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Abstract

Let A be a Banach algebra, with second dual space A”. We propose
to study the space A” as a Banach algebra. There are two Banach
algebra products on A”, denoted by O and <. The Banach algebra A
is Arens reqular if the two products O and < coincide on A”. In fact,
A" has two topological centres denoted by 3%1)(14”) and 3%2)(14”) with
AC :")ﬁ])(A”) Cc A” (j = 1,2), and A is Arens regular if and only if
304 = 3§2)(A”) = A”. At the other extreme, A is strongly Arens
irregular if 3\" (A”) = §2)(A” ) = A. We shall give many examples to
show that these two topological centres can be different, and can lie
strictly between A and A”.

We shall discuss the algebraic structure of the Banach algebra
(A”, O); in particular, we shall seek to determine its radical and when
this algebra has a strong Wedderburn decomposition. We are also par-
ticularly concerned to discuss the algebraic relationship between the
two algebras (A”, O) and (A", ).

Most of our theory and examples will be based on a study of the
weighted Beurling algebras L'(G,w), where w is a weight function on
the locally compact group GG. The case where G is discrete and the
algebra is £1(G,w) is particularly important. We shall also discuss a
large variety of other examples. These include a weight w on Z such
that ¢1(Z,w) is neither Arens regular nor strongly Arens irregular, and
such that the radical of (¢!(Z,w)”, O) is a nilpotent ideal of index
exactly 3, and a weight w on Fy such that two topological centres of
the second dual of £1(Fy,w) may be different, and that the radicals of
the two second duals may have different indices of nilpotence.
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CHAPTER 1

Introduction

The purpose of this memoir is to study the second duals of a Banach
algebra A. There are two such duals, each itself a Banach algebra, for
which we use the notations (A”, O) and (A”, ). The Banach algebra
A is said to be Arens regular if the two products O and < coincide on
A”. In fact, A” has two topological centres denoted by 3£1)(A”) and

2 (4" with
Ac3PA)cA (j=1,2)

(where we regard A as a subspace of A”), and A is Arens regular if
and only if SEI)(A”) = 3152)(14”) = A”. At the other extreme, A is
strongly Arens irreqular if 3§1)(A”) = 3?)(14”) = A. In the case where
A is commutative, 3§1)(A”) = 352)(14”) = 3(A”), the centre of both
of the algebras (A”,0) and (A”,<). We shall give examples of many
non-commutative Banach algebras to show that these two topological
centres can be different, and that they can be equal to A, to A”, and
to certain strictly intermediate closed subalgebras of A”.

We shall discuss the algebraic structure of the Banach algebra
(A”, O); in particular, we shall seek to determine its radical and when
this algebra has a strong Wedderburn decomposition.

We are particularly concerned to discuss the relationship between
the two algebras (A”, O) and (A”, ©): for example, we shall note in
Example 6.2 that the (Jacobson) radicals of the two algebras are not
necessarily the same set, and in Theorem 10.12 that the two radicals
can be the same set, but have different orders of nilpotence.

Finally, we shall also study the class of continuous derivations from
Ato A”, when A” is regarded as a Banach A-bimodule.

We shall throughout exemplify our general theory by studying the
two Banach algebras (A”, O) and (A”, <) in the case where A is a
weighted convolution algebra L'(G,w): here G is a locally compact
group, not necessarily abelian, and w is a weight function on G. The
case where G is discrete and we are considering the Banach algebra
(1(G,w) is particularly important. However we shall also consider a
considerable number of other examples.

1



2 1. INTRODUCTION

The pioneering work on what are now called the Arens products on
the second dual A” of a Banach algebra A is that of Richard Arens,
more than half a century ago (see [Arl]|, [Ar2]). Later, in a seminal
paper of 1961, Civin and Yood [CiY] concentrated on the special case
where A is the group algebra L!(G) of a locally compact group G,
proving that, in the case where G is abelian, L'(G) is Arens regular
only if G is finite; this was established for general groups G by Young
in [Y2]. It was finally proved in 1988 that L!(G) is strongly Arens
irregular for each locally compact group G [LLosl|. (This was proved
earlier for compact groups G in [IPyU]; see also [BaLPy].) We are in-
debted to Craw and Young [CrY] for the determination when weighted
group algebras are Arens regular.

The theory of Arens products on the second duals of Banach al-
gebras is described in the texts [Pa2] and [D]. Our memoir builds on
these foundations.

Although most of our results are new, we have sought to survey the
known theory, and in a few cases we have repeated proofs that already
exist in the literature.

In Chapter 2, we shall recall the background in Banach algebra
theory that we shall require, and introduce the key concepts of the two
Arens products O and < on the second dual A” of a Banach algebra
A; we shall also define the two topological centres 3" (A”) and 3% (A”)
in A”. This leads to our definitions of Arens regularity and of (left and
right) strong Arens irregularity.

Grothendieck’s ‘repeated limit condition’ plays an important role
in the study of Arens regularity. In Chapter 3, we shall describe this
condition and establish some results in the form that we shall use them;
we shall also recall the definition of almost periodic and weakly almost
periodic elements in the dual space A" of a Banach algebra A.

In Chapter 4, we shall give a variety of examples of Banach algebras
A and of their two second dual algebras. In particular, we shall recall
the properties of C*-algebras A, for which 3%1)(‘4”) = 3§2)(A”) = A",
and of group algebras A, for which 3?)(14”) = 31(52)(A”) = A. We shall
also collect a substantial number of specific examples, most already
known.

In Chapter 5, we shall introduce the class of (left-) introverted sub-
spaces X of A’) and we shall define the topological centre 3,(X’) of the
Banach algebra (X', O) which, as a Banach space, is the dual of such
a space X.

The next chapter, Chapter 6, is a preliminary to our main work; we
shall study the second duals of certain Banach algebras of operators
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contained in B(FE), the Banach algebra of all bounded linear operators
on a Banach space E. A Banach operator algebra contained in B(FE)
can only be Arens regular in the case where E is reflexive; we shall
sketch a new proof of M. Daws that the Banach algebra B(E) is indeed
Arens regular whenever F is super-reflexive. We shall then discuss the
Banach algebras 2 = K(F) in the case where E' is non-reflexive and
E’ has the approximation property and the Radon—Nikodym property.
We shall identify the two topological centres 3751)(91) and 3,52)(91) in
this case, showing that neither is contained in the other and that each
lies strictly between 24 and ", and we shall identify their intersection,
which may be equal to 2 and which may be strictly larger than 2[. We
shall also prove that (2", O) is semisimple, but that (A", ¢) has a
‘large’ radical. We do not know whether or not (B(E)”, O) is semi-
simple for all sufficiently ‘nice’ Banach spaces F; this is true when E
is a Hilbert space.

In Chapter 7, we shall introduce the Banach algebras that we shall
study. The main characters in our story will be the Beurling alge-
bras L'(G,w) and ¢!(G,w), where w is a weight function on G, but
we shall also introduce some of the relatives of these algebras, such
as the C*-algebra LUC(G,1/w); the latter is a left-introverted sub-
space of L'(G,w). At the heart of the narrative is the interplay
between the structures of the group G and of the Banach algebras
that are constructed on G. For example, we shall recognize the mea-
sure algebra M (G,w) as the multiplier algebra of the Banach algebra
LY(G,w), and show how it can be embedded in (L'(G,w)”, O) and
in (LUC(G,1/w)’, O0). We shall discuss various ‘topologically left-
invariant’ elements in L'(G,w)”, and show how they can be used to
prove that the radical of (L!(G,w)”, O) is usually non-—zero. How-
ever, we have been forced to leave open one basic question, namely,
whether or not the algebras L'(G,w) (or even the algebras (!(G,w))
are themselves always semisimple.

There is a considerable difference in behaviour between the algebras
L'(G,w) (in the case where G is not discrete) and ¢!(G,w). In Chapter
8, we shall study the algebras £!(G,w), and in Chapter 9 and Chapter
10 we shall give a variety of examples that exhibit several phenomena
that can occur. A basic example is given by the weight w, on Z, where

wa(n) =1+ n))* (neZ)

for @ > 0. It was shown by Craw and Young [CrY] that the Beurling
algebra ((Z,w,) is Arens regular if and only if @ > 0. We shall

also exhibit in Chapter 9 various examples in which the topological
centre of (1(Z,w)"” lies strictly between ¢'(Z,w) and ¢1(Z,w)"”. The
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most important example seems to be Example 9.15: this exhibits a
symmetric weight w on Z such that w is increasing on Z*, such that
(Y(Z,w) is neither Arens regular nor strongly Arens irregular, and such
that the radical of (¢(Z,w)”, O) is a nilpotent ideal of index exactly 3.
We do not know whether or not there is a weight w on Z such that the
algebra (¢1(Z,w)”, O) is semisimple. In Example 9.17, we shall exhibit
a symmetric, unbounded weight w on Z such that ¢!(Z,w) is strongly
Arens irregular; it is conceivable that for this example (¢(Z,w)”, O)
is indeed semisimple.

In Chapter 10, we shall turn to Beurling algebras on [y, the free
group on two generators. In Theorem 10.12, we shall show by a rather
complicated example that the two topological centres of the second
dual of a Beurling algebra £!(Fy, w) may be different, and, remarkably,
that the radicals of the two second duals may have different indices of
nilpotence.

In Chapter 11, we shall study the topological centre 3,(X’), where
we define X, to be the space LUC(G, 1/w), a left-introverted subspace
of L*(G,1/w). We shall show that 3,(X/) can be identified with an
algebra M (G, w) of measures on G under the condition that w be diag-
onally bounded (see Definition 7.41) on a dispersed subset of G. This
chapter extends earlier work of Lau and Ulger in [L3] and [LU]J; see also
[LLo1].

Next, in Chapter 12, we shall turn to a study of the second duals
of the algebras L'(G,w) in the case where G is not discrete. We shall
show in Theorem 12.2 that L'(G,w) is left strongly Arens irregular
whenever 3,(X!) = M(G,w) (subject to a very mild condition), and
hence deduce that the algebra L'(G,w) is strongly Arens irregular
whenever w is diagonally bounded on a dispersed subset of G. Now let

wo(t) = (1+t)* (teR)

for a > 0, so that w, is a weight function on R, but w, is not diagonally
bounded on any dispersed subset of R whenever o« > 0. In an important
new result, we shall show in Theorem 12.6 that the Beurling algebra
LY(R,w,) is neither Arens regular nor strongly Arens irregular in the
case where o > 0, and we shall obtain in Theorem 12.9 and later
results rather a large amount of information concerning the radical of
the second duals of these algebras.

Finally in Chapter 13, we shall discuss continuous derivations from
LY(G,w) into the module L'(G,w)” which is its second dual. We re-
strict ourselves to the case where the group G is abelian. In particular,
we shall determine when many of these algebras are 2-weakly amenable;
in our case, this means that each such derivation is 0.
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The work concludes with a list of open problems.

We conclude these preliminary remarks by giving some notation
that we shall use frequently.

Throughout, we write N for the set {1,2, ...} of natural num-
bers, Z* for NU {0}, Ny, for the set {1,2,...,k}, and Z; for the set
{0,1,2,...,k}. The unit interval [0, 1] is denoted by I, and the unit
circle by T. For z € C and r > 0, we set

D(z;r)={w e C:|w—z| <r},

the open disc with centre z and radius r, and we set D = ID(0; 1).
The algebra of n x n matrices over C is denoted by M,,(C) or M,.
For a function f on a set S, the support of f is

supp f = {s € S: f(s) # 0} .

The characteristic function of a subset T" of S is denoted by x7, so that
xr(s) =1 whenever s € T and yr(s) = 0 whenever s € S\ T
For subsets S and T of a group G, we set

S -T={st:s€S,teT},

and S+T = {s+t:s €S te& T} in the case where G is abelian
and is written additively; we write S + ¢ for S + {t}, etc. Also, in the
general case, we set S1 = {s7!: s € S}. An identity of a semigroup
S is usually denoted by eg, and S®* = S\ {es}.

Let X be a locally compact space. (By our convention, each locally
compact space is taken to be Hausdorff.) Let (s,) be a net in X. Then

Lim s, = 00
«

means that, for each compact subset K of X, there exists a g such that
So € X\ K (a = ak). Let (K,) be a net of compact subsets of X.
Then

Lim K, = o

means that, for each compact subset K of X, there exists oy such that

K,NK =0 (o> ag). Let f: X — C be a function on X. Then
Lim f(x) = a (respectively, Limsup f(z) = «)

means that, for each € > 0, there is a compact subset K of X such that

|f(z) —a] < e (respectively, f(z) < a+ ¢) whenever x € X \ K. In

particular, we shall use this notation in the case where X is a discrete

space.

An index of terms used is given on pages 185-187, and an index of
symbols is on pages 189-191.
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A few of our results, which we indicate, are based on earlier theo-
rems contained in the PhD thesis [La] at Leeds of David Lamb; we are
grateful for his permission to include them here. We are also grateful to
Colin Graham and to Matthias Neufang for some valuable comments
on and interest in our work and for making their preprints available to
us.

This manuscript was completed in May, 2003; a few comments
about more recent results, and some extra references, have been added
in August, 2004, after the memoir was accepted for publication. Fur-
ther results in this area will be contained in a memoir of H. G. Dales,
A. T.-M. Lau, and D. Strauss, Banach algebras on compactifications of
semigroups, which is in preparation.



CHAPTER 2

Definitions and Preliminary Results

We begin by recalling some basic concepts and notations. Further
details of everything mentioned here are contained in the monograph
[D].

Let S be a subset of a linear space. Then lin S denotes the linear
span of S, ex S denotes the set of extreme points of S, (S) is the convex
hull of S, and ac S is the absolutely convex hull of S.

The space of linear maps from a linear space F to a linear space F
is denoted by L(FE, F'); we write L(F) for the unital algebra L(E, E).

Let E be a linear space. Then the image of x € E under a linear
functional A on E'is denoted by A(z) or, more usually, by (x, A). The
space of linear functionals on a linear space F is denoted by E*.

Let A be a (linear, associative, complex) algebra. The product in
A is the bilinear map

may: (a,b) —ab, AxA— A.
For each a € A, we define
L,(b) =ab, R,(b)=ba (be A);

these are the operations of left and right multiplication by a.

We denote by A# the algebra formed by adjoining an identity to
A (so that A#* = A in the case where A is unital), and by A° the
opposite algebra to A, so that A°P is the same linear space as A, but
the product is -, where a - b = ba (a,b € A).

An element a € A is nilpotent if there exists n € N with a™ = 0.
For each n € N and S C A, we set

S[”]:{al---an:al,...,aneA} and 9" =1lin S .
For S,T C A, we set
S-T={ab:aeS,beT} and ST =I1inS - T,

we write aS for {a}S when a € A, etc.
The centre of the algebra A is denoted by 3(A), so that

3(A)={acA:ab=ba (be A)}.
7
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The (Jacobson) radical of A is denoted by rad A; the algebra A
is semisimple if rad A = {0} and radical if rad A = A. Let A be a
unital algebra with identity e 4: we denote by Inv A the set of invertible
elements in A, and recall that

rad A = {a€A:eqs—bacInvA (be A)}
= {a€A:eqg—abelnvA (be A)}.
Note that rad A = rad A°" as subsets of A.

Let I be a left (respectively, right) ideal in an algebra A. Then [ is
left-annihilator (respectively, right-annihilator) if ax = 0 (respectively,
za = 0) whenever a € A and x € I; each such ideal is contained in
rad A. Let S C A. For n > 2, the set S is nilpotent of index n if
S™ = {0}, but S"! # {0}. The radical rad A contains each left or
right ideal which is nilpotent.

PROPOSITION 2.1. Let I be an ideal in an algebra A, and let a € I.
Suppose that al = 0. Then a € rad A.

PROOF. Set J = aA¥, a right ideal in A. Then
J? = aA%a A" Cal =0,
and so J is nilpotent. Thus a € J C rad A. O

An algebra A is a semidirect product of a subalgebra B and an ideal
I if A is the direct sum of B and [ as linear spaces; in this case, the
product in A is determined by the formula

(2.1) (b1, 21)(ba, ©2) = (b1ba, 210y + bixo + 2122)

for by,by € B and x1, 25 € I, and we write A = Bix I. The algebra A is
decomposable if there is a subalgebra B of A such that A = B x rad A.

Let e be a right identity of an algebra A, so that ae = a (a € A).
Then L. is a linear projection on A, and L, is a homomorphism. Define

eA={ea:a€ A} and (1 — e)A = {a—ea:a € A}, so that we have
eA = L.(A) and (1 —e)A = ker L,. Then A =eAx (1—¢e)Aisa
semidirect product.
Let A be an algebra. Then: an element L € £(A) such that
L(ab) = L(a)b (a,be€ A)
is a left multiplier on A; an element R € L(A) such that
R(ab) = aR(b) (a,be A)

is a right multiplier on A; a pair (L, R) such that L is a left multiplier,
R is a right multiplier, and

aL(b) = R(a)b (a,be A)
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is a multiplier on A. For example, for each a € A, L, is a left multiplier
of A, R, is a right multiplier of A, and (L,, R,) is a multiplier of A.
The subalgebra of £(A) x L(A)°P consisting of the multipliers (L, R)
of A is the multiplier algebra of A, denoted by M(A); the map

ar— (L4, Ry), A— M(A),
is a homomorphism. In the case where
(2.2) {a € A:aA={0}}={a€ A: Aa={0}} = {0},

this map is an embedding, and we regard A as a subalgebra of M(A) in
this way. Suppose that A is commutative. Then the multiplier algebra
M(A) is a commutative, unital subalgebra of L(A) [D, p. 60].

A linear involution on a linear space E is a map x +— x* on F such
that

@) = & (B,
(ax + By)* = az*+8y" (v,y€E, a,pcC).

An involution on an algebra A is a linear involution on A such that
(ab)* =b*a* (a,be A).

An algebra with an involution is a *-algebra.
A linear functional A on a x-algebra A is positive if

(aa*;\) >0 (a € A);

the set x-rad A is defined to be the intersection of the kernels of the
positive linear functionals on A*, and the algbera A is *-semisimple
if x-rtad A = {0}. Thus xrad A is an ideal in A. Let A be a unital
algebra with an involution. Then a positive functional A on A is a
state if (ea, A\) = 1; the set of states is the state space Sy of A.

Let A and B be algebras. Then the linear space A® B is an algebra
for a unique product such that

(CLl X bl)(CLQ X bg) = a1a9 ® blbg (CLl,CLQ € A, bl,bQ < B),

see [D, Proposition 1.3.11] for details.
Let A be an algebra, and let F be an A-bimodule with respect to
the maps

(a,x)—a- -z, (a,x)—x-a AXE-—E.

Then E is symmetricifa - ¢ =z - a (a € A, x € E); a symmetric
A-bimodule over a commutative algebra A is termed an A-module.
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Let A be an algebra, and let E¥ be an A-bimodule. Then E* is also
an A-bimodule for the maps (a,\) — a - A and (a, A) — X - a, where
a - Aand X\ - a are defined by the formulae:

(2.3) (x,a - X)) =(x-a,N), (x, A -a)=(a-z, N

fora€e A,z € F,and A € E*.
Let E be a left A-module. Then we set

A-E={a-x:a€A x€FE}, AE=IlnA-FE,

with similar definitions for right A-modules.

DEFINITION 2.2. Let A be an algebra, and let E be an A-bimodule.

(i) The bimodule F is neo-unital if A - E=FE - A=F;

(ii) A derivation from A into E is an element D € L(A, E) such
that

D(ab) =a - Db+ Da - b (a,be A).
For example, let x € F, and define 9, : A — E by
de(a)=a-z—x-a (a€A).

Then ¢, is a derivation; such derivations are termed inner derivations.
In the case where E = A, we refer to derivations on A.

Now suppose that A is a Banach algebra. The spectrum of an
element a € A is denoted by o(a), and the spectral radius of a is
denoted by v(a); an element a is quasi-nilpotent if v(a) = 0, and the set
of quasi-nilpotent elements of A is denoted by Q(A). Certainly rad A
is a closed ideal in A, and A/rad A is a semisimple Banach algebra; we
have rad A C Q(A), and rad A = 9Q(A) when A is commutative. For
example, let a € A. Then, by the spectral radius formula, a € Q(A) if
and only if lim,_ [|a"||'/™ = 0.

The Banach algebra A is strongly decomposable if there is a closed
subalgebra B of A such that A has the strong decomposition

A=B x rad A

as a semi-direct product. Clearly, the Banach algebra A is strongly
decomposable if and only if there is a splitting homomorphism for the
quotient map 7 : A — A/rad A; this is a continuous homomorphism
6 : A/rad A — A such that 7 o 6 is the identity on A/rad A. See [BDL)]
for the theory of decomposable and strongly decomposable Banach
algebras.

A character on an algebra A is a homomorphism from A onto C;
the set of these characters forms the character space ® 4 of A. Clearly,
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®, C A*, and we have

(2.4) p-a=a-p=pla)p (@acA pecdy).

Every character on a Banach algebra A is continuous, and the space
® 4 is locally compact in the usual Gel’fand topology.

A net (e,) in a Banach algebra A is a bounded left approzimate
identity for A if sup, |lea]] < oo and if lim, ||a — eyal| = 0 for each
a € A; bounded right approximate identities are defined similarly. A
bounded approximate identity for A is a net which is both a bounded
left and right approximate identity; a bounded approximate identity is
sequential if the net is indexed by N. Certainly every Banach algebra
with a bounded approximate identity satisfies (2.2).

Let E be a Banach space. The closed ball in £/ with centre 0 and
radius m > 0 is denoted by Ej,,,), and the dual space of E, the space of
continuous linear functionals on F, is denoted by E’; we represent the
duality by the pairing

(x,\) — (z,)\), ExE —C.

The weak topology on E is denoted by o(FE, E’) and the weak-* topol-
ogy on E'is o(E', E). The second dual space of E is denoted by E”,
with the pairing

(AN — (A))), E'"xE —C,

and we denote the canonical embedding of F into E” by kg or k, so
that

(kp(x),\) =(z,\) (re€E, N€eFE).

Usually we shall regard E as a closed subspace of E” by identifying
E with k(F). The space E is reflexive if k(E) = E”. We continue to
define £ K", . ...

We write o(E", E') for the weak-* topology on E”, so that (E")p
is o(E", E')-compact and x(Ep)) is o(E", E')-dense in (E")yy. Let I
be a closed subspace of a Banach space E. Then we identify the space
F" with the o(E", E')-closure of kg(F') in E”; the relative o(E", E')-
topology on F” coincides with o(F”, F'). Note that £ N F” = F with
these identifications.

