o)) (6.24)
By applying A* to both sides and by using that A*w = A*, it follows that

po=A%qy =A*1(qo) € A*OL(m(up)) = A*OL(AA~'A* (uy)). (6.25)

It now suffices to set xo = A ~'A* (1) to get (6.23).
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Example 6.5. A variational principle for nonpotential quasilinear PDEs in
divergence form

In order to resolve (6.19), we assume that 7 is a maximal monotone operator, and
we use Theorem 5.1 to associate to T a self-dual Lagrangian L on R" x R" such that
dL = T. We then consider the self-dual Lagrangian %7 on L*(Q;R") x L*(Q;R")
via the formula

Zr(u.p) = [ Lo, p())dx.
Assuming that T satisfies for all x € R”
|Tx| < C(1+|x|) and (Tx,x) > o|x|> — B, (6.26)

this implies that, for all u,p € R",

(Clul+p])?
L <~ =7 -
T(Mvp) = 20 +C|M| Ba
which yields that for some K > 0 we have
Zr(up) = [ L) p)dx KO +[al3+IpB)  ©27)

for any u and p in LZ(!LR”). We now apply Proposition 6.3 with the spaces E =
L*(Q;R"), X =H}(Q),X*=H"'(Q), and the operator A : X — E defined by Af =
Vf. Note that A*A = V*V = —A, which is an isomorphism from X = H} () onto
X* = H™'(Q). Note that the projection 7(u) = V(—A)~!V*u and its orthogonal
7t (u) = u— V(—A)~'V*u are nothing but the Hodge decomposition of any u €
L*(©2,R"), into a “pure potential” and a divergence-free vector field.

Let now py = V(—A)~!g in such a way that div pg = g. In view of Proposition
6.3, the infimum of the functional

J(u) = /Q (Lr(V(=A) "'V u, u— V(~A) "'V ut po) — (u,po) tdx  (6.28)

on L*(2,R") is equal to zero and is attained at 7 € L>(Q,R") in such a way that
i—V(=A)"'V*i+py € ILr (V(~A)"'V*a).

By taking their respective divergences, we obtain div pg € div (dL7 (V(—A)~'V*i)).

In other words, by setting f := (—A)~'V*a and recalling that dLy = T and
div pg = g, we finally obtain that g € div (T(Vf)), and f is then a solution of (6.19).

Remark 6.2. Note that an equivalent way to express the variational formulation
above consists of minimizing the functional

I(f,w) = /Q (L (V) w(x) + po(x)) — f(x)g(x) b dx (6.29)
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over all possible f € H} () and all w € L?(2;R") with divw = 0.

Exercises 6.B. Orthogonal projections and self-dual Lagrangians

1. Given maximal monotone mappings 7i,73,...,7,, on a Hilbert space H, and positive reals
ay, 0, ..., 04, consider the problem of finding x, and y;,yy,...,y, in H such that

Vi €Ti(x) fori=1,2,..,n and ¥ o4y; =0. (6.30)
i=1

Show that (6.30) can be reduced to the problem of minimizing the completely self-dual func-
n n

tional ¥, o;L7(x, yi) over all x € H and y1,y, ...,y in H such that Y a;y; = 0, where each Ly,
; =

1= l
is the self-dual Lagrangian on H associated with 7;.

Hint: Consider the space E := H| x Hy X ... X H, where each H; is the Hilbert space H re-
equipped with the scalar product (x,y)n, = 0;(x,y)n, and the orthogonal projection 7 from E
onto the diagonal subspace Y = {(x1,x2,...,X,);X] = X2 = ... = x,, }. Then, use Proposition 3.5
to deduce that M (u, p) := L(7(u) +x*(p), m(p) +m* (1)) is a self-dual Lagrangian on E x E,
where L is the self-dual Lagrangian on E x E defined by

L) (pi)s) = Y 6Ly i),
i=1

2. Use the above to develop a self-dual variational approach for locating a point in the intersection
of a finite number of closed convex subsets of a Hilbert space.

6.4 Completely self-dual functionals for certain differential
systems

The next proposition shows that the theory of self-dual Lagrangians is well suited
for “antiHamiltonian” systems of the form

(7A*y7Ax) € a(p(x,y), (631)

where ¢ is a convex lower semicontinuous functional on a reflexive Banach space
X x Y and A is any bounded linear operator from X to Y*.

Proposition 6.4. Let ¢ be a proper and coercive convex lower semicontinuous func-
tion on X x Y with (0,0) € dom(@), and let A : X — Y™ be any bounded linear oper-
ator. Assume By : X — X* (resp., By : Y — Y*) to be skew-adjoint operators. Then,
there exists (X,5) € X x Y such that

(—A*5+ B1X,Ax+ Byy) € 09(%,5). (6.32)

The solution is obtained as a minimizer on X X Y of the completely self-dual func-
tional
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I(x,y) = @(x,y) + ¢*(—A"y + B1x,Ax + Bay).

Proof. It is enough to apply Proposition 6.2 to the self-dual Lagrangian

L((x,y),(p,q)) = @(x,y) + " (—=A"y + Bix — p,Ax+ B2y — q)

obtained by shifting to the right the self-dual Lagrangian ¢ &,5A by the skew-adjoint
operator (Bj,B;) (see Proposition 3.4 (9)). This yields that I(x,y) = L((x,), (0,0))
attains its minimum at some (¥,7) € X x Y and that the minimum is actually 0. In
other words,

0 =1I(%,5) = ¢(%,5) + ¢ (—A"y + B1X,AX + B2y)
= @(%,7) + " (—A*§+ B1x,Ax + B2y) — ((%,7), (—A*y + B1X,AX + B2y)),

from which the equation follows.

Corollary 6.6. Given positive operators B| : X — X*, By : Y — Y™ and convex func-
tions @ in € (X) and @3 in € (Y) having 0 in their respective domains, we consider
the convex functionals i (x) = % (B1x,x) + @1 (x) and y(x) = 1 (Box,x) + ¢ (x).
Assume

v (x) +va(y)

= +00
xll+llyl—e [l + Iyl

Then, for any (f,g) € X* xY*, any ¢ € R, and any bounded linear operator A : X —
Y*, there exists a solution (%,y) € X XY to the system of equations

—A*y—Bix+f € d¢1(x) (6.33)
?Ax—Byy+g € (). ’
It can be obtained as a minimizer of the completely self-dual functional on X XY
I(x,y) = 11 (x) + 21 (=Bix = A"Y) + x2() + 43 (—¢ *B3y +Ax), (6.34)
where B (resp., B3) are the skew-symmetric parts of B and By and where X (x) =
Wi (x) = (f,x) and xo(x) = ¢ (ya(x) — (g,x)).

Proof. This follows by applying the above proposition to the convex function
@(x,y) = x1(x) + c*x2(y) and the skew-symmetric operators —B¢ and —B4. Note
that the operator A : X x ¥ — X* x Y* defined by A(x,y) = (A*y, —c?Ax) is skew-
adjoint once we equip X X Y with the scalar product

((x.9),(P,q)) = (x,p) +c > (1,q).
We then get

{ _A*y_Blllx_|_f € 8([)1()() +Bi ()C) (635)

*Ax—B3y+g € dpa(y) +B5(y),

which gives the result.
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Example 6.6. A variational principle for coupled equations

Let by : Q2 — R™ and by : Q — R be two smooth vector fields on a neighborhood
of a bounded domain Q2 of R" verifying the conditions in Example 6.4. Consider
the system:
A(v+u)+by-Vu = [ulP2u+f on Q,
AV —c®u)+by-Vv= |y 2v+g on Q, (6.36)
u=v=0 on dQ.

We can use the above to get the following result.

Theorem 6.2. Assume div(by) > 0 and div(bz) >00n Q, 1 < p,q < % and con-
sider on H} (2) x H} () the completely self-dual functional

1
H(u,v) = ¥(u) + ¥ (bl.Vu+ idiv(bl)u—i—Av)
a( )+qb*(lb Vot o div(by)v—A )
v 2 02.Vv+ o div(b) v u),
where

1 1 1 .
‘P(u) = 5/-(2‘Vu‘zdx+;/(2‘u|pdx+A2fde+1L2le(bl)|u|2d.x,

1 1 1 1
D(v)=— [ |Vv/d —/ aq —/ d —/d'b 2d
(v) 2C2/9| V| x+qc2 Q|v\ x—!—c2 ng x+462 A iv(by) |v|"dx

and V* and ®* are their Legendre transforms. Then, there exists (ii,V) € Hé (L) x
H} (Q) such that

1(@,7) = inf{I(u,v); (u,v) € H (Q) x HL(2)} =0

and (i1, V) is a solution of equation (6.36).

We can also reduce general minimization problems of nonself-dual functionals
of the form /(x) = ¢(x) 4+ y(Ax) to the much easier problem of minimizing self-dual
functionals in two variables.

Proposition 6.5. Letr ¢ (resp., W) be a convex lower semicontinuous function on a
reflexive Banach space X (resp. Y*) and let A : X — Y™ be a bounded linear operator.
Consider on X x Y the completely self-dual functional

1(x,y) = 0(x) + ¥ (y) + ¢" (=A"y) + ¥(Ax).
Assuming  lim  I(x,y) = oo, then the infimum of I is zero and is attained at a

llxell+[Iyl|—e=
point (X,¥) that determines the extremals of the min-max problem:

sup{—y*(y) — @*(=A"y);y € Y} = inf{9(x) + y(Ax);x € X }.
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The pair (%,7) also satisfies the system

—A*y € do(x)
{ Ax € Oy (y). (6.37)

Proof. It is sufficient to note that I(x,y) = L((x,y), (0,0), where L is the self-dual
Lagrangian defined on X x Y by

L((x,),(p,q)) = ¢(x) + ¥*(y) + @*(—A"y + p) + ¥(Ax+q).

By considering more general twisted sum Lagrangians, we obtain the following
application.

Corollary 6.7. Let X and Y be two reflexive Banach spaces and let A : X — Y* be
any bounded linear operator. Assume L and M are self-dual Lagrangians on X and
Y, respectively, such that

L(x,A* M(y,—A
lim (x,A"y) +M(y,—Ax)
e[+l oo ([ =+ [l

= +oo

Then, I1(x,y) := L(X,A*y) + M(3,—AX%) is a completely self-dual functional that at-
tains its infimum at (%,5) € X X Y in such a way that I(%,5) = 0 and

—A*5 € IL(F)
{ A% € IM(5). (6.38)

Proof. It suffices to apply Corollary 6.2 to the self-dual Lagrangian L &4 M.

6.5 Complete self-duality and semilinear transport equations

Theorem 6.3. Let L be a B-self-dual Lagrangian on a reflexive space X, where B :
X — X is a bounded linear operator on X. Consider a linear operator I' : D(I') C
X — X* such that B*I" is antisymmetric , and assume one of the following two
conditions:

1. L is standard and Dom (L) C D(I").
2. B'T" is skew-adjoint and x — L(x,0) is bounded on the unit ball of X.

Then,

L(x,I'x) ifxeD(I"
1) = {+oo ! if x ¢ D((F%

L(x,I'x)
[Ix]

is a completely self-dual functional on X. Moreover, if | ‘l‘im = +oo, then
X||— o0

there exists X € D(I") such that
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I(X) = infyex I(x) =0,
{ 'z € dgL(x). (6.39)
Proof. In both cases, the Lagrangian L is B-self-dual by Proposition 4.1. We can
therefore apply Corollary 6.2 to get X € Dom, (Lr) = D(I") NDom; (L), which sat-
isfies the claim.

Corollary 6.8. Let ¢ be a bounded below proper convex lower semicontinuous
o(x)

x|

function on a reflexive Banach space X such that ” |llim 0
X||— oo

= +oo. Suppose

I':D(I') C X — X* is an antisymmetric operator such that one of the following
conditions holds:

1. Dom(o) C D(I').
2. I' is skew-adjoint, and @ is bounded on the unit ball of X.

Then, for every f € X*, there exists a solution X € Dom(¢@) ND(I") to the equation
f+Txedox). (6.40)

It is obtained as a minimizer of the functional I(x) = @(x) — (f,x) + ¢*(I'x+ f).

Proof. It is an immediate consequence of Theorem 6.3 applied to the self-dual La-
grangian L(x, p) = y(x) + y*(p). where y(x) = ¢(x) + (/. x).
Example 6.7. Transport equations with the p-Laplacian

Consider the equation

6.41)

—Apu+ Sagu+ulu/" 2+ f =a-Vu on QCR”",
u=20 on JQ.

We then have the following application of Corollary 6.8 in the case of an unbounded
antisymmetric operator.

Theorem 6.4. Let a € C*(Q) be a smooth vector field on Q C R", and let ay €
L*(Q). Letp>2,1<m< % and assume the following condition:

div(a) +ap > 0 on Q. (6.42)
Consider the following convex and lower semicontinuous functional on L*():
1 1 . 2 1 m
o(u) = 7/ Vu|”dx+f/ (div(a)+ag)|u| dx—i——/ |ul dx—l—/ ufdx
pJo 4 Jo mJo Q
ifue Wol’p(.Q), and +oo ifu ¢ Wol’p(.Q). The functional

Ju) = { P00+ 0" (@ Y+ Ldiv(a)u) ifueW,"(Q) 6.43)
+oo otherwise '
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is completely self-dual on L*(Q), and it attains its minimum at ii € Wol’p(.Q) in such
away that 1(it) = inf{I(u); u € L*(Q)} = 0, while solving equation (6.41).

Proof. Let X = L?2(Q), and note that the operator I" : D(I") — X* defined by u —
a-Vu+ 1div(a)u with domain D(I') = {u € L*(R); a- Vu+ tdiv(a)u € L*(Q)} is
antisymmetric on X. The functional ¢ has a symmetric domain, namely WO1 P(Q),
that is contained in the domain of I". Moreover, ¢ is obviously coercive on L*(£),
and Corollary 6.8(1) therefore applies to yield i € L*(2) such that 0 = I(i1) =

inf{I(u);u € L*(Q)}. Clearly, i € WO1 ?(Q), and the rest follows as in the preceding
examples.

Example 6.8. Transport equation with no diffusion term

Let now a: Q — R" be a vector field in Cj’(£2), where Q is a bounded domain Q
of R™. The first-order linear operator 'u = a- Vu + %div(a)u is then skew-adjoint
from L? into LY whenever p > 1 and % + é = 1. Its domain is the space H2(Q) =
{ueLP;a-Vue LT} Let ag € L(2), and consider the following problem:

Vu = |ulP2
(et g o
Theorem 6.5. Assume either one of the following two conditions:
2 < p <o and ap+ 3div(a) > 0 on Q, (6.45)
1 < p<2andag+ 4div(a) > 8 > 00n Q. (6.46)

For f € L1(Q) where %—l— é =1, consider on L?(Q) the functional

1 1 1
¥(u) = f/ |u|Pdx+ f/ (ag—i— fdiv(a)> |u\2dx+/ Sfudx
pPJQ 2 Q 2 fe)
and its Legendre transform V*. The completely self-dual functional on LP(Q)

6.47)

I(u) = ¥(u)+¥*(a-Vu+idiv(a)u)  ifu € HM(Q)
e otherwise

then attains its minimum at it € HE(Q) in such a way that 1(it) = inf{I(u);u €
LP(Q)} =0and i is a solution of equation (6.44).

Proof. This is an immediate application of Corollary 6.8 in the case where the op-
erator I is skew-adjoint.
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Exercises 6.C. More on the composition of a self-dual Lagrangian
with an unbounded skew-adjoint operator

Let L be a self-dual Lagrangian on X x X* and let I" : D(I") C X — X* be a skew-adjoint operator.
1. Show that, for every A > 0, the Lagrangian

[ LY(x,Ix+p) ifxeD()
Mi(x,P)_{+}Loo b if x¢ D(I')

is self-dual on X x X*.
2. Assume that for some C > 0

C(||x||> = 1) < L(x,0) for every x € X, (6.48)
and show that for every A > 0 there exists x; € X such that
Tx; € OL(Jy,(xy,Txy)), (6.49)

where Jj (x, p) is the unique point where

1 A
L (. p) = LU (3 p),p) + 57 e = Ja (. p) P+ F 1.

3. Show that if (I'x ) is bounded in X*, then there exists & € X such that ['¥ € dL(%).
4. Show that if X is a Hilbert space H, then (I'x) ), is bounded, provided that for every A > 0 the
following condition holds:

(I'x,dL(x)) > —C(1+ (1+||x]|)[|0Ls (x)||) for every x € D(I").

-1
5. Consider for A > 0 the bounded operators I} = % =T'(I+AI). Show that

(=AD" = (+A0)7") and ()" =(-T);

and that I’ is a normal operator meaning that I; I;* = I
6. By considering the self-dual Lagrangian M,zL (x,p) = L(x,I}!x + p), where I'}{'y; := T
is the antisymmetric part of ¥, , show that if L satisfies (6.48), then for each A > 0 there exists
vy, € H such that _
I'yy € IL(y2).
7. Show that if (I, ), is bounded in H, then there exists j € H such that I'y € JL(5).

8. If ¢ is a proper convex lower semicontinuous function on H such that I ‘}im % = +oo and
X||—+o0

if for some 4 € H and C > 0 we have
@((I+AL)" (x+Ah)) < @(x)+CA forall x € H,

then there exists y € H such that I'y € d¢(y).

Further comments

The basic variational principle for completely self-dual functionals and its first ap-
plications to Lax-Milgram type results were given in Ghoussoub [55]. Particular
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cases of this approach in the case of Lagrangians of the form L(x, p) = ¢(x) + ¢*(p),
where y is a convex lower semicontinuous function were formulated by many au-
thors (Aubin [6], Auchmuty [10]-[13], Barbu-Kunish [20], Lemaire [84], Mabrouk
[91], Nayroles [118], Rios [131] —[134], Roubicek [138], Telega [155], and Visintin
[159]). Auchmuty also noted in [11] that variational inequalities can be formulated
in terms of self-dual variational equalities. Proofs of resolution — as opposed to
formulation — were eventually given in [13] for the case of cyclically monotone op-
erators. Completely self-dual functionals for quasilinear PDEs in divergence form
were constructed in [60]. The applications to systems — by exploiting the fact that
any operator can be made skew-adjoint on phase space — were given in Ghoussoub
[55]. The numerical application to the problem of inverting nonsymmetric matri-
ces was developed in Ghoussoub-Moradifam [66]. The two ways of regularizing a
completely self-dual functional described in Exercises 6.C were motivated by Barbu
[18] and were kindly communicated to us by L. Tzou.






Chapter 7

Semigroups of Contractions Associated to
Self-dual Lagrangians

We develop here a variational theory for dissipative initial-value problems via the
theory of self-dual Lagrangians. We consider semilinear parabolic equations, with
homogeneous state-boundary conditions, of the form

{u(t)+Fu(t)+a)u(t) € do(t,u(t)) on [0,T] 7.1

u(0) = uo,

where I is an antisymmetric — possibly unbounded — operator on a Hilbert space H,
¢ is a convex lower semicontinuous function on H, ® € R, and ug € H. Assuming
for now that @ = 0, the framework proposed in the last chapter for the stationary
case already leads to a formulation of (7.1) as a time-dependent self-dual equation
on state space of the form

{ —u(t) € IL(t,u(r)) (7.2)

u(0) = up,

where the self-dual Lagrangians L(z,-,-) on H x H are associated to the convex
functional ¢ and the operator I" in the following way:

L(t,u,p) = @(t,u) +¢*(t,Tu+p).

We shall see that a (time-dependent) self dual Lagrangian L: [0,7] x Hx H — R
on a Hilbert space H, “lifts” to a partially self-dual Lagrangian . on path space
A% ={u:[0,T] — H;u € L%} via the formula

ZL(u,p) = /OT L(t,u(t) = p(t), —i(t))d1 + Luy (u(0) — a,u(T)),

where ¢, is an appropriate time-boundary Lagrangian and where (p(t),a) € L%, X
H, which happens to be a convenient representation for the dual of A%. Equation
(7.2) can then be formulated as a stationary equation on path space of the form

119
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0€dLu), (7.3)

hence reducing the dynamic problem to the stationary case already considered in the
previous chapter. A solution i(#) of (7.3) can then be obtained by simply minimizing
the completely self-dual functional

T
I(M):/O L(t,u(t), —u(t))dt + £y, (u(0),u(T)).

As such, one can naturally associate to the Lagrangian L a semigroup of contractive
maps (S;); on H via the formula S,uq := #(¢). This chapter is focused on the imple-
mentation of this approach with a minimal set of hypotheses, and on the application
of this variational approach to various standard parabolic equations.

7.1 Initial-value problems for time-dependent Lagrangians

Self-dual Lagrangians on path space

Definition 7.1. Let B be a bounded linear operator on a reflexive Banach space X
and let [0,7] be a fixed time interval. We shall say that a time-dependent convex
Lagrangian L on [0,T] x X x X* is a B-self-dual Lagrangian if for any 7 € [0, T] the
map L, : (x,p) — L(t,x, p) is in Z54(X), that is, if for all # € [0, T]

L*(t,B*p,Bx) = L(t,x,p) forall (x,p) € X x X*,
where here L* is the Legendre transform of L in the last two variables.

The most basic time-dependent B-self-dual Lagrangians are again of the form

L(t,x,p) = ¢(t,Bx)+ ¢*(t,p),

where for each ¢ the function x — @(¢,x) is convex and lower semicontinuous on X
and B is either onto or has dense range, while x — ¢(¢,x) is continuous. Theorem
2.4 shows that self-duality naturally “lifts” to — at least — certain subsets of path
space. Indeed, an immediate application of that result is the following proposition.

Proposition 7.1. Suppose L is a time-dependent self-dual Lagrangian on [0,T] x
H x H. Then,

1. for each ® € R, the Lagrangian . (u,p) == [] e L(t,e " u(t),e ™" p(t))dt is
self-dual on L2 x L%,
2. if 0 is a convex lower semicontinuous function on H x H that satisfies

0 (x,p) =£(—x,p) for (x,p) € H X H, (7.4)



7.1 Initial-value problems for time-dependent Lagrangians 121

then the Lagrangian defined for (u,p) = (u,(po(t),p1)) € A% x (A})* = A% x
(H x L%) by

ZL(u,p) = /OTL(% u(t) = po(t), —u(r))dr +£(u(0) — p1, u(T)) (7.5)

satisfies £*(p,u) = £ (u, p) for any (u,p) € A4 x (L x {0}).

In particular, £ is partially self-dual on the space A%, X (A%I)*, where the duality is
given by the identification of (A%,)* with L%{ x H.

The proposition above combined with Proposition 6.1 has the following immediate
application.

Theorem 7.1. Let L be a time-dependent self-dual Lagrangian on [0,T] x H X H,
and consider ¢ to be a boundary Lagrangian on H X H satisfying (*(x, p) = £(—x, p)
Sorall (x,p) € H x H. Suppose there exist C; > 0,Cy > 0 such that

Jo L(t,x(£),0)dt < Cy(1+||x|%, ) for all x € L}, (7.6)
‘H

0(a,0) < Co(1+ ||a||?) foralla € H. (7.7)

(1) The functional I ;(u) := fOTL(t,u(t),fu(t))dt+€(u(0),u(T)) is then com-
pletely self-dual on A%I.
(2) There exists v € Ay, such that (v(t),v(t)) € Dom(L) for almost all t € [0,T] and

Io(v) = léifz Iy (u) =0, (7.8)
%@,L(t,v(t),v(t)) = oL(t,v(t),—v(1)), (7.9
—v(t) € IL(t,v(1)), (7.10)
(—=v(0),v(T)) € dL(v(0),v(T)). (7.11)

(3) In particular, for every vo € H, the completely self-dual functional
r . 1 2 2, 1 2
Iy (1) = /0 Lt,u(t), —i(r))dt + 2 {[u(O)]I" = 2(vo, u(0)) + [|vol|” + 5 [[u(T)]

has minimum zero on A,zi. It is attained at a path v that solves (7.9), (7.10), while
satisfying
v(0) = vy, (7.12)

and

()% = [Ivol2 =2 /O L(s.v(s),—v(s))ds fort€[0,T].  (7.13)

(4) If L is strictly convex, then v is unique, and if L is autonomous and uniformly
convex, then v belongs to C'([0,T),H) and we have
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@)l < [Iv(0)| for all t € [0,T). (7.14)

Proof. (1) Apply Proposition 7.1 to get that

Llup) = [ L0u0) ~ pole), o))t +(u(0) ~ pr, u(T)

is a partially self-dual Lagrangian on A.
(2) Apply Proposition 6.1 to I, o(u) = % (u,0) since in this case

T
20.0)= [ L(t.=po(t).0)d1+(=p1,0) < C(1+[pol3) + 11

which means that p — £(0, p) is bounded on the bounded sets of (A%)*. There
exists therefore v € A%, such that (7.8) holds. Note that (7.9) is nothing but the cor-
responding Euler-Lagrange equation. For the rest, note that (7.8) yields

T
ILe(v) = /0 {L(t,v(2), =v(0)) + (v(2),9(2)) } dt
+L(v(0),(T)) - %(IIV(T)II2 = [v()]1?)
= 0.

Since L(t,x,p) > (x,p) for (t,x,p) € [0,T] x H x H, and £(a,b) > 5(||b|]* — |a|*)
forall a,b € H, we get

L(t,v(t),—v(t)) + (v(r),v(t)) =0 fora.e r € [0,T]

and |
£(v(0),v(T)) — E(HV(T)II2 —[v(0)[*) =0,

which translate into (7.10), (7.11) respectively.
(3) Given now vg € H, use the boundary Lagrangian

1 1
b (1) = S 17117 = 2000, 1) + [lvol 2 + 5 ]2,

*

which clearly satisfies £},

(x,p) = £,,(—x, p), to obtain

T
Iy () = /0 (Lt (), —a(e)) + {u(r), (1)) de + | u(0) = vol1?,
and consequently
v(0) = vg and L(s,v(s),—v(s)) + (v(s),v(s)) =0 fora.e s € [0,T]. (7.15)

. . . . d(|v(s)]? .
This yields equation (7.13) since then ( ;;)I ) = —2L(s,v(s),—v(s)).
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(4) If now L is strictly convex, then I y is strictly convex and the minimum is
attained uniquely. If L is uniformly convex, then (7.10) combined with Lemma 3.1
yields that v € C'([0,T], H), and (7.14) then follows from the following observation.

Lemma 7.1. Suppose L(t, , ) is convex on H X H for each t € [0,T], and that x(t)
and v(t) are two paths in C'([0,T],H) satisfying x(0) = xo, v(0) = vo, —%(t) €
OL(t,x(t)) and —v(t) € IL(t,v(t)). Then, ||x(¢) —v(2)|| < [|x(0) —v(0)|| for all t €
[0,T].

EGETATEN

Proof. In view of the monotonicity of dL, we can estimate a(f) = %
follows:

() = (v(t) = (1), ¥(0) = (1)) = = (1) = 2(0), ILLz, (1)) = IL(1,x(1)) ) < 0.

It then follows that [|x(z) — v(¢)|| < [|x(0) — v(0)|| for all # > 0. Now if L is au-
tonomous, v(¢) and x(t) = v(t 4 h) are solutions for any & > 0, so that (7.14) follows
from the above.

We now give a couple of immediate applications to parabolic equations involv-
ing time-dependent convex or semiconvex dissipative terms as well as — possibly
unbounded — skew-adjoint operators. We shall, however, see in the next sections
that the boundedness hypothesis can be relaxed considerably when dealing with
autonomous Lagrangians.

Parabolic equations with time-dependent semilinearities and no
diffusive term

Theorem 7.2. Let I' : D(I') C H — H be a skew-adjoint operator on a Hilbert
space H, and let @ : [0,T] x H — RU{+o0} be a time-dependent convex Gateaux-
differentiable function on H such that for some m,n > 1 and C\,C> > 0 we have

C (||x||’L"[21 -1)< JL ®(1,x(r))dr < C(1+ ||xHZ%1)f0r everyx €Ly,  (7.16)

Let (S;)ser be the Cy-unitary group of operators on H associated to I', and consider
for any given ® € R the following functional on A%{:

I(x) = /OT e 2O L (e Syx(t)) + D (—e'S,x(1)) } dt

Jr%(l%(())l2 +[x(T)I?) = 2(x(0), vo) + [vol*.

Then, I is a completely self-dual functional on A,z_,, and there exists a path X € A%_I
such that:

1. I(£) = inf I(x) =0.

2
XEAY
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2. The path v(t) := S;e® %(t) is a mild solution of the equation

v(t)+ITv(t)—ov(t) € —0P(t,v(t)) forae.t€[0,T) (7.17)
v(0) = vy, (7.18)

meaning that it satisfies the following integral equation:
v(t) = Svo — [5 {Si—s0P(s,v(s)) — @Sv(s) } ds for t € [0,T]. (7.19)
Proof. Apply Theorem 7.1 with the Lagrangian
L(t,x,p) = e 2 {D(t,e'S,x) + D*(t,e'*Spx+ ' ®S;p) }

which is self-dual thanks to properties (1) and (4) of Proposition 3.4. We then obtain
#(t) € A% such that

1(%) = /OT e 2D (1,86 %(t)) + D (— S, e (r)) dt
5 (F(O0) P+ 2(T) )~ 245(0),vo) + vof?

which gives
0= /O "o 200 [ (15,67 5(1)) + B (= S,eVE(1)) + (S, 5(1), S,e”3(1))] dr

~ [ (550, 550+ 3 (ROP +TIP) - 2(5(0)w0) + ol
_ /0 "o 200 [ (1,5, (1)) + B (= S,V R(1)) + (e 2(1), S (1))

+{I£(0) — vol|*.

Since @ (1,5, %(t)) + D* (— S,e®X(t)) + (Sre®2(1),S;e™%(t)) > 0 for every 1 €
[0,T], we get equality, from which we can conclude that

—S:e?'%(t) = dD(t,S;e®%(t)) for almost all ¢ € [0, T] and £(0) = vp. (7.20)
In order to show that v(z) := S,e®’%(¢) is a mild solution for (7.17), we set u(t) =

e® %(t) and write
=S8, (i(t) — ou(t)) = dP(t,Su(t)),

and hence ui(r) — wu(t)) = —S_;dP(¢,v(t)). By integrating between 0 and ¢, we get

u(t) = u(0) — /0 (5,00 (5, v(s)) — wu(s)} ds.

Substituting v(¢) = S;u(z) in the above equation gives
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Sv(1) =v(0)~ /0 (8D (s,v(5)) — ov(s)} ds,

and consequently

v(t) = Siv(0) S, /0 (S 0D(s5,v(s)) — @v(s)} ds
~ Sivo— /O (81,0 (5,v(s)) — 0Sv(s)} ds,

which means that v(¢) is a mild solution for (7.17).

Remark 7.1. One can actually drop the coercivity condition (the lower bound) on
@(t,u(t)) in (7.16). Indeed, by applying the result to the coercive convex functional
b(r,u(t)) := P(t,u(t)) + 5|lu(t)||} and @ = ® + €, we then obtain a solution of
(7.17).

Example 7.1. The complex Ginzburg-Landau initial-value problem on RV
As an illustration, we consider the complex Ginzburg-Landau equations on RY

i(r) — idu+de(t,u(t)) — ou(r) = 0. (7.21)

Theorem 7.2 yields under the condition

T T
—c< [ otutnar<c( [ ue) g di+1). (7.22)
where C > 0, that there exists a mild solution of

{ u(t) —iAu+0@(t,u(t)) — a)u(tg =0,

u(0,x) = uo.

7.2 Initial-value parabolic equations with a diffusive term

Given0 < T <oo, 1 <p<oo, 1 <q<oowith%+$ =1, and a Hilbert space H such
that X C H C X* is an evolution triple, we recall the definition of the space

Ly g =WP(0,T:X,H) = {u:ueLP(0,T : X),i€L90,T : X*)}

equipped with the norm [[ul| 2, . = |lu||zr0,7:x) + 8l 29 (0,7:x+)-

Theorem 7.3. Let X C H C X* be an evolution triple, and consider a time-dependent
self-dual Lagrangian L(t,x, p) on [0,T] x X x X* and a Lagrangian £ on H x H ver-
ifying 0*(x, p) = £(—x, p) on H x H. Assume the following conditions are satisfied:
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(A1) Forsomep>2, mmn>1,andCy,Cy > 0, we have
C (||x||;"’)p( 1)< fOTL(l,x(t),O) dt <G (1+ ||xHZ§) for every x € L.
(A2)  For some C3 > 0, we have
U(a,b) < Cs(1+ |\all3 +||bl|%) for all a,b € H.

The functional I(x) = fOTL(t,x(t), —x(1)) dt 4+ £(x(0),x(T)) is then completely self-
dual on % 4 and attains its minimum at a path v such that

I(v) =inf{I(x);x € 2,4} =0, (7.23)
—(t) € IL(t,v(t)) a.e., t € [0,T], (7.24)
(=v(0),v(T)) € d¢(v(0),v(T)). (7.25)

Proof. Use Lemma 3.4 and condition (A) to lift L to a self-dual Lagrangian on
H x H. Then, consider for A > 0, the A-regularization of L, namely

Jlx—z||*

P
7 +2||p||,zeH}. (7.26)

L (tp) =int{ Ltz p) +
It is clear that Li and ¢ satisfy conditions (7.6) and (7.7) of Theorem 7.1. It follows
that there exists a path vy (t) € A% such that

T
| L 2 0. =9.0)) dir +-£002.0) v (T) =0, (7.27)
Since L is convex and lower semicontinuous, there exists iy (v, ) such that

N [va () =iz (va)l

22
L) (t,v3,—V3) = L(t,i3 (v2),—V2) 7 +§||VA||2- (7.28)

Combine the last two identities to get

T . IR A
0—/0 (L(I,IA(VA),—VA)JFT+§“V1|‘ )dt

+£(v2.(0),v2(T)). (7.29)

By the coercivity assumptions in (A1), we obtain that (i3 (v;)); is bounded in
LP(0,T;X) and (v;); is bounded in L?(0,T;H). According to Lemma 3.5, con-
dition (A;) yields that fOTL(t,x(t),p(t))dt is coercive in p(¢t) on L9(0,T;X"),
and therefore it follows from (7.29) that (v,), is bounded in L4(0,7;X"*). Also,
since all the other terms in (7.29) are bounded below, it follows that [ ||vy (1) —
i (v2)||?>dt < 2AC for a constant C > 0.

Condition (A;) combined with the fact that £*(x, p) = ¢(—x, p) yields that ¢ is
coercive on H, from which we can deduce that v; (0) and v, (T) are also bounded
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in H. Therefore there exists v € L2, with v € L(0,T;X*) and v(0),v(T) € X* such
that

ip(va)=v in LP(0,T;X),

v, —=v in L4(0,T;X"),

v, —=v in L*0,T;H),
v2(0) = v(0), v (T)—v(T) in H.

By letting A go to zero in (7.29), we obtain from the above and the lower semicon-
tinuity of L and /¢ that

T
£(v(0),v(T)) +/ L(t,v(1),v(t)) dr <0. (7.30)
0
The reverse inequality follows from self-duality and we therefore have equality. The
rest follows as in Theorem 7.1.
Example 7.2. The heat equation

Let ©Q be a smooth bounded domain in R”, and consider the evolution triple
H}(Q) C H:=1*(Q) C H . Consider on L?(£2) the Dirichlet functional

1 2 1
_ [z JalVul* on H;(2)
?l)= { +oo elsewhere. (7.31)

Its Legendre conjugate is then given by ¢* (1) = 1 [ |[V(—A)"1u|?dx.

Theorem 7.3 allows us to conclude that, for any ug € L?>() and any f €
L*([0,T);H~'(Q)), the infimum of the completely self-dual functional

I(u) = %/OT/Q (IVu(t,2)[2 = 2 (t,x)u(x,1)) dxdr
+/0T%/Q‘V(fA)*(f(t,x)f%(t,x)))dedth/Qu(O,x)uo(x)dx
—l—/ﬂ|u0(x)|2dx+%/ﬂq(\u(O,xﬂz—i—|u(T,x)\2)dx (7.32)

on the space A%_I is equal to zero and is attained uniquely at an H(} (Q)-valued path
u such that [ [|i(t)||3dr < 4o and is a solution of the equation:

{ ( %:Au—i-fon [0,T] x 2,
u

0,x) = up on Q. (7.33)
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Parabolic equations with time-dependent dissipative and
conservative terms

In the case of parabolic equations involving bounded skew-adjoint operators, we can
already deduce the following general result.

Theorem 7.4. Let X C H C X* be an evolution triple, A, : X — X* bounded pos-
itive operators on X, and @ : [0,T] X X — RU {+oe} a time-dependent convex,
lower semicontinuous and proper function. Consider the convex function ®(t,x) =
@(t,x) + 3 (Ax,x) as well as the antisymmetric part A? := (A, — A}) of A,. Assume
that for some p > 2, m,n > 1, and C,C > 0, we have for every x € L§

T
Ci(llxlizy = 1) S/O {@(t,x(1) + @ (1, —A7x(t)) ydt < Co (1+ [Ix[I7p )
Forany T >0, w € R, and vy € H, consider the following functional on % 4:
T
1(x) :/ e 2O D(t,ex(1)) + D*(t, —e® (Alx(t) +%(r))) } dt
0
L O+ x(T)P) —2(x(0 2
+5 (R(O)" + [x(T)[7) = 2{x(0), vo) + [vo .

Then, I is a completely self-dual functional on Z,, 4, and there exists £ € LP(0,T : X )
with X € L9(0,T : X*) such that:
1.I(%) = inf I(x)=0.
Zpa

2. If v(¢) is defined by v(t) := e® X(t), then it satisfies

—v(t) —Apw(t) + ov(t) € do(t,v(t)) fora.e t€[0,T], (7.34)

v(0) = vp. (7.35)
This is a direct corollary of Theorem 7.3 applied to the self-dual Lagrangian
L(t,x,p) = e 2 {D(t,e”x) + D*(t,—e” A"x+ "' p) }

associated to a convex lower semicontinuous function @, a skew-adjoint operator
_ 1,2 2 11412

A%, and a scalar @, and £(r,s) = 5 ||r[|* = 2{vo, r) + [[vo||* + 3 ||s]|*.

Example 7.3. Initial-value Ginzburg-Landau evolution with diffusion

Consider complex Ginzburg-Landau equations of the type,
%_(K+i)A“+a(P(fau)—wu=0 (t,x) € (0,T) x Q,

u(t,x) =0 X€IR, (7.36)
u(0,x) = uy,
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where k¥ > 0, @ > 0, Q is a bounded domain in R, ug € L*(Q), and ¥ is a time-
dependent convex lower semicontinuous function. An immediate corollary of The-
orem 7.4 is the following.

Corollary 7.1. Let X := H} (Q), H := L*(Q), and X* = H"'(Q). If for some C >0
we have

—C < fy W(tu(e))dt <C(Jy |lut)|} di +1) for every u € LZ[0,T),
then there exists a solution u € 2> > for equation (7.36).

Proof. Set A = —(k +i)Au, so that ®(t,u) := & [|Vul’dx+ @(t,u(t)) and A? =
—iA. Note that since

T
iy =1) < [ @) dr < callulfy +1) (737)
for some c1,cy > 0, we therefore have
! 2 T / 2
vz, ~1< [ @ and (vl +1)

for some ¢/, ¢5 > 0 and hence,

cﬁ(/OT/QW(—A)’ldexdt—l) < /OTqb*(m)dt

(/OT/Q IV(=A)"'v[dxdr + 1>’

<c

o~

from which we obtain

T T T
([ [ vapasa—1) < [Torwiswar<es( [ [ VP avar+1),
0 JQ 0 o Jo

which, once coupled with (7.37), yields the required boundedness in Theorem 7.4.

7.3 Semigroups of contractions associated to self-dual
Lagrangians

In this section, we shall associate to a self-dual Lagrangian L on a Hilbert space
H x H a semigroup of maps (7;),;cg+ on H, which is defined for any xo € Dom(dL)
as T;xo = x(t), where x(¢) is the unique solution of the following:

{ —i(t) e:L(x(t)) 1€10,T] (7.38)
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As noted above, such a solution can be obtained by minimizing the completely self-
dual functional

T 1 1
I(u) = /0 L(u(t), —u(r))dr + EIIM(O)H2 —2{x0,u(0)) + [lxo]* + §||M(T)||2

on A% and showing that (x) = inf 1 (1) = 0. Now, according to Theorem 7.1, this
u€Ay

can be done whenever the Lagrangian L satisfies the condition
L(x,0) < C(||x||*+1) forallx€H, (7.39)

which is too stringent for most applications. We shall, however, see that this con-
dition can be relaxed considerably via the A-regularization procedure of self-dual
Lagrangians. The following is the main result of this section.

Theorem 7.5. Let L be a self-dual Lagrangian on a Hilbert space H x H that is
uniformly convex in the first variable. Assuming Dom(dL) is nonempty, then for any
o € R there exists a semigroup of maps (T;),cr+ defined on Dom(dL) such that:

1. Tox =x and | T,x — Ty|| < e~ ®'||x —y|| for any x,y € Dom(JL).
2. For any xo € Dom(dL), we have T;xo = x(t), where x(t) is the unique path that
minimizes on A%, the completely self-dual functional

() = / " 2O (u(t), —aou(e) — i(e))dr

0

1 1
5 [(O)I1” = 2(x0, 1(0)) + [lxo |* + S [|e® (T |,

3. For any xo € Dom(dL), the path x(t) = T,xq satisfies

—%(t) — ox(t) € IL(x(t)) t€][0,T] (7.40)
x(0) = xo.
First, we shall prove the following improvement of Theorem 7.1, provided L is

autonomous. The boundedness condition is still there, but we first show regularity
in the semiconvex case.

Proposition 7.2. Assume L : H x H — RU {00} is an autonomous self-dual La-
grangian that is uniformly convex and suppose

L(x,0) <C(||x||*+1) forxe€H. (7.41)

Then, for any @ € R, xg € H, there exists u € C' ([0,T] : H) such that u(0) = xo and

T
O:/ ezth(e_wtu(t),—e_mtu(t))dt
0

1 1
+5[1u(0) I = 2(x0,u(0)) + [lxol|* + 5 u(T) [ (7.42)
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—e~ @ (u(t),u(t)) € IL(eu(r),e"i(r)) t€[0,T], (7.43)
la(0)]| < C(@,T)[|a(0)[| ¢ <[0,T], (7.44)

where C(®,T) is a positive constant.

Proof of Proposition 7.2: Apply Theorem 7.1 to the Lagrangian M(z,x,p) =

> L(e=®x,e~® p), which is also self-dual by Proposition 3.4. There exists then

u € A% such that (u(t),u(t)) € Dom(M) for a.e.t € [0,T] and I(u) = inf /(x) =0,
XEAY

where
r . 1 2 2, 1 2
1) = [ (e300, =30+ 3 (0> = 2050,5(0)) + o+ 5 (7).
The path u then satisfies u(0) = xo, and for a.e. r € [0,T],
—(a(r),u(r)) € OM(r,u(r),u(r))
and via the chain rule
OM(t,x,p) = e dL(e” x,e ' p),
and get that for almost all t € [0,
—e " (a(r),u(t)) € dL(e”u(r), e~ u(t)).
Apply Lemma 3.1 to x(¢) = e~ “'u(t) and v(¢t) = e ®u(r) to conclude that i €
C([0,T] : H), and therefore u € C' ([0,T] : H). Since L is self-dual and uniformly

convex, we get from Lemma 3.1 that (x, p) — dL(x, p) is Lipschitz, and so by con-
tinuity we have now for all 7 € [0, 7|

—e ' ((r),u(t)) € AL(e”u(r),e”u(t)),

and (7.43) is verified.
To establish (7.44), we first differentiate to obtain
d
e*mfE () — e u(t+h)|? =272 (u(t) — e~ u(t +h),i(t) — e~ Mt +h)).

Setting now v (1) = 91 L(e~ u(t),e"i(t)) and vy (1) = drL(e u(t),e”u(r)),
we obtain from (7.43) and monotonicity that

d
e 20— u(r) = et +m)| = (e u(r) = e u(t 4 ), —vi (1) + vt + k) +

(e (t) — e~ UMyt 4 h), —va(t) + va(t + b))
<0.

We conclude from this that
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e(t) — e " u(e +h)|| _ [lu(0) —e " u(h)]
h - h ’
and as we take h — 0, we get ||ou(t) +u(2)|| < ||@xo +1(0)]|. Therefore
la(@)] < [la(0)]] + |l [[u(2)]]
and

< [ ats)lds < @7 +10] [ uts)] s

It follows from Gronwall’s inequality that [|u()|| < ||i(0)]|(C + |@[e®T) for all
t € [0,T] and finally that

()| < [|1&(0) ][ (C + @]+ |o[*el®T).

We now proceed with the proof of Theorem 7.5. For that we first consider the A-
regularization of the Lagrangian so that the boundedness condition (7.41) in Propo-
sition 7.2 is satisfied, and then make sure that all goes well when we take the limit
as A goes to 0.

End of proof of Theorem 7.5. Let M, (t,x,p) = €**'L) (e~ ®'x,e~® p), which is
also self-dual and uniformly convex by Lemma 3.3.

2
We have L} (¢,x,0) < L(0,0) + H;i, and hence Proposition 7.2 applies and we
get for all A > 0 a solution x; € C'([0,7] : H) such that x; (0) = xo,

/OTM;L (l,xl(l‘),—xl(l‘)) dt—&-ﬂ(x;L(O),x,l(T)) =0, (7.45)

—e™ P (x5 (1),x2 (1)) € AL} (e7xy (1), e x5 (1)) fort € [0,T],  (7.46)

[ (1) < C(@, T2 (0)]- (7.47)

Here £(x, (0),4(T)) = 3 1 (0)]12 — (30,51 (0)) + o [P+ s () |2. By the def-
inition of M, (¢,x, p), identity (7.45) can be written as

/OT L) (67 xy (), —e ™y (1)) dt +£(x2.(0),x2 (T)) =0, (7.48)

and since

lx—J(x,p)|I> . Allpl?

Ly (x,p) = L(J;(x,p),p) + o 5

equation (7.45) can be written as
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. e~ @y —v 2 e Oy 2
./()Tezwt(L(vl(t),—efwtxl(t))—|— | l(;)l A0l _‘_)LH Zl(t)ll )dl

+€(x,1 (0),x, (T)) =0,

where vy () = Jj (e ®'x; (t),—e %, (t)). Using Lemma 3.3, we get from (7.46)
that for all 7

o a o e P xy (1) — vy (t
—e % (1) = L) (e ' xp (1), e x5 (1)) = M (7.49)
Setting # = 0 in (7.46) and noting that x;,(0) = xo, we get that —(x;(0),x9) €
dL! (x0,%,(0)), and since xo € Dom(dL), we can apply (7.14) in Theorem 7.1 to
2 A pply
get that ||, (0)|| < C for all A > 0. Now we plug this inequality into (7.47) and

obtain
|41 ()| < D(@,T) VYA >0 Vrel0,T).

This yields by (7.49) that
e x; (1) — vy ()] < ®TD(@,T)A Vi €[0,T],

and hence
lle=®"xa () —va ()|

— 0 uniformly in 7. (7.50)

Moreover, since ||%;, || A, < D(w,T) for all A > 0, there exists £ € A% such that, up
to a subsequence,

x), —£inA%, (7.51)
and again by (7.49) we have
T
/ 2 () — e~ 5(0) 3t — 0, (7.52)
0
while clearly implies that
—0ty, (1 2
xw . 0 uniformly. (1.53)

Now use (7.50)—(7.53) and the lower semicontinuity of L, to deduce from (7.48) that
as A — 0 we have

9= [ " 20 (= 95(1), —em3()) di + £(3(0),5(T)) < 0
[ 7 1)) <0.

Since we already know that 7(x) > 0 for all x € A, we finally get our claim that
0=1(%) =inf,_,> I(x).

Now define T;xo := e~ ®'£(¢). It is easy to see that x(¢) := T;x satisfies equa-
tion (7.40) and that Tyxg = xo. We need to check that {7;},cg+ is a semigroup. By
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the uniqueness of minimizers, this is equivalent to showing that for all s < T, the
function v() := x(¢ + s) satisfies

0 /Tﬁs 2th( (l‘) —cot( d ot (l‘)))dl‘
= e —e —e
A v(t), prad
1 1 _
5 V)7 = 2(Tox0,9(0)) + | Tyxol | + 5 [|e™T=v(T) |
By the definition of x(z) and the fact that /(£) = 0, we have
0= /T Zth( (t) _ —wt(i ot (t)))dt
=/ ¢ x(t),—e PR
1 1
+5 (0} 7 = 2{x0,6(0)) + lxol* + 3 [le (T .
Since x(z) satisfies equation (7.40), we have
0= /Sezw’L(x(t) —e_“”(ie“”x(t)))dt
b ’ dt
| L
+5 (O = 2(x0,x(0)) + o 1> + 5 €™ x(s) >
By subtracting the two equations we get
r 20t —t d wt 1 oT 2 1 s 2
0=/ e L(x(t),—e (—e x(t)))dH— —1e®" x(T)||” — = ||ex(s)]|".
Js dt 2 2
Make a substitution r =t — s and we obtain
0=cod | L (o), (L)) dr LTI~ o)
0 ’ dr 2 2
and finally
= / 2er —efw’(iew’v(r)))dr
) dr
1 -
+2H v(0)[1> = 2(Tyx0,v(0)) + \lTsXO||2+§||€“’<T ()|

It follows that Ty (T;xg) = Ty44X0-
To check the Lipschitz constant of the semigroup, we differentiate || 7;xo — T;x; ||?
and use equation (7.40) in conjunction with monotonicity to see that

d
EHEXO —Txi|]* < — || Tixo — Tix ||

whenever xg,x; € Dom(gL). A simple application of Gronwall’s inequality gives
the desired conclusions.
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Exercise 7. A.

1. Show that the semi-group associated to a self-dual Lagrangian L by Theorem 7.5 maps
Dom(dL) into itself, and that it can be extended to a continuous semi-group of contractions
(S);er+ on the closure of Dom(dL), in such a way that 1121(1) IS¢ — u|| = O for every u in the
closure of Dom(dL).

2. Conversely, assuming that (S;), is a continuous semi-group of contractions on a closed convex
subset D of a Hilbert space H, show that there exists a self-dual Lagrangian L such that for
every ug € D, we have 0 € %S,uo + dL(Srup).

7.4 Variational resolution for gradient flows of semiconvex
functions

Corollary 7.2. Let ¢ : H — RU{+o0} be a bounded below proper convex and lower
semicontinuous on a Hilbert space H. For any uy € Dom(d¢@) and any ® € R,
consider the completely self-dual functional

1) = [ @ [wte ) + v (e ite))]

1
5 ([(O) + [w(T)[*) = 2(u(0), uo) + [uo?, (7.54)
where y(x) = @(x)+ 5 ||x||> and ®' = w—1. Then, I has a unique minimizer it in A3,
such that 1(i1) = inf2 I(u) = 0, and the path v(t) = e~ ®"'ii(t) is the unique solution
ucAy
of the equation

{v(r)—wv(t) € —do(v(1)) ae. on [0,7] (7.55)
v(0) = uo.

Proof. This is a direct application of the above with L(x, p) = y(x) + y*(p), which
is clearly uniformly convex in the first variable.

Example 7.4. Quasilinear parabolic equations

Let © be a smooth bounded domain in R”. For p > % the Sobolev space

WO1 Ll () C H:= L*(Q), and so we define on L?() the functional

1p+1
o(u) = 1 Jo [VulPton Wy (@) (7.56)
+oo elsewhere
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and let ¢* be its Legendre conjugate. For any @ € R, any uy € L>(R2), and any
n+-1
fer*([0,1]; who (R2)), the infimum of the completely self-dual functional

() = L/Tem'/ (IVult, )P — (p+ 1) £(t,x)u(x,1)) dxdr
p+1 0 o 9 9 9
T d
+/ ez"”(p* f(t)—am(t)—%)dt
—2/ (0,x)up(x dx+/ |uo(x)] dx+2/ u(0,x)> + T |u(T, x)|?)dx

on the space A% is equal to zero and is attained uniquely at a WO1 P (2)-valued
path u such that [ [|i()||3d < -+ and is a solution of the equation

@ =
S =Autoutf on Qx[0,T], (7.57)
u(0,x) = up(x) on Q,
Similarly, we can deal with the equation
3t = Apu—Au+ou+f on Qx[0,T], (7.58)
u(0,x) = M()( ) on Q
whenever A is a positive operator on L?(Q).
Example 7.5. Porous media equations
Let H = H~'(Q) equipped with the scalar product (u,v) - = [qu(—A)"'vdx.
For m > Z +§, we have L] (Q)CH, ! and so we can con51der the functional
1 m+1 m+1
_ S e lul™T on L)
(1) { +oo elsewhere (7.59)
and its conjugate
m m+1l
= — - md 7.60
o [ =) (7.60

Then, for any @ € R, up € H (), and f € L*([0,T];H '(R)), the infimum of
the completely self-dual functional

1 T
I(u) = THA ez“”/g|u(t,x)|m+] dxdt

eI [T [ (e aute ) - 24e.0)

—/OTeZ“”/Qu(x,t)(—A)flf(Lx)dxdt—i—./Q IV(=A) " ug(x)|* dx

m+1

" dxdt
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_ 1
-2 [ w0(x)(~4) a0+ 5 (|2, +e7 u(T)? )
Q 2 H H

on the space A%{ is equal to zero and is attained uniquely at an L"*!(Q)-valued path
u such that [ ||i(t)||3,dt < +oo and is a solution of the equation

{ %(t,x) = Au™(t,x)+ ou(t,x) + f(t,x) on Qx[0,T], (7.61)

#(0,%) = uo() on Q.

7.5 Parabolic equations with homogeneous state-boundary
conditions

Corollary 7.3. Let ¢ : H — RU {+} be a convex, lower semicontinuous, and
proper function on a Hilbert space H, and let I' be an antisymmetric linear op-
erator into H whose domain D(I") contains D(@). Assume that

x0 € D(')ND(IP). (7.62)
Then, for all ® € R and all T > 0, there exists v € A%/([0,T]) such that

{—V(r)—i—Fv(t) —ov(t) € dp(v(t)) fora.e.t €[0,T] (7.63)

Proof. Consider the uniformly convex and lower semicontinuous function
__ S
v(x):=@(x+x)+ 5~ (x,Txp) + (x, wxp).

