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Abstract. An automatic and local fairing algorithm for bicubic B-
spline surfaces is proposed. A local fairness criterion selects the knot,
where the spline surface has to be faired. A fairing step is than applied,
which locally modifies the control net by a constrained least-squares
approximation. It consists of increasing locally the smoothness of the
surface from C? to C3. Some extensions of this method are also pre-
sented, which show how to build further methods by the same basic

fairing principle.

1. INTRODUCTION

The problem of fairness is of central importance during the design process of free form
surfaces. Interpolating or approximating some data sets, the surface scheme has to reflect
the geometric shape implied by the data set and should produce wvisual pleasing surfaces.
This means that fairing is a post-processing step which applies to a given surface.

Another technique for producing smooth surfaces is known as variational design. The
fairness criterion is here already incorporated in the design process. An optimization
process uses the degrees of freedom of the surface geometry in order to minimize some
energy integral.

There is no unique mathematical criterion measuring the fairness of a given surface
because it is the designers subjective decision to accept a surface as fair enough or not.
Nevertheless, most existing fairing methods for curves and surfaces deal with physically
based fairness criteria, like minimal energy. They proved to be excellent criteria for produc-
ing smooth surfaces. For some early papers using these criteria see [22, 24, 25, 11]. Other

criteria which are based on surface areas were proposed by [27]. Aesthetic criteria based
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on the light reflection behaviour of a surface are the best in translating the intuitive notion
of fairness that the designer has. Special light lines, like reflection lines [19], isophotes [26]
or highlight lines [1] are drawn on the surface and visualize shape imperfections [14].

The following fairing method applies to bicubic tensor product B-spline surfaces.
Those are often used in geometric modeling due to their well known advantages which
result basicly from the local support of the basis splines and their dependence on the
knots. To start the description of the present method, Section 2 first recalls two related
works, which influenced the fairing method presented then in Section 3 and 4. In addition
to this, Section 5 gives some alternatives to the algorithm, i.e. it shows how to construct
further fairing methods which are always based on the same fairing idea. This paper finally
presents some results and ends with practical considerations.

2. RELATED WORK
Plenty of papers in the CAGD literature deal with fairing curves and surfaces. A fair

surface can be obtained by two different ways. The first one consists of modeling surfaces
with fairness constraints: A linearized physical based fairness criterion (i.e. minimal
bending energy of torsion and flexure, minimal jerk, etc) is incorporated in the interpolation
or approximation method. For more details see e.g. [12, 13, 3]. Non-linear methods for
constrained surface modeling can be found in [20, 8, 23, 9]. The other way to obtain fair
surfaces is to apply a post-processing fairing method to a given surface [18, 4, 10, 15].
Due to digitization errors, surface imperfections can occur and need to be faired. We will
use isophotes [26] as tool for visualizing those unwanted surface wiggles.

The fairing method presented in Section 3, will be at the time an automatic, local
and effictent method. The execution time of the algorithm should be reasonably short.
Even for objects with hundreds or more control points this is the crucial point for most
existing methods. Locality is also very important in the sense that a surface which needs
to be faired only in a small region doesn’t have to change its shape everywhere. The basic
fairing criterion we use, aims to decrease the sum of the C*-discontinuities at the junction
points of the surface patches. Two curve fairing methods mainly influenced the present

worlk.

Kjellander’s method for cubic Ferguson splines

Each segment of a cubic Ferguson spline z is uniquely determined by Hermite interpolating
the positions p; = «(t;), piy1 = x(tit1), and the tangent input «'(¢;), 2'(¢;41) at its end
points z;, x;y1. Kjellander [17] states that the energy of a physical spline is decreased
by decreasing shear forces applied to it. This is achieved by decreasing the difference in
the third derivatives on both sides of a data point. A specified data point py is therefore
moved into a “better” position in order to make the difference equal zero. Recalculation
of the tangent input is necessary to stay in the class of C? curves, but unfortunately, this

leads to a global algorithm. Nevertheless, each iteration usually gives a fairer curve.
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A generalization to piecewise bicubic tensor product (Hermite) surfaces is also due
to Kjellander [18]. Decreasing the sum of the difference in the third derivatives of the
two space curves at the junction point of four patches by moving it into a better position

decreases the physical spline energy. Here again, it is a global fairing method.

