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REAL SECOND ORDER FREENESS
AND HAAR ORTHOGONAL MATRICES

JAMES A. MINGO®) AND MIHAI POPA™)®)

ABSTRACT. We demonstrate the asymptotic real second order free-
ness of Haar distributed orthogonal matrices and an independent
ensemble of random matrices. Our main result states that if we
have two independent ensembles of random matrices with a real
second order limit distribution and one of them is invariant under
conjugation by an orthogonal matrix, then the two ensembles are
asymptotically real second order free. This captures the known
examples of asymptotic real second order freeness introduced by
Redelmeier [Ry}, R3]

1. INTRODUCTION

The large N behaviour of random matrices has been actively studied
since Wigner’s celebrated semi-circle law was found in 1955, [W]. Sub-
sequently in 1967 Marchenko and Pastur found the limit distribution
for Wishart matrices [MPj], now called the Marchenko-Pastur distribu-
tion. The essential point of these discoveries is that for many ensembles
of random matrices the description of the distribution of the eigenval-
ues gets much simpler in the large N limit. Much subsequent work has
been devoted to expanding and refining this work, see for example the
recent book of Anderson, Guionnet, and Zeitouni [AGZ].

Another direction of research in random matrices deals with the in-
teraction of independent ensembles of random matrices. In this direc-
tion one studies the limit eigenvalue distribution of sums and products
of ensembles whose limit distributions are already known. The direc-
tion was discovered by Voiculescu in his work on free probability. In
[V1] and later in [V3], Voiculescu showed that independent ensembles
were asymptotically free if at least one was unitarily invariant. Re-
call that if two random variables are freely independent then there is
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a universal rule for finding the mixed moments from the moments of
the individual random variables. One does this either analytically by
using the R and S transform, see [VDN], or combinatorially using free
cumulants, see [NS].

In the last two decades the fluctuations of the eigenvalues have been
studied both in the physics and the mathematics literate, see e.g. [AZ,
BS, [FMP}, [J, K, KKP|. In [MN] it was shown that the fluctuations of
Wishart matrices could be analyzed using the non-crossing diagrams
introduced in [5], but by using an annulus instead of a disc or line,
see Figure[I] hence all the combinatorial techniques developed by Nica
and Speicher [NS] could be brought to bear on the study of fluctuations.
Thus motivated, second order freeness was introduced in [MS, MSs] and
later higher order freeness in [CMSS].

The point of second and higher order freeness is that it enables one
to do for fluctuation moment and higher order trace-moments what
Voiculesu’s first order freeness did for moments. In particular if two
random variables are second order free and one knows the moments
and the fluctuation moments of each variable then there is a universal
rule for finding fluctuation moments of sums and products, see [MST].

In |cMmSs, MN, MS, MSS| the random matrices considered were ei-
ther Hermitian or unitary. This left the question of how to deal with
real symmetric and orthogonal matrices. On the first order level the
techniques of Voiculescu were equally applicable to real and complex
ensembles. However it was shown in [Ry}, R3] that the universal rule
found in [MS] needed to be modified for the real case; in particular the
transpose of the various operators made an appearance. This led to a
new kind of second order freeness, called real second order freeness in
[Ril, R

The non-crossing diagrams introduced in [MN] had to augmented by
diagrams in which the orientation of one of the circles was reversed.
The operators on the reversed side get transposed. One can give a
heuristic interpretation of this using maps on surfaces, see [LZ]. In the
complex case we only work with orientable surfaces and in the real case
we also have to also deal with non-orientable surfaces. So we imagine
that our surfaces are marked our operators and the graphs tell us how
they get multiplied, see Figure Wherever we put an operator on
the front side of the surface, we put its transpose on the back. The
non-orientability of the surface means that we can cross from font to
back and see the transposed operators, something that we cannot do
in the complex case.

The main result of this paper, Theorem [54] asserts that if {4;}; and
{B;}, are independent ensembles of random matrices and if at least one
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of them is invariant under conjugation by an orthogonal matrix then
the ensembles are asymptotically real second order free. The proof of
this theorem occupies nearly the whole paper. This theorem is the
orthogonal version of a theorem in |[MSs], where we assumed that one
of the ensembles is invariant under conjugation by an unitary matrix.
While the statements of the two theorems are similar the proofs follow
quite different paths. In [MSs| the asymptotics of the cumulants of the
unitary Weingarten function, from [C], were heavily used. In this paper
we only need the multiplicitivity of the leading order of the orthogonal
Weingarten function, see [CS]. We work with centred elements and
this obviates the need to work with the cumulants of the Weingarten
function.

lllustrative examples. Let us conclude this introduction with some ex-
amples. Suppose that Ay, A, A3, A4 are d X d deterministic matrices
and O is a d x d Haar distributed random orthogonal matrix and U
be a d x d Haar distributed random unitary matrix. From [MSs Prop.
3.4] we have

E(Tr(UAU ' Ay)) = d* Tr(A;) Tr(A,) and
E(Tr(UAUAy)) = 0.
According to Proposition
E(Tr(0A;07 1 Ay)) = d™ ' Tr(A;) Tr(A,) and
E(Tr(0OA0Ay)) = d ' Tr(A; AL).
So we already see a bit a difference between the orthogonal and unitary
cases; namely the appearance of transposes in lower order terms. When

we consider covariances we see more differences. First in the unitary
case we have

COV(TI'(UAIUilAQ), TT(UA3U71A4))

= ) () T4 ()
d—2
t 1_d2 Tr(A;1A3) Tr(A2A4)
- 1f—d2 {Tr(A;As) Tr(Az) Tr(Ayg) + Tr(A;) Tr(AzAy) Tr(As)}

Now in the orthogonal case we have

(]_ + d_l— 2d_2) COV(TI‘(OAlO_lAQ), TI(OA30_1A4>>
= d_4{T1"(A1) TI‘(AQ) TI'(Ag) TI'(A4)
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£ Tr(Ay) Tr(4s) Tr(A5) Tr(AL)}
— d?{Tr(A,A3) Tr(Ay) Tr(Ay) + Tr(A; AL) Tr(Ay) Tr(AY)
+ Tr(A;) Tr(AyAy) Tr(As) + Tr(Ap) Tr(AxA%) Tr(A%)}
+ (d7% 4+ d ) {Tr(A1 Az) Tr(AgAy) + Tr(A; AL) Tr(AAY)}
—d 3 {Tr(AAL) Tr(AyAy) + Tr( Ay As) Tr(A AL}

Note the similarity to the unitary case except that each term of
leading order appears twice—once with no transposes and once with
transposes on Az and Ay. Moreover when the A;’s are centred, i.e.
Tr(A;) = 0, the only remaining terms are Tr(A;As) Tr(A2A4) and
Tr(A; AL) Tr(AzAL). These terms correspond to spoke diagrams which
are discussed in the next section, see Figure 2] By working with cen-
tred elements the number of terms is significantly reduced, it is in this
way that we can skip the calculations requiring the cumulants of the
Weingarten function.

The Organization of the Paper. In section[2]we review the definitions of
non-crossing partitions. In section [3| we use the Weingarten function of
[CS] to compute the trace of a product of orthogonal matrices and inde-
pendent random matrices. This is how the calculations in the examples
above were done. In section [d] we prove two important lemmas on a
special kind of non-crossing partition called a spoke diagram. These
are the only diagrams that survive in the large d limit. In section |5 we
recall the notions of second order freeness from [Ry, [Ry] and prove that
real second order freeness satisfies an associative law. In section [6] we
prove that Haar distributed orthogonal matrices and an independent
ensemble are first order free. That this could be done was already sug-
gested by Voiculescu in [Vi] some twenty years ago and was later proved
in [Cs, Thm. 5.2]. In section [7| we show that the fluctuation moments
of Haar distributed orthogonal matrices and an independent ensemble
of random matrices satisfy the universal rule required for second order
freeness. In section |8| we show that the third and higher cumulants of
traces of products of Haar distributed orthogonal matrices and an in-
dependent ensemble of random matrices satisty the final condition for
asymptotic real second order freeness. This completes the proof of their
asymptotic real second order freeness. In section [J] we use this result
to obtain all our other results on asymptotic real second order freeness.
In section we present some concluding remarks and indications of
future work.
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2. NON-CROSSING DIAGRAMS AND PAIRINGS

Central to the combinatorial approach to freeness is the idea of a non-
crossing partition. A partition of [n] is non-crossing is one in which the
blocks can be drawn in a non-crossing way; see the left half of Figure
[1] For second order freeness we need non-crossing annular partitions.
This means we can draw the blocks on an annulus in a non-crossing
way; see the right half of Figure[I] In the case of second order freeness
additional information about the partitions is needed, namely the order
in which they visit the points. For this reason we regard our partitions
as permutations by interpreting the blocks of the partition as cycles in
the cycle decomposition of the corresponding permutation.

Notation 1. For any integer n > 1, let [n] = {1,2,3,...,n}. Let P(n)
be the set of all partitions of [n]. For any partition 7 of [n] let #(m)
denote the number of blocks of 7, and |r| = n — # (7). The set P(n)
is a partially ordered set in which 7 < ¢ means every block of 7 is
contained in some block of o. With this order P(n) is partially ordered
set and is in fact a lattice. We denoted the join of two partitions 7 and
ocbynVo.

Given a permutation it can be difficult to decide if there is a non-
crossing way of drawing its cycles, however there is an algebraic way to
see if such a diagram exists. Let v = (1,...,m)(m+1,...,m+n) and
let m be a permutation of [m + n| and denote by (m,~) the subgroup
of S, generated by 7 and . If the subgroup (m,~) acts transitively on
[m + n] then we have that 7 is non-crossing if and only if

#(m) + (1) =m+n. (1)

Note that the condition that (m, ) act transitively is the same as re-
quiring that there is at least one cycle of 7 that contains points in both
cycles of 7. When this happen we shall say that 7 connects the cycles
of v

We can extend this to the case of 4 having any number of cycles.
Let m and v be permutations of [n]. Let k& be the number of orbits of
(m,7). Then

#(m) + #(177) + #(7) < n+ 2k (2)
with equality only if 7 is non-crossing with respect to 7, see e.g. [MN,
Remark 2.11].

In the case of real second order freeness we require an additional set
of non-crossing diagrams, we call these reversed non-crossing annular
permutations. lf welet v = (1,...,m)(m+n,m+n—1,...,m+2 m+1)
then we say that a permutation 7 € S,,., is a reversed non-crossing
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FIGURE 1. On the left we have the non-crossing
disc permutation (1,2,4)(3)(5,7)(6). On the right we
have the non-crossing annular permutation (1,2,9,7)
(3,4,6,8)(5).

permutation of a (m,n)-annulus if

#(m) + () =m+n.

Notice that this is the same condition as in Equation but v is
replaced with /. Graphically, this corresponds to using the same ori-
entation for labelling the points on each circle; see the right hand side
of Figure [2

A special kind of a non-crossing annular permutation that we shall
make use of is that of a spoke diagram, see Figure 2] Recall that a
pairing of [n] is a partition in which each block has two elements. We
usually regard a pairing as a permutation, by considering each block to
be a cycle with two elements. By a standard spoke diagram we mean
a non-crossing pairing of an (m,n)-annulus in which all pairs connect
the two circles. Note that means that m = n and there is [ such that
m+1 <1 < 2m such that every cycle of p is of the form (k,y (1)) for
1<k<m.

By a reversed spoke diagram we mean a reversed non-crossing annu-
lar pairing in which all blocks connect the two circles; see Figure[2] By
a spoke diagram we mean either a standard or reversed spoke diagram.
See Figure 2] Note that means that m = n and there is [ such that
m + 1 <1 < 2m such that every cycle of p is of the form (k,~*(l)) for
1<k <m.

We denote by Pa(n) the pairings of [n]. If p is a pairing of [n| and
(r,s) is a cycle of p we shall denote this by (r,s) € p. We denote by
Sp™(m) the set of all standard spoke diagrams and by Sp~(m) the set
of all reversed spoke diagrams.
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FIGURE 2. On the left we have a non-crossing pairing
of a (6,6)-annulus in which all blocks connect the two
circles, i.e. a standard spoke diagram. Note that the two
circles have opposite orientations. In the figure on the
right we have a reversed non-crossing pairing of a (6, 6)-
annulus. i.e. a reversed spoke diagram. Note that the
two circles having the same orientation.

Given a permutation 7w € S,,, we shall frequently consider the cycles
of 7 as a partition of [n]. This map S, — P(n) forgets the order
of elements in a cycle and so is not a bijection. Conversely given a
partition 7 € P(n) we put the elements of each block into increasing
order and consider this a permutation. Restricted to pairings this is a
bijection.