Setting y; (x) := eX(@~ Dy (e (@=1)x), the assumptions ensure that

L(t,x,p) ==y (x)+ vy (Tx+p) if x € D(¢)

and +oo elsewhere, is a self-dual Lagrangian by Proposition 4.1. The fact that xo €
D(I')ND(d¢) implies that 0 € Dom(dL). Consider now the following completely
self-dual functional on A% ([0, T]):

) = [ @0 V(e @ a0 20y (e O (o) i)
3O + (1))

All the hypotheses of Theorem 7.5 are then satisfied, and we can deduce that there

exists a path ¥in A%([0,T]) such that I(¥) =  inf  I(x) = 0. Therefore
xeA ([0,T)
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T - * = = 1 = 2 = 2
0= /O Wi (1)) + iy (Tx(e) = x(0))dr + 5 ([0 + [ X(T)[7)
T

. 1

> /0 (X(r), Tx(1) —x(r))dt + Q(Hf(o)ll2 + [T

= [|%(0)|* > 0.
It follows that

—x(1)+Tx(r) € &V 9y (e OV k(1))
x(0) =0,

and by a simple application of the product-rule we see that v(¢) defined by v(¢) :=
e~ (=1 7(1) satisfies

—v(t)+T'v()— (0—1)7(t) € dy(v(t)) forae.re[0,T] (7.64)

v(0) = 0.

Since dy(x) = d@(x +x0) +x — I'xp + @xp, we get that v(z) := v(¢) + xo satisfies
equation (7.63).

Example 7.6. Evolution driven by the transport operator and the p-Laplacian
Consider the following evolution equation on a smooth bounded domain of R":

— 9 fa(x) - Vu= —Apu+ Jag(x)u+wu on[0,T] x 2
= up(x) on Q (7.65)
=0 on [0,7] x 0Q.

We can now establish variationally the following existence result.

Corollary 7.4. Let a: R" — R" be a smooth vector field and ay € L (Q). For p > 2,
o €R, and uy in Wol’p(_Q) N{u; Apu € L*(Q)}, there exists il € Aiz(m([o7 T)), which
solves equation (7.65). Furthermore, Apii(x,t) € L*(2) for almost all t € [0, T].

Proof. The operator I'u = a- Vu+ 1 (V-a)u with domain D(I") = H} (Q2) is antisym-
metric . In order to apply Corollary 7.3 with H = L?(£2), we need to ensure the con-
vexity of the potential, and for that we pick K > 0 such that V-a(x) +ao(x) +K > 1
for all x € Q.

Now define ¢ : H — RU{+o0} by

(p(u):%/_Q\Vu(x)|pdx—|-%/9(v-a(x)+a0(x)—|-K)|u(x)|2dx

ifue Wol’p(.Q) and oo otherwise.
By observing that ¢ is a convex lower semicontinuous function with symmetric
domain D(¢) C D(I"), we can apply Corollary 7.3 with the linear factor (@ — g) to
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obtain the existence of a path i € A% ([0, T]) such that i#i(0) = xo, and
= - - K -
—ii(t) + Tt) € do(a(t)) + (a) - E)u(t) for a.e. t € [0, 7],

which is precisely equation (7.65). Since now Jd@(ii(r)) is a nonempty set in H for
almost all 7 € [0,T], we have A,ii(x,t) € L*(Q) for almost all 7 € [0,T].

The following result capitalizes on the fact that if I" is skew-adjoint, then its
domain need not be large.

Corollary 7.5. Let X C H C X* be an evolution triple and let " : D(I') CH — X*
be a skew-adjoint operator. Let ® : X — R be a uniformly convex, lower semicon-
tinuous, and proper function on X that is bounded on the bounded sets of X and is
also coercive on X . Assume that xo € D(I") and that d D(xo) NH is not empty. Then,
forall o e Rand all T > 0, the self-dual functional

1x) = /0 " 20 (e x(1)) + B (—Te~ V() — e i(r))
3 (KO + (D)) ~2(x(0), ) + Ivol?

attains its minimum on A% at a path v € A% such that (V) = inf2 I(x) =0. Moreover,
XEAL

the path v(t) = e~ ®'5(t) solves the following equation:
—v(t)—I'v(t)—ov(t) € dP(v(t)) forae. te€]0,T]
v(0) = vp.

Example 7.7. Ginzburg-Landau evolution without diffusion

Consider the following evolution equation in R

. ) qg—1 ; _ = N
{”(f> i Au+Yul"utifu—ou=0 onR", (7.66)

u(x,0) = uy.

In order to find a solution for equation (7.66), it suffices to apply Corollary 7.5
with H := L2(RY;C), X = HNLY(RY;C) equipped with their real structure and to
consider the skew-adjoint operator defined by I'u := —iotAu + 2i3u with domain
D(I') = {u € L*(R"); Au € L*(R")} and the convex function

Y +1
DP(u)=—— ulT dx.
=T [l
We then obtain the following corollary.

Corollary 7.6. For every g > 1 and up € L*(RN)NL*4(RN) with Aug € L*(RN), the
equation
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{u(t) —iAu+ul?'u=0 onRN,

M()C, O) = Uo, (767)

has a solution u € A%I that can be obtained by minimizing the completely self-dual
functional

T 1 +1 du P
_ Pl pT—1 ; _ou
K@47% {p+1AQWO“” drt 7 AQhAMn@ é%aﬁnwuu}m
42/ MQ@%@ﬁM+/QWd@PM

2/ u(0,x) > + |u(T, x)|?)dx. (7.68)

7.6 Variational resolution for coupled flows and wave-type
equations

Self-dual Lagrangians are also suited to treating variationally certain coupled evo-
lution equations.

Proposition 7.3. Let ¢ be a proper, convex, lower semicontinuous function on X X
Y,andletA:X — Y* be any bounded linear operator. Assume I} : X — X (resp., I :
Y — Y) are positive operators. Then, for any (xy,yo) € Dom(d @) and any (f,g) €
X* x Y*, there exists a path (x(t),y(t)) € A% x A% such that

—X(1) =A"y(t) = Lix(1) + f € dp(x(1),y(1)),

SO+ T g € 2000, 769
x(0) = xp, )
¥(0) = yo.

The solution is obtained as a minimizer on Ag( X A)z, of the completely self-dual
functional

o) = [ O(0,0) + 9 (A0~ Tte) = 00, Ax(0) ~ Fy(e) ~3(0)
+5||x<o>u2—z<xo,x<o>>+||xo|\2+§||x<T>||2
+3 O = 20030 + ol + ST,

whose infimum is zero. Here I* and I} are the skew-symmetric parts of I1 and I,
respectively, and

3T — () + 3 {Tv) — (g3

Y(x,y) = ley)+5

Proof. It suffices to apply Theorem 7.5 to the self-dual Lagrangian
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L((x,y),(p,q)) = w(x,y) + ¥*(=A"y = [}’x+ p,Ax — Iy + q).

If (x(¢),7(¢)) is where the infimum is attained, then we get

= /OT {w(x(0),5()) + v (—A"3(t) = ["%(¢) — %(r), A%(r) = I3'5(r) = 3(1))

—((%(),5(1)), (=A"5(r) = °%(t) — X(t), A%(r) — I3'5() = $(1))) pt
+|x(0) =0 1* + [y(0) — ol .

It follows that %(0) = xp, y(0) = 0, and the integrand is zero for a.e. ¢, which yields

—x(1) = A"y(t) = x(t) € oy (x(1),y(1)) = dr@(x(r),y(t)) + I'x(t) — f,
—y(t) +Ax(t) — B“y(t) € hy(x(1),y(1)) = he(x(1),y(t)) + I3'y(t) — g,
(0) = X0,
¥(0) = yo

By applying Theorem 7.5, we also obtain the following proposition.

Proposition 7.4. Consider two convex lower semicontinuous functions @| and @, on
Hilbert spaces X and Y, respectively, as well as two positive operators I} on X and
I3 onY. For any pair (f,g) € X XY and ¢ > 0, we consider the convex functionals

i (x) = 5(Ix,x) + @1 (x) = (f,x) and  ya(y) = ¢ (3(By.y) + @2(0) — (8.)-

Then, for any bounded linear operator A : X — Y, xo € Dom(d@;), yo € Dom(d ),
and @, @' € R, the following functional is completely self-dual on A)Z( X Alz,:

) = [ e {yu(0) 4 Wi (€ (~A°v(e) ~ [fu() (1))
4 [ Ly 0) 4 s Au() e L)~ )
+§||u<o>u2—2<xo,u<o>>+||xou2+§||u<T>H2
452 VO = 200, v(0) + 5 ol + 505 D)

Moreover, its infimum is zero and is attained at a path (%(t),3(t)), in such a way that
x(t) = e %(t) and y(t) = ¢®'§(t) form a solution of the system of equations

—%(1) + @x(1) ~ A1)~ Tix(0) + /€ I (x(1))

WO+ T s € B00)
x(0) = X0 )
¥(0) = yo.
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Example 7.8. A variational principle for coupled equations

Let by : Q2 — R™ and by : Q — R be two smooth vector fields on a neighborhood
of a bounded domain Q of R, and consider the system of evolution equations

_%—A(V—u)%—bl'vu:\“|p72”+f on (0,7]xQ,
— L A(v+cPu)+by Vv = [ 24 on (0,7]x 2

u(t,x) =v(t,x) =0 on (0,T] x 09, (7.71)
u(0,x) = up(x) forx € Q,
v(0,x) = vo(x) forx € Q.

Theorem 7.6. Assume div(by) >0 and div(bz) >00n Q, 1 < p,q < 7= 2 and con-

sider the functional on the space A2l A2
@) H@)

I(u,v) = / T{qf( () + ¥ (bl.Vu(t)—i-;div(bl)u(t)—Av(t)—u(t))}dt
4+/ {@ +¢%{¢}vwﬂ+2gdwwgwo+Amg;g@ﬂ}m
+/Q{;(| (0,x)|2+|u(T,x)|2)—2u(0,x)uo(x)+|uo(x)2}dx

s {300+ 0 = 200,20 + (o)

where
V() = 3 Jo|VulPdx+ 1 fo |ulPdx+ [o fudx+ § [o div(by) |u|*dx

and

1
(P(V):ZCZ/ |Vv|2dx+q / [v|?dx+ — /gvdx—&-—/ div(by) [v|]*dx

and ¥* and ®* are their Legendre transforms. I is then a completely self-dual

functional on A* A2 , and there exists then (i1, V) € A2 x A? such
Hy@)  Hj@)’ HY(@)  H(@)

that 1(i,v) = inf § I(u,v A? x A2 =0, and (i1,V) is a solution o

) =i {1 () €47, <2 =0, and (5.) y

(7.71).

Example 7.9. Pressureless gas of sticky particles

Motivated by the recent work of Brenier [24], we consider equations of the form

X = 2dyX —ddup, 39X >0, u>0, (7.72)
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where here X (7) := X(z,a,y) is a function on K = [0,1] x R/Z and u(t,a,y) is a
nonnegative measure that plays the role of a Lagrange multiplier for the constraint
d.X > 0. Following Brenier, we reformulate the above problem as the following
system governing the variables (X,U) : [0,T] — A% [K] x A} [K]

’ (7.73)

where @ is the convex function defined on L*(K) by

0 if 4, X>0

+oo elsewhere. (7.74)

o=

Actually, we may consider the Hilbert space 2 to be the subspace of A%[K]
consisting of those functions on K that are periodic in y. Define the operator
rx,u)= (—%—l}{, %—f) from 2" to 2"*. We can solve this system with the above

method by setting ¢,(U) = 0 for every U € L?(K) and considering the completely
self-dual functional on the space A%, [0, T]:

10x.0) = [ {enxn+ o7 (- 50 -x0))

T
+/O {(pf(—aa)j(t)—t/(t))}dt
+3IXO)IP ~ 240, X(0)) + [Xol1> + 5 X ()
31U~ 20, U )+ %ol + 5 U (D)

It follows from Theorem 7.5 that if (Xp,Up) are such that d, Xy > 0, then the mini-
mum of / is then zero and is attained at a path (X(¢),U(r)) that solves the system of
equations (7.73).

7.7 Variational resolution for parabolic-elliptic variational
inequalities

Consider for each time ¢, a bilinear continuous functional a, on a Hilbert space
H x H and a time-dependent convex lower semicontinuous function ¢(¢,-) : H —
R U {+oeo}. Solving the corresponding parabolic variational inequality amounts to
constructing for a given f € L*([0,T];H) and xo € H, a path x(¢) € A%([0,T]) such
that forallz € H
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(), x(1) = 2) +a(x(1),x(t) = 2) + @(t,x(¢)) = 9(1,2) < (x(1) =2, f(1))  (7.75)

for almost all ¢ € [0,T]. This problem can be rewritten as f(z) € y(r) +A;y(r) +
d¢(t,y), where A; is the bounded linear operator on H defined by a; (u,v) = (A,u,v).
This means that the variational inequality (7.75) can be solved using the variational
principle in Theorem 7.4. For example, one can then formulate and solve variation-
ally the following “obstacle” problem.

Corollary 7.7. Let (a;); be bilinear continuous functionals on H x H satisfying:

e For some A >0, a;(v,v) > A||v||* on H for every t € [0, T)].
o The map u— [y a,(u(r),u(t))dt is continuous on L.

If K is a convex closed subset of H, then for any f € L*([0,T];H) and any xy € K,

there exists a path x € A%([0,T]) such that x(0) = xo, x(t) € K for almost all t €
[0,T] and

(x(2),x(t) —z) +a, (x(t),x(t) —2) < {x(t) —z,f) forallz€K.

The path x(t) is obtained as a minimizer on A%([0,T)]) of the completely self-dual
functional

10) = [ {000 + (006 ) + ¥ (-3(0)~ Tv(0)
3 (O + D) ~205(0), %) + ol

Here Y is the convex function defined as yx(y) =0 on K and +oo elsewhere,
o(t,y) = Ya,(y,y) — (f(t),y), while I; : H — H is the skew-adjoint operator defined

by (Lu,v) = 5 (a;(u,v) — a,(v,u)).

Note that Theorem 7.4 is not directly applicable to this situation since the La-
grangian does not satisfy the necessary boundedness condition, nor is it autonomous.
Moreover, one cannot use Theorem 7.5 because the Lagrangian is not autonomous.
However, one can still replace Wk by its A-regularization w,’}, apply Theorem 7.4 to
the function @y (t,-) = @(r,-) + w£, and then let  — 0 to conclude. The details are
left to the interested reader.

Exercises 7. B.

1. Verify all the examples of this chapter.
2. Establish Corollary 7.7.
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Further comments

As mentioned in the introduction, the initial impetus for the theory came from a
conjecture of Brézis and Ekeland [29], [30], who formulated a (somewhat) self-dual
variational principle for gradient flows. Their formulation was extended to more
general parabolic equations by Auchmuty [10], who eventually gave a proof in [12]
for the case of gradient flows under certain boundedness conditions. A proof — based
on self-duality — was given by Ghoussoub and Tzou [67] for gradient flows of con-
vex energies under less restrictive conditions. The case of semiconvex energies was
handled by Ghoussoub and McCann [61]. The variational construction of a semi-
group of contractions associated to a self-dual Lagrangian was given by Ghoussoub
and Tzou in [68]. It gives an alternative proof for associating a continuous semi-
group of contractions to a maximal monotone operator [25]. Parabolic equations
involving unbounded antisymmetric operators were considered in [68].






Chapter 8

Iteration of Self-dual Lagrangians and
Multiparameter Evolutions

Nonhomogeneous boundary conditions translate into a lack of antisymmetry in the
differential system. The iteration of a self-dual Lagrangian on phase space X x X*
with an operator that is skew-adjoint modulo a boundary triplet (H, %, R) needs to
be combined with an R-self-dual function ¢ on the boundary H, in order to restore
self-duality to the whole system. This is done via the Lagrangian

[ L(x,Tx+p)+4(Px) ifxeDI)ND(AB)
Lr(x,p) = { oo ifx¢ D(O)Np(#), O
which is then self-dual, and as a consequence one obtains solutions for the boundary
value problem

{ I'x € IL(x) 8.2)

RPx € dl(Bx)

by inferring that the infimum on X of the completely self-dual functional I(x) :=
Lr ¢(x,0) = L(x,I'x) +¢(Zx) is attained and is equal to zero. Moreover, the addition
of the R-self-dual boundary Lagrangian required to restore self-duality often leads
to the natural boundary conditions.

The latter Lagrangian can then be lifted to path space, provided one adds a suit-
able self-dual time-boundary Lagrangian. This iteration is used to solve initial-value
parabolic problems whose state-boundary values are evolving in time such as

—x(t)+Lx(t) € dL(t,x(t))  fort €0,T)
R % (x(t)) € d4;,(Bx(t)) forte[0,T)] (8.3)
x(0) = xo,

where L is a time-dependent self-dual Lagrangian on a Banach space X anchored on
a Hilbert space H (i.e., X C H C X*), xo is a prescribed initial state in X, I; : D(I;) C
X — X* is antisymmetric modulo a boundary pair (H;,R;, %) with %, : D(%,) C
X — H,; as a boundary operator, R, is a self-adjoint automorphism on H,, and /¢,
is an R;-self-dual function on the boundary space H;. The corresponding self-dual

147
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Lagrangian on L%[0, 7] x L%.[0,T] is then

T
L(p) = [ L (tu).p) =i(0)ds

1 1
5 1u(0) [ +2(x0,u(0)) + ol + (M) (8:4)
if it € L%.[0,T] and oo otherwise.
This process can be iterated again by considering the path space L% [0,T] as anew
state space for the newly obtained self-dual Lagrangian, leading to the construction
of multiparameter flows such as

—%(s,t) — %(s,t) € §M((s,t),x(s,l), %(s,t) + %(s,t))
x(0,t) =xp ae.t €1[0,T] (8.5)
x(s,0) = xp a.e. s € [0,S].

This method is quite general and far-reaching, but may be limited by the set of
conditions needed to accomplish the above mentioned iterations. This chapter is
focussed on cases where this can be done.

8.1 Self-duality and nonhomogeneous boundary value problems

Propositions 4.2 and 6.1 combine to yield the following variational principle for
nonhomogeneous boundary value problems.

Theorem 8.1. Let B : X — X be a bounded linear operator on a reflexive Banach
space X, and let I" : D(I') C X — X* be a linear operator such that the pair (B,I")
is antisymmetric modulo a boundary triplet (H,R,%). Let L : X x X* — R be a
convex Lagrangian that is continuous in the first variable, and let { : H — RU{+oo}
be a convex continuous function on H such that one of the following two conditions
holds:

1. L is standard, Dom| (L) C D(I"') N D(#), and %8(Dom; (L)) "Dom(¢) # 0.
2. The pair (B,I") is skew-adjoint modulo (H,R, ), and for some py € X*, the map
x — L(x, po) is bounded on the ball of X, while {(s) < C(1+ ||s|?) for s € H.
Assume that
L(x,I'x) + £(%Bx)

= oo, (8.6)
[lx]|—-+oo x|

If B has dense range, then the functional
I(x) := L(x,I'x) + ¢(%x)

is completely self-dual, and it attains its minimum at a point X € D(#)ND(I") in
such a way that I1(x) = infyex I(x) = 0 and
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I'% € dpL(%) (8.7)
RPB% € 00(H5).

Proof. By Proposition 4.2, the Lagrangian L., defined in (8.1) above is B-self-

dual. The hypotheses then allows us to apply Proposition 6.1 to the functional /(x) =
L., (x,0) and find X € X such that

0=1(x)=L(x,I'x)— (Bx,['x) — = (%Bx,RBx) + {(Px).

1
2
Since L(x, p) > (Bx, p) and £(s) > 1(s,Rs), we get

{ L(x,['x) = (Bx,I'x)

(%) = (@3, RB), (8.8)

and we are done.

Self-dual formulation of classical boundary conditions

Before we apply Theorem 8.1, we shall show how various classical boundary con-
ditions can be expressed as R%Bx € d{(%ABx), where A is a boundary operator.

Self-dual formulation of Dirichlet boundary conditions. Suppose, as is often the
case, that we have a Green’s formula of the form

(x,I'x) = 3(||Z1x||> — || Z>x||?) for all x € D(I") N D(A), 8.9)

where the boundary operator Zx = (%x, %»x) is from X into some Hilbert space
H = Hy x H,. This can also be written as

(x,I'x) + 1(%Bx,R%x) = 0 for all x € D(I') N D(B), (8.10)

where R is the automorphism on H = H; x H; given by R(s,r) = (—s,r).

Now the simplest R-self-dual function on H = H; X H; is clearly of the form
L(s,r) = wi(s) + ya(r) with y{(s) = y(—s) and y;(r) = y2(r). This means that
we must have y,(r) = %||r||%,2 On the other hand, to any given a € H; we can
associate the antiself-dual function y; (s) = 1||s]|* —2(a,s) + [|a||%. In other words,
the function

1 1
la(s,r) = EHSH%;. —2(a,s)m, +|lallF, + EHrll%ﬁ (8.11)

is the most natural R-self-dual function on H; x H,. But then the boundary equation
R%Bx € d0,(Px) means that — P x = B x — 2a and HByrx = PB,x, which is nothing
but the Dirichlet boundary condition %;x = a. In other words, the Dirichlet bound-
ary condition could be formulated as a self-dual boundary condition since



150 8 Iteration of Self-dual Lagrangians and Multiparameter Evolutions
R%PBx € 9L,(Px) is equivalent to Bx = a. (8.12)

Since this situation will often occur in what follows, we shall formalize it in the
following definition.

Definition 8.1. (1) Say that the operator I" : D(I') C X — X* is antisymmetric mod-
ulo a “trace boundary operator” % = (%),9%,) into a space H; x Hy, if it satisfies
(1), (2) of Definition 4.3 as well as

(I'x,x) = (|| Zox||*> — || 2:1x||?) for every x € D(I") N D(A). (8.13)
(2) Say that I' is skew-symmetric modulo a “trace boundary operator” % =
(%B),%,) if it is antisymmetric modulo %, while verifying (4) of Definition 4.3.

Self-dual formulation for boundary conditions of periodic type. Suppose now
that we have a Green’s formula of the form

(x,I'x) = (PB1x,%PB>x) for all x € D(I') N D(AB), (8.14)

where the boundary operator #Bx = (%)x, %,x) is from X into a Hilbert space H =
E x E*. This can also be written as

(x,I'x) + 3 (%x,R%x) = 0 for all x € D(I") N D (), (8.15)

where R is the automorphism on H = E x E* given by R(r,s) = (—s,—r). In this
case, any self-dual Lagrangian ¢ on E X E* is an R-self-dual function. In partic-
ular, if we take the self-dual Lagrangian ¢ associated to any convex lower semi-
continuous function Y and any skew-adjoint operator T on E (that is, £(x,p) =
y(x) 4+ y*(—Tx— p)), then we have

RABx € dL(HBx) is equivalent to Box+ T Bix € =y (B x). (8.16)

Self-dual formulation of boundary conditions of linking type. More generally,
we may have a Green’s formula of the form

(x,I'x) = (Blx, B3x) — (Bix, $3x) for all x € D(I') N D(B), (8.17)

where the boundary operator Zx = (%)x, %$,x) is from X into a Hilbert space H =
(E1 X E}) X (Ep x E}). This can also be written as

(x,['x) + 3 (%x,R%x) = 0 for all x € D(I") N D(AB), (8.18)

where R is the automorphism on H = (E| X E}) x (Ey x E3) given by R := (R(,R2),
where R; (r,s) = (—s,—r) and Ry(r,s) = (s,r). In this case, any function on H of the
form

(r1,81,12,82) =L1(r1,81) +42(r2,52),

where ¢; is an antiself-dual function on E1 x E} and ¢; is a self-dual Lagrangian on
E> x E7 is an R-self-dual function on H. Typical examples of those are of the form
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Oi(s,r) =y (s)+yi (=Tis—r) and bo(s,r) = Yo (s) + ;5 (Tos + 1),

defined on E; x E| and E» x E3, respectively, where y; is convex lower semicontin-
uous on E; and 7; is a skew-adjoint operator on E; (i = 1,2). In this case, we have
that

Bix+Ti(Bix) € -y (Blx)

R%Px € d0(Px) is equivalent to {%%X+T2(%21x) € Jy(Bl).

(8.19)

Self-dual formulations of more general boundary conditions. A richer class of
automorphisms may appear in other situations. Indeed, assume the boundary space
H is the product of k Hilbert spaces, say H = E*. Besides the operators +1d, we can
consider Ry-self-dual boundary Lagrangians on EX, where Ry is the self-adjoint
automorphism on EF associated to a permutation o of {1,...,k}, that is,

Ro((w)iy) = (xo(y )iy forany (x)f, € H-. (8.20)
The following corollary of Theorem 8.1 covers a wide range of applications.

Theorem 8.2. Let @ be a convex and lower semicontinuous function on a reflexive
Banach space X such that, for some constant C > 0 and py,p> > 1, we have

% (||xH§‘ - 1) < Px) < C(||x||§2 + l)for everyx € X. (8.21)

Let y (resp., Y») be a bounded below proper convex lower semicontinuous function
on a Hilbert space E (resp., E»), and consider boundary Hilbert spaces Hy = E{‘
(resp., Hy = Eé) with the automorphisms Ry = —Rs on Hy and Ry = R; on H,, where
o and T are the permutations 6(i) =k+1—ion {1,...,k} and (i) =1+ 1—ion
{1,...,1}. Consider the following framework.

e B:X — X is a linear operator with dense range, and I' : D(I') C X — X* is
a linear operator such that B*I" is antisymmetric modulo the boundary triplet
(H,%,R), where B := (B,,%,) : D(#) C X — H = EX < E} and R is the auto-
morphism (Ry,R;) on H := E{‘ X Eé Assume one of the following two conditions
holds:

1. Dom(®) C D(I') N D(#) and %(Dom(P)) NDom(y;) NDom(y,) # 0.
2. BT is skew-adjoint modulo the triplet (H,%,R), and
G (IslIP = 1) < wils) SCi(1+||s||?) for s € Ey, i = 1,2, (8.22)
Then, the following results hold:

1. If k =1=1, then for any a € H\ there exists a solution X € X to the boundary
value problem
I'x+f € dP(Bx)
{ PB(x) =a

that is obtained as a minimizer on E of the completely self-dual functional

(8.23)
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I(x) = @(Bx) — (f,Bx) + " (I'x+ f)
1 1
+5 121 @)1? = 2(a, 21 () + [lal* + 51|12 ().

2. If k=2 and | = 0, then for any bounded skew-adjoint operator T on Hj there
exists a solution X € X to the boundary value problem

{ Ix+f € dd(Bx) 5.2

Bix+T(Bx) € —y (B))
that is obtained as a minimizer on E of the completely self-dual functional
I(x) = @(Bx) — (f,Bx) + " (Fx— f) + y1(Bix) + yj (- T Bix — Bix).

3. If k =1 =2, then for any bounded skew-adjoint operator Ty on H (resp., T> on
H,), there exists a solution X € X to the boundary value problem

I'x+ f € dP(Bx)
Bix+T(Blx) € -0y (Blx) (8.25)
Bix+Tr(Bix) € dyn(Bix)

that is obtained as a minimizer on E of the completely self-dual functional

I(x) = @(Bx) — (f,Bx) + ®*(I'x + f)
+y1(Blx) + Wi (—T1 Blx — Byx) + Vo (% x) + W3 (T By x + PB3x).

All functionals above are defined to be equal to +oo when x is not in D(I') N D(A).

Proof. Let ¥ (x) = ®(x) + (f,x), and consider the self-dual Lagrangian L(x, p) :=
¥ (x)+¥*(p) and B*T", which is skew-adjoint modulo the triplet (H, %, R) = (Ef x
Eé, (B1,%,), (R ,Rz)). The boundary Lagrangian will differ according to k, 1.

(1) If k =1 =1, then we take £(r,s) = £1(r) + £2(s), where ¢ is the antiself-dual
function on Hj defined by ¢;(r) = 1||r||> —2(a,r) + ||a||%, while ¢, is the self-dual
function £5(s) = %||s||*> on Ha. The completely self-dual functional  can then be
rewritten as the sum of two nonnegative terms:

I(x) = ¥(Bx) +¥* (I'x) — (Bx,['x) + || #B1x —a|* > 0.

(2) If k=2 and I = 0, then we take ¢(r,s) = £,(r1,r2), where ¢; is the antiself-
dual Lagrangian on H; x H; defined by ¢;(r1,r2) = w(r|) + y*(=Tr; — ry). Since
we have

1
<B.X, Fx> + 5 <(‘@11x7=%12x)5 (_9312)6’ _‘@llx)> = 07

the completely self-dual functional / can then be rewritten as the sum of two non-
negative terms:

I(x) = ¥ (Bx)+W*(I'x) — (Bx,I'x)
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+W(BIxX)+ v (T Bl x — BPx) + (Bix, Bx).

(3) If k =1 =2, then we take £(r,s) = ¢1(r1,r2) + £2(s1,52), where ¢y is the
antiself-dual Lagrangian on le defined by ¢ (r1,r2) = wi(r1) + y{ (=Tir1 — r2),
while ¢, is the self-dual Lagrangian ¢5(s1,s2) = W2 (s1) + 5 (Tas1 +s2) on H22. Since
we have

1 1
(Bx,I'x)+ 3 <(<@11x,<%12x), (—%’lzx, —%}x» + 3 <(<@%x,<@§x), (@%x,%’%x» =0,

the completely self-dual functional I can then be rewritten as the sum of three non-
negative terms:

I(x) = ¥ (Bx)+ V" (I'x) — (Bx,I'x)
V1 (Z1x) + Y (~TiB1x — Bix) + (B)x, Bix)
+ 2 (Bhx) + ;5 (T Bix + B3x) — (Bix, Bx).

In all cases, we can apply Theorem 4.2 to conclude.
We now give examples reflecting the various situations.

8.2 Applications to PDEs involving the transport operator
We now deal with the following transport equations without diffusion terms:

{a(x) -Vu+ao(x)u+ululP~* = f(x) forxeQ (8.26)

u(x) = ug forxe X,.

We shall assume that the domain 2 and the vector field a satisfy all the assump-
tions used in Lemma 4.1 above to guarantee that the transport operator I' : D(I") C
LP(Q) — L9(Q) defined as

T'u=a-Vu+}(V-a)u with domain D(I') = {u € L’ (Q);a- Vu+ Ru € LI(Q)}

is skew-adjoint modulo the boundary operators Bu = (%1u,%Bru) = (u|x, ,ulx_)
whose domain is

D(#) ={ucLP(); (uls ,uls_)c L2(Z+; a-i|do) ><L2(2,;

a-ildo)}.

Example 8.1. Nonhomogeneous transport equation (k =/ =1)

We distinguish the cases when p > 2 and when 1 < p < 2.

Theorem 8.3. Assume p > 2, and let f € L9, where %—F é =1, and ap € L*(R2).
Suppose there exists T € C'(Q) such that
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a-Vi+1(V-a+ag) >00n Q. (8.27)

Define on X = LP(Q) the convex function

1 r 1 1
o(u) = 7/ er\efru|pdx+f/ a-V‘L’\u|2dx+f/ (V~a+a0)|u|2dx+/ ue® fdx.
pJa 2Ja 4o Q

For any vy € L*(X,;|a-|do), consider the functional defined by

I(u): = (p(u)+(p*(a~Vu+ (Vz'a)u)

1 1
+/ {f|u|2—Zefuvo+ezr\v0|2}\a~ﬁ\d6+/ ~|u*|a-Aldo
s, (2 r 2

on Xy :=D(I") ND(A) and +oo elsewhere on LP(Q). Then:

1. I is completely self-dual on X, and there exists it € X| such that
I(z) =inf{I(u); u e L(2)} =0.
2. The function v := e~ i satisfies the nonlinear transport equation

Vi 5 552
{a Vi—3 :|v| +f onQ, (8.28)

v
v 0 onX,.

Proof. Let X = LP(£), and use Lemma 4.1 to deduce that the operator I : D(I") —
X* is skew-adjoint modulo the boundary operators Zu = (u|x, ,u|x_). By Proposi-
tion 4.2, the Lagrangian defined by

M(u,p) = @(u) + @* (Fu+ p) + (B (u), B> (u)) (8.29)

if u € X; and +oo if u ¢ X is self-dual on L”(Q) x L(), where the Lagrangian ¢
is defined on L?(Zy;|a-A|ldo) x L*(X_;|a-Ai|ldo) — R by

0(h,k) ::/ {1|h|2 _2efhvo+e2f\v0|2}\a.mdo+1/ k[?|a-Aldo.
£, (2 2 )5
Note that the boundary Lagrangian here corresponds to the case where k =11 =1 in
the preceding theorem. The hypotheses of Theorem 8.1 are satisfied, and therefore
there exists then & € LP(2) such that 0 = M(i7,0) = I(i) = inf{I(u); u € X;} and
assertion (1) is verified.

To get (2), we observe again that by Green’s formula we have

1
0= I(a) :(p(ﬁ)+(p*(1“12)—<ﬁ,1"ﬁ>+§/ i eTvo|2[a- Aldo.
Iy

In particular, ¢ (i) + ¢*(I'it) = (u,I'u) and [y, |ii — e"vo|*|a-Aildo = 0 in such a
way that I'ii € d¢ (i) and it|s, = e"vp. In other words,
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1

.Vii
a u+2

1
(V-a)i=ile "alP >+ (a- V1) + 5 (V-ata)ite'f

and i|x, = e"vo. Multiply both equations by e~* and use the product rule for differ-
entiation to get that a- Vi — %9 = 9|9|P~2 + f and ¥|x, = vy, where 7 := ¢~ "ii.
In the case where 1 < p < 2, we have the following result.

Theorem 8.4. Assume 1 < p <2, andlet f € L*(Q) and ay € L*(R). Suppose there
exists T € C'(Q) such that for some € > 0 we have

a-Vi+4(V-atag) >€e>00nQ. (8.30)

Define on L*(2) the convex functional

1 1 1
(p(u)::f/ eT|e_Tu\pdx+f/ a'VT|u|2dx+f/ (V~a+ao)|u|2dx+/ ue® fdx.
pla 2J)a 4 Jao Q

For vy € L*(XZ,;|a-A|do), consider the completely self-dual functional defined by

I(u): = (p(u)+(p*(a-Vu+ (Véa)u)

ol 1
+/ {f|u|2—ZeTuV()+62T‘V0|2}‘a~ﬁ‘d0+/ ~|ul*|a-Aldo
Jr, (2 £ 2

on Xy := D(I") N D(%) and + elsewhere on L*(Q)

1. There exists then it € X1 such that I(ii) = inf{I(u); u € L*(2)} = 0.
2. The function v := e~ i satisfies the nonlinear transport equation (8.28).

Proof. In this case, the right space is X = L>(Q), and I : D(I') — X* is defined as
in the first case but with domain D(I") = {u € L*(Q) : a-Vu € L*(2)}. It is again
skew-adjoint modulo the boundary operator % = (u|s, ,u|s_) whose domain is

D(#) = {uc*(Q); (ulsg, ,uls ) € L*(Z;;|a-Aldo) x L*(Z_;|a-Aldo)}.

Defining M again as in (8.29), and since now ¢ is bounded on the bounded sets
of L?, we can now invoke Proposition 4.2 to conclude that M (u, p) is a self-dual
Lagrangian on the space L?(2) x L?>(£). But in this case ¢ is coercive because of
condition (8.30), and therefore ¢* is bounded on bounded sets. All the hypotheses
of Theorem 8.1 are now satisfied, so there exists i € L?(£2) such that 0 = M (i1,0) =
inf{M(u,0); u € L*}. The rest follows as in the case where p > 2.

8.3 Initial-value problems driven by a maximal monotone
operator

We apply Theorem 8.1 to solve variationally the initial-value problem
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—u(t) € T(t,u(t)) fort €[0,T)
{ 4(0) = 1o (8.31)
and more generally
—x(t) € A*T(t,Ax(t)) fort € [0,T]
{ +(0) = o, (8.32)

where T (¢,-) is a time-dependent maximal monotone operator on a Hilbert space E
and A is a bounded linear operator from a Banach space X into E. By Theorem 5.1,
we can associate to T a time-dependent self-dual Lagrangian Ly on [0, 1] x X x X*
in such a way that Ly (¢,x, p) = Lz, (x, p), where Ly, is a self-dual Lagrangian such
that dLz, = T,. If now T satisfies

I (. x)[l < C@)(1+ |lx]]) and (T (z,x),x) > () |1x][* = B (1) (8.33)
for C(t), o= (¢) in L=([0, 1]), and B(¢) € L'([0, 1]), then for some K > 0 we have
for any u in L%[0,1] and p in L%.[0, 1],

1
Zr(wp)= [ Lr(tu),p@)dx <K+ [ulB+pB). (834
Variational resolutions for (8.31) and (8.32) can therefore be derived from the fol-
lowing two theorems.

Theorem 8.5. Consider an evolution triple X C H C X*, and let B be an automor-
phism of H whose restriction to X is also an automorphism of X. Suppose { is a
(—B, B)-self-dual function on H x H (i.e., {*(Bx,Bp) = {(—Bx,Bp)) such that

—C < {(a,b) <C(1+ ||al|z +||bl|%) for all (a,b) € H x H. (8.35)

Let L be a time-dependent B-self-dual Lagrangian on X x X* that satisfies (8.34).
Consider the functional

+oo otherwise.

(u) = {f{ur,u(r),—u(r))dt+€<u<o>,u<T>> ifue 23,

(1) The infimum of I on L)z( is then equal to zero and is attained at some v in 23 5.
Moreover, if

/OT<Bv(t),V(t)>dt = %((Bv(T),v(T)) — (Bv(0),v(0))), (8.36)
then
—v(t) € dgL(t,v(1)) for almost all t € [0,T), (8.37)

(—Bv(0),Bv(T)) € L(v(0),v(T)). (8.38)
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(2) In particular, if B is positive and self-adjoint, then for any vy € H there is v €
5 2 such that v(0) = vy and which satisfies (8.37) as well as

(Bv(t),v(t)) = (Bvo,vo) — /(:L(S,V(S)?V(S))ds forall ¢ € [0,T]. (8.39)

Proof. (1) This follows immediately from Theorem 8.1 applied to the B-self-dual
Lagrangian .Z (u, p) := fOTL(t, u(t), p(t))dt on L% x L%., the linear unbounded op-
erator u — —u, which is skew-adjoint modulo the boundary operator % : D(A) :
L% — H x H defined by %u = (u(0),u(T), and where the automorphism is R(a, b) =
(—a,b) since for u and v in 23, we have [) (v,it) = — [ (v,u) + (v(T),u(T)) —
(v(0),u(0)). Note also that the subspace Z,, = {u € Z5>2;u(0) = u(T) =0} is
dense in L%. Moreover, for each (a,b) € X x X, there is w € 255 such that w(0) = a
and w(T) = b, namely the linear path w(r) = (TT D+ +b. Since also X is dense in
H and 7 is continuous on H, all the required hypotheses of Theorem 8.1 are satis-
fied.

It follows that there exists v € L§ such that I(v) = 0. Necessarily, v € 25, and
using (8.36), we may write

Since L is B-self-dual, we have L(z‘,x7 ) > <Bx p), and since ¢ is a (—B, B)-self-dual

function on H x H, then {(x, p) > % ((Bp, p) — (Bx,x)). It follows that

L(t,v(t),—v(t)) + (Bv(t),v(t)) =0 for a.e. t € [0, T]

and £(v(0),v(T)) = %((Bv(T),v(T)) — (Bv(0),v(0))). This translates into —v(r) €
dpL(t,v(t)) for almost all € [0, T] and (—Bv(0),Bv(T)) € 3L(v(0),v(T)).

(2) This follows by applying the above to the (—B, B)-self-dual boundary func-
tion

1 1
e(xvp) = §<B)C,X> —2<V0,BX> + <BV(),V()> + §<Bp7p>

Theorem 8.6. Let E be a Hilbert space and let L be a time-dependent self-dual
Lagrangian on E X E such that for some C € L*([0,T],R)
L(t,a,b) < C(t)(1+ ||a||®+||b||?) for all (a,b) € E x E. (8.40)

Consider an evolution triple X C H C X*, and let A : X — E be a bounded linear
operator from X into E such that the operator A*A is an isomorphism from X onto
X*. Then, for any po(t) € L%.[0,T] and xo € X, there exists x(t) € 235 such that
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—x(t) + po(t) € A*9L(t,Ax(t))
{ +(0) = xo. (8.41)

Proof. Denote by A := A*A the isomorphism from X onto X*, and note that & :=
AA~!A* is a projection from E onto its subspace ¥ := A(X). Since A* is onto, there
exists qo(t) € L2 such that A*qo(t) = po(t) for every ¢ € [0,1]. By Proposition 3.5,
the Lagrangian

N(t,u, p) = L(t, () + 7 (p), m(p) + m(qo(t)) + 7 (u)) — u, (qo(1)))

is also self-dual on E x E for every t € [0,1], and therefore the Lagrangian

T
)= [ N0 p(0)

is self-dual on L,25 X le,:. Let now B := A~!A* be the bounded linear operator from
E onto X, and denote by J the injection of X into X*. Define on L2 the operator

u(t) — TCu(t) := B*JBu(t) with domain D(I") = A%[0,T]
and the boundary operator
u(t) — (b1 (u(t)),ba(u(t))) := (Bu(0),Bu(T)) from its domain in L} into H x H.

Note that

(T = /0 " BB, u(t)), di /0 " Bi(e), Bu(t)), dr
= 2 (1Bu(T) ~ 1Bu(O) ) (5.42)

and that the operator I" is actually skew-adjoint modulo the boundary operators
(by,bs). Proposition 8.1 applied to the space & = L%, the operator I, the boundary
operators u — (Bu(0),Bu(T)), and the boundary space H| x H, := H x H yields
that the Lagrangian defined by

1 1
ZL(u,p) =N (u,p—T'u)+ ElBu(O)\if —2(x0,Bu(0)) 1 + [xo[7; + ElBM(T)l2

if u € AZ[0,T] and +oo otherwise, is then self-dual on L2 x L2. In view of (8.40),
we can use Proposition 6.1 to deduce that the minimum of the completely self-dual
functional I(u) = . (u,0) on L2 is zero and is attained at some v in L2 such that
I(v) = 0. Using (8.42), we may write

)

0=1I(
= [ N0, ~Tvl0) + i) v e (BT ~ 1BYO))
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+51Bv(0)y —2(0, BY(O)) i + ol + 5 1Bv(T)
= /01 {N(t,v(t),—Tv(t)) + (T'v(t),v(2)) £} dt + |Bu(0) — xo3.
Now, since N(z,x,p) > (x, p) for each (x,p) € E x E, it follows that
N(t,v(t),—T'v(t)) +(I'v(t),v(r)) =0 forae.r € [0,1]
and Bv(0) = xp. This translates into
ntv(t) — B*IBY(t) + mqo(t) € AL(t, m(v(t)))

for almost all ¢ € [0, 1]. By projecting both sides with 7 and then applying A* and
using that A*7 = A* and nl" = I, we get that

—A*B*JBV(t) +A%qo(t) € A IL(t, AA"'A%(1)).
Since A*B*JB = JB, we obtain
—JBv(1) +A*qo(t) € A*OL(t,ABv(1)).

Setting x(t) = Bv(r), we get that —x(t) + po(t) € A*JL(t,Ax(t)) and x(0) = xo.

Example 8.2. Variational resolution for a nonpotential evolution equation

Consider the initial-value problem

ﬁ(t7x) +diV(T(fo(t7x))) = g(t’x) on [0, 1} X Q,
S(t,x) =0 on [0,1]x 92, (8.43)
£(0,x) = fo(x) on 08,

where g € L2([0,1] x Q), fo € H} () and T is maximal monotone on R".

In order to resolve (8.43), we use Theorem 5.1 to associate to the maximal mono-
tone operator T a self-dual Lagrangian L on R"” x R” such that dL = T. We then
consider the self-dual Lagrangian .7 on L?(Q;R") x L?(2;R") via the formula

Zr(u.p) = [ Lrlu(o), p(x))dx.

We shall now be able to solve the evolution equations in (8.43) on the time interval
[0,1], by minimizing

I (u) :/(;l/QLT(V(—A)’lv*u,u—V(—A)’IV*u—V(—A)’ZV*zl—i—po)dxdt

1
— [ upodar-+ 31(=4)" VU - 2o, (~4) 1V u(0))
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1
2 —1 2
+foll2+ 5 1(=4)""V'u(T);

on L*([0,1] x Q;R™"), and where po € L([0, 1] x ,R") is chosen such that V* py(t) =
g(t) for every ¢t € [0,1]. This follows directly from Theorem 8.6 applied again
with the spaces E = L*(Q;R"), X = H}(Q), X* = H (), and the operator
A: X — E defined by Af = Vf. Note that H}(Q) C L*(Q) C X* =H 1(Q) is
an evolution triple. The operator B from E into X is then B := (—A)~'V*, and
Tu(t) = B*JBi(t) = V(—A)"2V*i(t), the space & being L2 = L*([0,1] x Q,R").
Note that

:/1/ Ly (V(=A) 'V u,u—V(-=A)"'V'u—V(=A)2V*i+ po)

—|—/ /{u V(=A)"2V*i—upy} dxdt
+H|(=4)7'V u(0) — foll3.
If now _# (u) =0, then

{ u—V(=A)'V'u—V(=A)"2V*i+py € Ly (V(—A)"'V*u) (8.44)
(—4)"1Vu(0) = fo. |
By taking the divergence on both sides, we get that
{(—A)lv*u(t)+g(x) € —divdLy (V(—A)'V*u(r)) (8.45)
(=4)~'V*u(0) = fo. '

It is now clear that f(t) = (—A)~'V*u(t) is a solution for (8.43).

Remark 8.1. Alternatively, we can replace the latter by a minimization of the func-
tional

w) = /OI/QLT<Vf(t,x),w(t,x)—V(—A)f 8—(l,x))

—/1/ Ft,x)g(t,x)dxdt

+ [ {3700~ 2000.0-+ e+ L0} s

over all possible f € L*([0,1];H}(22)) with 7 € L?([0,1;H'(2)) and all w €
L2([0,1] x Q;R") with divw(t,x) = g(t,x) for a.e. t € [0,1].
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8.4 Lagrangian intersections of convex-concave Hamiltonian
systems

Example 8.3. Convex-concave Hamiltonian systems (k =/ = 2)

The following is an application for the existence of a Hamiltonian path that connects
two Lagrangian submanifolds.

Theorem 8.7. Let E be a Hilbert space and let 7 [0,T] x E X E — R be a Hamil-
tonian of the form € (t,x1,x2) = @1(t,x1) — @2(t,x2), where for each t € [0,T] the
Sunctions @|(t,-) and @y(t,-) are convex lower semicontinuous on E satisfying for
some C(t) € LE([0,T]),

—C(1) < @1 (t,31) + a1, %2) < CO (14 [ [} + [ 15).
Let y1, Y, be convex lower semicontinuous functions on E such that
G (sl = 1) < wils) < G(L+sI) for s € E, i = 1,2,
Then, there exists (x1,%2) € A%, ([0, T]) such that for almost all t € [0,T],
—ia(r) € 1A (1,x1 (1), x2(1)),
X1(t) € hA(t,x1(1),x2()),
and satisfying the boundary conditions
—A1x1(0) —x2(0) € y1(x1(0))
—Aox1(T) +x2(T) € dya(x1(T)).
The solution can be obtained by minimizing the completely self-dual functional
Hon) = [ 0).50) 4 (1,500, (0
+1(x(0)) + w1 (—y(0) = A1x(0)) + w2 (x(T)) + y3 (0(T) — A2x(T))
on the space A*([0,T];E x E), where ¢ is the convex function
H(t,x,) = @1(1,%) + a2(2,y)

on R¥" and #* is its Legendre transform for each t € [0,T].

Proof. Consider on L?([0,T];E x E) the function ®(x,y) = [y ¢ (1,x(t),y(t))dt,
which is convex and lower semicontinuous, and note that the operator I'(p,q) =
(¢, p) satisfies:

(C'(p,q),(p,q) = 2/0T(4p+15Q)dt =2(p(T),q(T)) —2(p(0),4(0)).
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In other words, I' is skew-adjoint modulo the boundary pair (%,R), where % :
L% :[0,T] — E? x E? is defined via the formula

B(p.q) = (A" (p,9),%*(p.9)) = (p(T),q(T)),(p(0),4(0))

and R is the automorphism on E? x E? defined by

R((a,b),(c,d)) = ((_b7 —a), (d,C)) :

All the hypotheses of Theorem 8.2 are satisfied, and a solution can then be obtained
by minimizing the completely self-dual functional /, whose infimum is attained and
is equal to zero.

8.5 Parabolic equations with evolving state-boundary conditions

When dealing with general parabolic equations of type (8.3), one can impose suit-
able conditions on L, I7, and the boundary triplets (H;,R;,%;) to ensure that the
function Lr; ¢4, given by Theorem 4.2 is a time-dependent self-dual Lagrangian. One
can then use Proposition 7.1 to lift it to a partially self-dual Lagrangian .Z on the
path space A% [0, T]. However, one cannot apply the variational principle of Propo-
sition 7.1 because £ 4, is not bounded in the first variable.

Now the only case where such a boundedness condition can be relaxed is when
the Lagrangian L is autonomous, or if it is of the form L(z,x, p) = e L(e "' x,e ™" p)
(See Theorem 7.5). This seriously restricts the applicability of our approach to prob-
lems involving time-dependent state-boundary conditions. However, one can still
show the following result.

Theorem 8.8. Let L be an autonomous self-dual Lagrangian on a Hilbert space
H X H that is continuous and uniformly convex in the first variable. Let I' : D(I') C
H — H be a skew-adjoint operator modulo a boundary triplet (E,R, %) and let {
be an R-self-dual function on E such that, for some C > 0, £(s) < C(1+ ||s||?) for
allseE. -

Then, for any xo € Dom(dL)ND(I") such that RBxy € L(Bxy) and for any 0 € R,
the functional

I(u) = /OT AL (u(t), Cu(t) — wu(t) —u(t)) 4+ £(Bu(t)) }dt

1 1
+5 (0} 12 = 24x0,(0)) + [lxo* + 5 [l u(T)|*

attains its minimum at a path x € A% such that 1(x) = inf2 I(u) = 0 and therefore
u€Ay

x(t) solves the equation
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—x(t) +Tx(t) — wx(t) € IL(x(¢)) forallz € [0,T],
x(0) = xo, (8.46)
RAB(x(t)) € dl(Bx(t)) forallt e [0,T].

Proof. By Theorem 4.2, the Lagrangian

L(x,I'x+p)+4(%x) ifxeDI)ND(A)

Lrelnp) = { o0 if x ¢ D(I') N D(%) (8.47)

is also self-dual on H X H and satisfies all the hypotheses of Theorem 7.5. Since xg €
Dom(dL)ND(I") and Bxy € Grl, it follows that xo € Dom(JdLr ) and Theorem 7.5

applies to yield the existence of x € A% such that I(x) = inf2 I(u) = 0. Now write
uc€Ay
that

0=1I(x)
/OT P L(x(t), Tx(t) — wx(r) — k() — (x(¢), Tx(t) — wx(r) — i(r)) }dt

+ /0 ! 2o L) - %(%’x(r),R%x(t)) b
+1x(0) —xo]1*.

The conclusion follows since each one of the three terms above is nonnegative .

Parabolic equations driven by first-order operators

We now apply the results of the last section to the particular class of self-dual La-
grangians of the form L(x, p) = ¢@(x) + ¢*(I'x+ p) to obtain variational formula-
tions and proofs of existence for parabolic equations of the form

—i(t) + T'x(t) — ox(t) € do(x(t)),
x(0) = xo, (8.48)
B (x(1)) = PBi(x0),

where I' is a skew-adjoint operator modulo a “trace boundary operator” & =
(%1,%,) into a space H x H;. In other words, we are assuming that

1
(Tx,x) = 5 (|| 2] = || Z1x[)-

Corollary 8.1. Let X C H C X* be an evolution triple and let I : D(I') C X —
X* be a skew-adjoint operator modulo a trace boundary operator B = (%1,%,)
D(AB) CX — H| X Hy. Let ¢ : X — R be a convex lower semicontinuous function
on X that is bounded on the bounded sets of X and also coercive on X. Assume that
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x0 € D(I'YND(AB) and d o (xo) NH is nonempty. (8.49)

Then, for all ® € R and all T > 0, there exists x(t) € A% ([0, T]), which solves (8.48).
It is obtained by minimizing over AIZ_I the completely self-dual functional

T / / ’
() = / 20 {W*w () + y (e (Cu(t) — u(r))}dr
0
Tyl 2 o't
+ [ (G126 B ule), 210,
/ 1
+e*?1| 1 (xo) |7, + §||e%’2('4(l))||%12}df
1 1
5 (O 17 = 24(0),x0),, + ol + 5 (T 7,
where Y(x) = @(x) + @ and ®' = ® — 1. The minimum of I is then zero and is
attained at a path y(t) such that x(t) = e~ ®"y(t) is a solution of (8.48).

2
Proof. The function y : X — R by y(x) = @(x) + @ is clearly uniformly convex.
Set X; = D(I") N D(£), and use Proposition 4.2 to deduce that the Lagrangian

M(x,p) = W) + ¥ (Txtp)
31 )~ 2481 (3). 21 (x0)), + 1 Ba ), + 5120001

if x € X and +oo elsewhere is a self-dual Lagrangian on X x X*. Indeed, in this
case, R(hy,hy) = (—hi,hy) on Hy X H, and

1 1
Uhisha) = 5 |1y 7, =201, 1 (x0)), + 1121 (x0) 17, + §|\h2||§,2.