Farin et al.’s method for cubic B-spline curves

Based on Kjellander’s fairness criterion Farin et al. [7] propose a local algorithm where
in each fairing step only a small number of control points is involved. They use a knot-
removal-reinsertion step at the most offending inner knot ¢*. The B-spline curve becomes
momentarily C3-continuous at ¢*. The same procedure is than applied to another knot.
The iteration continues while the global fairness measure (sum of third discontinuities at
all inner knots) decreases. Knot removal [21, 28, 6] is in general not the inverse operation
of knot insertion [2]. The resulting curve is therefore an approximation which differs from

the original one in at least one control point.

The idea of using knot removal for decreasing the sum of C*-discontinuities over the
curve is difficult to generalize to surfaces. Knot removal of surface knots doesn’t make
the surface C3-continuous at those points. Furthermore, the fairing step is not local any
longer because whole rows (or columns) of control points are involved when removing one

knot of the surface.

The fairing method we propose, although based on the ideas behind Kjellander and
Farin’s methods, consists of a fairing step which is better appropriated for surfaces and
has the desired quality to be local. The basic fairing principle will be described in the next

sections. Later, some extensions will be presented in Section 5.

3. THE BASIC FAIRING METHOD

Some notations and properties of bicubic B-spline surfaces that will be useful for the

next chapters are briefly reviewed first. Given the positive integers n,m > 3 and v =

(ui)?:""é, v = (vj)‘?ﬂ‘:"%‘l two sequences of real numbers with u; < w44 and v; < vjq4
(1.,j = 0,...,n,m), the B-spline basis functions associated with the knot vector u are

denoted by (N;4.4)iy (or simply by N;4) and are assumed to be normalized to sum to

one. The same holds for (Nj747v)"77”‘:0. A parametric tensor product B-spline surface X in

IR? of order (4,4) is then defined by

X(u,v) =YY dijNia(u)N;a(v),  (u,0) € Q= [ug, uny] ¥ [v3,0m11] (1)

i=0 j=0
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Figure 1: illustration of the bicubic B-spline notations for n =4, m = 3

where the coefficients d;; € R® form the control net, Figure 1. The knots uy, ..., tn,
Vyg,...,0p are called interior knots and are supposed to be of multiplicity one for the
following considerations. Let I C ZZ* be the index set for the knot pairs (ug,vr) of the
interior knots, (k,1) € I ={(4,4),(4,5),...,...,(n,m)}. Let us call those knots free inner
knots, because they will be possible candidates for the fairing process. A bicubic B-spline
surface is a composite of (n — 2)(m — 2) polynomial surface patches of bi-degree 3 which
are joining each other at least C%-continuously at the knots. It is important to notice that
the local support property of the B-spline basis functions implies that each control point
has only a local influence: moving one control point d;; changes the surface only locally
for all (u,v) € [u;, uiqa] X [vj,v;44]. For more details about B-splines, see [5, 29].

3.1 The fairing principle

For the development of the fairing method we need first some quantitative measures of
fairness. The fairing principle refers to Kjellander’s beam model (Section 2) for surfaces

[18]. In terms of bicubic B-spline surfaces it can be resumed as follows:

Fairing principle 1: A B-spline surface X(u,v) of class C* is fairer at the knot (uy,v;),
(k,01) € I, if X is C? at (ug,vp).

This is a local criterion which applies only at one knot pair (ug,v;). A local fairing step
consists therefore in decreasing the sum of differences in third partial derivatives at the
knot (ug,v;). It implies also that fairing the whole surface means to decrease the sum of
its third order discontinuities at all interior knots of the surface. The formulas for those

local and global fairness measures will now be developed.