Let E be a Banach space. The map P : E” — E’ which is the
dual of the embedding x of E into E” (so that P(A) = A | k(E) for
A € E") is a continuous linear projection onto E’, called the canonical
projection.
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Let E be a Banach space, and let ' and G be closed linear subspaces
of F and E’, respectively. Then we define the annihilators:

Foo={AeFE :(z,\)=0 (xebF)};
°G ={reE:(z,\)=0 (AeqG)}.

Clearly F° and °G are closed linear subspaces of E' and E, respectively,
and °(F°) = F.

Let £ and F be Banach spaces. Then the Banach space of all
bounded linear operators from E to F' is denoted by B(FE, F); here

1T} = sup {|T=]| : = € Epy}

defines the operator norm || - || on B(E, F'). We write B(E) for B(E, F),
so that B(E) is a unital Banach algebra. An operator T' € B(E, F)
is compact if T(Ep)) is relatively compact in F' and weakly compact
if T'(Ep) is relatively weakly compact in F'. The spaces of compact
and weakly compact operators are denoted by K(E, F') and W(E, F),
respectively; each is a closed subspace of B(F, F'). We write K(FE) and
W(E) for K(E, E) and W(E, E), respectively. Then K(E) and W(E)
are closed ideals in B(E). See Chapter 6 for further details.

Again let E and F' be Banach spaces. Then the projective tensor
product of E and F is denoted by (E® F, ||-||..). Thus each z € E® F
has a representation

z:ij@)yj,
j=1

where z; € I/ and y; € F for each j € N and

o0
> sl sl < oo
j=1

further, [|z]|, is equal to the infimum of » 77, [|z;| [|y;]| over all such

representations. The dual of (E® F, ||-||.) is identified with B(E, F")
[D, Proposition A.3.70]. Let A and B be Banach algebras. Then A® B
is also a Banach algebra [D, Theorem 2.1.22].

In the case where A is a Banach algebra satisfying (2.2), each left
multiplier and each right multiplier on A is a continuous linear operator,
M(A) is a closed subalgebra of the Banach algebra B(A) x B(A)°P,
and the embedding of A in M(A) is continuous. However, A is not
necessarily a closed subalgebra of M(A). For a more general theory of
multiplier algebras, see [D, Theorem 2.5.12] and [Pa2, Chapter 1.2]; in
the latter text, multipliers are termed ‘centralisers’ of the algebra.
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Let A be a Banach algebra satisfying (2.2), and let L and R be left
and right multipliers on A. Then we note that

(25) L'(a-AN)=a-L'(N), R(AN-a)=RX-a (a€A XeA).

A Banach *-algebra which is a x-algebra is a Banach algebra with
an isometric involution, as in [D, Chapter 3.1]. In this case, *-rad A is
a closed ideal in A, and *-rad A D rad A.

A C*-algebra is a Banach x-algebra A such that

laa™]| = flall* (a € A).

Thus a C*-algebra is a Banach x-algebra. A (C*-algebra which, as
a Banach space, is the dual of another Banach space is a von Neu-
mann algebra. We shall use some standard facts about C*-algebras
and von Neumann algebras; this background material is contained in
many texts, including that of Kadison and Ringrose [KR]. Let A be a
unital C*-algebra. Then the state space S4 of A is now equal to

{ANe AN = (ea, ) =1}

and lin Sy = A’. By the Krein-Milman theorem, Sy = (exS4), and
also (A")y) = ac{ex S}, where the closures are taken in the space
(A',o(A’, A)). The elements of ex S4 are the pure states.

Let © be a non-empty locally compact space. Then Cy(2) is the
space of all complex-valued, continuous functions on {2 such that the
functions vanish at infinity; Co(Q2) is a commutative C*-algebra for
the pointwise product and the uniform norm, |-|,. We write C(Q2) in
the case where € is compact. Further, Cy(€2) is the dense subalgebra
of Cy(f2) consisting of all functions whose support is contained in a
compact subset of 2. Each commutative C*-algebra A is isometrically
s«-isomorphic to Cp(P4), and ex Sy is identified with the character space
®,; see [KR, 3.4.7] for details. The dual Banach space of Cy() is
identified with M (€2), the space of all complex-valued, regular Borel
measures on {2, with the duality

(o 1) (s ) = / f(s)du(s),  Co(Q) x M(Q) — C.

Here ||p|| = |p| (2) for p € M(2), where || denotes the total variation
of the measure .

We denote by C'B(£2) the space of all bounded, continuous functions
on a non-empty, locally compact space €2, so that (CB(Q2), |- |,) is also
a commutative C*-algebra for the pointwise product and the uniform
norm. The character space of C'B({) is identified with €2, the Stone-
Cech compactification of ©, and CB(Q) is identified with C(59). For
details, see [D, Chapter 4.2].
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Let A be a Banach algebra. A Banach A-bimodule is a Banach
space E such that F is an A-bimodule and

la -zl < lallll=]l,  [lz - all < flal[{[z]] (e € A, z € E).

Similarly, we define Banach left A-modules and Banach right A-modules.
For example, A itself is a Banach A-bimodule with respect to the prod-

uct in A. For each Banach A-bimodule E, the spaces AE and EA are
also Banach A-bimodules; the bimodule E is essential if

AE=FEA=E.

Let A be a Banach algebra with a bounded approximate identity,
and let E be an essential Banach A-bimodule. Then E becomes a unital
Banach M(A)-bimodule in a natural way. The module operations
satisfy the following equations:

(L,R) - (a-x) = La-x,
(x -a)-(L,R) = z- Ra,

We shall require the following version of Cohen’s factorization the-
orem ([BoDu, Chapter 11|, [D, Chapter 2.9], [Pa2, Chapter 5.2]).

} (ac A, (L,R) e M(A), z € E).

THEOREM 2.3. (i) Let A be a Banach algebra with a bounded right
approzimate identity. Then Al = A- if E is a Banach right A-module,
then FA=FE - A, and, in particular, AA=A"- A.

(ii) Let A be a Banach algebra with a bounded approzimate identity,
and let E be an essential Banach A-bimodule. Then E is neo-unital.C

In particular, A is neo-unital as a Banach A-bimodule, and so A
is a unital Banach M(A)-bimodule. Hence A’, A”,... are all M(A)-
bimodules; in the case where A is commutative (so that M(A) is com-
mutative), they are symmetric. For details, see [D, Theorem 2.9.51];
the result is due to B. E. Johnson.

The following result is [LU, Theorem 2.6].

PROPOSITION 2.4. Let A be a Banach algebra with a sequential
bounded approximate identity. Suppose that A is weakly sequentially

complete as a Banach space. Then (A’A)° = {0} if and only if A is
unital. O

Let A be a Banach algebra, and let ¥ be a Banach A-bimodule.
Then E’ is also a Banach A-bimodule for the maps specified in (2.3).
Continuing, we see that E”, E"”, ... are also Banach A-bimodules;
clearly k(E) is a submodule of E”. In particular, A’ is the dual mod-
ule of A, and A” is the second dual module: the canonical embedding
k: A — A" is a module monomorphism and we regard A as a closed



2. DEFINITIONS AND PRELIMINARY RESULTS 15

submodule of A”. The canonical projection P : E” — FE’ is an A-
bimodule homomorphism, and so

(2.6) E"=F @&kerP=F & (kg(E))°

as a direct sum of Banach A-bimodules.

The space of continuous derivations from a Banach algebra A into
a Banach A-bimodule E is denoted by Z!(A, E), and the subspace of
inner derivations is N'*(4, F); we set

HI(A,E) = Z'(4,E) /N (4, E),
the first Banach cohomology group of A with coefficients in F.

DEFINITION 2.5. Let A be a Banach algebra. Then A is amenable
if HY (A, E") = {0} for each Banach A-bimodule E, weakly amenable
if H'(A, A') = {0}, and 2-weakly amenable if H'(A, A”) = {0}.

For background information on these concepts (and the more gen-
eral definition of n-weakly amenable), see [BCD], [D], [DGhGr], [Hel],
and [J1], for example. One of our aims in the present memoir is to
determine when certain Beurling algebras are 2-weakly amenable; this
will be achieved in Chapter 13.

The following definition is taken from [Rul, Definition 1.1]; see also
[Ru2, Chapter 4.4].

DEFINITION 2.6. Let A be a Banach algebra. Then A is a dual
Banach algebra if there is a closed submodule E of the dual module A’
such that E' = A; the space E is the predual of A.

Let A be a Banach algebra such that A = E’ as a Banach space
for some Banach space E. Then it is easy to check that A is a dual
Banach algebra (with predual F) if and only if the map m4 on A x A is
separately (A, E')-continuous. The predual of a dual Banach algebra
is not necessarily unique. (Our notion of a ‘dual Banach algebra’ is not
related to that specified in [BoDu, Definition 32.27].)

For example, a C*-algebra is a dual Banach algebra if and only if
it is a von Neumann algebra [Ru2, Example 4.4.2(c)].

Let A be a Banach algebra. There are two naturally defined prod-
ucts, which we denote by O and <, on the Banach space A”. See [D,
Chapter 2.7], [DuH], and [Pa2, Chapter 1.4] for a full discussion of
these products. We recall the definitions.

For A € A and ® € A”, define A - ® and ® - A in A’ by the formulae:

2.7) (g, \-®)=(P,a-N), {(a,P-N)=(P,\-a) (a€A).
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Clearly the maps (®,\) — A - ® and (®,\) — & - A from A” x A’
to A’ are both bilinear and bounded, with norms equal to 1. We see
immediately that (A ®)-a=X-(P-a)and (a-A)- P =a-(\- D), etc.,
for each a € A, A € A’, and & € A”. Suppose that A is commutative.
Then A - &=d - A (A€ A, e A").

DEFINITION 2.7. Let A be a Banach algebra, and let &, ¥ € A”.
Then
(2.8) (@OW, \) = (B, U-N), (BOW, \) = (T, \-B) (\eA).

These products O and < are the first and second Arens products, re-
spectively, on A”.

Clearly 0OV, d O W € A” whenever &, ¥ € A”, and both of the
maps (®,¥) — &0V and (P, ¥) — &< U are bilinear and bounded,
with norms equal to 1. Notice also that

(29) (@OU)-A=0 - (T-)) (B, TeA” Ned).

The Arens products are determined by the following formulae, where
all limits are taken in the o(A”, A’)-topology on A”. Let &, ¥ € A",
and take (a,) and (bg) to be nets in A such that a, — ® and bg — V.
Then

(2.10) OOV = lim lién anbg, POV = lién lim a,bp -

It follows from these formulae that both O and < are associative
products on A”.

THEOREM 2.8. The algebras (A", O) and (A”, &) are Banach al-
gebras.

PROOF. This is proved in [D, Chapter 2.6] and [Pa2, Chapter 1.4],
for example. O

It follows easily that the Banach space A’ is a Banach left (A", O)-
module for the map (®, A) — & - A and a Banach right (A”, <)-module
for the map (®,\) — A - ®.

DEFINITION 2.9. The Banach algebra A is Arens regular if O and
<& coincide on A”.

We regard A as a closed subalgebra of both (A”, O) and (A”, <)
by identifying A with x(A). Note that

a0 =qCP=aq-® and P0a=d a=d - a
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for a € A and ® € A”. Let I be a closed ideal in a Banach algebra A.
Then (1", O) is a closed ideal in the Banach algebra (A”, O).
It is clear that (A", &) = ((A°)”, O)°  and so we have

rad (A", O) =rad ((A°?)", <)

as subsets of A”. In the case where A is commutative, it is imme-
diate that (A", &) = (A”, O0)°P, and so A is Arens regular if and
only if (A”, O) is commutative. Further, for A commutative, we have

rad (A”, O) = rad (A", <) as subsets of A”; each of these radicals is
nilpotent of index n if and only if the other has the same property.

ProproSITION 2.10. Let A be a Banach algebra with a radical R.
Then:

(i) (rad (A”, O)) N A C R; in the case where A is commutative,
(rad (A", 0))NA=R;

(ii) A 1s an ideal in (A", O) if and only if the operators L, and R,
are both weakly compact for each a € A.

PRrOOF. These standard results are given in [D, Proposition 2.6.25]
and [Pa2, Proposition 1.4.13], respectively. U

It seems that no example is known for which (rad (A”, O))NA # R,
in the above notation.
For a recent survey of results about Arens regularity, see [FiSi].

Let A be a Banach algebra, and let E be a Banach A-bimodule.
Then E” is a Banach (A”, O)-bimodule in a natural way (see [DGhGr],
[D, Theorem 2.6.15(iii)], [Gou], and [G1]). Briefly, suppose that ® € A”
and A € E”, and take nets (a,) and (z5) in A and E, respectively, such
that a, — @ in (A”,0(A”, A’)) and 23 — A in (E”,0(E", E')). Then

D . A:hmliénaa -x3 and A - @zliénlimxg © Qg

in (B, 0(E", E)).

Suppose that 6 : A — B is a continuous homomorphism from A
into a Banach algebra B. Then B is a Banach A-bimodule for the maps
(a,b) — B(a)b and (a,b) — bb(a),
and the map 0" : (A”, O) — (B”, O) is a continuous homomorphism;

the module action on B” described above is given by
- A=0"(®)O0A, A-0>=A00"(D) (e A’ AeB"),

in this special case. In particular, suppose that A is a closed subalge-
bra of a Banach algebra B. Then we may regard (A”,0) as a closed
subalgebra of (B”,0).
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LEMMA 2.11. Let A be a Banach algebra, and let E be a Banach
A-bimodule. Suppose that D : A — FE is a continuous derivation. Then
D// . (14.//7 D) — E//
1S a continuous derivation.

PRrROOF. This is [DGhGr, Proposition 1.7]. O
We shall use the following proposition in Chapter 13.

PROPOSITION 2.12. Let A be a commutative Banach algebra with
a bounded approximate identity.

(i) The projection P : A" — A" is a M(A)-module homomor-
phism.

(ii) Let D : A — A” be a continuous derivation. Then there is a
continuous derivation D : M(A) — A” such that D | A= D.

PROOF. (i) Take T € M(A), A € A’, and ® € A”. Then
(P(T - ®),\) = (T -0 ca(N)=(P, ka(\) - T)
= (@, ha(A-T)) =(P(®), A - T)=(T - P(®), A),
and so P(T - ®) =T - P(®), as required.
(ii) By Lemma 2.11, D" : (A", O) — A" is a continuous derivation.
Set D = (P o D") | M(A), so that D : M(A) — A" is a continuous
linear operator. By (i), D is a derivation, and clearly D | A= D. O

Let A be a Banach x-algebra. Then the involution * on A extends
to a linear involution * on A”, and

(2.11) (@ OV =0"Cd* (P, Ve d).
Indeed, for A € A’, define \¥ € A’ by

(a, %) = (a*, N) (a €4,
and then, for ® € A”, define ®* € A” by

(2.12) (@, \) = (B, A) (Ae A).
It is now easy to see that (2.11) holds. We note also that
(2.13) (@ - NI=X7-d (AeA decA").

It follows from equation (2.11) that the map * is an involution
on (A", 0) if and only if A is Arens regular. Let ® € A”. Then
® € rad (A7, O) if and only if ®* € rad (A”, ¢ ); again, each of these
radicals is nilpotent of index n if and only if the other has the same
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property. In the case where A is Arens regular, rad (A”, O) is a *-ideal
in (A", O).

Let A be a Banach algebra, and let ¢ € 4. Set ¢ = ka(p) € A”.
Then it is easily checked that ¢ is a character on both (A”, O) and
(A7, <), and that the map ¢ — @ is an injection. However this map is
usually not continuous. In the case where lin ® 4 is weak-* dense in A’
(which holds when A is a commutative C*-algebra, for example), the
image k4/(®4) is dense in ®(4r 0).

DEFINITION 2.13. Let A be a Banach algebra. An element &g € A”
is a mixed identity for A” if it is a right identity for (A”, O) and a left
identity for (A", <), so that

An element &5 € A” is a mixed identity if and only if
(2.15) Dy - A=A-Pg=)1 (AeA).

A mixed identity is not necessarily unique for a general Banach
algebra, but, in the case where A is Arens regular, a mixed identity
is the unique identity of (A”, O). Now suppose that A has a bounded
approximate identity (e,). Then (e,) has a o(A”, A’)-accumulation
point, say ®g, in A”, and ®q is a mixed identity for A”. Conversely,
if A” has a mixed identity ®y, then A has a bounded approximate
identity which converges to @y in A”. (See [BoDu, p. 146|, [CiY],
[D, Proposition 2.9.16], or [Pa2, Proposition 5.1.8(a)| for more precise
results. )

The following result is given as [D, Theorem 2.9.49].

THEOREM 2.14. Let A be a Banach algebra such that A” has a
mized identity ®o with ||Pol| = 1. Then M(A) is a closed, unital
subalgebra of the Banach algebra B(A) x B(A)°®, A is isometrically
isomorphic to a closed ideal in M(A), and the map

(216) ki (L, B) > g - (L, R) = R'(®o), M(A) — (A", 0,
is an isometric embedding such that k | A = k4. Further,
M(A) Cc ogO A", O
Let A be a dual Banach algebra, with predual space F, so that
E°={decA":®|E=0}.

Then the canonical projection P : E"” — E’ gives a continuous linear
map P : A” — A, and now equation (2.6) can be written as

AH:A@EO
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as a direct sum of Banach A-bimodules. For each ® € A”, there exists
a = P(®) € A such that (&, \) = (a,\) (A € E), and clearly we have
d - A=a- -\ (Xe€E). It follows from (2.8) that

P(@OT) = P(®) - P(T) (&,T € A",

and so P : (A", 0) — (A4,-) is a homomorphism and E° is a closed
ideal in (A”, O). (See also [GhLaa, Theorem 2.2].) Consider the short
exact sequence

(2.17) S0 — B =ker P — (A", 0) = (4, ) — 0

of Banach algebras and continuous homomorphisms. Clearly P o kg4

is the identity map on A, and so k4 is a splitting homomorphism for
> . Thus

(2.18) (A", 0)= A x E°

as a semidirect product. Similarly, the map P: (A", &) — (A, -) is a
homomorphism, E° is a closed ideal in (A”, &), and there is a strong
decomposition (A", &) = A x E°. Thus we have the following basic
theorem.

THEOREM 2.15. Let A be a dual Banach algebra with predual space
E. Then we have (A", 0) = A x E° as a semidirect product. In the
case where A is semisimple,

(2.19) rad (A", O) C E°. .

In general, rad (A”, O) # E°. For example, in the case where A is a
C*-algebra, as in Example 4.2, below, A is Arens regular and (A”, O)
is semisimple, and indeed (A”, O) is a C*-algebra. In particular, for
a von Neumann algebra A with predual E, we have rad(A”, O) # E°,
and it is certainly not true that OV =0 (d, ¥ € E°). However, we
do have the following results.

PROPOSITION 2.16. Let A be a dual Banach algebra, with predual
space E.

(i) Suppose that POV =P O =0 (P, € E°). Then
(2.20) (a,®)0(b,¥) = (a, ) (b, V) = (ab,a - T+ P - b)
fora,be A and ®,V € E°, and A is Arens reqular.

(ii) Suppose, further, that A is semisimple. Then

rad (A", O) =rad (A", &) = E°,
and (A", 0) = Ax E° is a strong decomposition of (A", O).
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PRroOF. (i) This is immediate.

(ii) By hypothesis, the closed ideal E° is nilpotent in (A”, O) and
(A”, <), and so E° C rad(A”, O) and E° C rad (A”, < ). Since A is
semisimple, rad(A”, O) C E° and rad(A”, &) C E°. O

Suppose that A satisfies the following condition:
(2.21) -\ N-PeFE whenever ®€ E° and Ne A

Take &, ¥ € E°. Then, by the definitions in equations (2.8), we have
SOV =P S P =0, and so the further condition specified in the above
proposition is satisfied.

Suppose that A is a commutative Banach algebra and that we have
SOV =0 (P,¥ € E°). Then we also have PO W =0 (P,¥ € E°).
However this implication does not hold for general, non-commutative
Banach algebras A; see Theorem 10.12, below.

We now come to a key concept of this memoir.

DEFINITION 2.17. Let A be a Banach algebra. Then the topological
centres 3151)(14”) and 3,§2)(A”) of A" are:

351)(14”) = {(I)GA//;(I)D\IJ:(I)Q\IJ (\I’EAH)};
37(4") = {9 A VDD =UOd (Ve A")}.

Let ® € 3(A”, 0). Then A - =& - A (A € A’), and so, for each
U e A” and A\ € A’, we have

(@O, \) = (TOd, A) = (U, & - \) = (T, A ) = (PO, \),

whence ® 0¥ = & O . Thus 3(A”, O) € 31Y(A”). Similarly, we have
347, 0) € 37(A7).

It is easy to see that 3151)(14”) and 3% (A”) are both || - ||-closed sub-
algebras of both (A”,0) and (A”,<), and that, for example, 3%1)(14”)
is the set of elements ® € A” such that the map

Lo Vi—o0OWU, A" - A",
is continuous when A has the o(A”, A")-topology. Clearly
(2.22) Ac3WAy cA” and Ac 3P cAa”
in each case, and the algebra A is Arens regular if and only if either
3§1)(A”) =A"or 3%2)(14”) = A" in which case the two topological cen-
tres are both equal to A”. We shall see in Example 6.2 and Theorem
10.12, below, that these two topological centres may be different. How-

ever, in the case where A is commutative, ﬁ”(A”) = 39) (A") = 3(A"),
the centre of both of the algebras (A”,0) and (A", <).
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Let A be a Banach algebra. Then we have
374" = 37((47)") and 37(47) = 317((A)");
in the case where A is a Banach *-algebra, it follows immediately from
(2.11) that, for each & € A", we have & € 3,51)(14”) if and only if
o e 3(A").

The two separate spaces 3\" (A”) and 3% (A”) were first considered
in the paper [LU], where they are denoted by Z; and Z,, respectively.
Some questions raised in [LU] are answered in [GhMMe]; see also [Gh-
Laa].

Let B be a closed subalgebra of A, so that (B”, O) and (B”, <)

are || - ||-closed subalgebras of (A”, O) and (A”, <), respectively. Then
clearly we have

(2.23) (B" N 39(14”)) c39(B") (i=1,2).

We shall see in Example 9.3 that the above inclusion can be strict.
Let I be a closed ideal in a Banach algebra A, set B = A/I, and
take ¢ : A — B to be the quotient map, so that ¢’ : A” — B" is a
continuous surjection with kernel 1°°, identified with the weak-* closure
of I in A”. Clearly I°° is a closed ideal in (A”, O) and (A”, <), and
(B",0)=(A",0)/I° and (B", &) = (A", &)/I°°. Further,

(2.24) ¢ (37an) € 30(B") (i=1.2).