The coercivity condition on Y ensures — via Lemma 3.4 — that M(x, p) lifts to a
self-dual Lagrangian on H x H that is uniformly convex in the first variable. It is
easy to check that all the conditions of Theorem 8.8 are satisfied by M(x,p). Note
now that the conditions on x( ensure that xo € Dom(dM). Indeed, condition (8.49)
and the definition of ¢ yield that xo € D(I") N D() and that (— % (xo), %> (x0)) €
0U(B1(x0), %2 (x0)). Tt follows that there exists y € AZ([0,T]) such that I(y) = 0.
We then have

0= /0 0 Ly(e"y(0) + (e (Ty(e) = 3(0))) = (6(0), Ty(1) = 5(0)) e

T /
+ [ 2000 =21 (x0) [y s
+1(0) ol

It follows that x(¢) = e~ ®"y(¢) satisfies
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—x(t)+IT'x(t) € dy(x(t))+ (o — 1)x(¢) forz € [0, T]
PB1(x(t)) = By (xo) fort € [0,T]

Since dy(x) = d@(x) + x, we have that x(¢) solves (8.48).

Example 8.4. Evolutions driven by transport operators

Consider the following evolution equation on [0, 7] x £:

) on £, (8.50)
u(t,x) = up(x) on[0,T]xZ;.

We assume again that the domain Q2 and the vector field a(-) satisfy all the assump-
tions in Lemma 4.1.

Corollary 8.2. Let p > 1, f € [*(Q), and ay € L*(Q). Then, for any ® € R and

up € L= (Q)NH' (Q), there exists ii € Aiz(m([o, T)) that solves equation (8.50).

Proof. We distinguish two cases.

Case 1: p > 2. We then take X = L”(Q), H = L*(Q) since again the operator 'u =
a-Vu+ 3 (V-a)u is skew-adjoint modulo the trace boundary, %u = (ulx, ,ulx_).

Case 2: 1 < p < 2. The space is then X = H = L*(Q).

In both cases, pick K > 0 such that V-a(x) +ag(x) + K > 1 for all x € Q, and
define the function ¢ : X — R by

0w = [ 1)+ 5 [ (V-80+a0(x) +K)luo) s

Then, ¢ is a convex lower semicontinuous function that is bounded on bounded sets
of X and also is coercive on X. Since ug € L”(Q2)NH'(Q), d¢(ug) is therefore
nonempty and uy € D(I') N D(AB).

So by Corollary 8.1, there exists i € A%([0,T]) such that

—i(r) + Talt) € g (a(n) + (- g)ﬁ(r) for 1€ [0,7]
ggl(ﬁ(t)) = %1(140) for te [O,T]
i#(0) = uo,

and this is precisely equation (8.50).
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8.6 Multiparameter evolutions

Let H be a Hilbert space and let L : [0,7] x H x H — R be a time-dependent self-
dual Lagrangian such that for every p € H and ¢ € [0, 7] the map

x+— L(t,x,p) is bounded on the bounded sets of H. (8.51)

For every xo € H, the Lagrangian defined on L2 [0,T] x L%[0,T] by

T
Z(ep) = [ L0, =5(0)+ p(0)ds
3 IO+ 200,0)) + o+ 5 (T

if x € A%, and o otherwise is then itself a self-dual Lagrangian on LZ[0,T] x
L%[0,T]. Setting now H' := L2,[0, T] as a state space, we can then lift the Lagrangian
Z to a new path space Lé, [0,S] and obtain a new completely self-dual functional

)

7 () ::/

JO

2 (x(s),~ % (5))ds +£/(x(0).x(5))

that we can minimize on A?i, [0,S]. Here is the main result of this section.

Theorem 8.9. Let H be a Hilbert space and let L : H x H — RU {+e} be a self-
dual Lagrangian on H x H that is uniformly convex in the first variable. For xo € H,
we consider on L*([0,S];L%[0,T]) the functional defined as

x) = /S /TL x(s,t),—%(s,t)—%(s,t))dtds
/ (515, 0l —20x(5,0),30) + ol + 3 1x(5, 7)) ds
)G

le(0,1)][7 — <X(0,t)>x0>+|\x0||121+§||X(5J)||ﬁ) dr (8.52)

on the space A%([0,S];A%[0,T]) and +oo elsewhere.

If xo € Dom(&L) then I is a completely self-dual functional and there exists
£ € A%([0,S]; L [0, T1) such that £(s,-) € A%[0,T] for almost all s € [0,S] and

1(%) = inf{I(x); x € L*([0,S]; L} [0,T]) } = 0. (8.53)

Furthermore, for almost all (s,t) € [0,S] x [0,T], we have

g’t‘ (5,1 )—%(s,t) € IL(¥(s,1)) a.e.[0,8]x [0,T], (8.54)
£0,t) =xo a.e.t€[0,T], (8.55)

#(5,0) =x0 a.e.s€[0,S]. (8.56)
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We first note in the following proposition that if L is finitely valued, then the con-
clusions of the theorem are easy to establish, even if L is not autonomous. The main
difficulty of the proof is to get rid of this boundedness condition.

Proposition 8.1. Ler H be a Hilbert space and let L: [0,T] x H x H — R be a finite
time-dependent self-dual Lagrangian on H x H that is uniformly convex in the first
variable. For xo € H, we consider on L*([0,S];L%[0,T]) the functional defined as

/ / t,x(s,1), (; (s,8) — (;;C(s,t)> dids

1
4 [ (S, ~2005,0)50)+ ol + 35, T s
rl 2 2 1 2
[ (G001 = 20x(0.0).30) + [l + 5 [x(S.0) ) (857
on the space AZ(LO,S] ;A% [0,T]) and +oo elsewhere.
If xo € Dom(dL), then I is a completely self-dual functional and there exists
£€A2([0,8);L3[0,T)) such that £(s,-) € A%[0,T] for almost all s € [0,S] and
1(£) = inf{I(x); x € L*([0,S];L][0,T])} = 0. (8.58)

Furthermore, for almost all (s,t) € [0,8] x [0, T}, £ satisfies (8.54), (8.55) and (8.56).

Proof. Indeed, by Theorem 4.3, . is a self-dual Lagrangian on the space H' x
H':=L}4[0,T] x L4[0,T], and is uniformly convex in the first variable. Since xo €
Dom(dL), it is easy to see that 0 € Dom(d.%) in path space. Therefore, by Theorem
7.5, we can find an £ € A2, ([0, S]) = A%([0,S];L};[0,T]) such that

2 . L
0= /«i”x ))ds+*||x( )H%J/_2<x(0)7x0>H’+||x0‘|%1+§||x(5)”%1’~

From the definition of .Z, we get that £(s,-) € A%([0,T]) for a.e., s € [0,S], while
satisfying (8.53). We therefore get the following chain of inequalities:

d% d%
0—// txst 8t(St) as(s7t)>dtds
R A L.
+ [ (51,0l — 24505, 00,300+ ol + 3115, T s
[ (315001 = 206000, 30)-+ ol + 315,01 )
%
Z// - x(s,t),—t(s,t)+$(s,t)>dtds
[T
+ [ (S, ~20606,0)50)+ ol + 31186, s

4 [ (S10.01 20600, 0) + ol + 155,013 )
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T S
2/0 ||)e(o,z)—x0||%,dz+/0 1£(5,0) — xo|[Z,ds > 0.

This clearly yield equations (8.54), (8.55), and (8.56).

In the next proposition, we do away with the assumption of boundedness of the
self-dual Lagrangian L that was used in Proposition 8.1. We first A-regularize the
Lagrangian L, and then derive some uniform bounds to ensure convergence in the
proper topology when A goes to 0. To do this, we need to first state some precise
estimates on approximate solutions obtained using inf-convolution. Recall first from
Proposition 3.3 that the Lagrangian

. 1 A
L} (v.p) = inf {L(z.p) + 57 lx =zl | + 5ol

is self-dual for each A > 0.

Lemma 8.1. Let L : H x H — R be a self-dual Lagrangian that is uniformly convex
in the first variable. If po € dL(xo) and if £ € A0, T] satisfies

ro.. \ [ . L.
| et =300 + 5 5O+ ol + (20),50)+ 5 (T =0,
then we have the estimate

T .
[ 1kl < Tlpol (859

Proof. By the uniqueness of the minimizer, £ is the weak limit in A% ([0,7]) of the
net (x;) in C11([0,T]), where —i; (t) € JL} (x; (¢)) and x;,(0) = xo. By Proposi-
tion 7.1, we have that ||%, (t)||g < ||%2(0)||z for all 7 € [0,T]. Since (—%, (0),x0) €
dL} (x0,%,(0)), we get from Lemma 3.3 that ||x; (0)|lz < ||polls for all A > 0.
Therefore, letting A — 0 and using the weak lower semicontinuity of the norm, we
get that [ [£(1) |3t < T/ pol

Proof of Theorem 8.9. By applying Proposition 8.1 to the regularized Lagrangian
L}, we obtain £, € A%([0,S];L}[0,T]) satisfying for all (s,2) € [0,5] x [0,7]

_dh o dn =1
7 (s,1) I (s,1) € IL; (%4 (s,1)), (8.60)
£(0,1) = xo V1 € [0,T], 8.61)
%3 (5,0) = xo Vs €]0,5], (8.62)

and
S T dx dx
1({+& _ax A
0 _—/0 /0 L (xl(s,t), s+~ (s,t))dtds

Sl | B
[ (314 (5.0 = 20w 5.0)x0) + ol + 512 (5. T ) s
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Tl o 2 2 1 o 2
+ [ (G101 =202 0.0),x0) + [l + 5152 (S.0) ). (8:63)

Now consider the self-dual Lagrangian .#; on L} ([0,T]) defined by

T X
L) = [ 14 (500, 50+ p0)) a
43 IO+ 5 15T~ 240, 5(0)) + 1ol

if x € AZ(]0,T]) and 4o elsewhere. Let Z; : [0,5] — L%[0,T] be the map s —
#.(s,-) € L4[0,T], and denote by 2 € L%[0,T] the constant map ¢ +— xo. Then, we
infer from (8.63) that 2 is an arc in A%([0,S];L2 [0, T]) that satisfies
s p d%; 2 P (V12
0= [ (Z6).~ 2005+ 5 (1220 01+ 17 5) By )
=220, Z3(9)) 2 0.0+ 1 2002, 0.1

with 29 € Dom(9.%} ). Applying Lemma 8.1 to the self-dual Lagrangian .} and
the Hilbert space L2[0,7] we get that

I
0 Jo ds

where &, € L}4[0,T)] is any arc that satisfies (— 2y, 20) € 0.3 (20,—%;,). Ob-
serve that if the point p, € H satisfies the equation (—pj ,xo) € dL; (x0, —py ), then

we can just take &7, to be the constant arc ¢ — p; . Combining this fact with Lemma
8.1, we obtain that, for all s € [0,S] and all A > 0,

dx,l
I8 D  das < st

In deriving the above estimates, we have interpreted £ (s,7) as a map Z5 :10,8] —
L%[0,T]. However, we can also view it as a map from [0,7] — L%0,S] and run the
above argument in this new setting. By doing this, we obtain that for all A > 0

// dxast dd +/ / delsr)H dtds <2TS||pol7. (8.64)

Now, for any (vi(s,1), v2(s,t)) satisfying equation (8.60), we can use monotonicity
to derive the bound:

(1) I,

d d
Sl =va(s. 0l + - vis,0) = va(s, )l < 0.

So we obtain
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/ 1 (5,1) — v (s, ||Hds—|—/ 1 (5,1) = va(s,) Byt
< /0 I91(5:0) v, ) s+ [ s (0,0) = v2(0,0) e,
Now, picking v (s,t) = £ (s,7) and v, (s,t) = £, (s + h,1), we get that

J o+ /dede

/ de;L sO / del (0,1) H dr. (8.65)

Setting s = 0 in equation (8.60), we get that for all 7 € [0, T]

3, ds; -
- (W(OJ) + K(OJ)) € dL (xo0).

Therefore, by Proposition 3.3, we have that for all 7 € [0,7] and A > 0,

dx dx
|20+ Z2 0.0 < lIpolla

Observe that if we take v(s,7) = £, (5,7 +h), we can use the same argument as
above to get that for all s € [0, 5],

dx
|52 6.0+ S25,0) < lpollr

Therefore, for all s € [0,S5],7 € [0,7],and A > 0:

dx,l d)?;L d)?;L d)?;L
=4 =4 =4 < . :
1= (0:0) + == 0.0 [ + == (5,0) + == (5.0) [l < 2[lpollr- (8.66)
Combining (8.66), (8.65), and (8.64), we get that
d 2
/ / H (s ||H+||—(s 1) dras < (8.67)

for some constant independent of A.
If J; (x, p) is such that Ly (x, p) = L(J (x, p), p) + % | pl|%, then setting v; (s,t) :=

I (R2.(s,1), dj} (s,0) + d“ 2 (s,1)), we can deduce from equation (8.60) that

dzx; dxy )EA(SJ)—V;L(S,I)
——=(50) = —=(s,0) = ———— .
The estimate given by equation (8.67) then implies

T S
tim [ [ (s.0) = v (5.0 e =
0

A—0.J0
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Therefore, combining this with (8.67) we obtain — modulo passing to a subsequence

%, — £in A%([0,S]; L0, T]), (8.68)
£, — #in A2([0,T]; L% 0, S]), (8.69)
vy — £in L2([0,S] x [0, T]). (8.70)

Write (8.63) in the form

S T d)?l dxk dx;L d)?;L 2
0= L( ), ——=(s,t ) H —=(s,t H dtd
L[ e(atn. =SR-S 60) + 5| Grsn + Grsn]| dids
S1
+/0 E\Ixa(sﬁ)ll%f—2<xz(s,0),xo>+||xo|\%+§llxa(s,T)||%1ds
1 N 2 2 1 N 2
+/0 5 2 (0,0) 1177 = 2(x2.(0,2),x0) + ol + 5 1€ (8, ) |7zt

and taking A — 0, using the convergence results in (8.68) in conjunction with lower
semicontinuity, we get

d% d%
0 >/ / t(s 1) — as(sJ)) dtds
. . L
of §||x(870)\|%1—2<X(S,0),xo>+||x0\|%+§||x(S7T)H12qu
1
/ SIR0,0) 17 = 2(2(0,2),x0) + [|xol[7 + 5 [12(S,0) 7t > 0.

The rest is now straightforward.
Clearly, this argument can be extended to obtain N-parameter gradient flow. We
state the result without proof.

Corollary 8.3. Let L : H x H — RU {+oo} be a self-dual Lagrangian that is uni-
formly convex in the first variable and let uy € Dom(dL). Then, for all Ty > Ts.. >

N a N
Ty > 0, there exists u € L%{( 110, Tj]) such that 4% € L2 ( I1 [O,Tj]) Sor all
Jj=0 Jj=0

j=1,...,N, and satisfies the differential equation
tv) € IL(u(ty,...ty))

with boundary data u(t, ...,ty) = uq if one of the tj = 0.
We conclude this chapter with some remarks.

Remark 8.2. Let u : [0,T] — H be the one-parameter gradient flow associated to the
self-dual Lagrangian L, namely

d,( )€ 8L( (¢)) and u(0) = up.
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If we make the change of variables v(s',¢') = u(sl“;’/ ), then v(+,-) obviously solves
(8.54), with the boundary condition v(s’,#') = ug on the hyperplane s' = —¢'. In
comparison, Theorem 8.9 above yields a solution « for (8.54) with a boundary con-
dition that is prescribed on two hyperplanes, namely u(0,7) = u(s,0) = ug for all
(s,7) €[0,8] x [0,T].

Remark 8.3. Let now u : [0,00) x [0,00) x [0,00) — H be a solution for the three-
parameter self-dual flow.

du Jdu du 3
_ (E +oot E> (r,s,t) € AL(u(r,s,1))
u(0,5,1) = u(r,0,1) = u(r,s,0) = uo.

J

. . N ) .
\thl;tf?e chgn%e of variable v(r' s 1) = u(SHE S5 S50, v(r, s, 1) again solves
the differential equation

on the domain

with boundary conditions

v(r',s',t')=upif s = —r orr =t ors’ = 1.

Looking now at (#/,s") as “state variables™ and 1’ as the time variable, we see that at
any given time ', v(r/,s’,¢') solves the equation on {(r/,s") | ' > —r/, ¥ > —1', s’ >
—1'} with v = ug on the boundary of this domain. This essentially describes a simple
PDE with a time-evolving boundary.

Exercises 8. B.

1. Establish the N-parameter version of Theorem (i.e., Corollary 8.3).

2. Show that in the case of a gradient flow of a convex energy — as opposed to a more general
Lagrangian — one can use the method of characteristics to obtain the result in Remark 8.2 even
for nonconstant data:

xo(r) :=X(r,0) if r > 0 and xo(r) := £(0,—r) if r <O0.
Verify that the solution can be obtained by

X(t,s):=T (%(H—s)— %|s—t|x0(%(s—t))> ,

where the semigroup 7T'(¢,xp) := u(t) is the one associated to the gradient flow of ¢ starting at
X0-
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Further comments

The material for this chapter is taken from Ghoussoub [58]. The particular case
where the operator is skew-adjoint modulo a Dirichlet-type boundary was given in
[68]. Lagrangian intersections of Hamiltonian systems driven by convex-concave
potentials were studied by Ghoussoub and Tzou [69]. The iterative properties of

self-dual Lagrangians, and their application to multiparameter evolutions were also
studied in [69].






Chapter 9
Direct Sum of Completely Self-dual Functionals

If I : X — X* is an invertible skew-adjoint operator on a reflexive Banach space
X and L is a self-dual Lagrangian on X x X*, then we have seen in Chapter 3 that
M(x,p) = L(x+T!p,Ix) is also a self-dual Lagrangian. By minimizing over X
the completely self-dual functional I(x) = M(x,0) = L(x,I"x) with L(x, p) = ¢@(x) +
©*(p), one can then find solutions of I'x € d@(x) as long as ¢ is convex lower
semicontinuous and bounded above on the unit ball of X. In other words, the theory
of self-dual Lagrangians readily implies that if the linear system I"x = p is uniquely
solvable, then the semilinear system I'x € d @(x) is also solvable for slowly growing
convex nonlinearities ¢.

This chapter deals with an extension of the above observation to systems of equa-
tions. Namely, if I; : Z — X;" are linear operators from a Banach space Z into reflex-
ive spaces X/ for i = 1,...,n, in such a way that the system of linear equations

Iix=pjfori=1,...n
can be uniquely solved, then one can also solve uniquely the semilinear system
xedgi(Aix) fori=1,..,n,

provided A; : Z — X; are bounded linear operators that satisfy the identity

(Aix,Iix) =0 forall x € Z,

I{E

1

and the ¢;’s are slowly growing convex nonlinearities. This is done by minimizing
the functional

n

1(z) = Y ¢i(Aix) + ¢; (Iiz),

i=1

which is then completely self-dual on Z. This result is applied to derive variational
resolutions to various evolution equations.

175
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9.1 Self-dual systems of equations

Consider (n+ 1) reflexive Banach spaces Z, X}, X3, ...., X, and bounded linear oper-
ators (A;,I7) : Z — X; x X for i = 1,...,n. We shall consider a framework where one
can associate a self-dual Lagrangian on Z to a given family of self-dual Lagrangians
L; on X; X Xi*'
For that, we assume that the linear operator I" := (I1,I5,....I5,) 1 Z — X{ x X5 x
.. x X,y is an isomorphism of Z onto X|" x X;' X ... x X¥. We can therefore put Z in
duality with the space X1 & X, & ... ® X, via the formula

n
(2, (P1, P2y Pn)) = Y (Iiz, i), 9.1)
i=1

where z € Z and (p1,p2,..,pn) EX1 X0 D ... DX,

If B; is a bounded linear operator on X; for i = 1,...,n, and B = (B;)_, is the
product operator on X; X, @ ... ® X,,, then we can define an operator B : Z — Z via
the formula

<BZ’ (pl y P2, ~-~7pn)> = <Z’ (B]pl s Bapa, ---aBnpn)>'
In other words, B = I’ "' B*I", with its coordinates (Ei),-:17_,_7n being representations
of B} on the space Z.

Theorem 9.1. In the above framework, consider L; to be a convex lower semicontin-
uous Lagrangian on X; x X for each i =1, ...,n. Suppose that the following formula
holds:

n
Y (A, Ii2) + (Aiz, Tiy) = 0 for all y,z € Z. 9.2)

i=1
1. The Lagrangian defined on Z x Z* by M(z,p) = Z Li(Aiz+ pi,Iiz) then has a

Legendre transform equal to M*(p,z) = ): Li(Iiz,Aiz+pi) on Z* X Z.

2. Assume each L; is B;-self-dual for some bounded linear operator B; on X; that
satisfies the following commutation relations

ABf =BiA; fori=1,...,n 9.3)

Then L is B-self-dual on Z x Z*, and the functional 1(z) = ¥, L;(A;z,I;z) is com-
i=1

pletely self-dual over Z.

3. If each B; is onto and if p — Li(p,x}) is bounded on the unit ball of X; for some
x; € X[, then the infimum of I over Z is zero and is attained at some 7 € Z.
Moreover, if 7 satisfies

(BiAiz, I;Z) =0, (9.4)

™=

1

then it solves the system of equations
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7€ dpLi(AZ), i=1,..,n. 9.5)

Proof. (1) Fix ((¢1,92,---,qn),y) € (X1 ©X2 & ... B X,) X Z and calculate

n

n
M*(q,y) = Sup{Z‘,(I?z,ql (Gy,pi) = Y_Li(Aiz+ pi,Tiz);z € Z, pi € X,-}-
1

i=1 i=

Setting x; = A;z+ p; € X;, we obtain that

™=
'M=

M*(q,y) = SUp{

—
— sup .

Since Z can be identified with X{" ® X, @ ... @ X,; via the correspondence z —
(Iiz, Iz, ...,I5z), we obtain

(Iiz,qi) + (Liy,xi —Aiz) — )_Li(xi,Iiz) :2 € Z,x; € Xi}

Il
—

i=1

(Iiz, qi) + (Liy,xi) + (Aiy, Iiz) —

M:
M:

Li(x;,I;z);z € Z,x; € X,'}

Il
—

i=1

(Liz,qi +Aw) + Ty, xi) Z (x,Tz) zer,eX}

™=

-

M ( SHP{Z 2i,qi +Aiy) + (Gy, xi) — Li(xiyZi)§Zi€Xi*7xi€Xi}

i=1

|
™=

Il
—

sup {(zi,qi +Apy) + Ly, x;) — Li(x;,2:): 2 € X{",x;: € X;}

Li (Iiy,qi +Ay).

-

Il
—

The proof of (2) is straightforward, while to prove (3) we first use Proposition
6.1 to deduce that the infimum of /(z) = L(z,0) is zero and that it is attained at some
z € Z. It follows that

n
Li(Aiz,I}Z) = Z Li(Aiz, IZ) — (BiAiZ, I3Z).
1 i=1

-

0=1(2) =

1

Since each term is nonnegative , we get that L;(A;Z,I;Z) — (B;A;Z,I;Z) = 0 for each
i=1,...,n, and therefore

(B;KI—I‘Z;BlAIZ) € aLl(AlZ;EZ)a i= 175”
The following corollary is now immediate.

Corollary 9.1. Let I : Z — X;* be bounded linear operators such that the linear
system

Iiz=p,i=1,...n 9.6)
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can be solved uniquely for any (p1,p2, ..., pn) € X; X X5... x X;}. Then, for any con-
vex lower semicontinuous functions @; on X; verifying for some C; > 0 and o > 0,

—C; < @i(x) < G(1+||x||%) for all x € X; 9.7)

and for any bounded linear operators A; : Z — X; such that (9.2) holds, there exists
a solution to the system

Iize dg;(Aiz), i=1,...,n. (9.8)

It is obtained as the minimum over Z of the completely self-dual functional

-

1(z) = )_ ¢i(Aiz) + ¢/ (Liz).

i=1

9.2 Lifting self-dual Lagrangians to A% [0, 7]

We consider again the space A7, := {u: [0,T] — H;u € L}, } consisting of all abso-
lutely continuous arcs u : [0,T] — H equipped with the norm

1
[ u(0) +u(T) |2 LT 2
el = { |5+ [ et}

The space A%{ can be identified with the product space H x L%I, in such a way that
its dual (A%)* can also be identified with H x L%, via the formula

_ <u(0) +u(T)
AL HxL 2

(i (p1.p)) )+ [ tate) o),

where u € A2 and (py,po(t)) € H x L,.

Theorem 9.2. Suppose L is a time-dependent Lagrangian on [0,T] x H x H and that
{is a Lagrangian on H x H, and consider the Lagrangian defined on A%_I X (A%i)* =
A% x (H x L) by

u(O)+u(T)>.

T
Zup) = [ Lltu(0)+polo). —io)) de+ ¢ (a(T) ~u(0) +pr, =

1. The Legendre transform of £ on A% x (L% x H) is given by

(0) +u(T)

T u
g*(p,u):/o L (1, =ir) u(r) + pole)) dr +¢° . u(T)=u(0)+py ).

2. If L(t,-,-) and { are B-self-dual Lagrangians on H X H, where B is a bounded
linear operator on H, then £ is a B-self-dual Lagrangian on A%{ X (A%{)* where
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B is defined on A% by (Bu)(t) = B(u(t)) and

u(0) +u(T)>

T
1(u)=$(u,0)=/0 L(tu(r),—(0)) dr + ¢ (u(T) — u(0), =

is then a completely self-dual functional on A%[.
3. If in addition B is onto and we have the boundedness conditions

Jo L(t,x(t),0)dt < C(1+ ||x|12, ) for all x € L3, (9.9)
'H

€ is bounded from below and (a,0) < C(||a||?; + 1) foralla€ H,  (9.10)

then the infimum of the functional I over A%{ is zero and is attained at some
v € A% Moreover; if

/0 " Bv(0), 5(0))dr + %(BV(O) — Bu(T),v(0) +v(T)) =0, ©.11)

then v solves the boundary value problem
—V(t) € dpL(t,v(t)) forae t€0,T), 9.12)
M € dpl(v(T) —v(0)). (9.13)

Proof. (1) follows from the previous proposition. Indeed, in the terminology of
Proposition 9.1, we have identified Z = AIZ_I with the product X{* x X5, where
Xi=X{= L%, and X, = X5 = H, via the map

(O)J;M(T)>

ueZ— (ILiu,Ihu) = <—u(t)7” €L xH,

which is clearly an isomorphism, the inverse map being
1 ' T
(x,f(t)) €H X LY — x+ 3 (/ f(s)ds—/ f(s)ds) ez
0 1

Define now the maps A} : Z — X by Aju =u and ApZ — X, by A (1) = u(T) —u(0)
in such a way that

T
(Avu, [ie) + (Agu, ) = — /0 u(t)a(o)dr -+ {u(T) ~ u(0),

The proof of (2) is obvious in view of (1), as for (3), we apply Proposition 6.1 to
the Lagrangian

Z(u,p) = /OTL(t,u(t) + po(t), —L't(t)) dt —|—€(u(T) —u(0)+ py, M),
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which is B-self-dual on A%, Since I(x) = .Z(x,0), we obtain v(t) € A2 such that

r . v(0)+v(T)\ _
/0 L(t.v(e),—9(r)) dr + 0 (V(T) —(0), 2) —0,

which gives, as long as (9.11) is satisfied

0= /OT [L(t,Bv(t),—v(t)) + (Bv(r),v(t))] dt
-/ L(By(0).5(0)) di+ £ (o(T) = v(0), MO+ vT)y
-/ L0, ~9(0) + Br(0).5(0)] di — (BT~ Bu(0).v(0) + v(T))

+€(V(T) —v(0), M)

Since L and ¢ are B-self-dual Lagrangians, L(¢,v(¢),—v(¢)) + (Bv(t),v(¢)) > 0 and

(0);V(T)>

M) ~(Bu(1) - B0),"

e(vm —(0), % > >0,

which means that L(z,v(t), —v(r)) 4 (Bv(t),v(¢)) = 0 for almost all 7 € [0, 7], and

The result now follows from the above identities and the limiting case in Fenchel-
Legendre duality. In other words, v solves the following boundary value problem

(—B"(r),Bv(t)) € OL(t,v(t),v(t)) for r€l0,T],

(52D gy —v(0)) € a1 (w(r) - v(0), O,

9.3 Lagrangian intersections via self-duality

Let now Z = A% x A%, with H being a Hilbert space. We shall identify it with the
product space X" ® X, @ X5, with X; = X{ = L%, X lej,, Xo =Xy =H, and X3 =
X3 = H, in the following way. To (u,v) € Z, we associate

(3 (u,v), I3 (u,v), I3 (u,v)) = ((i(2),9(z)),u(0),v(T)) € (L3, x L}) x H x H.
The inverse map from (Lfi X L%i) xHxHtoZ= A%_] X A%_, is then given by the map
T
t

((0gw9) — (x+ [ r)ds.y— [ gls)as),
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The map A; : Z — X := L} x L% is defined as A;(u,v) = (v,u), while A3 : Z —
X, := H is defined as A»(u,v) = v(0) and A3(u,v) = —u(T). It is clear that

T

(Ai(u,v),Ii(u,v)) :/ (u(®)v(t) +v(t)u(t))de (9.14)

0
+(u(0),v(0)) — (u(T),v(T)) = 0.

3

i=1

Theorem 9.1 now yields the following.

Theorem 9.3. Suppose L is a time-dependent Lagrangian on [0,T] x H 2 x H? and
that ¢y, 0y are two Lagrangians on H x H. Consider the Lagrangian defined for
((,v), (1), 5(0), 1, p2)) € ZX Z* = (Afy x Afy) x (Lypy X H x H) by

Z((u,v),p) = /OTL(I»(V(I)+p(1)(f)7u(l)+p5(f))»(ﬂ(f),v(f)))df
+01(v(0) + p1,u(0)) + L2 (—u(T) + p2,v(T)).

1. The Legendre transform of £ on (A% x A%) x (L12q2 x H?) is then given by

L) = [ (0 0),50), (010 + phe) ) + 0

0
+£T (”(0)>V(0) + Pl) + ﬁ; (V(T)7 _M(T) +P2)-

2. Suppose L(t,-,-) (resp., £1) (resp., £2) is a By X By-self-dual (resp., B)-self-dual)
(resp., By-self-dual) Lagrangian on H> x H? (resp., on H x H) for some bounded
linear operators By and B> on H. Then, £ is a B-self-dual Lagrangian on Z x Z*,
where B is defined on Z by B(u,v)(t) = (Byu(t),Byv(t)).

3. If in addition B| and B; are onto, and if we have the following boundedness
conditions: for all (py,p>) € L2, and all a € H,

H
Jo L(t,(p1 (1), pa(2)),0)dt < C(1+ || py 17 +1p217, ). (9.15)
i(a,0) < Ci(|lallf +1). (9.16)

then the infimum over Z .= A%, X A%I of the completely self-dual functional
) = 2,0 = [ 2(000),u0)), 6t0),5)))
+01 (v(0),u(0)) + 2 (— u(T),v(T))
is zero and is attained at some (i1, v) € A% x A% Moreover if
/OT{<BZV(I),L'£(¢)> + (Biu(t),v(t)) }dt + (B1u(0),v(0)) — (u(T), Bov(T)) = 0,

9.17)
then (u,v) solves the boundary value problem
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(v(t),u(t)) € dp,xp,L(t,u(t),v(t)) for te(0,T], (9.18)
u(0) € dp, t1(v(0)), (9.19)
~u(T) € dp,t2(v(T)). (9.20)

Example 9.1. Connecting Lagrangian manifolds with orbits of convex-concave
Hamiltonian systems

The following result is now a direct application of Theorem 9.3. It proves the ex-
istence of a path connecting in prescribed time 7 two given self-dual Lagrangian
submanifolds in H? through a self-dual Lagrangian submanifold in phase space H*.
More precisely, it is possible to connect in any time 7' > 0 the graph of dL;, where
L, is an antiself-dual Lagrangian on H2, to the graph of dL,, where L, is a self-dual
Lagrangian on H?, through a path in phase space (x(t),x(¢)) that lies on a given
S-self-dual submanifold in H*, where S is the automorphism S(x,p) = (p,x) (in
particular, the graph of the vector field S ¢, where ¢ is a convex function on H?).

Theorem 9.4. Let y| and W, be two convex and lower semicontinuous functions on
a Hilbert space E, let A1,A, : E — E be skew-adjoint operators, and consider the
following antiself-dual (resp., self-dual) Lagrangian submanifold:

M = {(x1,x2) €E?; —xa +A1x; € Iy (x1)}

(resp.,
My = {(x1,x) € E% x+Axx; € Iy (x1)}).

Let @ :[0,T]| X E X E — R be such that ®(t,-,-) is convex and lower semicontinu-
ous for each t € [0,T), and consider the following evolving S-self-dual Lagrangian
submanifold of E*:

AM5(1) = {((x1,%2), (p1,p2)) €E*xE% (py,p1) € (01D (t,x1,%2),00D(t,x1,x2)) }.
Assume that for some C; > 0, i = 1,2, we have

—oo < Wi(a) < Ci(||allf; +1) foralla € E 9.21)
and that for some C(t) € L% ([0,T]) we also have

D(1,x1,%2) <C(O)(1+ [l ||+ [1x2l|)- 9.22)
Then, there exists x € A% such that
x(0) € A, x(T) € M>, and (x(t),x(t)) € A;5(t) for a.e. t € [0,T].

Proof. Let H = E x E, and consider the self-dual Lagrangians on H x H defined by

L(t,x,p) := P(t,x)+ D*(¢,p),
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U(ar,az) = wyi(ar) +yi(Arar —az) and lr(b1,b2) = ya(b1) + W5 (A1 + by),

as well as the completely self-dual functional defined on A% [0, T] by

H(u,v) = /OT{<I>(t7(v(t),u(t)))-i—CIJ*(t,bl(t)),v(t)}dt
+w1(v(0)) + wi (A1v(0) —u(0)) + v (V(T)) + y5 (Aou(T) +v(T)).

The conditions on @, y1, and y, ensure that all the hypotheses of Theorem 9.3 are
satisfied, and hence there exists a path (u,v) € A% . such that I(u,v) = 0. It is then
easy to check that (x1,x2) := (v,u) satisfy

(42(),51(8)) € 9D(x1 (1), 32(1)) e £ € [0,T],
Alx; (0) —XQ(O) S 81//1 (x1 (0)),

Arxo(T) +x1(T) € Qv (x1(T)).

In other words, x € A% . is such that x(0) € .#,, x(T) € .41, and (x(¢),%(t)) €
A5(t) forae.t € 0,T].

It is worth noting that the analogous result for the more standard case of convex
Hamiltonians .7 (as opposed to convex-concave) will be proved in Chapter 13 but
only in the finite-dimensional case.

Corollary 9.2. Let E be a Hilbert space and 5 (-,-) : E X E — R be a Hamiltonian
of the form F(x1,x2) = @1(x1) — Q2(x2), where @1, @2 are convex lower semicon-
tinuous functions satisfying

—C < @i(x1) + P2(x2) < C(1+ x| B + 2] B).

Furthermore, let Yy, Yo, Ay, and Ay be as in Theorem 9.4. Then, there exists
(x1,x2) € A%, £([0,T]) such that for almost all t € [0,T],

—y(t) € A (x1 (1), x2(1)),
xX1(1) € I (x1(1),:2(1)),
and satisfying the boundary conditions
—A1x1(0) —x2(0) € 1 (x1(0)),

—Apx1(T) +x2(T) € Ay (x1(T)).
Proof. This is a restatement of Theorem 9.4 for ®(x1,x2) = @1 (x1) + @2(x2).

Corollary 9.3. Let E be a Hilbert space and let ¢ be a convex lower semicontinu-

ous function on E satisfying ¢(x) < C(1+ ||x||g) Let y, W, Ay, and Ay be as in
Theorem 9.4. Then, there exists x € A%([0,T]) such that, for almost all t € [0,T],

(t) € 9(x(1)),
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—x(0) € dy1(x(0)) +A1x(0),
#(T) € Iy (x(T)) +Asx(T).

Proof. It is enough to apply the above to @, = ¢ and ¢ (x;) = %Hxl 12

An application to infinite-dimensional Hamiltonian systems.

Consider an evolution triple Y C E C Y*, where Y is a reflexive Banach space that
is densely embedded in a Hilbert space E. Then, the product X :=Y X Y is clearly
a reflexive Banach space that is densely embedded in the Hilbert space H = E X E
and X C H C X* is also an evolution triple.

We consider now a simple but illustrative example. Let @1, ¢, be convex lower
semicontinuous functions on E whose domain is ¥ and which are coercive on Y.
Define the convex function @ : H — RU {+oo} by ®(x) = ®(y1,y2) := @1(y1) +
©2(y2), and consider the linear automorphism S : X* — X* defined by

Sx* = S(y1,32) = (=y2,—)1):
Clearly S is an automorphism whose restriction to H and X are also automorphisms.
Consider now the Lagrangians L : X* x X* — RU {40} defined as:
L(x,v) = ®@(x)+ (P|x)"(Sv). (9.23)

Now, for the boundary, consider the convex lower semicontinuous functions y1,
ys: Y* — RU {e} assuming that both are coercive on Y. To these functions, we
associate the boundary Lagrangian £ : X* x X* — RU{+e0} by

((a1,a2), (b1,b2)) = yi(a1) + (Wilx)" (—a2) + y2(b1) + (valx)"(b2).  (9.24)

It is then easy to show that L is S-self-dual on X* x X* since the convex function &
is coercive on X and that £ is S-compatible.

Proposition 9.1. Suppose that ¢;(y) < C(Hy||€ +1) for j = 1,2, and that y is
bounded on the bounded sets of Y, and consider the Hamiltonian € (p,q) =
@1(p) — ©2(q). Then, for any T > O, there exists a solution (p,q) € Af y« to the
following Hamiltonian system:

It can be obtained by minimizing the completely self-dual functional on the space

a
AH.X*

1pa) = [ 0p(0).a(0)) + (9,)"(~d (1), ~p()a
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+£((p(0),4(0)), (p(T),q(T))),

where @ is the convex function Q(p,q) = @1(p) + ¢2(q) and £ is as in (9.24).

Exercises 9.B.

1. Suppose ¢; (resp., {2) is an antiself-dual (resp., self-dual) Lagrangian on the Hilbert space
E x E. Show that the convex function ¢ : E> x E> — R defined by

U((a1,a2), (b1,b2)) = Li(ar,a2) + L2 (b1, b2)

is T-self-dual, where T (x1,x2,y1,y2) = (x2,X1,—Y2,—Y1)-

2. In particular, if y; and y; are convex lower semicontinuous on E and if A;, A; are bounded
skew-adjoint operators on E, then what can be said about the Lagrangian £ : E2 x E> — R
defined by

La,b) :=y(ar) + vy (—Ara1 —a2) + Y2 (by) + W5 (—Axb) + bs).

3. Verify Theorem 9.3 and its corollaries.






Chapter 10

Semilinear Evolution Equations with Self-dual
Boundary Conditions

This chapter is concerned with existence results for evolutions of the form

i(t) € —dL(t,u(t)) Vte€[0,T]
wOHT) & _30(u(0) —u(T)),

where both L and ¢ are self-dual Lagrangians. We then apply it to equations

u(t) +Au(t) + ou(t) € —do(t,u(t)) forae.r€[0,T]
u(0)+e4e=T —
wOke—e ull) ¢ — 9y (u(0) — e Tu(T)),
where ¢ and y are convex lower semicontinuous energies, A is a skew-adjoint oper-
ator, and @ € R. The time-boundary conditions we obtain are quite general, though
they include as particular cases the following more traditional ones:

initial-value problems: x(0) = x;

periodic orbits: x(0) = x(7T);

antiperiodic orbits: x(0) = —x(7T);

periodic orbits up to an isometry: x(T) = e~ T (@1+4) x(0).

10.1 Self-dual variational principles for parabolic equations

Consider a general semilinear evolution equation of the form
X(t) +Ax(t) + ox(t) € —0¢(r,x(t)) forae. 1€ [0,T], (10.1)

where @ € R, ¢(¢,-) : H — RU{+oo} is a proper convex and lower semicontinuous
functional on a Hilbert space H and A : Dom(A) C H — H is a linear operator, a
typical example being the complex Ginsburg-Landau equation on 2 C RV

9P (k+iot)Au+ou=—d@(t,u(r)) forte (0,T]. (10.2)

187
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In order to solve these parabolic equations via a self-dual variational principle, we
first need to write them in a self-dual form such as

i(t) € —9L(t,u(t)) fort e [0,T], (10.3)

where L is a self-dual Lagrangian. We shall see that there are many ways to as-
sociate a self-dual Lagrangian L to the given vector field Ax(t) + wx(t) + d¢@. The
choices will depend on the nature of the operator A, the sign of @, and the available
boundedness conditions on the convex functiong.

Moreover, we shall also see that many standard time-boundary conditions can be
formulated in a self-dual form such as

M € —a0(u(0) — u(T)), (10.4)

where / is a self-dual boundary Lagrangian. The choice of £ will depend on whether
we are dealing with initial-value problems, periodic problems, or other — possibly
nonlinear — time-boundary conditions.

Many aspects of the evolution equation (10.1) can therefore be reduced to study
self-dual evolutions of the form (10.1). It is important to note that the interior La-
grangians L are expected in the applications to be smooth and hence their subdiffer-
entials will coincide with their differentials and the corresponding inclusions will
often be equations. On the other hand, it is crucial that the boundary Lagrangians ¢
be allowed to be degenerate so that they can cover the various boundary conditions
we need to cover.

We start by describing the various choices we have for writinf an evolution equa-
tion in a self-dual form.

The selection of self-dual Lagrangians

1. The diffusive case corresponds for instance to when w > 0, A is a positive op-
erator, and the — then convex — function ®(7,x) = @(¢,x) + 5 {Ax,x) + ¥ [|x[|% is
coercive on the right space. In this case, the self-dual Lagrangian is

L(t,x,p) = ®(t,x) + ©*(t,~A"+p), (10.5)

where A? is the antisymmetric part of the operator A.

2. The non-diffusive case essentially means that one of the above requirements is
not satisfied, e.g., @ < 0 or if A is unbounded and purely skew-adjoint (x = 0).
The self-dual Lagrangian is then

L(t,x,p) = e 2 {@(t,e Six) + 9" (t,e”'S;p) } , (10.6)

where S; is the Cp-unitary group associated to the skew-adjoint operator A. This
nondiffusive case cannot be formulated on “energy spaces” and therefore requires
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less stringent coercivity conditions. However, the equation may not in this case
have solutions satisfying the standard boundary conditions. Instead, and as we
shall see below, one has to settle for solutions that are periodic but only up to the
isometry e~ 74,

3. The mixed case deals with

X(t) +A1x(t) + Apx(r) + 0x(t) € —9@(t,x(r)) forae.r€[0,T], (10.7)

where A; is a bounded positive operator and A; is an unbounded and purely
skew-adjoint operator “playing a different role” in the equation. One example we
consider, is the following evolution equation with an advection term.

u(t)+a.Vu(t) —idu+ ou(t) = —3¢(t,u(t)) forte[0,T]. (10.8)

The self-dual Lagrangian is then

L(t,x,p) = e > {(t,e” S;x) + ¢* (t, —e® A{Sx+ e S;p) } , (10.9)
where S; is the Cp-unitary group associated to the skew-adjoint operator A,.
Again, one then gets the required boundary condition up to the isometry e~ 742,
The selection of boundary Lagrangians
The simplest version of the self-dual boundary condition (10.1) is simply
s —oT
YO P ST ¢ gy (v(0) — e @TS_7w(T)), (10.10)

where y is a convex function on H and (S;); is the Cp-unitary group associated
to the skew-adjoint part of the operator. Here is a sample of the various boundary
conditions that one can obtain by choosing ¥ accordingly in (10.10):

1. Initial boundary condition, say v(0) = v for a given vo € H. Then it suffices to
choose y(u) = ||ul|?, — (u,vo).
2. Periodic type solutions of the form v(0) = S_7e~®Tv(T). Then v is chosen as

0 u=0
o0 elsewhere.

v ={

3. Antiperiodic type solutions v(0) = —S_re~®Tv(T). Then y =0 on H.

In the latter case, we shall sometimes say that the solutions are periodic and an-
tiperiodic orbits up to an isometry.

We start by giving a general self-dual variational principle for parabolic equa-
tions, but under restrictive boundedness conditions. They will be relaxed later when
dealing with more specific situations.
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Proposition 10.1. Suppose L is a time-dependent self-dual Lagrangian on [0,T] x
H x H, and let { be a self-dual Lagrangian on H x H. Assume that for some n > 1
and C > 0, we have:

(AY) [T L(1,x(t),0)dr < C(HxHZz +1) forall x € L.
H

(45)  Jo L(t.x(1), p(t)) di — oo as ||x]| 2 — oo for every p € L.
(A%) L is bounded from below and 0 € Dom(¢).

The completely self-dual functional

I(x) = /OTL(t,x(t), —i(1)) dt+£(x(0) —x(T), fM;(T))

then attains its minimum at a path u € AIZ_, satisfying

I(u) = inf I(x) =0, (10.11)

xeA%,
—u(t) € IL(t,u(t)) Vte[0,T], (10.12)
—M € 90(u(0) —u(T)). (10.13)

Proof. Define for each A > 0 the A-regularization fi of the boundary Lagrangian /.
By Lemma 3.3, éi is also seldual on H x H, and by Theorem 9.2, the Lagrangian

T 0)+u(T
) = [ Lot po-ato) -t ] (u(0) ~u(r) . -5
0
is a self-dual Lagrangian on A% x (L2, x H). It also satisfies the hypotheses of Propo-
sition 6.1. It follows that the infimum of the functional

Lx) = /OTL(t,x(t), (1)) di + ¢} (x(0) —x(7), —X(OLZX(T))
on A2, is zero and is attained at some x; € A% satisfying
/OTL(t,x;L,—x;L)dt + 6 (x.(0) —xﬂT),—M) —0, (10.14)
—3; (t) € IL(t,x (1)), (10.15)
—M € 94} (x2.(0) —x,(T)). (10.16)

We now show that (x;); is bounded in A%. Indeed, since ¢ is bounded from be-
low, so is £;, which together with (10.14) implies that fOTL(t,x;L (1), =% (1)) dt
is bounded. It follows from (A}) and Lemma 3.5 that {x, ()}, is bounded in
L% Tt also follows from (A}) that {x; ()}, is bounded in L%, and hence x; is
bounded in A% and thus, up to a subsequence x;, (t) — u(t) in A%, x; (0) — u(0) and
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x(T) = u(T)in H.

From (10.14), we have that ¢} (x;(0) — x; (T), — 22200y is bounded from
above. Hence, it follows from Lemma 3.3 that
e(u(O) —u(T), —M) < liminf £} (x;L (0) —x; (T), —M) .
By letting A — 0 in (10.14), we get

/OTL(t,u(t),—u(t))dt+€(u(0) —u(T),—M) <0.
On the other hand, for every x € A2, we have

1) = [ 2o2(0), ~0)) dr-+(x0) ~a(7), - XD
= [ {2l —0) + 500,500 Y
+(x(0) ~x(7), —M) +(x(0) = x(7), M>

>0,

which means I(«) = 0 and therefore u(r) satisfies (10.12) and (10.13) as well.

10.2 Parabolic semilinear equations without a diffusive term

We now consider the case where A is a purely skew-adjoint operator and therefore
cannot contribute to the coercivity of the problem.

Theorem 10.1. Lez (S;);cr be a Co-unitary group of operators associated to a skew-
adjoint operator A on a Hilbert space H, and let ¢ : [0,T] x H— RU{+oo} be a
time-dependent convex Gdteaux-differentiable function on H. Assume the following
conditions:

(A1) Forsome m,n>1andCy,Cy > 0, we have for every x € L%,

Gl 1) < [ {00x(0))+9°0,0)}dr < Ca(1+ ).

(A2) v is a bounded below convex lower semicontinuous function on H with
0 € Dom(y).

For any given ® € Rand T > 0, consider the following functional on A%{ :

I(x) = /OT e 2! {o(t,e”Six(1)) + @*(t,—e” Sk(1)) } dt
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x(0) +x(T))'

+(x(0) —x(T) +y (- =5

Then, there exists a path u € AZ such that:
1. I(u) = inf I(x) =0.
xeA%,
2. The path v(t) := S;e® u(t) is a mild solution of the equation

v(t) +Av(t) + ov(t) € —d@(t,v(t)) fora.e t€0,T], (10.17)
v(0) +S_7e~2Ty(T)
2

€ —dy (v(0) —S_re °TW(T)). (10.18)
Equation (10.17) means that v satisfies the following integral equation:
v(t) = Sv(0) — [ (S,,s(?(p(s,v(s)) — wSv(s))ds forallz € [0,T].  (10.19)

Proof. Consider the self-dual Lagrangians M (¢,x, p) = @(¢,x)+ @* (¢, p) and £(x, p) =
v (x) 4+ w*(p), and apply Proposition 10.1 to the Lagrangian

L(t,x,p) = e 2 M (t,S,¢”x,5,¢” p), (10.20)

which is self-dual according to Proposition 3.4. We then obtain u(z) € A%{ such that

T
0= /0 e 2 (1,Se”u(t)) + ¢* ( - S,e“”u(t)) dt

u(0) +u(T),
2 )

+Y(u(0) —u(T)) + v (-
which gives
0= [] e 20 [0(t, S u(t)) + @* (— Sie®u(t)) + (Sre®ul(t), Sre®u(t))] dt
— [ (Siu(0), S0)) i+ y(a(0) —u(T)) 4+ ( — 10540
= fOTe’Z“”[ (1,5 u(t)) + @* (— Se®u(t)) + (Sre®u(t), Se®u(r))] dt
— JJ {ue),i(e) e+ y (u(0) — u(T)) 4+ = “2540)
= [fe 2o [0 (1,5 u(t)) + @* (— Sre®u(t)) + (Sre®u(t) S,e“”u(t))]
)

— )]+ ()| + w((0) (7)) + (
= T o2 [0(t, S u(t)) + @* (— Sre®u(t)) + (S, S,e“”u(t))]
+(u(0) (T, "5 1y (w(0) —u(T)) + ( HOLeD)),

Since clearly

@ (1,5 u(t)) + @ (= See®u(r)) + (Sie® u(t), S i(t)) >0



10.2 Parabolic semilinear equations without a diffusive term 193
for every t € [0,7] and since

()~ u(r)) + v (~ O 4 ) (), MO

we get equality, from which we can conclude, that for almost all ¢ € [0, 7],

—Se®i(t) = (1, Sie®u(r)) and “OFUI) ¢ _ gy (u(0) —u(T)). (10.21)

In order to show that v(r) := S;e® u(r) is a mild solution for (10.17), we set x(z) =
e® u(t) and write

=S (x(t) — 0x(2)) = do(t,Sx(1)),

and hence, —(%(¢) + wx(t)) = S_;d@(¢,v(¢)). By integrating between 0 and ¢, we
get

x(t) = x(0) — /Ot {S_sd@(s,v(s)) — wu(s)} ds

Substituting v(z) = S;x(¢) in the above equation gives

o) = sv(0)— [ (51-:00(s.v() ~ S,v(s)) ds

which means that v(¢) is a mild solution for (10.17).

On the other hand, the boundary condition ”<O>;”(T) € —dy(u(0) —u(T)) trans-
lates after the change of variables into

v(0) +e @TS(—T)v(T)
2

€ =y (v(0) —e ®TS(=T)v(T))

and we are done.

Example 10.1. The complex Ginzburg-Landau equations in RV

Consider the following evolution on R¥
u(t)+iAu+de(t,u(t))+ou(t) =0 forre0,7T]. (10.22)

(1) Under the condition:

cl(/OTllu(t)II%dz—l) g/()T(p(,,u(t))dtgcz(/OT”u(t)”gdtH), (10.23)

where C1,C, > 0, Theorem 10.1 yields a solution of

(10.24)

{u(t)+iAu+8(p(t,u(t))+a)u(t) =0 forte[0,T]
e T TAY(T) = u(0).



194 10 Semilinear Evolution Equations with Self-dual Boundary Conditions

(2)If ® > 0, then one can replace ¢ with the convex function @(x) = @(x) + £ x|
to obtain solutions such that

u(0) = e~ T4u(T) or u(0) = —e T2u(T). (10.25)

(3) One can also drop the coercivity condition (the lower bound) on ¢(z,u(t)) in
(10.23) and still get periodic-type solutions. Indeed, by applying our result to the
now coercive convex functional ¥(¢,u(t)) := @(t,u(t)) + §||u(t)||} and ® — €, we
obtain a solution such that

e(7w+e)TefiTAu(T> = u(0). (10.26)

Example 10.2. Almost Periodic solutions for linear Schrédinger equations:

Consider now the linear Schrodinger equation

i@ =Au—V(x)u. (10.27)
ot

Assuming that the space {u € H>*(RY) : [gn |V (x)[u?dx < oo} is dense in H :=
L?>(R"), we get that the operator Au := iAu — iV (x)u is skew-adjoint on H. In order
to introduce some coercivity and to avoid the trivial solution, we can consider for
any €,8 >0and 0 # f € H the convex function Q¢ (u) := & ||ul|?, + 8 (f,u).

By applying Theorem 10.1 to A, ¢, and @ = €, we get a nontrivial solution
u € A%, for the equation

{ig‘t‘:Au—V(x)u—i—5f, (10.28)

u(O) — €_£T€iT<_A+V<X))M(T).

Example 10.3. Coupled flows and wave-type equations

Let A: D(A) C H — H be a linear operator with a dense domain in H. Suppose
D(A) = D(A*), and define the operator <7 on the product space H x H as follows:

{%:D(ﬂ) CHxH—HxH
o (x,y) = (Ay, —A*x).

It is easily seen that .« : D(«/) C H x H — H X H is a skew-adjoint operator,
and hence, by virtue of Stone’s Theorem, .27 is the generator of a Cy unitary group
{S;} on H x H. Here is another application of Theorem 10.1.

Theorem 10.2. Let ¢(t,-) and y be proper convex lower semicontinuous function-
als on H x H. Assume the following conditions:

(A])  For some m,n>1and Cy,C, > 0, we have
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T
C (||x||’L”121 e 1) < Jy @(t,x(r))dr <Co(1+ ||x||2%1 H) foreveryx € LY, .

(AY)  y:H xH — RU{+oo} is bounded below and 0 € Dom(y).

Then, there exists a mild solution (u(t),v(t)) € A%y, for the system

{ —i(t) +Av(t) — ou(t) = 01 @(t,u(t),v(1)),
—v(t) —A*u(t) — ov(t) = dro(t,u(t),v(t)),

with a boundary condition of the form (10.18).