3. THE TRACE OF A PRODUCT

'Given a permutation o € S, and d x d matrices Aq,..., A, we let
al’) be the (p, q)-entry of A; and
d
1 n
Trg(Ar,. . Ag) = Y all) eall) (3)
B1yeeeytn=1

This expression can also be written as a product of traces as follows.
Write 0 = ¢; -+ - ¢ in cycle form. If ¢ = (iy,...,i,) is a cycle of o we

let Tr.(Aq, ..., Ay) = Tr(A;, - -+ A;). Then

k
Tro (A1, ..., An) = [ [ Tre (Ar, - An).
=1

Let O = (0;5) be a d x d Haar distributed random orthogonal matrix
and {Y7,...,Y,} be dx d random matrices whose entries have moments
of all orders. Let v € S, be a permutation, and let €;,€9,...,¢, €
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{—1,1}. In this section we wish to find a simple expression for
E(Tr,(0“Y;,...,0™Y,)).

We shall use the Weingarten function introduced by Collins and
Sniady [€S]. The Weingarten expresses the expectation E(o;; , ---
0i,i_,) as a sum over pairings of [n]. The first question we need to
address is, for two pairings p and ¢, the relationship between the cycles
of pg and the blocks of pV ¢. See Figure [3] This is a standard fact; for
the reader’s convenience and to establish our notation we give a proof.

Lemma 2. Let p,q € Po(n) be pairings and (iy,is,...,1) a cycle of
pq. Let 3, = q(i,). Then (jk,jk—1,---,J1) 1S also a cycle of pq, and
these two cycles are distinct; {i ... ,ig, J1,...,Jx} 95 a block of pV q
and all are of this form; 2#(p V q) = #(pq).

Proof. We have pq(i,) = 4,41, thus j. = q(i,) = p(i,+1). Hence
pq(Gr+1) = p(a(q(ir+1))) = plirsr) = go I {in, .. dx} and {g1, ..., ji}
were to have a non-empty intersection then, for some n, ¢(pg)™ would
have a fixed point, but this would in turn imply that either p or ¢
had a fixed point, which is impossible. Since {q(i,)}, = {js}s and
{p(3s)}ts = {ir}r, {4, .- ik, J1, - -, Ju} must be a block of p V ¢. Since
every point of [n] is in some cycle of pg, all blocks must be of this form.
Since every block of p V ¢ is the union of two cycles of pg, we have

2#(p V q) = #(pq)- O

Notation 3. Let [-n| ={-n,—n+1,...,-2,—1} and [£n| = [-n]U
[n]. Let 0 be the permutation of [£n] which sends k to —k for k € [£n].
Since each cycle of ¢ is of the form (k, —k), we shall also regard ¢ as a
pairing of [£n]. If e € Z = {—1,1}", let é. denote the permutation of
[£n] given by k — € k.

Given 7 a permutation on [n] we shall regard 7 also a permutation

of [£n] where for 1 < k < n, we let n(—k) = —k. Let v be the
permutation of [n] with the one cycle (1,2,3,...,n), but following the
convention mentioned above we also have v(—k) = —k for 1 < k < n.

Lemma 4. Let p,q € Ps(n) be pairings then #(pq) = #(pdq).

Proof. Note that for 1 < k < n we have piq(k) < 0 and pdq(—k) > 0.
Thus the elements in an orbit of pdq always alternate in sign. More-
over (pdq)? = pq. Hence the positive elements of a cycle of pdg form
a cycle of pgq. Conversely let (iy,is,...,%,.) be a cycle of pg. Then
(11, —q(i1), 12, —q(i2), . . . ,ir, —q(i,)) is a cycle of pdg. This establishes
a bijection between the cycles of pdg and the cycles of pg. 0
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FIGURE 3. In this example n = 8, p = (1,2)(3,5
(4,8)(6,7), and ¢ = (1,6)(2,5)(3,7)(4,8). Then pg =
(1.7,5)(2,3,6)(4)(8) and pV g = {(1,2.3,5,6,7)(4,8)}

The pairings of [£n] shall be denoted Py(£n). For a pairing p €
Pa(£n), and a 2n-tuple ¢ = (iy,i_1,...,%p,0_,) We write ¢ = i o p to
mean that whenever p(r) = s we have i, = i5. For a d x d matrix A let
ACD = A' the transpose of A, and A = A. Forn = (n1,m2,...,M,) €

Zy and 7 € Sy, let Trp (A, ..., Ay) = Tre (A AT

Lemma 5. Let p € Py(+n). The there is m € S, and n € ZY such that
d
Z ag"g_la’gzz_Q e az(;’:z?,k e aé:’?_n — TrW(Agnl)’ . ’A(nn))

n
i1y 1yeingip=1
i=iop

Proof. We saw that the cycle decomposition of pd may be written
cicy’ - - - csc,’ where ¢f = 6¢; 8. It is arbitrary which of the pair {c;, ¢;'}
is called ¢; and which ¢;’.

For each i, choose a representative of each pair {¢;, ¢;'}, say ¢, ¢a, . . .,
cs. For each i we construct a cycle ¢; as follows. Suppose ¢; =
(lla ) lr) Let él = (jl?j?a s 7j7“) where

. —lk lk<0and o —1 lk<0
k= lk lk>0 i = 1 lk>0

Note that jp = n;lx = |lk|]. Then we let 7 = & ---¢ and n =
(7717--~777n)' )

We denote the (m,n) entry of A" by ali%. Let (I1,...,1,) be a
cycle of pd. Let (ji,...,j1) and (m1,...,n,) be as above i.e. jiy = |l
and 7;, = li/|lx|. Then

- ifn, =1
(Jk) _ Lig Y—ig njk _ (]kvﬁ]k)
Yk Ik Grmi) e et
i_jk ijk lf njk - 1
Thus
P A ) Gumi) — (Grenge)

ij1 T—jy iy i iy iy iy iy
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Note that iy, = i(0(lx)) = i(pd(lx)) = i(lx+1) = @, as 1 = top. Thus
d

1 2 k n
Z aglg—lagzg_z o a’gkz)_k T al(ngfn

i1, t—n=1

1=10D
d
%j1 t=i1 Y t—jr
iyeyin=1  &Em

i=iop  E=(j1,.-,dr)

d
— a(j1,77j1) . a(jmﬁj,,)
z : | | ill i,ll Uy iy
11,..0y02n =1 cem

i=iop  E=(j1,..-rjr)

- H Tr(A™. ..AgjjT))

J1

t

Remark 6. The pair (7, 1) constructed in Lemma is not unique; how-
ever since

Tr(Ag.?h) . A(.Z”)) _ Tr(A;:an) . 'Ag‘;njl)>

J

the value of Tr, (A", ..., Al") is independent of the choices made.

Notation 7. Let C[Py(n)] be the inner product vector space with
orthonormal basis Py(n). For an integer d > n, define ¢ : C[Py(n)] —
C[Pa(n)] by

(p(p), q) = a#D

In [cs, §3], Collins and Sniady showed that ¢ is an invertible linear
transformation and denoted its inverse Wg, the orthogonal Weingarten
function. From the construction, (Wg(p), ¢) is always a rational func-
tion of d. Collins and Sniady showed [cS, Thm. 3.13] that given
p,q € Py(n) if we expand in power series in d~! then we have

(We(p), q) = O(d~ " #rva), (4)

Remark 8. It was shown in [CS] that the coefficient of d~"+#(PV9) can
be written as a product of signed Catalan numbers. Indeed, write
pq = pgp~tq and factor p into a product of cycles ¢; - - - ¢;. Let C,, be
the m'* Catalan number mLH(Qx) Then the coefficient of d—"+#®Va)
is

(_1)T1_107“1—1 e (_1)%—10%_1
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where the " cycle ¢; has r; elements.

The reason for introducing Wg is its use in computing matrix ex-
pectations. For pairings p,q € Pa(n), pdqd is a pairing of [£n]. For a
pairing 7 of [£n] and 41,7 1,...,in,i_n € [d] we let &% = 1 if iy = 4
whenever (s,t) is a pair of r and 0 otherwise.

Theorem 9 ([CS, Cor. 3.4]). When n is even
E(Oili_1 s Oini,n) = Z <Wg(p)7 Q> 5;)5115'
P,q€Pa(n)
When n is odd, E(o;;_, -+ 0;,:_,) = 0.

Corollary 10. Let O be a d x d Haar distributed orthogonal matrix
and m a non-zero integer. Then

lim E(tr(O™)) =0

d—oo

Proof. Let v € S, be the permutation with the one cycle (1,2,3,...,
m). If m is odd then E(Tr(O™)) = 0. So suppose that m is even. First
let us consider

d

E(Tr(0™)) = Z E(0i1i0) "+ Oini)

= > D (We)a)gey.

where 4y is the m-tuple (iyqy,...,0y0m)). Now 07 = 5%7,1. Thus

i §iv . -1
0,0, = 1 only when i is constant on the blocks of pV ygy~". Hence

E(Tr(0™) = > (Wg(p),q)d*® ™).

p,q€P2(m)
Thus E(Tr(O™)) = O(d*mJF#(pVQ)*F#(pV'yq'y*l)). But —m + #(p V q) +
#(pV vqy~') < 0. Hence limy_, E(tr(O™)) = 0. 0

Notation 11. Let v € S,, be a permutation of [n] but, as in Notation
Bl considered as a permutation of [£n] by setting v(—k) = —k for
1 <k <n. Given € € Z} and p,q € P2(n) we consider the pairing of
[+n] given by p - ¢ = (76) " 10.pdqdd.(vd) of [£n]. By Lemma 5| there
is a permutation m,. , € S, and 7,., € Z3 such that

d
§ : 1) (2 (k) (n) _
aiﬂ—la'izi—z T a'l'kLk U aini—n - Tr(ﬂ'p'eqvnpfq)(Al’ ce ’A”)
11,8—1 500 tn,t—n=1
1=10p-eq
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Note that p is a pairing of [n], d¢d is a pairing of [—n] and so pdgd is
a pairing of [£n]. If we adopt the notation v_ = §vd then (p - ¢)d =
v~ 16.q6pdey. Recall from the proof of Lemmathat Tp..q Was obtained
by writing (p . ¢)é as a product of cycles and taking one cycle of each
pair {c,c'}. After this choice has been made 7,., records the position
of the minus signs.

Proposition 12. Let O be a Haar distributed d x d random orthogonal
matriz and {Y1,...,Y,} d x d random matrices which are independent
from O and whose entries have moments of all orders. Let v € S,
€ € Zy and suppose d > n.

E(Tr, (073, ...,0"Y,))
- Z <Wg(p)’ q> E(Tr(ﬂp~eqvnp-eq)(}qa T 7Yn>)

p,gE€P2(n)
Proof.

E(Tr,(0O“Y; ---O"Y,))
d
_ (1) (€n) (1) (n)
- Z E(0j1;—1 T Ojnjfn> E(yj—lj'y(l) o 'yj—njn,m))
jl ----- jfnzl
Now for notational convenience let €(k) = €k and let Iy = jex), then
oler) Thus

ek — Ol
B ol Y =Blop, o) = Y. (Wg(p), @) (5)
p,g€P2(n)

(k)

) ; . Hence we
—e(k) ey ()

Where 5;)6(16 — 1 1f l — l0p5q5 AISO y](lj)k]k-g-l =y
have

E(Tr, (09Y; - - OY,.))
- Z Eloniy - oni-,) E(y1(2<1)lew(1) - .yl(i)m)l )

ev(n)
llw--,l—n

— (1) cogy™
- Z (We(p).q) Z E(yl—eu)lm(l) yl—em)lev(n))'

P,g€P2(n) liyeslon
I=lopdqd

Let ¢ = loeyd. Then iy = l_ﬁ(l),i,1 = lev(l), eyl = l_e(n),’i,n =
leyny- Thus as p - ¢ = 67 10.pdgdd.yd we have
(1) (n) _ (1) (n)
Z E(yl—e(l)lé’v(l) o 'yl—em)lew(n)) - Z B, Yini)

lyeslon Ul5enylon
l=lopdqd 1=10p-eq
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So
E(Tr, (0] - - OY,))
= > (We).g) > B, u )

P,qEP2(n) i1yeensien
i=10p-cq
- Z <Wg(p)’ q> E<Tr(7rp~eq:"7p-sq)<}/17 s 7Yn))
p,g€P2(n)

O

We shall need a special case of this result in section [0 Let us say
that a permutation 7 is parity preserving if for all k, (k) and k have
the same parity.

Lemma 13. Let ny,ns,...,n, be even positive integers and n = nq +
oot n.. Let vy = (1,2,...,n)(ny + 1,...,ny +ng)---(ng + -+ +
n.—1+1,...,n1+---+mn.) €S,. Suppose that ¢ € ZY is such that
e = (=1)F*1. Then for all p,q € Pa(n), 7.4 is parity preserving.