A surface X is C* at (u,v) if and only if all third order partial derivatives of X at
(u,v) are continuous. Let X v := % with (v + ¢ =3, v, € Ng) denote the third
order partial derivatives of X. Bicubic B-spline surfaces have the pleasant property, that

all mixed third order partial derivatives (i.e. Xyvou with v, > 1) are continuous on .

X (,0) = vt 0D S d Nigo ()N () 2)

=v j=p
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where dg}”“) is a linear combination of the control points d,s (i —v <r <, j—pu < s < j).
For details see [16]. This is due to the definition of the basis functions N; 4, and Nj4_,
resp., which are at least C° on [us, un11] and [vs, vpyy] esp., if v,p > 1 and v+ pu = 3
(= v<2and pu <2).

The sum of the difference of X 4, in u-direction and X,,, in v-direction at the interior
knot (ug,vy), (k,1) € I, is therefore the appropriate local fairness measure according to the
fairing principle 1. For simplification let us introduce the following discontinuity vectors:

Auuu(ukavl) L= quu(ulzavl) uuu U 7Ul)
3,0 3,0
=S N~ 3N )

=0

~
I
o

.

Avvv(ukavl) L= vav(ukavl_) - vav(ukavl—i_)

0,3 0,3
= ngl )1Nz,4(u ) — ngl )NzA(uk)
k—1 l
- 5%
i=k—3 j=1—4
with
ajj = ajj(ug,vr) and  Bi; = Bij(ur,vr).

In the case of equidistant interior knots (u;41 —u; = vj41 —v; = 1lfor 1,5 =3,...,n,m)
the value of the coefficients «;;, 3i; of Ayyy and Ayy, at (ug,v;) are shown schematically
in Figure 2 (for example: ap_yq -1 = —1/6, ar—31-1 = 2/3, ar—2,1-1 = —1, and so on).

The bullets o in the regular mesh in Figure 2 indicate the control points d;;, which are
involved in the calculation of Ayyy(tr, vr) and Ay (g, v7).

control net control net
R 213 - 1/
3/6 ° °
23 ¢l @B 213 ¢33 213
-1/6 L] -.1/6 [ ]
(] 4
83 ¢4 &3 | 1 gt g1 |
2/3 @ &3 L4
-1 -1
23 ¢t &3 I 23 oS3 @23
e ® LIt * 1-2
L4 176 ¢2/3 9716
1-3 1 -3
I-4 I-4
w3 k2 k-1 k w3 k2 k-1 k
k-4 k-4

Figure 2: coefficients and control points involved in the calculation of

Ayuu(tg,vr) (left) and Ayyy(uk,vi) (right) for uniform knots
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The local fairness measure Ly at the point (ug,v;) is defined as
Ly = HAUUU(ukvvl)Hz + HAUUU(ukvvl)Hz ) (kvl) €l. (4)

The 21 control points, which determine L; are shown schematically in Figure 3.

-1 e
-2
-3 { ]

°
o o0 0 O
o o o 0 0
= =
oo o

-4

k-4 k-3 k-2 k1 k

Figure 3: Control points involved in the calculation of Ly

The whole surface X can now be associated with the quantity

which implies that G x characterizes the global fairness measure.

Fairing principle 2: A surface X is fairer than Y if Gx < Gy.

3.2 The local fairing step

The strategy we adopt now in order to find a surface which decreases the fairness measure
G x includes two steps:

(a) perform a fairing step at the knot (uy,v;), where (k,l) € I : Ly = max;; L;j,
(b) update Gx and goto (a).