10.3 Parabolic semilinear equation with a diffusive term

Fora given 0 < T < o0, 1 < p < oo, and a Hilbert space H such that X C H C X* is

an evolution triple, we consider again the space
Xpg={u:uelP(0,T:X),ucli(0,T:X")}

equipped with the norm [lul| 2;,, = [lullzr(0.7.x) + lléllza(0,7:x+), Which leads to a
continuous injection 2, , C C(0,T : H).

Theorem 10.3. Let X C H C X* be an evolution triple, and consider a time-
dependent self-dual Lagrangian L(t,x,p) on [0,T] x X X X* and a self-dual La-
grangian { on H x H such that the following conditions are satisfied.:

(B}) Forsome p>2, mn>1,andC,C; >0, we have
C (||x||’L"§ —1) < Jo L(t,x(1),0)dt < Cy(1+ ||xHZ§) for every x € L.

(B,)  lis bounded from below.

The functional I(x) = fOTL(t, —x(1),%(t)) dt + £(x(0) — x(T), —M;(U) then at-
tains its minimum on %, 4 at a path w € %, 4 such that

I(u) =inf{I(x);x € 2,4} =0, (10.29)
—u(t) € IL(t,u(t)) Vt€[0,T], (10.30)
—M € 9¢(u(0) —u(T)). (10.31)

Proof. Use Lemma 3.4 to lift the Lagrangian L to a time-dependent self-dual La-
grangian on [0,7] x H x H via the formula

[ L(tu,p) ifueX
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We start by assuming that ¢(a,b) — oo as ||b|| — e. Consider for A > 0 the A-
regularization of M, namely

lx—z||

Ao
2 +2||p||,zeH}. (10.32)

M, (t,x,p) := inf{M(t,z,p) +

Itis easy to check that M} satisfies the conditions (A}) and (A}) of Proposition 10.1.
It follows that there exists a path x; (t) € A% such that

/OTM,{ (t,x2,—%2) dl+€(xl (0) —x,.(T), ,M

) —0. (10.33)
We now show that (x,,); is bounded in an appropriate function space. Indeed, since
L is convex and lower semicontinuous, there exists iy (x; ) such that the infimum in
(10.32) is attained at iy (x; ) € X, i.e.,

x5 — ia (x3) ||

Ay
o —&-EHx;LH. (10.34)

M (t,x), —Xp) = L(t,ip (x2), —%2) +

Plug (10.34) into equality (10.33) to get

T . 2 z{
02/0 (L(Li;t(xx),—xl(t))q_W_’_E”xl”adt (10.35)

x2.(0) +x,(7) )

5 (10.36)

+(3(0) =3 (T), -

By the coercivity assumptions in (B), we obtain that (i3 (x;)); is bounded in
LP(0,T;X) and (x;), is bounded in L*(0,T;H). According to Lemma 3.5, con-
dition (B)) yields that fOTL(t,x(t),p(t))dt is coercive in p(r) on L1(0,T;X*), and
therefore it follows from (10.35) that (% ), is bounded in L4(0,T;X*). Also, since
L and ¢ are bounded from below, it follows again from (10.35) that [y [x; (r) —
ir(x2)||*>dt < 2AC for some C > 0. Since x3(T) — x;(0) = fOT)Q dt, therefore
x3(T) —x,,(0) is bounded in X*. Also, since ¢(a,b) — oo as ||b|| — oo, it follows
that x, (0) +x, (T) is also bounded in H and consequently in X*. Therefore there
exists u € L2, with &t € L9(0,T;X*) and u(0),u(T) € X* such that

ip(xy)—=u in LP(0,T;X),

X —u in LI(0,T;X"),

x, —u in L*0,T:H),
x(0) = u(0), x,(T)—u(T) in X"

By letting A go to zero in (10.35), we obtain from the above that

u(0) +u(T)

; ) +/0TL<t,u(t), —ia(t))di <0 (1037)

E(u(O) —u(T),—
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It follows from (B}), Lemma 3.5, and (10.37) that u € 2}, and consequently
u(0),u(T) € H.

Now we show that one can actually do without the coercivity condition on .
Indeed, by using the A-regularization ¢ /11 of ¢, we get the required coercivity con-
dition on the second variable of £, and we obtain from the above that there exists
x), € Zp 4 such that

/OTL(t,x,l, —iy ) dt + 0, (x,1 (0) —x, (T), —W) <0. (10.38)

It follows from (B/) and the boundedness of ¢} from below that (x;); is bounded
in L7(0,T;X) and (%)), is bounded in L7(0,T;X*) again by virtue of Lemma 3.5.
Hence, (x;); is bounded in .2}, ; and therefore (x; (0)), and (x4 (7)), are bounded
in H. We therefore get, up to a subsequence, that

x3 —u in LP(0,T;X),
X —ua in L(0,T;X%),
x(0) = u(0) in H,
x(T)—=u(T) in H.

By letting A go to zero in (10.38), it follows from the above that

r , u(0) +u(T)
/0L(t,u(t),—u(t))dt+€(u(0)—u(T),—f)

<0.

So I(u) =0 and u is a solution of (10.30) and (10.31).

Corollary 10.1. Let X C H C X be an evolution triple, let A : X — X* be a bounded
positive operator on X, and let ¢ : [0,T] x X — RU{+oo} be a time-dependent con-
vex, lower semicontinuous, and proper function on X. Consider the convex function
D(x) = @(x) + 1(Ax,x) as well as the antisymmetric part A* := (A — A*) of A.
Assume the following conditions hold:

(B1) Forsome p>2,mn>1,andCy,Cy >0, we have for every x € Ly

cmw@fnséﬁ¢mm»+wmﬂﬂwmméau+wﬁy

(B2) v is a bounded below convex lower semicontinuous function on H with
0 € Dom(y).

Forany T > 0 and @ > 0, consider the following functional on %, 4:

I(x) = /()Tefzw’ {D(t,e”x(1)) + D*(t,—e” (A"X(r) +%(1))) } dt

x(0) +x(T) )

Y (x(0) —x(T) + v (-7
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Then, there exists a pathu € LP(0,T : X) with i € L1(0,T : X*) such that
1. I(u) = inf I(x)=0.
XEXp g
2. If v(t) is defined by v(t) := e® u(t), then it satisfies
v(t) +Av(t)+ ov(t) € —d@(t,v(t)) forae t€[0,T],  (10.39)
v(0) +e " Ty(T)

5 € =y (v(0)—eTw(T)). (10.40)

Proof. It suffices to apply Theorem 10.3 to the self-dual Lagrangian
L(t,x,p) = e > {D(t,e”x) + D*(t,—e® A%+ p) }

associated to a convex lower semicontinuous function @, a skew-adjoint operator
A%, and a scalar @.

Example 10.4. Complex Ginzburg-Landau evolution with diffusion

Consider a complex Ginzburg-Landau equation of the type.

%—(K—i—i)Au—&—c?‘P(l,u)—f—a)u:O, (t,x) € (0,T) x Q,
u(t,x) =0, x€dQ, (10.41)
e Tu(T) = u(0),

where ¥ > 0, ® < 0, Q is a bounded domain in RY, and ¥ is a time-dependent
convex lower semicontinuous function. An immediate corollary of Theorem 10.3 is
the following.

Corollary 10.2. Let X := H} (Q), H := L*(Q), and X* = H~'(Q). If for some C >
0, we have

—C< fOT Y (t,u(t))dt < C(fOT ||u(t)||i]1 dt+1) for everyu € L%,

0

then there exists a solution u € 25, for equation (10.41).

Proof. Set ¢(t,u) := & [ [Vu|?dx+¥(t,u(t)), A= —(1+i)A, A* = —iA, and note
that since

T
iy =1) < [ ot.uydr < ca(uly +1) (1042)

for some c1,cp > 0, we therefore have

T
vz, ~1 < [ 9" evar < vl +1)

for some ¢}, ¢4 > 0, and hence,
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T T
cq(/ /|V(—A)’1v|2dxdt—l) g/ 0" (t,v)dt
0 JQ 0
T
gc;(/ /|V(—A)*1v|2dxdt+1>,
0 Q0

from which we obtain

T T T
C’l(/ /\Vulzdxdt—l)gf <p*(r,mu)dzgc’2(/ /|Vu|2dxdt+1),
0 e 0 0 Ja

which, once coupled with (10.42), yields the required boundedness in (B}).

10.4 More on skew-adjoint operators in evolution equations

We now show how one can sometimes combine the two ways to define a self-dual
Lagrangian that deals with a superposition of an unbounded skew-adjoint operator
with another bounded positive operator. Note the impact on the boundeness condi-
tion (B ) above.

Corollary 10.3. Let X C H C X* be an evolution triple in such a way that the duality
map D : X — X* is linear and symmetric. Let A| : X — X* be a bounded positive
operator on X and let Ay : D(A) C X — X* be a — possibly unbounded — skew-
adjoint operator. Let @ : [0,T] x X — RU {40} be a time-dependent convex, lower
semicontinuous, and proper function on X, and consider the convex function ®(x) =
@(x) + $(A1x,x) as well as the antisymmetric part A := L(A; — A}) of Ay. Let
S; : X* — X* be the unitary group generated by Ay and S; = DS;D~"'. Assume the
following conditions:

(D1) For some p >2, m,n> 1, and C;,C, > 0, we have for every x € L§

T
Ci (Hx||z1§,( — 1) < /0 {D(t,Sx(t)) + D*(t,—A{Six(r) } dt < C2(1 + ||x||z)p()
(D2) v is a bounded below convex lower semicontinuous function on H with
0 € Dom(y).

Forany T > 0 and @ € R, consider the following functional on 2, 4

I(x) = /OT e 2 D(1,e” S,x(t)) + D (t, —e® (ASyx(t) + S,(1))) } dt

o X(0)+x(T)
FY(x(0) —x(T)) +y (-T2
Then, there exists a path u € LP(0,T : X) with u € L7(0,T : X*) such that

1. 1(w)= inf I(x)=0.

XE€EZpg
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2. Moreover, if §; = S, on X, then v(t) := e®' S,u(t) satisfies for a.e. t € [0,T]

v(t) +A () +Av(t) + wv(t) € —do(t,v(t)), (10.43)
v(0)+S_pye®Tv(T)
2

€ =y (v(0) = S(_pe”®Tv(T)) . (10.44)
Proof. It suffices to apply Theorem 10.3 to the self-dual Lagrangian
Ls(t,x,p) = e 2 {@(t,e”Six) + D (1, A“Six+ e Sip) }

which is self-dual in view of Proposition 3.4.

Example 10.5. The complex Ginzburg-Landau equations with advection in a
bounded domain

We consider the evolution equation
u(t) —iAu+aVu(t)+do(r,u(t)) + ou(t) =0 fort €[0,T], (10.45)

on a bounded domain £ in R”. Under the condition that a is a constant vector and

¢ (/OT Juo) 3~ 1) < /OT(p(t,u(t))dt < cz(/or Ju(o)]3dr +1),(10.46)
where C1,C, > 0, Corollary 10.3 yields a solution of (10.45) u such that

e T e TAY(T) = u(0). (10.47)

Proof. Set Aju = aVu, Ay = —iA, and H = L*>(Q) in Corollary 10.3. Define the

Banach space X; = {u € H;Aju € H} equipped with the norm |Jul[x = (||ul|, +

1

||Aull3;)?. Therefore X* = {(I +AjA|)u;u € X} and the norm in X* is || f||x- =
|(I+A3A1)~ ! f|lx. Note that D = I +A}A; is the duality map between X and X*
since (u, Du) = (u, (I +AjA1)u) = ||ull and ||Dul|x- = |D~" Dullx = ||u]x-

Exercises 10.A.

1. Verify that Examples 10.1-10.5 satisfy the conditions of the general theorems from which they
follow.

2. Show that, if in the above examples @ > 0, then one can obtain truly periodic or anti-periodic
solutions (possibly up to an isometry).
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Further comments

There is a large literature about the existence of periodic solutions for evolutions
driven by monotone operators. See for example Brezis [25], Browder [33], Vrabie
[160], [161], and Showalter [144]. Actually, the existence of periodic solutions fol-
lows from a very general result of J. L. Lions (See [144] Proposition II1.5.1]) that
deals with equations of the form

{ —i(t) = A(t,u(t))
u(0) = u(T),

where A(t,.) is a family of “hemi-continuous” and monotone operators from a Ba-
nach space X to X* that satisfy for some p > 2,k € L]0, T] (; + % = 1) and constants
c1,c2 > 0, the conditions:

A @) xe < er (il + k()

and
(At,x),x) > calully — k(r)

for all (r,x) € [0,T] x X.

The self-dual approach allows for more general — even nonlinear — time-boundary
conditions. It does give true periodic solutions, when the strong coercivity condi-
tions of Lions are satisfied. However, it also applies when such conditions are not
satisfied, yielding periodic solutions up to an isometry given by the infinitesimal
generator of the underlying skew-adjoint operator. All the results of this chapter
come form Ghoussoub and Moameni [64].






Part 111

SELF-DUAL SYSTEMS AND THEIR
ANTISYMMETRIC HAMILTONIANS



Stationary Navier-Stokes equations, finite-dimensional Hamiltonian systems, and
equations driven by nonlocal operators such as the Choquard-Pekar equation are
not completely self-dual systems but can be written in the form

0 Au+dL(u),

where L is a self-dual Lagrangian on X x X* and A : D(A) C X — X* is a, not
necessarily linear, operator. They can be solved by minimizing the functionals

I(u) = L(u,—Au) + (Au,u)

on X by showing that their infimum is zero and that it is attained. These functionals
are typical examples of a class of self-dual functionals that we introduce and study
in this part of the book. They are defined as functionals of the form

I(u) = supM(u,v),
veX

where M is an antisymmetric Hamiltonian on X x X, which contain and extend in
a nonconvex way, the Hamiltonians associated to self-dual Lagrangians by standard
Legendre duality (i.e., in one of the variables).

The class of antisymmetric Hamiltonians is quite large and easier to handle than
the class of self-dual Lagrangians. It contains “Maxwellian” Hamiltonians of the
form M(x,y) = @(y) — @(x), with ¢ being convex and lower semicontinuous, but
also those of the form M(x,y) = (Ax,x —y), where A is a suitable — possibly non-
linear — operator, as well as their sum.

Self-dual functionals turn out to have many of the variational properties of the
completely self-dual functionals, yet they are much more encompassing since they
allow for the variational resolution of a larger class of linear and nonlinear partial
differential equations.



Chapter 11
The Class of Antisymmetric Hamiltonians

Completely self-dual functionals can be written as

I(x) = L(x,0) =supHL(y,Bx) forallxe€X,
yeX

where L is a B-self-dual Lagrangian for some operator B on X and H} is the Hamil-
tonian associated to L. These Hamiltonians have some remarkable properties and are
typical members of the class (%%Skew (X) of those concave-convex functions on state
space X x X that are B-skew-symmetric, i.e., they satisfy H(x,By) = —H (y, Bx). Be-
sides being stable under addition, this class naturally leads to the much larger class
A4 (X)) of antisymmetric Hamiltonians consisting of those functions on X x X
that are weakly lower semicontinuous in the first variable, concave in the second,
and zero on the diagonal. Functionals of the form

I(x) = supM(x,y)
yeX

with M antisymmetric will be called self-dual functionals as they turn out to have
many of the variational properties of the completely self-dual functionals yet are
much more encompassing since they allow for the variational resolution of many
more linear and nonlinear partial differential equations. The class of antisymmetric
Hamiltonians is a convex cone that contains Hamiltonians of the form

M(x,y) = @(y) — ¢(x),

with ¢ being convex and lower semicontinuous, as well as their sum with functions
of the form
M()C,y) = <Axax_y>a

provided A : X — X* is a not necessarily linear regular operator, that is, A is weak-
to-weak continuous, while satisfying that u — (u, Au) is weakly lowerr semicontin-
uous. Examples of such operators are of course the linear positive operators but also
include some linear but non-necessarily positive operators such as Au = Jit, which

205
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is regular on the Sobolev space H'[0,T] of R*-valued functions on [0, 7], where
J is the symplectic matrix. They also include important nonlinear operators such as
the Stokes operator u — u - Vu acting on the subspace of H& (2,R") consisting of
divergence-free vector fields (up to dimension 4).

11.1 The Hamiltonian and co-Hamiltonians of self-dual
Lagrangians

Let X be a reflexive Banach space. For each Lagrangian L on X x X*, we can define
its corresponding Hamiltonian Hy : X x X — R (resp., co-Hamiltonian Hy : X* x
X* —R) by

Hi(x,y) = sup{(y,p) = L(x,p);p € X"},
resp.,

Hi(p,q) = sup{(y,p) — L(y.q):y € X},

which is the Legendre transform in the second variable (resp., first variable). Their
effective domains are

Dom; (Hy) : = {x € X;H; (x,y) > —coforally € X}
= {x € X;H(x,y) > —cofor some y € X }
and
Domy(HL) : = {q € X*;H.(p,q) > —ooforall p € X*}
= {q € X*;H.(p,q) > —oofor some p € X*}

It is clear that Dom; (L) = Dom; (Hz) and Dom; (L) = Dom, (H}), where the (par-
tial) domains of a Lagrangian L have already been defined as

Dom; (L) = {x € X;L(x,p) < +oo for some p € X*}
and
Domy (L) = {p € X*;L(x, p) < +oo for some x € X }.

We now procced to identify the class of Hamiltonians associated to self-dual La-
grangians. We denote by K (resp., K) the Legendre dual of a functional K(x,y)
with respect to the second variable (resp., the first variable).

Proposition 11.1. If L is a B-self-dual Lagrangian on X x X*, then its Hamiltonian
Hj on X x X (resp., its co-Hamiltonian Hy on X* x X*) satisfies the following prop-
erties:

1. For y € X, the function x — Hp(x,y) (resp., for p € X*, the function q —
Hi(p,q)) is concave.
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2. For x € X, the function y — Hy(x,y) (resp., for g € X*, the function p —
H (p, q)) is convex and lower semicontinuous.
3. Forx,y € X, p,q € X*, we have

Hy(y,Bx) < —Hp(x,By) (resp., H.(B*q,p) < —HL(B*p.q)). (11.1)

Proof. (1) Since L is convex in both variables, its corresponding Hamiltonian Hj,
is then concave in the first variable. Indeed, it suffices to prove the convexity of the
function

x — T(x,y) := —H(x,y) = inf{L(x,p) = (»,p); p €X"}.

For that, consider A € (0,1) and elements xj,x € X such that Hy(x;,y) and
Hi (x2,y) are finite. For every a > T (x1,y) (resp., b > T (x1,y)), find p;,ps € X*
such that

T(x1,y) <L(x1,p1) —(»p1) <a and  T(x2,y) < L(x2,p2) — (¥, p2) < b.

Now use the convexity of L in both variables to write

T(Ax1+(1—A)xa,y) = inf{L(Ax; + (1 = A)x2,p) — (p)s p €X"}
< L(lxl + (1 —2.>)C2,2,p1 + (1 —l)pz)
—WAp1+(1=21)p2)
< A(L(x1,p1) = (y,p1) + (1 = A) (L(x2, p2) — (v, p2))
< Aa+(1—=2A)b.

This completes the proof of the concavity of x — Hy (x,y).

The proof of (2) is straightfroward since y — H.(x,y) is the supremum of contin-
uvous and affine functionals, and hence, is convex and lower semicontinuous in the
second variable.

(3) First note that the Legendre transform of —Hp(-,y) with respect to the first
variable is related to the Legendre transform in both variables of its Lagrangian in
the following way:

(—=Hr)1(p,y) = sup{(p,x) + Hr(x,y);x € X}
= sup{(p,x) +sup{(y,q) —L(x,9);g € X" };x € X}
=L"(p,y).

If now L is a B-self-dual Lagrangian, then the convex lower semicontinuous enve-
lope of the function ¢, : x — —Hp (x,By) (i.e., the largest convex lower semicontin-
uous function below £y) is

67 (x) = sup{(p,x) — (—HL){(p,By);p € X"}
= sup{(p,x) —L*(p,By);p € X"}
> sup{(B"q,x) —L"(B"q,By);q € X"}
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= sup{(g,Bx) —L(y,q);q € X"}
Hi(y,Bx).

It then follows that Hy(y, Bx) < £5*(x) < {y(x) = —H_(x, By).

Remark 11.1. If B* is onto or if it has dense range, while L* is continuous in the first
variable, then the function x — H (y, Bx) is equal to the convex lower semiconvex
envelope of the function x — —Hp (x, By). Note also that, for any z € Dom;(H) =
{x € X;H(x,y) > —co for all y € X }, we have that the function Hp, : x — —H (x, Bz)
is convex and valued in RU {+oo}. Moreover, Dom; (H) C Dom(Hpg;) hence, for
any z,y € Dom; (H),

H(z,By) = —H(y,Bz) if and only if x — H(x, Bz) is upper semicontinuous at y.

As mentioned above, since a Lagrangian L € (X)) is convex in both variables, its
corresponding Hamiltoninan Hj, is always concave in the first variable. However, HJ,
is not necessarily upper semicontinuous in the first variable, even if L is a self-dual
Lagrangian. This leads to the following notion.

Definition 11.1. A Lagrangian L € £ (X) will be called tempered if for each y €
Dom; (L), the map x — Hy (x,—y) from X to RU{—eo} is upper semicontinuous.

The Hamiltonians of tempered self-dual Lagrangians satisfy the following remark-
able antisymmetry relation:

Hi.(y,Bx) = —Hy (x,By) for all (x,y) € X x Dom;(L). (11.2)
For such Hamiltonians, we obviously have

Hy(x,Bx)=0 forall x € Dom;(L). (11.3)

The Hamiltonians of basic self-dual Lagrangians

1. To any pair of proper convex lower semicontinuous functions ¢ and ¥ on a
Banach space X, one can associate a Lagrangian on phase space X x X*, via
the formula L(x, p) = ¢(x) + y*(p). Its Hamiltonian is Hy (x,y) = y(y) — ¢(x)
if x € Dom(¢) and —oo otherwise, while its co-Hamiltonian is Hy(p,q) =
0*(p) — v*(q) if ¢ € Dom(y*) and —e otherwise. The domains are then
Dom; Hy := Dom(¢) and Dom, (Hy) := Dom(y*). These Lagrangians are read-
ily tempered.

2. More generally, if B is a bounded operator on X, I : X — X* a linear operator
such that B*I" is skew-adjoint, f € X*, and ¢ : X — RU {40} a proper convex
and lower semicontinuous, then the B-self-dual Lagrangian on X x X*

L(x,p) = @(Bx) +(f,x) + ¢*(I'x+p— f)
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has a Hamiltonian equal to

HL(x,y)_{fg)—<P(BX)+<any>+<f7—Bx+y> e Dom(o) (114

It is again a tempered Lagrangian.

We shall see later that not all self-dual Lagrangians are automatically tempered. The
following lemma shows that it is the case under certain coercivity conditions.

Proposition 11.2. Let L be a self-dual Lagrangian on a reflexive Banach space X.
If for some py € X and o > 1 we have that L(x,po) < C(1+ ||x||%) for all x € X,
then L is tempered.
Proof. Note that in this case we readily have that Dom; (L) = Dom; (H;) = X. As-
sume first that  lim L(x.p)
I+ 1| —-+eo 1171
Hy(x,y) = sup{(p,y) —L(x,p);p € X"}

= sup{(p,y) —L*(p,x);p € X"}

= sup{(p,y) —sup{(p,2) + (x,q) =L(z,9): € X,q € X"} p X"}
= sup{(p,y) +inf{(-p,2) — (x,q) + L(z,q): € X, € X" }; p X"}

=sup inf {(p,y—z)—(x,9) +L(z,9)}.
peX* (2,q) X xX*

= oo, and write

The function S defined on the product space (X x X*) x X* as

S((z,9),p) =P,y —2) — (x,q) + L(z,9)

is convex and lower semicontinuous in the first variable (z,¢) and concave and upper
semicontinuous in the second variable p. Hence, in view of the coercivity condition,
von Neuman’s min-max theorem [8] applies and we get

H()C,y) = sup inf {<p7y_z>_<x7q>+L(Z7Q)}
pex* (z,9)€EXxX*

= inf  sup{(p,y—z)—(x,q) +L(z,9)}
(2.9)EXXX* pex*

- qierle*{<x7q> +L(y,q)}

= —Hi(y,—x).

It follows that L is tempered under the coercivity assumption.

Suppose now that L(x, po) < C(1+ ||x||*), and consider the A- regularization of

2
its conjugate L*, that is, M) = L*x T, where T} (p,x) = ”2’1“2 +2 HXH . Since L*
is self-dual on X* x X, we get from Lemma 3.3 that M, is self- dual on X* x X.

Moreover,
lp—qll* | A%[x]?

w2 ;qex*}

My (p,x) = inf{L*(q,x) n
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1 2 AZHXHZ
< L* —lp— — 7
> (POax)‘szg”p pOH + 2

1 2 A2l
<L + — +
< L(x,po) 22 llp—poll )

< C + x>+ Gl

which means that its dual Mj is a self-dual Lagrangian on X x X* that is coercive
in both variables. By the first part of the proof, HM;{ is therefore a tempered anti-
symmetric Hamiltonian on X. But in view of Proposition 3.4, we have M; = L& T),
and therefore HM;{ = Hp + Hr, . Consequently, L itself is a tempered self-dual La-
grangian since both HM/*1 and Hr, are.

11.2 Regular maps and antisymmetric Hamiltonians

We now introduce the following notion that extends considerably the class of Hamil-
tonians associated to self-dual Lagrangians.

Definition 11.2. Let E be a convex subset of a reflexive Banach space X. A func-
tional M : E x E — R is said to be an antisymmetric Hamiltonian (or an AS-
Hamiltonian) on E x E if it satisfies the following conditions:

1. For every x € E, the function y — M(x,y) is proper concave.
2. For every y € E, the function x — M (x,y) is weakly lower semicontinuous.
3. M(x,x) <0 forevery x € E.

We shall denote the class of antisymmetric Hamiltonians on a convex set E by
75" (E). It is clear that £ (E) is a convex cone of functions on E X E.

Examples of antisymmetric Hamiltonians

1. If L is a B-self-dual Lagrangian on a Banach space X x X*, then the Hamiltonian
M(x,y) = Hi(y,Bx) is clearly antisymmetric on Dom; (L). Similarly, the Hamil-
tonian N(p,q) = Hy(B*p,q) is antisymmetric on Dom;(L).

2. If A : D(A) C X — X* is a non necessarily linear operator that is continuous
on its domain for the weak topologies of X and X* and such that E C D(A),
while the function x — (Ax,x) is weakly lower semicontinuous on E, then the
Hamiltonian H (x,y) = (x —y,Ax) is in " (E).

More generally, we shall need the following definition.

Definition 11.3. Consider a pair of non necessarily linear operators A : D(A) C Z —
X and A : D(A) C Z — X*, where Z and X are two Banach spaces.
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1. The pair (A, A) is said to be regular if both are weak-to-weak continuous on their
respective domains and if

u — (Au,Au) is weakly lower semicontinuous on D(A)ND(A). (11.5)
2. The pair (A, A) is said to be conservative if it is regular and satisfies
(Au,Au) =0 for all u € D(A) ND(A). (11.6)

If A is the identity operator, we shall simply say that A : D(A) C X — X* is a regular
(resp., conservative) map.

The following proposition will be frequently used in the sequel.

Proposition 11.3. Let L be a B-self-dual Lagrangian on a reflexive Banach space
X, where B : X — X is a bounded linear operator, and let Hy (resp., HL) be its
corresponding Hamiltonian (resp., co-Hamiltonian). Suppose A : D(A) CZ — X
and A : D(A) C Z — X* are operators on a Banach space Z such that the pair
(A,B*A) is regular.

1. If A is linear, then the function
M(x,y) = (BAx — BAy, Ax) + H (Ay, BAx)

is an AS-Hamiltonian on any convex subset E of D(A) ND(A).
2. If the operator A is linear, then the function

M()C,y) = <BA)C,A)C 7Ay> +I:IL(7B*Axa 7/\}1)

is an AS-Hamiltonian on any convex subset E of D(A)ND(A).

Proof. (1) For each x € E, we have that y — M(x,y) is concave since y — (BAx —
BAy, Ax) is clearly linear, while y — Hy (Ay, BAx) is concave.

For each y € E, the function x — M(x,y) is weakly lower semicontinuous
since x — (BAy,Ax) is weakly continuous by assumption, while x — (BAx, Ax)
is weakly lower semicontinuous on E since the pair (A,B*A) is regular. Moreover,
x — Hy (y,x) is the supremum of continuous affine functions on X and x — BAx is
weakly continuous on E. Hence, x — Hy.(Ay, BAx) is also weakly lower semicontin-
uous.

Finally, use Proposition 11.1 to infer that H (Ax, BAx) < 0 and therefore M (x,x) <
Oforallx € E.

(2) Similarly, for each x € E, we have that y — M(x,y) is concave since y —
(BAx,Ax — Ay) is clearly linear, while y — Hy(—B*Ax,—Ay) is concave. Also,
for each y € E, the function x — M(x,y) is weakly lower semicontinuous since
x — (BAx,Ay) is weakly continuous, while again x — (BAx, Ax) is weakly lower
semicontinuous. The last term x — Hy (—B*Ax, —Ay) is a composition of a convex
lower semicontinuous function with a weakly continuous function and hence, is
weakly lower semicontinuous. Finally, use again Proposition 11.1 to deduce that
H;(—B*Ax,—Ax) < 0 and therefore M(x,x) <0 forall x € E.
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Exercises 11.A. Examples of regular maps

1. Show thatif A: X — X (resp., A : X — X*) are bounded linear operators such that (Au, Au) > 0,
then they form a regular pair, and that regular conservative maps include skew-symmetric
bounded linear operators.

2. Show that the linear operator Au = Jut is regular on the Sobolev space H ;,_,r [0,T] of R?M -valued
periodic functions on [0, T], where J is the symplectic matrix.

3. Show that the nonlinear operator u — u - Vu acting on the subspace of H& (2,R") consisting of
divergence-free vector fields into its dual is regular as long as the dimension n < 4.

4. Show that completely continuous operators (i.e., those that map weakly compact sets in X into
norm compact sets in X*) are necessarily regular maps.

5. Let 2 be a smooth bounded domain in R” (n > 3), and let b : 2 x RxR" — R be a
Caratheodory function such that for some positive constants cy,c2,q1,92, we have for all
(u,p) € R x R" and almost all x € £,

|b(x,u, p)| < ¢ +calul! +c2|p|®2.

Show that the map A defined by Au(x) := b(x,u(x),Du(x)) is completely continuous from

H}(Q) into H~'(Q), provided ¢ < %% and g» < ”:;2.

Hint: The embedding i : H} (Q) — LP(Q) is compact if p < % while j: L9(Q) — H~(Q)

is compact, provided ¢ > %

6. Let X C H C X* be an evolution triple such that the injection X — H is compact, and let
¢ : H— RU {00} be convex lower semicontinuous on H such that X C Dom(¢). Show that,

for each A > 0, the map d @, is completely continuous from X to X*, where

o (x) :inf{(p(z)+ @;ZEH}.

Hint: Show that [|0@,x — 9@ y|ln < Llx—ya.
7. Suppose f: [0, 7] x R" — R" is a continuous map such that for every bounded set B C R" there
exists C(B) > 0 such that for x,y € B

I1F(t,x) = £ (£, 9) | < C(B) |x = y]|-

Consider the space £ 4[0,T], where p > 1 and I%—&—é =1, and show that the map F :
Zpql0,T] — L. [0,T] defined by F(u)(t) := f(¢,u(r)) is completely continuous.

11.3 Self-dual functionals

Definition 11.4. Let / : X — RU {00} be a functional on a Banach space X.

1. Say that [ is a self-dual functional on a convex set E C X if it is nonnegative and
if there exists an antisymmetric Hamiltonian M : E x E — R such that

I(x) = supM(x,y) forevery x € E.
yEE

2. Say that a self-dual functional I is strongly coercive on E if, for some yy € E,
the set Eg = {x € E;M(x,y9) < 0} is bounded in X, where M is a corresponding
AS-Hamiltonian.
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Note that this notion of coercivity is slightly stronger than the coercivity of I,

which amounts to saying that lim I(x) = lim supM(x,y) = +oo.
[lel|—+ee [l —+ee yeE

Basic examples of self-dual functionals

1. Every completely self-dual functional is clearly a self-dual functional. Indeed, if
I(x) = L(x,0), where L is a (partially) B-self-dual Lagrangian for some bounded
linear operator B : X — X, then

I(x) = L(x,0) = sup{Hr(y,Bx);y € Dom; (L)} for every x € Dom, (L),

where H; is the Hamiltonian associated to L. It then follows that [ is a self-dual
functional on Dom; (L) with M(x,y) := Hy(y, Bx) being the corresponding AS-
Hamiltonian. Strong coercivity for / is then implied by the condition that, for

some yg € X, we have | |llim Hi (yo,Bx) = +oo.
X||— oo

In the case where L(x, p) = ¢(x) + ¢*(p) for ¢ proper, convex, and lower semi-
continuous, the strong coercivity is simply equivalent to the coercivity of ¢.

2. More generally, consider a functional of the form /(x) = L(x,I"x), where L is a
B-self-dual Lagrangian on the graph of an operator I" : X — X* such that B* oI”
is a skew-adjoint bounded linear operator. It is then easy to see that

M(x,y) = (Bx — By,I"x) + HL(y, Bx)

is an AS-Hamiltonian for 7 on Dom, (L).

In the following we show that this notion is much more encompassing, as it covers
iterates of self-dual Lagrangians with operators that need not be skew-adjoint or
even linear.

Proposition 11.4. Let L be a B-self-dual Lagrangian on a reflexive Banach space
X, where B : X — X is a bounded linear operator, and let A : D(A) C Z — X and
A :D(A) CZ — X* be two operators on a Banach space Z such that the pair
(A,B*A) is regular. Consider on D(A) N\ D(I") the functional

I(x) = L(Ax,—Ax) + (BAx,Ax).

1. If the operator A is linear and E is a convex subset of D(A) N D(A) such that
Dom; (L) C A(E), then I is a self-dual functional on E with an AS-Hamiltonian
given by

M(x,y) = (BAx — BAy, Ax) + Hy.(Ay, BAx),

where Hj is the Hamiltonian associated to L.

2. If the operator A is linear; and E is a convex subset of D(A) N D(A) such that
Domy (L) C A(—E), then I is a self-dual functional on E with an AS-Hamiltonian
given by
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M(x,y) = (BAx,Ax — Ay) + H (—B*Ax,—Ay),
where Hj is the co-Hamiltonian associated to L.

Proof. The B-self-duality of L yields that I is nonnegative on D(A) N D(A). For 1),
we use the fact that the Lagrangian L is B-self-dual and that Dom; (L) C A(E) to
write for each x € E

I(x) = L(Ax,—Ax) + (BAx,Ax)
= L*(—B"Ax,BAx) + (BAx,Ax)
= sup{(z,—B*Ax) + (p,BAx) — L(z,p);z€ X,p € X"} + (BAx, Ax)
= sup{(z, —B*Ax) + (p,BAx) — L(z,p);z € Dom; (L), p € X"} + (BAx, Ax)
= sup{(Ay, —B*Ax) + sup{{(p, BAx) — L(Ay,p);,p € X*};y € E} + (BAx,Ax)
= sup{(BAx — BAy, Ax) + Hy.(Ay,BAx);y € E}
= supM(x,y),
yeE

where M(x,y) = (BAx — BAy, Ax) + H(Ay,BAx) and where H is the Hamiltonian
associated to L. By Proposition 11.3, M is an antisymmetric Hamiltonian.
Similarly, for (2) we use the fact that Domy(L) C A(—E) to write for each x € E

I(x) = L(Ax,—Ax) + (Ax, BAx)
= L*(~B"Ax,BAx) + (Ax, BAx)
= sup{(z, —B*Ax) + (p,BAx) — L(z,p);z € X,p € X"} + (Ax, BAx)
sup{(z, —B*Ax) + (p,BAx) — L(z,p);z € X, p € Dom(L)} + (Ax, BAx)
= sup{(—Ay, BAx) + sup{(z, —B*Ax) — L(z,—Ay);,z € X };y € E} + (Ax, BAx)
(

= sup{(BAx,Ax — Ay) + H.(—B*Ax,—Ay);y € E}
= supM(x,y),
yeE
where M(x,y) = (BAx,Ax — Ay) + H.(—B*Ax,—Ay) and where H; is the co-
Hamiltonian associated to L. By Proposition 11.3, M is an antisymmetric Hamil-
tonian on £.

Exercises 11.B. The class of B-skew-symmetric Hamiltonians

1. Say that a functional H : X X X — RU {+oeo} U{—oo} is a B-skew-symmetric Hamiltonian if:

a. Foreach y € X, the function x — H (x,y) is concave.
b. For each x € X, the function y — H(x,y) is convex and lower semicontinuous.
c. Foreachx,y € X, we have H(y,Bx) < —H(x,By).

The class of B-skew-symmetric Hamiltonians on X will be denoted by ;%" (X). The most
basic skew-symmetric Hamiltonian is H(x,y) = ||y||> — ||x||* (Maxwell’s Hamiltonian) or more
generally H(x,y) = ¢(y) — ¢(Bx) is a B-skew-symmetric Hamiltonian for any operator B on X.
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Show that for a bounded operator B on X, I' : X — X™ a linear operator such that B*I" is
skew-adjoint, f € X*, and ¢ : X — RU {—0—00} proper, convex, and lower semicontinuous, the
Hamiltonian

Hix,y) = { 90) = @(Bx) + (T3} +(f, ~Br+) gg;c ; gggggg (11.7)

is B-skew-symmetric.

2. Show that scalar products H(x,y) = (Bx,y) on a Hilbert space are clearly B-skew-symmetric
Hamiltonians for any skew-adjoint operator B on H. More generally, for any operator I : X —
X*, the Hamiltonian H (x,y) = (I'x,y) is B-skew-symmetric whenever B : X — X is an operator
such that B*I" is nonpositive (i.e., (I'x,Bx) < 0 for all x € X).

3. Deduce that this class does not characterize those functions H : X x X — R such that there
exists a self-dual Lagrangian L on X x X* such that H = H.

4. Suppose H : X x X — R is such that H} (x, p) = (—H)}(p,x) for each (x,p) € X x X*. Show
that L(x, p) := H; (x,p) = (H)](p,x) is a self-dual Lagrangian such that H = H.

5. Show that the class of B-skew-symmetric Hamiltonians satisfies the following permanence
properties:

a. If H and K are in 2% (X) and A > 0, then the Hamiltonians H + K (defined as —oo if the
first variable is not in Dom; (H) N Dom (K)) and A-H also belong to 55" (X).

b. If H; € E%’BS"QW (X;), where X; is a reflexive Banach space for each i € I, then the Hamiltonian
H := Xic/H; defined by H((xi)i, (yi)i) = ZierHi(xi,yi) is in %‘kf”'(l'l,-51Xi), where B is the
operator IIic/B;.

c. If He J*(X) and I' : X — X* is a bounded linear operator such that B*I" is skew-
adjoint, then the Hamiltonian Hp defined by Hp(x,y) = H(x,y) +(I'x,y) is also in J5%" (X).

d. IfHe jfBS]’“W (X)and K € Jstzka(Y), then for any bounded linear operator A : X — Y* such
that AB| = B3A, the Hamiltonian H 4-4 K defined by

(H+aK)((x,7), (2,w)) = H(x,2) + K (3,w) + (A"y,2) — (Ax,w)

belongs to ﬁfzg‘ﬁgz) (X xY).

e. Let ¢ be proper, convex, and lower semicontinuous function on X x Y, B| an operator on X,
and B, an operator on Y. If A is a bounded linear operator A : X — Y™ such that AB| = B}A,
then the Hamiltonian Hy 4 defined by

H(P,A((xvy)’ (Z’ W)) = (P(va) - ¢(le732y) + (A"y,z) - <AX,W>

belongs to jﬁ;’iﬁgz) (X xY).






Chapter 12

Variational Principles for Self-dual Functionals
and First Applications

We establish the basic variational principle for self-dual functionals that states that
under appropriate coercivity conditions, the infimum of such a functional is attained
and is equal to zero. Applying this to functionals of the form

I(x) = L(x,—Ax) + (x,Ax),

we obtain solutions to nonlinear equations of the form 0 € Ax + dL(x). This al-
lows the variational resolution of a large class of PDEs, in particular nonlinear Lax-
Milgram problems of the type:

Au+Au+fe—-00¢(u),

where @ is a convex lower semicontinuous functional, A is a nonlinear regular op-
erator, and A is a linear — not necessarily bounded — positive operator.

Immediate applications include a variational resolution to various equations in-
volving nonlinear operators, such as the stationary Navier-Stokes equation, as well
as to equations involving nonlocal terms such as the generalized Choquard-Pekar
Schrodinger equation.

12.1 Ky Fan’s min-max principle

We start by proving the following important result that is due to Ky Fan [49].

Theorem 12.1. Let E be a closed convex subset of a reflexive Banach space X, and
let M(x,y) be an antisymmetric Hamiltonian on E X E such that for some yy € E,
the set Ey = {x € E;M(x,y0) < 0} is bounded in X. Then, there exists xo € E such
that
supM (xp,y) <O0. (12.1)
yEE

This will follow immediately from the following lemma.

217
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Lemma 12.1. Let O # D C E C X, where E is a closed convex set in a Banach space
X, and consider M : E x conv(D) — RU{=%eo} 10 be a functional such that

1. For each y € D, the map x — M(x,y) is weakly lower semicontinuous on E.

2. For each x € E, the map y — M (x,y) is concave on conv(D).

3. There exists y € R such that M (x,x) <y for every x € conv(D).

4. There exists a nonempty subset Do C DN B, where B is a weakly compact convex
subset of E such that Eo = (\yep,{x € E : M(x,y) < v} is weakly compact.

Then, there exists a point x* € E such that M(x*,y) <y forall y € D.

Proof. Suppose first that E is weakly compact. By way of contradiction, assume that
for every x € E there exists some point y € D such that

M(x,y) > 7. (12.2)

It follows that E C |J N(y), where each set N(y) = {x € E : M(x,y) > 7} is
yeD

weakly open in E. Since the latter is weakly compact, {N(y)} has a finite subcover
N(1),...,N(ym). Choose a partition of unity u; : E — R subordinate to {N(y)},
and defineamap 7 : E — E by

T@=immm

which is continuous and maps E into S = co{y,...,ym}. In particular, 7 maps S
into itself, and therefore, by Brouwer’s fixed-point theorem, there exists x; € S such
that T(X}L) =X).

Letting I = {j: 1 < j <m, u;(xy) > 0}, we get that x; = ¥/ 4;(x3)y; and, for
all j €1, x; € N(y;), meaning that ¢(x,y;) > ¥, which contradicts the concavity
of y — M(xy,y).

Suppose now that E is not assumed to be weakly compact but only closed and
convex. For each y € D, we set K(y) = {x € E : M(x,y) < y}. We shall prove that
the collection {Ey N K (y) : y € D} has the finite intersection property.

Indeed, for any arbitrary finite subset {yi, ...,y } of D, we consider the set D; =
DoU{y1,...,ym} and E; to be the convex hull of BU {yi,...,ym} C E. Since B is
weakly compact and convex, so is £, and we can apply the first part of the proof to
D) C E; to find a vector X’ € Ey such that M(x',y) < v for all y € Dy, which means
that X’ € Eo N [V, K(y;)].

The collection {Ey NK(y) : y € D} therefore has the finite intersection property,
and since E is weakly compact and K (y) is weakly closed, EgNK (y) is also weakly
compact, and hence, (,cp [Eo N K(y)] # 0. So there exists a vector x* € E such that
x* € K(y) forall y € D and thus M(x*,y) < yfor all y € D, and we are done.

Now we can deduce the main variational principle for self-dual functionals.

Theorem 12.2. If I : E — RU {+oo} is a self-dual functional that is strongly coer-
cive on a closed convex subset E of a reflexive Banach space X, then there exists
X € E such that
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I(x) = infI(x) = 0.

(¥) = inf(x) =0

The following is a key variational principle for the superposition of self-dual vector
fields with regular operators.

Theorem 12.3. Let L be a B-self-dual Lagrangian on a reflexive Banach space X,
where B : X — X is a bounded linear operator. Consider two operators A : D(A) C
Z— X and A : D(A) C Z — X*, such that the pair (A,B*A) is regular from a
reflexive Banach space Z into X x X*. Assume one of the two following situations:

1. The operator A is linear, E is a closed convex subset of D(A) N D(A) such that
Dom (L) C A(E), as well as the coercivity condition:

lim  Hg(0,BAx) + (BAx, Ax) = +oo. (12.3)

XEE; x| —eo

2. The operator A is linear, E is a closed convex subset of D(A) ND(A) such that
Domj (L) C A(—E), as well as the coercivity condition:

lim  Hp(—B*Ax,0) + (BAx, Ax) = +oo. (12.4)
XEE;||x|| =

Then, I(x) := L(Ax, —Ax) + (BAx, Ax) is a self-dual functional on E (resp., E) and
there exists X € D(A)ND(A) such that

(%) = ig)f(l(x) =0, (12.5)
—AZ € dpL(A%). (12.6)

Proof. Note first that I(x) = L(Ax, —Ax) + (Ax,BAx) > 0 for all x € E (resp., x € E).
In the first case, the associated AS-Hamiltonian is

M (x,y) = (BAx — BAy, Ax) + Hi.(Ay, BAx),

where H; is the Hamiltonian associated to L. The strong coercivity follows from
the fact that the set Eyp = {x € E;M(x,0) < 0} is bounded in X since M(x,0) =
Hy(0,BAx) + (Ax,BAx) and the latter goes to infinity with ||x]|.

In the second case, the AS-Hamiltonian is

M(x,y) = (BAx,Ax — Ay) + H (—B*Ax,—Ay).

The strong coercivity follows from the fact that M (x,0) = Hy (—B*Ax,0) + (Ax, BAx)
and the latter goes to infinity with ||x||.
It follows from Theorem 12.2 that in either case there exists ¥ € D(A) N D(A)
such that
I(x) = )g I(x) = L(A%,—AX) + (A%, BA%) =0,

which means that (—B*AX, BX) € dL(%, —AX) or equivalently —AX € dp(AX).
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Remark 12.1. One can easily see that the hypothesis in Theorem 12.3 above can be
relaxed in two ways:

1. The pair (A, A) need only be regular on the set E.
2. The Lagrangian L need only be B-self-dual on the graph {(Ax,Ax);x € E} or
{(Ax,Ax);x € E}.

In the case where A is the identity and A = 0, this yields in particular the following
refinement of Theorem 6.1.

Corollary 12.1. If L is a partially B-self-dual Lagrangian on a reflexive Banach
space such that 1im  Hp(0,Bx) = oo, then there exists X € X such that

[[xl|—+-oo

L(%,0) = infL(x,0) =0.

12.7
0 € JpL(). (127

Exercises 12.A. A more general Min-Max principle

Weaker hypotheses on the Hamiltonian M are known to be sufficient to obtain the same conclusion
as in the Ky Fan min-max theorem above. For our purpose, this translates to only assuming that
the operator A is pseudoregular in the sense that it only needs to satisfy the following property:

If x, — x and limsup(Ax,,x, —x) <0, then liminf(Ax,,x, —y) > (Ax,x—y). (12.8)
n

n

1. Show thatif 7 : H — H is a Lipschitz continuous monotone map such that (Tx,x) = 0 for all
x € H, then T is pseudoregular.

2. Show that the same conclusion as in Theorem 12.1 will still hold if A is only assumed to be
pseudoregular.

3. Show that the same conclusion as in Theorem 12.1 will still hold if L is only supposed to be a
subself-dual Lagrangian.

12.2 Variational resolution for general nonlinear equations

We now give some of the most immediate applications of Theorem 12.3 to the
variational resolution of various nonlinear systems that are not of Euler-Lagrange
type. We shall actually apply it to the most basic self-dual Lagrangians of the form
L(x,p) = @(x) + ¢*(p), where ¢ is a convex function. The following version will
be used throughout this chapter.

Corollary 12.2. Let ¢ be a bounded below convex lower semicontinuous function
on a reflexive Banach space X, let f € X*, and suppose A: D(A) CZ — X and A :
D(A) C Z— X are two operators, with A being linear. Consider E C D(A)ND(A)
to be a closed convex subset Z such that
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Dom(¢p) C A(E), (12.9)
the pair (A, A) is regular on the set E, (12.10)

and
lim @(Ax) + (x,Ax+ f) = +oo. (12.11)

[l —e

x€E

Then, there exists a solution X € E to the equation
0€ f+Ax+dp(Ax). (12.12)
It is obtained as a minimizer of the self-dual functional
I(x) = (Ax) + @*(—Ax— f) + (Ax,Ax+ f), (12.13)

which has zero as its minimal value over X.

Proof. Consider the convex and lower semicontinuous function y(x) = @(x)+ (f,x)
and the Lagrangian L(x,p) = y(x) 4+ y*(p), which is then self-dual. Since ¢ is
bounded below, we have Dom (L) C Dom(¢). Moreover, Hz(x,y) = ¢(y) — ¢(x) +
(f,x+y) when x € Dom(¢), and Theorem 12.3 then applies to yield the claim.

Example 12.1. Sub-quadratic semilinear equations with advection

We now give some of the most immediate applications to semilinear equations of
the type

. — = =1y — q-1
{a Vu—Au+taou = atfulP"'u—Blul? u+ f(x)  onQ (12.14)

u=20 on dQ,

where Q is a bounded smooth domain in R" (n > 3), f € H™! (Q), o, >0, and
p,q > 0. Throughout this section, a : 2 — R™ will be a smooth vector field on a
neighborhood of a bounded domain Q of R™, and we shall consider the first-order

; —yn . 0v
linear operator a- Vv =X g -

Theorem 12.4. Let f e H™', 0> 0, B >0,0< ¢ < 2,0 < p < max{l,q}, and

div(a) —2ag < A1 on Q, where A is the first eigenvalue of the Laplacian on H} ().
Consider the convex continuous functional on Hé (Q),

1 B
_ Vul? / g+1 / .
y(u) 2/ [Vu| dx—|—q 1 |u|T" dx Sfudx

The functional
I(u) = y(u)+ v (—a- Vu—aou+ ot|uP~'u)
1
+7/ (2a0—div(a))u2dx—oc/ |u|P T dx
2Jo Qo
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is then self-dual on H(; (Q), has zero infimum, and the latter is attained at a solution
i for equation (12.14).

Proof. First we check that the nonlinear operator Au = a- Vu + aou — a|u|P~'u

is regular. Indeed, it is weak-to-weak continuous from H} () into H () since

by the Sobolev embedding we have that u, — u strongly in L" for all r < 2* :=
n% whenever u, — u weakly in H} (). Setting o = nz%’ we have that 1 < ap <
2n n+2 __ 2n

s mt2 = -2, and therefore [u, [P~ 'u, — |uP~u strongly in L*.

Note that é—i— 2% = 1, and therefore, by Holder’s inequality, we have for any
v € H)(Q) C L* that

‘/ |un|l’*1unv—|u|l’*1uvdx‘ < / ‘|un‘1’*1un—|u|1’*1qu’dx
JQ JQ

1
E3

1
o D 2
< (=) ()
Q Q

It follows that |u,|”~'u, — |u|P~'u weakly in H~!(£). On the other hand,

u— (Au,u) :/ (a-Vu+aou— alulP'u) udx
Q

1 o
f/ (2ao—div(a))|u|2dx—a/ P+ dx
2Ja Q

is weakly continuous on H} (€2). Let now A := supdiva(x). We then have
x€Q

1 B
Auu) = = [ |Vul’d —/ Ty
v+ (A = 5 [ [VuPdrs 2 |l ds
1
+7/ (2a0—div(a))u2dx—a/ u|P* 1 dx
2Ja Q
1/ A—2ap 1
> - (1- )/Vzd 7/ atlyg
_2( 7 Q| ul x+q+1 Q|u| X

—Oc/ |u|P T dx,
Q

which means that it is coercive since ¢ > p, 0 < p < max{1, g}, and 2a9 +div(a) >
—A1. Now we can apply Corollary 12.2 and get a solution for (12.14).

Example 12.2. A Schrodinger equation with a nonlocal term

Consider the generalized Choquard-Pekar equation

—Au+V(x)u= (wxf(u))g(u)+h(x), (12.15)
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where V, w, and £ are real-valued functions on R and w  f () denotes the convo-
lution of f(u) and w.

We consider here the case where f(u) = |u|P and g(u) = |u|?"?u, but note first
that if p = g, then (12.15) can be solved by standard variational methods since weak
solutions are critical points of the energy function ®(u) = y(u) — @(u), where

w(u) =3 o [Vul® + 3 [V (x)u’ — [o h(x)u(x)dx

and
o) = [ (wefw) fwd.

However, as soon as p # ¢, (12.15) ceases to be an Euler-Lagrange equation, but we
can, however, proceed in the following way.

Theorem 12.5. Consider h € L*(RY), w € L'(RN), and V such that V(x) > & >0
for x € RN, Assume that either V and w are both radial or that lim V(x) = +oo.

[l e

Assume also that one of the following conditions holds:

(A) 1§p<%,1<q<%andw(x)§00nRN.
(B) 1§p<%,1<q<%andl§pq<2.

The functional
() = y(u) + 9" ((woe [ul”) u] T u) —/Q(W* [ul?)|u| dx

is then self-dual on H'(RY) (resp., on H'(RN) in the radial case), and has zero as
an infimum, which is attained at a solution of equation (12.15).

The proof uses the following standard facts:

e Letwe L'(RY), 7> 1, and s = 2. The bilinear map (u,v) — (wxu)v is then

well defined and continuous from L x L* into L' and satisfies |(wu)v|,, @ <
lwl||u]|s][v||s- Moreover, if (v,) and (u,) C L(RY) are bounded and if either
u, — uin L*(RY) and v, — vin L§ . (R") or vice-versa, u, — uin L} ,.(R") and
v, — vin LS(RN), then (w# u,)v, — (wxu)vin L'
e If limsupV(x) = oo, then the space X = {u € H'(RY) | [gv V (x)u?dx < o}
‘X‘*}+oo
embeds compactly in L¥(RV), provided 2 < k < 2*.
e The space H!(RY) := {u € H'(RY) | uis radial} also embeds compactly in
LF(RN) for 2 < k < 2*.