We shall see in Examples 4.3 and 4.6 that this inclusion can be strict.
The following terminology (but not the concept) is new.

DEFINITION 2.18. Let A be a Banach algebra. Then A is left (res-
pectively, right) strongly Arens irregular if 3§1)(A” ) = A (respectively,
3%2)(14”) = A), and A is strongly Arens irregular if

304 =374 = A,

An easy example of a Banach algebra which is left strongly Arens
irregular, but not right strongly Arens irregular, will be given in Ex-
ample 4.5, below.

Let A be a dual Banach algebra, with predual £. Then A is strongly
Arens irregular if and only if, for each ® € E°\ {0}, there exist U; € E°
with & O WU, 7é OOV, and ¥y € E° with U, OO 7é Py O P, Clearly A
is left strongly Arens irregular if and only if A°P is right strongly Arens
irregular.

Let A be a commutative Banach algebra. Then A is strongly Arens
irregular if and only if 3(A”) = A.
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PROPOSITION 2.19. Let A be a commutative Banach algebra. Sup-
pose that A” = A x I, where I is a nilpotent ideal of index n > 2 in
(A", O). Then "' C 3(A”), and A is not strongly Arens irregular.

PROOF. Let ® € I" !, and take U € I and @ € A. Then
P0(a+V¥)=0 - -a=a-P= (a+V)0,

and so ® € 3(A”). Since I""! ¢ A, the algebra A is not strongly Arens
irregular. U

The following is a typical short calculation involving a centre.

PROPOSITION 2.20. Let A be a Banach algebra. Then
A3 Ay c AA.

PROOF. Take A € A’ and ® € 3\ (4").
Let (aq) be a net in A with lim, a, = ® in the weak-* topology.
For each ¥ in A”, we have

(U, A - D) = (POU, \)=(00OV, \) = (D, ¥ - )
= limy(aq, ¥ - A) =lm, (¥, X - a,) .
Thus A - ® belongs to the closure of A’A in the weak topology; by

Mazur’s theorem (see [D, Theorem A.3.29(ii)]), the latter set is A’A,
the || - ||-closure of A’A in (A", -|]). O

THEOREM 2.21. Let A be a Banach algebra such that A" has a
mized identity ®q. Then 3§2)(A”) C &0 A”. Suppose, further, that
AA#A. Then @y ¢ 3§1)(A”) and A is not Arens regular.

PROOF. Let ® € 3'7(A”). Then ® = ®,O® = O, 0. This
shows that 3% (A") C DO A”.

Set X = A/A. Assume towards a contradiction that ®, € 3§1)(A” ),
and take ¥ € X° Then &V = &,O0W. But &O0¥ = 0 and

Py O W = V¥, and so ¥ = 0. This is a contradiction in the case where
X° #£{0}. 0

The following result was proved by Ulger by an elegant argument
in [U4, Theorem 3.3]. The result follows from Proposition 2.4 and
Theorem 2.21 in the case where A has a sequential bounded approx-
imate identity, and a short further argument gives the general result;
for details, see [D, Theorem 2.9.39].
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THEOREM 2.22. Let A be a non-unital Banach algebra with a bound-
ed approrimate identity. Suppose that A is weakly sequentially complete
as a Banach space. Then A is not Arens reqular. O



CHAPTER 3

Repeated Limit Conditions

There is a large variety of conditions that determine when a Banach
algebra is Arens regular. One of these involves a standard ‘repeated
limit’ condition that descends from a condition of Grothendieck [Gth],
and was first utilized in our context by Pym [Pyl]. We describe this
condition. The results of this chapter are basically known, and can
be found in the reference [BJM] and [Y1]; however our notation and
formulations are different, and so we give the details.

Let S and T be non-empty sets, let f : S x T' — C be a function,
and let (s,,) and (¢,) be two sequences in S and T, respectively. We
shall usually write

lim lim f(s,,t,) for lim (hm f(sm,tn)) ,

m—00 n—oo
etc. We say that lim,, lim, f(s,,,t,) and lim, lim,, f(sm,,t,) are re-
peated limits of the double sequence (f(s,,t,) : m,n € N). Similarly,
we write

Lim Lim f(z,y) for Lim <Lim f(x,y))

for a function f : X x Y — C, where X and Y are locally compact
spaces.

We record the following well-known triviality, which will be used
several times.

PROPOSITION 3.1. Let S and T be non-empty sets, and let
f:9xT—C

be a function. Suppose that (s,) and (tz) are nets in S and T, res-
pectively, such that a = lim, limg f(sq,t3) and b = limglim, f(Sa, )
both exist. Then there are subsequences (sa,,) and (tg,) of the nets
(sa) and (tg), respectively, such that a = lim,, lim, f(sq,,,t3,) and
b = lim,, lim,, f(sa,,..%3,)-

PROOF. Set a, = limg f(s,,t5) and bg = lim, f(s.,ts) for each o
and [.

25
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We claim that there exist subsequences (s,,,) of (s,) and (tg,) of
(tg) such that:

la — aq,,| < 1/m; b—bs,| <1/n;
|aam - f(SOtm’ tﬁn)| < 1/” (m € Nn_l) :

First choose oy and [y so that |a — an,| < 1 and |b — bg, | < 1.
Now assume that aq,...,a and 3y, ..., Bx have been chosen appro-
priately. Choose a1 so that

1

1 .
‘a - aakJrl‘ < k—_Hv |bﬁi - f(sakJrl?tBi) <77 (Z € Nk)v

kE+1

and then choose (11 so that
1 1 ,
|b—bs,.,| < Tl |aa; = f(Saista)| < i1 ENkn).

This continues the inductive construction of the sequences.
Clearly lim,, f(sa,,,%8,) = Ga,, for each m € N and lim,, a,,, = a
and so a = lim,, lim,, f(s,,,,ts,). Similarly, b = lim,, lim,, f(sa,,, s

n

).
O
The following terminology is a modification of that given in [BaR).

DEFINITION 3.2. Let X and Y be non-empty sets, and let
f: XxY—=C

be a function. Then:
(i) f clusters on X x Y if

lim lim f (2, yn) = imlim f (2, ys)

whenever (z,,) and (y,) are sequences in X and Y, respectively, each
consisting of distinct points, and both repeated limits exist;

(ii) f O-clusters on X x Y if
lim lim f (2, y,) = imlim f(2,, y,) =0

whenever (z,,) and (y,) are sequences in X and Y, respectively, each
consisting of distinct points, and both repeated limits exist.

Suppose that h : X x Y — C is bounded and that (x,,) and (y,)
are sequences of distinct points in X and Y, respectively. Then we
can find subsequences (z,,,) and (yy,) of (x,,) and (y,), respectively,
such that the two repeated limits of (h(2,,,yn,) : j, k € N) both exist.
This shows that h fails to O-cluster on X x Y if and only if there exist
sequences (z,,) and (y,) of distinct points in X and Y, respectively,
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such that one of the two repeated limits of (h(z,,y,) : m,n € N) exists
and is non-zero. It also implies that f+g¢ and fg both cluster on X xY
whenever f,g: X x Y — C are both bounded functions that cluster
on X xY.

There is a slight generalization of the above definition. Let k € N
with £ > 2, let Xq,..., X} be non-empty sets, and let

fZX1X"'XXk—>(C

be a function. Then f clusters on X; x --- x X}, if all k-fold repeated
limits of the sequence

(f(xnw"-uxnk) : (n1,~--7nk) ENk)

are equal whenever all k! such limits exist, and f 0-clusters on the set
Xy x -+ x Xy if, further, all these limits are equal to 0. For a definition
that is more generally applicable, see [Y1].

The following result of Grothendieck [Gth] is contained in [BJM,
Chapter 4, Theorem 2.3|, for example. We give a proof (essentially
from [Y1, Theorem 1]) for completeness and because we shall require
the exact form of the result at some key points.

Let X and Y be non-empty, locally compact sets, and let

f: X xY—=C
be a bounded, separately continuous function. For y € Y, we set
fyia fley), X —C,
and we regard f, as an element of CB(X) = C(5X); we then set

fle,y) = fy(z) (xepX,yeY).
In the next two results, we set F = {f, :y € Y'}.

THEOREM 3.3. Let X and Y be non-empty, locally compact spaces,
and let f: X xY — C be a bounded, separately continuous function.
Then the following conditions are equivalent:

(a) F is relatively weakly compact in C(5X);

(b) F is relatively weakly sequentially compact in C(5X);
(c) (F) is relatively weakly sequentially compact in C(3X);
(d) f clusters on X xY;

)

)
(e) f has an extension to a unique separately continuous function
X

fBX xpY —C.
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PROOF. (a) < (b) This is the Eberlein—-Smulian theorem.

(a) < (c) This is the Krein-Smulian theorem.

(a) = (d) Assume that F is relatively weakly compact in C'(8X),
and take (z,,) and (y,) to be sequences in X and Y, respectively, such
that the two repeated limits of (f(x,,,y,) : m,n € N) both exist. Let
h € C(5X) be a weak accumulation point of {f,, :n € N}, and let =
be an accumulation point of {z,, : m € N} in 8X. Then

lim lim f (2, y,) = lim f,, (z) = h(x)

and
limlim f(z,, y,) = lim A(x,,) = h(x),

where we are using the fact that various limits exist, and so f clusters
on X xY.

(d) = (b) We shall first show that F is relatively compact in the
pointwise topology of C(5X). Choose k > 0 such that

[flxy)l <k (reX yeY),
and regard F as a subset of the compact space [[{D, : x € X},

where D, = D(0; k) for each x € fX. Take h to be an element of the
closure of F in this space.

We claim that h is continuous on X . For assume towards a contra-
diction that this is not the case. Then there exists o € SX and § > 0
such that each neighbourhood of x4 in X contains a point x € X such
that |h(xg) — h(z)| > 6. Construct sequences (x,,) in X and (y,) in Y

as follows. First choose any y; € Y, and then choose 1 € X so that
’f(anyl) - f(wlayl)’ <1 and ’h(ﬂh) - h(550)| >0

this is possible because the function f,, is continuous on the space X.
Having specified x1,...,z, in X and y;,...,y, in Y, choose y,.1 € Y
such that

(@i, Ynr1) — hlzi)| < 1/n (i€ Zy),
and then choose z,1 € X \ {x1,...,2,} such that

|f(xo,yi) — [ (@41, 0)| <1/n (i € Noya)
and
h(z0) — hl@as)| = 5
again, this is possible because the functions f,,..., fy,., are each
continuous on the space X. We obtain sequences (z,,) in X and (y,) in

Y. The sequence (x,,) consists of distinct points. Assume that y, =y
for infinitely many n € N. Then f(x,,,y) = h(z,) (m € N) and
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lim,, f(zm,y) = h(xg), a contradiction. Hence we may suppose that
the sequence (y,) consists of distinct points.
Clearly

limlim f(2,, y,) = lim f(z0,yn) = h(xo)

and lim,, f(@m,y,) = h(z,) (m € N). By passing to a subsequence
of the sequence (x,,), we may suppose that lim,, h(z,,) = « for some
a € D(0; k); we have |h(xg) — a| > §. It is now the case that the two
repeated limits of the double sequence (f(z,,y,) : m,n € N) both
exist (being h(z) and «, respectively), but that these two limits are
unequal. Since f clusters on X x Y, this is a contradiction, and so
h € C(BX), as claimed.

Now let (f,,) be a sequence in F. Then, by passing to a subsequence,
we may suppose that there exists h € C(5X) such that f,, — h point-
wise on #X. By the dominated convergence theorem,

/ fodi— [ hdp
BX B8X

for each measure p on X, and so f,, — h weakly. Thus F is relatively
weakly sequentially compact.

(d) < (e) This is now clear. O

The following famous condition of Grothendieck is an easy corollary
of the above result.

PROPOSITION 3.4. Let E and F' be Banach spaces, and suppose that
T € B(E,F). Then T is weakly compact if and only if the function

(x,\) — (Tx, \), ExF —C,
clusters on Ejyj X F[/1]- O

PROPOSITION 3.5. Let X and Y be non-empty, locally compact
spaces, and let f : X xY — C be a bounded, separately continuous
function that 0-clusters on X xY. Let x € X \ X and e > 0. Then
there is a finite subset F of Y such that |f(x,y)| <e (y € Y \ F).

PROOF. Assume towards a contradiction that there is no such set
F. Then there is a sequence (y,,) of distinct points of Y such that

|f(x7yn)| > e (n c N)

Since f clusters on X x Y, it follows from Theorem 3.3 that F is
relatively weakly sequentially compact in C(5X), and so, passing to a
subsequence of (y,), there exists h € C'(5X) such that f,, — h weakly
in C(8X). Inductively choose a sequence (x,,) of distinct points in X
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so that |f(xm,yn)| > €/2 (n € N,,) for each m € N. We may suppose
that the two repeated limits of (f(x,,ys) : m,n € N) both exist, say
a = lim, lim,, f(2m,y,). Then |a] > €/2, a contradiction of the fact
that f O-clusters on X x Y.

This establishes the result. U

The following result is similar to Theorem 3.3; see [Y1, Corollary 1
to Theorem 2].

PROPOSITION 3.6. Let k € N with k > 2, let Xy,..., X be non-
empty, locally compact spaces, and let f : X7 X -+ X Xy — C be a
bounded, separately continuous function. Then the function f has an
extension to a separately continuous function f : fX; X+ x X — C
iof and only iof f clusters on Xy X --- x Xj. Further, in this case,

FIBX\Xy) x - x (BXp\ Xi) =0
if and only if f O-clusters on X1 x -+ x Xj. O

The concepts defined in the next definition will be required in Chap-
ter 12; although more general definitions could be given, we restrict
ourselves to bounded, continuous functions f.

DEFINITION 3.7. Let X andY be non-empty, locally compact spaces,
and let f : X XY — C be a bounded, continuous function. Then:

(i) f O-clusters strongly on XxY if
Lim Limsup f(z,y) = Lim Limsup f(x,y) =0;
T—00 Yy—00

Y—00 T—00
(ii) f O-clusters locally uniformly on X x Y if

limlimsup sup f =limlimsup sup f=0
o B  KaxLg B a  KaxLg

whenever (K,) and (Lg) are nets of compact subsets of X and Y,
respectively, such that Lim , K, = Lim g Lg = oo.
Let f: N x N — C be a function. We note that
Lim Limsup f(z,y) =0

Yy—oo

if and only if, for each € > 0, there exists my € N such that, for each
m > my, there exists n(e,m) € N such that

[f(m,n)| <& (n=n(e,m)).

Let f : X xY — C be bounded and continuous. Then there
is a reformulation of the definition of ‘f 0-clusters strongly’ which is



3. REPEATED LIMIT CONDITIONS 31

convenient. Let f, X, and Y be as in the definition. For each ¢ > 0
and z € X, define

Yoo ={yeY :|f(z,y)] =z ¢},
so that Y, is a closed subset of Y. Next, for each € > 0, define
X.={r € X:Y., isnotcompact }.

Then it is easily checked that Lim , . Lim .« f(x,y) = 0 if and only
if X, is compact for each € > 0.

Suppose that f O-clusters locally uniformly on X x Y. Then cer-
tainly f O-clusters strongly on X x Y. The following trivial remark will
be useful.

PROPOSITION 3.8. Let X and Y be non-empty sets, and let

f: XxY—=C
be a bounded function. Suppose that f 0-clusters strongly on X x Y.
Then f O-clusters on X X Y. O

We note that the converse to the above proposition fails. To see
this, take X = Y = N, and let {S, : n € N} be a partition of N,
with each S, infinite. Define f : N x N — C by setting f(m,n) = 1
whenever m € S,, and f(m,n) = 0 otherwise. Then, for each m € N,
we have limsup,, f(m,n) = 1, and so f does not 0-cluster strongly on
N x N. Now let (m;) and (ny) be sequences in N, each consisting of
distinct points. For each k£ € N, we have f(m;,ny;) = 1 for at most one
value of j € N, and so lim; f(m;,ny) = 0. Suppose that

a = lim liin f(mj,nyg)
J

exists. Either there exist jo,ky € N such that y, € S;, (k > ko),
in which case f(mj,ni) = 0 (j > jo, K > ko) and o = 0, or, for
each j € N, only finitely many points n; belong to S;, in which case
limy, f(m;,n,) = 0 (j € N), and again o = 0. Hence f O-clusters on
N x N.

We again give a small generalization of the above notations. Let
ke N with k£ > 2, let Xy,..., X\ be non-empty sets, and let

f:Xix--xX,—C

be a function. Then f 0-clusters strongly on X; X --- x X} if all k-fold
limits of the form

Lim ---Lim f(2n,,...,2Tn,)
Lo(1) Lo (k)

are 0; here o is one of the k! permutations of Ny.
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DEFINITION 3.9. Let A be a Banach algebra. A linear functional
A € A’ is almost periodic (respectively, weakly almost periodic) if the
map
ar—a-\ A— A",

is compact (respectively, weakly compact).

Specifically, an element \ of A’ is weakly almost periodic if and only
if the o(A’, A”)-closure S in A" of the set Apy - A is o(A’, A”)-compact.
Since S is Hausdorff in the o(A’, A)-topology, the weak and weak-x
topologies of A" agree on Apj - A. Also note that, by Mazur’s theorem,
S is the || - [|-closure of Apj - A in this case.

DEFINITION 3.10. The spaces of almost periodic and weakly almost
periodic functionals on the Banach algebra A are denoted by AP(A)
and WAP(A), respectively.

Both AP(A) and WAP(A) are |- ||-closed A-submodules of A’;
clearly, AP(A) C WAP(A). Let ¢ € 4. By (2.4), A - ¢ = Cyp, and
SO

(3.1) b,y C AP(A)

Let A € A'. Tt follows from Proposition 3.4, as pointed out in [Py1],
that A is weakly almost periodic if and only if

(3.2) lim lim(a,,by,, A) = lim lim{a,,b,, A)

whenever (a,,) and (b,) are sequences in Ap; and both repeated limits
exist, and hence A is weakly almost periodic if and only if A o my4
clusters on Ap) x Apj. In particular, A € WAP(A) if and only if
the map a +— A - a, A — A’, is weakly compact. We easily obtain the
following characterization of WAP(A), first given in [Pyl].

PROPOSITION 3.11. Let A be a Banach algebra, and let X € A’.
Then we have A € WAP(A) if and only if

(@O, \) = (O, \) (B, T e A").
The following result is essentially [L4, Proposition 3.3].

ProproSITION 3.12. Let A be a Banach algebra with a bounded
approzimate identity. Then WAP(A) and AP(A) are neo-unital Ba-
nach A-bimodules, and

AP(A) C WAP(A) C (A" - A)N(A - A).
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Proor. Take E to be WAP(A) or AP(A), so that F is a Banach
A-bimodule.

Let (e,) be a bounded approximate identity in A, say the bound is
m = sup, [leal

Let A € E, and take S to be the o(A’, A”)-closure of A, - A, so
that S is compact in the ¢ = o(A’, A”)-topology. The net (e, - \)
is contained in S, and so we may suppose that (e, - \) converges in
(S,0),say eq - A= p € S. For each a € A, we have

(a, p) =lim(a, e, - A) = lim{ae,, \) = (a, \)

because (e,) is a right approximate identity, and so u = A. It follows
that A belongs to the o-closure of S, and hence to AE. Similarly,
A\ € EA. This show that F is an essential A-bimodule.

By Cohen’s factorization Theorem 2.3(ii), the A-bimodule E is a
neo-unital. The result follows. O

We shall see in Example 4.9 and in Chapter 5 various results that
show the limits of the above theorem. For a further discussion of the

spaces AP(A) and WAP(A), see [DuU].

PROPOSITION 3.13. Let A be a Banach algebra, and let A € A'.

Suppose that there are a reflexive space E and bounded linear operators
U:A— E andV : A — FE such that

(ab, \) = (Vb, Ua) (a,be€ A).
Then X\ is weakly almost periodic.

PROOF. Let (a,,) and (b,) be two sequences in Ap) such that

a = limlim(am,b,, A\) and G :=limlim(a,,b,, A\)

both exist. Then lim,, lim,(Vb,, Ua,,) and lim,, lim, (Vb,, Ua,,) both
exist, and are equal to a and [, respectively. Since FE is reflexive, the
closed unit ball E};) is weakly compact, and so o = 3 by Proposition
3.4. It follows that the equality (3.2) holds, and so A € WAP(A). O

The unit ball S := Apj is a semigroup, and each A € A’ defines
an element of £°°(S). Suppose that X is almost periodic. Then S - A
is relatively compact in (£°(S),|-|s), and so A - S is also relatively
compact in {£>°(S5), |- |q); see [BJM, p. 130]. In particular, we see that
A € AP(A) if and only if the map a +— A - a, A — A’ is compact.

The following characterization of Arens regularity is taken from [D,
Theorem 2.6.17], [DuH], and [Pa2, 1.4.11], where more general versions
are given; original sources include [Py1] and [Y1, Theorem 10].
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THEOREM 3.14. Let A be a Banach algebra. Then the following
conditions on A are equivalent:

(a) A is Arens regular;

(b) for each ® € A", the map Lg : ¥ — ® OV is continuous on the
space (A", a(A", A"));

(c) for each A € A’, the function X\ o my clusters on Apj X Apy;

(d) WAP(A) = A'. O

We note the following standard corollary.

COROLLARY 3.15. Let A be an Arens reqular Banach algebra. Then

closed subalgebras of A and quotients of A by a closed ideal are all also
Arens reqular. O

COROLLARY 3.16. Let A be a Banach algebra. Then (A", O) is a
dual Banach algebra if and only if A is Arens regular. O



CHAPTER 4

Examples

In this chapter, we shall describe a considerable number of specific
examples; we shall give information about the products O and < on
A" for a Banach algebra A, and we shall also give a little information on
continuous derivations from A. Most examples summarize and extend
work that already exists in the literature.

There are various known results on the topological centres of related
Banach algebras.

First, let A and B be Banach algebras, and let C = A @ B as a
Banach space, taking

(@, 0)[| = llall + ]l (a € A, b€ B),
for example. Then C' is a Banach algebra for the product
(a1, b1)(ag, b2) = (araz,bibz) (a1, a2 € A, b1, by € B).

We have C" = A” @ B”. 1t is straightforward to check that

(@1,@1)‘](@2,\1/2) == (q)qu)g,\Ile\PQ),

(P, U1) O (P, Uy) = (PO Dy, U, OUy),
for &1, Py € A” and ¥, ¥, € B”, and so
(4.1) 3 =34 @3 (B") (1=12).