The smoothness of the surface increases at (uy,v;) from C? to C* (Lg; = 0), i.e. the third
order discontinuity vanishes at (ug, v;). The surface has now the highest possible continuity
at (ug,vr). Step (b) is straightforward to calculate with formula (5). Step (a) needs some
more explications. It contains the main step of the fairing process. We will refer to it as
local fairing step. After a fairing step at the knot (ug,v;) the local fairness measure Ly
has to be equal zero, which is equivalent to the two conditions:

Ayuu(tg,v;) =0 and  Aype(ug,v;) =0. (6)

21 (unknown) control points are involved in these two equations (see (3) and Figure 3).
There exists an infinite number of solutions to this problem. It is easy to understand
that the resulting surface X should deform the given surface X as less as possible, i.e. the

maximal distance between the two surfaces should be minimal. In terms of the L®-norm



| X — XHOO — min, this leads to a non-linear problem, which is not appropriate for a fairing
procedure. In order to get a fairing step which is as local as possible without restricting
the solution too much, we proceed as illustrated in Figure 4. The 12 ’furthest’ control
points (denoted by o in Figure 4) are kept fixed. We then use a classical least-squares
approximation with 2 linear constraints on the 9 remaining control points (denoted by e
in Figure 4).

! O O O O unchanged control point
-1 O o .d L ] O [ ] changed control point
-2 ON TR s Wee

-3 O e e e O

-4 o0 -0

kd k3 k2 ki K
Figure 4: The control points which are involved in the constrained

least-squares approximation (7)

The solution therefore consists of the 9 new control points d;j resulting from
k=1 1-1
Minimize F(di;) = » > |[ldij —di|*> subject to (6). (7)

i=k—3 j=1—3

The technique of Lagrange multipliers [30]
(I)(d;jv /\7/“L) = F(d;]) + /\(Auuu(ukv Ul)) + /“L(AUUU(UIW Ul)) — min (8)

leads to a (11,11)-linear system of equations

d
a—A =0 9 equations
adi]‘
d
g—/\ =0 1 equation (9)
0P .
— =10 1 equation.
op

To summarize, one (local) fairing step at the knot (ug,v;) consists of solving the system
of linear equations (9) in order to get a new surface X with Lg; = 0, i.e. a surface which
is C? at (ug,v;) after one fairing step.

Remark:  In the case of equidistant knots, the matrix of system (9) is independent of the

current knot under consideration. If ;11 — u; = vj41 —v; = 1, then the system is given
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2 4 4 [ r2dy_3 -1
P 6 16 || Dk—21-1 2di_.1_1

2 0 4 4 di—1,1-1 2111

9 16 —6 || di-3,1-2 2dy_31-9

2 —24 —-24 CAlk_27l_2 2dk—2,l—2
0 2 16 =6 || dj_y s | = |2dk-11-2 |,

i 2 46 146 dis s ;Zk_&l_?)

- ] k—2,1-3

2 4 4 Z’“‘“‘?) 2d_1.1_3

4 —6 4 16 —-24 16 4 —6 4 0 0 k=1,0-3 ¢

(4 16 4 —6 —24 —6 4 16 4 0 0 | : L ey

where

c1 = (dp—a—s+4dp—g 12+ dr—a 1 +dr -3 +4dp -2 +di1-1),

c; = (dp—31—a+4dr—o1—a+di—1 g +dp—31+4dr—2 1+ dr_1) .
Once the inverse of this matrix is calculated, each local fairing step remains to perform
one matrix-vector-multiplication in order to get the new 9 control points d;;. Notice, that
in the case of uniform B-splines, the constrained least-squares fitting has to be solved only

once for the first fairing step. All the following steps reduce to a simple matrix-vector-

multiplication, which is equivalent to an ezplicit solution for the local fairing step.

Remains to answer the choice of the knot pair (ug,v;) for the local fairing step. It is very
natural to fair the surface at the knot corresponding to the largest third order discontinuity,

because we can expect there the biggest fairing effect.

4. FAIRING B-SPLINE SURFACES

The fairness indicators, the local fairing step and the automatic choice of the offending

knot result in a completely automatic and local fairing algorithm, called

basic fairing algorithm

1. Calculate initial global measure G: (5)
2. WHILE (end condition = false) DO
(a) choose (uy,v), where (k,l) € I : Ly = max;; L;;: (4)
(b) apply local fairing step at (ug,v;): (7)-(9)
(¢) calculate new global measure G’
END.