We now show that the map A : X — X* defined by Au = —(w * |u|P)|u|?'u is
regular when X is either H! (R") for the radial case or when X = {u € H'(R") |
Jgyv V (x)|u|? dx < oo} for the case where lim V(x) = +oo.

[x[—ee
First note that A : X — X* is well defined since by Young’s inequality and then by
Holder’s we have
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)] = | [ v v
R

< 1wl ol el =" 1

—1
< [wlly ull, llull3, " 1]l < oo

To show that A is weak-to-weak continuous, let u,, — u weakly in X so that u,, — u
strongly in L"(RV) for 2 < r < 2*. It follows that |u,|” — |u|” strongly in L?(R"),
and |u,|9%u — |u|7"u strongly in ququ (RY). For every v € L%, the sequence
|u,|9"2uv then converges strongly to |u|9 2uv in L?(R"). Therefore, by Young’s
inequality, we get that (Au,,v) — (Au,v) and consequently A is weak-to weak
continuous. On the other hand, in case (A) we have

_ P q+1
(Au,u) = /RN (w |ul?) |u| 7" dx > 0,

so that the functional y(u) 4 (Au,u) is coercive. For case (B), even though (Au,u)
may be negative, the functional ¢(u)+ (Au,u) does not lose its coercivity since
1 < pg < 2. Corollary 12.2 then applies to yield the claimed result.

Example 12.3. A subquadratic nonlinear system

Consider the problem

. . — _|y|lp—2
{leF()@u) Au= —[ul’u on Q (12.16)

u=0 on 02,

on a smooth bounded domain € in R”, where 2 < p < nzf”z and F: Q2 xR —R"'isa

Caratheodory function that satisfies for some 0 < ¢ < 1 and g € L*(2) the following
growth condition:
|F(x,u)] < g(x)+|uld. (12.17)

Theorem 12.6. Equation (12.16) has a solution that can be obtained by minimizing
the self-dual functional on H}(Q)

I(u) = D(u) + D" (—Au) + {u,Au),
where ®(u) = 5 [ |Vu|2dx+%f_Q lulPdx and A : HY(Q) — H~Y(Q) is the map
defined by
(Au,v) :/ F(x,u)-Vvdx.
Q

Proof. Obviously A is well defined and to show that it is weak-to-weak continuous,
we consider u, — u weakly in H} () so that u, — u strongly in L' (Q) for 1 <r <
2* and u,(x) — u(x) for almost every x € Q. Hence, F(x,u,(x)) — F(x,u(x)) for
almost every x € Q. But [, |F(x,u)|>dx < C+ [ |us|*dx and u, — u strongly in
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L?(Q), and so F (x,u,(x)) — F(x,u(x)) strongly in L?(£2). Therefore A is weak to
weak continuous. Note also that

/F(x,un)-Vundxa/ F(x,u)-Vudx,
Q Q

which means that A is regular.
On the other hand,

[(Au,u)| = ’/ F(x,u)-Vudx’ §/ g(x)|Vu|dx+/ |u|?|Vul|dx,
Q Q Q

and since 0 < g < 1, we deduce that

1 1
lim 7/ |Vu|2dx+f/ |u|pdx+/ F(x,u)-Vudx = oo,
2Jq pJo Q

fluell 1 —+oo
Hy

and Theorem 12.3 can now be applied to get our claim.

Example 12.4. A nonlinear biharmonic equation

Consider the problem

J— 2 =
{ A%u+ f(x,u,Vu) =0 on Q (12.18)

u:%zo on dQ,
n

on a smooth bounded domain £ in R”, where f: Q x R x RY - Risa nonnegative
Caratheodory function that satisfies for some 0 < g € Lz(Q), r>1l,and1 <s< %
the conditions

uf (e, p) > 0 and f(x,u, p) < g(x) + [u]” + [V’ (12.19)

Theorem 12.7. Assume that either N > 4 or that 2 < N <4 and r < %. Then,
equation (12.18) has a weak solution that can be obtained by minimizing the self-
dual functional

I(u) = ®(u) + P*(—Au) + (u,Au),

on H3 (), where ®(u) = %f_Q |Aul?>dx and A : H}(Q) — HZ(Q)* is the map de-
fined by
Au= f(x,u,Vu).

Proof. Setting X = H3 (), we first show that A : X — X* is weak-to-weak continu-
ous. Indeed, let u,, — u weakly in Hg(.Q), so that u,, — u and Vu,, — Vu for almost
every x € Q. Since f is a caratheodory function, we have

S, un, Vuy) — f(x,u,Vu) forx € Q. (12.20)
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By (12.19), we have f(x, u,, Vu,)? < g(x)> + |un|*" +|Vu,|**, and hence, f(x,u,, Vu,)
is uniformly bounded in L?(£2). It follows — modulo passing to a subsequence — that
O, un, Vuy) — f(x,u, Vi) weakly in L?(£2). On the other hand, u,, — u strongly in
L?(R2), so that

Hm [ uyf(x,un, Vi )dx = /uf(x, u, Vu)dx,

n—-oo
and A is therefore regular.

Since now uf(x,u, p) > 0, we have that

1
lim 5/ |Aul® 4 uf (x,u, Vu)dx = 4o,
Q

[Jullx —-eo

and Theorem 12.3 can therefore be applied to get our claim.

Exercises 12.B. Other applications

Show that equation (12.14) can still have a solution when § = 0, provided 0 < p < 1.
. Consider the nonlocal semilinear elliptic equation on a smooth bounded domain  in R"

D=

{ 7A"t+a(p(u) +f(x,u,Vu) + ‘u|p72u(f_(2 W(x7uavu)dx)a = 07 X € -(27 (1221)

u=0, x€0dQ,

where & > 0, and 1 < p < 2*. Give conditions on f and y that make Theorem 12.3 applicable
in order to find a weak solution in Hj (Q).
3. Show that the equation

{ —Au+ulP2u{ [ [ul9dx}* = g(x) x€Q, (12.22)

u=20 x€0dQ,

has a a weak solution in HJ (2) whenever 1 < p.g < 2* and & > 0.
4. Give conditions on gi, g2, @1, and ¢, that make Theorem 12.3 applicable in order to find a
weak solution in H] (22) for the system of semilinear elliptic equations

—Au+9@;(u)+ g1 (x,u,v,Du,Dv) =0 x€Q,
—Av+ 9@ (v) + g2 (x,u,v,Du,Dv) =0 x€ Q, (12.23)
u=v=0 x€dQ.

5. Repeat Exercise 4 above for the nonlinear polyharmonic equation

{ m,(—A™u+d@(u)+h(x,u,Du,...D"u) =0 xe€Q (12.24)

for |a| <m—1 D%u=0x€dQ.

6. Develop a self-dual variational formulation and resolution for the problem of existence of 27-
periodic solutions for the following nonlinear wave equation

Yir (1,X) — Y (£, %) + 2@ (¥(2,x)) = f(£,x) onRx (0,7)
y(t+2m,x) = y(t,x) onRx(0,7) (12.25)
y(t70) :y(l‘,ﬂf) =0 on (Ovﬂ),



12.3 Variational resolution for the stationary Navier-Stokes equations 227

where f is a 27-periodic function in L*((0,7) x R), and ¢ is a convex function on R such that,
for every x € R
anlx?+Bi < 9(x) < oalxl’ + B

where f; < B, and 0 < o) < o < %.
Hint: A solution can be obtained by minimizing the self-dual functional

[ [to0) 400y py—s0ry— )y asa
0 0

over all functions y in L?([0,27] x [0, 7]), where # is the wave operator on L?([0,27] x [0, 7])

defined by
2T rm 2w
/ / oW ydxdt = / / V(P — @) dxdt
Jo Jo Jo Jo

for every ¢ € C*([0,27x] x [0,7x]) such that ¢,(0,x) = @, (27,x), ¢(¢,0) = ¢(t,x) = 0, and
©(0,x) = ¢(2m,x) = 0 for all (¢,x) in [0,27] x [0, 7].

12.3 Variational resolution for the stationary Navier-Stokes
equations

Example 12.5. Variational resolution for the stationary Navier-Stokes equation

Consider the incompressible stationary Navier-Stokes equation on a bounded smooth
domain Q of R?
(u-Viu+f=aAu—Vp onQ,
divu =0 on 2, (12.26)
u=20 on dQ,

where & > 0 and f € L”(Q;R?). Let

_a [y (U2
®(u) = E/QEJF’Fl(aTk) dx (12.27)
be the convex and coercive function on the Sobolev subspace
X = {u € H} (Q;R?);divv = 0}, (12.28)

Its Legendre transform &* on X* can be characterized as ®*(v) = 1(Sv,v), where
S : X* — X is the bounded linear operator that associates to v € X* the solution
v = Sv of the Stokes problem

aAV+Vp=—v onQ,
divi =0 on £, (12.29)
P=0 on dQ.

It is easy to see that (12.26) can be reformulated as
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{ (u-Vu+f e —-0P(u)=adu—Vp,

ex (12.30)

Consider now the nonlinear operator A : X — X* defined as

du;
(Au,v) :/9213~’<=1”’<Tx,ivfdx: ((u-V)u,v).

We can deduce the following known existence result.

Theorem 12.8. Assume Q is a bounded domain in R?, and consider f € LP(2;R?)
for p> %. Then,

I(u) = D) + & (—(u-Vyu+ f) - /Q =3 fiu;

is a self-dual functional on X, its infimum is equal to zero, and the latter is attained
at a solution of the Navier-Stokes equation (12.26).

Proof. To apply Corollary 12.2, it remains to show that A is a regular conserva-
tive operator. It is standard to show that (Au,u) = 0 on X. For the weak-to weak
continuity, assume that «" — u weakly in H'(£2), and fix v € X. We have that

converges to (Au,v) = [, Eikzluk%u ;dx. Indeed, the Sobolev embedding in di-
mension 3 implies that («") converges strongly in LP(2;R?) for 1 < p < 6. On the
other hand, 3—2 is in L?(Q) and the result follows from an application of Holder’s
inequality.

Example 12.6. Variational resolution for a fluid driven by its boundary

We now deal with the Navier-Stokes equation with a boundary moving with a pre-
scribed velocity:

u-Viu+ f =aAu—V on £,
( p
divu =0 on Q, (12.31)

u=ul on d€2,

where [;,u’ndo =0, a >0, and f € LP(Q;R?). Assuming that u® € H¥/?(3Q)
and that 0 is connected, a classical result of Hopf [156], then yields for each € > 0,
the existence of V) € H?(Q) such that

0
W =u’on0Q, divi’ =0, and fQZikzluka—L’(ujdx§8||uH)2( foru € X.
(12.32)
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Setting v = u 4", solving (12.31) then reduces to finding a solution for

(u-Vu+ (- Vyu+ (u- Vo + f —advV? + (W - V)W = aAu—Vp onQ

divu =0 on
u=20 on 0Q.
(12.33)

This can be reformulated as the following equation in the space X
(u-Vu+ (- Vut (u- V' + g€ -0 (u), (12.34)
where @ is again the convex functional ®(u) = 5 [, 2137,{:1 (%)zdx as above and
gi=f—ar +(°-vlexr.
In other words, this is an equation of the form
Au+Tu+ge —90P(u) (12.35)

with Au = (u- V)u a regular conservative operator and I'u = (V0 - V)u+ (u-V)»° a
bounded linear operator. Note that the component u — (v - V)u is skew-symmetric,
which means that Hopf’s result yields the required coercivity condition:

1 1
Y(u):=d(u)+ i(l"mu} > i((x —&)||ul|* forallucX.
In other words, ¥ is convex and coercive, and therefore we can apply Theorem 12.3
to deduce the following theorem.
Theorem 12.9. Under the hypotheses above and letting A* be the antisymmetric
part of the operator Au = (u- V)2, the functional

() =¥(u)+¥*(—(u-Vu— (VO.V)u—Aau+g) — /ngzlgjuj

is self-dual on X, has zero infimum, and the is latter attained at a solution i for
equation (12.33).

Example 12.7. Variational resolution for a fluid driven by a transport operator

Let a € C*(2,R?) be a smooth vector field on a neighborhood of a C* bounded
open set 2 C R?, let ap € L”(R), and consider again the space X as in (12.28) and
the skew-adjoint transport operator I : u +— (a- V)u+ $div(a)u from X into X*.
Consider now the following equation on the domain  C R3

(u-Vyu+(a-Vutaout|u"2u+f=oaAu—Vp onQ,
divu =0 on 2, (12.36)
u=0 on dQ,
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where & > 0,6 >m > 1, and f € L1(2;R®) for ¢ > &. Suppose

1
Ediv(a)—agzo on £, (12.37)
and consider the functional
a Ju;\2 1 . 1
W(M)ZE/QE;’]‘:1<T)CZ) dx+1/-Q(d1V372ao)|u|2dx+E/Q\u|mdx+/gufdx,

which is convex and coercive function on X. Theorem 12.3 then applies to yield the
following result.

Theorem 12.10. Under the above hypotheses, the functional
1
1) =W () + 9 (= (u-V)u—a- Vu— Sdiv(a)u)

is self-dual on X, has zero infimum, and the latter is attained at a solution i for
(12.34).

12.4 A variational resolution for certain nonlinear systems

Corollary 12.3. Let ¢ be a proper convex lower semicontinuous function on X XY,
let A : X — Y™ be any bounded linear operator, let By : X — X* (resp., By : Y —Y*)
be two positive bounded linear operators, and assume A = (A1,Ay) : X XY —
X* x Y* is a regular conservative operator. Assume that

lim (P(x7y)+%<le7x>+%<BZyvy>
el +lyl—eo ([ =+ [l

Then, for any (f,g) € X* X Y*, there exists (X,7) € X x Y that solves the system

{—Al()gy)—A*y—le—i—fE 81(P(x7y) (12 38)
—A2(x,y) +Ax—Boy+8 € 2 9(x,y). '

The solution is obtained as a minimizer on X x Y of the self-dual functional
I(x,y) = l,l/(x,y) + W*(_A*y - Btll'x A (x,y),Ax - BlZZy - AZ(x7y>)7

where

W(53) = 9(y) + 3 (Brxa) + 5 (Bay.y) = (£.5) — (g.9)

and where B (resp., BS) are the skew-symmetric parts of By and B».

Proof. Consider the self-dual Lagrangian

L((x,),(p,q)) = w(x,y) + y*(=A"y — Bix+ p,Ax— B3y +q).
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Theorem 12.3 yields that I(x,y) = L((x,y),—A(x,y)) attains its minimum at some
point (%,7) € X x Y and that the minimum is 0. In other words,

0 =1(x,y)
= Y(59) + ¥ (-A"F - BiX - Ai(&,§),A% - B3j — As (%, 7))
= Y(E&9)+y (AT - Bix— A (% y‘) AT~ Bzy Az()E )

from which it follows that

{—A*y—B‘fx—Al(x,y) € dio(x,y)+Bi(x)—f (12.39)
Ax—B’%y—Al(x,y) € 82¢(xay)+Bi(y)_g~ '

Example 12.8. Doubly nonlinear coupled equations

Let by : Q — R™ and b : Q — R™ be two smooth vector fields on the neighborhood
of a bounded domain Q of R™, and let Bjv = by - Vv and Bov = b, - Vv be the
corresponding first-order linear operators. Consider the Dirichlet problem

A(v+u)+by-Vu = [ulP2u+u"" V" + f on Q
AWv—u)+by-Vv= |9 2g—u™" ' +¢g on Q (12.40)
u=v=_0 on dQ.

We can use Corollary 12.3 to get the following result.

Theorem 12.11. Assume div(by) > 0 and div(by) > 0 0n 2, 2 < p,q < -2, and
l<m< "+2 , and consider on H} () x H} () the functional

1
I(u,v) = ¥(u) +¥* (bl.Vu+ fdiv(bl)u+Av_u'"*1vm)
+@(v )+¢*<b2 Vv+ dlv(bz)v—Au+um = 1),

where

1 1 1
:7/ \Vu\zdx+—/ \u|f’dx+/ fudx+f/ div(by) |u|*dx,
2Jo pJo Q 4Jo

1 1 1 .
@(V) = E/{‘)‘Vvﬁdx—‘r;/g|v|qu+/!2gvdx+1/g2dlv(b2)|v|2dx

and W* and ®* are their Legendre transforms. Then, there exists (i1,7) € H} (Q) x
HJ () such that

1(@,7) = inf{I(u,v); (u,v) € HY () x H} (2)} =0,

and (i, V) is a solution of (12.40).
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Proof. Let A=A on H}, By =b1.V, B, =b,.V. Let X = H! x H}, and consider on
X x X* the self-dual Lagrangian

L((u,v),(1r,5))) = ¥(u)+¥" (bl.Vu—i— %div(bl)u—i—Av—l—r)
D)+ @ (bz.Vv—i— %div(bz)v—Au—i-s).
It is also easy to verify that the map A : H} x H! — H~! x H~! defined by
Au,v) = (" v —umymh

is regular and conservative.

12.5 A nonlinear evolution involving a pseudoregular operator
We now apply Theorem 12.3 to solve nonlinear evolution equations of the form

{ —0(t) — Av(r) € IL(t,v(t)) forae.r€[0,T) (12.41)

V(O) =0,

where L is a time-dependent self-dual Lagrangian on phase space X x X* and A is a
regular map on path space. As seen in Part II, one can lift L to a self-dual Lagrangian
- on either one of the two path spaces 23([0,T]) x 232([0,T])* (Theorem 9.2)
or L%[0,T] x L%.[0,T] (Theorem 4.3). One can then try to get a solution for 12.41
by minimizing the functional

T
I () = L(u,—Au)+ /O (Aut),u(t)) dr

on either 25,([0,T]) or L%[0,T].
Now the space 2>, presents the advantage of having a strong topology that in-
creases the chance for a given map A to be regular on 25 >. On the other hand, the
coercivity condition becomes harder to satisfy, and one needs to establish the con-
clusions of Theorem 12.3 under much weaker coercivity conditions. This is done
in Chapters 17 and 18 in order to deal with the fact that the nonlinear operator
u — u- Vu — which appears in the Navier-Stokes equations — is only regular on 25 »
(at least in dimensions n = 2). On the other hand, by working on the space Lg(, the
coercivity condition on .# is often easy to verify but, short of considering positive
linear operators as in part II, it is harder to find operators that are regular on L%.

In this section, we shall consider cases where this latter setting is applicable,
provided the operator A can be regularized to become pseudoregular on L)z(. First,
we give a general result.
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Theorem 12.12. Let X C H C X* be an evolution triple, and consider a self-dual
Lagrangian L on [0,T] x X x X* as well as a boundary Lagrangian ¢ on H x H
satisfying 0*(—x, p) = (x, p). Assume the following conditions:

u— [ L(t,u(t), p(t))dt is bounded on the balls of L}, for each p € L., (12.42)

/ Hi(1,0,0(1))dr = +oo, (12.43)
—too

HVHLz(X
U(a,b) < C(1+|al|? + ||bl1%) for all (a,b) € H x H. (12.44)

(i) Then, for any pseudoregular map A : L)z( — Li*, the functional

Teta @) = [ {L0ule),~Aule) —0)) + (Au(0), ) b+ £u0)u(T)
has zero infimum on L,z(. Moreover, there exists v € 255 such that
Iipa(v)= inf Iz A(u)=0, (12.45)
Llefzz
(=v(0),v(T)) € 9L(v(0),v(T)), (12.46)
—v(t) — Av(t) € IL(t,v(t)). (12.47)

(ii) In particular, for every vo € H, the self-dual functional

@) = [ L0, ~Aule) i) + (Aute) o)}
+§||u<o>u2—2<vo,u<o>>+||mu2+%numnz

has zero infimum on £ ,. It is attained at a unique path v such that v(0) = vo
and satisfying (12.45- 12.47). In particular, we have the following “conservation of
energy type” formula: For everyt € [0,T],

()7 = IIvoll* =2 fg {L(s, v(s), =Av(s) = ¥(s)) + (v(s), Av(s)) }ds.  (12.48)
Proof. (i) We first apply Theorem 4.3 to get that the Lagrangian

Llu,p) = {foT L(t,u(t), p(t) — i(e))dt + (u(0),u(T)) if u € 255

+o0 otherwise

is self-dual on L)z( X L}Z(*. We then apply Theorem 12.3 (actually its extension to
pseudoregular operators as of Exercise 12.A), with the space L%, to conclude that
the infimum of % (u, —Au) + (u, Au) on L% is equal to 0 and is achieved. This yields
claim (12.45).

Since now L(¢,v(t), A ( )+v(t))+ (v(r),Av(t) +v(¢)) > 0 for all t € [0,T], and
£(v(0),v(T)) > %( (T)|1% — [|[v(0)]|%), claims (12.46) and (12.47) follow from the
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identity

0=1IA(v) = /OT {L(t,v(t), —Av(t) —v(t)) + (v(t),Av(t) + V(1)) }dt

—%(IIV(T)II% — [VO)IF) +£(v(0),v(T)).

It follows that
L(t,v(t),—Av(t) —v(t)) + (v(t),Au(t) +v()) =0 ae.t €[0,T] (12.49)
and |
£((0),v(T)) = S (I 7 = v O)1[7), (12.50)
which imply claims (12.47) and (12.46) respectively.
For (ii) it suffices to apply the first part with the boundary Lagrangian

1 1
U(r,s) = Ellrll2 —2(vo,r) +[Ivoll* + §||S||2~

We then get

Ippa(u)= /OT [L(t,u(t), —Au(t) —u(t)) + (u(t), Au(t) +u(r))] dt + ||u(0) — von.

Note also that (12.49) yields

d(|v(s)|]?
% — —2[L(s,v(s), ~Av(s) — ¥(s)) + (AV(s),v(5))]
which readily implies (12.48).
We now apply Theorem 12.12 to the particular class of self-dual Lagrangians of
the form L(x, p) = ¢(x) + ¢*(Ax — p) to obtain variational formulations and resolu-
tions of various nonlinear parabolic equations.

Corollary 12.4. Let X C H C X* be an evolution triple, and consider for each t €
[0,T] a bounded linear operator A, : X — X* and ¢ : [0,T] x X — R such that for
eacht the functional y(t,x) := @(t,x) + 1 (Aux,x) is convex, lower semicontinuous,
and satisfies for some C > 0, m,n > 1 the following growth condition: For x € L)z(,

£ (Il = 1) < [ {(x(t) + S Anx(n) x(e) e <€ (el +1). - 1250

IfA L}z( — i* is a pseudoregular map, and if Aj is the antisymmetric part of the
operator Ay, then for every vo € X the functional

I(x) = /OT{II/(EX(f)) + Y, —Ax(t) = Alx(t) = i(2)) + (Ax(2), x(2)) } dt
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L x(O) P+ (1)) = 2400 2
+5 (R(O)" + [X(T)[7) =2{x(0),v0) + [vo

attains its infimum on L% at a path v € 255 such that

I(v)= inf I(x)=0, (12.52)

xG,%fZ,Q

{ —v(t) —A(t) — Av(t) € do(t,v(t)) forae. t € [0,T] (12.53)

v(0) = vp.

Proof. L(t,x,p) := y(t,x) + y*(t,—A%+ p) is a self-dual Lagrangian on X x X*,
and it is easy to check that all the conditions of Theorem 12.12 are satisfied by L, ¢,
and A. Hence, there exists v € 23 » such that I(v) = 0. We obtain

0= /OT (w(t,v) +y*(t,—Av— Ay —v) + (v(1), Av(t) + Av(t) +9(1)) ) dt
310 vl

which yields since the integrand is nonnegative for each # and by the limiting case
of Legendre-Fenchel duality, that

{ —v(t) —A%(t) — Av(t) € d@(r,v(t)) +Alv(t) forae.t€[0,T)

v(0) = vo. (12.54)

Example 12.9. Complex Ginsburg-Landau evolutions

We consider the initial boundary value problem for the complex Ginzburg-Landau
equation in Q C RV

{u(r)—(K+ia)Au+(Y+il3)|”|q_1“_w” =0, (12.55)

u(x,0) = uy,

where ¥k > 0,7y>0,9> 1,0, € R.
We apply Theorem 12.12 to establish the following theorem.

Theorem 12.13. Ler Q be a bounded domain in RY, k¥ > 0, Yy>0, B €R, and
q> 1. Let H:=1*(Q), X :== H}(Q), Vi := L%, Vo := LT (0,T;L77(Q)), and
V .= Vi N\ V,. Then, for every uy € X, there exists u € V with u € V* satisfying
equation (12.55).

We would like to apply Theorem 12.12 with the nonlinear operator
Au = —iAu+iBlul! 'u— ou

and the convex functional
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K
D(x) 1= —/ \Vul*dx+ L/ |7 dx
2 Ja g+1Ja

with X = H} () and H := L*(Q). However, the operator A is not necessarily reg-
ular from its domain into L)Z(*. We shall therefore replace A by the pseudoregular
operator

Ay (1) := —iAu+if oy, (u) — ou,

where y; is the A-regularization of y(u) = 17 [ [u|*"! dx on H := L*(Q). In this
case, P needs to be replaced by

K
D) (x) := E/ \Vul>dx 4y ().
Q
Indeed, we first prove the following lemma

Lemma 12.2. Suppose K,Y,® > 0 and ug € X. For every 0 < A < ﬁ, there exists
a solution uy € 2, of the A-regularized problem

{u(t) — (k+i0)Au+ (y+iB)y; (u) —ou =0 ong, (12.56)

u(x,0) = up.

Proof. In order to apply Theorem 12.12, we need to show that A, is pseudoregular
on L%, and that the functional

K
)+ (W) = 5 [ [Vuldr-+ v () - o]l

is coercive on H. For A,, we first note that the operator —iAu — @u is bounded
and linear, and so clearly “lifts” to a regular operator from L} — L%. since —iA
is skew-adjoint and that u — —u is compact from L% — L. So we only need
to verify that By (u) := idyyu : Ly — L%. is pseudoregular. For that, suppose that
x, — x weakly in L%. Since B) is Lipschitz continuous on L2,, we can assume that
Bjx, — y weakly in L%.. Since (u,B; (1)) = 0 for every u € X, it therefore suffices
to show that y = By x as long as 0 < (x,y).

Now, by the monotonicity property of d@;, we have (Byx, — Byu,x, —u) > 0
for every u € LJZ(. It follows that

(y—Bpu,x—u) > (y,—u) + (—Bju,x —u) (12.57)
> lim(By x,,, —u) + lim(—Bj u, x, — u) (12.58)
n n
= lim(Bjx, — Byu,x, —u) (12.59)
n
> 0. (12.60)

Hence, (y —Bju,x—u) >0 forallu € Lg(. Forw € L,zf, setu =x—twwitht > 0in
such a way that

0< (v Bywx—u) = {y— By (v—tw),w). (12.61)
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Since B is Lipschitz continuous on L7, we have 1in(1)<B;L (x —tw),w) = (B x,w),
11—

which yields that (y — By (x),w) > 0 for every w € L%, and therefore y = B ;Lx
For the coercivity, it suffices to show that for every @ > 0 with 0 < A < %, the
functional v (1) — @||ul|% is coercive on H. For that, write for u € H

_ 2 _ inf ||M—VH%1 _ 2
Vi () = o|ulf = inf S y(v) + 2 — oofull,

veH

. ul|2 v||? 1
= i v+ Ll D02 ) oy}

veH
_ (% o) Jul3 + 1nf{ ” ”H i(u,v)}
= (7~ )l —sup { )~y - Ll
> (55— ) lulfy - sup{ }
> (55 o)l —v (,L )
= (ol T [
where 1 + L= = 1. Since ¢+ 1 > 2, we have p < 2, which implies the required

P q+1
coercivity of y (u) — o||ul|% on H.

All conditions of Theorem 12.12 are therefore satisfied, and there exists then a
solution uy € 23> of (12.56). In order to complete the proof of Theorem 12.13,
we need some estimates for u, . For that, we perform an inner product of u; with
equation (12.56) to get for all r € [0, T]

1d

Sl [ Vi Paxe vy ) - olwlf <0, 0262

Using Gronwall’s inequality, we obtain that ||u, ||z is bounded and that consequently
uy, is bounded in L%. It also follows from the above inequality that fOT v, (uy)dt is
bounded. On the other hand, the regularization process gives for every A > 0 a
unique j,uy; € L2 such that, for some constant C > 0,

T T 3 2
/Ow(undt=/0 {w(jm)+”“2]7f“‘””}dtsc. (12.63)

We now claim that there exists u € V such that

u, —u weaklyin L%, (12.64)
uy —u ae. in [0,7T]xQ. (12.65)



238 12 Variational Principles for Self-dual Functionals and First Applications

Indeed, It follows from (12.62) and (12.63) that u; and j,u,; are bounded in V;
and V5, respectively. Since dy and —A are duality maps, it follows that —Au;, and
Ay (uy) = dy(jruy ) are bounded in V;* and V;', respectively. Let m € N with
m > N/2 in such a way that Vo = W;"*(£) continuously embeds in X N L7+ (Q).
It follows from equation (12.56) that {u, } is bounded in the space

% :={uely;ucll(0,T:Vy)}, where p= %.

Since X C H C V|, where X C H is compact and H C Vj; is continuous, it follows
that the injection %" C LIZ_I is compact, and therefore, there exists u € % such that
u; — uin L and uy — ua.e. in [0,T] x Q. It follows that, up to a subsequence,

uy, — u weakly in L%, (12.66)

Jauy — u weaklyin V5, (12.67)
oy, (uy) — dy(u) weaklyin Vs, (12.68)
uy (T) — a weakly in H for some a € H. (12.69)

Indeed, since (1) is bounded in L% and since u; — u a.e. in [0,T] x 2, we easily
get (12.66), that jou; — u, and dyy (u)) — dy(u) a.e.in [0, 7] x £, which together
with the fact that dy; (uy) is bounded in V" imply (12.67) and (12.68). To prove
(12.69), it suffices to note that u, (7') is bounded in H and therefore uy (T') — a for
somea € H.

To complete the proof of Theorem 12.13, take any v € C'([0,T]; V) and deduce
from equation (12.56) that

0:/OT<f(K‘+iO£)Aux+(}/+iﬁ)al//,1(ul)fa)ul,v(t»dt
T
—/0 (), up (1)) + (ua (T),v(T)) — (uo,v(0))-
Letting A go to zero, it follows from (12.66)-(12.69) that
0= /OT<—(K+iO£)Au+(}/+i,B)al//(u)—a)u,v(t))dt

[ 50,0 + AT~ Ga0,0(0).

Therefore u € V is a solution of equation (12.55).

Further comments

The min-max theorem of Ky Fan [49] can be found in several books (see for ex-
ample, Aubin-Ekeland [8]). The version that covers pseudoregular operators can be
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found, for example, in Brézis-Nirenberg-Stampachia [31]. The selfdual variational
principle (Theorem 12.3) was established by Ghoussoub in [56], where one can also
find some of the applications mentioned in this chapter. The self-dual formulation
to Navier-Stokes equations seems to have been considered first by Aucmuty [10]. A
proof of the stationary case appeared in Auchmuty [13].

The global existence of unique strong solutions to (12.55) was first proved by
Pecher and Von Wahl [128] under the conditions: ] <g < if N=1,2and 1 <g <
N *2 for dimensions 3 < N < 8. They conjectured that & *2 is the largest possible
exponent (if N > 2) for the global existence of strong solutions (see [128], Remark
1.3). Shigeta managed in [144] to remove the restriction N < 8 on the dimension, but
since the arguments in both [128] and [144] are based on the Gagliardo-Nirenberg
inequality, they could not handle the case where g > N” This was done recently
by Okazawa and Yokota [124], who proved the existence of strong solutions for all
exponents g > 1. However, unlike the global argument above, their proof seems to
work only for convex functions of power type.






Chapter 13

The Role of the Co-Hamiltonian in Self-dual
Variational Problems

Self-dual functionals of the form I(x) = L(Ax,—Ax) + (Ax,Ax) have more than
one antisymmetric Hamiltonian associated to them. In all previous examples, we
have so far used the one involving the Hamiltonian H} associated to the self-dual
Lagrangian L. In this chapter, we shall see that the one corresponding to the co-
Hamiltonian A can be more suitable not only when the operator A is nonlinear but
also in situations where we need a constrained minimization in order to obtain the
appropriate boundary conditions. Furthermore, even if both A and A are linear, we
shall see that the co-Hamiltonian representation can be more suitable for ensuring
the required coercivity conditions.

Applications are given to provide variational solutions for semilinear equations
in divergence form, Cauchy problems for Hamiltonian systems, doubly nonlinear
evolutions, and gradient flows of certain nonconvex functionals.

13.1 A self-dual variational principle involving the
co-Hamiltonian

An immediate application of Theorem 12.3 yields the following variational principle
that will be used throughout this chapter.

Proposition 13.1. Let L be a self-dual Lagrangian on a reflexive Banach space X,
and consider a not necessarily linear operator A : D(A) C Z — X and a linear
operator A : D(A) C Z — X*, where Z is a reflexive Banach space. Let E be a
closed convex subset of D(A) ND(A) C Z such that

Domy (L) C A(E), (13.1)
(A,A) is a regular pair on E, (13.2)
lim AL (—B*Ax,0) + (BAx,Ax) = +oo. (13.3)

XEE: x| -teo

241
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Then, I(x) := L(Ax, —Ax) + (Ax, Ax) is a self-dual functional on E and there exists
X € D(A)ND(A) such that

1(x) = inf I(x) =0, (13.4)
—AX € JpL(AX). (13.5)

In the particular case where L is a self-dual Lagrangian L(x,p) = @(x) + @*(p)
associated to a bounded below, and lower semicontinuous convex functional ¢, we
then have Dom; (L) C Dom(¢*), and Hy (p,q) = ¢*(p) — ¢*(gq) when g € Dom(¢*)
and —oo elsewhere. One can then deduce the following useful corollary.

Corollary 13.1. Let ¢ be a bounded below convex lower semicontinuous function
on a reflexive Banach space X, and let f € X*. Consider A : D(A) C Z — X and
A :D(A) CZ — X*, to be two operators, with A being linear. Let E C D(A)ND(A)
be a closed convex subset Z such that

Dom(¢*) C A(E), (13.6)
the pair (A, A) is regular on the set E, (13.7)

and
0" (—Ax) + (Ax, Ax + f) = +oo. (13.8)

[lx]| oo xeE

Then, there exists a solution X € E to the equation
0€ f+Ax+dp(Ax). (13.9)
It is obtained as a minimizer of the self-dual functional
I(x) = (Ax) + @*(—Ax— f) + (Ax,Ax+ f), (13.10)

which has zero as its minimal value over E.

13.2 The Cauchy problem for Hamiltonian flows

Example 13.1. Convex Hamiltonian systems

The first application of Corollary 13.1 deals with the following standard Cauchy
problem for Hamiltonian systems. Given a time 7 > 0, we shall let X = A%{ZN ([o,1))

1
be the Sobolev space endowed with the norm ||u|| = (||u||iz + Hu||iz) g

Theorem 13.1. Suppose ¢ : RY x RN — R is a proper, convex, lower semicontinu-
ous function such that ¢(p,q) — oo as |p| + |g| — oo. Assume that
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—a<o(p,q) <B(pI"+lg"+1) (1 <r<e), (13.11)

where , B are positive constants. Then, the infimum of the functional

I(p,q) := /OT [0(p(1),q(1)) +@*(—4(0), p(t)) +4(2) - p(t) — p(t) - q(1)] dt

on the set E .= {(p,q) € X; p(0) = po,q(0) = qo} is equal to zero and is attained
at a solution of

p(1) € o (p(r),q(r)) 1€(0,T)
4(t) € do(p(t),qt)) 1€(0,T) (13.12)
(p(0),4(0)) = (po,qo)-

We shall first consider the subquadratic case (1 < r < 2).

Proposition 13.2. Assume @ is a proper, convex, and lower semicontinuous function
on RN x RY, and consider the following functional on X x X :

I(p,q) = /OT [@(p(1),q() + 0" (= 4(0). p(1)) +4(1) - p(t) — p(t) - q(1)] dt

1. If @ is subquadratic on RN x RV, then for any (po,qo) € RN x RY, I is a self-dual
Sunctional on the closed convex set E :== {(p,q) € X x X, p(0) = po,q(0) =qo}
with a corresponding antisymmetric Hamiltonian on E X E given by

M(r.s:p.q) = /OT (97 (=4,p) = @™ (=8,7) + (. =$) - (¢,p) + (¢,—P) - (,q)] dt.

2. The infimum of I on E is zero and is attained at a solution of system (13.12).

Proof of Proposition 13.2: Fenchel-Legendre duality gives that I(p,q) > 0 for ev-
ery (p,q) € X. We shall apply Corollary 13.1 with E C X, Au = Ju(t), the symplec-
tic automorphism J(p,q) = (—gq, p), and the self-dual Lagrangian

L) (9) = [ [o(p0.a0) 49 (s)]d (313

on X x X*. Note that the map u — fOT (Ju,u)dt is weakly continuous, making A a
regular linear operator. The functional / can then be written as: I(z) = L(z,Az) —
(Jz,Az) over X, and the result then follows from Theorem 12.3. The corresponding
AS-Hamiltonian is then

M(z,w) = H (Az,Aw) + (z,A(z—w)), (13.14)

which in this case is equal to (13.13).
Note now that the subquadraticity of ¢ ensures that [ is strongly coercive, and
we are then able to apply Theorem 12.3 to find (5,g) € E such that I(5,g) = 0.
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In order to deal with the general case (that is, when (13.11) holds with » > 2), we
shall use a variation of the standard inf-convolution procedure to reduce the problem
to the subquadratic case where Proposition 13.2 applies. To do that, define for every
A > 0, the functional

. lp—ully  llg—vl
= f g s 13.15
¢1.(P,q) ity {fp(u,v) M TR el (13.15)
where s = —rfl. Obviously, 1 < s < 2, and since ¢ is convex and lower semicontin-

uous, the infimum is clearly attained, so that for every p,q € R" there exist unique
points i(p), j(g) € RY such that

0x(p.4) = 9lip). ) + LI N TDR 134

Lemma 13.1. The regularized functional ¢, satisfies the following properties:
(i) 2.(p,q) = ¢(p.q) as & — 0"
(ii) 92(p.q) < 9(0,0) + 2L,
(iii) 93 (p.q) = 9" (p.q) + % (Ilp 7 + ll4lI7)-

Proof. (i) and (ii) are easy. For (iii), we have

@5 (p,q) = sup {u-p+v-qg— @, (u,v)}

u,veRN

_ : llz = ulls+ [lw—vll§
= sup {u-p+v.q— 1an{go(z,w)+ T

u,vERN z,weR
lz—ully  [lw—vl§
= sup su : qg—0(z,w) — S —
p p {u p+v-g—o(z,w) NE o

u,veRN zweRN

= sup sup {(u=2)-pt(v=w)-q+zprweg—o(zw)

z,weRN u,yeRN

_||z—u\|§+||w—v||§}
SAS

_ lualls — lIvalls
= sup sup {ul ptvi-q A T

z,wERN uy v RV

+z~p+w—q—(p(z,w)}

ur || |8
= sup {ul p+vi-q— ||5}{,|s|5 _ ”S;LLS}

up,vi €RN

+ sup {z-p+w-q—o(z,w)}

z,weRN

A’r r r *
= —(lpl:+llall?) +¢"(p.q).
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Lemma 13.2. For every A > 0, there exists (py,qx) € X x X such that p;(0) =
P0,42.(0) = qo, and

{ pa € 92‘P§Q(P;L)>J'A(q/1)§
—Ga € I (ir(pa)sir(ar))

Proof. Consider the Cauchy problem associated to ¢, . By Proposition 13.2, there
exists (py,qa) € X x X such that p; (0) = po, ¢, (0) = go, and

T
1(pandz) = /0 (04 (P1.43) + 0% (—da.p2) + i Pr — B2 -qp] di = 0(13.17)

yielding
Pa € 02(P2,q)
—qa € A193(Pa:9) (13.18)
pa(0)=po, 41(0)=qo,
while
. . i s _j 5
@ (pasan) = @(ia(pa) alar)) + lea Sis(pl)” 1l SJ/{IS(%)H . (13.19)

To relate (pj,q;,) to the original Hamiltonian, use (13.17) and Legendre-Fenchel
duality to write

02 (Pa,q0) + 03 (=da,Pa) +da - pa—Pr-qn =0 Ve (0,T). (13.20)

Part (iii) of Lemma 13.1, together with (13.18) and (13.19), gives

. . — i (ga) s+ llga — jalan) s
0= @(ir(pa). ja(ar) + P2 =iz (gl MSHCM Jalan)l
+¢" (=2 1)+ — (lIpall; + ldall7) (13.21)

+4r-Pr—Par-4a-
Note that
pa-dr = (Pa—ir(pa)) -da+ir(pa)-dn
pa-ax = (an—Jialan)) - pa+ (Pa-jalan))- (13.22)
By Young’s inequality, we have

lpa —ir(pa)Ily | A"

(P2 = iap2)) - da] < =577+ —laallr, (13.23)
. , —j SOAT
(92 —Jja(q2)) - pa] < WJFTH;M”V (13.24)

Combining the last three inequalities gives
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n IPa =iz (g5 + llga — jalga)ls
SAS

0=9(ir(pa),ja(q))
9 (. pa) o (2l + )
+(pa—in(pa)) -dr +ia(pa)-da — (an — jalan) - Pa—pa - jr(an))

Ipa —ir (g5 + llga — ja(an)lls
SAS

> @ (ia(pa),ialar)) +
N
+97 (=42, P2) + — (llpally+llgall)

'H)L(pl)'q}t_pl'J)L(QA)_7(||pl||r+HQA||r)
Nlpa —ia ()5 + llan — jalaa)lls
SAS

= @(ia(pa):algr)) + 0*(=da,pa) +ir(pa)-dn — Pa - jalar)-

On the other hand, by the definition of Fenchel-Legendre duality,

@ (ir(pa),inlan)) + 9" (—da.pa) +in(pa) -da — pa - ja(an) >0,

which means we have equality, so that

{ pa € 20(ir(pa):jrlar))
—ga € 1 9(ia(pa).irlan))-

Lemma 13.3. With the above notation, the following estimate holds:

1. sup |gy —ja(qa)|+|pa —in(pa)| < cA, where c is a constant.
t€(0,T)

2. If o(p,q) — o as |p|+|g| — oo, then sup |q; |+ |ji(q2)]+pal+]ia(pa)| < ee.
t€(0,T)
A>0

3. sup [pa(t)[+1ga(t)] < 4.
t€[0,T],A>0

Proof. (1) For every A > 0 and ¢ € (0,7), multiply the first equation of (13.18) by
¢, and the second one by p; to get

{ Prda = 420201 (Pa.42),
—qapy = P10 (Pr-42)-

So £ (pa:a2) = 0 and @ (pa(1), 92 (1)) = 92(p(0),4(0)) < @(p(0),4(0)) :=
¢ < +oo. Hence, it follows from (13.19) that

(P(ll(pk(t))a]l(ql(t))) + le _il(pl>||§si_s||ql _]l(q}u)Hg <c,

which yields sup,c o 71 g2 — ja(qa)| + |pa —iapal < cA and
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sup @ (ia (pa(2)),Jjn (g (1)) < oo
t€(0.7]

(2) Since ¢ is coercive the last equation gives sup;c g 7)1 [j2 (¢2)]+|iapa| < oo,
which together with (1) proves claim (2).

(3) Since —a < @(p,q) < B|p|"+Blg|"+ B with r > 2, an easy calculation shows
that if (p*,¢*) € do(p,q), then

r—1
Ip*\+|q*\§{s(2[3) (|p|+\q|+a+[3)+1} . (13.25)

Since by Lemma 13.1 we have (5, —dz) = 29(ix (p), ja (42)): it follows that

r
s

pal+lial < {5@B) (ia (o) + liaa)| otk )11} (1326)

which together with (1) and (2) proves the desired result.

End of proof of Theorem 13.1: From Lemma 13.1, we have

/OT [0(i2.(P2):Ja(@2)) + @ (—dn.pa) +da -ia(pa) — Pa - ja(qn)] dt =0, (13.27)

while p; (0) = po and ¢, (0) = go. By Lemma 13.3, p, and ¢, are bounded in
L?(0,T;RY) so there exists (p,q) € X x X such that p; — p and §; — ¢ weakly
in L2(0,T;R") and p; — p and g, — ¢ strongly in L.(0,7;RY). So again by
Lemma 13.3, i (p;) — p and j, (g;) — g strongly in L..(0, T;RY). Hence, by let-
ting A — 0 in (13.27), we get [y [@(p,q) + @* (=4, p) +d-p — p-q] dt <0, which
means p(0) = pg and ¢(0) = go and (p, q) satisfies (13.12).

Exercises 13.A. More on co-Hamiltonians

1. Show directly that the functional / given in Proposition 13.2 is given by

I(p,q) = sup M(rs;p,q)
(ns)EEXE

T
= sup {/ [(fy—g)~(q,p)+¢*(—qﬁp)—(P*(—g7f)+q'p—15~q]dt}~
f.ger? LJ0

2. Show that the map u — fOT (Ju(r),u(t)) dr is weakly continuous on the space Afw, ([0,77).
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13.3 The Cauchy problem for certain nonconvex gradient flows

Example 13.2. A doubly nonlinear evolution

Consider the doubly nonlinear equation

{alp(—u(t)) =DF(u(r)) 1€(0,T), (13.28)
M(O) = Uup, .
or equivalently
{ —i(1) € dQ(DF (u(t)) x€(0,T) (13.29)
M(O) = Uo, -

where @ : X — R (resp., ¥ = @*) is convex lower semicontinuous on a reflexive Ba-
nach space X (resp., X*) and where F : X* — R is a Fréchet differentiable functional
with differential DF : X* — X. We shall assume that X C H C X* is an evolution
tlriplel in such a way that the following formula holds on the space .2, 4[0, 7], where

/0 " (), DF (u(t))de) = F(u(T)) — F(u(0)). (13.30)

Corollary 13.2. Let ¢ be a convex function on a reflexive Banach space X such that
for some p > 1 and C > 0 we have

—C<o(x) <CO+|x||P) forall x € X. (13.31)

Let F be a weakly lower semicontinuous Fréchet-differentiable functional on X*
such that the induced map A : 2, 4[0,T] — L% [0, T) defined by (Au)(t) = DF (u(t))
is weak-to-weak continuous. Then, the infimum of the self-dual functional

1) = [ {@(DF () + ¢ (i) Y + F (7)) ~ F(u(0)

on the set E = {u € Z,4(0,T]; u(0) = up} is equal to zero and is attained at a
solution of equation (13.28).

Proof. Indeed, apply the preceding theorem with the linear operator Au = 1 map-
ping £,4[0,T] to Lg( [0,T], and the nonlinear weakly continuous map A map-
ping Z,4[0,T] to L%.[0,T]. Note that E is a closed convex set such that A(E) =
Lf(* [0,T], and since F is assumed to be weakly lower semicontinuous, we get from
(13.30) that the pair (A, A) is regular on the set E. The coercivity condition is now

T
lim / @ (—i)dx+F (u(T)) = +oo,
uEE,HuH.%'p.qﬂer 0

which holds since the growth assumption on ¢ implies that ¢*(y) > C'(1+||y||9).
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Example 13.3. A nonconvex gradient flow

Consider the initial-value problem

—uy = ufulP7? —ulu|72+1  x€(0,1),
{u(O) _o, (13.32)
where p >2>¢g> 1.
We reformulate the problem in the following way. Set
A(u) = ulu)?™> = 9F (u), (13.33)
where F (u) = é fol |u|?dx, so that it becomes
—ue=uluP 2= Au)+1 = |A®)|? VP A () — A(u) + 1
=y (A(u)) —A(u)+1,
1,1 _
where 7= 1 and
vlu) = ! /1 Ju| (@~ DP=DH gy (13.34)
(¢ =1(p-1)+1J
Problem (13.32) is now equivalent to
—u, €Y (A(u)) —A(u)+1
{u(O) —o. (13.35)
Moreover, by considering the convex functional defined by
QD(M) — 1 /l eZT‘efrm(P*l)(qu)Jrldx+1/1 Tx\u|2dx+ /1 wdx
(p—D(d-1)+1Jo 2Jo Jo
for an appropriate function T € C'([0,1]), we get that any solution i to
—uy € dQ(A(u))
{ u(0) = 0 (13.36)

yields a solution 7(x) := e~ *™ii(x) to equation (13.32).

In order to solve (13.36), we set p* = (¢’ — 1)(p — 1) + 1 and its conjugate ¢* =
1+ m, and consider the Banach space X = L?" [0,1], its dual X* = L [0,1],
and the space

Z={uel’[0,1];u €L0,1]}.

Since p > 2 > ¢g > 1, we have that X C % C X*, and it is therefore easy to prove
that A:Z — X and Au = u from Z to X* are weak-to-weak continuous. Moreover,
we have
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u)? _ [u(0)?

q q

1 1

/ (e, Au(x)dx) = / wytt|u| 9% dx = (13.37)
0 0

and therefore weakly lower semicontinuous on Z. Finally, the set E = {u € Z; u(0) =

0} is closed and convex and A (E) = X* = Le [0,1]. Now we can conclude since the
functional
()|

T
1) = [ {@(VF(u(e)) + 9" (~ite)) e+

is self-dual and coercive on E, and therefore its infimum is attained at i in such a
way that v = e~ %ii is a solution of equation (13.32).

Exercises 13.B. More on co-Hamiltonians

1. Let Z be a reflexive Banach space, and let ¢ : X — RU{+eo} be proper, convex, and lower
semicontinuous on a reflexive space X. Suppose A : D(A) C Z — X* is a linear operator, and
(b1,b2) : D(b1,by) C Z x x — H) X Hy are linear operators into a Hilbert space H; X Hy. F :
D(F) C Z — X, a not necessarily linear weak-to-weak continuous map, such that for every
x € D(A)ND(F)ND(b1,b2),

(Ax, F(x)) = y(x) + £2(b2x) = £1(b1x),

where {, : Hy — RU {+oo} (resp., {1 : Hl — RU {+o0}) are bounded below weakly lower
semicontinuous functions on H; (resp., H>), and y is weakly lower semicontinuous on Z.
Suppose E is a closed convex subset of Z such that for some a € H; we have

E CDA)ND(F)ND(by,by)N{x€X :bix=a}

and
A(E) is dense in X*.

a. Show that the functional
1(z) = @(F(2)) + 9" (—Az) +(Az,F(2))

is self-dual on E and write its antisymmetric Hamiltonian.
b. Show that the problem

{ —Au €@ (F(u))
b] (u) =a

can be solved, provided £ ﬁ‘:HAZ) — +oo as ||z]|z — oo

2. Fill in the details in Example 13.3.
3. Develop a self-dual variational approach to initial-value problems of the form

fe %Sl(u)JrSz(u) (13.38)

where S and S are two maximal monotone operators.
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Further comments

The self-dual approach to the Cauchy problem for Hamiltonian flows appeared in
Ghoussoub-Moameni [62]. Doubly nonlinear evolutions have a long history starting
probably with Barbu [16]. See also Arai [3], Senba [142] and Colli and Visentin
[39] for a Hilbertian framework, and Colli [38] and Visentin [159], [158] in Banach
space settings. Fo more recent work, we refer to Stefanelli [151], [147], [152], and
to Mielke et al. [111], [107], [102], [112], and [108]. For equations of the form
(13.38), we refer to the recent work of Stefanelli [145], and [146] and the references
therein.






Chapter 14

Direct Sum of Self-dual Functionals and
Hamiltonian Systems

This chapter extends the results of Chapter 9. The context is similar, as we assume
that a system of linear equations

Iix=p;,i=1,...,n,

with I; being a linear operator from a Banach space Z into the dual of another one X;,
can be solved for any p; € X*. We then investigate when one can solve variationally
the semilinear system of equations

Lix € d@;(Aix),

where each A is a bounded linear operator from Z to X;. Unlike Chapter 9, where
we required Z (Aiz,I;7) to be identically zero, here we relax this assumption con-
=1

siderably by only requiring that the map
n
z— ¥ (Aiz,I}z) be weakly upper semicontinuous
i=1

as long as we have some control of the form

n

n
pK lz,l"zz‘ Z o[ Iiz>

i=1 i=1

for some ¢; > 0. In this case the growth of the potentials o; should not exceed a
quadratic growth of factor 2
ational resolutions to perlodlc solutions of Hamiltonian systems as well as orbits
connecting certain Lagrangian submanifolds.

253
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14.1 Self-dual systems of equations

We first state the following general result.

Theorem 14.1. Consider n reflexive Banach spaces X1,Xa, ....,X,, bounded linear
operators B; acting on each X;, and B;-self-dual Lagrangians L; on X; x X[ for
i=1,...,n. Let Z be a reflexive Banach space and let I} : Z — X} be bounded linear
operators such that I' := (I3, I3,...,I;) maps a closed convex subset E of Z onto
Domy(L;) x Domy(Ly) X ... x Domy(L,) C IT" | X;*. Consider also bounded linear
operators A; . Z — X; such that the map

n
z— Y (BiAiz,I;z) is weakly upper semicontinuous on E. (14.1)
i=1
1. The functional

1(z) = )_Li(Aiz,Iiz) — (BiAiz, Iiz) (14.2)

-

i=1

is self-dual on E with corresponding AS-Hamiltonian

-

I
-

M(va) =

14

where for each i = 1,...,n, Hy, is the co-Hamiltonian on X; x X} associated to
L;.
2. If the coercivity condition

no_
lim Y Hp,(BiIiz,0) — (BiAiz,Iiz) = oo, (14.4)

Z€E,||z|| = o0 j=1

holds, then the infimum of the functional I over E is zero and is attained at X € E,
which then solves the system of equations

Lx € dpLi(AE) for i=1,..,n. (14.5)

Proof. First, it is clear that / is nonnegative since each L; is B;-self-dual. Now write
foranyz € Z

n
1(z) = Y Li(Aiz. Tiz) — (BiAiz, Iiz)
i=1
n
=Y Li(B{Iiz,BiAz) — (BiAiz, Iiz)
i=1

n
= Z sup { (BiIiz,x;) + (BiAiz,wi) — Li(x;,w;); x; € Xj,w; € X,»*}
i=1

n

- Y (BiAiz,Iiz)

i=1
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=Y sup {Hy,(Bi Liz,wi) + (BiAiz,wi):iwi € X' } — ¥ (BiAiz, Iz)
i i=1
n n

= Y sup {AL (B{Liz,w;) + (BiAiz,wi);w; € Domy(Ly) } — ¥ (BiAiz, Iiz)
i=1 i=1

n

n
= sup { Y H;,(BiLiz,liw) + (BiAiz, iw):w € E} —Y (BiAiz,Iiz)
; i=1

n
Y A1, (B Tz, ow) + (Biz, Ti(w—2))iw € E} .