Now let (A,) be a sequence of Banach algebras, and set 21 = ¢(A,),
so that 2 is a Banach algebra for the coordinatewise operations (see
[D, Example 2.1.18(iii)]). Then we identify 2’ with £!(A/,) and 2" with
0°°(A”). Tt is easy to check that

(P,)O(V,) =(P,0V,) and (P,)<(V,)=(P,OW,)

for (®,,), (¥,,) € A”), and so
300 == (30(40)  (=1,2).

In particular, 2 is Arens regular whenever each A,, is Arens regular.
Here is a related result, due to Ulger [U2]. Let A be a Banach
algebra, and let 2 be a compact space. Then 2 := C(Q, A) is also a

35
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Banach algebra, as in [D, Example 2.1.18(iv)]. Suppose that A is Arens
regular. Then 2 is also Arens regular.

Again let (A,) be a sequence of Banach algebras, and now consider
the space 2 = (*(A,), so that 2 is a Banach algebra for the coordi-
natewise operations. Suppose that each algebra A, is Arens regular.
In general, it is not true that 2 is also Arens regular; examples of a
sequence (A,) of finite-dimensional algebras such that ¢*°(A,) is not
Arens regular are given in [Py2] and [PyU]. In Example 9.2, we shall
give another example using the Beurling algebras that we are consid-
ering.

Finally in this area, we again let (A4,) be a sequence of Banach
algebras, and now consider the space 24 = ¢1(A,,), so that 2 is a Banach
algebra for the coordinatewise operations. Then it is shown by Arikan
in [Ark| that 2 is Arens regular if and only if each Banach algebra A,
is Arens regular.

Let A and B be Banach algebras, and let A® B be their projective
tensor product, as in [D, Theorem 2.1.22]. The question of the Arens
regularity of A® B is studied in [U1]. Unfortunately, however, some
of the results of [U1] are incorrect; we are indebted to Colin Graham
for this information. Indeed, assertions 4.12 and 4.20-4.23 of [U1] are
all false. To see this, take €2 to be a compact, totally disconnected set.
Then C(Q)® C(£) contains an isomorphic copy of the group algebra
LY(D), where D = ZY is the Cantor group (see below and [GrmMc] for
notation), as a closed subalgebra. Since L'(D) is not Arens regular,
C(Q)® C(Q) cannot be Arens regular. It is proved in [U1, Corollary
4.17] that the Banach algebra co® A is Arens regular for each C*-
algebra A.

Let €2 be an arbitrary infinite, compact space, and set

A=0(Q)RC((Q).

Then it has been proved by Colin Graham that the centre 3(A”) con-
tains a closed subalgebra isometrically isomorphic to C'(Q)" ® C(Q)",
and so A is not strongly Arens irregular.

We now give some more specific examples.

EXAMPLE 4.1. Let A = ¢! = ¢!(N), with pointwise product. Then
Ais a commutative, semisimple Banach algebra which is a dual Banach
algebra with predual cy. We have ((¢1)”, O) = /¢! x .

Takea € Aand A € A’ = £°. Then, by calculation, A - a, a- A\ € ¢.
Now take ® € (1), a € A,and ¥ € ¢§. Then (a- ¥, \) = (¥, \-a) =0
foreach A € £, andsoa-¥ = 0. Thus ® 0¥ = (. Similarly ¥ -a = 0.
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It follows that the product O in £ x ¢ is specified by
(a, ®)0O (b, V) = (ab, 0) (a,be A, O,V € ).

This shows that (A”, O) is a commutative Banach algebra and that A
is Arens regular; by Proposition 2.16, we have rad(A”, O) = ¢{.

In fact, we can identify £*° with C'(8N) and A” with M (ON), as in
Chapter 1, so that ¢§ = M (SN \ N). In particular, A is a closed ideal

in (A”, O).
This examples originates with Civin and Yood [CiY]; for details,
see [D, Example 2.6.22(iii)]. O

EXAMPLE 4.2. Let A be a C*-algebra. Then the algebra A has a
x-representation as a closed and x-closed subalgebra of B(H), where H
is a Hilbert space. Suppose that every state on A# has the form

T — [Tx,z], A* —C,

for some x € H. Then the x-representation of A is said to be universal.
Every C*-algebra has a universal s-representation. In this case, A” is
identified with the von Neumann algebra which is the second commu-
tant of A in B(H); this latter algebra is also equal to the closure of A
in both the weak operator and strong operator topologies, and is called
the enveloping von Neumann algebra of A. See [D, Chapter 3.2], and
[Ta, 111.2] for details.

It is standard (e.g., [D, Theorem 3.2.36]) that both of the products
O and < on A” coincide with the given product in B(H) for elements
of A”, and that the linear involution that we have specified on A”
coincides with the restriction of the involution on B(H). In particular,
every C*-algebra A is Arens regular, and (A”,0) is also a C*-algebra.

The first proofs of the fact that each C*-algebra is Arens regular
were given by Sherman [Sh] and by Takeda [Td]; see also [CiY].

A different method of showing that a C*-algebra is Arens regu-
lar and that the second dual is a C*-algebra uses the Vidav—Palmer
theorem; see [BoDu, Theorem 38.19].

It is even true that a Banach algebra A which is a C*-algebra with
respect to a different product is still Arens regular: this follows from
a theorem of Akemann [Ak] that every continuous linear map from a
C*-algebra A into A" is weakly compact, and so WAP(A) = A’. Thus
A is Arens regular by Theorem 3.14.

Let H be a Hilbert space. Then it follows from Corollary 3.15 that
every closed subalgebra of B(H) is also Arens regular. See also [ER]
for this remark.

Let A = Cy(R2) be the commutative C*-algebra of all continuous
functions that vanish at infinity on a non-empty locally compact space
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Q. Then A” is the algebra C(£2) for some extremely disconnected,
compact space Q [D, Theorem 4.2.29]. In particular,

= 0= = C(AN).

There is a massive theory which explains when a C*-algebra is
amenable; for a summary with references, see [D, Chapter 5.7], and,
for a clear, stream-lined account, see [Ru2, Chapter 6]. A C*-algebra
is always weakly amenable (see [D, Theorem 5.6.77], where the proof
is taken from [HaLaus|) and 2-weakly amenable [DGhGr]. O

EXAMPLE 4.3. Let G be a locally compact group, and let (L'(G), %)
be the group algebra of G (see below). Then L'(G) is a Banach algebra
which is Arens regular if and only if GG is finite. This was proved for
abelian groups G' by Civin and Yood [CiY] and in the general case by
Young [Y2]. Indeed L!(G) is always strongly Arens irregular. This was
first proved in the case where G is abelian by M. Grosser and Losert
[GLos] (see also Parsons [Par]). It was then proved in the case where G
is compact in [IPyU], and in the general case in [LLosl]; see also [LU,
Corollary 5.5 and p. 1210], where we note that Lemma 5.3 of [LU] is
not quite precise, and that Theorem 5.4 may not be true. A new and
shorter proof of a slightly stronger result has been given recently by
Neufang [N1]. We shall prove a generalization of the result in Theorem
12.3.

In [Si], the group algebra (L!(G), ) is considered with different
topologies with respect to which it is a locally convex algebra, and
related results are obtained.

It follows from Corollary 3.15 that, in the case where G is infinite,
the group algebra L!(G) is never a closed subalgebra or the quotient
of a C*-algebra.

Let A = (!(Z), identified with A(T) € C(T) in the standard way.
Let E be a Helson subset of T, so that B, defined to be

{f1E:feA},

is equal to C'(E). Then A is strongly Arens irregular, but its quotient
B is Arens regular, and so the inclusion in (2.24) is strict in this case.

It is a famous theorem of Johnson [J1] that the Banach algebra
L'(G) is amenable if and only if the locally compact group G is amen-
able (see Definition 7.36, below). It is a further theorem of Johnson [J2]
that the Banach algebra L !(G) is always weakly amenable; for a shorter
proof, due to Despic and Ghahramani [DesGh], see [D, Theorem 5.6.48].
It is not known whether or not L!(G) is always 2-weakly amenable; this
is certainly true if G is an amenable group, and it is true when G is the
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(non-amenable, discrete) group Fo, the free group on two generators
[J3].

An algebra closely related to the group algebra L(G) is the measure
algebra M (G) of G (see Chapter 7, below).

The question whether or not M(G) is strongly Arens irregular was
raised in [GhL2]. This was partially solved by Neufang in [N4]: this
is the case whenever (G is a locally compact, non-compact group with
k(G) (see Definition 6.39) a non-measurable cardinal (see Chapter 11).

It has recently been determined when M (G) is amenable and when
it is weakly amenable [DGhH]: M (G) is amenable if and only if the
locally compact group G is discrete and amenable, and M (G) is weakly
amenable if and only if G is discrete. O

The above two examples exhibit the ‘extreme’ cases in the inclusions
of (2.22). It is easy to find intermediate cases; more natural examples
of the intermediate situation will be given in Examples 6.2 and 9.7,
below.

EXAMPLE 4.4. Let A and B be Banach algebras, and set C' = A®B,
as above, so that 3(C") = 39(4") @ 39(B”) (j = 1,2). By taking
A to be Arens regular and B to be strongly Arens irregular, we obtain

algebras C which are neither Arens regular nor strongly Arens irregular.
Let A be a Banach *-algebra. We have noted that the involution

extends to a linear involution on A” that maps 3751)(14” ) onto 3§2)(A” )
The following is the basis of an example that will show in due course

that we can have 3151)(/4”) + 3§2)(A”); see Examples 6.3 and 10.13.

Let A be a Banach algebra, and suppose that there is a linear
involution a — @ on A such that

ab=ab (a,bec A).

It is easily checked that this linear involution extends to a linear in-
volution ® — ® on A” such that @OV = ®0OW¥ (&, € A”). Thus
® € rad (A”, O) if and only if ® € rad (A”, O).
Set C = A® AP, and, for a,b € A, define
(a,b)* = (b,a).

We claim that * is an involution on C. Certainly * is a linear involution.
Further, for aq, as, by,by € A, we have

((a1, by)(ag, be))* = (araz, beby)* = (5251751 [2))

and
(ag, be)*(ay, by)* = (ba, Go)(b1,a1) = (ba by, a1 a2),
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and so * is indeed an involution. The algebra (C,*) is a Banach *-
algebra. As before, the involution extends to a linear involution on C”;
indeed, we have (&, 0)* = (¥, ®) (&, ¥ € A”).

It is clear that

330" =30 (A @ 37P(A") and 37(C") = 37P(A") @ 3,7 (A").

Thus, in the case where 3751)(14”) # 3;2)(/1”), we shall obtain a Banach
x-algebra C' such that 3,@(0”) # 39(6’”).
Temporarily, we define B = A°, R =rad (A", O) = rad (B”, <),
and S =rad (B”, O) =rad (A", ©). Then we see that
rad (C", 0)=Ra® S, rad(C”,<¢))=SadR.

It follows that rad (C”, O) # rad (C”, &) whenever S # R; we shall
give examples of this situation in Example 6.3. It is reassuring that
our calculations show that (®, ¥) € rad (C”, O) if and only if we have
(&, V)" €rad (C”, <), as predicted earlier. O

The following example is based on one given in [GhMMe].

EXAMPLE 4.5. Let A be a Banach algebra, and let £ be a Banach
A-bimodule. Then the Banach space

A=A FE
is a Banach algebra for the product specified by
(a,z)(b,y) =(ab,a - y+x -b) (a,b€ A z,y€FE).

For details of this standard construction, see [D, p. 39]. The topo-

logical centre 3?)(9[” ) is identified in [GhMMe]. Indeed, it consists of
the elements of the form (®,A) € A" = A” & E” such that:

(i) @ € 337(4);

(ii) the map M — & - M is continuous on (E”,o(E", E"));

(iii) the map ¥ +— A - ¥ is continuous from the space (A", o(A”, A"))
to (E",a(E",E")).

Now suppose that A is left strongly Arens irregular, so that we have
3§1)(A”) = A. Then 3%”(9[”) consists of the elements (a,A) € A& E”

such that the map W +— A - ¥ is continuous from (A” o(A", A’)) to
(E',o(E",E")). In particular, in the case where EA = {0}, so that
A - ¥ =0 for each A € E” and ¥ € A”, we have 3%1)@[”) =A@ FE".
However, in the case where F = A and the left module operation on F
is the product in A, the map ¥ +— A - ¥ = A O W is continuous if and

only if ® € A, and so 3%1)@[") =ApE =
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We now suppose that A is strongly Arens irregular, and take £ = A
as a Banach space, setting

a-r=ar, r-a=0 (a€A x€kE).

Then we have seen that 3%1)@[" ) =2, and so 2 is left strongly Arens
irregular.
The product in the opposite algebra A°P is given by

(a,z) - (byy) = (ba,bx) (a,b,x,y € A),

and so 3§1)(52l”) = 3&1)((1401’)”) = A® A”. In this case U is not strongly
Arens regular whenever A is not reflexive as a Banach space.

Thus we can take A = (L'(G), %) for an infinite locally compact
group G, and set A = A @ A, with the above product, to obtain a
Banach algebra that is left strongly Arens irregular, but that is not
right strongly Arens irregular. O

An earlier example of a Banach algebra 2 which is left strongly
Arens irregular, but that is not right strongly Arens irregular, was
given by Neufang [N3]. The algebra 2 is, as a Banach space, the set
N(LP(G)) of nuclear operators on the Banach space LP(G) for a locally
compact group G and an index p with 1 < p < oco. However Neufang
introduces a product on 2 which is a form of convolution and which
is different from the usual composition of operators. The algebra 2
is a Banach algebra for this new product, and 2 has a bounded right
approximate identity of norm 1. There is a canonical quotient map from
2l onto the group algebra (L*(G), % ), say this map has kernel the closed
ideal I. We have 24l = 0. It is shown by Neufang that, in the case
where GG is a non-compact, second countable locally compact group,
the algebra 2 is left strongly Arens irregular, but not right strongly
Arens irregular. The work of Neufang develops interesting properties
of the algebra 2 as a non-commutative convolution algebra; a detailed
study of the homological properties of this algebra has recently been
given by Pirkovskii in [Pir].

EXAMPLE 4.6. Let B be a unital C*-algebra. Take U to be the
unitary group of B, and set A = ¢}(U), the group algebra of U. The

map
q:Z&u(SUHZauu, A— B,

is a continuous linear map. Since every element of B is a linear com-
bination of 4 unitary elements, ¢ is a surjection. For ¢ = 1,2, we have
3§i)(A”) = A and 3?)(3”) = B’ and so the inclusion in (2.24) is strict
in this case. u
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EXAMPLE 4.7. Let A be the Volterra algebra (L1 (), %) or a weight-
ed convolution algebra (L'(RT,w), x), where w is a regulated weight
on R*. (For definitions, see [D, Chapter 4.7].) Then A is strongly
Arens irregular. This was first proved by Ghahramani and McClure in
[GhM]; see also [LU, Corollary 3.5].

One can see easily that, with A equal to the Volterra algebra, which
has a sequential bounded approximate identity, we have

A A= AA=(Cyo,1)
and that A is a closed ideal in A”.
On the other hand, let A be the algebra C,; this is the Banach space
C(I) with convolution multiplication of functions, as in [D, Definition

4.7.39]. Then A is a radical Banach algebra, and, by a remark in
Example 4.2, A is Arens regular. O

ExAMPLE 4.8. Let A be a Banach algebra which is reflexive as a
Banach space. (For example, let A be the Banach space (7, where
1 < p < o0, taken with coordinatewise multiplication: for details of
this example, see [D, Example 4.1.42 |.) Then A is both Arens regular
and strongly Arens irregular. O

EXAMPLE 4.9. (i) Let A be a non-zero Banach algebra with zero
product, so that A? = 0. Then both O and < are the zero product on
A" and so A is Arens regular. Clearly AP(A) = WAP(A) = A’ and
A A=A - A =0, and so neither AP(A) nor WAP(A) is essential
(cf. Proposition 3.12).

(ii) Let A = C?, with the product given by

(21, 22) (w1, wo) = (21w1, 21wa) (21, 22, w1, we € C).
Then A is a Banach algebra. Set p = (1,0) and ¢ = (0,1). Then we
have pa = a (a € A), and so p is a left identity for A. Clearly
AP(A) = WAP(A) = A" = C*.
For each A € A, we have A - p= X, andso A=A" - A.
Let p=(0,1) € A’. Then (q, u) =1, but

(g, a - A)={(qa,\) =0 (a€ A, NeA),
and so u ¢ A - A'. Hence A - A C A = WAP(A). This shows
that we cannot replace ‘bounded approximate identity’ by ‘bounded
left approximate identity’ in Proposition 3.12. O

ExAMPLE 4.10. Let J be the James space, so that J is a certain
Banach space of sequences on N. In fact, .J is a non-unital Banach alge-
bra with respect to coordinatewise multiplication, and J has a bounded
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approximate identity; the algebra J# is identified with J @ C1, where
1=(1,1,...). In this case, J” is isometrically isomorphic to J# (when
J has a suitable norm), and the two products O and < coincide with
the natural product on J#. Thus .J is Arens regular.

For further details of this example, see [D, Example 4.1.45]. O

EXAMPLE 4.11. Let G be a locally compact group, and take p such
that 1 < p < co. Then A,(G) denotes the Herz algebra, described in
[D, Theorem 4.5.30]; A,(G) is a Banach function algebra on G. In the
case where p = 2, A(G) = As(G) is the Fourier algebra of G.

The Arens regularity of these algebras was first considered in [LW],
where it was shown that Ay(G) is not Arens regular for each infinite,
amenable group G. In fact, it is probable that the algebras A,(G) are
Arens regular only if G is finite. Towards this, Forrest [Fol|, [Fo2]
has shown that, if A,(G) is Arens regular, then G must be discrete,
and that, if A(G) is Arens regular, then G cannot contain an infinite,
amenable subgroup; the latter remark is also proved in a diferent way
in [U5, Corollary 3.7]. (However, there exist infinite, non-amenable
groups for which all proper subgroups are finite; for this, see [Ol1] and
[O12].) In the case where G is not discrete, various quotients of A,(G)
are not Arens regular [Gra4, Corollary 8§].

In fact, it is proved in [LLos2, Theorem 6.5] that, for discrete,
amenable groups G, the Fourier algebra A(G) is strongly Arens irreg-
ular.

Let E be a closed subset of G, and denote by A,(E) the restriction
algebra, A,(G) | E, so that A,(E) is a Banach function algebra on E.
It is shown by Granirer [Grad] and Graham [Grml], [Grm3| that in
various cases A,(E) is not Arens regular.

The Arens regularity of some related algebras is considered by
Granirer in [Gra6). O

EXAMPLE 4.12. Let A be an Arens regular Banach algebra. In gen-
eral, the second dual (A”, O) is not necessarily itself Arens regular. For
example, Pym gives in [Py2] an example of an Arens regular Banach
function algebra A such that (A”, O) is not Arens regular. In [Grm2],
Graham constructs various quotient algebras A(E) of the Fourier al-
gebras A(G) such that A(E) is Arens regular, but A(EF)” is not Arens
regular (and such that A(E) has various additional properties). See
also [Grm4]. O

EXAMPLE 4.13. We have noted in Example 4.3 that the Banach
algebra (L'(T), %) is strongly Arens irregular. Recall that

H'T) = {f € L\(T) : f(—n) =0 (n € N)},
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where f denotes the Fourier transform of f. Thus H L(T) is a closed
ideal in L'(T). It has been proved by Colin Graham that H'(T) is
Arens regular, as are H'(T)® H'(T) and all the even duals of H'(T).
Thus an infinite-dimensional closed ideal in a strongly Arens irregular
Banach function algebra might itself be Arens regular. O

EXAMPLE 4.14. In [U5], Ulger studies Banach function algebras A
which are weakly sequentially complete as Banach spaces and which
are such that Ly is a weakly compact operator on A for each f € A,
so that A is a closed ideal in (A”, O). For example, A(G) has all these
properties whenever G is a discrete group [L2, Theorem 3.7].

Let A be such an algebra. Then it is shown by Ulger that

3A) ={Pe A DOA" A"OD C A}.

Suppose, further, that A has a bounded approximate identity. Then A
is strongly Arens irregular. O



CHAPTER 5

Introverted Subspaces

Let A be a Banach algebra. We shall now consider certain subspaces
of A’ which give rise to quotient algebras of (A”, O).

DEFINITION 5.1. Let A be a Banach algebra, and let X be a || -||-
closed, A-submodule of A’. Then X is:

(1) faithful if a = 0 whenever a € A and (a, \) =0 (A € X);
(ii) left-introverted if ® - A€ X (A e X, & € A”).

Our definition of ‘faithful’ is slightly weaker than the classical defin-
ition, which is that a = 0 whenever a - A = 0 for each A € X it is
equivalent to the classical definition for algebras A such that a = 0
whenever Aa = {0}.

PROPOSITION 5.2. Let A be a Banach algebra, and let X be a || - ||-
closed, A-submodule of A’. Then X is left-introverted if and only if
® - A€ X whenever A € X and ® € X'.

Proor. This follows easily from the Hahn-Banach theorem. [

For example, the subspaces A’ and A’A are both left-introverted
subspaces of A’; the space A’ is always faithful, and A’A is faithful
whenever Aa # {0} for each a € A®. For further examples, see Theorem
7.19.

The notion of left-introversion was introduced in a special case by
Day in [Day]; see also [Wo] and [LLo2]. We note that our definition of
‘left-introverted’ generalizes that of [BJM, Definition 2.4] and is differ-
ent from that in [Pat, (2.6)].

The following characterization of left-introverted spaces is given in
[LLo2, Lemma 1.2].

PROPOSITION 5.3. Let A be a Banach algebra, and let X be a || -||-
closed, A-submodule of A’. Then X is left-introverted if and only if the
o(A', A)-closure in A" of Apy - X is contained in X for each A € X. O

As above, X° ={® e A" : (¢, \) =0 (A € X)} for a closed linear
subspace X of A’. Clearly X° is a closed linear subspace of A”.

45
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THEOREM 5.4. Let A be a Banach algebra, and let X be a |- |-
closed A-submodule of A'.

(i) The space X° is a closed left ideal in (A", O).

(i) Suppose, further, that X is left-introverted. Then X° is a closed
ideal in (A", O).

(iil) Suppose, further, that A'- A C X. Then X° is a left-annihilator
ideal in (A”, O) and X° C rad(A”, O).

(iv) Suppose that A’A # A'. Then rad(A”, O) # {0}.