A good condition to stop the algorithm is, when there is no more considerable improvement
of the global measure: |G/t! — G7| < e. Another possibility is to stop the algorithm, when
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GV increases for the first time. We think it is not a good choice, because it can stop the

iterations to early.

The following examples demonstrate the capacity and the limits of the proposed fairing
method. The isophote technique [26] is used as visual fairness indicator. Isophotes are very
sensitive to small surface imperfections. A fair surface is characterized by well behaved
isophotes. An Isophote is defined as a line of constant angle between the unit normal

vector IN and a given light direction vector L:
N(u,v)-L=c=const, ce€R. (10)

It is a first order interrogation tool, which is not reflecting the well behaved curvature.
Attention should be payed to the light direction which has to be chosen. Each light
direction gives different isophotes on the surface. Before qualifying a surface as fair enough
different isophotes should be tested.

Example 1:

Figure 6: Faired surface after 500 iterations

The first example is a surface where the control points were originally taken from a part of
the unit sphere and than some inner control points were slightly perturbed. The isophote

analysis of this surface (Figure 5) reflects the unwanted surface wiggles. The surface has
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15x15 control points, i.e. 11x 11 interior knots and is uniformly parametrized. The fairing
=0.78

to G'x,,;,0.0001. The mazimum relative distance between the initial (before fairing) and

algorithm with only 500 iterations decreases the global fairness measure from Gy, ,,
new control points (after fairing), 7 = max||d;; — d;jH/maX |ldi; — dki]|, amounts to
7 = 0.01 (mean relative distance: 0.001). The execution time of the algorithm for 500
iterations believes only to 0.3 s (SGI Octane). This is due to the uniform parametrization.
The matrix of the constrained least-squares approximation (9) doesn’t change during the
algorithm. Therefore this matrix has to be inversed only once in the beginning. Each
fairing step consists then only in a matrix-vector multiplication. The smoothness of the

resulting surface is very satisfying for this example, see Figure 6.

FErample 2: Also the second example shows the efficiency of the fairing method. The unfair
surface has 20 x20 control points, i.e. 16 x16 interior knots and a uniform parametrization,
see Figure 7.

Figure 8: Faired surface after 6000 iterations

6000 iteration (running time: 7 s) are needed to decrease the global fairness measure from
Gx
distance between the initial and new control points is equal to 7 = 0.006, i.e. 0.6% (mean
relative distance: 0.001).

init

= 108 to Gx,,;,, = 0.03. The result is shown in Figure 8. The maximum relative
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Erample 3:

Figure 9: The local fairing effect for one iteration

The local fairing effect of one fairing step is illustrated in Figure 9. The given surface (left)
has only one free interior knot (i.e. 5x5 control points). All control points are coplanar
except one in the middle of the surface. After one iteration the border control points keep
unchanged and the peak is flattened out.

5. EXTENSIONS TO THE FAIRING METHOD

5.1 1-point fairing step

The fairing step (7) of the basic algorithm consists of increasing the smoothness of a given
surface at one point X(uy,v;) from C? to C3. So let us call it one-point fairing step. 9
control points are involved in a constrained least-squares fitting. This can be seen as a
mask, which is applied to the 9 control points (see Figures 4 and 10):

1-point fairing mask :
C ?-’continuity at (u,v,)

! OO0
1 C e e e O
-2 O @ G O
3 O-® @ @ O
-4 OO0

k-4 k-3 k-2 k1 Kk

Figure 10: I-point fairing mask

Let us now introduce other fairing steps which enforce C3-continuity either
e at several points (patch corners) at the same time
and / or

e between adjacent surface patches.
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5.2 4-point fairing step

Applying the 1-point fairing step to four neighboring points simultaneously (see Figure 11)
means to enforce C*-continuity at 4 points (patch corners) simultaneously, i.e.
r=kk+1

s=11+1 (11)
Using a constrained least-squares approximation, the corresponding fairing step states as
follows:

Ayuu(tir,vs) =0  and  Aype(uy,vs) =0 for {

k l
Minimize F(di;)= Y > |/dij — dij|*> subject to (11), (12)
i=k—3 j=1-3

Whered;j (t=k-=3,...)k; j=1-3,.