For (2), use the coercivity condition and Theorem 12.2 to deduce the existence
of Z such that

0= Li(A,‘Z, EZ) — <BiAiZ, EZ>

™

1

Again, since each term is nonnegative , we get that L;(A;Z, [;7) — (BiA;Z, I[;Z) = 0 for
eachi=1,...,n, and therefore

(BiT3Z,BiAiZ) € ILi(AiZ, IZ).
The following is a major improvement on Corollary 9.1.

Theorem 14.2. For i = 1,...,n, we consider I, : Z — X;* to be bounded linear op-
erators from a reflexive Banach space Z into the dual of a Banach space X; such
that (I); is an isomorphism from Z onto ITY | X;*. Let A; : Z — X; be bounded linear
operators and scalars o; > 0, i = 1,...,n such that

n
72— Y (Ajz,I7) is weakly upper semicontinuous on Z (14.6)
i=1

and

n n
¥y <A,»z,r,-z>‘ <Y oil|IiZ|2 forz € Z. (14.7)
i=1 i=1

Consider bounded below, convex, and lower semicontinuous functions ®@; on X; (1 <
i < n) such that for 1 <i < k there are B; > 0 so that

0<a <y and B(x)<B(|w|>+1) forallxe X, (14.8)

while for k+1 <i < nwe have

P(0) <+e and  lim f"p f‘@ga,-. (14.9)
p —00

Assuming the coercivity condition

n
lim Y [®i(Aiz) + &} (Iiz) + ol Tz |*] = +eo, (14.10)

llzll =+ i =3
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then there exists a solution to the system
Iiz€ dP;(Aiz) foralli=1,..n. (14.11)

It is obtained as the minimum of the nonnegative functional

I(z) = i D;(Aiz) + D (Iiz) — (Aiz, Iiz) (14.12)
i=1

over Z, which is then equal to zero.

We start with the following lemma, which proves the theorem above under stronger
boundedness conditions.

Lemma 14.1. Let I; : Z — X;* be bounded linear operators from a reflexive Banach
space Z into the dual of a Banach space X; such that (I;); is an isomorphism from
Z onto IT | X;*. Consider bounded linear operators A; : Z — X; such that (14.6) is
satisfied. Let (04)!_, be scalars such that for some p > 1

n n
y <Aiz,1'£z>‘ < ¥ o|Lz|ly forze z (14.13)
i=1

i=1

Consider convex lower semicontinuous functions ®; on X; verifying, for some € > 0,
Bi>0,r>1,

g(llxl" = 1) < &ix) < B(||x|9+1) for all x € X;, (14.14)

where % + é = 1. Assuming that

1-p
0<o<t-fori=1,..n, (14.15)
then there exists a solution to the system (14.11). It is obtained as the minimum over
Z of the self-dual functional I given in (14.12), which is then equal to zero.

Proof. This is a direct application of Proposition 14.1 applied to the self-dual La-
grangians L;(x, p) = ®;(x) + @/ (p). The AS-Hamiltonian M associated to the self-
dual functional / is then

-

M(zw) = Y ®; () — &} (Tw) + (A2, Ti(w —2)). (14.16)

i=1

In order to check the coercivity condition, we write

M(z,0) = Z & (I;z) — P (0) — (Ajz,I;z)
i=1

'l—p . n
>y (LHEZHP - [;’) - ; P (0) — ; oy | Tzl

=1 P
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n ﬁ_l*P
>y (li _ Oti) IGz||P —
=1 P

and hence, M(z,0) — oo whenever ||z|| — oo. It follows that there exists Z € Z such
that

n
0=1(z) =) Di(AZ) + P (IZ) — (Aiz,I72),
i=1
yielding ®;(A;z) + D} (I;Z) — (AiZ,I;z) = 0 for i = 1,...n, and hence Z satisfies sys-
tem (14.11).

Proof of Theorem 14.2. We shall use inf-convolution to relax the boundedness
condition on @; in the lemma above. We first assume that, for all 1 <i < n, we have

Ci < @i(x) < B (|[x[2+1) for all x € X;, and o < 5. (14.17)

In this case, the convex functions ®; ¢ (x) = ®;(x) + 5 ||x||? clearly satisfy the condi-
tions of Lemma 14.1, provided € is chosen small enough so that for 1 <i<n

1
0<o;<

> W 2(ﬁi+8)7

and therefore we can find z¢ € Z such that the minimum of the self-dual functional
2) = Y Bie(Aiz) + B (IGz) — (Aiz, Tiz) (14.18)
i=1

over Z is attained at z¢ and I¢(z¢) = 0. We now show that (z¢)e is bounded in Z.
Indeed, the fact that I (z¢) = 0 coupled with (14.7) yields that

n

Y Pie(Aize) + D (Tize) ZO!, Lize|)* <. (14.19)
i=1 i=1

This, combined with the bounds on (®; ) ' |» guarantees the existence of C > 0 inde-
pendent of € such that

n
Y (55 — ) Il <.
L

i=1

It follows that (z¢), is bounded in Z, and therefore there exists Z such that z; — Z
weakly as € — 0. Write now

®ie(tze) =int{ @7 (0) + o e |5y e X; |

where the mﬁmum is attained at some vi € X’ in such a way that ®; ‘e(lize) =
@} (Vi) + 5= ||Tize — vi ||>. The boundedness of (z¢)e in Z yields that there is C > 0
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independent of € such that
(i 1 P2 *
D/ (ve) + 278”1728 —Vel|" = D/ (lize) < C,
and since ®; is bounded below, we get that ||I;z; — vi|| < Ce, which means that

vi, — I;Z weakly in X for every i = 1,...,n.
Since now each @/ is convex and (weakly) lower semicontinuous, we get

@ ([}7) < limi(r)lfdbi*(vé)
£—
R * (0 1
< Hminf &7 (ve) + 5 I
= limigféi*g (Iize)-
£— ’

Similarly, we have

. . € .
D;(A;Z) < liminf Di(Ajze) < liminf Di(Ajze) + 3 llzell* = liminf D; ¢ (Aize).

n
These, combined with the weak upper semicontinuity of z — Y. (A;z,I}z) on Z, fi-
i=1

nally yields

D;(Aiz) + D/ (Iiz) — (Aiz, Iiz)

~
~
>
Il
™=

—

IN
M-

n
[liminf ®; ¢ (Ajz¢) + liminf &}’ (Ize) | + liminf Y —(A;ze, Iize)
£—0 e=0 7 -0 ;5

IN
8

iminf/e (ze)

—

™

|
e

On the other hand, I(z) > 0 for every z € X, and the proof is complete under the
assumption (14.17).
Now, for the general case, we only assume that for 1 <i <k

G < Di(x) < Bi(||x|2 +1) for all x € X;, (14.20)
while for k+ 1 <i < n we have

®;(0) < +o0 and Jim ‘ﬁph’;) > . (14.21)
]’I —»00

In this case, we use inf-convolution on {®;k+ 1 < i < n} and define for A >
0 the convex functional &; ; (x) = inf {dﬁi(y) + %Hx -y

2;y GX,} in such a way
that their conjugates are @, (v) = @} (v) + %Hsz Note that @; 3 are also bounded
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below, and since &@;(0) < +oo for i = k+1,...,n, we have that ¢; and consequently
qbif)t is bounded below foralli=k+1,...,n

The first part of the proof applies to {d)l, oy Py Py 25 @n_’,l} as long as A is
small enough so that o; < % foralli=k+1,...,n. We then obtain foreach A >0 a
Z), € Z such that the minimum of the self-dual functional

M=

L(z) =) [®i(Ai) + P} (Iiz) — (Aiz, I3z) ]

1

Z Aiz) + @} (Iiz) — (Aiz, i)
=kt

over Z is attained at z; and I, (z;) = 0. We shall show that (z; ), is bounded in Z.
Indeed, combining again the fact that 7, (z;) = 0 and (14.7) yields that

gl

[@;(Aizy) + D} (Iiz)] (14.22)
1

+ Y [@ia(Az) + Dy (Tza)] = Y @il Tz ||* < 0.
i=k+1 i=1

From the lower bounds on @} (1 <i <k), we get

Y (@) + (35— o) 1T ]

i=1

+—Z[@mmm+®ﬂwm—wmmﬂga<mm>
i=k+1

This, combined with the lower bounds on (®;)}_,, guarantees the existence of C >0
independent of A such that

k n
Y (35— o) ImalP+ Y (@0 - el ) <€

i=1 i=k+1

n
It follows that Y. [®} (Iiz3) + (3 — )| Iiz2 [|*] < C, and in view of (14.9) this
i=k+1
means that (|| Iiz;]|), is bounded for eachi € {k,k+1,...,n}. Since &} is bounded

below for all such i’s, we get that Z |z, |17 is also bounded. In other words, we

have in view of (14.23) and the fact that D, ; and @*A are bounded below, that

It~

[@i(Aiza) + 04| Tiza 2] <€ (14.24)

1

and
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n

Y [Pia(Aiz) + D) (Liza)] < Co. (14.25)
i=k+1

It follows that Y. [®;(Aizy) + D} (Iizs) + || [iz3 ||*] < +ee. Using the coercivity
i=1

condition (14. 103, we conclude that (z ), is necessarily bounded in Z, and therefore
there exists Z such that z; — Z weakly as A — 0. Therefore

Pi(AiZ) + ] (I72) < liminf[Pi(Aizy ) + P (Tizp )]
for 1 <i <k, and from (14.25) combined with Lemma 3.3, we get fork+1 <i<n

that
Di(AiZ) + P/ (I72) < lim igf[(pi,)t (Aiza) + @75 (Tiza)]-

The last two assertions, coupled with the weak upper semicontinuity of z —

Y (Aiz,I;z) on Z, give

i=1

D;(Aiz) + D/ (Iiz) — (Aiz, Iiz)

Py
i\]/l

I
1=

IN
M=

n
liminf [@i(Aiz) + D (L) + ) liminf (@2 (Aiza) + D] (Tiz.)]
- i=k+1 *7

Il
—

+liminfy_ —(Aiz, Tizz)
-V =1

< liminf/

< limin 2 (22)

=0.

On the other hand, I(z) > 0 for all z € X, and the proof of Theorem 14.2 is complete.

14.2 Periodic orbits of Hamiltonian systems

For a given Hilbert space H, we consider the subspace Hj of A% consisting of all
periodic functions, equipped with the norm induced by A%. We also consider the
space H! ;. consisting of all functions in A%, that are antiperiodic, i.e. u(0) = —u(T).

The norm of H' is given by el g2, = (T |a|>dr)?. We start by establishing a

few useful inequalities on H', that can be seen as the counterparts of Wirtinger’s
inequality,

T T2 T T
/ \u|2dt§—2/ li|?dt for ue Hy and /u(t)dt:O, (14.26)
0 4n= Jo 0
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and the Sobolev inequality on H}.,
Jul2 < <3 / li|?dr for ueH} and / dt=0. (1427
Proposition 14.1. I[fu € H' ;, then
T T2 (T
/ |u\2dr§—2/ |it] dt (14.28)
0 2 Jo
and
T T
]2 < Z/ i dr. (14.29)
0

Proof. Since u(0) = —u(T), it has the Fourier expansion u(t) = Z i exp(M)_

k=—o0

The Parseval equality implies that
T S 2 2 e T T
/0 il dt:kzz_:mT((Zk—l) 72/ T%) | zﬁk;_wnm :ﬁ/o lufd.

On the other hand, the Cauchy-Schwarz inequality yields for ¢ € [0,T],

(L)

=< [i 2 2k—1 1 [i T((Zk—l)zﬂz/Tz)luklzl

—oo0

T

k

Ju(r)?

IN

and we conclude by noting that ;> ﬁ = ”72.

Proposition 14.2. Consider the space A% where X = H x H, and let J be the sym-
plectic operator on X defined as J(p,q) = (—q, p)-

1. If H is any Hilbert space, then for every u € Ag(

ro (0)+u(T) T (7.
‘/0 (Ju,u>dt+<Ju2u,u(T)—u(0)>’§2/0 li(e) 2.
2. If H is finite-dimensional, then

‘/()T<Ju,u>dt+<JW7M(T)_L¢(0)>’ < Z/OT!”(I) 2,
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Proof. For part (1), note that each u € A)z( can be written as

u(r) = % (/Otb't(s)ds—/tTu(s)ds> +M7

where v(¢) = u(r) — “(0);“”) = % (f(; i(s)ds— " u(s)ds> clearly belongs to H' ;..

Multiplying both sides by Ju and integrating over [0, T], we get

/OTJuu 2/ </ ds—/T'()dsJu>dt
+ /Ju dt

/oT<Ju,u>dt - <M’J(M(T)_M(O))>

2/ </ ds—/tTﬂ(S)ds,Ju> dr,

and since J is skew-symmetric, we have

/OTUu,u) dr + <JM,M(T) ~u(0))

Hence,

2

) / </ ds—/,Tﬂ(S)ds, Ju> dr.

Applying Holder’s inequality for the right-hand side, we get

‘/OT<Ju,u>dt—|—<JW,M(T)—M(O)>‘ < g/oT ‘u(x)fd;

For part (2), set v(t) = u(t) — “(O)Z”(T) and note that

/0 " i) di + <1M,um ~u(0)) = /0 " i)t

Since v € H' ., Holder’s inequality and Proposition 14.1 imply,

1 1

T 2 T 2
(/ |v|2dt> (/ |Jl>|2dt>

0 0
T T % T %
n(/ |\>|2dt> </ |Jv|2dt>

0 0

T (T T (T
f/ |v|2dt:—/ il dr.
T Jo T Jo

IN

/T<J1>,v> dt

0

IN

(14.30)

(14.31)

(14.32)
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Combining this inequality with (14.30) yields the claimed inequality.
Lemma 14.2. If H = RN and X = H x H, then the functional F :Ag( —R

Flu) = /OTW, ) di + <M(T) _”(0)’1M>

is weakly continuous.

Proof. Let u; be a sequence in A§ that converges weakly to u in A)z(. The injection
A% into C([0,T];X) with natural norm || ||.. is compact. Hence u; — u strongly in
C(]0,T);X) and specifically u;(T) — u(T) and u;(0) — u(0) strongly in X. There-
fore

lim <uk(T) —u(0),J

k— oo

u(T) +Mk(0)>

. u(T)+u(0)>_

- <u(T) —u(0),J ==

Since H is finite-dimensional, we use again that u — f; (Jii,u) dr is weakly contin-
uous on A)z( [0,T] (Proposition 1.2 in [96]), which together with (14.33) implies that
F is weakly continuous on A% [0, T].

Periodic orbits for Hamiltonian systems

We now establish the following existence result.

Theorem 14.3. Let ¢ : [0,T7] x X — R be a time-dependent, convex, and lower
semicontinuous function, and let y : X — RU{oo} be convex and lower semicon-
tinuous on X such that the following conditions are satisfied. There exists B > 0,
y,a € L*(0,T;Ry) such that:

(B1) —o(t) <o(tu) < E|u|2—|—y(t)f0r everyu € H and allt € [0,T].

(B2) Jg @(t,u)dt — +oo as |lully — +oo.

(B3) W is bounded from below and 0 € Dom(y).

(1) Forany T < % the infimum on Ai of the nonnegative functional

h) = | Cp(t,u(t)) + ¢ (1, — (1)) + (o), u(o)] dr (14.33)

+<M(T) - u(O),JM> +y (u(T) —u(0)) + y* ( _JM)

is equal to zero and is attained at a solution of

{Ju(t) € do(r,u(r))

_Ju(T)-zi-u(O) an(u(T) u(O)). (14.34)

(2) Under the same assumptions, the infimum on A% of the functional
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L(u) = /OT [o(t,u(t)) + @*(t,—Ju(t)) + (Ju(t),u(t))] dt
+(Ju(0),u(T)) + v (u(0)) + v (Ju(T))

is also zero and is attained at a solution of

—Ju(r) € do(r,u(1))
{Ju(T) € dy(u(0)). (14.35)

Proof. It suffices to apply Theorem 14.2 with Z =AY = A%, .. X =L}, 4, Xo =
X = H x H, and the isomorphism (I3,I3) : Z — X; x X}, where

L(u) = —Ju(r) and  T3(u) := —y*00) (14.36)
while A; : Z — X;, and A, : Z — X are defined as
Ai(u):=u and Ax(u):=u(T)—u0). (14.37)

Consider now the functional ® on X; = L, defined by ®; (u) = J{ ¢(t,u(r))dr
and let &, (x) = w(x) on X, = H X H. The functional / on Z can be written as

L) = &1(Aju)+ P (Lu) — (Aju,Lu)
+ D, (Agu) + D5 (Iu) — (Aru, Iou). (14.38)

From Lemma 14.2, we have that u — (Ayu,Iju) + (Ayu,I;u) is weakly continuous
on Z, and from part (2) of Proposition 14.2, we have

[(Avu, u) + (Apu, Tu) | = “(T)'i'”<0)>’

/()T<Ju(t),u(t)>dt+<u(T)—u(O),J .
< %/O'T\u(z)ﬁdt.

This means that (14.7) above applies with o] =

% > 0, condition (14.14) is satisfied, and since y/(0) is finite, hypothesis (14.10) also
holds. It remains to show that

% and o = 0. Moreover, since ﬁ —

T
2= [ [olr.u)+ 9" (. —~Jile)) + (o) )

+y (u(T) — u(0)) + y* ( _ MO +u(T) ‘; “(T))

is coercive on Z. But this follows from condition (B;) since ¥ and y* are bounded
below,

T
2= [ [plu)+ ()] di .
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and [§ @(r,u(t))dt — +oo with ] |u(r)|?dt. It follows that there exists @ € X such
that I(i7) = 0, which yields

T . .
I(@) = /0 (0(t,) + @7 (1, —Jit) + (@, Ji2)) dt

The result now follows from the following identities and from the limiting case in
Legendre-Fenchel duality:

@(t,a(t)) + @ (t,—Ju(t)) + (a(t),Ju(t)) = 0,
y(a(T) — a(0)) + y* ( —J%) + <:Z(T) —a(0), /=

Example 14.1. Periodic solutions for Hamiltonian systems

As mentioned earlier, one can choose the boundary Lagrangian y appropriately to
solve Hamiltonian systems of the form

{Jﬂ(l) € do(t,u(t))
u(0) = up, or u(T) —u(0) € K, or u(T) = —u(0), or u(T) = Ju(0).

For example:

e For an initial boundary condition x(0) = xo with a given xo € H, use the func-
tional /; with @(¢,x) = @(¢,x —xp) and y(x) = 0 at 0 and oo elsewhere.

e For periodic solutions x(0) = x(7T'), or more generally x(0) —x(T") € K, where K
is a closed convex subset of H x H, use the functional /; with y chosen as

(x) = 0 xek
VIO 4o elsewhere.
e For antiperiodic solutions x(0) = —x(T'), use the functional I; with y(x) = 0 for

eachx € H.

e For skew-periodic solutions x(0) = Jx(T'), use the functional I, with y(x) =
1.2
i\x\ .

Corollary 14.1. Let ¢ : [0,T] x X — R be a time-dependent convex and lower semi-
continuous function, and let Y : X — RU{eo} be convex and lower semicontinuous
on X such that (By) and (B3) are satisfied, while (B1) is replaced by:

(B})) at) <o(t,u) < %|u|1’ + (1) for everyu € H and all t € R,
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for some B >0,1< p <2 andy,acL*([0,T];R). Then, there is a solution for the
system (14.35).

Proof. It is an immediate application of Theorem 14.3 since for every € > 0 there
exists C > 0 such that |x|” < &|x|> +C, leading to solutions for arbitrarily large T

Example 14.2. Periodic solutions for second-order equations

One can also use the method to solve second order systems with convex potential
and with prescribed nonlinear boundary conditions such as

—q( ) = 3<P(f761(f))
(T)

"(0%—3%(61T qO)

and
4(r) = 09(t,q(1)),
—q(T) = o1 (4(0)), (14.40)
4(T) = dyn(q(0)),

where Yy and y, are convex lower semicontinuous. One can deduce the following

Corollary 14.2. Let ¢ : [0,T] x X — R be a time-dependent convex and lower semi-
continuous function, and let W; : H — RU{eo}, i = 1,2 be convex and lower semi-
continuous on H. Assume the following conditions. There exists B € (0, 5%) and

y, 0 € L*(0,T;R ) such that

(A1) —a()<ot,q) < %2|q|2 +y(¢) for every g € H and a.e. t € [0,T].

(A2)  Jo @(t.q)dt — +oo as |q| — +oo.
(A3) i and W, are bounded from below, and 0 € Dom(y;) fori=1,2.

Then, equations (14.39) and (14.40) have at least one solution in AIZ_I.

Proof. Define ¥ : H x H — RU{+e} by ¥(p,q) := y1(p) + v2(g) and & : [0, T] x
HxH — Rby ®(t,u) := §|p\2+ %(p(t,q(t)), where u = (p,q). It is easily seen
that @ is convex and lower semicontinuous in « and that

—a(t) < D(t,u) < Glul + T and [ D(r,u)dr — +oo as u] = feo.

Also, from (A3), the function ¥ is bounded from below and 0 € Dom(¥). By The-
orem 14.3, the infimum of the functional

I(u): = /OT [D(t,u(t))+ D" (t,—Ju(t)) + (Ju(t),u(r))] dt

u(0) +u(T)

+<u(T) —u(0),J 5=
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on A% is zero and is attained at a solution of

{—Ju(t) €dD(t,u(t))
— g DO — g (u(T) — u(0)).

Now, if we rewrite this problem for u = (p,q), we get

_p(t) = %afp(t,q(f))a
q(t) = Bp(1),
_Q(T) —2J—q(0) - aw(p(T) —P(O))’
p(T) -2|—p(0) — 8q/(q(T) —Q(O))’

and hence, g € A%, is a solution of (14.39).

As in the case of Hamiltonian systems, one can then solve variationally the dif-
ferential equation —¢j(r) = d(t,¢(t)) with any one of the following boundary con-
ditions:

(i) periodic: ¢(T) = ¢(0) and ¢(T') = ¢(0);
(ii)  antiperiodic: ¢(T) = —¢(0) and ¢(T) = —¢(0);
(iii)  Cauchy: ¢(0) = ¢o and ¢(0) = ¢; for given go,q1 € H.

14.3 Lagrangian intersections

We consider again the Hamiltonian system

(1) € 20 (p(t).q(t))  1€(0,T)
{—Z(l‘) € 9T(Pg(t),i1](t); 1€ (0,T) (14.41)

where ¢ : RY x RN — R is a convex and lower semicontinuous function, but we
now establish the existence of solutions that connect two Lagrangian submanifolds
associated to given convex lower semicontinuous functions y; and ¥, on RY; that
is, solutions satisfying

q(0) € Iy (p(0)) and —p(T) € dya(q(T)). (14.42)

In other words, the Hamiltonian path must connect the graph of dy to the graph
of —dy», which are typical Lagrangian submanifolds in R?V. First, we consider the
case of a convex Hamiltonian, and we extend it later to the semiconvex case.

Theorem 14.4. Suppose ¢ : R*N — R is a convex lower semicontinuous Hamilto-
nian such that, for some 0 < 8 < % and some constants Q,Y, we have



268 14 Direct Sum of Self-dual Functionals and Hamiltonian Systems

a<o(p.q) <E(pP+laP)+v forall (p,q) € R (14.43)

Let Wy and W, be two convex lower semicontinuous and coercive functions on RN
such that one of them (say Y1) satisfies the following condition:

liminf Y2 > 0. (14.44)
[pl—+eo P

Then, for any T < min {hmmf i } the minimum of the functional

|p|—-+eo 2P \2 ’z\f

1(p,q): = /OT [@(p(1),q(1)) + " (—4(t). p(¢)) +24(t) - p(1)] dt
+y2(q(T)) + 5 (= p(T)) + w1 (p(0) + i (4(0))

onY = A%N X A%N is zero and is attained at a solution of

et e
—q(t) € di@(p(t),q(t tc (0, T
14.45
q(0) € w1 (p(0)) (1349
—p(T) € dya(q(T)).
Proof. We again apply Theorem 14.2 with Z = A2 RN X ARN, LRN X LRN, Xo =

RY, X3 = RY, and the isomorphism (I37,13,13) : Z — X; x X5 x X5, where

Li(p(t),q(1)) - = (=4(1), p(1)),
L(p(t),4(1)) - = p(0),
L(p(1),q(t)) : = q(T),

while Ay : Z — X1,A> : Z — X, A3 : Z — X3 are defined as

Ai(p(1),q(1)) == (p,q), A2(p(t),4(t)) := q(0), and A3(p(1),4(1)) := —p(T).

From Lemma 14.2, we have by setting z = (p, g) that the functional

A Tie) = [ (~4-p+p-a)dr +p(0)g(0) - p(T)a(T)

7 Mm

T
=2 / G- pdt
0
is weakly continuous on Z = A%N X A%N. An easy calculation shows that

Ipl2 < TIBl2+VTIpO),  llgllz < Tllgll2 +VTlg(T)].  (14.46)

Using Holder’s inequality, we then have
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T 1T, 1T,
/q'pdt Sf/ P dt+*/ |g|~dr
0 2 Jo 2 Jo

T 1 /T
< T2/ |p|2dt+T|p(O)\2+§/ \g|? d. (14.47)
0 0
It follows that
> T 2 g 2 2 2
Y| =2| [ g pa| < max(2r2,1) [ (of-+lgP -+ 271500
i=1 0 0

This means that estimate (14.7) holds with oty = max{272,1}, ap = 2T, and o = 0.
Now consider the convex functions ®;(p,q) = fOT @(p(t),q(r)) dt on X; = Lf{N X
L%N, @, = y; on X, = RY, and @; = ¥ on X3 = R". One can then write the
functional I as
3
I(z) = ) Pi(Aiz) + D; (Iiz) — (Aiz, Iiz) (14.48)
i=1
over Z. We now show that all the hypotheses of Theorem 14.2 are satisfied. Indeed,
itis clear that & = max{272,1} < ﬁ and that

¢*
timinf 22P) _ e Y1)

>2T = o).
pl=teo [PI® Iplote [pPI?

Moreover, that the functional

®i(Ajz) + P (I7z) + ou || Liz|® + oo | 3z )?

|
™

—_

Z(2):

v

wlaD)+ o [ (57 +1df)di-+oalp(O) ~C

is coercive follows from the fact that @y, @, = v, &3 = y; and their conjugates
are bounded below, while @3 = y, is coercive.

Theorem 14.2 now applies, and we obtain (p,q) € Z = A%N X A%N such that
I(p,q) = 0. It follows that
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The result is now obtained from the following three identities and from the limiting
case in Legendre-Fenchel duality:

@ (p(1),4(t)) + 9" (—4(1), p(t)) +4(t) - p(1) — p(t) - (1) =0,

w2 (4(T)) + w3 (— p(T)) + p(T) - 4(T) =0,
w1 (P(0)) +wi (q( )) —p(0)-G(0) =0.

Remark 14.1. As in the preceding example, if the Hamiltonian is assumed to satisfy
—a<H(p,q) <B(p|"+lqI"+1) (1<r<2)

where o, 8 are any positive constants, then we have existence for any T > 0.

14.4 Semiconvex Hamiltonian systems

In this section, we consider the system
(14.49)

where 81,0, € R. Note that if §; <0, then the problem reduces to the one studied in
the previous section, with a new convex Hamiltonian ¢(p,q) = @(p,q) — % lq|> —

% |p|?. The case that concerns us here is when &; > 0.

Theorem 14.5. Suppose ¢ : R*N — R is a convex lower semicontinuous Hamilto-
nian such that, for some 0 < 8 < % and some constants Q,Y, we have

a<o(p,q) <B(IpP+lgP)+v forall (p,q) e R, (14.50)

and let Wy and W, be convex lower semicontinuous functions on RV satisfying

‘I;‘Iglfi ""l(‘) >0 fori=1,2. (14.51)

Then, for T small enough, the minimum of the functional

I(p.q): = ./OT [0(p(1),q(1)) + @*(—4(1) + &2p(t), p(t) + B1q(1)) ] dt

-/ " (BulaP + &alpP 2400 - p(0)) di
T (a(T)) £ 3 (— p(T)) + i (p(0)) + Wi (4(0))
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onZ= A%{N X A%{N is equal to zero and is attained at a solution of (14.49).
We shall need the following lemma.

Lemma 14.3. For any f,g € L*>(0,T;RN), x,y € RY, and 8,8, > 0, there exists
(r,s) € Z such that

Hi) = =8s(t) + £ (1),
—rs((é; - ;61r(t) +3(1), (14.52)
s(T) =y

Proof. This is standard and is essentially a linear system of ordinary differential
equations. Also, one can rewrite the problem as

Ht)— f(t) = =G (r(1),s(1)),
—$(t) — g(t) = =01 G(r(1),s(1)),
r(0) = x,
s(T) =y,

where G (r(r),s(t)) = & [ |r(e)|*dt + % [ |s()|* dr. Hence,
G* (=508 1 0~ 10) = 5= [ 50 +50P + 55 [ 170~ 0P

One can show as in Theorem 14.4 that whenever |§;| < 5, coercivity holds and the
following infimum is achieved at a solution of (14.52).

0= inf  G*(—s(r)—g(t),#(t) — f(t)) + G(r(t),s(t))

(rs)EDCX xX
+ /OT () s(r) di — /OTs(z> r(n)di = /OT (F0)-s(t) +r(0)-(0)) dr,

where D = {(r,s) € X x X | r(0) = x,s(T) = y}.
Proof of Theorem 14.5. Apply Theorem 14.2 with Z = A2 RV ><ARN, LRN X LRN,
=R", X3 = RY, and the isomorphism (I7,13,13) : Z — X x X x X3, where

Li(p(t),q(t)) : = (—q(t) + &2p(1), p(t) + S19(1)),
Li(p(t),q(t)) : = p(0),
I(p(t),q(t)) : = q(T),

while A} : Z — X,A2: Z — Xp,and Aj : Z — X, are defined as

Ai(p(1),q(t)) = (p,q), A2(p(1),q(t)) :=q(0), and A3(p(t),q(t)) := —p(T).

Again, from Lemma 14.2, we have by setting z = (p, g) that the functional
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—

i e) = [ [d)-p(0)~ ple) -a(0) - ilaP ~ olpP]

+p(T)-q(T) = p(0) - 4(0)

-

is weakly continuous on Z = A%{N X A%N.
It is easily seen that

1 1
9= &0 > 514 & Ppf and |p+ 819> > S5 — 81 Plgl*  (14.53)

and, as above, we have

% /0 () Par <7 /0 o+ TIp(O) (14.54)
and
1 T| 2 2 (Tn 2
2/0 g2t < T /0 (G2 + T)q(T)|- (14.55)
Combining the inequalities above gives
e 2, (. 2 Tl o0 20 12 2 12
| =602+ 1p-+8ig%dr = [ [3 (4P +15P) = 18: 10 |81 PlgP
> [ {5 a4 10P) 272 (3158 + 3 1gR) | a
=27 (18P [p(0) + (81| (T) %)
> [F 210 aTEP )+ (=45 ) )
=27 (|8:*p(0)* +[81*(T) )

T
= /0 5 [eldP +&:1pP) =27 (1&:1p(0) P + |81 Pla(T)P),

where & :=1—4T?|§;|* > 0 since |§] < 7.
We can now estimate

3 T
Y (Aiz,Iiz) :2‘/0 [4-p+8ilq|*+ &|p|*] dt
i=1

2 T 2 2 2
< max(272, 1} [ (% + |4) Pde-+ 27 |p(0)

T
88,72 [ |gPdr-+48Tlo(T)P
0

T
486,72 [ pPar+46,T|p(O)
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T

< (max{2T2,1}+852T2)/ p[2dr + (max{272 1}
0

T
+861T2)/0 1412 dr +2T(1 +28)|p(0)|? + 48, T|g(T) |
< r . 2 58 Zd 2 2
<o | [lg=&pl+1p+8igl] di+ alp(O) +aslg(T)I,

where o; := o;(T) —» 0as T — 0 fori=1,2,3.
Now consider again the convex functions @ (p,q) = fOT @(p(1),q(t)) dt on X, =
Lf{N, D =yonX, = RY, and &; = Yy on X3 = RY, in such a way that

3
1(z) = Y. ®i(Aiz) + &} (Iiz) — (Aiz, I72). (14.56)
i=1

Take now T small enough so that 0 < o (T) < ﬁ,

gmlﬂ;—(‘? > 0p(T)>0 and \lﬁﬂlﬂi% >o(T)>0. (14,57

All the hypotheses of Theorem 14.2 are then satisfied, and we conclude as above.

Further comments

The general existence results in this chapter come from [59]. They were motivated
by the applications to Hamiltonian systems exhibited by Ghoussoub and Moameni
[63]. They can be seen as extensions of results obtained by Clarke and Ekeland
for subquadratic Hamiltonian systems. See for example Ekeland [46] and Mawhin-
Willem [96].






Chapter 15

Superposition of Interacting Self-dual
Functionals

We consider situations where functionals of the form
I(x) = Li(A1x,A1x) — (A1x, A1 x) + Lo (Axx, Apx) — (Aax, Apx)

are self-dual on a Banach space Z, considering that L;,i = 1,2 are self-dual La-
grangians on spaces X; X X;*, and (A1,Az) : Z — X x X5 and (A1,42) : Z — X| XX
are linear or nonlinear operators on Z. However, unlike in the previous chapter, the
space Z is not necessarily isomorphic to X; x X>, and the functional is not a direct
sum, but still certain compatibility relations between the operators A1,A,, Ay, A are
needed according to which one of the operators is linear. One also needs that the
functional x — (Ax,A1x) 4+ (A2x, Apx) be weakly upper semicontinuous on Z. Un-
der a suitable coercivity condition, / will attain its zero infimum at an element X that
solves the system

AlX € §L1 (A1X)
AoX € §L2 (AX).

The theorem is applied to semilinear Laplace equations and to a nonlinear Cauchy-
Riemann problem. An application to Hamiltonian systems of PDEs will be given in
Chapter 16.

15.1 The superposition in terms of the Hamiltonians

Theorem 15.1. Consider three reflexive Banach spaces Z,X1,X>, and bounded op-
erators By on X\ and By on Xp. Let Aj : D(Ay) C Z — X{ (resp., Ay : D(Ay) C
Z — X5) be — not necessarily linear — weak-to-weak continuous operators, and let
A1 :D(A)) CZ — X, (resp., Ay : D(Ay) C Z — X;) be linear operators. Suppose E
is a closed linear subspace of Z such that E C D(A;) ND(A2) ND(A1) ND(Ay) such
that the following properties are satisfied:

275
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1. The image of Ey := Ker(A2) NE by Ay is dense in X;.
2. The image of E by A, is dense in X;.
3. x — (B1A1x,A1x) + (BAsx, Apx) is weakly upper semicontinuous on E.

Let L;,i = 1,2 be a B;-self-dual Lagrangian on X; x X} such that the Hamiltonians
Hy, are continuous in the first variable on X;.

(i) The functional
I(x) = L1 (Alx,Alx) — <BlA1x,A1x> —|—L2(A2x,A2x) — <BzA2x,A2x> (15.1)
is then self-dual on E. Its corresponding AS-Hamiltonian on E X E is

]W()C7 V) = <BlA] (v—x),A]x> +HL1 (A]v,BlA]x)
+<BQA2(V —x),A2x> + HL2 (sz, B2A2x). (15.2)

(ii) Consequently, if

| ﬁll’l}r HL| (O,BlAl)C) — <A1X,B1A1x> +HL2 (O,BQAQ.X) — <A2x, BZA2x> = oo,
X||— o0
(15.3)

then I attains its minimum at a point 7 € E in such a way that

1(z) = infrep I(x) =0
Az € dg Li(A12) (15.4)
Az € 832L2A2z).

Proof. (i) Recall first from Proposition 11.3 that, for every z € D(A;) ND(A;) C Z,
we have
Li(Aiz,Aiz) = sup{(Bir, Aiz) + H,(r,BiAiz); r € Xi}.

Letx € D(A;) ND(A2) ND(A1) ND(Az), and write

supM(x,v) = sup{(B1A1(v—x),A1x) + H, (A1v,BiA1x)
vEE vEE

+<BQA2(V — x)7A2x> + HL2 (sz, BQAQX)}

= sup{(B1A1v,A1x) +Hy, (A1v,B1A1x) + (BAyv, Apx)
veEE

+H, (A2v,BrAzx)} — (B1A1x,A1x) — (BaAgx, Apx)

= sup {<B]A1V,A]x>+HL] (A]V,BlA|x)
veE voeEy

+(B2A2 (v +vp), Aox) + Hp, (A2 (v+v0), B2 Arx) }
—(B1A1x7A1x> — <BQA2)C,A2)C>
= sup {(BiAi(w—vp),A1x)+H, (Ai(w—wg),BiAx)

weE vo€eEy
+(B2Aow, Aox) + Hp, (Aaw, BoArx) }
—<B]A1x,/\1x> — <B2A2x,/\2x>
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= sup {<B|(A1W—|-V),A|x>+HL1(A|W—|-I’,BlA1x)
weE reX)
+(BrAw, Apx) +Hy, (Aow, BoArx)}
—<B1A1x,/\1x> — (B2A2x,/\2x>

sup {(lel,/\pc} +Hy, (x1,B1A1x)
weE x1€X]

+<BQA2W, A2x> + I‘IL2 (Azw, BzAzx)}
—(BlAlx,A1x> — <B2A2x7A2x)
sup {<le1 ,A1x> +Hp, (x1 ,B]A])C)}

xX1€Xy

+ sup {(Baxz,Aox) + Hp,(x2,B2A2x)}

x€XH
—<B1A1x,/\1x> — (B2A2x,A2x>
=1L (Alx,Alx) — <B1A1x,A1x) + 1L, (Azx,/\zx) - <BzA2x,A2x>
= I(x).
For (ii) it suffices to apply Theorem 12.2 to get that I(z) = 0 for some z € E. Now use

the fact that L; (A1x,A1x) — (B1A1x,A1x) > 0 and Ly (Azx, Axx) — (BaAzx, Apx) > 0
to conclude.

Example 15.1. Nonlinear Laplace equation

Consider the equation

du (15.5)

Au+a-Vucdou) on QCR
—Sredy(u) on 9Q,

where a is a smooth vector field on Q with compact support with div(a) > 0, and ¢
and y are convex functions on the real line. We shall apply the preceding theorem
with the spaces Z = H' (Q), X; = L*(Q), X, = H'/2(9 ), and the linear operators
Ay(u) =u, lu=Au+a-Vu, Ay (u) = ujpq, lHu = —%. Note that

1 "0
(Au, Ayu) + (Azu, Aout) :/ uAudx—f/ div(a)\u|2dx—/ udo
Q 2Ja 20 on
:—/dw@mﬁhi/WMﬁx
Q Q

and therefore u — (Aju,Aju) + (Au, Apu) is weakly upper semicontinuous on
H! (). Moreover, the other assumptions on Aj,A,I7,I; are easily verified.
Assuming now that ¢ and y satisfy the growth conditions

©(0) <+ and @(x) >C(|x>—1) (15.6)

and
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y(0) <+ and y bounded below, (15.7)

one can then easily prove that the coercivity condition (15.3) is verified. Theorem
15.1 applies, and we obtain the following.

Theorem 15.2. Under the assumptions above, the minimum of the functional

I(u):/(2(¢(u)+(p*(Au+a~Vu)+édiv(a)\u|2+\Vu|2)dx

on H'(Q) is zero and is attained at a solution of equation (15.15).

15.2 The superposition in terms of the co-Hamiltonians

Theorem 15.3. Consider three reflexive Banach spaces Z,X1,X> and bounded oper-
ators By on Xy and By on X>. Let I : D(I1) C Z — X (resp., I5 : D(I3) C Z — X5)
be linear operators, and let Ay : D(A|) C Z — X (resp., Ay : D(A) CZ — X»)
be — not necessarily linear — weak-to-weak continuous operators. Suppose F is a
closed linear subspace of Z such that F C D(A1) N D(A2) N D(I7) N D(I3), while
the following properties are satisfied:

1. The image of Fy := Ker(I3) N F by I is dense in X}

2. The image of F by I is dense in X,

3. x — (B1A1x,I1x) + (BAyx, I>x) is weakly upper semicontinuous on F.

Let L;,i=1,2 be a B;-self-dual Lagrangian on X; x X;* such that the co-Hamiltonians
Hy, are continuous in the second variable on X;'.

(i) The functional
I(x) :=Li(A1x,I1x) — (B1A1x,I1x) + Ly (Axx, Ix) — (BaAsx, I3x) (15.8)
is then self-dual on F. Its corresponding AS-Hamiltonian on F X F is

M(x,v) = (Iiv—Iix,B1Ax) + Hy, (BiTix,ITv)
+(I3v — I3x, ByAyx) + H, (B3 [3x, I3v).

(ii) Consequently, if

lim I:ILI (BTH)C,O) — (Hx,BlAlx) —|—I:]L2 (B;BX,O) — (Bx, BzA2x> = o0,

[lx[| e
(15.9)
then I attains its minimum on X at a point z € F in such a way that
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I(z) = illfxepl(x) =0,
A1z € QBlLl(Alz)7 (15.10)
Az € dp,Lr(A22).

Proof. i) Recall again from Proposition 11.3 that, for every z € D(A;) ND(A;) C Z,
we have
Li(Aiz,Iiz) = sup{(r.BiAjz) + Hy, (B Liz,r); r € X }.

Letx € D(IT) ND(I3) ND(A1) ND(A3), and write

supM (x,v) = sup {(Ijv—Iix,BiAx) + Hy, (BiTix,I1v)
veF veF

+(I3v —I3x, ByAsx) + Hy, (B3 I3x, I3v) }

sup  {(Iiv,B1Ax)+Hy, (BiLix,Iiv)
veFvyeFy

+(I3(v+v0), B2Aox) + H, (B3 I3x, I3 (v + o)) }
—<F1x,B]A|x> - <F2x,BzA2x>
sup  {(Ii(w—vo),BiA1x) + Hy, (BiTix,I; (w— vg))

weF,voeF

+(I3w, ByAxx) + Hy, (B3 Iox, [rw) }
—<F1x,BlA]x> — (Bx,BzA2x>

= sup {(iw+nrBiAx)+H (BiLix,[iw+r)
weF,reX |

+<BW, BQA2x> + I‘NILZ (B;Bx, BW) }
—<F1x,BlA1x> — <F2x,B2A2x>
sup {(xT,BlA1x>+FIL1(BTHx,x’f)

weFxjeX{

+({Ihw,ByArx) + ﬁLz (B3Ix,Iow) }
—(I1x,B1A1x) — (I3x, B2A>x)
= sup {(x],B1Ax)+H, (BiIix,x])}

kK *
X]EX]

+ sup {(xz,BzAz)C)+I-IL2(B§F2x,x§)}

x5 eXy
—(INx,B1A1x) — (I2x, B2A2x)
=1L (Alx,Hx) —|—L2(A2x, Bx) — (Hx,B1A1x> — <EX7B2A2)C>
= I(x).

The proof of (ii) is the same as in the proof of Theorem 15.1.
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Example 15.2. Cauchy-Riemann equations

Consider the following nonlinear Cauchy-Riemann equation on a bounded simply
connected domain Q C R2,

a v 2 a a a a
{(35;—3;73; 7 E0G T 55

, (15.11)
Ugq € allf(nxay —ny%)

where @ (resp., W) is a convex lower semicontinuous function on R? (resp., R),
and n = (ny,ny) is the outer normal vector on d€2. Let Z be the closed subspace
of H'(2,R?) consisting of all functions (u,v) such that [, v(x,y)dxdy = 0. Set
X; = L*(Q,R?), X, = L?(d2,R), and consider the linear operators A; : Z — X
and Ay :Z —X» deﬁned by

Al(”’V):(Ty_$7_$_7y> and Az(u,v):nxa n}gf(

Consider also the operators I : Z — X| and I3 : Z — X5 defined by

I (u,v) = (ﬂ_@f-ﬁ-gg) and  I3(u,v)

Jdx  dy’ dx = Upo-

An immediate application of Stokes’ formula gives

3148\/ Ju dv 1 v v

We now estimate I"(u,v) = (A1 (u,v), I (u,v)) 4+ (A2 (u,v), I3 (u,v)) as follows.

8u3v du dv

i 2 2
Lo u("-v?i 3§)d6
] L2 2 2

and it is therefore weakly upper semicontinuous on Z.

Note now that the linear Cauchy-Riemann problem gives that the image of
Ker(I3) by I3 is dense in X = L?(Q,R?). It is also clear that the range of I3 is
dense in X5 = L?(dQ,R?).

The following existence result now follows from Theorem 15.3.

Theorem 15.4. Let ¢ be a bounded below convex lower semicontinuous function on
R? such that ¢(0) < oo, and let W be a convex lower semicontinuous function on R
such that —C < y(s) < C(||s||*> 4+ 1). Then, the minimum of the self-dual functional
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dv du dv du L(Ou Jdv dv  du
1 = [ [{o(G 55 5) 40 (G~ 5 5+ 3 o
avi2 1dv2 |dui2 |dv,
[ LG5 5] 5 e
dv v y
+/(m {l//(nxa—y—nya) +y (u)}dc

on Z is equal to zero,and is attained at a solution of equation (15.11).

Proof. It suffices to apply Theorem 15.3 with the spaces Z, X, X> defined above, the
operators Aj,A»,I7,I5, and the self-dual Lagrangians

Li((w,v),(p,q) = [ [o {@@(x),v(x)) + ¢*(p(x),q(x)) } dxdy

and X
Lo(u,p) = [ _{w(u()+ v (plx)}do.

The coercivity conditions are then guaranteed by the assumptions on ¢ and y.

15.3 The superposition of a Hamiltonian and a co-Hamilonian

Theorem 15.5. Consider three reflexive Banach spaces Z, X1, X> and bounded oper-
ators By on Xy and By on X. Let I : D(I1) C Z — X; (resp., A2 : D(A2) CZ — X5)
be linear operators, and let Ay : D(A)) C Z — Xj (resp., Ay : D(Ay) CZ — X»)
be — not necessarily linear — weak-to-weak continuous operators. Suppose G is a
closed linear subspace of Z such that G C D(A1) ND(A;) N D(I7) N D(Az), while
the following properties are satisfied:

1. The image of Go := Ker(A2) NG by I is dense in X{.

2. The image of G by A, is dense in X».

3. x — (B1A1x,I1x) + (BAsx, Apx) is weakly upper semicontinuous on G.

Let L;,i=1,2 be a B;-self-dual Lagrangian on X; x X;* such that the co-Hamiltonian
Hy, (resp., the Hamiltonian Hy,) is continuous in the second variable on X" (resp.,
is continuous in the first variable on X3).

(i) The functional
I(x) =1L (Alx,l'ix) — <B1A1x,ﬂx) +L2(A2x,/\2x) — (BArx, Apx) (15.12)
is then self-dual on G. Its corresponding AS-Hamiltonian on G X G is

M(x,v) = (Iv—Lx,B1Ax) JrI:IL1 (BiILix,I}v)
+<BQA2(V —x),Agx) + HL2 (AQV7 BQAQX).

(ii) Consequently, if
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lim I:ILI (BTH)C,O) — <HX,B]A])C> +Hp, (O,BQAQX) — <A2x,BQA2x> = +oo,

[l =00
(15.13)

then I attains its minimum on X at a point 7 € G in such a way that

I(z) = infyegI(x) =0,
A1z € 9, L1(A12), (15.14)
Aoz € Ip,LrA27).

Proof. i) Again we use that, for every z € D(A;) ND(A;) C Z, we have
Li(A1z,iz) = sup{(r,B1A1z) + HL, (B{Tiz,r); r € X{'}
and
Ly (Axz,Apz) = Sup{ <Bgr7/\22> +HL2(V,32A22); re Xz}.
Letx € D(IT) ND(A2) ND(A;) N D(A3), and write

supM(x,v) = sup { (iv—Lix,B1Ax) + Hy, (BiTix,I1v)
veG veG

+<B2A2(V — x),A2x> + HLZ (AQV7 B2A2x) }

—  sup {(HV,B1A1x>+I-IL1(BTHx,Hv)
veG,veGy

+(B2A2(v+vo), Axx) + Hp, (A2 (v + Vo),BzAzx)}
—(Hx7BlA1x> — (Bx7BgA2x>

= sup {<F1 (w—10),B1A1x) +Hy, (BiL1x,IT (w—vp))
weG,voEeGy

+(ByAyw, Apx) + Hp, (Aaw, BoAsx) }
—(Iix,B1A1x) — (I2x, B2A2x)

—  sup {(F]err,BlAlx)+ﬁL1(BTHx,Flw+r)
wEG,reXl*

+<BQA2W, A2x> + HL2 (AQW7 B2A2x) }
(Ix,B1A1x) — (I3x, BrAsx)
sup {(x’l‘7B1A1x> + Ay, (BiLx,x7)

weG x]eXY

+<BQA2W, A2x> + HL2 (Azw, BzAzx) }
—(Hx7BlA1x> — <A2X,BZA2)C>
= sup {<XT731A1X> +Hy, (BTHLXT)}

* *
x| EX]
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+ sup { <BQ)C2,/\2)C> + I‘IL2 ()C27BQA2)C) }

x€Xp
—(Ix,B1A1x) — (Apx, BpApx)
=1, (A]X,I_ix) —|—L2(A2.X,BX) — <F]x,B1A|x> — <A2x,BzA2x>

= I(x).

The rest is similar to the previous sections.

Exercise 15.A.

1. Suppose that in Example 15.1, the advection term a does not have compact sup-
port in €, and consider the corresponding entrance set £_ = {x € dQ; a(x) -
n(x) < 0}, and its complement X, in dQ. Use a selfdual variational principle to
construct a solution for the equation

Au+a-Vuecdo(u) on QCR”
~9cJy(u) on I, (15.15)

u=0 on X_.

2. Use a self-dual variational approach to find periodic solutions for the abstract
Hamiltonian system
{M*pE KA (y,p)+ f (15.16)
Ay € Op I (y,p) +8; '

on a product Hilbert space where 2" x 2", where J# is a convex continuous
Hamiltonian, o/ : D(«/) C 2" — £ is a linear, densely defined closed operator
with closed range R(«/), and f, g are fixed elements in 2.

Further comments

The results of this chapter are new and have not been published elsewhere. We have
included sample applications for each of these variational principles, but many more
equations and systems can be handled with this approach. Theorem 15.5 will be
applied in Chapter 16 to obtain solutions for certain Hamiltonian systems of PDEs.






Part IV

PERTURBATIONS OF SELF-DUAL
SYSTEMS



Hamiltonian systems of PDEs, nonlinear Schrédinger equations, and Navier-Stokes
evolutions can be written in the form

0€Au+Au+dL(u),

where L is a self-dual Lagrangian on X x X*, A: D(A) C X — X* is a linear —
possibly unbounded — operator, and A : D(A) C X — X* is a — non necessarily
linear — map. They can be solved by minimizing the functionals

I(u) = L(u,—Au — Au) + (Au+ Au,u)

on X and by showing that their infimum is attained and is equal to zero.

These functionals are not necessarily self-dual functionals on their spaces of def-
inition, as we need to deal with the difficulties arising from the superposition of the
operators A and A. We are then often led to use the linear operator A to strengthen
the topology on X by defining a new energy space D(A) equipped with the norm
||u|\é(A) = ||ul|% + ||Aul|%. In some cases, this closes the domain of A and increases
the chance for A to be regular on D(A), but may lead to a loss of strong coercivity
on the new space. We shall present in this part situations where compactness and
regularity can be restored without altering the self-duality of the system:

e If A is linear and is almost orthogonal to A in a sense to be made precise in
Chapter 16, one may be able to add to / another functional J in such a way
that 7 = I +J is self-dual and coercive. This is applied in the next chapter when
dealing with Hamiltonian systems of PDEs.

e The functional I may satisfy what we call the self-dual Palais-Smale property
on the space D(A), a property that is much weaker than the strong coercivity
required in Part III. This method is applied in Chapter 18 to deal with Navier-
Stokes and other nonlinear evolutions.



Chapter 16

Hamiltonian Systems of Partial Differential
Equations

While dealing with Hamiltonian systems of PDEs, we encounter the standard dif-
ficulty of having — unlike the case of finite-dimensional Hamiltonian systems —
the cross product u — f0T<u(t),le(t)>dt not necessarily weakly continuous on
the Sobolev space Hy[0,T] of absolutely continuous paths valued in an infinite-
dimensional Hilbert space X := H x H. Such systems can often be written in the
form

Ju(t) +J<fu(t) € IL(t,u(t)),

where J is the symplectic operator, 2/ is an unbounded linear operator on X, and
L is a time-dependent self-dual Lagrangian on [0,7] x X x X. The idea is to use
the linear operator .o/ to strengthen the topology on X by considering the space
D(«) equipped with the norm Hu||%)(ﬂ) = ||lul|% + ||«/u||%, and a corresponding
path space #7. The operator A = Ju+Jo/ becomes regular on the new path space,
but the functional

I(u) =2 (u,Ju+JSu) — (u,Ju+J A u)

may cease to be coercive on the new space. We propose here a way to restore coer-
civity by perturbing the functional / without destroying self-duality. It can be used
because Ju is almost orthogonal to J.</ in a sense described below. In this case, one
adds to I another functional J in such a way that I = I +J is self-dual and coercive
on D(&7). This will be applied to deal with Hamiltonian systems of PDEs such as

{ —v(t)—A(v+u)+b-Vv =099 (t,u),
u({t)—A(m+v)+aVu =g (t,v),

with Dirichlet boundary conditions, as well as

—v(t) +A%v— Av = J @y (t,u),
u(t) +A%u+Au = da(t,v),

287
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with Navier state-boundary conditions, and where ¢;,i = 1,2 are convex functions
on some L”-space.