PROOF. Let ® € X° and ¥ € A”.

(i) For each a € A and X\ € X, we have (a, ® - \) = (®, A - a) =0
because A - a € X, and so ® - A = 0. Thus (VO P, \) = 0, and so
U0 ® e X° Hence X° is a left ideal in (A”, O).

(ii) For each A € X, we have
(@O, \) = (B, T - \) =0

because ¥ - A € X, and so 0OV € X°. Hence X° is a right ideal in
(A/l’ O )

(iii) Let A € A’. For each a € A, we have (a,® - \) = (P, A - a) =0
because A - a € X by hypothesis, and so ® - A = 0. Thus (¥ O P, \) = 0,
and hence WO & = 0 in A”. This shows that X° is a left-annihilator
ideal, and hence that X° C rad(A”, O).

(iv) Set E = A’A (where we take the closure in (A’,]|-||)). Then
we have E° # {0}, and so this is immediate from (iii). O

Let X be a left-introverted submodule of A’. As a Banach space,
we have X’ = A”/X° and so we can regard X' as a quotient Banach
algebra of (A”, O). The product in X’ is again denoted by O, so that
® OV is defined in X’ (for &, ¥ € X') by the formula:

(5.1) (@OW, \) = (B, U - ) (AeX).

There is a natural map of A into X’; in the case where X is faithful,
the map is an embedding, and we regard A as a subalgebra of (X', O).
Again,a - ® =a0d and & - ¢ = ®0Oa for each a € A and & € X'.
As usual, we define operators Lg and Re in B(X') for & € X’ by the
formulae:

Le(U) =0T, Re(¥)=TV0Od (UeX).

The topology on X’ is taken to be the weak-* topology, o(X’, X),
unless we state otherwise. It is easy to see that each operator Rg is
continuous on X’.
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DEFINITION 5.5. Let A be a Banach algebra, and let X be a left-
introverted subspace of A’. Then the topological centre of X' is

3i(X')={® € X': Lg is continuous on (X', o(X’, X))}.

Let ® € X'. Then, by (5.1), ® € 3,(X’) if and only if the linear
functional
U (0,0 -)), X' —C,
is continuous on X’ for each A € X. Clearly the set 3,(X’) is a || |-
closed subalgebra of (X', O), and, when X is faithful,

(5.2) AcC3(X)cX'.

The space 3;(X’) coincides with 3,%”(%1” ), as previously defined in
Definition 2.17, in the case where X = A’. If A is a commutative Ba-
nach algebra, then 3,(X’) = 3(X’), the centre of the algebra (X', O).
Suppose that A is Arens regular. Then 3,(X’) = X' for each left-
introverted subspace of A’.

The notion of the topological centre 3;(X’) in the above sense was
introduced in [IPyU]. (In the case where X = A’A, the space 3;(X’)
was denoted by Z; in [LU].)

Again let X be || -||-closed, A-submodule of A’. Then we say that
X is right-introverted if

A-PeX (NeX, e A).

Let X be such a space. Then X° is a closed ideal in the Banach
algebra (A”, <), and we can identify X’ with the quotient Banach
algebra (A”, &)/ X’; the product in X’ is denoted by <, so that

(5.3) (@OW, \) = (T, \-d) (e X).
Suppose, further, that A - A” € X. Then X° is a right-annihilator
ideal, and X° C rad (A", <).

DEFINITION 5.6. Let A be a Banach algebra, and let X be a || -||-
closed, A-submodule of A’. Then X is introverted if it is both left-intro-
verted and right-introverted.

In this case, the topological centre of X' is
(XN ={2eX':20V =00V (Ve X)}.

Suppose that A is commutative. Then a || - ||-closed, A-submodule
X of A’ is introverted whenever it is left-introverted.
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For example, consider the Banach algebra A = (¢!, -), so that the
dual modules are A" = C(ON) and A” = M(SN), as in Example 4.1.
For a closed subset S of OGN, set

X={\eC(N): | S =0},

a closed ideal in C'(ON). Then X is an introverted subspace of A" and
X'=M(ON\ 5). Clearly 3,(X’) = X".

For further examples of introverted subspaces, see Chapter 11.

PROPOSITION 5.7. Let A be a Banach algebra, and let X be a || - |-
closed, A-submodule of A" with X C WAP(A). Then X is introverted.

PRrROOF. Let A € X, and take S to be the o(A’, A”)-closure of
App - A Then, as we remarked, S is the || - ||-closure of Apy) - A because
A is weakly almost periodic, and so S C X. Also, S is the o(A’, A)-
closure of Ay - A, and so, by Proposition 5.3, X is left-introverted.

Similarly, X is right introverted. U

COROLLARY 5.8. Let A be a Banach algebra. Then W AP(A) is an
introverted subspace of A’. O

We now make some remarks that are essentially contained in [LU,
Chapter 3] and [BaLLPy]. The results were originally due to M. Grosser
[G1]; in particular, see Satz 4.14 and pages 181-182 of [G1].

Let A be a Banach algebra with a bounded approximate identity
(eq), and let @ be a corresponding mixed identity. Then Lg, is a con-
tinuous projection on (A” || - ||); by an earlier remark, Lg, is a homo-
morphism on (A”, O), and so

A" = By0A" x (1—By)OA"

as a semidirect product and also as a direct sum of closed subspaces.
The set

X=A A={N-a:ac A NcA}=4A

is a left-introverted subspace of A’. Let ® € A”. Then & € X° if and
only if (P, X - a) =0 (a € A, A € A'), and so & € X° if and only if
® - A=0 (A€ A). On the other hand, ® € (1 — &;) O A” if and only
if 0P = 0, and hence if and only if lim,(e,, ® - X\) =0 (A € A');
this occurs if and only if ® - A =0 (XA € A’). Thus we conclude that
X° = (1 — &) 0 A"

We state the above result as a proposition; a special case of the
result is contained in [GhL1].
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PROPOSITION 5.9. Let A be a Banach algebra such that A” has a
mized identity ®o. Then X := A’ - A is a left-introverted subspace of
A’ (A", O) is the semidirect product

A = X' x X°,

and the Banach space X' is linearly homeomorphic to ®o 0 A”. Further,
WA N X C 3(X).

PROOF. Let ® € 3{"(A”) N X’. Then the map L : ¥ — ® OV is
continuous on A”; and hence on X', so that ® € 3;(X’). The remainder
has been established above. O

We shall see in a remark below Corollary 11.10 that, in the above
circumstances, we can have 3151)(A”) NX" C 3.(X").

COROLLARY 5.10. Let A be a commutative Banach algebra such
that A" has a mized identity. Then 3(A") C 3((A" - A)).

PROOF. Since A is commutative, we have
3(4") = 3,(A") = 37(A").

Set X = A’ - A. By Theorem 2.21, 3(A”) C X', and so 3(A”) C 3,(X’)
by Proposition 5.9. O

The proof of the following result is similar to one first given in [L1,
Theorem 1].

PROPOSITION 5.11. Let A be a Banach algebra with a bounded left
approximate identity, and let X be a left-introverted subspace of A" with
AX = X. Let T € B(X). Then T is a left A-module homomorphism
if and only if there exists ® € X' such that

(5.4) TA=\-® (AeX).

PROOF. Suppose that T has the form specified in equation (5.4).
Then

Ta-N)=a-A-P=a-Th (a€ A NeX),

and so T is an A-module homomorphism.

Conversely, suppose that T is an A-module homomorphism. Let
(eq) be a bounded left approximate identity in A, and, as before, regard
each e, as an element of X’. The net (7T"e,) is bounded in X', and
so has an accumulation point, say @, in (X', o(X’, X)); by passing to
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a subnet, we may suppose that T"¢, — ®. Now, for each a € A and
A € X, we have
(a, TA) = lim(e,a, TA) =lim(e,, a - TA)
— lim(e, T(a - N)) = lim(T'eq, a - A)
= (Pa- N =(a, A D),
and so TX =\ - &, as required. O

There are two results from [LU] that we state for interest, but shall
not use.

THEOREM 5.12. Let A be a Banach algebra with a bounded approz-
imate identity. Then A - SEI)(A”) =A-3((A - A)).
Proor. This is [LU, Corollary 3.2]. O

THEOREM 5.13. Let A be a Banach algebra with a sequential bounded
approximate identity. Suppose that A is weakly sequentially complete
and that A - 3151)(14”) C A. Then A is left strongly Arens irreqular.

Proor. This is [LU, Theorem 3.4a]. O

Applications of the following theorem will appear within Example
6.2 and Theorem 7.25.

THEOREM 5.14. Let A be a Banach algebra with an approximate
identity of bound 1, and let X be a faithful, left-introverted submodule
of A’. Then there is a continuous embedding

6:(M(A), o) — (X', O)
such that
(5.5) (0((L,R)),\ - a) =(Ra,\) (ae A, e X, (L,R) e M(A)).
In the case where X = X A, the range of 0 is contained in 3,(X’).

PROOF. The space A” has a mixed identity, say ®g, with || Dg|| = 1,
and so (2.16) describes an isometric embedding x : M(A) — (A", O).
Let g : (A", O0) — (X’, O) be the quotient map. Then

0=qor: MA) — (X', 0O)
is a continuous embedding. Let a € A, A € X, and (L, R) € M(A).
Then A - a € X and

(R"(®g), A - a) = li£n<a - Rey, A) = lim(R(aey), A\) = (Ra, \),

a
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where (e,) C Apj is an approximate identity which converges to ®.
Hence (5.5) follows. Since X is faithful, 6 is an injection.

Now suppose that X = XA, so that we have X = X - A. Let
(L,R) € M(A), and set & = 6((L,R)) € X'. Let ¥, — ¥ in X',
Then, for each a € A and A € X, we have

(@OW,, A -a) = (®,¥, - \-a)=(Ra,¥, - \)
= (U,, A Ra) — (¥, X\ - Ra)
= (Ra, VU - \)=(®0O¥ )\ - a),

and so Le(¥,) — Le(W). Thus Le is continuous, and hence we have
shown that ¢ € 3,(X"). O

In special cases that we shall consider later, a fixed space X may
be a left-introverted subspace of two related dual spaces A’ and B'.
We investigate when the corresponding products O 4 and Opg on X'
coincide.

In the following result, we regard M(A) as a subalgebra of (X', O)
by using the embedding prescribed in the above theorem.

THEOREM 5.15. Let A be a Banach algebra with an approximate
wdentity of bound 1, and let X be a faithful, left-introverted submodule
of A'. Let B be a || -||-closed, unital subalgebra of M(A) such that B is
o(X', X)-dense in X'. Then X is a subspace of B" which is a faithful,
left-introverted submodule. Further,

(5.6) PO,0 =000 (O, € X').

ProoOF. Fix A € X, and take S to be the o(A’, A)-closure of Ap; - A.
By Proposition 5.3, we have S C X.

For each b € By C X', there exists ® € A such that ® [ X = b.
For each a € A, we have

(a, ® - X)) =(P, XA -a)={(b, A - a)={(ab, \) = (a, b - \),
and so ® - A = b - A\. Take a net (aq) in Apj such that a, — ® in
the topology o(A”, A’). Thena, - A —® - A=0b- Ain (A ,0(A", A)).
Thus b - A€ S.

Now take I' € B” with |[I'|| = 1. There is a net (bg) in By such
that bg — I' in (B",0(B",B’)), and then bg - A - a — I' - XA - a in
(X,0(B',B)) for each a € A. The identity multiplier belongs to B,
and so it follows from (5.5) that

(a,bg - A) = (a, T - X) (a€A).

Thus bg - A = T - Xin (A',0(A4’, A)). Since (bg - \) C S and S is
o(A’, A)-closed, it follows that ' - A € S, and so I" - A € X. This shows
that X is left-introverted as a subspace of B’. Clearly X is faithful.



52 5. INTROVERTED SUBSPACES

Take A € X and ¥ € X’. Then we can calculate ¥ - X in both A’
and B’, say these elements are ¥ -4 A and ¥ -5 A, respectively. We
claim that they are equal as elements of X.

First, suppose that ¥ = b € B. For each a € A, we have

(a,b-aX)={(a,b-pA)=(alb, \),

where we are regarding a and b as elements of M(A) and hence of
(X', O). It follows that b -4 A =10 -5 A.

Second, let U be an arbitrary element of X’. By hypothesis, there
is a net (bg) in B such that bg — ¥ in the topology o(X’, X). Take
b€ B. Then

(b0 5 X) = (T, A D) =limbs, A - b)
= lim(b, by 5 A) = lim(b, by -4 )

by the earlier result. Now
<b, bﬂ ‘A )\> = <b DAbﬂ, /\> and ll/gn<b DAbﬁ, )\> = <b DA\I/, )\>

because b € 3;(X’). Hence (b,¥ -5 A) = (by¥ -4 \). Since B is
(X', X)-dense in X, it follows that W -p A =W -4 \.
Finally, take ®, ¥ € X’. For each A € X, we have

<q) DA\I}>)‘> = <(I)>\IJ A )‘> = <(I)7 v g )‘> = <<I) DB\I’a)‘>7
and this gives (5.6). O



CHAPTER 6

Banach Algebras of Operators

Before we begin our main study of Beurling algebras, we give some
further examples. These examples are Banach algebras of operators on
a Banach space E; for background on this topic, see [D, Chapter 2.5].

Let F and F be Banach spaces, and let T' € B(E, F'). Then the
dual T' of T is defined by

(2, T'\) =(Tx,\) (xe€E,N€F'),
so that 77 € B(F', E'). We have ||T"|| = ||T|| (T € B(E, F)), and also
(SoT) =T 08 (ST € B(F)). We define
BE)Y={T'":TeB(E)} C B(F),
so that B(E)® is a closed, unital subalgebra of B(E’) and B(F)* consists
of the operators U € B(FE’) such that U is a continuous linear mapping
from (E',0(E', E)) into itself. Notice that B(E)* = B(E’) if and only
if F is reflexive.
The second dual of an operator T' € B(E, F) is 7" : E” — F”, and
T" o RE = KRF oT.
Let E and F' be Banach spaces. We identify F'® E’ with the space
F(E, F) of continuous, finite-rank operators from F to F; indeed, for

Yo € F and \g € E’, the element 1o ® A\g € F' ® E’ corresponds to the
rank-one operator

Yo @ Ao x— (x, A\o)yo, E — F.
In particular F® E' = F(E). Let T = 20 ® A\ € E® E’. Then clearly
T = X\ ® kp(rg) € E'®@ E"”. The product in £ ® E' from F(FE) is
specified by
(.1'1 & )\1) o (.1'2 & )\2) = <x2, )\1>£L’1 ® Ay ($1,$2 < E, )\1, Ay € E/) .

Let 2o ® \g € E® E' and T € B(FE). Then
(61) T o (iL‘O X )\0) = T.l’o (%9 )\0, ($0 X )\0) o = o & T/)\O .

Let E be a Banach space. We write EQE’ for the injective tensor

product of F with E’; this space is identified with A(E) = F(F), the
closed ideal of approzimable operators in B(E). We also write EQE’

for the projective tensor product of F with E’, with projective norm

53
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|-]l.. In this way (E®E’,||-|.) is a Banach algebra, which is called
the nuclear algebra of E in [D, Definition 2.5.4]. We write N (E) for
the ideal of nuclear operators on F, as in [D, Chapter 2.5]; however,
we now write || - ||, for the nuclear norm on N (E).

Let E be a Banach space, and set A = K(E). Then 2 has a
bounded left approximate identity if and only if £ has the bounded
compact approximation property ([Dix], [D, Theorem 2.9.37]). Now
suppose that £’ has the bounded approximation property (BAP). Then
E itself has the BAP, 2 := A(F) = K(FE), and 2 has a bounded
approximate identity (see [D, Theorem 2.9.37]), so that 2" has a mixed
identity.

Let £ be a Banach space, and suppose that 2 is a subalgebra of
B(E) such that 2 contains the finite-rank operators and 2l is a Banach
algebra with respect to some norm, so that 2 is a Banach operator
algebra in the sense of [D, Definition 2.5.1]. In fact the embedding of
2 into B(E) is necessarily continuous.

First, suppose that 2 is Arens regular. Then FE is necessarily
reflexive. Indeed, assume towards a contradiction that E is a non-
reflexive Banach space. Then there are sequences (x,,) in Ep) and
(An) in Ejy; such that ((zm,An)) has unequal repeated limits. Take
A € A" such that A | A(E) # 0. Then there exist elements z € E
and A € E’ such that (x @ \,A) = 1. Set S, = x,, ® A (m € N)
and T, = A\, ® x (n € N), so that (S,,) and (7},) are sequences in
2. Then 1,5, = (Tm, \p)x @ A (m,n € N), and so ((T,,S,,, A)) has
unequal repeated limits. Thus A is not weakly almost periodic, and
so WAP(2() # . (This argument, from [Y3, Theorem 3], shows that
WAP(A(E)) = {0}.) In fact, let E be a non-reflexive Banach space
such that E” has BAP. Then 2 = A(FE) has a bounded approximate
identity, but

(0} = WAP(R) C U - 9,

and so we do not always have equality in the inclusion of Proposition
3.12. (A related result is given as Proposition 3.3 of [DuU]: for each
infinite-dimensional Banach space E with the approximation property,
we have AP(K(E)) = {0}.)

In the other direction, in the case where FE is reflexive, the Banach
algebras E® E', N(E), A(E), and IC(E) are all Arens regular. For
these and other related results, see [D, Theorem 2.6.23]. The results
are due to Young [Y3] and Ulger [U3]; see also [PyU].

It was left open in [D] and elsewhere whether or not B(F) is Arens
regular in various cases where F is reflexive; however, specific reflex-
ive spaces F for which B(E) is not Arens regular have been given in
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[Y3] and [PyU]. In fact, it is shown in [Y3, Theorem 4] that, for each
locally compact group G, there is a reflexive Banach space E and an
isometric isomorphism from L'(G) onto a closed subalgebra of B(E).
Since L!(G) is not Arens regular (for each infinite group G), it cannot
be that B(E) is Arens regular. Let E be a reflexive Banach space such
that B(E) is not Arens regular, and set A = KC(E). Then 2 is Arens
regular, but 2" is not.

We now sketch an important advance on this question due to Daws;
for a different, more abstract, presentation, see [Dal] and [Da2].

Let E be a Banach space, and set X = E® E'. For pn € X', define
T,:E— E" by

(Tyx, \) =(x @\, u) (xeE, AN€E).
Then p— T,, X' — B(E,E"), is an isometric linear bijection.

Now suppose that E is reflexive. Then we have X’ = B(F), and X
is a B(E)-submodule of B(E)’, and so B(F) is a dual Banach algebra
in the sense of Definition 2.6. Let A € B(E)' = X" : we seek to prove
that A is weakly almost periodic. By Theorem 3.14, this is sufficient
to establish that B(F) is Arens regular.

First we introduce some more Banach spaces. Let E be a Banach
space, and set

. 1/2
((E) =z =(m) € B |zl = (Z ||frk|\2> <o,
k=1

so that ¢%(F) is a Banach space. The dual space of (?(E) is (%(E'),
with the duality

o0

(@, A) =z, M) (2= () € L2(E), A= (\) € (2(E)).

In the case where E is reflexive, £2(F) is also reflexive.
For S € B(FE), define

Sz = (Szy,) (v = (zx) € LX(E)).
Then S € B((2(E)), and the dual S’ of gis specified by S\ = (S'Ag)
for A = (A\;) € (*(FE’). The map S — S, B(E) — B({*(E)), is a
bounded linear operator.
Next we recall the definition of the ultrapower of a Banach space;

see [Hei] for a clear account of the basic results in this area. Let F' be
a Banach space, and let I be a directed index set, and consider

(X(FI)={y=(ya:a€1): |yl = sup 9ol < oo},
aE
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again a Banach space. Finally, let & be an ultrafilter on I dominating
the order filter, and set y ~ 0 in £°°(F I) if, for each € > 0, the set

{ael:|yal <e}

belongs to U. Then {y € ¢>°(F,I) : y ~ 0} is a closed subspace of
(°°(F, I), and the quotient space £*°(F, I)/~ is a Banach space denoted
by Fi;; indeed, Fy is the ultrapower of F' in the category of Banach
spaces. The coset of y € £°°(F, I) is also denoted by y in Fy,. For each
T € B(F), the map

Tuz(ya)'_)(Tya)a FZ/I_>FL{,

is a bounded linear operator with ||Ty|| = ||T||, called the witrapower
of T' (see [Hei, Chapter 2]). The map T — Ty, B(F) — B(Fy), is an
isometric embedding. By the first paragraph of [Hei, Proposition 7.1],
there is an isometric embedding of (F”)y, into (Fy)": for (y,) € Fy and
(Aa) € (F")u, the duality is given by

((5): (ha)) = I (g, M)

where this limit always exists.

Let E be a Banach space. The Banach space E is super-reflexive if
there is an equivalent norm ||| - ||| on £ such that (£, ||| - |||) is uniformly
convex (and we suppose in this case that the original norm ||-|| is
uniformly convex). Let U be an ultrafilter on an index set I. Then Ey
is a reflexive Banach space whenever E is super-reflexive; in fact, by
[Hei, Proposition 6.4], a Banach space E is super-reflexive if and only if
each ultrapower Ej, is reflexive. For example, all Banach spaces of the
form LP(u) for a positive measure p, where 1 < p < oo, are uniformly
convex, and hence super-reflexive.

Finally, start with a uniformly convex space E, set F' = ¢(*(FE), and
let U be an ultrafilter on an index set. Then F' is also uniformly convex,
and so Fy, is reflexive.

We now return to A € B(E) = X”. There is a directed set I and
anet (z,:a € I)in X such that ||z,]| < ||A|| (a € 1) and 2z, — A in

lim (2, T) = (T, A) (T € B(E)).

ael

Fix a € I. We can represent z, as

00
Zo = E Lk, ® Hk,o 5
k=1
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where z, := (¥4 : k € N) € EN and pig := (ptro : k € N) € (E")N, and
we have

o0
S Nzl el < m,
k=1

where m = ||A|| + 1. Set F = ¢*(E). Then, in fact, we can suppose
that ||zrall = lltkall (K € N), and so x, € F and p, € (*(E') = F/,
with [|za]> < m and || ® < m.

Let U be an ultrafilter on the index set I such that 4 dominates
the order filter. Define the maps

U:S (Spe:ael), BE)— (Fy),
VS (Sraa€l), B(E) — Fy.