Proof. We first show that p -. ¢ = 6y 10.pdqdd.d is parity preserving.
By direct computation we have the following.

- Hq(2k = 1)) q(2k — 1) is even,
peq(2k—1) = { 7q(2qk ~1) 2(% — 1) is odd;

—~ a2k 2k) is even,
p.eq(_(%—l))Z{ Wq((gq/.f) ) %((2/2) is odd.

Note that since v always reverses the parity of its argument, all four
possible outcomes are odd. Thus p - g takes odd numbers to odd
numbers. Since p -, ¢ is a permutation it must then take even numbers
to even numbers. Indeed

2k 2k) is even
p e q(2k) = { —7?1((10()2]{)) 2})9((2/2) is odd

_ p(v(2k))  p((2k)) is even
pred(=(2h) = { —y ' (p(v(2k)))  p(v(2k)) is odd

Now d(k) = —Fk is parity preserving, thus so is (p - ¢)¢. Finally 7.,
is obtained by choosing one representative of each pair {c,dc~16} of
(p ¢ q)9, and taking the absolute value of each entry. This means that
each cycle will consist of integers of the same parity. Hence m,., is
parity preserving. U

We wish to extend the conclusion of Proposition [12| to case where
some of the Y’s are not interleaved by orthogonal matrices.
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Proposition 14. Let O be a Haar distributed d X d random orthogonal
matriz and {Y1,...,Y,} d X d random matrices which are independent
from O and whose entries have moments of all orders. Let 1 < m < n,
v € Sy, € € ZY and suppose d > m.

E(Tr, (0, ..., 07 Y,) Te(Yyiq) - - Te(Y,,))
= D (We). @) B(Tr(r, .y (Vi Vi) Te(Yig1) - Te(Y;))

P,q€P2(m)

Proof. The proof is the same as for Proposition except that we
append the random variable Tr(Y,,+1) - - - Tr(Y},) to the right hand side
of each expression. O

We now wish to extend the conclusion of Proposition [12]in another
way, namely to the case of independent Haar distributed orthogonal
matrices. Suppose {Oy, ..., O} are independent Haar distributed d x d
orthogonal matrices, with the (4, j) entry of O, denoted oy;;. We shall
need a expression for E(0(,)iyi_, Oks)izi_s = * Olhn)ini_,) €Xtending that
given in Theorem [9]

Notation 15. Given an n-tuple (iy, s, ...,14,) of integers in [s] we let
ker(i) be the partition of [n] such that i, = i, where r and s are in the
same block of ker(7) and i, # is when r and s are in different blocks of
ker(1).

Let U € P(n) be a partition of [n] and p € Py(n) be a pairing such
that each pair of p lies in some block of &/. We shall denote this by
p <U. If we write the blocks of U as {Uy,...,U,}, then the pairs of p
that lie in U; form a pairing of U; which we shall denote by pyy, or just
p; when convenient.

If we have a partition U and pairings p, ¢ € Pa(n) with p,q < U then
we let

Wg(uapa q) = <Wg<p1)7 QI> T <Wg<pr)7 QT>'

Remark 16. Note that since Wg is not multiplicative, Wg(U, p, ¢) and
(Wg(p), q) are different. However by Remark 8 we see that when p, ¢ <
U then Wg(U, p, q)—(Wg(p), q) = O(d—"+#PVO~1) a5 the leading terms
in both expressions are the same.

Lemma 17. Suppose {O1,...,04} are independent Haar distributed
d x d orthogonal matrices. Let the (i,7) entry of Oy, be denoted oy ;-

Given an n-tuple (ky, ..., k,) in [s] then
E(O(kl)ili—lo(lﬁ)iﬂ—z e O(kn)ini—n) = Z Wg(ker(k)7p’ q) ;5q5'
P,qEP2(n)

p,q<ker(k)
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Proof. We can write E(0(k,)ii_, O(ka)isi_s = * * O(kn)ini_,) @S a product of
expectations, one for each block of ker(k). For each block U; of ker(k)
we get a factor 35 cp, 1) (W8(p;), qj>dzjj§qj5 where i; is the restric-

P

tion of ¢ to the block U;. Taking the product of these terms we get
Z Wg(ker(k),p, Q) 5;7&15‘ O

p.q€P2(n)

p.g<ker(k)

Proposition 18. Let {Oy,...,0;} be independent Haar distributed
dxd orthogonal matrices and {Y1,...,Y,} dxd random matrices which
are independent from {Oy, ..., Os} and whose entries have moments of
all orders. Let v € S,, € € Z% and suppose d > n. For each n-tuple
(k1, ..., ky) in [s] we have

B(Te,(02Y1,...,00Y,)
- Z Wg(ker(k)’p’ q) E(Tr(ﬂp'emnp‘eq)(}/l’ T ’Yn))'

p,q€P2(n)
p,g<ker(k)

Proof. The only point where the proof differs from the proof of Propo-
sition [12] is in Equation [5], which we replace by

(1) (€n)
E(O(kl)jljfl T O(kn)jnjfn)
= Bogni,  0pi,) = >, Walker(k), p, q)0hss-
P,q€P2(n)
p,q<ker(k)
The remainder of the proof is unchanged. O

4. A LEMMA ON SPOKE DIAGRAMS

At several points later on we shall wish to know that a given permu-
tation represents a spoke diagram (see Figure . Lemma 20| identifies
standard spoke diagrams and Lemma [21] identifies reversed spoke dia-
grams.

Lemma 19. Suppose v € S,, is a permutation, p € Py(n) a pairing,

and € € Zy an assignment of signs, are such that 7., is a pairing. Let
(r,s) € p be a pair of p.

D) I e = —es then (71(),7(5)) € py (7711),8) € Ty and
€4-1(r) = ~€3(s)-

i) If e = €5 then (v"'(r),y7'(s)) € p, (Y1), 7 1(8)) € Ty
and €;(r) = €(s)-
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Proof. (i) Let us suppose that €, = —¢;. Since (r,s) € p and €, = —¢;
we have

(r,—s), (=71, 8) € 0popdd..
Since .., is a pairing, (p - p)d is also a pairing — recall that p -.p =
(70) 13 pdpdd (vd). Also

(P -ep)d(v(r)) = (v0) 7' (8epdpdde) (70)d (7~ (r)) = s.

Thus (y7'(r),s) € (p -« p)d, because (p - p)d is a pairing. Since both
v~ Y(r),s € [n] we have that (y"!(r),s) € m,.,. Moreover (v 1(r),
s) € mp..p, and so (p «« p)d(s) = v !(r). Unwinding this equation we
have

POP(ey(s)Y(8)) = —€3-197 " (7).
Since pdpd, as a permutation, doesn’t change the sign of its argu-

ment, we have €y = —€,-1(). Thus pdpd(y(s)) = v *(r), and we
are left with (y7'(r),~(s)) is a cycle of p, (y7'(r),s) € 7., and
€y(s) = —€y-1(y) as Tequired.

(7i) Let us suppose that €, = ¢,. Since (7, s) € p and €, = €5 we have
(r,8), (—=r,—s) € depdpdd.
Since ., is also a pairing, (p - p)d is a pairing. Also
(P e p)O(y~(r)) = (40) 7' (0epopdde) (10)3 (v (1)) = =77 (s).

Thus (y7(r), —77(s)) is & pair of (p - p)d. Thus (y7!(r),77(s)) €
Tp..p- Moreover (p . p) (—v71(s)) = v (r). Unwinding the equation

(pep)d(—y1(s)) =~y (r )We have
p5p5( evsY(8)) = —6771(7.)’}/_1(7”).

Since pdpd, as a permutation, doesn’t change the sign of its argu-
ment, we have €,-1) = €,-1(5. Thus pdpd(y~'(s)) = v~ !(r), and
we are left with (y7'(r),77'(s)) is a cycle of p, €,-1(,) = €,-1(5), and
(v1(r),v(s)) € mp..,, as claimed.

0

Lemma 20. Let v be the permutation with the two cycles (1,...,m)
(m+1,....m+mn), let e € Zy'"™, and let p € Po(m +n) be a pairing
such that

i) pV Y = Ly, i.e. at least one of cycle of p connects the two

cycles of v;
ii) for some (r,s) € p we have €, = —¢5; and
i00) Tp..p 1S @ PAITIng.
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Then m = n, p and m,., are standard spoke diagrams, and there is [,
which we make take to be v~ "(s) if we assume that 1 < r < m, such
that
a) every cycle of p is of the form (k,y7*(1)) for 1 <k
b) every cycle of m,., is of the form (k,y~*7(1)) for < k<m,
c) and €, = —¢, for all (r,s) € p,
d) me =1 for all k.

Proof. Let (r,s) € p,i.e. (r,s)is acycle of p, and suppose €, = —¢;. By
using induction on Lemma [19| we know that for all k, (y7*(r),*(s)) €
D, €4-k(r) = —Eyk(s), and (v "(r),v*1(s)) € mp..,. Recall that in the
proof of Lemma (19| (i) we showed that (y7'(r),s) € (p - p)d. This
implied that (y~'(r),s) € m,., and that n,-1,) = n, = 1. By our
induction argument we have that n, = 1 for all k.

By assumption, p has at least one pair (7, s) that connects the cycles
of v; and so by what we have just observed, all cycles of p connect the
two cycles of 4. This implies m = n, and all cycles of p are of the form
(k,v~*(1)), where | = v"~1(s), assuming v~ "(r) = m. Moreover, both
p and 7., are spoke diagrams, i.e. non-crossing annular pairings of an

(m, m)-annulus with all pairs connecting the two circles; see Figure [2|
O

Lemma 21. Let 7 be the permutation with the two cycles (1,...,m)
(m+1,....m+mn), let e € Z3*", and let p € Py(m + n) be a pairing
such that
i) pV 7y = Ly, i.e. at least one of cycle of p connects the two
cycles of v;
ii) for some (r,s) € p we have €, = €5; and
iii) Tp..p 1S @ pairing.
Then m = n, p and m,., are reversed spoke diagrams, and there is [,
which we make take to be yv~7(s) if we assume that 1 < r < m, such
that
a) every cycle of p is of the form (k,¥*(1)) for 1 <k <m, and
b) every cycle of m,.., is of the form (k,7*(1)) for 1 <k <m,
¢) and €. = €, for all (r,s) € p,
d) ne = —1 for all k € [m].

Proof. Let (r,s) € p, i.e. (r,s) is a cycle of p, and suppose €, = €,. By
using induction on Lemmal[l19]we know that for all k, (v*(r),y%(s)) €
Py €y = €-k(s), and (y7(r),7*(s)) € mp.p. Recall that in the
proof of Lemma (19| (i) we showed that (y71(r), —y71(s)) € (p e p)d.
This implied that (y~=(r),y*(s)) € mp., and that n,-1,) = —1. By
our induction argument we have that n, = —1 for all k € [m].
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By assumption, p has at least one pair (7, s) that connects the cycles
of v; and so by what we have just observed, all cycles of p connect the
two cycles of 4. This implies m = n, and all cycles of p are of the form
(k,~*(1)), where | = v~"(s), assuming v~ "(r) = m. Moreover, both p
and m,._, are spoke diagrams, i.e. non-crossing annular pairings of an

(m, m)-annulus with all pairs connecting the two circles; see Figure 2]
O

Corollary 22. Let v € S, be a permutation, p € Po(n) a pairing, and
€ € Z3 an assignment of signs. Suppose that m,., s a pairing then
each block of pV v contains at most two cycles of .

Proof. We saw in Lemma [19| that when p connects a pair of cycles of
these two cycles form a spoke diagram. So a block of pV v can contain
at most two cycles of ~. 0

5. REAL SECOND ORDER FREENESS

Let us recall the definition of real second order freeness from Re-
delmeier [Rg, §1]. We begin with the concept of a real second order
non-commutative probability space.

Definition 23. Let A be an algebra over C and with an anti-auto-
morphism of order 2 denoted by a +— a'. Suppose that o : A — C is a
tracial state and ¢y : A x A — C is a bi-trace, i.e. ¢ is bilinear and
tracial in each entry. Moreover we assume that ps(1,a) = ¢(a,1) =0,
o(a') = ¢(a) and py(a’, b) = ps(a,b’) = pa(a,b) for all a,b € A. Then
(A, p, pa,t) is a real second order non-commutative probability space.