8 linear constraints.

..,1 —3) are the 16 control points and (11) are the

4-point fairing mask :
C ?-’continuity

1+1 OO Q)

I Qe @ @ @ ()

I-1 O @ @@ @O
dk-Z.\-Z

-2 O @ G G @)

-3 O e e e @ O

-4 OO OO

k-4 k-3 k-2 k1 k k+l

Figure 11: 4-point fairing mask
5.3 1-segment fairing step

Another type of fairing mask is the extension of the fairing step to a curve segment.
The idea is to increase the smoothness of X between two adjacent patches, i.e. these two
patches will joint together C?(C®)-continuously across their common boundary curve.
This common boundary is determined by the parameter interval [ug_1,ug] for a fixed
parameter v;. Here again the C? condition is incorporated in a constrained least-squares
approximation. It can be illustrated as follows:

1-segment fairing mask : C3-continuity for (u,v,)

uelu,uf
l L e e J
-1 o o o o
2 o o &
-3 o o o o
-4 o © o o

k-4 k-3 k-2 k1 Kk

Figure 12: 1-segment fairing mask
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The third order partial derivatives (v-direction) left and right of the common curve segment
define two cubic curve segments:

Xoyool(u,v; ) ngol?))l]\f (u) u € [ug—1,ug,

(13)
X ppo(u vl ngol?))NM u € [ug—1,ug .

Each of them is determined by 4 control points: dgol’i)l for Xyyo(u,v, ) and dgol’?)) for
X yoo(u,v)"), where (i = k —4,..., k —1). These points need to be identical, i.e.

dY =dY =k k1, (14)

if one wants X,,, to be continuous for (u,v;), u € [ug—y,ug[. As C*-condition we have
therefore the 4 equations (14). These 4 constraints together with a least-squares approxi-
mation on the 20 control points d;j (t=Fk—4,....,k—=1,5=1-—4,...,1) which are involved
in equations (14), build the so-called 1I-segment fairing step.

k—1 l
Minimize F(di;)= Y > |[ldi; —dij||> subject to (14). (15)
=k

i=k—4 j=1—4

Its schematical description is shown in Figure 12.

5.4 4-segment fairing step

Now it is straightforward to extend this basic mask to more than one segment, e.g. four
segments. In this case four patches will join together C?(C°)-continuously in order to
form one polynomial surface patch. What basically happens can be seen in Figure 13.

4-segment fairing mask : C3-continuity for
(UV) € Jupg, U] x MgVl
l 0 @ Q@
-1 0 @ @ @@
-2 o o & o
-3 o ® 0 o ®
-4 o o o o o

k-4 k-3 k-2 k1 Kk

Figure 13: 4-segment fairing mask

It is a right and up shift of the basic 1-segment mask. The two crossing curve segments

correspond to the parameter intervals [v;_1, v;4 1| for a fixed parameter uy and [ug—1, wp41]

13



for a fixed parameter v;. The left and right third order partial derivatives are given by:
X;uu = quu uk7 ngj (i)]N ) (S [Ul—lva-l[

X = Xuwu(uf,v) = Zdi?;°>Nj,4<v> v € [y, v ]

J=0

(16)

Xpo 1= Xupoolu,v;) ngol?))lN (u) U E [up—1, Ug41]

X, = Xopwo(u, 0 ) = ng?l’?))NiA(u) U E [Up—1,Uf41] -

=0
The 10 linear constraints are therefore given by:
- + (3,0) (370) ~

Xowe = Xouu & d,”y,=dp7 for g=1-4,....1, an)
1

X, =X, & d§°,3>1_d<°3> for i=k—4,... k.