16.1 Regularity and compactness via self-duality

One novelty in this chapter is the introduction of a way to perturb a self-dual func-
tional so as to make it coercive in an appropriate space without destroying self-
duality. We shall illustrate this procedure on the simplified example

I'x+Ax=—-0d¢(x), (16.1)

where @ is a convex lower semicontinuous function on a Hilbert space H and both
A:D(A) CH—HandI': D(I') C H— H are linear operators. The basic self-dual
functional associated to (16.1) is

I(x) = ¢(x) + ¢0*(—Ax —I'x) + {x,Ax+Tx). (16.2)

The main ingredients that allow us to use Theorem 12.3 and show that the infimum
is attained and is zero are:

1. the weak lower semicontinuity of the function x — (x,Ax+ I'x).
2. acoercivity condition that implies, for example, that lim | _ o, I(x) = +oo.

Now suppose that A is a closed self-adjoint operator that satisfies (Ax,x) > co|x||?
for all x € D(A) and that A~! is a compact operator. Then, one can strengthen the
topology on the domain of the functional 7 by considering the Banach space Y4 that
is the completion of D(A) for the norm Hu||%,A = ||Au||,. We can also consider the
Hilbert space X4 that is the completion of D(A) for the norm ||u||§A = (Au,u)y

induced by the scalar product (u,v)y, = (u,Av)y. Note that ||x||3, < %HXH)%A <

%HXH%/A’ and the injections
Yo Xy —H=H" —>X; —Y)

are therefore continuous, with the injection of X4 into H being compact (See for
example Cazenave[37]). The map x — (x,Ax) is then readily weakly continuous on
X, (and Yy), and the function x — (x,I"x) has a better chance to be lower semicon-
tinuous for the weak topology of Y4. On the other hand, by considering / on the
space Y4, we often lose coercivity for the new norm, which is not guaranteed by the
following subquadratic growth that we shall assume on ¢,

—C <o) <B(|x)>+1) forxe H, (16.3)
for some B > 0 and C € R. We also assume that for ¢; > 0 we have

|(x,Ax+T'x)| < c1]|Ax||? for x € D(A)ND(T"). (16.4)
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Now condition (16.3) yields

1 1 1 1
“(—Ax—Tx) > — (JAx+Tx||> = 1) > — ||Ax||> + = (Ax,[x) — —
o ( ) 2ﬁ(ll 7=1) 2ﬁll | ﬁ< ) 2B
in such a way that
1 1 1
I(x) > — — —c1)||Ax]]* 4+ 5 (Ax,[x) — — 16.
(x) > c+(2ﬁ &)l +glanry) - 55, (16.5)

meaning that the functional /7(x) — %(Ax,l" x) is coercive for the norm of ¥4. How-

ever, this new functional is not self-dual anymore, and we would like to replace the
term —%(Ax,l“ x) by a larger term, while keeping the sum self-dual. We should be
able to do that, provided A and I' are “almost orthogonal” in the following sense.
Assume the cross product (Ax,I"x) can be resolved via a Green-Stokes type formula
of the form

(Ax,I'x) + (T $1x,Bx) = 0 for all x € D(A), (16.6)

where A, %, are bounded linear operators from Y, into a boundary Hilbert space
Hy, and T is a positive self-adjoint operator on Hy. We then consider a bounded
below self-dual Lagrangian ¢ on the Hilbert space Ky x K equipped with the scalar
product (a,b)g, = (a,Tb)y, in such a way that

0(a,b) > (Ta,b) for all a,b € Hy. (16.7)

The functional

J(x) =1(x) +£($1x7 %%zx) - <¢%’1x7 ;T%’zx>

is then nonnegative, self-dual, and coercive on Y, as long as 8 < ﬁ since

1 1
—er)Ax? = 55 +D,

2B 2

where D is a lower bound for ¢. The infimum of J on Y, is then equal to zero and is
attained at a point u € Yy satisfying

J(x) > —C+(

{Au+Fu € —do(u) (16.8)

T $Bou € BIL(PBu).

It is worth noting that the required bound on 8 normally leads to a time restriction
in evolution equations and often translates into local existence results as opposed to
global ones. The relevance of this approach will be illustrated in the next section.
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16.2 Hamiltonian systems of PDEs with self-dual boundary
conditions

Consider the system
JU(t)+J/U(t) € IL(t,U(t)), (16.9)

with L being a time-dependent self-dual Lagrangian on [0,7] x X x X, where X :=
H x H for some — possibly infinite-dimensional — Hilbert space H, U := (p,q) € X,
AU = (p,q) := (Ap,—Aq), where A : D(A) C H — H is a self-adjoint operator
and J is the symplectic operator JU = J(p,q) := (—q, p).

Denote by A the operator (A,A) on the product space X = H x H, and consider
the Hilbert space X; C X, which is the completion of D(A) for the norm induced by
the inner product

(U,V)x, := (U,AV)x.

We also consider the Banach space Y4 := {U € X;AU € X} equipped with norm
1Ully, = 1Ux + AU .

Assuming that (Au,u) > collul|% on D(A) for some ¢y > 0 and that A~ is com-
pact, we have the following diagram of continuous injections

Ya—Xy—>X=X"->X =Y,
with the map from X, into X assumed to be compact. The path space
Wr = W4[0,T] = {U € L%[0,T]; U and AU € L}[0,T]}

={U €L3,[0,T]:U € L[0,T]}

- . 1
is also a Hilbert space once equipped with the norm || U ||, = ([|AU ||iz + ||U||L)2() z
X
The embedding #7 — C([0,T];X) is then continuous, i.e.,

1Ullco.r1) < cllUllws (16.10)

for some constant ¢ > 0, while the injection #7 — L*([0,T];X) is compact.
We consider (16.9) with a boundary condition of the form
U(T)+U(0)
2

R € dul(U(T)-U(0)), (16.11)
where £ is a self-dual Lagrangian on X4 x X4 and R is the automorphism R(p,q) =
(p,—q) on X. The notation d4 means that the duality is taken in the space X4.

The following is our main result for Hamiltonian systems of PDEs.

Theorem 16.1. Let L : [0,7] x X X X — RU {+oo} be a time-dependent self-dual
Lagrangian on X x X, and let ¢ be a self-dual Lagrangian on Xa X Xa. Assume the
following conditions:
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(C1) There exists 0 < B < ﬁ and y,a € L*(0,T;R) such that, for every
UeXandae.t€[0,T],

—a(t) < L(t,U,0) < Bu |3 +v().

(C2) L is bounded below, and 0 € Dom(¥).

Then, the infimum of the functional

1U) = ./OAT {L(t,U(1),JU(t) +J LU (t)) = (JU(t) + JU(t),U (1)) } dt  (16.12)

U(T)+U(0) U0)+U(T)
T )

on W7 is equal to zero and is attained at some U € W7 that is a solution of

—I—K(U(T)—U(O),R )— <U(T)—U(0),AR

{JU(:)HMUO) € IL(1,U(1) (16.13)

RYTVOL ¢ B3,0(U(T) —U(0)).

We start by establishing the following proposition that assumes a stronger condition
on both Lagrangians L and ¢.

Proposition 16.1. Let L: [0,T] x X X X — RU{+oo} be a time-dependent self-dual
Lagrangian, and let { be a self-dual Lagrangian on Xs x X4. Assume the following
conditions:

(C}) There exists A >0,0< f < ﬁ, and v,a € L*(0,T;R ) such that, for
every (U,P) inX xX and a.e.t € [0,T],

—a(t) <L(t,U,P) < BJU|Z ++2 1P|} + ¥(r).

(C) There exist positive constants 0,1, € R such that, for every (U,P) €
XA X XA,
B

2
The functional I given by (16.12) is then self-dual on W7, and its corresponding
antisymmetric Hamiltonian on Wy X #r is

—oy < L(U,P) < (UK, +IPI%,) + 7

T . ~ . .
5 = ) — HL\/!, )
MU,V) /{(JV+J£%VU) A (t,JV +JaV,JU +J/U) } dt
0

T U +U(0)
7/0 <JU(t)+JdU(t),U(t)>dt<U(T)U(O),ARZB>

U(T)+U<0>> +HA(V(T) = V(0),U(T) - U(0)),

+ <V(T) —V(0),AR 2
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where H}(V,W) = sup{(A(P),W)x — {(V,P);P € Xx} is the Hamiltonian of { on
the space X4 x Xs. Moreover, the infimum of I on W7 is equal to zero and is attained
at a solution U of equation (16.13).

The proof requires a few preliminary lemmas. We first establish the self-duality of
the functional /.

Lemma 16.1. With the above notation, we have:

1. I(U) > 0 for every U € #7.
2. M is an antisymmetric Hamiltonian on W1 X #7.
3. I(U) = sup M(U,V) foreveryU € #7.

vetr

Proof. 1) Since L is a self-dual Lagrangian, we have, for any U € #7,
L(t,U(t),JU () +JU(t)) — (JU(t) +JU(t),U(t)) >0 fort €(0,T].
Also, since ¢ is self-dual on X4 x X4, we have

R(U(T)+U(0)
2B

from which we obtain I(U) > 0.

2) The fact that M is an antisymmetric Hamiltonian on %7 X #7 is straight-
forward. Indeed, the weak lower semicontinuity of U — M(U,V) for any V € #7
follows from the fact that the embedding #7 C L)z( is compact and #7 C C(0,T;X)
is continuous. It follows that if U € #7 and {U, } is a bounded sequence in #7 such
that U, — U weakly in #7, then

o(u(r)-u(),

T T
lim [ (JU, +J AUy (1), Up)dt = / JU +I/U(1),U) dt,
JO

n—oo J(

lim (U, () — Uy (0), AR(U,(0) + Un(T))) = (U(T) — U(0),AR(U (0) + U (T)).

n—oo

3) Apply the superposition principle in Theorem 15.5 with Z =%/, X, = L%[0, T,
and X, = Xy4. The operators are (A1,I7) : Z — X; x X; defined by

AU=U and LU:=JU@)+JFU(t)),
while A> : Z — X5 and Ay : Z — X7 are defined as
AU :=U(0)—U(T) and AU := RLIEYO,

We consider the self-dual Lagrangian L; on X; x X; = L%[0,T] x L%[0, T,

T
L(U,P) = /0 L, U (1), P(t))dr,

as well as the self-dual Lagrangian L, on X» x XJ = X4 X Xy,
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Ly(X,Y) = ((X,Y).
The linear theory yields that the image of the space
Go:=Ker(A2)={U e :U0)=U(T)}

by I is dense in X; = L%[0,T]. Moreover, for each (a,b) € Y4 x Yy, there isw € #
such that w(0) = a and w(T') = b, namely the linear path w(r) = Z-ta+ Lb. Since
Y4 is also dense in Xy, it follows that the image of # by A, is dense in X4 x Xy.

It also follows from (C{) and (Cé) that I:IL(t, .,.) is continuous in both variables
on L% x L% and that £ is continuous in both variables on X4 x X4. Theorem 15.5 then
applies and gives the claim.

The following three lemmas are dedicated to the proof of the coercivity of U —

M(U,0)on#'.

Lemma 16.2. For any U € #7, we have

w>. (16.14)

/ "0, U (1))t = (Au(T) - AU (0),R
0 2

Proof. Indeed, for U = (p,q), we have

T T
| wv.asv@)a = [ (-4.0).(ag.Ap)ds
0 0

T T
= */0 <q'7Aq>dt+/0 (p,Ap)dt
_Lrd
2 Jo dt

1, 1 1,1
S 1Abg(T) R, + 51424 O)1,

adgl2 a2 [ Lyatpl
lA2q]lx, t+2 o dt” plix, dt

31D, — 14201,
q(0)+4(T) >

2
+{ap(r) ~ ap(0), PO 2Ty

- <AU(T) —AU(O),RM>.

= —(Aq(T) —44(0),

Lemma 16.3. For each U € W7, the following estimate holds:
T
’ 2
‘/0 WU (@) + 15U (), U (1)) di| <2V TI|U |,

Proof. Indeed, we have
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T

| [ W@ +iav@.u@)a] < 051015 +1U],)
< VT Ulleora (1012 + 1U13)
< 2eVT U,

Lemma 16.4. There exists a constant C > 0 such that for any U € #7,

M(U,0) > (%—%ﬁ)nun%—c (16.15)

Proof. Note first that
T
—/ AL (1,0,JU (1) +J2/U (1)) dt
0

:/OTFIL(t,JU(t)—&-JJz%U(I)’O)dt

= sup ' [(P(t),JU(t)+J«/U(t)) — L(t,P(t),0)] dt
per3 /0

> sp [ |p0).~100) - 100) - 1P 10| a
PeL},

T T
27/ ||JU(t)+J.5z/U(t)H§dt—/ Yt dt
2B Jo 0
1o ) 1T
— 5 | W00 R+lov@R)d+ 5 [ U@ .sau@)d
2B Jo B Jo
T
—/ Yt dr. (16.16)
0
It follows from Lemma 16.2, Lemma 16.3, and formula (16.16) that

T ~ . T .
MU,0) = /0 —HL(1,0,JU(t) + J/U(2)) dt — /O JU() +1/U(1),U(1)) di

U(T)+U(0)
2B

5 ) W0OR+Is00Rya 5 [ o100 0)d

—<U(T)—U(0),AR >+Hg‘ (0,U(T)-U(0))

5 )
/ /O U () +I/U(0),U (1)) dr
~(um) - iSO o) o), -

1 T
>73/ (0 @)1% + 17U @)l[F) dr = 2eVT U3, — €
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Jrlls/T(JU(t),JdU(t»dt 1 <A(U(T) —u(0)), R(U(T);U(O)>

B
(%_ch)nunyr
Proof of Proposition 16.1. It follows from (C}) and (C}) that . is finite on #7 x #7
and from Lemma 16.1 that 7 is self-dual on #7. In view of the coercivity guaranteed

by Lemma 16.4, we can apply Theorem 1.10 to get V € #7 such that I(V) = 0. It
follows that

L, V), IV +Ia/V () — (V) + IV (1), V() =0 for t€[0,T]

and

V(T)+V(0)
2B

Since V(0) and V(T are in Yy C Xy, then RXEEYO ¢ g7, 0 (v (0) —v(T)).

é(V(T)—V(O)Je

Proof of Theorem 16.1. We now consider L and ¢ satisfying (C;) and (C;). We
just need to show that the result of Proposition 16.1 still holds if one replaces (C})
and (C3) with (Cy) and (C>) respectively. Indeed, for 0 < A < ﬁ — B, we replace

L with L? in such a way that

2 . 1P—Q|*  AUJ?.
L,L(U,P)_lnf{L(U,Q)wL = ,Qex} (16.17)
P|> AlU|?
< ( 0+ ||2)\L\ N ||2||
ﬁ 2, H ||
1011+ +7(t), (16.18)

/
and therefore it satisfies (C}) since A + 8 < " f

As to the boundary Lagrangian ¢, we shall replace it by the Lagrangian 61’2 de-
fined on X4 x X4 as

12 . 1 A 1 A
G2U.P) =inf {(V.Q) + U =V I}, + S IPI}, + 550~ Pl + S IVIE, |
over all V € X4,0 € X4. By Lemma 3.2, Ki’z is a self-dual Lagrangian on X4 x Xy

and it is easy to see that it satisfies condition (C5). We can now apply Proposition
16.1to L} and ¢;” and find Uy, € #7 with

L(Uy) = / {Lk t,Up(1),JUx (1) + T Uy (1)) — (JU, (1) + T Uy (1), Uy (1)) } dt
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+0°2 (UA(T) UMO),RW)
~(AWa (1) —U;L(O),RW>
- (16.19)

From (16.17) and part (1) of Lemma 3.5, we have

T 1
L2(t.U, JU, +JZU \dt > ——— N JU, +J AU |2 —Co. (16.20
/0 5 (t.Un,JU, +J/Uy) _2(7L+B)H 1 +I AUl = G (16.20)

From (16.20), (16.19), and Lemma 16.3, we get that

1 :
S gy MU +IF U (I)Hi;{ —2eVT|Ua 3,

2(A+B)
: Uy (T) +U,(0)
+f12(U/1(0)—U;L(T)7R—/12(ﬁ+f) )
- - Uy (0)+ Uy (T)
*<UA(T)*UA(O)7ARW> <C,

where C is a constant independent of A. Again using Lemma 16.2 and the fact that
¢ (and hence ¢!2) is bounded below, we obtain

1 2
<2(/l+[3) 2eVT) U3, <€, (16.21)
which ensures the boundedness of U; in #7. Assuming U, — U weakly in #7, it
follows from Lemma 3.3 that I(U) < liminf, I) (U, ) = 0. Since, on the other hand,
I(U) > 0, the latter is therefore equal to zero, and U is a solution of (16.13). The
rest follows as in the proof of Proposition 16.1.

We now apply Theorem 16.1 to find solutions for the system

{JV(t) +I/V (1) € d9(1,V(t)) ae. on[0,T] (16.22)

T pV(T)+V(0

ARVIEVO) ¢ Bay(V(T) - V(0)),
where @ : [0, 7] x X — R is a time-dependent convex lower semicontinuous function
on X, and y is a convex lower semicontinuous function on X. While the choice of

the self-dual Lagrangian L(¢,U,p) = @(t,U) + ¢*(t, p) on X x X is obvious, this is
not the case for the boundary Lagrangian. We shall therefore need the following.

Lemma 16.5. Let ¥ be a bounded below convex lower semicontinuous function on
X such that 0 € Dom(y), and consider the following functions on X :

_ o [wU) UeXa,
l//(U)—{ e UeX\X,, (16.23)

and
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¥’ (P) = sup{(PA(U)) = y(U); U € Xa}. (16.24)

1. The functional £(U,P) = y(U) + y°(P) = w(U) + (¥)*(A(P)) is then a self-
dual Lagrangian on X4 X Xa.
2. Assume y* = (W)*. Then, P € dsL(U) if and only if P € X4 and A(P) € dy(U).

The following is now a straightforward application of Theorem 16.1.

Corollary 16.1. Let A, H, and X be as above and let Wy be a convex lower semi-
continuous function on X that is bounded below and such that 0 € Dom(y) and
y* = ()" Let ¢ : [0,T] x X — R be a time-dependent, convex, lower semicontin-
uous function on X satisfying for some B >0, y,o € L*(0,T;R),

—a(t) <e(t,U) < E||U||)2( +7(t) for everyU € X and a.e. t € [0,T]. (16.25)

Assume that

0<T< (16.26)

_1
16¢2B2°

Then, the infimum on #7 of the functional

1U) = /OT {o(t,U()) + @ (JU(t)+JU(t)) — (JU(1) +J/U(t),U(t)) } dt

sw(u(r) -u©)+ye (R
—<U(T) - U(O),ARU(O);;U(T) >

is equal to zero and is attained at some V € Wr that is a solution of system (16.22).

Choices for boundary conditions. Here again, the general boundary condition
above will allow us to obtain periodic and other types of solutions. Indeed:

e For periodic solutions V(0) = V(T), then v is chosen as:

l//(W){O W=0

+oo elsewhere.
e For antiperiodic solutions V(0) = —V(T'), then y = 0.

Note that in both cases above, we have that {y = y.

e For the linking condition p(0) = pg and ¢(T) = go for a given pg,qo € Xa, let
Vo = (—po,q0) and choose y(W) = ﬁ(A(W),W> - é(W,A(VO» on X. Since
v is continuous on X and X, is dense in X, we have that ({)* = y* on X and
therefore dy(U) = d(U) for every U € X,. It follows that when

_ V(T)+V(0)

AR————= =By (V(T) -V (0))] = =——5—— — AW,
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we get by setting V = (p, ¢) that

(AP(T)+p(0) _ACI(T)+61(O)) :AR(p(T)JrP(O) q(T)+q(0))
2 2 2 2
_ V(D 4V(0)
2
:AV(T);V(O) i)
_ (427 ;p(O) +pO7Aq(T);q(0) _q0)7

from which we obtain Ap(0) = Apy and Ag(T) = Aqo.

Example 16.1. Periodic solutions for a coercive purely diffusive Hamiltonian
system involving the Laplacian

We start with the following simple Hamiltonian system of PDEs:

—v(t) — Av = |u|P2u+g(t,x) (,x) € (0,T) x Q,

i(t) — Au = |92 + f(t,x) (t,x) € (0,T) x Q,
u=20 (1,x) €[0,T] x 9L, (16:27)

v=0 (t,x) €10,T] x 09Q.

It can be written as JU (1) +J/U(t) = dL(t,U(t)), where o (u,v) = (—Au,Av),
and L(z,U,V) = @(t,U) + P*(¢,V) with

PD(t,U) = %/Q|u|de+<u,f(t,x)>+$/Q|v|qu+<v7g(t,x)>.

Here H = L*(Q), X = L*(Q) x L*(R2), and X4 = H} () x H} (). Corollary 16.1
yields the following existence result.

Corollary 16.2. Suppose f,g € L%, and 1 < p,q < 2. Then, forany T > 0 there exists
a path (u,v) € #r satisfying (16.27) and one of the following boundary conditions:
e periodic solutions u(0) = u(T) and v(0) = v(T).

e antiperiodic solutions u(0) = —u(T) and v(0) = —v(T).

o linking condition u(0) = ug and v(T) = vy for any given vy,uo € H.

Example 16.2. Periodic solutions for a coercive purely diffusive Hamiltonian
System involving the bi-Laplacian

Let Q be a bounded domain in RY, and consider the Hamiltonian System,



16.3 Nonpurely diffusive Hamiltonian systems of PDEs 299

—0(t) + A% = Doy (t,u) (t,x) € (0,T) x 2,
w(t)+A%u = dpy(t,v)  (t,x) € (0,T) x Q, (16.28)
u=Au=0 (t,x) €[0,T] x 09, ‘
v=Av=0 (t,x) €[0,T] x 09,

where @;,i = 1,2 are two convex lower semicontinuous functions on H := H{} (Q)
considered as a Hilbert space with the inner product (u;,u2) = [o Vuy - Vua dx.
The system can be written as JU (¢) +J2/U (t) = dL(t,U(t)), where L(t,U,V) =
@(t,U) + @*(t,JBU +V) with ®(t,U) = @ (t,u) + ¢2(,v) and Au = A?u so that
for U = (u,v), U = o (u,v) = (A%u,—A%). Here X = H}(Q) x H} (Q), Hy =
{u € Hj(Q);Au € Hj (L)} equipped with the norm [[u]|%, = [o [VAu[*dx, and
X4 = Hy X Hy. Corollary 16.1 yields the following.

Corollary 16.3. Suppose @| and @, satisfy the condition
1) < @ile,u) < o) +Cillullfy o) i=12, (16.29)

where ¥, 04 € L*([0,T)) and c;,C; > 0. Then, for T small enough, there exist U =
(u,v) € #7 solution of the system (16.28) with one of the boundary conditions stated
in Corollary 16.2.

16.3 Nonpurely diffusive Hamiltonian systems of PDEs
We now consider systems of the form

{JU(t)+J£7’U(t)+J%U(t) € do(1,U(1)) aeon[0,T] (16.30)

ARYDLYO) ¢ Boy(u(T) - U(0)),

where A, @, and y are as in the last section but where Z is an additional linear
operator on X that is itself skew-adjoint or is such that JZ is skew-adjoint.

Coercive nonpurely diffusive Hamiltonian systems of PDEs

In the case where JZ is a skew-adjoint operator, we can directly apply Theorem
16.1 to the self-dual Lagrangian L(t,U, p) = ¢@(t,U, p)+ ¢@*(t,U,JBU + p) on X X
X to obtain the following result.

Corollary 16.4. Let A,H, and X be as in Section 16.2, and let % be a bounded
linear operator on X such that J9 is skew-adjoint. Let ¥ be a convex lower semi-
continuous function on X that is bounded below and such that 0 € Dom(y) and
y* = ()" Let ¢ : [0,T] x X — R be a time-dependent convex lower semicontin-
uous function on X such that, for some B >0, y,a € L*(0,T;R.), we have for all
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UecXandae.t€[0,T]
—a(t) < 9(t,U) +¢*(1,J8U) < B||U} +¥(1). (16.31)

Assume that

0<T< (16.32)

1
16¢282°
Then, the infimum on #7 of the functional

1U) = /OT {o(t,U(t))+ @ (JU(t)+JLU(t) +JBU (1))} dt

_/OT<JU(I)+J.Q%U(I),U(I)>‘”

(U -u()+ v (R
—<U(T) —U(O),ARU(O);—ﬁU(T)>

is equal to zero and is attained at a V € Wt that is a solution of the system (16.30).

Example 16.3. Periodic solutions for a coercive nonpurely diffusive
Hamiltonian system involving the bi-Laplacian

Let Q be a bounded domain in RY, and consider the Hamiltonian system,

—0(t) + A% — Av = ¢y (t,u) (t,x) € (0,T) x 2,
w(t) +A%u+Au = d@a(t,v) (t,x) € (0,T) x Q, (16.33)
u=Au=0 (t,x) €[0,T] x 9L2, '
v=Av=20 (t,x) €[0,T] x 9L2,

where ¢;,i = 1,2 are two convex lower semicontinuous functions on H := H} (Q)
considered as a Hilbert space with the inner product (u;,uz) = [ Vuy - Vup dx. The
system can be written as JU (1) +J.o/U(t) = dL(t,U(t)), where Au = A%u so that
for U = (u,v), #U = of (u,v) = (A*u,—A?v) and L(t,U,V) = ®(t,U) + ®*(1,V)
with @(r,U) = @1 (t,u) + @2(t,v) and BU = (Au,Av) in such a way that JBU =
(—Av,Au) is skew-adjoint on X = HJ () x H} (). We consider again Hy = {u €
Hy(2);Au € Hy(L2)} equipped with the norm [[u]l3, = [ [VAul*dx and X4 =
Hy x Hy. Corollary 16.4 yields the following.

Corollary 16.5. Suppose @| and @, satisfy the condition

W(0) +cillul o) < @ilt0) < a0+ Clluldy g i=1.2, (1634)
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where ¥, a; € L*([0,T]) and c;,C; > 0. Then, for T small enough, there exist U :=
(u,v) € #7 a solution to (16.33) with either one of the boundary conditions stated
in Corollary 16.2.

Proof. We just need to show that L satisfies condition (16.25) in Corollary 16.4. For
that we let C = max{C},Cz2}, ¢ = min{cy,c2}, y(t) = min{y1(¢), %2(¢)} and a(z) =
max{ o (¢),0(t)}. It follows from (16.34) that

1)+ €Ul ) < B0 < ) +CU I )

and therefore

from which we obtain
Y(1) —a(r) < L(t,U,0) < aft) +C\|U||26(Q) + ﬁHV(—A)’lJ%’UHiZ(Q)
= )~ 1) +CIU Iy ) + 1= IVU 2
= )~ )+ (C+ 1 )10l )

Hence, for T small enough, Corollary 16.4 applies to yield our claim.

Noncoercive and nonpurely diffusive Hamiltonian systems of PDEs

Under a certain commutation property, we can relax the boundedness condition
(16.25), provided one settles for periodic solutions up to an isometry.

Theorem 16.2. Let L: [0,T] x X x X — RU{+oo}, £: X4 x X4 — RU {+o}, and
A:D(A) C H — H be as in Theorem 16.1, let 7 be a skew-adjoint operator on
H x H such that o 8 = B/ on D(), and let (S;); be its corresponding Co-
unitary group of operators on X. Then, the infimum of the functional

1U) = /OT {L(t,5U,1$U+JS;U) — (JS;U +J/S,U,SU) } dt
U(T)+U(0) U(0)+U(T)
28 T>

on #r is equal to zero and is attained at some U € #7 in such a way that V() :=
S:U(t) is a solution of

+£(U(T)—U(0),R )—<A(U(T)—U(0),R

S_pyV(T) (16.35)

JV(t)+J/V(t)+IBV(t) € IL(t, V(1))
RO ¢ 85, 0(S(pyV(T) — V(0)).
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Proof. It follows from Proposition 3.4 that Lg(¢,U, P) := L(t,S,U, S P) is a self-dual
Lagrangian on [0,7] x X x X. Since S; is norm preserving, assumption (C;) holds
for the new Lagrangian Lg. Therefore, there exists U € #7 such that /(U) = 0 and
U is a solution of

{JU(r)H%U(t) € dLs(1,U(1)) (16.36)

RUDEVO) ¢ 53, 0((U(T) ~U(0)).
Note that dLg(t,U(t)) = S;dL(t,S,U(t)), which together with (16.36) implies that
S (JU(t) +J/U(t)) = IL(t,S,U(t)).

Since &/ B = B/ on D(<), we have S; /U (t) = <7/ S;U (t) and therefore

RUDZVO) € 53, 0(U ()~ U(0)). (16.37)

{JS,U(t) +IASU(t) € AL, SU (1))
It is now clear that V (¢) := S(¢)U (¢) is a solution of problem (16.35).
By applying the above to the Lagrangian L(¢,U,P) = ¢(¢t,U,P) + ¢*(¢,P) on
X x X, we get the following.

Corollary 16.6. Let A : D(A) C H — H be as in Theorem 16.1, let # be a skew-
adjoint operator on H x H such that «f 8 = B/ on D(<), and let (S;), be its cor-
responding Cy-unitary group of operators on X. Let Y be a convex lower semicon-
tinuous function on X that is bounded below, such that 0 € Dom(y) and y* = ()*.
Let ¢ : [0,T] x X — R be a time-dependent Gateaux-differentiable convex function
on X satisfying, for some B >0, y,a € L*(0,T;R),

—a(t) < o(t,U) < B|U|2 +v(t) for every U € X and a.e.t € [0,T].  (16.38)

Assuming that

0<T< (16.39)

1
16262

then the infimum on W7 of the functional

T
) = / (0(6,SU) + 9" (JS,U +I/SU) — (ISU + I/ SU,SU)  dt
0

(U -u()+ v (R
—<U(T) —U(O),ARU(O);_ﬁU(T)>

is equal to zero and is attained at some U € W71 so that V (t) := S;U (t) is a solution
of the system
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JV()+IdV(t)+JBV(t) = de(t,V(t)) aeonl0,T]
S V(T)+V(0) (16.40)
AR ——— € Bay(S_r)V(T)—V(0)).
Example 16.4. Periodic solutions up to an isometry for a noncoercive
Hamiltonian system involving the bi-Laplacian
Consider the following Hamiltonian system,
—(t) + A% — Au = @y (t,u) (t,x) € (0,T) x Q,
u(t) +A%u—Av=9g(t,v)  (t,x) €(0,T) x Q, (16.41)
u=Au=0 (t,x) €[0,T] x 09, ’
v=Av=0 (t,x) €[0,T] x 0L,

where again ¢;,i = 1,2 are two convex lower semicontinuous functions on H :=
Hj (). Corollary 16.6 yields the following existence result.

Corollary 16.7. Suppose ¢, and @, satisfy the condition
(1) < @i(t,u) < () +C,~||u\|éé(m i=1,2, (16.42)

where ¥, 0; € L*([0,T]) and c;,C; > 0. Then, for T small enough, there exist U :=
(u,v) € #7 satisfying (16.41) with either one of the following boundary conditions:

e periodic solutions up to an isometry.
e antiperiodic solutions up to an isometry.
e mixed boundary condition u(0) = ug and v(T) = vy for a given vy,up € H.

Proof. Let again Au = A%u in such a way that, for U = (u,v), ZU = o (u,v) =
(Au,—A?v). Consider, however, the skew-adjoint operator U = (—Av,Au) in
such a way that JBU = (—Au,—Av).

Problem (16.41) can be rewritten as

JU@t)+JAU(t)+JBU(t) = 9P (1,U(r)), (16.43)
where @(1,U) = @ (t,u) + @a2(¢,v).
Again X4 = Hy x Ha, where Hy = {u € H} (Q);Au € H} ()} is equipped with

the norm [|ul[3, = [ [VAu[*dx. In order to show that L satisfies condition (16.38)
in Corollary 16.6, it suffices to note that

10 +5(0) < DU < 0(1)+ () +CUIE g

Example 16.5. Periodic solutions up to an isometry for a noncoercive
Hamiltonian system involving the Laplacian and transport

Consider the Hamiltonian system of PDEs:
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V()= A+ ) BTy = WP 2t gx) (19 € (0.T)X D, [,
i) — A(u+v)+a-Vu = 2+ flt,x) (1.x) € (0,T) x @, 1044

where a,b € RY are two constant vectors. Let H = L*(2) and X4 = H} (Q).

Corollary 16.8. Suppose f,g € L%, and 1 < p,q < 2. Then, for any T > O, there
exists a solution U := (u,v) € #7 for (16.44) with either one of the boundary con-
ditions stated in Corollary 6.2

Proof. Equation (16.44) can be rewritten as
JU(t)+J U (t)+JBU(t) = 0P(1,U(t)), (16.45)

where o7 (u,v) = (—Au,Av), B(u,v) = (—Av+a-Vu,Au—b-Vv) and

D(1,U) = ll)/g|u|pdx+<u,f(t,x)>+$/g|v|"dx+<v,g(t,x)>.

It is clear that all hypotheses of Theorem 16.2 are satisfied.

Further comments

Infinite-dimensional Hamiltonian systems of the above type have been considered
in the literature (See Barbu [18], [19]) but only in the case of linear boundary con-
ditions. The results in this chapter are taken from the paper of Ghoussoub and Moa-
meni [64].



Chapter 17

The Self-dual Palais-Smale Condition for
Noncoercive Functionals

We extend the nonlinear variational principle for self-dual functionals of the form
I(x) = L(x,—Ax) + (x,Ax) to situations where I does not satisfy the strong coer-
civity condition required in (1.46), but a much weaker notion of a self-dual Palais-
Smale property on the functional I. This condition states that a sequence (uy), is
bounded in X, provided it satisfies

Auy, + dL(u,) = —&,Du,

for some &, — 0. Here D : X — X* is the duality map (Du,u) = ||ul|?.

We then deal again with the superposition of an unbounded linear operator A :
D(A) C X — X* with the — possibly nonlinear — map A, when trying to solve an
equation of the form

0€Au+Au+0L(u),

by minimizing the functional I(u) = L(u, —Au— Au)+ (u,Au+ Au). Unlike the pre-
vious chapter, we consider here the case when A is either positive, or skew-adjoint
(possibly modulo a boundary operator).

Now the basic self-dual variational principle may not apply if the topology of
X is not strong enough to make A + A regular on X, and/or to keep the closure
of Dom; (L) contained in the domain of A+ A. We are then led to use the linear
operator A to strengthen the topology on X by working with the space Y4 := D(A)
equipped with the norm [|ul|§, = [|u]|% + [|Au]|%. This has the advantage of closing
the domain of A and increases the chance for A to be regular on Y4. This may,
however, lead to a loss of strong coercivity on the new space, but there are instances
where the functional / satisfies the self-dual Palais-Smale condition on the space Yy,
which then allows us to conclude.

A similar approach is used when A is skew-adjoint modulo a boundary operator.
This is particularly relevant for the resolution of nonlinear evolution equations, and
will be considered in detail in the next chapter.

305
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17.1 A self-dual nonlinear variational principle without
coercivity

In this section, we show that the ideas behind the nonlinear self-dual variational
principles can be extended in two different ways. For one, and as noted in Chapter
12, the hypothesis of regularity on the operator A in Theorem 12.3 can be weakened
to pseudoregularity. We shall also relax the strong coercivity condition that proved
prohibitive in the case of evolution equations.

We say that an operator A — linear or not — is bounded if it maps bounded sets
into bounded sets. We denote by D : X — X* the duality map (Du,u) = ||u||?, and we
assume that D is linear and continuous, which can always be done in the case where
X is areflexive Banach space, since then X can be equipped with an equivalent norm
that is locally uniformly convex (see [42]).

The following is a useful extension of Theorem 12.3.

Theorem 17.1. Let L be a self-dual Lagrangian on a reflexive Banach space X such
that 0 € Dom(L). Let A : D(A) C X — X* be a bounded pseudoregular map such
that Dom; (L) C D(A) and

(AL(x) +Ax,x) > —C(||x|| + 1) for large ||x|. (17.1)
Then, for any A > 0, the self-dual functional
I (x) = L(x,—Ax — ADx) 4+ (Ax+ ADx,x)
attains its infimum at x;, € X in such a way that I) (x)) = ;Iel)f( I (x)=0andx) isa
solution of the differential inclusion
0 € Axy +ADx; +dL(x;). (17.2)
For the proof, we shall need the following lemma.

Lemma 17.1. Let L be a self-dual Lagrangian on a reflexive Banach space X, let
A :D(A) C X — X* be a pseudoregular map and let F : D(F) C X — X* be a
regular map. Assume (x,), is a sequence in D(A) ND(F) such that x, — x and
Ax, — p weakly for some x € X and p € X*. If 0 € Ax, + Fx, + dL(x,) for large
n € N, then necessarily 0 € Ax+ Fx+ dL(x).

Proof. We have
limsup(Ax,,x, —x) < lim (Ax,, —x) +limsup{ — L(xp, —Ax, — Fx,) — <Fx,,,xn>}
n n—oe n
= (p,—x) — liminf {L(xy, —Axy — Fx,) + (Fxp, x2) }. (17.3)

Since L is weakly lower semicontinuous and F is regular, we have

L(x,—p—Fx)+ (Fx,x) < liminf{L(x,,, —Ax,—Fx,)+ <Fxn,xn>}7
n
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which together with (17.3) imply
limsup{Ax,,x, —x) < (p,—x) — L(x,—p — Fx) — (Fx,x)
n

= (p+Fx,—x)—L(x,—p— Fx).

L being a self-dual Lagrangian, we have L(x,—p — Fx) > (p+ Fx,—x), and there-
fore

limsup(Ax,,x, —x) <O0.

n

Now, since A is pseudoregular, we have p = Ax and liminf(Ax,,x,) > (Ax,x), from
n

which we deduce that
L(x,—Ax — Fx) + (Ax+ Fx,x) < liminfL(x,, —Ax, — Fx,) + (Ax, + Fxy,x,) = 0.
n

On the other hand, since L is a self-dual Lagrangian, we have the reverse inequality
L(x,—Ax—Fx)+ (Ax+ Fx,x) > 0, which implies that the latter is equal to zero.

Remark 17.1. 1t is clear that under the hypotheses of the lemma above, one still gets
the same conclusion, provided we have for large n, that

0 € Ax, + Fx, + &Tx, + dL(x,), (17.4)
where T : X — X™ is a bounded operator and &, | 0.

Proof of Theorem 17.1: Let w(r) = sup{||Aul|. + 1;||u|| < r}, set Tu:=w(||u||)Du,
and consider the A-regularization of L with respect to the second variable,

2
L3 (x.p) :=mf{L(x,q)+” IR 2 g e x }

Since 0 € Dom(L), the Lagrangian L and consequently L3 and therefore H, 2 (0,.)
are bounded from below. Also, we have

lim H;

2 (0, —x) 4+ (Ax+ €Tx,x) = +oo
[[xl| =40 T2

since (Ax+ €Tx,x) = —w(|Jl]) x| + ew(|lx]) x|
Moreover, the map A + €T is pseudoregular, and therefore, from Theorem 12.3 and
the remark following it, there exists x; 3 such that

Li (xs,)L7 —AXg ) — nge,/l) + <Ax£,l + ngs,)Laxe,JL> =0,

which means that Axg 5 +€Tx; ) € —éLﬁ (x¢,2). and therefore

Axep +€Txe ) +ADx, 5 € —IL(xe ). (17.5)
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This together with (17.1) implies (€7'x 3 +ADxg 3% 1) < C||xg 2 ||, thereby giving

Dllvea 1 +Allxe all* < Cllxe all,

ew(|lxen

which in turn implies that (Tx ;)e and (x,3)e are bounded. Since now A is a
bounded operator, we get that (Ax, 3 ). is bounded in X*. Suppose, up to a subse-
quence, that x; 3 — x; and Ax,; — py. Then, it follows from Lemma 17.1 and
since D is also regular that, for every A > 0, we have

0 € Ax), +ADx;, —l—gL(x;L).

Remark 17.2. Note that we do not really need A to be a bounded operator but rather
a weaker condition of the form ||Ax|| < CHL(0,x)+w(]|x||) for some nondecreasing
function w and some constant C > 0.

The theorem above justifies the following weakened notions of coercivity. It can be

seen as a self-dual version of the classical Palais-Smale condition in standard varia-

tional problems. Indeed, if  is a self-dual functional of the form I(x) = L(x, —Ax) +

(x,Ax), then its stationary points correspond to when I(X) = ig(fA )I (x) =0, in
xe

which case they satisfy the equation 0 € gL(X) -+ AX. So by analogy to classical
variational theory, we introduce the following.

Definition 17.1. Given a map A : D(A) C X — X* and a Lagrangian L on X x X*:

1. Say that (x,), is a self-dual Palais-Smale sequence for the functional I 4 (x) =
L(x,—Ax) + (x,Ax) if for some g, — 0 it satisfies

Ax, + IL(x,) = —€,Dx,,. (17.6)

2. The functional Iy 4 is said to satisfy the self-dual Palais-Smale condition (self-
dual-PS) if every self-dual Palais-Smale sequence for I7 4 is bounded in X.
3. The functional I 4 is said to be weakly coercive if

. 1 1
lim L(x,,7 —Ax, — ;Dx,,) + (xn, Axy) + - ||x,,||2 = oo, (17.7)

[l = -0

Remark 17.3. (1) It is clear that a weakly coercive functional necessarily satisfies
the self-dual Palais-Smale condition.

(2) On the other hand, a strongly coercive self-dual functional is necessarily
weakly coercive. Indeed, recall that strong coercivity means that

lim  Hz(0,x) 4+ (Ax,x) = +oo, (17.8)

[lxl| =00

and so in order to show that condition (17.8) is stronger than (17.7), write for each
(x,p) €eX x X*

L(x,p) = sup{(y,p) _HL(xay);y € X} > —HL(X,O) > HL(07X)
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in such a way that if ||x,|| — +eoo, then

. 1 1 .
lim L(x,,, —Ax,— fDxn) + (X Axp) 4 —|[xa]|? > lim Hy(0,x,)+ (Axy, x,) = +oo.
n—-+oo n n n— oo

Corollary 17.1. Under the conditions of Theorem 17.1, if the functional I o also
satisfies the self-dual Palais-Smale condition, then it attains its infimum at X € D(A)
in such a way that I(X) = infycp(x)I(x) = 0 and 0 € AX+ JL(X).

Proof. Since I; o has the self-dual Palais-Smale condition, the family (x;); ob-
tained in Theorem 17.1 is bounded in X and therefore converges weakly — up to a
subsequence — to X € X. Again, since A is a bounded operator, Ax; is also bounded
in X*, and then Lemma 17.1 yields L(X, —AX) + (AX,X) = 0, which means that
—AX € dL(X).

Remark 17.4. Note that Theorem 17.1 is indeed an extension of Theorem 12.3 since
we have that for large || x||

@L(x) +Ax,x) = L(x,gL(x)) + (Ax,x) > Hr(0,x) + (Ax,x) > —C(||x|]| + 1),

which means that condition (17.1) is also implied by (17.8).

17.2 Superposition of a regular map with an unbounded linear
operator

We now deal with the difficulties arising from the superposition of an unbounded
linear operator A : D(A) C X — X* with another — possibly nonlinear — map A :
D(A) C X — X* when trying to resolve an equation of the form

Au+Au € —dL(u) (17.9)
by considering the functional
I(u) = L(u,—Au — Au) + (u,Au+ Au). (17.10)
If now A is skew-adjoint, then the functional can be written as
I(x) = La(x,—Ax) + (x,Ax), (17.11)

where — under the appropriate conditions — Ly is the self-dual Lagrangian L4 (x, p) =
L(x,—Ax+ p) when x € D(A) and +oo elsewhere. However, if A is an unbounded
operator, the domain Dom; (L4) of the new Lagrangian L, is not necessarily closed,
even when Dom; (L) is, and its closure may not be contained in D(A) and as such
Theorem 17.1 could not apply.

If now A has a closed graph, then we can strengthen the topology on X by
considering the space Y4, which is the completion of D(A) for the norm ||u||)2,A =
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||ul|% + ||Au||%-. This then makes Dom;(L4) closed in Y, and increases the chance
for A to be regular on the new space Y4. Moreover, Ly will still induce a self-dual
Lagrangian on Y4 x Y4*. On the other hand, this may lead to a loss of the strong
coercivity on the new space since it requires that

lim  Hp(0,—x) 4 (Ax+ Ax,x) = +oo. (17.12)
b+ 4] —-+oo

However, there are cases where the approach is still manageable, such as when the
functional is weakly coercive or when it satisfies the self-dual (PS)-condition on Yy.
The following is a situation where this may happen.

Theorem 17.2. Let A : D(A) C X — X* be a closed linear operator on a reflexive
Banach space X with a dense domain, and let A be a map from D(A) into X* that
induces a pseudoregular operator A : Y5 — X*, while satisfying for some constant
0 < k < 1, and a nondecreasing function w,

[[Ax][x+ < KllAx]lx +w(]lx]lx) (17.13)

and
x — (Ax+ Ax,x) is bounded below on D(A). (17.14)

Suppose L is a self-dual Lagrangian on X x X* such that for some C|,C, > 0 and
ry > ry > 1 we have

Ci(||x|¥ = 1) < L(x,0) < Co(14||x||¥) for all x € X. (17.15)
The functional I(x) = L(x,—Ax — Ax) + (x,Ax + Ax) then attains its minimum at
some % € D(A) such that I(X) = inyf I(x) =0and
XEY
0 € AZ+Aii+ JL(%). (17.16)
We shall need the following.

Lemma 17.2. Let A : D(A) C X — X* be a closed linear operator on a reflexive
Banach space X with a dense domain, and let A be a map from D(A) into X* that
induces a bounded pseudoregular operator A : Yy — YA*. Suppose L is a self-dual
Lagrangian on X x X* that satisfies the following conditions:

For each p € Domy (L), the functional x — L(x, p) is continuous on X,  (17.17)

x — L(x,0) is bounded on the unit ball of X, (17.18)

and B
(JL(x) +Ax+Ax,x) > —C(1+ [x[|y,)- (17.19)

Then, for every A > 0, there exists x; € Y4 that satisfies the equation

0 € Axy +Axy +dL(x3) + ADy,x;. (17.20)
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Proof. Note first that Y4 C X C X* C Y4*, and the injections are all continuous with
dense range. We first show that the Lagrangian

_ JL(u,p), peX”

is a self-dual Lagrangian on Y4 x Y4*. Indeed, if ¢ € X*, use the fact that D(A) is
dense in X and that the functional x — L(x, p) is continuous on X to write

,///*(q,v) = Sup{<u7q>+ <V7p> _'//O’[’p);(u’p) €Yy X YA*}
= sup{(u,q) + (v,p) — L(u,p); (u,p) € X x X"}
= L*(q,v) = L(v,q) = A (v,q).

If now g € Y4*\ X*, then there exists {x,}, C Y4 with [|x,|lx < 1 such that
lim (x,,q) — —oe. Since {L(x,,0)}, is bounded, it follows that

n—-+

M (q,v) = sup{{(u,q) + (v, p) — A (u,p); (u,p) € Ya x X"}
sup{ (xs,q) — L(x,,0)}

= too =4 (v,q),

v

and ./ is therefore self-dual on Y4 x Y4*. Since A 4+ A is now pseudoregular on Yy,
we can apply Theorem 17.1 and obtain the claimed result.

Proof of Theorem 17.2: All the hypotheses in Lemma 17.2 are readily satisfied
except condition (17.19). For that, note that (17.15) yields via Proposition 6.1 that
dL(0) # 0. It then follows from the monotonicity of dL and (17.14) that

> (JL(0),x) + (Ax+Ax,x)
> —C(1+|lx[x)
2 —C(1+||xly,)-

(JL(x) + Ax+Ax,x)

By Lemma 17.2, there exists then a self-dual Palais-Smale sequence for / on Yy, and
it remains to show that 7 is weakly coercive on Y4. For that we assume that (x,), is
a sequence in Y4 such that

1 1
L (00, =A%) = Ay = Dy ) + s A+ A) £

is bounded, where here D4 : Y4 — Y} is the duality map. It follows from (17.14) that
(A + Ay, Xp) + L|x, H%,A is bounded below, and therefore the sequence L(x,, —Ax, —

Ax, — %DAxn) is bounded from above. From (17.15), we get via Lemma 3.5 that
there exist Dy, D, > 0 such that

Di(|Ipll¥ +lIxllg = 1) < L(x,p) < Da(1+ |Ixlly + llpll¥)- (17.21)
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where rl + L =1 fori=1,2.It follows that both (x,), and (Ax, + Ax, + %DyAx,,)n

S,

are bounded in X and X*, respectively. This, coupled with (17.13), yields that
Axul: < [ Axu+ A+ Dyl + [ Axu+ Dy
< C+ Axule- + 1 [Py
< C+ klAm x4 w(lxall) + el + - Az

Hence, (1 —k— 1)||Axu|[x+ < C+w([[xallx) + L|lxs]|x, and therefore [|Ax,|x- is
bounded, which implies the boundedness of {x,} in ¥4, and therefore I is weakly
coercive on Yjy.

In the case of the basic self-dual Lagrangian L(x, p) = @(x) + ¢*(p), one can re-
lax the strong boundedness condition on L and obtain the following useful corollary.

Corollary 17.2. Let A : D(A) C X — X* be a closed linear operator on a reflexive
Banach space X with a dense domain, and let A be a map from D(A) into X* that
induces a pseudoregular operator A : Yo — X*, while verifying conditions (17.13)
and (17.14). Let @ be a proper, convex, lower semicontinuous function such that ¢
is coercive as well as bounded on the bounded sets of X*.

Then, a solution X € D(A) to the equation 0 € Ax+ Ax+ d@(x) can be obtained
as a minimizer on D(A) of the functional

I(x) = (x) + 0" (—Ax—Ax) + (x,Ax+ Ax). (17.22)

Proof. We assume without loss of generality that 0 € Dom(d @) and use the fact that
d ¢ is monotone, and that (Ax + Ax,x) is bounded from below, to write

(0 (x) +Ax+Ax,x) > (dp(0),x) + (Ax+ Ax,x)
> —C(1+|lx][x)
>

—C(1+|lx]lx,)-

The corollary is now a consequence of Lemma 17.2 applied to the self-dual La-
grangian L(x,p) = ¢(x) + ¢*(p), provided we prove that I is weakly coercive on
Y4. For that, we suppose {x, }, C Y4 is such that ||x, |y, — co. We show that

N 1 1
(P(xn) + @ (_Axn —Ax, — EDYAxn) + <xn7Axn +Axn> + ;Hxn”YA — .

Indeed if not, and since (x,,Ax, +Ax,) + 1 |lx,|[x is bounded below, we have that
O (xn) + 0" (—Ax, —Ax, — %DyAxn) is bounded from above. The coercivity of ¢ on
X then ensures the boundedness of {||x,||x }». In order to show that {x,} is actually
bounded in Y4, we use that ¢* is coercive in X* to get that

1
|AX, +Ax, + ;DyAanx* <C
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for some constant C > 0. This combined with (17.13) yields that
Axil < [Axi+ A+ Dyl + [ Axi+ LDy e
< C+[Amale + = 1Dyl
< C+ kAn -+ w(lsall) + -l + - Az

Hence, (1 —k — %)HAanX* < CH+w(||lxnllx) + %”anX’ and therefore ||Ax,|x+ is
bounded, which implies the boundedness of {x,} in ¥4, and we are done.
The following is an application to the resolution of certain nonlinear systems.

Corollary 17.3. Let X| and X, be two reflexive Banach spaces, and consider a con-
vex lower semicontinuous function @ on X| X Xp that is bounded on the balls. Let
A:D(A) C X — X5 be a linear operator, and consider the spaces

Xi:={xeX;Ax € X5} and X, := {x € X3;A*x € X]'}

equipped with the norms ||x|[z, = |lx[|x, + [|A1x]lx; and |[pllx, = [[Pllx; + A"pllx;-
Let Ay : D(A1) C X1 — X{ and Ay : D(A2) C Xo — X5 be two positive linear
operators, and consider for i = 1,2 the Banach spaces

Yii={xeX;Axe€ X}

equipped with the norm ||y|ly, = [|y[|z, + ||A,-y||Xl_*.
Assume A := (A1,Ap) 1 Y1 x Yy — Y| x Y is a pseudoregular operator such that

@(x,y) + (A1x,x) + (A2y,y) + (A(x,y), (x,y))

lim =40  (17.23)
llxllx, +Iyllx, —o [lx[]x, + [yl

and

(A1, A2) (2, 9)[|x7 xx; < KI(A1LA2) (6, 9) lx; xx; Fw(l[ (62 [[xxx,)  (17.24)

for some continuous and nondecreasing function w and some constant 0 < k < 1.
Then, for any (f,g) € Y| X Y5, there exists (X,¥) € Y| x Y», which solves the system

_Al(x7y)_A*y_Alx+f € 81(P(x7y) (17 25)
—Ao(x,y) +Ax—Ary+g € p(x,). '

The solution is obtained as a minimizer on Y1 X Y» of the functional

I(x,y) = y(x,y) + ¥y (=AY —A1x — A1 (x,y),Ax — Agy — Az (x,y))
+<A1)C,X> + <A2y,y> + <A (x,)’), (x,y)>,

where y(x,y) = @(x,y) — (f,x) — (8,)-
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Proof. Let X = X; x X, in such a way that A(x,y) = (—A*y,Ax) : X; x X, — X* isa
skew-adjoint operator that is bounded on the space Y; = X = X; x X,. Consider the
following self-dual Lagrangian on X x X*:

L((x,),(p,q)) = W(x,y) + ¥ (=A"y+ p,Ax+q).