Notation 24. Let unital subalgebras Ay, ..., A, C A be given.

i) We say that a tuple (ay,...,a,) of elements from A is cyclically
alternating if, for each i, there is j; € {1,...,r} such that
a; € Aj, and, if n > 2, we have ji # jp1 forall k =1,...,n.
We count indices in a cyclic way modulo n, i.e., for £k = n the
equation above means j, # j;.

i1) We say that a tuple (aq,...,a,) of elements from A is centred
if we have

w(a;)) =0 foralli=1,...,n.

Definition 25. Let (A, ¢, vo,t) be a real second order non-commuta-
tive probability space and suppose that we have unital subalgebras
A, ..., A, that are invariant under a — a’. We say that A;,..., A,
are real free of second order if (see figure [4))

i) the subalgebras A, ..., A, are free with respect to ¢;
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FIGURE 4. The terms on the right hand side of equation
@ are sums over all spoke diagrams. In the diagram on
the left the circles have the opposite orientation; we put
the a’s on on circle and the b’s on the other. This gives
the first term on the right hand side of @ In the circle
on the right the two circles have the same orientation and
we put ‘b'’s on the inside circle. This gives the second
term on the right hand side of @

ii) for every aq,...,a, € A and by,...,b, € A such that (aq,...,
ay) and (by,...,b,) are centred and cyclically alternating, we
have

a) wa(ay -+ am,by---b,) =0,if m#norifm=n=1and
a; and by are from different subalgebras;
b) for m = n > 1 we have, taking all indices modulo n

n n

alaranstre0) = ST (lai) + platt ). ©

k=1 i=

Notation 26. Let p € Clxy,..., 25,24, ..., 2] be a polynomial in the
non-commuting variables {z1,...,zs 2%, ... 2t} and Ay, ..., As be d x
d matrices. By p(Ay, ..., As) we mean the matrix obtained by replacing
x; by A; and 2t by Al in p. Similarly if (A, ¢, @9, t) is a real second order
non-commutative probability space then by p(aq,...,as) we mean the
random variable in A obtained by replacing z; by a; and z! by al.

Remark 27. Expanding on the notation in equation (3) we define, for
a permutation = € S, and aq,...,a, € A, p.(A1,...,a,) as below.

Q07r<a17"'7an> = H ¢<ail"'aik)7

cem
c=(11,..i1)
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where the product is over all cycles ¢ of m and for each cycle ¢ =
(i1,...,1;) we get the factor ¢(a;,...,a; ). This makes ¢, a n-linear
functional.

With this notation we can write equation @ in a simpler way:

gpz(al...an’bl...bn)
= Z Or(ar, ... an, by, ... by)

n€Spt(n)

+ Z Orlay, ... an, b, ... b)),

7€Sp~ (n)

where, recall, Sp*(n) denotes the set of standard spoke diagrams and
Sp~(n) denotes the set of standard spoke diagrams.

We shall need to use the associativity of real second order freeness.
Let us recall how this works in the first order case [VDN]. Suppose that
we have unital subalgebras Ay, ..., As C A which are free with respect
to . Moreover that for each 1 < ¢ < s we have unital subalgebras
Bii,...,Bi:, C A; which are free with respect to ¢. Then by [VDN,
Prop. 2.5.5 (44i)] the subalgebras By 1, ... Bs;, C A are free with respect
to ¢. We shall prove the real second order version of this. In |MSS,
Remark 2.7] the second order version of [VDN| was left as an exercise for
the reader, now we shall provide a solution. We begin with a lemma.

Lemma 28. Let Ay,..., A, C A be unital subalgebras which are free
with respect to . Suppose that ay,. .., am,b1,...,b, € A are such that
o @(a;) = @(b;) =0 for alli and j;
oa; € A, and ky # ko # -+ # kyy;
o bj EAlj andll#&;ﬁ;ﬁln

Then for m # n, @(ay - apb,---by) =0 and for m =n
o(ay -+ apbpy, -+ by) = ng(aibi).
i=1

Proof. Let us begin by showing that

@(ay - ambn - b1) = @(ambn)p(ar -+ am_1bp—1 - b1).
First suppose that k,, # l,. Then both ¢(aj---aub,---b;) and
©(a,b,) are 0 by freeness. Thus both sides of the equation above are 0.
Next suppose that k,, = [, and write a,,b, = (a;nb,)° + @(amby,). Then
o(ay -+ am-1(amby)°bp_1---b1) = 0 because k1 # kp = by # 1.
Thus

¢<a1...anb1...b1)
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=(ay - apm_1(Ambp)°bp_1 -+ by1)
+ @(ambp)@(ay - - 1Dy - -~ b1)
= o(ambn)p(ar - @morbp_y -+ b).

Now we conclude by induction. If m = n we get the formula we
claimed. If m < n then

QO(CLl te ambn te bl) = (P(ambn) o Sp(ambnfnﬂ»l)@(bnfm te bl) =0

by the freeness of the b;’s. The case when m > n is exactly the same.
O

Proposition 29. Let Ay, ..., A; C A be t-invariant unital subalgebras
of A which are real second order free with respect to (¢, ps). For each

1 <4 < s suppose we have t-invariant unital subalgebras B; 1 ..., B;;, C
A; which are real free of second order with respect to (¢, pa). Then the
subalgebras By 1, ..., Bsy, C A are real free of second order with respect
to (SO7 302)

Proof. The proof of first order freeness is as in [VDN|, Prop. 2.5.5 (7).
So let us prove part (ii) of Definition 28] Let ai, ..., ap, b1,...,b, € A
be such that

o ¢(a;) = ¢(b;) = 0 for all 7 and j; and

© a; € By, and (ky,ur) # (ka,u2) # -+ # (K, um) # (K1, w);

and

o bj € By, ., and (Iy,v1) # (l2,v2) # -+ # (ln,vn) # (L1, v1).

We must show that for m =n > 2

902(a1"'am7bl"'bm>
— Z Or(ar - A, by by)

7€Spt(m)

+ Z Orlag - am, bt - b)) (7)

€SP~ (m)

and is 0 for m # n; the case m = n =1 is immediate.

Note that adjacent a@;’s are, by assumption, from different By ,’s
but might be from the same A4;. So we group the a;’s according to
which A; contains them. Let my,...,m, be positive integers such
that m; + -+ + m, = m and @myqegm; 1415« - Amgtotm; € Aa,
for 1 <¢ < panddy # dy # -+ # d, # di. Then we let A, =
Ayt 141" Oyt € Agy. Then ag -+ - ap, = Ay -+ - A,

We do exactly the same for the b;’s. Namely we let ny, ..., n, be posi-
tive integers such that ny+---+n, =nand by ., 41, -+, 0py4oim; €
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A, for 1 < j < qgande # ey # -+ # ¢ # e1. Welet B; =
bnt1totb; 417" Opygm; € Ae,. Then by -+ b, = By -+ By.
Note that by first order freeness

P(Ai) = o(@myttmiy+1 7 Gy tetmy) = 0,

since the B; ;’s are first order free by [VDN, Prop. 2.5.5 (4ii)]. Likewise
¢(B;) = 0.

If p=q =1 then we have by the assumed second order freeness
of Bi1,...,Biy, . If p # g, then by the assumed second order freeness of
Ay, ..., Ag we have po(ay -+ - ap, by -+ - b,) = 0, thus the left hand side
of (7)) is 0.

Let us consider the right hand side of . If m # n then the right
hand side is 0. So let us suppose that m = n. Let us first consider the
term involving Sp™(m). For w € Sp™(m) and o, (ay, ..., am,b1,...,by,)
# 0 we must have (k;,4;) = (l;,v;) for all (¢, j) € m. This means 7 gives
a bijection between the A;’s which contain the a;’s and the A;’s which
contain the b;’s. So in particular p = ¢, which is impossible. Likewise if
m € Sp~(m) then we have a bijection between the A;’s containing the
a;’s and the A;’s containing the b;’s. So again we would have p = q.

Now let us suppose that p = ¢ > 2. By the assumed real second
order freeness of Ay, ..., As we have

@(al"'amybl"'bn):SOZ(Al"'ApaBl"'Bp)
= Z QDTI—(Al,...,Ap,Bl,...,Bp)

neSpT(p)

+ > @xlAr,... Ay Bl BL). (8)
)

T€Sp~(p
For 7 € Sp*(p) and (4, ) € m we have by Lemma 7 when m; = n;

SO(AiBj) = @(amﬁ--~~mi71+1bn1+~“+nj) e Qp(am1+~~mibn1+~~~+nj71+1)

and 0 when m; # n;. Thus for this 7, assuming m; = n; for all
(i,7) € m, we have

QOW(Al,...,Ap,Bl,...Bp) :gpfr(al,...,am,bl,...,bm)

where @ € Sp™(m) is the spoke diagram obtained by matching up
For m € Sp~(p) and (4,j) € m we have by Lemma , when m; = n;

@(AiB;') = Sp(am1+~-~m¢71+1bf~01+~~+nj,1+1) *+ O(@mytomi ng oty )
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and 0 when m; # n;. Thus for this 7, assuming m; = n; for all
(i,7) € m, we have

ng(Al,...,Ap,Bf,...B;) = z(ay, ..., am, b, ... b))

where @ € Sp™(m) is the spoke diagram obtained by matching up
m1++mz_1+kW1th n1+---nj_1+k.

If we let 7 run over Sp*(m) on the right hand side of , the corre-
sponding 7’s will not exhaust all 7’s on the right hand side of , but
the ones that are missed are such that ¢, (ai,...,am,b1,...,by,) =0,
by the first order freeness of the A;’s. Similarly for the 7’s in Sp™(m)
on the right hand side of (8). We thus have

> @alAr,.. Ay B, By)

m€Sp™ (p)
+ > (A, A, Bl,... B
€SP~ (p)
= Z Qow(al"'amabl"’bm)
meSpT(m)
5 o an b o).
TESp~ (M)
This combined with proves . U

Definition 30. Suppose for each d we have random matrices {Ag1, .. .,
Ags}. We say that the ensemble has a real second order limit dis-
tribution if there is a real second order non-commutative probability
space (A, p,ps,t) and aq,...,as € A such that for all polynomials
P1,D2,P3, - - - in the non-commuting variables {z1, ...,z 2}, ... 2} we
have

i) limgooo E(tr(p1(Aais - - -5 Ads))) = opi(ar, ..., as));
lim cov(Tr(pi(Agy, ..., Ads)),

d—oo
Tf(pz(Ad,l, cee 7Ad,s)))
= 902(p1(a1, ce as>7p2(a17 cee 7as))

i)
iii) for all r >3

dli)r{.lo kT(TI'<p1<Ad71, Ce >Ad,s))7 Ce ,Tr(p,n(AdJ, AZJ, Ce aAd,s))) = O

Remark 31. The third condition is only needed to ensure the conver-
gence of fluctuations of mixed moments. In fact boundedness would be
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enough. For many ensembles of matrices the 7" cumulant vanishes on
the order of d*~", for example the ensembles discussed in [Ry} [Rg]. For
deterministic matrices the higher cumulants of traces are 0. Moreover
a close reading of our proof shows that if one starts with an ensemble
{A;}iwith k. between o(1) and O(1) for r > 3, the mixed cumulants of
A’s and O’s for r > 3 would have the same order as {4, },.

Remark 32. Suppose we have for each d, random matrices {Aq,. ..,
Aq4s}, a non-commutative probability space (A, ), and ay,...,a, €
A such that for every polynomial p in the non-commuting variables
Ty ..., Xs, @Y, 2k we have

dlg]go tr(p(Ags -5 Aan)) = p(plas, ..., a,))

then we say that the matrices {Ag1, ..., Aqn} have the limit joint t-
distribution given by ay,. .., a,.

Definition 33. Let {A41,..., A4, }a and {Bg1...., Bas}a be two en-
sembles of random matrices such that {Ag1,..., A4, Bai----, Basta
has a real second order limit distribution given by {ai,...,as, b1, ...,
bs} in the real second order non-commutative probability space (A, ¢,
©2,t). If the two unital subalgebras A; = alg(1,ay,...,a,,at, ... at)
and Ay = alg(1,by,...,bs, 0%, ... ) are real free of second order then
we say that the two ensembles {Ag1, ..., Agr}ta and {Bai...., Bista
are asymptotically real free of second order.

6. FIRST ORDER FREENESS OF HAAR ORTHOGONAL
AND INDEPENDENT MATRICES

To show that a family of d x d random matrices {A;,..., As}q and
an independent family of orthogonal matrices {O4}; are asymptoti-
cally real free of second order, we must first demonstrate that they are
asymptotically free of first order, or asymptotically free in the sense of
Voiculescu [VDN, §2.5].