Then it is easy to check that each of U and V is a bounded linear
operator.
Let S,T € B(F). For each k € N and « € I, we have

<Ik,a ® Mk, o ST> - <ST:L‘]€,OM ,uk:,a> = <Txk,aa Slﬂk,a)y

and so, for each a € I, we have

<Zaa ST> = Z<$k,a ® Mk o, ST> = Z(Txk,aa S/,U/k,oz> - <T1Ea, §/,U/oz> .
k=1 k=1

Thus we see that
L L - ~
(ST, A) = lalg} (24, ST) = lalg} <Tma, S,ua> )

But
V(D). U(S)) = lim (Ta, Spa)

and the ultrafilter &/ dominates the order filter on /, and so we finally
see that (ST, Ay = (V(T), U(95)).

It follows from Proposition 3.13 that the continuous linear funct-
ional A is weakly almost periodic whenever the space Fy, is reflexive;
we have explained that this is always the case when the original space
E' is super-reflexive. Thus the following theorem of Daws answers a
question specifically raised in [Y3, p. 109] and [DuH].

THEOREM 6.1. Let E be a super-reflexive Banach space. Then B(E)
is Arens reqular. O

In the case where H is a Hilbert space, (B(H)"”, O) is a C*-algebra,
and hence is semisimple. There are examples of Banach spaces E for
which (B(FE)”, O) is not semisimple. We suspect, but cannot prove,
that (B(¢?(N))”, O) is semisimple whenever 1 < p < oc.
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[Added in August, 2004: In fact it has been proved by Daws and Read
[DaRe] that, for 1 < p < oo, the Banach algebra (B(¢?(N))”, O) is
semisimple if and only if p = 2; it is now conceivable that (B(£)", O)
is semisimple (for a reflexive Banach space E) if and only if F is linearly
homeomorphic to a Hilbert space. For further details, see [Da2].]

Before giving the next example, we make some remarks.

First, let (A, -) be an algebra, and let P : A — A be a projection
on A, so that P is a linear map such that P?> = P. Set B = P(A) and
J = ker P; clearly, A = B @ J as linear spaces. Now suppose, further,
that:

(1) B is a subalgebra of A;
(2) J is a left ideal in A.
We define a bilinear map

(a,b) —a x b:=P(a)b, Ax A— A.
Since (1) and (2) hold, the product in B & J satisfies the equation
(b1, 0) - (be, x) = (b1be, byz) (b1,bs € B,z € J),
and so P(Pa - b) = Pa - Pb (a,b € A). It follows that
(@ xb) xc=ax(bxc (abceA),
and thus x is an (associative) product on A. Further,
P(a x b)=Pa - Pb=Pa x Pb (a,be A),

and so P is a epimorphism from (A, x ) onto the subalgebra (B, x ),
and hence (A, x )= B x J.
Let R denote the radical of (A4, x ). Since
axb=0 (aeJ beA),
we have J C R.
We make the following further assumption:
(3) B is a semisimple algebra.

Then J = R, and hence (A, x ) is decomposable.
For our further discussion in this chpater, let £ be a Banach space,
with second dual E”. For each U € B(E"), set

nU)=kz oU o kg, E —F,
so that n(U) € B(E'), and then set
QU) =n(U),

so that Q(U) € B(E") and Q is a bounded linear operator on B(E").
Alternatively, we see that Q(U) is defined from U by first restricting
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U to F, and then extending this latter operator by weak-* continuity
in both its domain and range spaces. From both descriptions of Q, it
is clear that Q is a projection on B(E") with ||Q]| = 1 and that the
range of Q is exactly B(E")*. In particular, Q(Igs) = Ig». Let J be
the kernel of Q, so that J is the set of elements U € B(E") such that
U|E=0.

Let E be a Banach space, and again consider the space X = EQF'.
For each pn € X', define T, : £/ — E’ by

(6.2) (g, TNY=(x®@ A\ pn) (r€E, NeFE).

Then T}, € B(E'), and the map pu— T,, X' — B(E'), is an isometric
isomorphism. Thus we have the identification (E®E')" = B(E').

Let E be a Banach space with the approximation property (AP),
so that A(E) = KC(F), and set 2 = IC(E). It is of interest to calculate
the two Arens products on 21”.

Let E be a Banach space. Each T' € B(E) defines a linear functional
on £ ® E’ by the action

S=>"z@XN— > (2, T'\;) =tx(ST),
j=1 J=1

where ‘tr” denotes the trace. In the case where this linear functional is
continuous on (F(E), || - ), the operator T is an integral operator, and
its continuous extensions to A(E) is denoted by 7', with norm ||T | -
The set of all integral operators on E is denoted by Z(FE); it is clear that
(Z(E), || - |l) is a Banach operator ideal in the sense of [D, Definition
2.5.1]. Each nuclear operator on F is an integral operator, and we have
Tz < |T|ly (T € N(E)). It is shown in [DiU, Theorem VIII.3.§]
that, in the case where E has the metric approximation property, we
have

1Tz = 1Tl (T € N(E)),
and so N'(E) is a closed ideal in Z(FE). See also [DeF, p. 193].

Let p : E® E' — C be a linear functional, and define 7, on E’
as in (6.2). Then pu gives a continuous linear functional on FQE’ if
and only if 7, € Z(E’) [DiU, Corollary VIII.2.12], and so the map
p — T, is an isometric linear isomorphism from (EQE’') = A(E)’ into
(Z(E'), || - |7). For details, see [Pal, Chapter 1.7.12] and [Da2].

Now suppose that F is a Banach space such that £’ has AP and the
Radon—Nikodym property (RNP). (For example, in the case where we
set E = ¢y, the dual space E' = ¢! has AP and RNP. For a discussion
of RNP, see [DiU].) Then it is a theorem of Grothendieck that

I(E)=N(E') = E'QE".
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(For a closely related result, see the references [DeF, 16.5] and [DiU,
Theorem VIII.4.6].) Again set A = K(E). Then we have:

A=FEQE; A =EQE"=N(E;
Y’ = (E/®E//)/ — B(E//) .

The embedding kg of U into A" is the map kg : A — A”. The duality
between 21 and 2" is specified by

(6.3) (A, 1 ® A) = (A, Ap) = (A"(8), )

for A€ A and p € E', A € E”, and the duality between 2" and 21" is
specified by

(6.4) (U, n@A) = (UA), u)

forUe A" and u € E', A € E". For a full description of these dualities,
see [DeF, Chapter 16.7], for example.
We now describe the canonical module actions of 2 on 2’ and on

2A”. Thus, take A€ A, T € A' = N(E'), and U € A" = B(E"). Then:

A-T = ToA, T-A:A’OT;}

(6.5) AU = AoU: U-A = UoA".

It is of interest to note that
(6.6) A'=A" - A, but that A #A - A';

this is proved in [LU, Example 2.5]. It follows as in [LU, Proposition

2.10] that 3%1)@[”) # 3§2) ("), but we shall show more than this.

We shall now calculate the two Arens products on A" = B(E"),
still in the case where £’ has AP and RNP. This calculation was first
made by Palmer in [Pal] and, for more general Banach spaces and in
full detail, by M. Grosser in [G2]. For variety, we make the calculations
in a slightly different way.

Let U,V € A", and take (A,) and (Bg) to be nets in 2 such that
lim, A, = U and limg Bz = V (in the topology (A", 2(")). Take p € E’
and A € E”. Then

((AaBp)"(A), p) = (Bs(A), AL (1)) -
For each «, we have limg(Bj, A,u® A) = (V, ALp® A), and so

lim{B5(A), Ag(p)) = (V(A), A4(p)) = (Aa(V(A), 1)

Hence

lim lim((AaB5)"(A), 1) = (UV(A)), 1)
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This shows that
(6.7) vav = licrynliénAaBﬁ =UoV (UVe B(E”)) )

As a preliminary to the calculation of U & V) we make the following
remark. Take A=2 @ N e EQE CUA T A, and U € A" = B(E").
Then

(A, T-U) = (U A-T) (2.7

(U, T o A) (6.5
= (U, TA\® kg(z)) by (6.1

( (6.4

(z,

(4,

)
)
)

(U o kp)(x), TA) )

(n(U) o T)(N))

n(U) o T) by (6.2),
andso T - U=n(U) o T in A'. (Similarly, U - T'=n(U o T").)
We can now calculate U <OV for U,V € A”. First, we take an
element T'=p® A € E'®@ E”. Then

owov, Ty = (V, T-U) by (2.8)
= (Vin(U) o (n®A))
(V. n(U)(p) @A) by (6.1)
(V(A), n(U) () by (6.4)
= (QUU)(V(A)), )
(QU) oV, n®@A) by (6.4)
= (QWU) oV, T).

This shows that
(6.8) UoV=9(U)oV (UVeB(E").
In particular, the algebra (B(E)", <) is not unital.
The following example is an elaboration of Example 2.5 of [LU].

EXAMPLE 6.2. Let E be a Banach space such that £’ has AP and
RNP and E is not reflexive. For example, we can take F = ¢y. Set
A =K(F). It is clear from (6.7) and (6.8) that

WAy ={U eB(E"):U o V=0U) oV (VeBE)N},
and so
D) ={U e B(E"): U = Q(U)} = B(E')".
Similarly, we see that
DU ={UeB(E"):VoU=0QV)oU (VeBE"}.

For each A € E"\ E, there exists V € B(E") such that V | E =0 and
V(A) = A. Tt follows that

33@) ={U € B(E"): U(E") C E}.
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The identification of 3(2) K(cp)) in |[LU, Chapter 6, j)| is not correct.
t
Let Ig» be the identity operator on E”. Then

Ipr € 37(2) \ 37(2).

On the other hand, take zp € £\ {0} and ' € E” with ' | E = 0 and
I' # 0, and then define

UAN)=(NT)zy, (A€E").
Then U € B(E") and U(E") C Czy C E, but U | E = 0, and so we
have Q(U) = 0, whence Q(U) # U. Thus U € 3¥(2") \ 3V (2"). We

conclude that
3@ ¢ 37" and 3P@7) ¢ 3@,

and so the two topological centres of 2 are different. In particular,
AC3 @) CA” and ACITA) CA,

and so 2 is neither Arens regular nor either left or right strongly Arens
irregular.

Let us consider how the above remarks relate to Theorem 5.14. Now
M) = B(E). We set X =20, The algebra (A", O) = (B(E"), o) is
unital, and so it follows from [LU, Proposition 2.2a] that 2’ =" - 2L.
Thus Theorem 5.14 applies to show that

B(E)™ c 330 (") ;

in fact, we have established the stronger result that B(E")* = 39(91” ).

Temporarily set Z = 3%1) A" N 3%2) (A"). We seek to identify Z.

First take A € W(E). Then A”(E") C E and so A” € 3P (@").
Clearly A” € 3§1)(Ql”), and so we have shown that A € Z. Hence
W(E)* C Z.

Now take U € Z. Since U € B(E"), the operator U is continuous
on the space (E",o(E", E')). Set S := (E")n, so that S is o(E”, E')-
compact. Then U(S) is o(E", E')-compact. However U(S) C E be-
cause U € 3\? (), and so U(S) is o(E, E')-compact in F, and hence
o(E", E")-compact in E”. This shows that U € W(E"). Set U = T",
where T" € B(E’). By Gantmacher’s theorem [DfS, Theorem VI.4.8],
we have T'€ W (E').

We now claim that T € B(E)®. By [DfS, Exercise VI.9.13], we
require 7" to be o(E’, E)-continuous on E’. To show that this is the
case, it suffices, by [DfS, Theorem V.5.6], to show that TA, — TA
in (E',o(E',E)) whenever A\, — X in ((E')p),o(£', E)). Since T is
weakly compact, we may suppose, by passing to a subnet, that (T'\,)
is convergent in (E',o(E', E)), say TAo — u € E'. Let x € E, so
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that (z,TA,) — (x,p). Set y = T’z € E": in fact, y € E because
T'(E") C E. Thus

<ZL‘, T)‘a> = <y7 )‘a> - <y7 )‘> = <I7 T/\>7

and so T'A\ = p. Thus the claim is established.

Again by Gantmacher’s theorem, we see that 7' € W (FE)%, and this
proves that U € W (E)*.

We conclude that

(6.9) wiE) = (3" @) n3P @) .

We now take special cases for the space E.

First take E = ¢p. It is standard that K(co) = W(cg). To see this,
take T € W(cg). Then T" € W(¢1). Let (A,) be a bounded sequence
in ¢! so that (T'),) is also a bounded sequence in ¢!, and hence
has a weakly convergent subsequence. But ¢! has ‘Schur’s property’:
each weakly convergent sequence in £! is norm-convergent [Co, V.5.2].
Thus 7" is compact, and so T' is compact. This gives us an example
2A = K(cp) such that

(6.10) ra(@) = (370" N30 @) .

Second, take E = J, the James space, so that J”/J has dimension
1. In particular, J”/J is a separable space, and so J’' has RNP [DiU,
p. 219]. Also J has AP, and so J fits into our present scenario. It
also follows easily that WW(J) is a closed ideal of codimension 1 in B(.J)
(and W(J) is the kernel of a character on B(J)). However K(J) has
infinite codimension in B(.J), and so KC(J) # W(J). (For a discussion
of the closed ideal structure of B(J), see [Laus|; Laustsen shows that
KC(J) is equal to various other naturally defined ideals.) This gives us
an example B = K(J) such that

(6.11) su(B) € (37(8") N 37(3")) .

We now determine the radicals of (2", O) and (1", <).

Certainly the Banach algebra (2”7, O) = (B(E"), o) is semisimple.

To calculate the radical of (A”, <), we apply the earlier algebraic
calculation, with (1", o), B(E')*, Q, and J playing the roles of A,
B, P, and J, respectively. The product < in 2" corresponds to the
previously defined product x in A. Further, B(E’)* is a semisimple
subalgebra of (2", o), and

J={UeB(E"):U|E=0}
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is a left ideal in (2", o), and so conditions (1), (2), and (3) of those
algebraic conditions are satisfied. We conclude that

rad (A", &) =kerQ and (A", ©)=B(E)* xrad(A", ©),
so that (2", &) is strongly decomposable. In particular, the radicals
of (A", O) and (A", <) are not the same. O

EXAMPLE 6.3. Let 2 = K(cp), as above. Then we have
Wiy £ 322" and  rad (A7, O) #£rad (A", ).
For © = (x,) € ¢, set T = (T,,), and then, for T € A, set
Tr=Tz (zc).

Then T_ € %, and the map 7" +— T is a linear involution on 2 such that
ST =8T (S,T €).

Asin Example 4.4, we can construct a Banach x-algebra € = A@A°P
such that 3,51)(02”) # 3152)(@”) and rad (€”, O) # rad (€”, ). O

[Added in August, 2004: In his thesis at Leeds [Da2]|, Daws has now
substantially extended the above results; he deals with more general
Banach spaces and obtains more definitive results and further exam-
ples.]



CHAPTER 7

Beurling Algebras

In this chapter, we shall describe the Banach algebras that we shall
consider. First, we recall some standard notation; see [D] for further
information.

Let S be a set, and let s € S. We write both d, and A, for the
characteristic function of the singleton {s}. Let w : S — R™® be a
function. Then:

(M(S,w) = {f =Y ()0 Il =D 1 (s)|w(s) < oo} :

seS sES

(°(8,1/w) = {)\ = A ¢ Mgy = sup % < oo} .

seS s€S ( )

Clearly (€1(S,w),||- ) and (zoo(s, 1/w)
and the latter is the dual of the former for the pairing

(FA) = (o A) =) f(s)A(s) .

seS

Note that w € £°°(S,1/w). We also define
co(S,1/w) ={A € £>(S,1/w) : || Jw € c(5)}.

Then ¢y(S,1/w) is a closed subspace of £*°(S,1/w) containing Ay for
each s € G and

Al ||Oo7w> are Banach spaces,

co(S,1/w) =1lin{\, : s € S};

the dual space of ¢y(S,1/w) is £1(S,w), and the second dual space is
identified with £°°(S,1/w). In the case where w = 1, we write ¢1(.9),
ete. Note that |ds/|, = w(s) and || Al = 1/w(s) for s € G.

Let G be a locally compact group. We denote by m a fixed left
Haar measure on GG, and by Ag the modular function of G. The group
G with the discrete topology is denoted by G4. Let G and H be locally
compact groups. Then the product group G x H is also a locally
compact group. For details on locally compact groups, see [HR1]| and
[RS].

65



66 7. BEURLING ALGEBRAS

Let X be a Banach space of measures or of equivalence classes of
functions on a locally compact group G, and then let w : G — R™*® be
a continuous function. We define

Xw)={f:wfeX}.

The norm of X (w) is defined so that the map f +— wf from X (w) onto
X is a linear isometry. In particular, we define

LYNG,w) = {f Borel measurable : || f||, = / |f(s)|w(s)dm(s) < oo}
G
and

L>*(G,1jw) = {)\ Borel measurable : ||\, = esssup )l < oo} .
Y seq w(s)

We identify two functions f and ¢g in L'(G,w) if they are equal almost

everywhere with respect to m, and we identify A and p in L*(G, 1/w)

if they are equal locally almost everywhere with respect to m. Then

(LYG,w), |- l,) and (L*(G,1/w), ||-|l..) are Banach spaces, and

the latter is the dual of the former for the 7pairing

(F.A) = (f, ) = /G £(5)\(s) dm(s) ;

this duality specifies the weak-x topology on L*(G,1/w). We also
define:

Co(G,1/w) ={X € L*(G,1/w) : Nw € Cy(G)},

so that Cy(G,1/w) is a closed subspace of L*(G,1/w). We write
LY(G) and L*°(G) in the case where w = 1; we also write LL(G,w)
and L (G, 1/w), etc., for the real-linear subspaces of L'(G,w) and
L>®(G, 1/w), respectively, consisting of elements which are identified
with functions that are real-valued. Finally, we denote by L3S(G, 1/w)
the subspace of L>(G, 1/w) consisting of elements A such that there is
a compact set K C G with supp A C K.

We shall also utilize the following specific subset of L!'(G,w). Define

P,(G)={f € L'(G.w): f >0, |Ifll, =1};

in the case where w = 1, we write P(G), as in the standard sources
(for example, see [Pat, (0.1)]).
We shall use the following classical theorem of Steinhaus.

THEOREM T7.1. Let w : G — R™® be a continuous function on
a locally compact group G. Then L'(G,w) is a weakly sequentially
complete Banach space. O
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Let G be a locally compact group, and let w : G — R**® be a con-
tinuous function. Then the space L*(G, 1/w) is a commutative, unital
C*-algebra for the product -, which is defined for A\, u € L>*(G,1/w)
by

(Ao p)(s) = A(s)ul(s)/w(s) (s € G);

the identity of this algebra is the function w and the involution is the
map f +— f. Indeed, L®(G,1/w) is a commutative von Neumann
algebra. Clearly L>°(G,1/w) is *-isomorphic to the C*-algebra L>(G),
and Cy(G,1/w) is a C*-subalgebra of L>(G,1/w).

An element A € L>(G,1/w) is self-adjoint (respectively, positive)
as an element of the C*-algebra if and only if A is identified with a
function that takes its values in R (respectively, in RT).

In the case where w(s) > 1 (s € G), we denote by M(G,w) the
Banach space of all complex-valued, regular Borel measures u on G
such that

!Mh=LM@MM@<w,

and we write M(G) in the case where w = 1, so that M(G,w) is
a subspace of M(G) and M(G,w) is the dual of Cy(G,1/w) for the
pairing

O = i) = [ 26) o)
this latter duality defines the weak-* topology on M (G,w).

There is a decomposition of M(G,w). Let M,(G,w) and M,(G,w)
denote the closed linear subspaces of M (G,w) consisting of those mea-
sures which are absolutely continuous and singular, respectively, with
respect to the Haar measure. Then M (G,w) = M, (G,w) & M,(G,w)
as an £!'-sum of Banach spaces. We identify M,(G,w) with the closed
subspace L'(G,w) of M(G,w); the space M,(G,w) contains the closed
subspace (G, w) of discrete measures in M(G,w). (Here we regard
cach element 0, as a measure on G by setting d5(F) = 1 whenever
s € FE and 05(E) = 0 whenever s ¢ E for a Borel set £ in G.) This
theory is essentially that given in [HR1] in the case where w = 1. We
shall just use the Banach space decomposition

(7.1) M(G,w) = L' (G,w) ® M,(G,w).

The following result is standard.

PROPOSITION 7.2. The closed subspaces L'(G,w) and (' (G,w) are
weak-+ dense in M(G,w).
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PROOF. Set A = L1(G,w) and M = M(G,w), so that
A" = L=(G,1jw) .
Take p € M with ||u|] < 1. By the Hahn-Banach theorem, there exists
e A" with ||| < 1and 11 | Co(G,1/w) = p. There is a net (f,) in
Apj such that f, — 7 in the topology o(A”, A’). Clearly f, — p in

(M, o(M,Cy)). This gives the result for the subspace L'(G,w).
A similar argument gives the result for the subspace (}(G,w). O

Let G be a locally compact group. We shall now recall the defin-
itions of some standard closed subspaces of the space (L>(G), | -||..);
in the case where we are dealing with continuous functions on G, we
denote the norm |- || by |-|g, so that |- |, is the uniform norm. In
particular, each algebra (£*°(G), -) is a commutative, unital von Neu-
mann algebra, identified with C'(3G4), and the Banach space £(G)”
is identified with M (6Gy).

We shall utilize the left and right translations ¢; and r;, defined for
functions f on G and t € G by the formulae:

(7.2) (Gef)(s) = f(ts), (ref)(s) = [f(st) (s €G).

(The functions ¢, f and r;f are denoted by ;f and f; in [HR1, Chapter
15]; the left shift S, f is defined by (S;f)(s) = f(t7's) (s € G) in [D].)
For f € C%, we set

LO\) ={t\:te G}, RO(f)={rnA:teG}.

Thus:

CB(G) denotes the closed subspace of L*(G) consisting of the
(equivalence classes of) bounded, continuous functions on G (as in
Chapter 2);

LUC(G) and RUC(G) denote the closed subspaces of CB(G) con-
sisting of the (equivalence classes of) bounded, left (respectively, right)
uniformly continuous functions on G, so that
LUC(G) = {Ae(CB(G):t— N, G— CB(G), is continuous}
RUC(G) = {Ae(CB(G):t—nr\, G— CB(G), is continuous};

W AP(G) denotes the closed subspace of C'B(G) consisting of the
weakly almost periodic functions, so that

WAP(G) ={A € CB(G) : LO(J) is relatively compact
in the weak topology of CB(G)};
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AP(G) denotes the closed subspace of CB(G) consisting of the
almost periodic functions, so that

AP(G) ={X € CB(G) : LO(\) is relatively compact
in the norm topology of CB(G)}.