Setting &7 := (A},A;), we have that Y| x ¥ = X/, and the operator < + A is regular
on Y] x Y,. Corollary 17.2 yields that

I(x7y) = L((x,y),—A(x,y) _A~(x7y)) + <A(x7y) +A~()C,y), (xvy)>

attains its minimum at some point (¥,5) € ¥; x ¥> and that the minimum is 0. In
other words,

from which it follows that

—AYy —Aix—Ai(x,y) € 1 o(x,y) — f
17.26
{ Ax—Ary — Ao (x,y) € A2 9(x,y) — g (17.20

Example 17.1. A variational resolution for doubly nonlinear coupled equations

Letby: Q — R™and b, : 2 — R be two compactly supported smooth vector fields
on the neighborhood of a bounded domain Q of R". Consider the Dirichlet problem

Av+by-Vu = [ulP2u+u" V" + f on Q,
—Au+by-Vv =P 2v—u"" g on Q, (17.27)
u=v=0 on Q.

We can use Corollary 17.3 to get the following.

Theorem 17.3. Assume f,g in LP, p > 2, div(by) > 0, div(by) > 0 on Q, and that
1<m< pT_l. LetY = {u € H} (Q);u € L?(Q)and Au € LY(Q)}, and consider on
Y XY the functional

I(u,v) = ¥ (u) + ¥*(by.Vu+Av—u™ V") + ®(v) + ®*(by. Vv — Au+u™v" 1)

1 1
+7/ div(bl)\u|2dx+f/ div(by) [v|2dx,
2 Jo 2Jo

where
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Y(u)= %fg lulPdx+ [, fudx and P(v)= %fg [v|Pdx+ [q gvdx

are defined on LP(Q) and W* and ®* are their respective Legendre transforms in
L9(Q). Then, there exists (i,7V) € Y X Y such that

I(a,v) = inf{I(u,v);(u,v) €Y XY} =0
and (@, V) is a solution of problem (17.27).

Proof. With the notation of Corollary 17.3, set X| = X, = L"(Q2),A=A : D(A) C
LP(2) — L9(L) in such a way that X; = X, = Y. We note that the operators Aju :=
by.Vu and Ayu := b,.Vu are bounded on X; in such a way that ¥; = X; =Y.

The functions @ and ¥ are continuous and coercive on X;, and so it remains to
verify condition (17.24). Indeed, by Holder’s inequality, for g = ﬁ < 2 we obtain

- 1
[l lHLq(_Q) < ||”||an2mq(.Q)HVH(LIZ('"*)”‘I(Q)’

and since m < pT_l, we have 2mq < p and therefore

_ 2(m—1
" lzagay < € (Nl + W0t ) (17.28)
Also since g < 2,

[b1-Vullra@) < Clb1llr=() [ Vull2(0)

1

5 1 1
< Clb = ( [ (—Auuydx) < Clbilli=(o lul o |4l s g
< kl|Aullza() + C(k)[[by ||im(g) [ullr (@) (17.29)

for some 0 < k < 1. Condition (17.24) now follows from (17.28) and (17.29).
Finally, it is easy to verify that the nonlinear operator

A(u,v) = (=™ V" 4 by Vi, ™" 4b,.Vy)

isregular from Y x Y — L9(Q) x L1(Q). It is worth noting that there is no restriction
here on the power p, which can well be beyond the critical Sobolev exponent.

17.3 Superposition of a nonlinear map with a skew-adjoint
operator modulo boundary terms

Consider now equations of the form

{Ax—l—Ax € —dL(x) (17.30)

R%Bx € dl(HBx),
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where A : D(A) C X — X* is a nonlinear operator, A : D(A) C X — X* is a linear
skew-adjoint operator modulo a boundary triplet (H,R, %), where R is an automor-
phism on a boundary space H, and % : D(%) C X — H is a boundary operator.
Here again L is a self-dual Lagrangian on phase space X x X* and / is an R-self-
dual function on the boundary space H.

We consider the nonnegative functional

1) = {L(x, —Ax —Ax) + (x,Ax) + {(Bx) ifx€ DA)ND(B) (17.31)

+o0 if x ¢ D(A) N D(2)

and note that it suffices to show that there exists X € D(A) N D(A) N D(Z) such that
I(x) = 0 since then

0 = L(X,—Ax — AX) + (X,A%X) + (¥,AX) — (X,AX) + (%)

= L(X,—AX — AX) + (X,AX+ AX) — = (BX,RBX) + ((F$X).

1
2

Since L(x,p) > (x,p) and £(s) > 1(s,Rs), we get

(R
and are done with solving equation (17.30).
In order to apply Theorem 12.3, we note that / can also be written as
I(u) = L ¢(u,—Au) + (x,Ax),
where
= [ AP 90 DO

According to Proposition 4.2 and under the right conditions on L and A, L, ¢ is again
a self-dual Lagrangian on X x X*. However, the basic self-dual variational principle
may not apply if the topology of X is not strong enough to make A regular on X,
or/and to keep the closure of Dom; (L, ¢) contained in the domain of A.

So again, we consider a space Y,  with a strong enough topology to make
D(A)ND(ZA) closed and at the same time increase the chance for A to be regu-
lar on the new space Y, ». Moreover, it is expected that, just as in Lemma 17.2, the
functional / remains self-dual on Y4 . The main problem, however, is that this may
again lead to a loss of coercivity on the new space, but there are situations where the
functional satisfies the self-dual Palais-Smale condition on Yy g, which allows us to
conclude.

We will not carry on this analysis in full generality here, but the approach will
be considered in detail in the next chapter, while dealing with nonlinear evolution
equations, in which case Au = u.
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Exercise 17.A. More on perturbations
Establish a counterpart of Theorem 17.2 in the case where the linear operator A is skew-adjoint

modulo boundary terms, and establish a self-dual variational principle for the boundary value prob-
lem (17.30) under minimal hypotheses.

Further comments

This chapter is reminiscent of the work of Brézis [27], Brézis-Crandall-Pazy [28],
and many others dealing with the sum of certain unbounded operators, or with per-
turbations of maximal monotone operators.






Chapter 18
Navier-Stokes and other Self-dual Nonlinear
Evolutions

The nonlinear self-dual variational principle established in Chapter 12 — though
good enough to be readily applicable in many stationary nonlinear partial differen-
tial equations — did not, however, cover the case of nonlinear evolutions such as the
Navier-Stokes equations. One of the reasons is the prohibitive coercivity condition
that is not satisfied by the corresponding self-dual functional on the path space 2, .
We show here that such a principle still holds for functionals of the form

I(u) = ./(;T | Lt u(e), —ar) = Au(e) + (Au(t), (1)) | dr

—I—K(u(O)—u(T),—M)’

where L (resp., ¢) is a self-dual Lagrangian on state space (resp., boundary space)
and A is an appropriate nonlinear operator on path space. As a consequence, we
provide a variational formulation and resolution to evolution equations involving
nonlinear operators such as the Navier-Stokes equation (in dimensions 2 and 3)
with various boundary conditions. In dimension 2, we recover the well-known weak
solutions for the corresponding initial-value problem as well as periodic and an-
tiperiodic ones, while in dimension 3 we get Leray solutions for the initial-value
problems but also solutions satisfying u(0) = du(T') for any given d in (—1,1). The
approach is quite general and applies to certain nonlinear Schrodinger equations and
many other evolutions.

18.1 Elliptic perturbations of self-dual functionals

Let X C H C X* be an evolution pair, p,g > 1 such that % + % = 1, and consider a
time-dependent self-dual Lagrangian L on [0, 7] x X x X* such that:

For each r € LY., the map u — fOT L(t,u(t),r(t))dt is continuous on L.  (18.1)

319
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T . . P
The map u — [ L(¢,u(t),0)dt is bounded on the unit ball of L. (18.2)
Let ¢ be a self-dual Lagrangian on H x H such that
—C < {(a,b) < C(1+||al|} +||b||%) for all (a,b) € H x H. (18.3)
Recall from Proposition 4.3 that the Lagrangian

J§ L0t u0),r(e) = ()l + £ ((0) — u(T), =P ) i w e 2,

+o0 otherwise

.i”(u,r){

is then self-dual on L§ x L%..
Consider now the convex lower semicontinuous function on L§

LT a()||%, dr if u e Z,
_Jqb X+ X 18.4
y(w) { +oo ifue L§ \ 3&”1,7(1, ( )

and, for any 1t > 0, we let ¥, be the self-dual Lagrangian on L§ x L}, defined by
o r
W (u,r) = py(u) + py (ﬁ). (18.5)

Recall that, for each (u,r) € L§ x L. the Lagrangian

LYW (u,r) = inf {L(u,s)+Wu(u,r—s)} (18.6)

SGLX*
is self-dual on L x LY.

Lemma 18.1. Let L and { be two self-dual Lagrangians verifying (18.1), (18.2) and
(18.3), and let £ be the corresponding self-dual Lagrangian on path space L x
Lgﬂ*. Suppose A is regular from %, 4 into L;’(*. Then,

1. The functional
T
Lu(u) :z@wﬂ(u,—/\uw/o (Ault),u(t)) dr

is self-dual on &, 4, and its corresponding antisymmetric Hamiltonian on Z,, 4 x

Zpqis
My (,v) := Jg (Au(t),u() = v(0))dt +He (v,u) + pw(u) — py(v),

where Hy(v,u) = SUP,crg, {fOT<r, uydt — £(v,r)} is the Hamiltonian of £ on
Ly x LY.
2.If in addition ~ lim [ (Au(t),u(r))dt + Hg(0,u) + uy(u) = +oo, then

llull 2 4 —eo

there exists u € Xy, 4 with Oy (u) € L} such that
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w(t) + Au(t) + udy(u(t)) € —aL(t,u(t)) (18.7)
M € —a(u(0) —u(T)) (18.8)
i(T) = i(0) = 0. (18.9)

Proof. First note that since . and ¥, are both self-dual Lagrangians, we have that
L&Y (u,—r)+ (u,r) >0 forall (u,r) € L} x L., and therefore I(u) >0 on 2, 4.
Now we have, for any (u,r) € L x LY.,

&%) = s { [ (-rdis B + v - pw) )

J4
veLy

But foru € 2, ,and v € L} \ 2, ;. we have

T
Hge(vu)= sup { | (ru)dt—ZL(v,r)} = —oo,
rEL;I(* 0

and therefore for any u € £, 4, we have

sup My (u,v) = sup My (u,v)

VG,%fp‘q veL;’(
T
- /0 (Au(t), u(t))d
- sup [ Ale) )i+ H () + )~ Ry )

T
_ / (Ault), u(t))di + L & W, (4, —Au)
0
= I(u).
It follows from Theorem 12.2 that there exists uy, € 2, 4 such that

T
Lu(uy) = 2 & Wy (1, —Auy) +/0 (Au(6),un(1))dr =0, (18.10)

Since . ® ¥, is convex and coercive in the second variable, there exists 7 € L.
such that

LW (uy, —Auy) = L (up,7) + WY (uy, —Auy — 7). (18.11)
It follows that

0 = L(uy,7) + i, —Auy —7) Jr/OT(Auﬂ(t),u”(t»dt

[ T 0, ) 4 70) a0, 70
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4 (0(0) — (), - T 1O

T
W (g, — Ay — ) + /0 (Aug (£) + 7(1), uy (£)) dt
_ / Lty (1), —ii (1) + 7()) + (s (1), i (1) — 7(2))] dt
—5||uu<r>||2+§||uu<o>|\2+é(uu<o>—uum,—w)

T
(g, — Aty — F) +/0 (Aug +Fyuy (1)) dt.

Since this is the sum of three nonnegative terms, we get the three identities

Jo (LGt (2), =i (£) + F(2)) + (w1t — 7)) dt =0, (18.12)
W (y, —Auy — )+ Jo (Auy +Fouy (1)) dr =0, (18.13)
(i 0) a7, - 2O Ly L@ =0, s

It follows from the limiting case of Fenchel duality that

iy (1) + Auy (t) + 1oy (uy () € —9L(t,uu(t)) ae.t €[0,T],
T 2O) ¢ Fofu(0) (7).
Since u := uy, € Z, 4, we have that

—udy(u(t)) = u(t) + Au(t) + OL(t,u(t)) € L.

It follows that dy(u(r))) = — % ( ||u||Z’2D—1u), where D is the duality map between
X and X™. Hence, for each v € 2, 4, we have

o [ I
=gy o
+ (]l

from which we deduce that

(1) +Au(t) +IL(t,u(1)),v) +u<llu||Z‘2D‘1u,v>} dt
1)+ Au(t %(Hunz—zp—lu) +8L(t,u(t)),v> dt
(T

2D~ a(T),v(T)) — u(a(0) 42D~ 14(0), v(0)),

ﬂ(t)+/\u(t)—%(II”IIq‘zD‘lu(t)) € —dL(1,u(r))
i(T) = i(0) = 0.
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18.2 A self-dual variational principle for nonlinear evolutions

This section is dedicated to the proof of a general variational principle for nonlinear
evolutions. We shall make use of the following self-dual Palais-Smale property for
functionals on path space.

Definition 18.1. Let L be a time-dependent self-dual Lagrangian on [0,7] x X x X*,
( aself-dual Lagrangianon H x H,and A : 2, ;, — LY., a given map. Let D : X — X*
be a duality map, and consider the functional

Ioa(u) = /0 ' | (e, u(e), —a(r) = Au(e)) + (Au(t), (1)) ] dr

u(T)+u(())).

+z(u(0) —u(T),~==

1. The functional I7 ¢ 4 is said to satisfy the self-dual Palais-Smale condition on
.4 if any sequence {u,} | C 2, 4 satisfying for some g, — 0,

{u,,(t) + Auy (1) — || ||P~2Duy (1) € —OL(t,u,(t)) t € [0,T]

L b 2 (18.15)
OFT) ¢ 30 (u (0) — un(T))

is necessarily bounded in %, ;.
2. The functional I7 ¢ 4 is said to be weakly coercive on Z,, 4 it

r 1 1
| (Bt Aty a7 2D) -, A+ ]

goes to +oo when H“n”ﬁfp,q — oo

Theorem 18.1. Let X C H C X* be an evolution triple, where X is a reflexive Ba-
nach space and H is a Hilbert space. Let L be a time-dependent self-dual La-
grangian on [0,T] x X x X* such that, for some C > 0 and r > 0, we have

Jo L(t,u(t),0)dt < C(1+|[ull7,) for every u € L§. (18.16)
X

Let ¢ be a self-dual Lagrangian on H x H that is bounded below with 0 € Dom({),
and consider A : X 4 — L?(* to be a regular map such that

|Aullys, < Klallg, +wllullg) for everyue 2y (18.17)
where w is a nondecreasing continuous real function and 0 < k < 1. Assume one of

the following two conditions:

W | Aule) ) di| < w(llullyg) for every u € 2,
(B)  Foreach r € LY., the functional u — fOT L(t,u(t),r(t))dt is continuous on
L;, and there exists C > 0 such that for every u € Lf( we have
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9L, w)llgs, < wllullg), (18.18)
T _
/ (OL(t,u(t)) + Au(r),u(t))dr > ~C(|jul g +1). (18.19)
0

If the functional I g o is weakly coercive on 2, 4, then it attains its minimum at
vE Xy g insuchaway that Iy g 4 (v) = ir@l/f Inoa(w)=0and
' uEZpq

—Av(t) —v(t) € IL(t,v(t)) on|[0,T)]
{ _v(O)-&z-v(T) egé(v(o)—v(T)). (18.20)

We start with the following lemma, in which we consider a regularization (coer-
civization) of the self-dual Lagrangian .# by the self-dual Lagrangian ¥, and also
a perturbation of A by the operator

—1
Ku:w(||uHL§)Du+||u||£§ Du, (18.21)

which is regular from 2, ; into L}..

Lemma 18.2. Let A be a regular map from %, 4 into L?(* satisfing (18.17). Let L
be a time-dependent self-dual Lagrangian on [0,T] x X x X* satisfying conditions
(18.1) and (18.2), and let { be a self-dual Lagrangian on H X H satisfying condition
(18.3). Then, for any u > 0, the functional

Iy(u) =L &W¥(u,—Au—Ku) —|—/OT<Au(t) + Ku(t),u(t)) dt

is self-dual on Zp 4 x Z) 4.
Moreover; there exists uy € {u € Zp 4;0y(u) € LY., i(T) = u(0) = 0} such that

tiy (1) + Awy () + Kuy () + 00w (uy (1)) € —9L(t,uy (1)), (18.22)
u u T
K(uu(O)fu“(T),fM) :/0 (1), g (1)) dr. - (18.23)

Proof. It suffices to apply Lemma 18.1 to the regular operator I' = A + K, provided

we show the required coercivity condition | lim A (u,0) = 400, where
u 2p, q—>+°°

A (u,0) = /OT<AM(I) + Ku(t),u(t))dt + He (0,u) + py(u).

Note first that it follows from (18.17) that for € < % there exists C(€) such that

T
| a0 u)dr < Kl g, 4wl

< ellillzy +C@llulzy +wlullgg)lullyg-
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On the other hand, by the definition of K, we have

T
1
/0 (Ku(z),u(t))dt = w(|ullg)llulzy + [l

Therefore, the coercivity follows from the estimate

T 1
M (u,0) :/ [(Au(t) + Ku(r),ur) di+Hy )+ il

0

119 p 2 p+1
> —¢llullyy —C@)lullzy —wllaelg)llell g +wllaell g )l + leelp

1
—£(0,0) + u—||u||?
(0.0)+ [l

(5 —)lallfy + Il (1+oul))-

>
p
LX

In the following lemma, we get rid of the regularizing diffusive term py(u) and
prove the theorem with A replaced by the operator A + K, but under the additional
assumption that ¢ satisfies the boundedness condition (18.3).

Lemma 18.3. Let L be a time-dependent self-dual Lagrangian as in Theorem 18.1
satisfying either condition (A) or (B), and assume that ¢ is a self-dual Lagrangian
on H x H that satisfies condition (18.3). Then, there exists u € Z, 4 such that

0= /0 ' [L(t,u(t), —i(t) — Au(t) — Ku(r)) dr + (Au(r) + Ku(t),u(r))] dr

+0(u(0) —u(T),—M).

Proof under condition (B). Note first that in this case L satisfies both conditions
(18.1) and (18.2) of Lemma 18.1, which then yields for every p > 0 an element
uy € Zp 4 satistying

iy (1) + Auy (1) + Kuy (£) + poy(uy (1)) € —9L(t,uy(t)), (18.24)
and
€<Mu(0)—uu(T),—M) = /OT<L't,,¢(t),u#(t)>dt. (18.25)

We now establish upper bounds on the norm of uy in .2}, ;. Multiplying (18.24) by
uy, and integrating over [0, 7], we obtain

T T __
/0 <L’tu+/\uﬂ+Kuu+,u3l/l(uu),uu)dt:—/0 (OL(t,uy), 1) dr. (18.26)

It follows from (18.19) and the above equality that
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T
| 0+ K1)+ 0O (0),1000)) < COU+ ). (18.27)

Taking into account (18.25), (18.24) and the fact that f; (9 W (uy(t)),uu(r)) >0, it
follows that

(0 0) ), =IO 4 i 1), 1)) < €O+ ).

Since £ is bounded from below (say by C}), the above inequality implies that |u, || L
is bounded since we then have

1
G +W(HuullL§)||Mu||i§ + ||uu||f§ < Cllug |l -

Now we show that || ||« is also bounded. For that, we multiply (18.24) by D‘lu”
X*
to get that

T _
i |2, +/0 (At + Kuy + 10w () + IL(t,uy), D" ) dr = 0. (18.28)
X*
The last identity and the fact that fOT(a w(uy(2)),D iy (1)) dt = 0 imply that
iy, < Al Wl + K, g, ) il
It follows from the above inequality and (18.17) that

linllig, < NAuallyg, -+ |Ku . +w(lullg)
< Kl g, +20(lllg) + K s,
from which we obtain that (1 —k)|[uy |2 < 2w(||uy ||L§) +||Kuy ||, , which means
X* X*

that HM“”L?(* is bounded.

Consider now u € %, 4 such that uy, — u weakly in L and i, — i in L}.. From
(18.24) and (18.25), we have

) = [ L0 0), i 0) — Ay 1) — Ka (1) — 1y (1))
+/0T<Au#(t)+Kuﬂ(t)7uﬂ(t)>dt+€(u#(0)—uMT),—M)
< [ Lo, i 0) ~ A1)~ Ky 0) ~ ROW(aty (1)
[ A 0) K (0) ~ 10 (1))

4 (00(0) — ), - 21O
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= Iy (up) = 0.

Since A + K is regular, (Qy(uy),uy) = ||uyl|%. is uniformly bounded and L is
weakly lower semicontinuous on X x X*, we get by letting u — 0 that

/OT {(Au(r) + Ku(t),u(t)) + L(t,u(t), —u(t) — Au(t) — Ku(t))} dt

+0(u() _u(0), -4 +u0)

10) <o

The reverse inequality is true for any u € 2, , since L and ¢ are self-dual La-
grangians.

Proof of Lemma 18.3 under condition (A). Note first that condition (18.16) im-
plies that there is a D > 0 such that

fOTL(t,u(t),v(t))dt > D(Hv||2q —1) forevery v € L., (18.29)
X*

where % + % = 1. But since L is not supposed to satisfy condition (18.1), we first
replace it by its A-regularization L/IL with respect to its first variable as defined in
Section 3.5, so as to satisfy all properties of Lemma 18.2. Therefore, there exists
Uy j € Zpq satisfying

tiy .+ Ay g+ Kuy g+ 1Yy 3) = —9L; (1,1 2) (18.30)
and
uy 2 (T) +uy 2 (0) r.
E(MM,A(T)—MH,A(O),— = 5 = ):/o (y g1y 2)dt. (18.31)

We shall first find bounds for u,, 3 in 2, , that are independent of y. Multiplying
(18.30) by uy, 5 and integrating, we obtain

T
/0<llp,/1(t)+Auu,z(f)+Kuﬂ.z(t)+H3W(uu,z(t))7uu,z(f)>df
r _
:—/0 (LY (312 (1)), 01, (1)) . (18.32)
Since §L/11 ’p(t, .) is monotone, we have

T _ _
| O 0102 (0) =31}, (1,0).140(6) 0} >

and therefore

T

/OT@L}L’p(t,u#’A(t)),u#,;L(t»dt2/0 (GLy ) (1,0),u 2 (1)) dr. (18.33)
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Taking into account (18.31), (18.33), and the fact that [j (9 W (uy(r)),uu(t)) >0, it
follows from (18.32) that

0. (0) 0 (7), 2 (T);““ O+ JA (At 2 (0) + Kt 1 1), 1001 (0)

T _
< —/O (LY (1,0), 10,1, (1)) .

This implies {u, 3 }, is bounded in L%, and by the same argument as under condi-
tion (B), one can prove that {u,, 3 }, is also bounded in L)q(*. Consider uy € 2,4
such that u, ; — uy weakly in LY and 1, ; — iy, in LY. It follows just as in the
proof under condition (B) that

T
/ [(Au,l +KMA,M;L>+L;1LP(I,MA,—L‘£7L—AM;L—KMQL)} dt
0 ,

up (T) +u1(0)> 0,

> (18.34)

+(2.(0) (), -
and therefore

iy, () + Auy (1) + Kup (1) € =L}, (8, (1)). (18.35)

Now we obtain estimates on uy, in 2, ;. Since £ and L/ll are bounded from below, it
follows from (18.34) that fOT [(A uy (1) +Kuy, (1), uy, (t))] dt is bounded and therefore

u;, is bounded in L since

T _

[ 0)-+ K 0,00 @) e = ~CClaly + 1)~ [ @t () ute)as

+ /0 " Ku(e),u(t)) dr
> —C(ulyg + 1) = w(lul )l g
gl +
Setting v, (¢) := 1, (t) + Auy (t) + Kuy (1), we get from (18.35) that
v (1) = ALy (t,u3 (1)) = IL(t,uz (1) + A7 vy ()[4 D~ va (1))

This together with (18.34) implies that
Jo L (0.0 + 22 (1D v (1), =i (1) = Ay (1) = Kuay (1))
I3 [ (6) + Ky (6), . (6) + Allva (1) ] e

—l—ﬁ(u;L(O) —uA(T),—M) —0. (18.36)
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It follows that [} L(z,uy +A vy 972Dy, —ii; — Auy — Kuy ) dt is bounded from
above. In view of (18.29), there exists then a constant C > 0 such that

Hzl,l(t)—I—Au,l(t)—l—Ku,l(t)HL;* dt <C. (18.37)
It follows that
laallzs, <lAuallpe, +1Kupllps, +C <kljiallze, +wlllullzp)+ [1Kupllzs,
from which we obtain
(U =K)laallze, <wllluallpy) +[[Kunllpa, ,

which means that ||zt ||;4 is bounded. By letting A go to zero in (18.36), we obtain
X*

I [(Au(t) Ku(t),u(t)) + L(t,u(t), —i(t) — Au(t) — Ku(t))| dt

+(u(0) ~ u(T), ~ 510 ) —o,
where u is a weak limit of (1)), in £, 4.

Proof of Theorem 18.1. First we assume that ¢ satisfies condition (18.3), and
we shall work toward eliminating the perturbation K. Let Li’p be the (4,p)-
regularization of L with respect to the second variable as defined in Section 3.5,
in such a way that Lﬁ‘p satisfies (18.19). Indeed,

T

T _ _
/<3L§p(t,u)+Au,u>dt:/ @L(t,u) + A+ A7 |u]| P~ Du, u) di
0 ? 0

T _
2/ (OL(t,u(t)) + Ault),ult)) de
0
> Cllulg. (138)

Moreover, we have in view of (18.16) that

p—1

r 2
/0 13 () dr = =D+ = full (18.39)

From Lemma 18.3, we get for each € > 0 a ug 5 € 2, 4 such that

T
2 .
/0 L/l’p(taus,lv —Ug ) _Aue,)L - 8Ku£,l)dt
T
+/0 <A”£,7L +£K“e,laus7l>

M) —0  (18.40)

0 (102.(0) =g ().~
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and
tig 5 (1) + Aug 3 (1) + €Kug 5 (1) € —9L; ,(1,ug 1 (1)). (18.41)

We shall first find bounds for u, ; in %), that are independent of €. Multiplying
(18.41) by u, 5 and integrating, we obtain

T T _
/0<u87;L+Au£7;t+£Ku87;L,u€’;L>dt:—/O (L (t,10g 1) e ) di. (18.42)

It follows from (18.38) and the above equality that

T
[ e 0+ €Kt 0.10,0(0)) < Clute g (18.43)

and therefore

Ug ), (T) +ue 2(0)

f(”e,/l (0) —U&A(T)’_ 2

T
)+ [ (eKuea(t)e 1 0)) < el

which in view of (18.40) implies that

T
|| BBt (0), e (1) = At (1) = eKite 2 (1) ]| < Cllte g

By (18.39), we deduce that {u ; }, is bounded in L%. The same reasoning as above
then shows that {ii, 3 }, is also bounded in L}.. Again, the regularity of A and the
lower semicontinuity of L yields the existence of u; € 2, 4 such that

Ik [Li(t,ub—u,l —Auy) + (Aul,um} dt
+(13.(0) — uy (1), - 141520} —,
In other words,
Jo L(tup, =iz = Aup + 227 ug P72 Duz ) + AP |uy |7 e
JrfOT(Au;L,u;L)dthK(ux(O)ful(T),fM) —0.  (18.44)
Now since [ satisfies the self-dual Palais-Smale condition, we get that (uy); is

bounded in 2, ;. Suppose u; — i in Ly and 1, — itin L. It follows from (18.17)
that Au, is bounded in L?(*. Again, we deduce that

€<ﬁ(T) —i(0), —M) +/OT [L(t,ﬁ, i Ad)+ <AIZ,IZ>:| di = 0.

Now, we show that we can do without assuming that ¢ satisfies (18.3), but that it is
bounded below, while (0,0) € Dom(¢). Indeed, let ¢, := éi’z be the A-regularization
of the self-dual Lagrangian ¢ in both variables. Then, ¢, satisfies (18.3) and therefore
there exists x; € 4, 4 such that
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fOT [L(Lx,l,—fq —Axl) + (Ax,l,x;Q} dt

+03 (X)L(T) —XA(O)V—M) —0. (18.45)

Since ¢ is bounded from below, so is ¢;. This together with (18.45) implies that
the family [(Ax;t (8),2,(2))y +L(t,x (1), — % (t) — Axy, (t))] dt is bounded above.
Again, since Iy ¢ o is weakly coercive, we obtain that (x; ), is bounded in 2}, .
The continuity of the injection 2, , C C([0,T];H) also ensures the boundedness of
(x2(T)); and (x;(0)), in H. Consider X € 2}, 4 such that x; — xin L§ and x; — x
in LY. It follows from the regularity of A and the lower semicontinuity of £ and L
that

X(T)+x(0) ) o,

/oT [(A%.5) + L%, = =A%) | di +(%(T) = (0), ===

and therefore x satisfies equation (18.20).

Remark 18.1. Note that the hypothesis that I; ¢ 4 is weakly coercive, is only needed
in the last part of the proof to deal with the case where £ is not assumed to sat-
isfy (18.3). Otherwise, the hypothesis that I7 ¢ o satisfies the self-dual Palais-Smale
condition would have been sufficient. This will be useful in the application to
Schrodinger equations mentioned below.

18.3 Navier-Stokes evolutions

We now consider the most basic time-dependent self-dual Lagrangians L(z,x,p) =
o(t,x) + ¢*(t,—p), where for each ¢ the function x — ¢(z,x) is convex and lower
semicontinuous on X. Let now ¥ : H — RU {00} be another convex lower semi-
continuous function that is bounded from below and such that 0 € Dom(y), and set
£(a,b) = y(a)+ w*(—b). The above principle then yields that if for some C;,C, > 0
we have

C1(||x|\€§ —1) < [ o(t,x(t))dt < C2(||xH€§ +1) forall x € LY,

then for every regular map A satisfying (18.17) and either condition (A) or (B) in
Theorem 18.1, the infimum of the functional

I(x) = /OT [@(t,x(1)) + @7 (1, (1) — Ax(2)) + (Ax(1),x(¢))] dr

x(0)+x(T) )

> (18.46)

+Y(x(0) —x(T)) + v (-

on Z, 4 is zero and is attained at a solution x(r) of the equation
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{x(t) —Ax(t) € do(r,x(r)) foralls € [0,7]
—XOT € 9y (x(0) —x(T)).

As noted before, the boundary condition above is quite general and includes as a
particular case the more traditional ones such as initial-value problems, periodic
and antiperiodic orbits. It suffices to choose £(a,b) = y(a) + w*(b) accordingly.

o For the initial boundary condition x(0) = x for a given xo € H, we choose y(x) =

2l = x,xo).
e For periodic solutions x(0) = x(T'), ¥ is chosen as

W(X)Z{O =0

+oo elsewhere.

e For antiperiodic solutions x(0) = —x(T'), it suffices to choose y(x) = 0 for each
xE€H.

As a consequence of the above theorem, we provide a variational resolution to evo-
lution equations involving nonlinear operators such as the Navier-Stokes equation
with various time-boundary conditions,

%+(u~V)u+f:aAu7Vp on Q,
divu =0 on [0,7] x Q, (18.47)
u=0 on [0,T] x €,

where Q is a smooth domain of R”, f € L2.([0,T]), a > 0.
Indeed, setting X = {u € Hé (Q;R");divv =0} and H = L*(Q), we write the
problem above in the form

Ju _
{az+A”€ dP(t,u) (18.48)

u(0)+u(T
02D € —y(u(0) - u(T)),
where y is a convex lower semicontinuous function on H, while the functional &

and the nonlinear operator A are defined by

<1>(z,u):%fgzikzl(%)zdw<u,f(z,x)> and  Au:=(u-V)u. (18.49)

Xk

Note that A : X — X™ is regular as long as the dimension N < 4. On the other hand,
when A lifts to path space, we have the following lemma.

Lemma 18.4. With the above notation, we have
1. If N = 2, then the operator A : %22 — Lf(* is regular.

4
2. If N = 3, then the operator A is regular from ‘%L% — Ly. as well as from the

4
space Z, 4 NL=(0,T;H) to Lg..
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Proof. First note that the three embeddings 25 » C L,zi, X4 C L,Z,, and 2, 4 C L,zi
are compact. ’ ’
Assuming first that N = 3, let " — u weakly in 3&”4_%, and fix v e C1([0,T] x Q).

We have that

T n T 3 nau;l T 3 navj n
Au",v :/ /2- _u—vdxdt:—/ /E- _up=—u"dx.
/0 < ) o Jo KTk gy 0 Jo Rk g

Therefore

3v/ W — 8,-
‘/ (Au" — Au,v ‘ = ‘E]k 1/ / k&x Bxkuj)dth’
< Pl om0 Z/ /‘uﬁu;@—ukuj|dxdt.(18.50)
jk=1 0 Q

Also

T T T
/ / |upu'; — wuj| dxdt §/ / \uZu;?—uku;?\dde—/ / |t} — wpuj| dxdt
0 JQ 0 JQ 0 JQ

< Nl =l + el ) — w5, — 0.

Moreover, we have for N = 3 the following standard estimate (see for example
[156]):

1 3
1A |[x» < clu|Z]u"]2- (18.51)

Since 2, 4 € C(0,T;H) is continuous, we obtain
)3

1 3 1
[AW"]| 4 <clu "l SCIIM"IIEQ%IIM

"eqo.om I |

Y (18.52)

X *

4
from which we conclude that Au” is a bounded sequence in L;*, and therefore the
weak convergence of (Au",v) to (Au,v) holds for each v € LY.

Now, since 222 C C(0,T;H) is also continuous, the same argument works for
N =2, the only difference being that we have the following estimate, which is better
than (18.51):

AL |x+ < clu"|g||u"]|x- (18.53)

4
To consider the case A : ,%”2 4 NL*(0,T;H) — Li,*, we note that relations (18.50)
and (18.51) still hold if u, — u weakly in 3&”2% We also have estimate (18.51).

Howeyver, unlike the above, one cannot deduce (18.52) since we do not necessarily
have a continuous embedding from 5&’2% C C(0,T;H). However, if (u,) is also

assumed to be bounded in L= (0,T; H), then we get from (18.51) the estimate
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3
| (18.54)

1
[[Au"| 4 §C|”n|L2°°(0,T;H 3

L,
. . i
which ensures the boundedness of Au" in Lg..

Corollary 18.1. Assuming N = 2, f in L%.([0,T]), and that { is a self-dual La-
grangian on H X H that is bounded from below, then the infimum of the functional

I(u) = /OT [®(t,u) + ® (1, it — (- V)] i+ (u(0) — u(T), M)

on %55 is zero and is attained at a solution u of (18.47) that satisfies the following
time-boundary condition:

—_— € 8£(u(0)—u(T)). (18.55)
Moreover, u verifies the following “energy identity”: For every t € [0,T],

()7 +2 Jo [@ (0 u()) + @* (1, —i(t) — (u- V)u(t))] dr = [lu(0)[7-  (18.56)

In particular, with appropriate choices for the boundary Lagrangian £, the solution
u can be chosen to verify either of the following boundary conditions:

e an initial-value problem: u(0) = uy where ug is a given function in X;
e a periodic orbit : u(0) = u(T);
e an antiperiodic orbit : u(0) = —u(T).

Proof. By Lemma 18.4, one can verify that the operator A : 25, — L)z(* satisfies
condition (18.17) and (A) of Theorem 18.1. Therefore, the infimum of the functional

I(u) = /OT [D(0,u(0))+ D" (1, ~(0) (- V(1)) i+ ((0) ~u(T), M)

on %5 5 is zero and is attained at a solution u(¢) of (18.47).
However, in the 3-dimensional case, we have to settle for the following result.

Corollary 18.2. Assume N =3, f in L%.([0,T]), and consider ¢ to be a self-dual
Lagrangian on H x H that is now coercive in both variables. Then, there exists
ue, 4 such that

I(u) = /OT [®(t,u)+ D" (1, —ti— (u-V)u)) dt +€<u(0) —u(T), M) <0,

and u is a weak solution of (18.47) that satisfies the time-boundary condition
(18.55). Moreover, u verifies the “energy inequality”

W@/f [B(t,u(t)) + D" (1, —alt) — (u- V)u(t))] dt < H”(g)”%’. (18.57)
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In particular, with appropriate choices for the boundary Lagrangian {, the solution
u will verify either one of the following boundary conditions:

o an initial-value problem: u(0) = uy.

e a periodicity condition of the form u(0) = éu(T) for any given d with —1 < § <
1.

Proof. We start by considering the functional on the space 2, 4.
'3

u(O)—i—u(T))’

T
zg(u)::/o [0, + D (1, — (V)] - (w(0) —u(T), ==

where @ (t,u) = ®(t,u) + £||ul|}. In view of the preceding lemma, the operator
Au:= (u-V)u and &, satisfy all properties of Theorem 18.1. In particular, we have

the estimate
3/2

| Au||x+ §c|u|}{/2Hu||X for every u € X. (18.58)

It follows from Theorem 18.1 that there exists ue € %”4% with I (ug) = 0. This
implies that

8u£ + (ug - V)ue + f(t,x) = aAug +div(e||ug||*Vug) — Vpe  on[0,T] x Q,
divie =0 on [0,T] x Q,
ue =0 on [0,T] x dQ, (18.59)
—teO@Fue@) & F0(ug (0) — ue(T)).

Now, we show that (u¢)e is bounded in 25 4/3. Indeed, multiply (18.59) by u, to
get

d Jue(0)]?

ST L e )]+ ellue ()1 = (F0)e(0)) < lue(t) + 27Ol

so that

dlu:0)> « 2
AW ez +elacly < 17O (1860)

Integrating (18.60) over [0,s], (s < T), we obtain

|”£(S)|2 ""s

> + 2 [l +e [ el <2 @)1k asen

On the other hand, it follows from (18.59) that £(u¢(0) — ug(T), —"e@treT)y —

2
M M . Considering this together with (18.61) with s = T, we get

ue(0) +ue (T o (T
Z(ME(O)_MS(T%M)—’_E/O llue |5 dt +3foT||”8||§(dt

<2 (M3
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Since ¢ is bounded from below and is coercive in both variables, it follows from the
above that (ue)e is bounded in L%, that (ug(T))e and (ue(0))e are bounded in H,
and that € fOT l|lue(2)||* is also bounded. It also follows from (18.61) coupled with
the boundedness of (ug(0))e that ue is bounded in L*(0,7T;H). Estimate (18.58)
combined with the boundedness of (ug)e in L=(0,T;H) N L% implies that (Aug)e is

bounded in L?(/ 3. We also have the estimate

|otAue +div(£||u8||2Vu£)‘

xo < el +llue’,

which implies that 0tAue +div(€||ue ||*Vue ) is bounded in L?(/f.
It also follows from (18.59) that for each v € Lj‘( we have

"o sar— [ iaa v £,x) +di Vi), v)dr.(18.62
/O<W,v> _/0 (aAug — (ug - V)ug — f(t,x) + 1v(8|\u8|| ug),v)dt.(18.62)

Since the right-hand side is uniformly bounded with respect to €, so is the left-hand

side, which implies that % is bounded in L;/S. Therefore, there exists u € %”274 /3

such that

ue — u  weakly in L%, (18.63)
P) P)
% N % weakly in LY/>, (18.64)
div (g]|ue | *Vite) = 0 weakly in Ly, (18.65)
ug(0) — u(0) weakly in H, (18.66)
ug(T) — u(T) weaklyin H. (18.67)

Letting € approach zero in (18.62), it follows from (18.63)-(18.67) that
T du T
/ <E,v>dt:/ (—(u-V)u— f(t,x) + cAu,v) dr. (18.68)
0 0

Also it follows from (18.66), (18.67) and (18.59), and the fact that d¢ is monotone,
that

_M egﬁ(u(O)—u(T)). (18.69)

(18.68) and (18.69) yield that u is a weak solution of

%t (u-V)u+ f(t,x) = @Au—Vp on[0,T] x 2,
divu =0 on [0,T] x Q,
u=0 on [0,T] x 02,
ORI & Je(u(0) — u(T)).

(18.70)
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Now we prove inequality (18.57). Since I (ug) = 0, a standard argument (see the
proof of Theorem 18.1) yields that I(«) < liminfg I; (ue ) = 0, thereby giving that

Le(u): = /OT [(1,u(t)) + @ (1, —i(t) — (- V)u(t))) dt
+0(u(0) fu(T),M)
<0.

On the other hand, it follows from (18.69) that

u u u 2 u )
e(u(o)—u(r),, (o); (T)):\ (g)l N (g)l '

This together with the above inequality gives

u 2 u 2
[w)” (§)| +/0T [D(t,u(t)) + P (r,—u(t) — (u-V)u(t))] dtg‘ (g)l .

Corollary 18.3. In dimension N = 3, there exists, for any given & with |6| < 1, a
weak solution of the equation

%+(”'V)M+f(f,x) aAu—Vp on[0,T] x Q,

divu =0 on [0,T] x Q,
u=20 on [0,7] x 0,
u(0) = ou(T).

Proof. For each
delta with |8| < 1, there exists A > 0 such that 6 = ﬁ—;_i Now consider ¢(a,b) =

() + w5 (b), where y (a) = §al.

Example 18.1. Navier-Stokes evolutions driven by their boundary

We now consider the evolution equation

P4 (u-Vyut f=aAu—Vp on[0,T]x Q
divu =0 on [0,7] x £,
u(t,x) = u’(x) on [0,7] x 99,
u(0,x) = ou(T,x) onL,

(18.71)

where [,,u’ndo =0, o >0, and f € L%.. Assuming that u® € H*?(9Q) and
that dQ is connected, Hopf’s extension theorem again yields the existence of 0 €
H?(£) such that v* = u° on 9Q, div1® = 0, and

P
Jo Bzt ujdx < e|ul|} forallu e V, (18.72)
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where V ={u € H'(Q;R");divu = 0}. Setting v =u+ 19, solving equation (18.71)
reduces to finding a solution in the path space 2>, corresponding to the Banach
space X = {u € H}(Q;R");divv = 0} and the Hilbert space H = L*(Q) for

@+(u-V)u+(v°-V)u+(u~V)v0 € —9P(u) (18.73)

ot
u(0) — 8u(T) = (6 — 1)WY,

( du;

where ®(t,u) = % [ X3 Wk)zd)H- (g,u) and

Jk=1
gi=f—am’+ (- vplelb..
In other words, this is an equation of the form

%"‘AHE —0P(t,u), (18.74)

where Au := (u-V)u+ (v0-V)u+ (u- V)W is the nonlinear regular operator for
N=2orN =3.

Now recalling the fact that the component Bu := (0 - V)u is skew-symmetric, it
follows from Hopf’s estimate that

Cllully > @(t,u) + (Au,u) > (0 —€)||u|® + (g,u) forallu € X.
As in Corollary 18.2, we have the following.

Corollary 18.4. Assume N = 3 and consider { to be a self-dual Lagrangian on H x
H that is coercive in both variables. Then, there exists u € .%”2 4 such that

T
I(u) = /0 [D(t,u(r) + D" (r,—ii(t) — Au(t)) + (u(t), Au(r))] dt
u(0)+u(T)
+e(u(0) —u(T), _f)
<0,
and u is a weak solution of (18.71).
To obtain the boundary condition given in (18.73) that is u(0) — Su(T) = (8 — 1)»°,

consider £(a,b) = y; (a) + y; (—b), where § = %—;i and y) (a) = %|a\2 —4{a,»0).

Example 18.2. An equation in magneto-hydrodynamics

Let Q be an open bounded domain of RY, and let n be the unit outward normal on
its boundary I". Consider the evolution equation for the pair (V, B)
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Wt (v VIV = AV —S(B-V)B+Y (P+35) = g(x) on @,
%?—F(V-V)B—i—ﬁcurl (curl B)—(B-V)V =0on Q,

div(V) =0,

div(B) = 0, (18.75)

V(t,x) =0onT,
B-n=0onI,

curl Bxn=0onI",
with the initial conditions
V(x,0) = Vp(x) and B(x,0) = By(x) forx e Q,

where R,,R,,;, and S are positive constants. We define an appropriate Banach space
X =X; xX; as

Xi = {U € Hy(2)"; div(U) = 0},

X, = {BeH'(Q)";div(B)=0,B-n=00nT},

where

S/ OVy dVs }
v = T (G52 Wl =
1
(B1,Ba)x, = (curl (By),curl (B2)), |Blx, = (B,B)g,,
are the scalar products and norms on X; and X, respectively. The scalar product on
H :=L*(Q)N will be denoted by (, ).
It is known [157] that the norm || ||x, is equivalent to that induced by H'(Q),

and we equip the space X with the following scalar product (resp., norm): For a pair
u; = (Vi,Bi) GX, 1= 172,

1
(ur,u2)x = (Vi,V2)x, +S(B1,B2)y, and ||ul| = {(u1,u2)}¢.
We define on X x X x X a trilinear form
b(uy,uz,u3) = by (V1,V2,V3) — Sb{(B1,B2,V3) + Sb1 (V1,B2,B3) — Sbi (B1,V2,B3),

where
- [ 9y
bi(o,y,0) = Z/ Qi ~Bidx, Vo.y,0€X,
Q=172  OXi

in such a way that
bi(o,y,¥)=0 Vo,yeX.

Define the bilinear form
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B:XxX—X*
(B(u,u),v) :b(u,mv),

and set § = (g) € L*(Q)N x L2(Q)V. Equation (18.75) can then be written as

d
Yy Bu)— fe—ad(u)
dt
in V, where B(u) = B(u,u) is a regular map on 27, and @ : X — R is the convex
energy functional defined on L% by

IV
8xj

by

1 2
P (u) =P((V,B)) = / dx+ %/ |curl B|? dx.
Q=1 mJQ

2R,

Using Theorem 18.1, one can prove the following existence result.

Theorem 18.2. Suppose N =2, § € L*(Q)N x L*>(2)N, and (Vo,By) € X. The infi-
mum of the functional

I(u) = /OT {@(u(t)) + P <—21: —B(u)-i—g) + <§,u>} dt
+/Q {; <|V(O,x)|2+ |B(0,x)>+ yV(x,T)|2+ |B(x,T)|2)} dx
+/Q {IVo(x)* + |Bo(x)[* = 2V (0,x) - Vo (x) — 2B(0,x) - B (x) } dx

on 2> is then equal to zero and is attained at a solution of the problem (18.75).

18.4 Schrodinger evolutions

Consider the nonlinear Schrédinger equation
i+ Au—|u) "'u=—idL(t,u)  (t,x) €[0,T] x Q, (18.76)

where Q is a bounded domain in R and L is a time-dependent self-dual Lagrangian
on [0,7] x H} () x H~1(L). Equation (18.76) can be rewritten as

us+Au=—0dL(t,u) (t,x) €[0,T] x £,

where Au = —iA +i|u|"~'u. We can then deduce the following existence result.

Theorem 18.3. Suppose 1 <r < % Let p = 2r, and assume that L satisfies

—C < [y L(t,u(r),0)dr < C(1+ ||u||22l ) for every u € LZ(; [0,7), (18.77)
0



18.4 Schrodinger evolutions 341
(OL(u), —Au+ |u|"~'u) > 0 for each u € H*(Q). (18.78)

Let ug € H*(R) and ((a,b) = 1||al|}; — (a,u0) + ||b — uo ||} The functional

_ [ ; u(T) +u(0)
then attains its minimum at v € 2, 4 in such a way that I(v) = elr“lff I(u) =0 and
UELpq
{v(;) —iAV(r) +ilv(0)) () = —aL(t (1)), (18.50)
v(0) = up. :

Proof. Let X = H}(Q) and H = L*(Q). Taking into account Theorem 18.1, we
just need to verify conditions (18.17) and (A) and prove that I satisfies the self-dual
Palais-Smale condition on 2, ;. Condition (A) follows from the fact that (Au,u) =
0. To prove (18.17), note that

w1 = 1= At g < | = Al +Cll ™ o
= g +Clll

Since p > 2, we have gr < 2r < % It follows from the Sobolev inequality and the
above that
[Aullgg1 < [l gy +Clleel

from which we obtain

).

< rr r )

1Aullpg =< IIMHLzé +Cllulyr, < Cllulle  +ullzy,
0 0 0

To show that I satisfies the self-dual Palais-Smale condition on Z), 4, we assume

that u,, is a sequence in 2, and &, — 0 are such that

{ —tiy + iAty — i[un |ty = — & |utn]|P "> Atty + L (1), (18.81)

u, (0) = up.
Since up € H*>(Q), it is standard that at least u,, € H>(£2). Now multiply both sides

of the above equation by Au, () — |u,(¢)|"~'u,(¢), and taking into account (12.37)
we have

(i (1), —Aun (1) + |un(t)|’_1un(t)> <0,

from which we obtain
1

1 2 1 r+1 1 2 r+1
EHun(l)HHg + m””n(I)H < E”M(O)“HS + m””(o)ﬂ )

which, once combined with (18.81), gives the boundedness of (u,), in Zpq
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Example 18.3. Initial-value Schrodinger evolutions

Here are two typical examples of self-dual Lagrangians satisfying the assumptions
of the preceding Theorem:

o L(u,p)=¢@(u)+ ¢@*(p), where ¢ = 0. This leads to a solution of

{ (1) + Au(t) — u(t)l";t(%) - 20 (18.82)

e L(u,p)=¢(u)+¢*(a-Vu+p), where ¢(u) = 1 [, |Vu|>dxand ais a divergence-
free vector field on Q with compact support. In this case, we have a solution for

{m(t) +Au(t) — |u(t)|"u(t) = ia- Vu+idu(t), (18.83)

u(0) = up.

18.5 Noncoercive nonlinear evolutions

We now assume that there is a symmetric linear duality map D between X and X*.

Theorem 18.4. Let (S;),cr be a Co-unitary group of operators associated to a skew-
adjoint operator A on the Hilbert space X*, and let S, := D~'§,D be the correspond-
ing group on X. For p > 1 and q = %, assume that A 1 Zp, 4 — L?(* is a regular
map such that for some nondecreasing continuous real function w and 0 < k < 1 it
satisfies

||AStx||L;1(* < k||x||L;1(* + W(||x||L§)f0r everyx € X, 4 (18.84)

and
U()T (Ax(1),x(1))dt| < w(||xHL§)f0r everyx € Zp 4. (18.85)

Let ¢ be a self-dual Lagrangian on H X H that is bounded below with 0 € Dom(¢),
and let L be a time-dependent self-dual Lagrangian on [0,T] x X x X* such that for
some C > 0 andr > 1, we have

—C < ) L(t,u(t),0)dr <C(1+ |ull7) for every u € LY. (18.86)
X

Assume that the functional

T
(u) = / [L(t,S,m S — ASu) + (AS,u,Sm)] dt
0

+0(u(0) —u(T),—M)

satisfies the self-dual Palais-Smale condition on X, 4. Then, it attains its minimum
atu € Zp 4 in such a way that
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I(u) = inf I(w)=0.

[2
weLp.q

Moreover; if S; = §; on X, then v(t) = S;u(t) is a solution of

{ V{e)  Av(t) +¥(t) € ~IL(1,v(0)). 1887

M € —dL(v(0) = S(_7yv(T)).

Proof. Define the nonlinear map I" : 2}, , — L%. by I'(u) = S;AS,(u). This map
is also regular in view of the regularity of A. It follows from Remark 3.3 that the
self-dual Lagrangian Lg also satisfies (18.16). It remains to show that I" satisfies
conditions (18.17) and (A) of Theorem 18.1. Indeed, for x € £, 4, we have

ITxlg, = IS/ ASxlg, = Sl g, < Kllg +w(lidlg) — (1888)

and

[ xoyar] = | [ (A0, 5o ]| < wlsinlg) = wilielig)

This means that all the hypotheses in Theorem 18.1 are satisfied. Hence, there exists
u € %4 such that I(u) = 0 and as in the proof of Theorem 10.1, v(r) = S;u(r) is a
solution of (18.87).

Example 18.4. Variational resolution for a fluid driven by —iA?

Consider the problem of finding “periodic-type” solutions for the following equation

at—l—(u V)u—iA’u+f = aAu—Vp onQ CR",
divu =0 onQ, (18.89)
u=0 ondQ,

where u = (uy,us) and iA%u = (Auy, —A%u;) with
Dom(iA%) = {u € H} (Q);Au € H} (2) andu = Au=0on dQ}.

Theorem 18.5. Let (S;),;cr be the Co—unitary group of operators associated to the
skew-adjoint operator iA%. Assuming N =2, f in L%.([0,T]), and that { is a self-
dual Lagrangian on H x H that is bounded from below, then the infimum of the
Sfunctional

u(0) +u(T)>

T
I(u):/o (D (0,81 + D7 (1, =Sy — $; AS,w)] i+ ((0) —u(T), - .

on £ 7 is zero and is attained at u(t) in such a way that v(t) = Syu(t) is a solution
of (18.89) that satisfies the following time-boundary condition:
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————————— € (v(0) = S_p(T)). (18.90)

Moreover, u verifies the following “energy identity”: For everyt € [0,T],
lu(@)||7;+2 fo [P(s,Ssu) + D* (5, —Ssii — S ASu) | ds = [[u(0)[|F.  (18.91)

In particular, with appropriate choices for the boundary Lagrangian ¢, the solution
v can be chosen to verify one of the following boundary conditions:

e an initial-value problem: v(0) = vy, where v is a given function in H;
e a periodic orbit: v(0) = S_p\v(T);
e an antiperiodic orbit: v(0) = =S _pv(T).

Proof. The duality map between X and X* is D = —A and is therefore linear and
symmetric. Also, we have S; = et a? and therefore S;D = DS;. Now the result follows
from Theorem 18.4.

Exercises 18.A.

1. Show that the norm ||u| = ||curl(x)|| is equivalent to the H'-norm on H'(Q;R?).

2. Show that the operator A defined in Example 18.2, is indeed regular.

3. Complete the proof of Theorem 18.75, and investigate whether it can be extended to higher
dimensions.

Further comments

The existence of weak solutions for the Navier-Stokes evolutions is of course well
known (see for example Leray [85], Masuda [94], or the books of Temam [156]
and [157]). Our approach — developed in [65] — is new since it is variational, and it
applies to many other nonlinear evolutions. What is remarkable is that, in dimension
2 (resp., dimension 3), it gives Leray solutions that satisfy the energy identity (resp.,
inequality), which appears like another manifestation of the concept of self-duality
in the context of evolution equations.
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