For this we must show that given polynomials {py,...,p,} in O and
O~! such that E(tr(p;(O,07'))) = 0 and random matrices {Ay,...,
Ag} with E(tr(A4;)) = 0, then

dlirn E(tr(p1(0, 0" YA -+ p, (0,071 A,)) =0
—00
provided that the entries of the A, ;’s are independent from those of the

O’s and the {Ag1, ..., Aan} have a real second order limit distribution.
For this it suffices to prove that

lim E(tr(O™A;--- O™ Ay)) =0
d—o0
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for any sequence of non-zero integers my,...,m, and {A4;,..., As} as
above.

Notation 34. Let 7 € S, be a permutation and U € P(n) be a
partition such that each cycle of 7 lies in some block of &/. We denote
this relation by m# < U. Let Ay,..., A, be d X d random matrices and
write, as in equation ((3)),

d

_ (1) (n)
Tr (A, ..., A,) = Z Biiigy " Vi o

Let the blocks of U be {Uy,...,Ux} and let m; be the product of
cycles of 7 that lie in U;. If ¢ = (iy,...,4,) is a cycle of 7, let
Tr.(Ay, ..., An) = Tr(A4; -+ A;). Ifm = ¢+ ¢, as a product of
cycles, let Try, (A1, ..., Ay) =L Tre, (A1, ..., An). Next let

k
By (Tra(Ar, .. An)) = [[E(Trx (A, .. Ay)). (9)
i=1
Finally for n = (n1,72,...,m,) € Z% and m € S,,, let

Eu(Tr (e (Ar, -, An)) = By (Tea (AT, AD)).

n

To make this clear let us give an example. Let n =6, 7 = (1)(2,4)(3)
and U = {(1,3),(2,4)}. Then

By (Trr(Ar, Ag, As, Ay)) = B(Tr(A;) Tr(As)) B(Tr(AsAy)).

We shall also need to work with the normalized trace tr = d—! Tr. We
let tre(Ay,..., A,) =d # ™ Tr (A, ... A).
If U € P(n) and m < U, in the sense above, then we let

kZ/I(Trﬂ<A17 s 7An)) = Z m(V,L{) EV(Trm(Ab s 7An)) (10)
VeP(n)
T<V<U

Then by Mobius inversion we have

By (Trr, (A1, An)) = D kp(Tra(Ar, ., Ay)). (11)
VeP(n)
T<V<U
Remark 35. In what follows, for an ensemble of d x d matrices {Aq, ...,
Ag}a, will suppress the dependency of A; on d and just denote it by
A;. Moreover the (i, j)-entry of A, will be denoted az(?). This should
not cause any confusion as at each stage of the discussion we shall only
be multiplying matrices of the same size. Likewise for an ensemble
of random orthogonal orthogonal matrices {O4}q, we shall drop the
dependence on d from the notation.
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Theorem 36. Let for each d, {Ai,..., A,} be a ensemble of centred
d X d random matrices that have a real second order limit distribution,
O a Haar distributed random d x d orthogonal matriz, and mq,...,m,
be non-zero integers. Then

lim E(tr(O™ Ay ---O™A,)) = 0.

d—o0
Proof. In order to be able to use the result of Proposition 12| with v =
(1,2,3....,n), we have to reduce it to the case of each m; being either 1
or —1. We can achieve this by inserting an identity matrix, I, between
any two adjacent O’s or adjacent O~1'’s. For example O?A;071A4,
would become OTOA;0~!A,. So with this change we must show that,
whenever we have €1, ..., ¢, € {—1,1} and random matrices Ay, ..., A,
with a limit joint t-distribution such that for each ¢, either A; is centred,
ie. E(tr(A4;)) =0, or A; = I and ¢; = €,(;), then

lim E(tr(O%A;---O"A,)) = 0.

d—00

By Proposition
E(Tr(OA,,...,0"A,))
= Y (We), ) E(Trim, e (A1 An))-

p,q€P2(n)

Let us recall the construction of m,.,. We write the permutation
(p ¢ )0, which is the product of two pairings, as a product of cycles.
We showed that the cycles always occur in pairs of the form {c, '},
where ¢ = §c™1§. From each pair we choose one, and then from this we
obtained a cycle of m,. , by deleting any minus signs. The minus signs
that are deleted are recorded in 7,.4. So let us consider the singletons
of m,. 4. If (k) is a singleton of 7,.,, then (p - ¢)¢ will have the two
singletons (k)(—k) and thus (k, —k) will be a cycle of (p - ¢q) and hence
(—0c(k), 0e(v(k))) will be a cycle of pdgd. The cycles of pdgd are either
cycles of p, consisting of pairs of positive numbers, or cycles of dqd,
consisting of pairs of negative numbers. Thus if (k) is a singleton of
Tp..q then we must have €, = —eyx), and hence Ay is a centred matriz.

Now consider the expansion

E(Tr(O%Ay,...,0"A,))
= Z (We), @) E(Tr(n,.ymp.o) (A1, An)).

p,q€P2(n)

We have
(Wg(p), q) = O(d "+#va),
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We must next find a upper bound for the order of

E(Tr(ﬂ'p-eqvnpfq)(Ah te ’A”)) = Z kU(Tr(Wp-eqanp-eq)<A1’ te ’A”>)'

m<u
Since {Ay,...,A,} has a real second order limit distribution we have
that
ku(Trer, ompoa) (A1, oo Ag)) = O(d")

where v is the number of blocks of U that contain a single cycle of 7.
If U has a singleton (k) then , too, will have a singleton (k) and then
Ay, will be centred so ky(Tr(r, . my..0) (A1, ..., Ay)) will have a factor
E(Tr(Ag)) = 0, hence ky(Trer, oy (A1, ... Ay)) = 0.

Thus u < #(U) <n/2 and so —n + #(p V q) + u < 0, thus

(We(®), @) E(Tr(n,. g impo) (A1, -+ -5 An)) = O(1).
Thus
E(Tr(O%Ay,...,0"A,)) = O0(1)

and hence
lim E(tr(O“ Ay,...,0"A,)) =0.

d—00

U

Corollary 37. Let {Ay,..., A1} be d x d random matrices whose
entries have moments of all orders, O a Haar distributed random d x d
orthogonal matriz, independent from {Ay,..., Ani1}, and €, ... €, €
Zs. Suppose that for each 1 <1i < n we have that either E(Tr(A4;)) =0
or Ay =1 and ¢; = €;11 (using €,.1 = €1), and E(Tr(A,4+1)) = 0. Then
E(Tr(OA;--- 0" A,)) = O(1),
n fact
E(Tr(OA;--- O™ A,))
d_n/2 Z EWP'eP (Tr(ﬂ'p‘epznp‘ep)(Al’ T 7An)) + O(d_l) (12)
pEP2(n)

where the sum is over all p’s such that 7., is a pairing and

E(Tr(O% A, - - 0% A,) Tr(Anyr)) = O(d™).

Proof. The first claim is just the second last equation of the proof of
Theorem [36] Recall that when we expand into cumulants

E(Tr(ry ) (A1 A)) = D kulAr, o Ay)
)

UeP(n
Tp.eq<U

and let u be the number of blocks of ¢/ that contain a single cycle of
Tp..q We have —n + #(p V q) + v < 0 with equality only when p = ¢
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and n =n/2, i.e. U = m,., and 7,., is a pairing. This establishes the
second claim.
By Proposition |14 we have

E(Tr(OA;--- O™ A,) Tr(An11))

- Z<Wg(p)’ q> E<Tr(7"p~eq:77p-sq)<A17 to 7A71) Tr<An+1))'
P,q€P2(n)
For the moment let us fix p, g € Pa(n) and let 7 € S, 41 be the permu-
tation which fixes n+1 and whose restriction to [n] is 7. ,. Likewise let
ﬁ’[n} = TMp-eq and ﬁn—i—l = 1. Then E<Tr(7rp.€q,77p-5q)<‘417 S ,An> Tr<An+1))
= BE(Treq (A, ... ,An+1)) Then we expand as above

E(TI'(;I-’;]) (Ab e n+1 Z k‘u TI" Al, RN ,AnJrl)).
UEP(n+1)
T<<U

Suppose U € P(n + 1) is such that 7 < U and ky(Trz g4 (As, ..,
Ani1)) #0. Then

ku(Tr(z 5 (A - Anga)) = O(d")

where u is the number of blocks of U that contain only one cycle of 7.
Since, by assumption, E(Tr(A,.4+1)) = 0, the last cycle of 7 cannot be
in a block of U on its own (otherwise kyy = 0); thus u < #(U) — 1. As
in the proof of Theorem [B6}, #(U|,) < n/2 and as the cycle (n + 1)
cannot be on its own we have #(U) < n/2. So u < n/2 — 1. Thus
—n+#(pVqg +u<—1and so

(We(p), Q>kU<Tr(fr,ﬁ)(A1; s Ap)) = O(d_l)-
Since this holds for every U we have

<Wg(p)7 Q> E(Tr(fr,ﬁ)(Alu s 7An+1)) = O(d_l)
Since this in turn holds for every p and ¢ we have

E(Tr(O% A, - - 0% A,) Tr(Any1)) = O(d™).

7. FLUCTUATION MOMENTS OF HAAR ORTHOGONAL
AND INDEPENDENT RANDOM MATRICES

Our next step is to show that the limit distribution of Haar dis-
tributed orthogonal matrices and an independent ensemble of random
matrices with a real second order limit distribution satisfies part (i)
(b) of Definition 25] Fix positive integers m and n and let v be the
permutation with the two cycles (1,...,m)(m+1,...,m+n).
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Theorem 38. Let {Ay,..., Ay} and {By,...,B,} be a ensemble of
centred d x d matrices that have a real second order limit distributions

given by (a1, ...,ay) and (by,...,b,), respectively, in a real second or-
der non-commutative probability space (A, p, ps,t), and O a Haar dis-
tributed random d x d orthogonal matriz, and ki, ... ky,li, ..., [, non-

zero integers. Suppose that the entries of {Ay, ..., Ap, By,...,B,} are
independent from those of O. Then

dlim cov(Tr(OF Ay --- O A,,), Te(O" B, --- O™ B,))
—00

exists and equals 0 when m # n, and when m =n > 2, equals

Z { H @(aiby—;) (oM th—6-0) + H @(aibiﬂ)@(Okilm)}- (13)

r=1 i i=1

where the indices of the b’s and l’s are taken modulo m.

Proof. We begin by noting that by Theorem [9 m + n must be even,
otherwise the limit of the covariances is 0. In order to apply Proposition
to the expression

cov(Tr(OF Ay --- 0" A,,), Te(O" By - -- O™ B,))

we have to reduce it to the case where all k’s and [’s are either 1 or
—1. So let us consider the term ¢(a;b,_;)p(0"Hr-G-1) of expression
(13). In order for this to be non-zero we must have k; + l,_;_1) =
0. So when we perform the reduction used in the proof of Theo-
rem we replace 0", supposing k; > 0, with olo---o0lo and o'+
with 071071071107 ! the factor p(ofitl—i+1) = 1 gets replaced by
(00 ) p(11)p(00™1) - - (oo™ Hp(11)p(0o!) = 1. Likewise with the
factor ¢(o*~I*+). Thus without loss of generality we can assume that
ki... knly, ... 1, € {—1,1}. In this case we must show that

dlim cov(Tr(O Ay --- O™ A,,), Tr(O™ 1 By - - - O B,,))

exists and equals 0 when m # n and when m = n equals

Z { H w(aibr—i)ééu—gﬂ'ﬂ<m+r) + H (lp(aibf‘-i-’i)éGiﬁ,yi(erT) }7 (14)
=1

r=1 i=1

where the v in the index of the second € in 4, is the permu-

Ey—i+1(mr)
tation with cycle decomposition (1,...,m)(m+1,...,2m).
By Proposition

E(Tr(O% Ay --- O A,,) Tr(Om+1 By - - - O™+ B,,))
— Z (We (D), @) E(Tr(ny o) (Al - Bn)),

p,q€P2(m+n)
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and

E(Tr(0% Ay --- O Ap)) E(Te(O™+ By - - O By))
= > Wg(v.p.q) Ey (T, (A", B")).

P.q€P2(m+n)
DP,q<y
To simplify the notation we let Tr,rplfq(fi)", E") = Tr(r, mpoa) (A1, -
B,,). Thus

cov(Tr(O Ay - - O Ay, Tr(O“"+1 By - - - O+ B,,))
= Y (Wg(p).q) B(Trn, (A", B"))

P,q€P2(m+n)

- Y We(y,p.q) Ey(Txs, (A", B))

p,q€P2(m+n)
P,g<~y

= > (Wg(p).q)E(Txs, (A7, B")) (15)
p,q€P2(m—+n)
PVGVY=lmin

+ > {w — We(v,p,9)} E(Trr, (A7, B)) (16)

p,q€P2(m+n)
D,q<y

+Y We(v,p, 0){ E(Trr, ., (A7, B") = E,(Trs, (A", B7)) }. (17)

D,q€P2(m+n)
P,q<Y

°

We shall show that the first term ((15)) converges to

Z { H QD az r— 2)561 €y —i+1 () + H 90 a; br—o—z)(sez € l(m-H)}

r=1 =1

and the second ({16 and third term converge to 0.