Note that elements of LUC(G) are called ‘right uniformly continu-
ous’ in [HR1]. In fact,

LUC(G) = {AeL™G):t— ), G— L*(G), is continuous}
RUC(G) = {AeL*®(Q):t—nrA, G— L*(G), is continuous} .
This follows from Proposition 7.15, below.

It is well-known (see [BJM, pp. 130, 139] and [HR1, Theorem (18.1)])
that A € WAP(G) (respectively, A € AP(G)) if and only if RO(\) is
relatively compact in the weak (respectively, norm) topology of C'B(G).
Further, it is known (see [BJM, pp. 128, 138]) that
(7.3) AP(G) = AP(Gy)NC(G), WAP(G)=WAP(Gy) NC(G).

Let A € L*>°(G). Then

(7.4) {tr:teGl)={r f:[ePG)},

where the closures are taken in the weak-* topology (see [Wo, Lemma
6.3]). In particular, in the case where A € WAP(G), the weak and
weak-* topologies coincide on the || - [|-closure of ({{;A:t € G}), and

hence the sets in (7.4) are | - ||-closed, and so must be contained in
LUC(G). Tt follows easily from (7.4) that

WAP(G) ={\ € CB(G) : A - P(G) is relatively weakly compact},

and so
(7.5) AP(G) = AP(LY(G)), WAP(G)=WAP(L'(Q)).
Further, it follows that
WAP(G) ={A € L*®(G) : LO(\) is relatively compact
in the weak topology of L>(G)},
AP(G) ={X € L>™(G) : LO(\) is relatively compact
in the norm topology of L*(G)},
and that
L>(G) D CB(G) D LUC(G) D WAP(G) D AP(G).
We also have WAP(G) D Cy(G); however, in the case where G is lo-

cally compact and non-compact, AP(G)NCy(G) = {0} [BJM, Chapter
4, Corollary 1.15].
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The following result is immediate from Theorem 3.3; see also [BJM,
Chapter 4, Theorem 2.3].

THEOREM 7.3. Let G be a locally compact group, and take an el-
ement A € CB(G). Then N\ € WAP(G) if and only if the function
(s,t) = A(st), G x G — C, clusters on G x G. O

It was proved by Granirer [Gra2, p. 62| that LUC(G) = WAP(G)
if and only if the group G is compact; see also [L3, Corollary 4].
DEFINITION 7.4. Let w : G — R™® be a continuous function. Then:
CB(G,1/w) = {Ne L®(G,1/w): Nwe CB(G)};
LUC(G,1jw) = {Ae L*(G,1/w): Nwe LUC(G)};
RUC(G,1/w) = {Ae€ L*(G,1/w): Nw e RUC(G)};
WAP(G,1/w) = {Ae€ L>®(G,1jw): \|/we WAP(G)};
AP(G,1/w) = {Ae L*(G,1jw): Nwe AP(G)}.
We clearly have
L*(G,1/w) D CB(G,1/w) D> LUC(G,1/w)
D WAP(G,1/w) D AP(G,1/w).
Also CB(G,1/w) C £*°(G,1/w) and Cy(G,1/w) C WAP(G,1/w). In
the case where G is discrete, we have
CB(G,1/w) = LUC(G,1/w) = £>*(G,1/w),
and, in the case where GG is compact, we have
CB(G,1/w) = AP(G,1/w);
further, AP(G,1/w) = WAP(G,1/w) only if G is compact.
The spaces
CB(G,1/w), WAP(G,1/w), AP(G,1/w), LUC(G,1/w)

are each a C*-subalgebra of L*°(G, 1/w) and each space contains the
function w.

We now introduce a central concept of this memoir, that of a weight
on a group.
DEFINITION 7.5. Let G be a group, with identity eq. A weight on
G is a function w : G — R*® such that
w(st) <w(s)w(t) (s,t€G), wleg)=1.
A function w on G is symmetric if

wisH=w(s) (seq).
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Let w: G — R™ be a function such that
w(st) <w(s)w(t) (s,t€qG).

Then w(eg) > 1. By changing the value of w at eg to be 1, we obtain
a weight on GG. Notice that

(7.6) wis ™) <w(st)/w(t) <w(s) (s,teq).

Let G be a group, and let w : G — R™® be a function. It is often
convenient to set
w=expn,
so that n : G — R is a function, and w is a weight if and only if 7 is
subadditive and n(eg) = 0. Of course, w(s) > 1 (s € G) if and only if
n(s) >0 (s € G). Further, for a function n : G — R, we shall set

(7.7) (8" (s,t) =n(s) —n(st) +n(t) (st €G).

We also adopt throughout the following notation. Following [CrY], we
write

(7.8) s, 1) = -2 (s 1eq),

so that 0 < Q(s,t) <1 (s,t € G) and Q = exp(—d'n) as functions on

G xG.
For example, let G' be a group, and let .S and T be disjoint subsets
of G such that SUT = G \ {ec}. Define

(7.9) nleg) =0, n(s)=2 (se€S), nt)=1 (teT).
Then 7 satisfies the above conditions, and w = exp 7 is a weight on G.

THEOREM 7.6. Let w be a weight on a group G. Then the Banach
space LY(G,w) is a unital Banach algebra with respect to the convolution
product %, defined by the requirement that

58*6t:68t (S,tEG> O

DEFINITION 7.7. Let w be a weight on a group G. The algebras
(G, w) are the (discrete) Beurling algebras on G.

The dual module of /!(G,w) is identified with ¢°*°(G,1/w). Note
that, in this case, we have

(710) )\s : (St - )\t—ls, 515 . )\s == )\st_l (S,t c G) y

where we are regarding A, as an element of /*°(G,1/w). Let t € G.
Then

gtA: A . 5,5, TtA:(;t . A ()\ GE(X)(G,]_/CU))
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For example, take G = (Z,+), and write ¢'(w) for ¢(Z,w). For
each a > 0, define

(7.11) wo(n) = (14+n))* (neZ).

Then each w, is a weight on Z, and £!(w,) is a Beurling algebra on Z.
It is easy to see that the corresponding function €2, O-clusters strongly
on G X G whenever a > 0 .

Let G be an abelian group with (compact) dual group I', and let
w be a weight on G with w(s) > 1 (s € G). The Fourier transform
identifies /! (G,w) as a Banach function algebra on I, and so ¢! (G,w)
is a semisimple Banach algebra. In particular, ¢!(w,) is identified with

a subalgebra of C(T); this latter algebra is contained in the Banach
function algebra lip, T. In the case where o > 1, each such Fourier
transform is continuously differentiable on T. For details of these re-
marks, see [D, Example 4.6.13].

For a compact subset X of C, denote by A(X) the uniform algebra
of all continuous functions on X that are analytic on the interior of X.
Let w be a weight on the group (Z, +) with w(n) > 1 (n € Z), and set

pr = inf{wl™ :n € N}, py=sup {w:}/n :n € N}

so that 0 < pp <1 < p; < oo. Then the character space of £!(w) is
homeomorphic to the annulus

X={2€C:p<|z| <pi},
and f € A(X) for each f € £1(w) [D, p. 504].

DEFINITION 7.8. Let G be a locally compact group. A weight func-
tion on G is a continuous function w : G — R™® such that w is a weight

on G.

For example, let 1 be a continous, subadditive function on G such
that n(eg) = 0. Then w = expn is a weight function on G.

Let wy; and wy be weight functions on a locally compact group G.
Then the pointwise product wyws is also a weight function on G. Let
wy and ws be weight functions on locally compact groups G; and Go,
respectively. Define w; ® ws on G X Gy by

(W ®@wa)(s,t) =wi(s)wa(t) (s€ Gy, teGy).

Then w; ® ws is a weight function on G| x Gs.
Let w be a weight function on G. Then it follows from (7.6) that

(7.12) lim sup w(st)/w(t) =1.

STEG te@
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Let w : G — R* be a weight function on G. Then the corresponding
functions 6'n and Q are continuous functions on G x G, and Q is
bounded by 1.

Let w be a weight function on G with w(s) > 1 (s € G). Then
convolution product * on M(G,w) is defined by the formula

O, joxs) = /G /G Mst)du(s) du(t) (v € M(G,w), X € Co(G,1/w)).

THEOREM 7.9. Let w be a weight function on a locally compact
group G. Then the Banach space M (G,w) is a unital Banach algebra
with respect to the convolution product x ; L*(G,w) is a closed ideal in
M(G,w), and £(G,w) is a closed subalgebm of M(G,w). O

The product of f and g in L1(G,w) is given by

(f = 0)(t l/f L/ftsl Ac(s™) dm(s)

for t € G. We also note the following formulae for the product of
feLYG)and upe M(G

(f * pt /f o5 dpcs)

(1 + f)(t /f (571) dp(s
Inpartlcularf*5 = Ag(s Hre-1f and §, x f =L, f for s € G and
feLlaG)

DEFINITION 7.10. Let w be a weight function on a locally compact

group G. The algebras L' (G,w) are the (continuous) Beurling algebras
on G.

(t€G>7

For a general background and history on Beurling algebras, see the
texts of Reiter and Stegeman [RS] and Palmer [Pa2, 1.9.15].
For example, take G = (R, +), and define

wa(t) = (L+[t)* (t€R)

for a > 0. Then each w, is a weight function on R, and L'(R,w,) is
a Beurling algebra. Let €2, be the corresponding function on R x R.
Then, in the case where o > 0, the function s +— €,(s,t) is decreasing
on R* for each t € R.

We remark in passing that it follows from Theorem 7.1 that ‘an
infinite-dimensional C*-algebra cannot be a closed linear subspace of
any Beurling algebra’. Indeed, let A be a C*-algebra, and let B be
a Banach algebra which is weakly sequentially complete as a Banach
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space (for example, let B be a Beurling algebra). Suppose that A
is linearly homeomorphic to a closed subspace of B. Then A is also
weakly sequentially complete. However the only C*-algebras which are
weakly sequentially complete are those which are finite-dimensional.

Let G be a locally compact group, and let H be the group G with
the opposite product, so that H is a locally compact group. For a
function f on G, set

fls)=f(s"") (s€G).

Now let m be a left Haar measure on GG, and define m by

[ 1ot = [ Foae(s ) an(s) (7€ L1(G)).

Then 1 is a left Haar measure on H. Let w be a weight function on
G. Then w/Ag is a weight function on H, and the opposite algebra
to L1(G,w) is isometrically isomorphic with L(H,©/Ag). Thus the
opposite algebra to a Beurling algebra is also a Beurling algebra.

DEFINITION 7.11. Let G be a locally compact group. Two weight
functions wy and we on G are equivalent if there exists a continuous
algebra isomorphism from L'(G,w;) onto L'(G,ws).

For example, w; and wy are equivalent if there exist constants ¢; > 0
and ¢y > 0 such that

wi(s) < cowa(s), wals) <cwi(s) (s€qG).

Now let w; be a weight and set ws(n) = e™wi(n) (n € Z) for some
constant ¢. Then w; and wy are equivalent. All properties involving
topological centres and radicals of second duals are unchanged if we
move to an equivalent weight on G.

The Banach algebra L'(G,w) is commutative if and only if G is an
abelian group; it has an identity if and only if G is discrete. Suppose
that w(s) > 1 (s € G). Then the algebra L'(G,w) is a dense subalgebra
of the group algebra L'(G).

Let w be a weight function on a locally compact group GG. Then
the operators ¢; and 1, (for t € G) act on L>(G,1/w), and

[ell = el = w(®)  (teG).

The following remark is clear; we write 1 for the function on G which
is constantly equal to 1.
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PROPOSITION 7.12. Let G be locally compact group, and let w be a
weight function on G with w(s) > 1 (s € G). Then 1 € L*(G,1/w),
and the map

vq:®— (1), L'G,w) —C,
is a character on both (L'(G,w)”,0) and (L'(G,w)",<). O

The above character ¢ on (L'(G,w)”, O), (L'(G,w)", ¢ ), and
their subalgebras is the augmentation character; its kernel is the aug-
mentation ideal.

Again let G be a locally compact group. Then there is an isometric
involution * on M (G), defined by the formula

W(E)=puET) (ue M(G))
for each Borel subset E of G. Thus we have §% = 0,-1 (s € G) and
Fi(s)=f(sHAc(s™h) (f€LYG), s€G).
The algebra (M (G), ) is a Banach *-algebra. For u € M(G), define
T,: f—uxf, H—H,
where H is the Hilbert space L*(G) and

(ex )t /f (s7't)du(s) (f € H, pe M(G)).

Then T), € B(H), and the map
p— T, M(G)— B(H),

is a continuous *-isomorphism. It follows that M (G) is *-semisimple,
and hence semisimple. For this standard theory, see [HR1] and [D,
Theorem 3.3.34], etc.

Let G be a locally compact group, and let w be a weight function
on G. We are embarrassed to say that we do not know whether or not
the Banach algebra L!'(G,w) is always semisimple; in particular, we
do not know whether or not £!(G,w) is always semisimple. We make
some remarks on this question.

It is proved in [BhDe] that L'(G,w) is semisimple in the case where
G is abelian (and w is only required to be measurable).

Let us suppose that G is an arbitrary locally compact group and
that w is a weight function on G such that w(s) > 1 (s € G), so that
L'(G,w) is a subalgebra of L'(G). (By Theorem 7.44, below, the latter
hypothesis is no constraint in the case where G is amenable.)

First, suppose that w is symmetric. Then M(G,w) and L'(G,w)
are x-subalgebras of M (G) and L'(G), respectively, (and the involution
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is an isometry on M(G,w)), and so both M(G,w) and L'(G,w) are -
semisimple, and hence semisimple. For a recent study of the Banach
x-algebras L'(G,w) in the case where w is symmetric, see [FG].

Second, consider the case where w is not necessarily symmetric. A
group G is said to be mazimally almost periodic if the continuous, finite-
dimensional, irreducible, unitary representations separate the points of
G; we also say that ‘G € [MAP]. It is shown in [Pa2, 3.2.17] and [Pa3,
12.4.15] that G € [MAP] if and only if the algebra AP(G) separates the
points of G. The class [MAP] is discussed in [HR1, (22.22)] and [Pa3,
Chapter 12.5]; the class includes all discrete free groups, but it does
not include the discrete group SL(n,R) in the case where n > 2. Let
G € [MAP]. Then a short proof given in [Bar| shows that the algebra
M (G) has the property that, for each u € M(G) \ {0}, there exists
n € N and a continuous epimorphism 6 : M(G) — M,,(C) such that
O(1n) # 0. (The specific result that we use was also proved earlier in
[GM]; see also [Pa2, 12.5.20(b)].) Since each matrix algebra M, (C) is
simple, we have f(rad M (G,w)) = {0}, and so u ¢ rad M (G,w). Hence
rad L' (G, w) = rad M(G,w) = {0}.

Thus we obtain the following result.

THEOREM 7.13. Let G be a locally compact group, and let w be a
weight function on G such that w(s) > 1 (s € G). Suppose either that
G is a maximally almost periodic group or that G is arbitrary and w s
a symmetric function. Then M(G,w) and L*'(G,w) are semisimple.O

However we cannot prove that the Banach algebra L'(G, w) is semi-
simple in the case where G ¢ [MAP] and w is not symmetric.

It is standard that L'(G) always has a bounded approximate iden-
tity which is a net consisting of continuous functions of compact sup-
port, and this net is clearly also a bounded approximate identity for
each of the Beurling algebras L'(G,w). Thus L'(G,w) satisfies (2.2)
and L'(G,w)” has a mixed identity, say it is ®p; we may suppose that
|®o]| = 1, so that the natural embedding of L'(G,w) into M(LY(G,w))
is an isometry. In the case where G is metrizable, L'(G,w) has a se-
quential bounded approximate identity.

The next result is a minor extension of a standard theorem of Wen-
del [We].

THEOREM 7.14. Let G be a locally compact group, and let w be a
weight function on G with w(s) > 1 (s € G). Then M(L'(G,w)) is
isometrically isomorphic to M(G,w). Each multiplier on L*(G,w) has
the form (L,, R,) for some p € M(G,w). O

Here, L, (f) = ux f and R,(f) = f*u for f € L'(G,w).
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It follows that L!'(G,w) is a Banach M (G, w)-bimodule, and so the
dual space L>*(G,1/w) and the second dual space L'(G,w)” are both
also Banach M (G,w)-bimodules. For example, we see that, for each
A € L®(G,1/w), we have

)\’515:615/\7 6t'/\:7’t)\ (tEG)

We next recall the explicit formulae for some module products. Let
f e LY G,w), A\ € L*(G,1/w), p € M(G,w), and ® € LG, w)".
Then

(7.13) (o - A =(Fxpm Ay (@, )= (D, p- A

Further, - A and X\ - p can be identified with functions on G by the
formulae:

N0 = [ A duto),
Aem® = [ Astants).

which hold for locally almost all ¢ € G, as in [D, Chapter 3.3] and
[HR1, Theorem (20.12)].

The space Cy(G, 1/w) is regarded as a subspace of M (G, w)’ through
the canonical embedding of Cy(G,1/w) in Cy(G,1/w)”. It is clear
that Cy(G,1/w) is a closed M(G,w)-submodule of M(G,w)’, and so
M(G,w) is also a dual Banach algebra in the sense of Definition 2.6.
However, L'(G, w) is not a dual Banach algebra-indeed, it is not a dual
Banach space—unless G is discrete.

Let A € L*(G,1/w). It is clear from (7.6) that A € LUC(G,1/w)
if and only if

(7.14)

i s S0 =20
S7€G teG w(t)
We shall require the following result of Gregnbaek [Gr3, Proposition
1.3]. In fact, there seems to be a gap in the proof given in [Gr3], and
so we indicate an argument for this result.

=0.

PROPOSITION 7.15. Let w be a weight function on a locally compact
group G, and let X € L*(G,1/w). Then A € LUC(G,1/w) if and only
if the map
(7.15) s—A-ds, G— L%G,1|w),

18 continuous.

PROOF. The point to be clarified is that A € CB(G, 1/w) whenever
A satisfies (7.15).
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To see this, let (e, : @ € A) be an approximate identity in L'(G,w)
with |ley|| = 1 for each o € A. Then {\ % é, : @ € A} is a family of
bounded functions on G; we claim that it is an equicontinuous family.
Indeed, take s,t € G. Then

[(A x €a)(st) — (A x é)(t)] < /G!Mstu) — A(tw)] ea(w)| dm(u)
< A G — A - |

oo,w !

and so the claim follows. It is a consequence of Ascoli’s theorem that
there exists u € CB(G,1/w) with the property that we may suppose
that A\ x é, — p uniformly on compact subsets of G. This implies that
A x €4 — p in the weak-* topology on L>*(G,1/w). But

(f, A * o) =(f * ea, A) = ([, \) (f€LY(Gw)),

and so A x é, — A in the weak-x topology on L>*(G,1/w). Hence
A = p locally almost everywhere (with respect to m) on G. Thus we
may indeed suppose that A € CB(G, 1/w).

The remainder of the proof is as in [Gr3, Proposition 1.3]. O

It is important to note that L°°(G, 1/w) is not an essential L1(G, w)-
bimodule (unless G be discrete).

We shall now use the following abbreviated notation, which leaves
the locally compact group G to be defined implicitly.

Let w be a weight function on a locally compact group G; from now
on, we suppose that w(s) > 1 (s € G). Then we set

A, =LY G w), A, =L%G1|w), B,=A",
(7.16) M, =MG,w), X,=LUC(G,1/w), & = Cy(G,1/w),
W, =WAP(G,1/w), AP, =AP(G,1/w),
so that £ = M, as a Banach space. We shall also write S, for the
state space of the C*-algebra A/,. Of course, we always take M, and

A, to be Banach algebras for the product *; B, is a Banach algebra
for the two products O and <.

PROPOSITION 7.16. Let w be a weight function on a locally compact
group G. Then the spaces CB(G,1/w), X,, E,, W, and AP, are
C*-subalgebras of A!,, and each space is translation-invariant and an

A, -bimodule. The modules CB(G,1/w), X, ., and W,, are faithful.

PROOF. This result is immediate. In fact, each A-bimodule X of
A’ such that &, C X is faithful. O
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Note that it is not the case that W, = WAP(L'(G,w)) for an
arbitrary weight function w on a locally compact group G, as we shall
see below in equation (9.1).

PROPOSITION 7.17. Let w be a weight function on a locally compact
group G. Then:

(i) A, - A, =4, - A, = AX,;

(i) A, - A, = RUC(G,1/w);

(i) A, - & =&, - Aw =&

(iv) Lgs(G,1/w) - A, CE,.

PRrROOF. (i), (ii), and (iii) These are standard because A, has a
bounded approximate identity (c¢f. [HR1, (20.19)], [HR2, Chapter 32],
and [Gr3, Proposition 1.3]).

(iv) Let f € A, and let A € A/, be such that supp A C K for a
compact subset K of GG. Fix € > 0, and choose a compact subset L of
G such that [, |f(u)| dm(u) <e. Then

(f - N <elMlwt) (teG\(L - K)),
andso f - A €&, O

Clause (iii) of the above result says that &, is a neo-unital Banach
A,-bimodule.

Let A be a Banach algebra with a bounded approximate identity.
We noted in Proposition 3.12 that WAP(A) ¢ A" - A. Consider the
special case where A is L1(G) for a locally compact group G. Then
A" - Ais equal to LUC(G) and WAP(A) = WAP(G), and we have
remarked that it is a theorem of Granirer that WAP(G) = LUC(G)
only if G is compact. Thus, again, we have examples of Banach algebras
A with WAP(A) # A" - A.

PROPOSITION 7.18. Let w be a weight function on a locally compact
group G. Then W, and AP, are neo-unital Banach A,-bimodules.

Proor. Let W and AP denote W,, and AP, respectively, in the
special case where w = 1. It follows from (7.5) and Proposition 3.12
that YW and AP are neo-unital Banach A, -bimodules.

Let (eo) C P(G) be an approximate identity for L'(G); we may
suppose that supp e, is eventually contained in each compact neigh-
bourhood of eg, and so (e,) is a bounded appproximate identity for
A,
Let A € W, with [|Al , <1, say. Then A/w € W, and so we have
(A w) + eq — AJw uniformly on G. We claim that A - e, — X\ in W,;
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for this, we must show that (A - e,)/w — A/w uniformly on G. and so
it suffices to show that

(7.17) licryn|(/\/w) ceq— (A eq)/w|lg=0.

Fix ¢ > 0. By (7.12), there is a compact neighbourhood K of eg
such that |1 — w(st)/w(t)| < e for each t € G and s € K. For each «
such that supp e, C K, we have

(V) - o — (- ea) il
/K(w@w w<t>) os) dm(s)

< s:elg /K\l—w(st)/w(t)\ea(s) dm(s) < e,

and so the result follows.