25 control points d;; (i =k —4,...,k, g =1—4,...,1) are involved in these 10 equations.
The least-squares approximation for this four-segment fairing step is therefore performed

on 25 control points with 10 linear constraints (Figure 13):

k l
Minimize F(di;)= Y > |ldi; —dij||> subject to (17). (18)
=k

i=k—4 j=1—4

This are only some possible examples of extensions, explaining the principle how to
build a C3-fairing step for bicubic B-spline surfaces. From now it is easy to construct
further fairing methods based on two basic fairing masks, the 1-point and the 1-segment
fairing masks. It is clear that more the C3-condition is strong, less the fairing step is local.
Let us define the “localness” L of a fairing step as the number of control points changed
by it:

- 1-point fairing step: £=9

- 4-point fairing step: £=16

- 1-segment fairing step: £=20
- 4-segment fairing step: £=25

Nevertheless, if the given surface has enough control points, the 4-segment method is also

quiet efficient.

FErample 4: Figure 14 shows a test surface similar to that from example 1, it has much

more control points: 25x25, which are perturbed a little more than in example 1. This
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is not a realistic fairing candidate, but illustrates in some sense the worst case a fairing

algorithm can meet.

Figure 14: Unfair surface with 525 control points

Figure 16: Faired surface with 4-segment fairing: 5000 iterations

We now compare the efficiency of the 1-point algorithm (Figure 15) and the 4-segment
algorithm (Figure 16) for this test surface. The 4-segment algorithm provides a better

result with the same number of iterations. This is due to the fact that the locality here is
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bigger (£ = 25 vs. £ = 9). More control points are involved in a fairing step which enforces
a regularity to the control points because of the C*-condition. Both algorithms decrease
= 6.5 to G%(fa” =1x107% and G%?fa” =5x107*

resp. And the maximum relative error between the new and initial control points is equal

the global fairness measure from Gyx;, .,
to 0.01. Running time for the 1-point algorithm on this example believes to 6.3 s, for the

4-point algorithm on this example it believes to 11.2 s.

If one applies up to 20.000 iterations with the 4-segment algorithm, one can decrease
the global measure down to G%?new = 9 x 10™°. But the isophotes don’t look better. This
is quite natural for this fairing method because only small surface imperfections can be

faired without changing the surface too much.

6. SUMMARY AND FINAL REMARKS

An automatic and local fairing method for bicubic B-spline surfaces has been presented.
The method is efficient for small surface imperfections as illustrated with various examples.
Further fairing methods were proposed, which can be seen as extensions of the main
method. The basic idea is to apply special masks on a subset of control points at each

fairing step. The fairing process then iteratively results in a fairer surface.

To close this paper the following remarks can be made:

Flexibility: The algorithm is flexible in the sense that different fairing steps can be applied.
The local fairing steps are based on a constrained least-squares fitting on a small number
of control points. They consist of enforcing the surface to be C? at some points or between
some patches. More the C3-condition is strong, more control points are involved in the
fairing step.

Tolerance control:  Another open point we didn’t mention until yet is the control of
tolerances. A given tolerance can be preserved a posterior: by allowing only steps which
keep the new surface X inside a prescribed tolerance. Probably the fairing result would be

poorer if the tolerance is too small bacause not all necessary fairing steps will be performed.

Smoothing some local surface region:  If 1t is desired to apply fairing only to a limited
region of the surface, this can easily be done by restricting the set of inner knots. The local
fairing steps are then applied only to the so-called free inner knots of J C I (see Figure
17). Sometimes it is necessary to maintain border positions and derivatives of the surface.
The algorithm should therefore not affect the two rows and columns of control points near
the border, i.e. two rows and columns of interior knots should be kept out of the fairing

process.
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Figure 17: Subset J of free inner knots
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