We first consider expression , and show that this has the limit
we have claimed. Let us find the order of E(Trﬂmq(ffn, B")): to do this
we have to rewrite this expectation in terms of cumulants so that we
can use our assumptions about the A’s and B’s having a real second
order limit distribution. If we consider m,._, a partition of [m + n| then
by equation (11]) we have

E(Tr(wp'eqvnp'eq)(Al7 DR Bn))
- Z ku(Tr(”p'qupfq)(Al’ o Bn)) (18)

UeP(m+n)
U>Tp.cq
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Suppose Y € P(m+n) andU > 7,. .. If U has a singleton (k), then (k)
is also a singleton of m,. 4. As in the proof of Theorem this implies
that Ay (or Bg_p, if £ > m) is centred, and thus, ku(Tr,rpAeq(fT", B")) =
0. Thus we only have to consider U’s with no singletons. Hence #(U) <
(m+mn)/2. Suppose U is a block of & which contains two or more cycles
of m,.4; the corresponding factor in Equation is a second or higher
cumulant of traces, which converge by our assumption that the A’s and
B’s have a real second order limit distribution. Hence these factors will
be of order O(d®). Each block of & which contains only one cycle of

Tp..q Will be of order O(d). Hence ku(Trﬁp,eq(fY", B")) = O(d*) where u
is the number of blocks of ¢ which contain only one cycle of 7,.,. As

u<#U) < (m+n)/2,

we have ku(TrTrp_eq(fT", B")) = O(d™+/2) and the order (m-+n)/2 can
only be achieved when u = (m+n)/2, which implies that 7,.., = U, as
partitions, and no cycle of 7., is a singleton, because no block of U is
a singleton. If #(m,.,) = u = (m +n)/2 and ,._, has no singletons;
Tp..q Must be a pairing. Combining these conclusions we have

E(Tty,.,, (A", B")) = O(d™m+™/271)
unless p = ¢ and ., is a pairing, in which case
B(Tr, (A7, B")
Bry oo (T, o (A7, B7) + O(d" /271, (19)
Using our usual bound on the order of Wg, namely
(We(p), ) = O(d-0mrm+#eva),
we thus have
(We(p), ¢) E(Tr, (A7, B")) = O(d ™)
unless p = ¢ and 7,. 4 is a pairing, in which case
(We(p), ) B(Trs, (A", B7))
= B, (tr., (A7 B") 4+ 0(d™Y).

Tp-eq

Thus
> (We(p).q) E(Trs, (A", B))

p,gEP2(m+n)
PVaVY=lmin

= D Eq(trg, (A B")+0(d) (20)

pEP, (m+n)
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where the second sum runs over all p such that pV~y = 1,,1, and 7.,
is a pairing. To find the limit as d — oo we use Lemmas [20] and [21]

First suppose that there is (u,v) € p such that ¢, = —¢,. Then by
Lemma [20| we have m = n, every cycle of p connects the two cycles
of v, and ¢; = —¢; for all (7,j) € p. Then for some r € [m] we have
(m —1,m+r) € p. Again by Lemma [20| we have for all k£ € [m]

o (k,y™"(m +1)) € Ty,
o (k,y™"!(m+r)) €p,

o M = 1.
Thus €, = —€y-k+1(4y) and
Eﬂp~sp (tr(ﬁpfpv”ip-ep)(Al’ e ’Bm)) - H E(tr(AkBT*k>)5€k7*5w*i+l(m+r)<21>
k=1
which converges to
H Sp(a‘k?bT_k)éekv_f,y—k-!—l(m+,,«)
k=1

as d — oo.

Next suppose that there is (u,v) € p such that ¢, = €¢,. Then by
Lemma we have m = n, every cycle of p connects the two cycles
of v, and ¢ = ¢; for all (i,5) € p. Then for some r € [m] we have
(m—1,m+7) € p. Asin Lemma 1] let | = v~ (m +r) = 4" (2m).
Then v*(1) = 4" (m + k), for k € [m]. Hence by Lemma [21| we have for
all k € [m]

(k7" (m + k) € mp.op,
(k7" (m + k) € p,
me = —1.

Thus €k = €yk(m+r)-

k,
k

o
o Y
o

= =

m

Ery oy (0 iy ) (A1 -5 Br)) = [ [ B (ABL )0, (22)
k=1

which converges to
m
H @(akbr—kk)éek,ewk(mw)
k=1
as d — 0o. Hence the expression ([15)) converges to

Z { H gp(akbr—k)(sﬁk,—€W—i+1(m+r) + H 30<akbf'+k)5ﬁk,ﬁ,yi(m+,,) }
k=1

r=1 k=1
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To show that and vanish as d — oo we have to consider
the order of E,(Tr,, (A", B")) with p,q <. As before we write this

as a sum of cumulants
Ey(Trr, (A" B") = > ky(Trr, (A", B7)).

UeP(m+n)
U<y

Let uw be the number of blocks of ¢ that contain only one cycle of
Tp..q- 1f U has a singleton then the corresponding cumulant will be 0
because the A’s and B’s are centred; so we only consider U’s which
have no singletons and thus #(U) < (m + n)/2. If we let u be the
number of blocks of U that contain exactly one cycle of m,.,, then

ki (Tr,. (A7, BT)) = O(d*) and u < #(U) < (m +n)/2. Recall that
(We(p), q) — We(y,p,q) = O(d-(mmt#va-t)
Since #(p V q) < (m +n)/2 we have

{ We(v,p,9)— We(v,p, @) }hu(Trn, (A", B"))
_ O(d—(m+n)+#(qu)—1+u) _ O(d_l)

Then summing over all U’s we have
{We(v,p,9) = We(7,p,0)} E(Trw, (A7, B")) = O(d ™).
Thus the expression (|16))
> {{We(p),q) — We(v,p, q) } E(Trs, (A7, B7)).

p,q€P2(m+n)
P,g<y

converges to 0.
Let us finally consider the expression ({17

Y We(y,p, 0){ E(Trs, (A7, B")) = Ey(Trs, (A7, B")) }.

p,gEP2(m+n)
P,g<y

For each p,q < v we must show that
We (v, p,9){ E(Tts,., (A", B") — B, (Tr,, (A", B"))} = O(d™).

So fix p,q < ~ and write Trﬂp‘eq(A)”,B)”) = X1 X; X1 Xogs

with X,..., X, coming from the cycles of 7., contained in [m] and
Xy41, ..., Xp4s coming from the cycles of 7., contained in [m+1, m+
n]. Then

E(Tr,, (A", B")—E,(Tr,, (A7, B") = ko(X, -+ Xy, Xoi1 -~ Xops)-
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Using the formula of Leonov and Shiryaev [LS]

kQ(Xl"'XmXT—I—l"'XT—l-s) = Z kV(le"' uXr+S)
VEP(r+s)
VVT=1r4s

where 7 = {(1,...,7)(r+1,...,7+s)}. Now let us use Notation 34| to
write this as

E(Trr, (A", B") =By (Trn, (A" B") = > ky(Trr, (A", BY)).
Tp.cq SUEP (mA+n)
UVY=1min

If U has a singleton (k) then m,._, will have a singleton (k). As in the
proof of Theorem this singleton must be a centred Ay (or Byg_,, if
k > m). So if U has a singleton we must have ku(TrﬂpAeq(ff”, Bm) = 0.
Thus we may assume that & has no singletons, so in particular #(U) <
(m+mn)/2. . As before let u be the number of blocks of U that contain
exactly one cycle of m,. .. Then

ku(Try, (A7, B7)) = O(dY).
Now u < #(U) < (m +n)/2 and, as usual,
We(7,p, q) = O(d~mtmt#va)y,
Thus
We(y, p, q)ku(Try, (A7, BT)) = O(d~mtm+#eva+e),

Since 7. < v and U Vv = 1pyn we must have u < (m +n)/2, as
equality would force m,. , = U as partitions. Thus —(m + n) + #(p Vv
q) +u < —1. Hence

We(7,p, Q)ku(Trr,,., (A7, B7) = O(d ™).
Summing over all ¢’s we have
We (7., ) { E(Trr, ., (A", B")) = B, (Trr,. (A", B7)} = O(d™).
O

Remark 39. The proof of Theorem 38| actually proves a stronger state-
ment than was claimed. Let Aj,..., A, is an ensemble of d X d cen-
tred random matrices where for n € {—1,1} we let A7 = A’ for
n = —1 we let A7 = A; for n = 1. Suppose that for any monomi-

_ T]il,k nnk,k
als Wy, = A,y ~~Aink1,€, we have

o E(tr(1W;)) = O(d®) and
o k. (Tr(W;,),...,Tr(W;)) = O(d°) for r > 2.
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Then by equation (20) we have for m # n
cov(Tr(O% Ay, -+ O™ A, ), Tr(OM Ay, -+ - O™ A ) = O(d ™)
and by equations (21f) and (| . we have for m =n

cov(Tr(O9 A, --- O™ A, ), Te(O™M Ay, --- O™ A )
Z{HE (tr(A;, Aj, ) E(tr(O =)

+ HE (tr(A;, AL ) (tr(ow—ﬂw))} +0(d™Y),

where the indices of the j’s and 7n’s are interpreted modulo m.

Corollary 40. Let O be a d x d Haar distributed random orthogonal
matrix. Then for integers m and n

d=o 2|m|  |m| = |n|

lim cov(TE(O™), Te(O™)) = {0 ml # Inl

Proof. Let ¢ = -+ = €, = sgn(m) and €,,11 = -+ = €pin =
sgn(n). Let v be the permutation with the two cycles (1,2,...,m)(m+
1,...,m+n). Then by Proposition

E(Tr(O - - O) Tr(O+t - .. O4n)) = Z (Wg(p), q>d#(ﬂp<eq)'
p,q€P2(m+n)
and if let U be the partition with blocks the cycles of v
E(Tr(O - - O)) E(Tr(Om+t - .. Omtn)

= Z \A/g(z/{7 p’ q)d#(ﬂ-l)'eQ)‘
p,gEP2(m+n)
p,q<U

By the multiplicativity of the coefficient of the term of leading order
of (Wg(p),q) we thus have
cov(Tr(O% -+ - O), Tr(O+ - - - O+

= Z <Wg<p>’ q>d#(77p'eq) + O(d m+n +#(p\/q)+#(ﬂ'p ell) 1)
p,q€P2(m+n)
p,q<U
As in the proof of Theorem 36| if m,., has a singleton (k) then ¢, =
—€4(k), Which is impossible given our construction of e. Thus ., has
no singletons. Hence #(7,..4) < (m +n)/2. Thus —(m +n) + #(p V
q) + #(mp..q) <0, with equality only if p = ¢ and ., is a pairing.
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Let (r,s) € p. Either ¢, = —¢, or €, = €. As in the proof of Theorem
all cycles of p connect the two cycles of v and hence |m| = |n|. Also
in the case in which €, = —¢,, we have (y~!(r),v(s)) € p. There are
exactly |m| such p’s. In the case ¢, = €, we have (y71(r),771(s)) € p.
There are exactly |m| such p’s. All together there are 2|m| such p’s.
By Remark [8 the coefficient of d="/2 in (Wg(p), p) is 1. This gives the
claimed result. U

8. VANISHING OF HIGHER CUMULANTS OF TRACES

Let {A;},; be a family of d x d random matrices, containing the
identity matrix, with a real second order limit distribution. By this we
mean that as d — oo

3\

o tr(Agfl) e AEZ")) converges to gp(al(-fl) e agi")) for all 4y,...,4,
and all €1, ..., €,;

o kQ(Tr(AEfl) e Agfn’")), Tr(AEZ’:l) o Agfﬁ:"))) converges to
<p2(az(f1) e agfnm), az(»fn’il) e agfn"ﬂ”)) for all 41,...,imy, and all
€1y -+ Emin;

€ (€m ) (Em +edmg. +1) (em mr)

0 J(Tr(ALLY - AT Ta(A T AT )
converges to 0 for all » > 3, all 41, ..., 4y 4opm, and all €1, .. .,
€m1+"’+mr' /

(23)
Let O be a Haar distributed d x d random orthogonal matrix whose
entries are independent from those of {4;};. In this section we shall
show that whenever Xi,..., X, be r random variables where each X;
is one of the following types:

o X; = Tr(Ag) for some k; or
o X; =Tr(O%A,, ---O"A;,) with ¢, € {—1,1} and such » (24)
that if A;, = I then €;,_; = €, where 6,41 = €.

The the third and higher cumulants of the X’s will converge to 0 as
d — 0o. This, combined with Theorems [36] and 38 will show that we
have asymptotic real second order freeness of the {A;}; and O.

For the rest of this section we shall assume that the {4;}; satisfy
condition and our goal is to prove the theorem below.

Theorem 41. Suppose that X1, ..., X, are of the form andr > 3,
then

lim &, (X1, ..., X,)=0. (25)

d—00



REAL SECOND ORDER FREENESS 37

We prove this theorem by proving the following result where we
strengthen the hypothesis in by assuming that the non-constant
A’s are centred.

i) X; = Tr(A) for some k with E(Tr(Xy)) = 0; or

i) X; = Tr(O A, --- O™ A;,) with ¢, € {—1,1} and
such that either E(Tr(4;,)) = 0 ord,;, = I and
€1 = €, where €,,1 = €.

Theorem 42. Suppose that whenever Xy, ..., X, are of form (@ and
r > 3 then

(26)

lim kr(Xlu ce 7X7‘) =0.

d—o0
Proof of Theorem using Theorem [{Z We begin by recalling that
the cumulant £,.(X ..., X,) will be 0 whenever an X; is constant and
r > 2. Recall also that by our assumption of a second order limit
distribution E(tr(4;)) is a convergent function of d and thus bounded.
Thus if k, (X, ..., X,) = 0 then so does E(tr(A4,))k.(X1,..., X,).

Suppose X; = Tr(4;) for some j. Let A; = A; — E(tr(A;))1].

Let ¢ = E(tr(A4;)). Then E(Tr(/ij)) =0 and A; = fij + cI. Then
]{?7.<X1, R ,Xifl, Cd, Xi+1, Ce ,XT) =0 and so

ko (X1, X))
= kT(X17 s 7Xi—17 Cd7 Xi+17 s 7X7“)

+ kr(Xl, PN ,Xl‘_l,TI'(Aj), Xi+17 PN 7Xr)
= l{?r(Xl, e 7Xz'—17 TI‘(Aj), Xi+17 . ,X,«).

So we may suppose that any X’s of the form Tr(A;) are centred.

Next suppose that X; = Tr(O™ A, --- O™ A,)), with each n;, = £1
and whenever A;, = I we have 1, = ;4. For each ¢, we shall write X; =
Tr(O™A;, ---O™A;,) as a linear combination of a constant random
variable and terms of the form Tr(A;,), or Tr(O"* Ay, - - - O* Ay,) where
for each t either E(Tr(Ayg,)) = 0or Ay, = I and py = pyy1; where py 4 =
p1. We then replace X; in k.(X7,...,X,) by this linear combination
and get a sum of cumulants in which all the A’s are of the form (126]).

To show that each X; = Tr(O™A,, --- O™ A;) can be written as such
a linear combination we replace for each ¢, A;, with /Oljt + E(tr(A4;,))1.
We then expand this sum. If we have a factor E(tr(4;,)), we will
get cancellation of cyclically adjacent O’s wherever 17, = —n,,1. This
might bring two centred A’s next to each other. As the product will
not necessarily be such the expectation of the trace is 0, we repeat the
centring process and continue. Since the number of factors decreases
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whenever there is a cancellation, the process terminates with either:
an X; of the form (267); an X; as in (26]4); or a constant X; (if all
the O’s get cancelled). O

Remark 43. To illustrate the previous theorem let us consider the ex-
ample

/{Zg(TT(OAlOilAg% TI(OA30A4)’ TI'(OAE,OilAG)).

There are six A’s and we let A; = A; + ¢;I with ¢; = E(Tr(A;)). This
produces 2° terms, some of which are 0 because some of the entries of
the cumulant are constant. For example we shall get terms such as

creseacsks(Tr(Ay), Te(OI0I), Tr(Ag)).
If we started with the example
ks(Tr(OA,071Ay), Tr(OAs07 1 Ay), Tr(O A0 Ag)).
then we would also get terms like
cresesks(Tr(Ay), Tr(Ay), Tr(Ag))
where there no O’s.

Our task now is to prove Theorem [42] We shall recall the moment
cumulant relation

E(X, = ) ku(Xy,... X)), (27)

UeP(r)

So to prove something about the cumulants k,.(X,...,X,) we shall
prove something first about E(X; -+ X,) and use this to prove Theo-
rem [42] We let Py 2(n) be the partitions of [n] with blocks of size either
1 or 2.

Theorem 44. Whenever X1,..., X, are of form (@) then
B(Xy - X,)= Y ku(X1,....X,) +o(1). (28)

UEP1 2(r)
Proof of Theorem[{4 using Theorem [/

By Corollary 37 we have that k1 (X;) = O(1) is X; is of type (26]4i) and
k1(X;) = 0if X is of type z) If X;, and X, are both of type .z'z')
then by Theorem 38| ko(X;,, X;,) = O(1). If they are both of type
(26.7), then by assumption we have ko( X;,, Xy,) = O(1). If X, is
of type (26]i) and Xj, is of type (26]4), then ko (X;,, X;,) = E(X;, X5, ),
as E(X;,) = 0. Then by Corollary 37, E(X;, X;,) = O(d ). So in all
cases ki (X;,) and ko(X;,, X;,) are of order at most O(1).



REAL SECOND ORDER FREENESS 39

Now by@
ks( Xy, Xiy, Xiy)
= B(X, X, Xi,) = Y ku(Xi, Xy, Xiy) = o(1).
Z/IGPLQ(?))

Suppose we have shown for 3 < s < [ that ks(X,,,...,X;,) = o(1).
Then

E(X;, - - > kX, X))
UeP12(1)
= k(X X))+ Y k(X X))
Z/{Eﬁlg(l)
Where Py 5(1) is all the partitions in P(I) except those in Pyo(l) and
1;, the partition with only one block. If U € P 5(l) then U has blocks

of size 1 or 2 and at least one block of size between 3 and s. Since
the cumulants from the blocks of order O(1) and, by our induction

hypothesis, all others are of order O(d™1), the product ky (X, ..., X;)
is of order o(1). Hence
ki( Xy, oo Xa) + Z ku(Xiy, .., X;) = o(1)
Z/{Eﬁlyg(l)
forces us to conclude that ki(X;,,...,X;) =o(1). O

Notation 45. From now on we shall assume that we have positive
integers ny,...,n,. Welet n =ny+---4+n,. Thereis 1 < ry < r such
that for rg < i <r we have n, = 1. We let v € S,, be the permutation
with cycles

(1,...,n1)~-(n1—0—-~—i—nm,l+1,...,n1+~~~+nm)

X (n1_|_..._|_nr0_|_nm+1)...(nl_|_...+nm_|_nr)
If ro = 1 then v = e is the identity permutation. We shall assume the
random variables X; are such that for 1 <17 < rg
e) Xz — Tl"(OEn1+AA'+nF1+1An1+~~-+m‘—1+1 e Oenl+m+niAn1+~“+m)
where for each ny +---+mn;1 +1 <t < ny +--- 4+ n, either
E(Tr(A;)) =0or A, = I and € = €y;
and for rg <i <r
o X; =Tr(An, 4 4n;) and E(X;) = 0.
Let m = ny+- - -+n,,_1. If mis odd and positive then E(X; --- X)) = 0.
So we shall assume that m is even, and possibly 0. Let Py(m,n) be
the set of partitions of [n] whose restriction to [m] is a pairing and all
of whose other blocks are singletons. In the case ro = 1 we have m =0
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and the only partition in Py(m,n) is the one with n blocks of size 1.
We assume that e € Z7 with ¢; = 1 for i > m.

Now let p and ¢ be in Py(m,n). Then pdgd is a permutation of [£n]
whose restriction to [+m] is a pairing and all of whose other cycles are
singletons. Now consider 7~'9.pdqdd.y. Its restriction to [£n] \ [£m]
consists of singletons. Its restriction to [£m] is as in Notation [L1] i.e.
the cycles occur in pairs {c,¢'}. We obtained a permutation, ,._,, of
[m] as follows. For each pair we choose one representative, replacing
any negative entries by their absolute values. Now we wish to extend
this construction to the case where p,q € Py(m,n). The cycles in
[£n] \ [m] also occur in pairs (—k)(k) (with £ > 0) and so we just
choose (k) for each of these cycles. Also form < k <nletn,. 4(k) =1

Let Xi, ..., X, satisfy and let us expand E(X; - - - X,.) as follows.
E(X1 .. XT)
- Z <Wg(p)’ q> E(Tr(ﬂp~eq777p~€q)<A17 cee 7An>)

P,q€P2(m,n)

We need to find the order of E(Tr(x,. ,n,..) (A1, -5 An)).

Proposition 46. If m > 2 and m,.,
E(Tr(”p'eqvnprq)(Al? s ?An)) = O(dm/2_1>‘

If Tp..qlim) @5 @ pairing or if m = 0 then

im] s not a pairing then

E<Tr(7rp-eq777p-eq)(A17 T 7Am))
= Ery olog (T ol mpcalpng) (A1 -+ 5 Am) ) E(Tr(Apg) - - - Tr(Ag))
+O(d™?h).

Proof. Let follow the notation used in Equation @ If U is a partition
on [n] and 7 any permutation of [n] we write Ey(Tr,(Ay,...,A,)) to
be the product []F_, B(Try, (A, ..., Ay)), where the blocks of U are
{Uy, ..., U} and m; = 7|y,. We likewise let ky(Trr (A, ..., A,)) be the
product of cumulants along the blocks of U, see equation ((10). Recall
that we then have the moment-cumulant relation

E(Tr(ﬂlp‘elbnp‘sq)(Al’ cee 7An))
- Z k;u(Tr(ﬂP'equ‘eq)(Al’ tt 7An)) (29)
UeP(n)
Tp-eq<U

By our assumption on the existence of a real second order limit
distribution of the A’s we have

k?u(Tl“(ﬂp'Eqmp‘eq)(A’ . ,An>> = O(du)
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where u is the number of blocks of U that contain only one cycle of
Tpeq- Suppose ky(Trer, n. (A ..., Ay)) # 0. Then any block of U
that contains a single cycle of 7., must contain a cycle of . ¢|p, as
E(Tr(Ag)) = 0form < k <n. Thus u < #(m,..q|jm)). Also recall, from
the fourth paragraph of the proof of Theorem [36] that if (k) is a single-
ton of . q|pm) then E(Tr(Ag)) = 0, and hence ky(Trer, . my.o) (A1, -0,
A,)) = 0. So for any block U of U that contains only one cycle of 7, ,,
U must contain at least two elements. Thus u < m/2. We can only
have u = m/2 when every block of U|,,) contains one cycle of . _¢|m
and that cycle has two elements, i.e. 7,. q|im] is a pairing. This proves
the first claim.

If mp..q|pm) is & pairing then we have just seen that to have u = m/2
we must have Ui = Tp..q|m). Thus if we only consider U’s for which
Ulim] = Tp..q|m) We have

E(Tr(r,..gmpca) (A1, -5 An))
= Eﬂp‘eql[m] (Tr(ﬂp‘eql[m]777p'6q|[m])(A17 s Am))
xS ku(Tr(Apg), - Te(A))
U eP(Im+1,n])
= Er, olim (Tr(,rp'eq“mmp_éq‘[m])(Al, cos An)) E(Tr(Apga), -+, Tr(A))

Finally we add back the remaining terms to obtain that

E(Tr(ﬁp~€q,77p~€q)(‘417 ce ,An)>
= E Tr(ﬂp'eLZ'[m]anp‘eq‘[m])(
+O(dm™/?h).

Ay, AR)) E(Tr(Apsr), -, Tr(AR))

ﬂp‘eQ'[m](

O

Notation 47. Suppose we have rq,r,m,n and v and € as in Notation
M5l Let A(v,e,m,n) be the set of partitions p € Pa(m,n) such that
Tp-.p|[m] 1S & pairing, the condition being vacuously satisfied when m =
0. For p € A(vy,€e,m,n) let

Ep(Ar, .. A

— dfm/2 Ewp-ep‘[m] (Tr(ﬂ'p-ep‘[m]’np'ephm])(
X E(Tr(Amt1) - Tr(Ay)).

A, A))

Corollary 48. Suppose X1,..., X, satisfy @ Then

E(Xi-X) = Y A, A4,)+0(d™).

peA(y,6,m,n)
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Proof. When m = 0 there is nothing to prove. According to Proposi-
tion [14]

E(X1 Ce Xr)
- Z <Wg(p)’ q> E(Tr(ﬂp~sq777p~eq)(A17 e 7A"))

p,q€P2(m,n)
By Proposition , if 7. q|[m) is DOt a pairing we have
BTy gitpec) (A1, An)) = O(d™? )
and (Wg(p),q) = O(d™"*##V9)). So
(W), q) E(Tr(n, o) (A1 An)) = O(d 7).

Also if #(pV q) <n/2 (i.e. p# q) we get the same conclusion. When
p = q and 7. ,|jm) is & pairing, then p € A(v, €, m,n) and

<Wg(p>7 Q> E(Tr(wp'gqynp>gq)(A17 e ,An)) = 5p(A17 . 7an) + O(d—l)
because (Wg(p), p) = d~™/2 4 O(d—™/?71). O

Proof of Theorem [{4: To prove the theorem we show that

Y k(X X)) = Y &AL A +o(l)  (30)

MGPQ(T) pEA(’Y7€7m7n)

and then apply Corollary 48] We saw in the proof of Theorem [42] that
if X;, is of type (26i) and X, is of type (26]ii) then ko(X;,, Xi,) =
O(d_l), so on the left hand side of (30) we only have to consider U’s
for which each block is either contained in [m] or in [m + 1,n]. Thus

> k(X X))

UEP:(r)

= Y k(X X)) k(X X)) +o(D).

UEP2(ro) V€P2([7’0+1,7'])
By assumption we have

Y (Xperrs - X)) = E(Xpg - X)) +o(1)
VePy 2([ro+1,r])
because cumulants corresponding to blocks of size three or larger are
o(1) and cumulants corresponding to blocks of size two are O(1) and
cumulants corresponding to blocks of size one are 0.
Let us next show that

> k(X Xy)

UEP1,2(r0)
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d_m/2 Z E”P'ep <Tr(7"p‘epv77p'ep) (Al’ e ’Am)) + O(d_1> (31)
pEP2(m)
Tp.cp @ pairing
If we multiply these last two equations we get equation as
Ep(Ar, .. AY)
= d"?Er (T, mon (Al An)) B(X g1 -+ X))

To prove we use and . They say that a first and second
cumulant of X’s if type (26|:) can be written, up to terms of order

O(d™'), as sums over pairings p in unions of intervals of v for which
Tp..p 18 & pairing. Moreover by Corollary [22|if p € Py(m) is a pairing
and 7., is also a pairing then at most two cycles of v can be contained
in any block of pV 7.

Let p € P2(m) be a pairing such that 7., is a pairing. The partition
pVy determines a partition U, € P(ry) of the cycles of v. By Corollary
, U, € P12(ro). Thus we can write

dim/Q Z Eﬂ-p'ﬁp <Tr(7rp'spv77p'ep) (A17 e 7Am)>

pEA(v,e,m)

= > d"PY " By (T (Al An)).

UEP1 2(r0) PEA(7,e,m)

Up=U
So to prove it suffices to prove that for U € Py 2(ro)
k(X ..., Xop)
- Z EWP'&P (tr(ﬂp'epvnp‘ep) (A17 e ’Am)) + O(d_1> (32)
pEA(y,e,m)
Up=U
Now ky(Xi,...,X,,) is a product of first and second cumulants. For

each first cumulant, E(X;), we apply equation (12) to write
E(X]) - d_S/Q Z Eﬂp-sp (Tr(ﬂ'p'epvnp‘ep) (Ail’ T Als)) + O(d_l)

p
with p running over pairings of the corresponding cycle (iy, ..., 4s) of v
such that m,._, is a pairing.

For each second cumulant ko (X}, X;) we apply equation (18] to write

COV(Xk, Xl) = d_t/z Z Eﬂ'p'ep (Tr(ﬂmpmpw) (Aj17 e 7Ajt)) + O(d_l)
p
with p running over pairings that connect the corresponding union
(41, .-, ) of two cycles of v such that 7., is a pairing. Taking the
product of these equations gives us . O
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9. MAIN RESULTS ON ASYMPTOTIC
REAL SECOND ORDER FREENESS

In this section we will present some consequences of Theorems [30]

38 and (411

Theorem 49. The ensemble of Haar distributed orthogonal random
matrices has a real second order limit distribution.

Proof. Corollaries [10] and [40] show that an ensemble of Haar orthog-
onal matrices has convergent moments {E(tr(O™))}; and convergent
fluctuation moments {ks(Tr(O™), Tr(O™))}4. A particular example of
Theorem [41] is the case when we have k,.(Tr(O™),...,Tr(O™")) for

some non-zero integers my, ..., m,. Together these results then show
that an ensemble of Haar orthogonal random matrices has a real second
order limit distribution. 0

Theorem 50. Suppose {A;}; is an ensemble of random matrices with
a real second order limit distribution and O is an ensemble of Haar
distributed orthogonal random matrices. If the entries of {A;}; are
independent from those of O, then {A;}; and O are asymptotically real
second order free.

Proof. This is a consequence of Theorems [36] 38| and [41] O

Theorem 51. Let O4,...,0Oq be independent Haar distributed orthog-
onal random matrices. Then Oq, ..., Oy are asymptotically real second
order free.

Proof. A single O has a real second order limit distribution by Theorem
49, By Theorem [0} O; and O, are asymptotically real second order
free. Again by Theorem [50| {O1, 02} and O3 are asymptotically real
second order free. By Proposition 29 Oy, O, and O3 are asymptoti-
cally real second order free. Then we can proceed by induction. 0

Proposition 52. Suppose {A;}; and {B;}; are two independent fam-
ilies of d x d random matrices, each having a real second order limit
distribution, and suppose that O is a d X d Haar orthogonal matriz in-
dependent from {A;};U{B;};. Then {B;}, and {OA;0~'}; are asymp-

totically real second order free.

Proof. We do not know that {A;}; U {B,}; has a real second order
limit distribution so we cannot directly apply Theorems [36] [38] and [41]
We shall argue that because of the special nature of the words we are
considering, i.e. OA; O7'B;0A;,07'B;,---OA; O™'B;,, the proofs
can be modified so that we only need the independence of {A;}; and
{B;},; and the fact that the exponents of the O’s alternate in sign.



REAL SECOND ORDER FREENESS 45

Consider the expression
E(Tr Yi,...,Y))
appearing in the statement of Proposition [12] If we write
Tr Yi,...,Y,) =Te(Zy) -+ Te(Zy)

as a product along the cycles ¢; - - - ¢; 0s 7.4, then the existence of a
real second order limit distribution was used to conclude that

d~ 'k (Tr(Z;)) converges,
ko(Tr(Z;), Tr(Z;)) converges, and
ko (Tr(Zi,), ..., Te(Z;)) = o(1) for r > 3.

This was all we needed to prove Theorems and [41] We shall
show that we still have these three properties even though we do not
assume that {4;}; U{B;}, has a real second order limit distribution.

So let ny,n9,...,n, be even positive integers and n =ny + - -+ 4+ n,.
Let

y=(1,...,n)(ni+1,...,n1+ng) - (N4 -+n,1+1, ..., 0+ ny)

be the permutation in S,, with the cycle decomposition given above.
Let Y7,Y3, ..., Y, 1 be polynomials in {A;}; and Y5,Yy, ..., Y, be poly-
nomials in {B;},. By Proposition (12| we have

E(Tt, (0Y1,07'Ys,...,0Y,1,07'Y,))
= > (Wa®), ) B(Trr, (Vi Vo).

p,q€P2(n)

Now by Lemma
E(Tr(r, . ompc0) (Y1, Y0) = E(Tx(Zy) - - - Tr(Zy))

where each Z; is a polynomial in either {4;}; or in {B,};. In fact we
may suppose that Z,. .., Z; are polynomials in {4;}; and Z;1,..., Zy
are polynomials in {B;};. Then we have

E(Tr,(0Y;,07'Ys, ..., 0Y,1,07'Y,))
= Y (Wg(p).q) E(Tx(Z1) - Te(Z))

P,q€P2(n)

Wp-eqﬂ?p-eq)<

Wp-eqv”ip-eq)(

X E(Tr(Zpsn) -+ Te(Zy))  (33)

by the independence of the {A;}; and the {B;};. This means that as
far as the asymptotic behaviour of E(Tr(x,. ,n,...)(Y1,...,Yy)) is con-
cerned we may assume that {A;}; U {B;}; does have a real second

order limit distribution. Now having cleared this hurdle we have by
the proof of Theorem (36| that {OA,0~'};, and {B;}; are first order
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free. Likewise, the proof of Theorem can be applied to conclude
that all third and higher cumulants of traces of products of OA4;071’s
and B,’s are of order o(1) as d — oo. We shall conclude the proof by
showing that Theorem [38 and equation will give us condition (i)
of Definition 25

So let us consider centred random matrices Xq,..., X,, and Y7,...Y,
where X7, X3,...X,,_1 and Y7,Y3,...Y, 1 are polynomials in {4;};
and X, Xo,..., X, and Y5, Yy, ... Y, are polynomials in {B,};. Let
the second order limit distribution of X;,....X,, and Y7,....Y,, be
given by zy,...,x,, and y1, ..., ¥y, respectively.

By equation ((14) we have for m =n

lim cov(Tr(OX,07'Xy--- 071 X,,), Tr(OY; - -- O71Y,))

d—oo
Z {H 90 TilYr— 1)56Z —€y—i+1 (mtr) + H Qo(xiyfﬂ—l—i)(seive,yi(m_,_m}
r=1 =1 =1
Since ¢; = (—1)%, we have both (561.7,%71.“(7”“) = 1 and 5€iv%i<m+r) =1

only when r is even; see Figure [ Thus

Z {H 90 LilYr— 1>56“*€ A =i+ () + H Sp(xiy£+i>6€¢,éwi(m+r)}

r=1 = =1

m/2 m m
— Z {H ©(xiyor—i) + H go(x,»yérJri)} (34)

For ¢ odd we write ¢(z;y2,_;) = ©(0ox;0  oys,_;071). Then

m/2 m m
Z {H (10 TiYor— z H (P(l'zyér_i_z) }
=1

r=1 =1

m/2 [ m/2

= Z H @ ((0m2:-107 1) (0Y2r—(2i-1)0" ")) (Z2i%2r—2:)
r=1 | i=1

m/2
+ H ® ((05’521'71071) (0?J2r+2¢710)t) W(x%yérwi)
i=1

This shows that condition (7i) of Definition [25|is satisfied. O

Definition 53. A random matrix is said to be invariant under conju-
gation by an orthogonal matrix if the joint distribution of the entries
is invariant under conjugation by an orthogonal matrix. So if we let A
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FIGURE 5. When ¢; = (—1)° the only spoke diagrams
that make a contribution are those where we connect an
o to an o~!. This means we can only connect an a to a b
if the indices have the same parity. This is what we see

in equation ((34)).

be a random matrix, O be a orthogonal matrix and B = OAO~! then
we mean that for every iq,...,4,,7_1,...,7_, We have

E(asi_, - aii,) = by, -+ bini,)-

Many standard examples of random matrices are invariant under
conjugation by a unitary or orthogonal matrix. In particular, real
Wishart matrices, the Gaussian orthogonal ensemble, Ginibre matri-
ces, and orthogonal matrices are all invariant under conjugation by an
orthogonal matrix. In [Rj}, R3], Redelmeier these were shown to have
real second order limit distributions and so satisfy the hypothesis of
our theorem below.

Theorem 54. Suppose that {A;}; and {B;}; are two independent fam-
ilies of random matrices, each with real second order limit distribution.
Suppose also that the family {A;}; is invariant under conjugation by
an orthogonal matriz. Then {A;}; and {B;}; are asymptotically real
second order free.

Proof. Since the joint distribution of the entries of A; and OA;0~!
are the same we may replace {4;}; by {OA;07'}; and then apply
Proposition O

10. CONCLUDING REMARK

Let us consider {A4;}; and {B;}; two independent ensembles of ran-
dom matrices, each with a real second order limit distribution and
suppose that the ensemble {A;}; is invariant under a conjugation by a
unitary matrix. In [MSs| it is shown that {A;}; and {B,}, are asymp-
totically complez second order free (see |MSS|, Corollary 3.16). Since
orthogonal matrices are also unitary, Theorem [54] implies that {A4;};
and {B;}, are asymptotically both real and complex second order free.
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In particular, the second term on the right-hand side of equation @
must vanish. In consequence, for A;, A € {A;}; we have that

lim tr(A4;4%) = 0.

d—oo

The connection between ensembles of random matrices which are in-
variant under a conjugation with a unitary and real second order free-
ness goes deeper than this and is investigated in the subsequent paper
[MP3] in which we show that unitarily invariant ensembles are asymp-
totically free from their transposes.

[AcZ]
[az]

[Bs]
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