This calculation shows that W, = W, - A,; similarly, we have
W, = A, - W, and so W,, is an essential Banach A, -bimodule. By
Theorem 2.3(ii), W,, is neo-unital.

Similarly, AP,, is neo-unital. O

= sup
teG

THEOREM 7.19. Let w be a weight function on a locally compact
group G. Then:

(i) X, is left-introverted as a subspace of both A, and (>°(G,1/w);
(ii) &, is introverted as a subspace of both A, and {*°(G,1/w).

PROOF. (i) First, X, is left-introverted in A/, because X, = A/, - A,
by Proposition 7.17(i).

We show directly that X, is a left-introverted subspace of A/, where
Al =1>*(G,1/w). Take A € X, C A,,and & € A’ sothat -\ € A/ .
Let s, — s in G. Then

(@A) - bsp = (P - A) - [l SR IA - b5y = A - 05l = 0,
and so ® - A € X, by Proposition 7.15.

(ii) We regard &, as a subspace of either A’ or /*°(G,1/w). Fix
A€ &, and p € & = M,. Then the formulae for p - A and X - p are
given in (7.14); it is clear that p - A and A - pu have compact support
whenever both p and A have compact support, and so p - A, A - p € &,

in this special case. The general case follows. Thus, by Proposition
5.2, &, is introverted in both A/, and (G, 1/w). O

Part of the above proposition follows from our general result, Theo-
rem 5.15, applied with A = A,,, with B = ¢1(G,w), and with X = X,
By Theorem 7.14, the multiplier algebra M(A) is M, = M(G,w);
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clearly, B is an || -||-closed, unital subalgebra of M(A) and also B is
o(X’, X)-dense in X’. In this case, X is a faithful, left-introverted sub-
module of B’. Theorem 5.15 gives us one further piece of information
that we isolated as a proposition; the result follows from equation (5.6).

PROPOSITION 7.20. Let w be a weight function on a locally compact
group G. Then the product O in X! is the same whether X, be regarded
as a subspace of A, or of {>°(G,1/w). O

The above result (in the case where w = 1) was proved by direct
calculation in [L1, Lemma 3|. For further information on the Banach
algebras (X, O) in this case, see [GhLaal, [GhL1], [L3], and [LLos1].
The finite-dimensional ideals in this algebra are considered in [Fil] and
[Fi2]; it is interesting that there is a marked difference between finite-
dimensional left ideals and finite-dimensional right ideals.

Note also that there is a partial converse to Theorem 7.19 in the case
where w = 1. Let X be a translation-invariant subspace of C'B(G) such
that X is left-introverted as a subspace of £>°(G). Then X C LUC(G)
[Mi2]. This implies that C'B(G) is not left-introverted as a subspace of
(°°(G) in the case where G is not discrete. We can see this easily for
G = R, for example. Indeed, for each n € N, choose f,, € C(R) with
Jn(n) =1 and supp f, C [n—1/n,n+1/n|, and set f =>" " f,, so
that f € CB(G). Let ® be an accummulation point of {4, : n € N}
in £°(G)". Then we have (® - f)(0) = 1, but (® - f)(t) = 0 for each
t€(0,1), and so @ - f ¢ CB(G).

Let G be a locally compact group. In the case where w = 1, it is also
the case that AP(G) and W AP(G) are introverted subspaces of L*(G);
this follows from (7.5) and Proposition 3.12. It does not seem to be
obvious that AP(G,1/w) and WAP(G, 1/w) are introverted subspaces
of A’ in the general case; for a partial result on this, see Proposition
11.3.

We make a remark on the C*-algebras X of the form AP(G),
WAP(G), LUC(G), CB(G), and L*(G). Each has a compact charac-
ter space, say @y, and there are continuous surjections

Crooy — Pope) — Pruce) — Pware) — Par@) -

Of course, ®¢ () has been identified with G, the Stone-Cech compact-
ification of GG. For a study of the character space of the Banach algebra
L>(G), see [LMPy].

Let X be a C*-subalgebra of LUC(G). Then d5 € ®x (s € G) and
the function s — d5 - A belongs to LUC(G) for each A € X, and so we
can make the following calculation. Let ¥ € X', A\, u € X, and s € G.
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Then we have U - X\ € LUC(G) and

(0, W - (M) = (¥, 05 - (Aw)) = (T, (6 - A)(ds - p))
= <\Ijv Os - /\><\I[7 Os - M> = <5S7 v >‘><587 v M>7

and so ¥ - (Au) = (¥ - A\)(¥ - p). Now suppose that &, ¥ € Dy,
A€ X, and s € G. Then

@OW, \g) = (@, % - (\g)) = (@, (T - (¥ - )
= (D, T - A, U - ) = (®OT, AWOOT, 1),

and so POV € &y. Thus the compact space Py is a semigroup for
the product (¢, V) +— ®OW. In the case where X contains Cy(G),
the map s — J, is an embedding of G into ®x and the range of
this map is dense in &y, and so Px is a compactification of G. In
the case where X = WAP(G), the product (¢, V) — &0V is sepa-
rately continuous [BJM, Chapter 4, Theorem 2.11]. Next, in the case
where X = LUC(G), the product (¢, V) — OV is not necessarily
separately continuous. In the case where X = AP(G), the product
(@, V) — 0OV is jointly continuous and ®4p () is a compact group
[BJM, Chapter 4, Corollary 1.12]; however, it may be that ®,p(q) is
a singleton. Since WAP(G) D Cy(G), it is easy to see that ®wap)
contains the one-point compactification of G as a homeomorphic im-
age; in the case where G is a non-compact, simple, connected Lie group
with a finite centre, @y 4p(q) is just this one-point compactification (see
[Rup, Theorem 3.6.3]). For a general theory of the compactification of
semigroups, see [BJM].

In fact, the spaces ®ryc(a), Pwar), and ®4pe) are called the
LUC-compactification, the WAP-compactification, and the AP-com-
pactification or Bohr compactification of GG, respectively, and they are
the semigroup compactifications of G that are universal with respect to
being ‘right topological semigroups’, ‘semitopological semigroups’, and
‘topological semigroups’, respectively. One can define them in this way
and prove their existence without using any terminology of C*-algebras.
For this approach, see Chapter 21 of the book [HiSt].

There is a natural definition of the topological centre of these semi-
groups (see [HiSt, Definition 2.4]; the topological centre of ® ¢ () is G
itself [LMiPy]. Again let (S, 4+ ) be a semigroup. Then 35 is a subset
of £1(S)"” and the two products O and < on £}(S)” give products such
that (45, O) and (8S, ©) are semigroups with operations extending
that of G. The centre of 3S is defined to be

AS)={sepS:sOt=t0s (tepS)}.
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It is proved in [HiSt, Theorem 6.54] that A(S) is equal to the centre
of S whenever S is ‘weakly left cancellative’; in particular, in the case
where G is an abelian group, A(G) = G.

We introduce two further sets at this time.

DEFINITION 7.21. Let w be a weight function on a locally compact
group G. Then

RE =rad (B, 0), RS =rad(B,, <).

In the case where G is abelian, we see that RS and RS are anti-
isomorphic as algebras and equal as subsets of B,,, and this set is de-
noted just by R,. In the case where w is symmetric on G, R. and
RS are anti-isomorphic as algebras because the extension of the invo-
lution * on A, to B, maps RS onto RS . However, we do not know
whether or not they are necessarily the same subset of B,. In par-
ticular, we do not know whether or not the radicals of the two basic
algebras (¢'(G)”, O) and (/*(G)”, ©) are the same set for each group
G; we guess that this is not the case. Finally, suppose that G is not
abelian and that w is not symmetric: we shall see in Theorem 10.12
that R and RS may be neither isomorphic nor anti-isomorphic as
algebras, but we do not know if they are ever distinct subsets of B,,.

Thes radicals will be discussed further; for the case where G is
discrete, see Chapter 8, and for the case where GG is not discrete, see
Chapter 12.

THEOREM 7.22. Let w be a weight function on a locally compact
group G. Then XS and & are closed ideals in (B, O), and XS is a
left-annihilator ideal with X° C R2.

PRroOOF. This follows from Theorem 5.4 because X, and &, are left-
intoverted in A/, and X, = A - A,. O

The Banach algebra & is a quotient of B,. Indeed, X! = B,,/X?;
we denote the quotient map by ¢,. Clearly ¢, (E2) = £5/XS is a closed
ideal in (X7, O).

COROLLARY 7.23. Let w be a weight function on a non-discrete,
locally compact group G, and let ®y be a mixed identity for B,. Then:

(i) B, =X/ x X3;

(il) X = OB,

(i) 0. (3"(8.)) < 3(&2);
(iv) 3i”(B,) € 20 B,;
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(v) @ ¢ 3 (B,), and A, is not Arens regular.

Proor. This follows from Proposition 5.9 and Theorem 2.21 once
we know that A/, - A, = A,,. O

COROLLARY 7.24. Let w be a weight function on a locally compact
abelian group G, and let ®y be a mized identity for B,. Then
B, =X x X5
and

(7.18) 0.(3(B.)) C 3(X)), 3(B.) C P OB, P¢3(B.).

Let w be a weight function on a locally compact group G. We now
show that there is an isometric embedding of the multiplier algebra

M, = (M(G,w), *)

into the Banach algebra (X!, O); the result is well-known in the case
where w = 1.
For yu € M, define O € X! by

(7.19) O, \y = /G/\(s) du(s) (Ae A,).

Clearly p € X! and Ou | €, = p for each p € M,. In particular,
we have (695, A) = A(s) for each s € G and each A € X,. The map
6: M, — X/ is a linear isometry.

In equation (5.5), a map 6 : M(A) — X’ was defined for a Banach
algebra A with an approximate identity of bound 1 and a faithful, left-
introverted submodule X of A’. Let us apply this formula in the special
case where A = A, so that M(A) = M, and where X = &, so that
X = X - A by Proposition 7.17(i). For each f € A,, A € A, and
p € My, formula (5.5) gives (Ou, A - f) = (f » p, \), whereas the
above formula (7.19) gives

O\ ) = /G (- )(s) dpu(s)

= [ ([ sresam®) anes

_ /G ( /G f(tsl)A(sl)d,u(S)) A(t) dm(t)

= (f *xu,A).
We have shown that the two formulae are consistent. Thus we obtain
the following result from Theorem 5.14.
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THEOREM 7.25. The map 0 : (M, *) — (X), O) is a continuous
embedding, and §(M,,) C 3,(X)). O

Let @4 be any mixed identity for B,. Then we see that
(7.20) (P - p, A) = / At)du(t) = (Bp, A)  (pe My, A€ A,).
G

Thus &g - = 0u (1 € M,,). We note in particular that this equation
holds for each weak-+ accumulation point @y of the net (e,).
We now regard M, as a || - ||-closed subalgebra of X, setting

T2) N = [ M duls) (ne Mo A X);
G

we have M, C 3;(X]) and

(7.22) X = M, w (E3/22)

in a canonical way.

PROPOSITION 7.26. Let w be a weight function on a locally compact
group, and suppose that the algebra M, is semisimple. Then

/ o o
rad X, C £;/4& . -

We have a similar embedding of M,, in (B,, O0). Since (A,, *)
is a closed ideal in (M,,, x) (by an embedding which we call ¢,), we
see that ¢ is an embedding of (B,, ) as a closed ideal in (M, *).
Indeed it follows from (7.1) that

M =B, M,(G,w)"

as a Banach space.
The general theory of Chapter 2 gives a projection

Pw:(MZn 0) — (M., *)

which is a continuous epimorphism.

DEFINITION 7.27. The map I, : B, — M., is the restriction map
P, | B..

Thus I, : (B,, O) — (M, x) is a continuous homomorphism.
As in Chapter 4, we have an isometric embedding
(7.23) Kyt Qo - p=0,0p, (Mg, *)— (B, 0),

such that k,(dy) = Pg and k,(M,) C g - B,. It is clear that we
have g0 f = f (f € L'(G,w)), and so k,, | L'(G,w) is the canonical
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embedding of L!(G,w) into the second dual space L(G,w)”. Thus,
using (7.1), we can write
(7.24) Ko (M(G,w)) = LYG,w) @ k,(M,(G,w)) .

It is clear that ¢ o k,, is the canonical embedding of M, into M”. We
also have q, o K, = 0, where 6 was defined above. (We note that now
K, is not canonically defined because there are many mixed identities
in B,.)

A form of the following proposition was given by Lamb in [La,
Chapter 2.2].

PROPOSITION 7.28. The map 11, o Kk, is the identity map on M,,.
PROOF. Let p € M, and A € &, C X,. Then

(M 0 k) (1), A) = (Do -, A) = (, A - Bo) = (1, A)
by (6.8), and so (I1, o k,)(p) = p. The result follows. O

In particular, the map II, : B, — M, is a surjection such that
&S = ker I1,. We thus have the following analogue of (2.17): there is a
short exact sequence

Z:O—>5£—>(BM,D)£>(MM*)—>O

of Banach algebras and continuous homomorphisms. The map k,, is
a splitting homomorphism for >°. Thus we can also write (B,, O) as
the semidirect product.

(7.25) (By, O) = k,(M,y) X E2.
Similarly, we have
(7.26) (M, 0) = k,(M,) X ker P,

where ker P, is the annihilator of &, in M.

We now consider some important, special elements of B,,.

DEFINITION 7.29. Let w be a weight function on a locally compact
group G, and let M € B,,. Then:

(i) M is left-s-invariant (for s € G) if (M, €sA) = (M, ) (A € A);

(ii) M is left-S-invariant (for a subsemigroup S of G) if M is left-
s-invariant for each s € S;

(iii) M is left-invariant if it is left-G-invariant;

(iv) M is topologically left-invariant if

f-M={f1)M (feA).
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For convenience, we now write s - ® and ¢ - s for d, - ® and ® - 4,
respectively, whenever s € G and ® € B,,. Since {,A = X - §, for each
s € Gand X € A, we see that M € B, is left s-invariant if and only if
s - M =M, and that M is left-invariant if and only if

s-M=M (seq).

Similarly, we define analogous ‘right-invariant’ versions of the above
concepts.

DEFINITION 7.30. Let w be a weight function on a locally compact
group G, and let M € B,,. Then M is invariant if it s both left-invariant
and right-invariant on G.

Thus M is invariant on G if and only if
s-M=M-s=M (seq).
In the case where w = 1, an element M € B, is topologically left-
invariant if and only if
(M, A - f) = (M, &) (f € P(G), Ae L¥(G)),

and so the notion coincides with the standard one, given in [Pat, Defin-
ition (0.9)], for example.

Of course, in the case where GG is a discrete group, an element of
B, is left-invariant if and only if it is topologically left-invariant.

PROPOSITION 7.31. Let w be a weight function on a locally compact
group G, and let M € B, be topologically left-invariant. Then

SOM= (0, )M (¢ € B,).

ProoF. Take ® € B,. Then there is a net (f,) in A, such that
lim, fo, = ®. Since lim, f, OM = ®0OM and lim,(f,, 1) = (P, 1), the
result follows. ]

PROPOSITION 7.32. Let w be a weight function on a non-compact,

locally compact group G, and let M € B, be topologically left-invariant.
Then M € &7

PrOOF. Take A € Cyo(G, 1/w) with [|A]| = 1, and set o = (M, A);
we shall show that o = 0, which is sufficient for the result. We write

L = supp A
Choose f € Cyo(G) with (f, \) = 1, say K =supp f and m = |f],.
Let n € N. Since G is not compact, there exist sy,...,s, € G

such that the family {K's;L : j € N, } is pairwise disjoint. For each
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Jj € Ny, set f; = f x4, so that f; € Co(G) with |f;|, = m and
supp A - f; C K~'s;L. Also, (f;, 1) = (f, \) =1, and so
<M’ A fJ> = <fj’1><M7 /\> =a.

Set g = > 7, fj, sothat A - g = >77 | A+ f; € Coo(G). Since the
supports of the functions A - fi,..., A - f, are pairwise disjoint, we
have |g|, = m, and so ||\ - g|]| < m. Hence

n

nlal= > (M, A= )] = (M, A - g)| <m[M] .
j=1
This holds for each n € N, and so a = 0, as required. O

THEOREM 7.33. Let w be a weight function on a locally compact
group G, and let M, My € B, be topologically left-invariant, with
{M1, My} linearly independent. Then there exist o, 3 € C such that
aM; + My € R\ A7.

PROOF. There exist o, 5 € C such that (A, 1) = 0, but A # 0,
where we set A = aM; + BMy € B,,. It follows from Proposition 7.31
that

POA=(P,1)A (PeB,);

in particular, AOA = 0.
Let ® € B,. Then

(@OAN)"?=(dOAD®, 1A= (P, 1)*(A, 1)A =0,

where we are using Proposition 7.12. Thus {®?OA : & € B#} is a
nilpotent left ideal in (B,,, O), and so is contained in RS . In particular,
AeR].

It remains to show that A ¢ X°. Indeed, assume towards a contra-
diction that A € XJ. Since X, = A/, - A, by Proposition 7.17(i), we
have

(AN f)=0 (feA, e A),
andso f - A=0 (f € A,), whence A = 0, a contradiction. O

DEFINITION 7.34. Let w be a weight function on a locally compact
group. An element M € B,, is a mean on A’ if M > 0 and (M, w) = 1.

The following result is a trivial variant of standard theorems (see
[KR, Theorem 4.3.2], for example).
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PROPOSITION 7.35. Let w be a weight function on a locally compact
group G, and let M € B,. Then the following conditions on M are
equivalent:

(a) M is a mean on A;

(b) M € S,,;
(c) for each A € Ly (G,1/w), we have
essinf Ms) < (M, \) < esssup ﬁ
seG - w(s) sec w(s)

O

We write L, ,,(G) for the space of topologically left-invariant means
on A’ : in the special case where w = 1, we write £,(G) for this set, as
in [Pat2], for example.

DEFINITION 7.36. A locally compact group G is amenable if there
is left-invariant mean on L>(G).

We note that every abelian group and every compact group is
amenable. For a discussion of amenable groups, see [D, Chapter 3.3],
[Pa2, Chapter 12.5], [Pat2], [Ru2, Chapter 1], and many other sources.

It is not true that there is a left-invariant mean on A/, for every
weight w on G, even when G is abelian. For let w be the weight on Z
defined by

(7.27) w(n) = exp(|n|) (n € Z),

and assume towards a contradiction that M is a left-invariant mean on
(>°(w). Set wy =w | ZT and w_ = w | Z~. Then, each for k € N, we
have

[(M,wi )| = [(M, €y < e,
and so (M,w;) = 0. Similarly, (M,w_) = 0, and so (M,w) = 0, the
required contradiction.

Suppose that there is a left-invariant mean on A/, and that the
weight w is symmetric. Then there is an invariant mean on A’. This
is shown by a standard argument given in [D, Proposition 3.3.49], for
example. However this result may fail in the case where w is not sym-
metric. Even in the case where G is amenable and w = 1, it is not
necesssarily the case that every left-invariant mean is right-invariant.
Indeed, let G be a discrete group. Then this holds if and only if G is
[FC], i.e., each conjugacy class {sts~!:s € G} is finite for each t € G.
For this and more general results, see [Patl].

In the case where w = 1, each topologically left-invariant mean is
left-invariant; however, as proved in [Pat, Chapter 7|, for groups G



90 7. BEURLING ALGEBRAS

which are non-discrete and are such that (G; is amenable, there are
left-invariant means that are not topologically left-invariant. For each
amenable group G, we have L£,(G) # 0; as we shall see, in the case
where G is also not compact, £;(G) is ‘large’. The fact that £;(G) # ()
can also be proved by combining Theorems 8.5.4 and 8.6.9 of [RS].

DEFINITION 7.37. Let w be a weight function on a locally compact
group G. Then w s almost left-invariant if

t
Lim sup u)(S)—l =0
t—o00 scK Q)(t>
for each compact subset K of G, and almost invariant ¢f
t t
Lim sup w(st) — 1‘ = Lim sup w(ts) — 1‘ =0
=00 e w(t) =00 geK w(t)

for each compact subset K of G,

In Example 10.2, we shall show that there are almost left-invariant
weights which are not almost invariant.
Let w = expn be a weight on Z. Then w is almost invariant if and
only if lim;_, s(j) = 0 and lim; .« s(—j) = 0, where
s() =n( +1) —n(j) (€Z)
defines the slope s of . For example, the weight w, on Z is almost

invariant for each o > 0. However, many of the examples of weights w
on Z to be given in Chapter 9 are not almost invariant.

THEOREM 7.38. Let G be a locally compact group, and let w be an
almost left-invariant weight function on G. For M € L,(G), define
M, € B, by
(7.28) (M, X) = (MM w) (Ae AL).

Then the map M — M, is a bijection from L(G) onto Ly, (G).

PROOF. Define M,, as in (7.28). It is immediate from Proposition
7.35 that M, is a mean on A/ .

We now show that M,, is topologically left-invariant. Let f € A,
and A € A, and set

p=A-f)jo=QRw) - f.
Suppose that f has compact support K. For each t € GG, we have

)= [+ 200 (1= ) am,
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and so

o)l < WA s [ 25) 1]

Since w is almost left-invariant, we see that u € Cy(G). By Proposition
7.32 (applied in the case where w = 1), we have (M, u) = 0. Hence

<MW7)‘ ’ f> = <f71><MUJ7>‘>

Since each function f € A, is the limit of functions of compact support,
it follows that (M, A - f) = (f,1)(My,,\) (f € A,, A € A), and so
M, € L:o(G).

For M,, € L;,(G), define M by

(M, A) = (M, ) (A € L®(G)).

It follows in a similar way to the above that M € L;(G): now we
must show that (A - flw — (\w) - f € &, whenever f € L'(G) and
A € L®(G), and this also follows from Proposition 7.32.

The theorem is proved. l

DEFINITION 7.39. Let Q be a locally compact space. Then k() is
the minimal cardinality k such that there is a family {K;:1 € I} of
compact sets with |I| = Kk such that Q = J{K; :i € I}.

Clearly k(€2) = 1 for a compact space €2, x(2) = |€2| for an infinite
discrete space €2, and k(£2) = N, for a o-compact, non-compact space
Q.

THEOREM 7.40. Let G be a non-compact, amenable locally compact
group, and let w be an almost left-invariant weight function on G. Then

(@)

dimRZ > 2", dimrad X/ > 22V

PROOF. Set m= 22"“. By a theorem of Lau and Paterson [LPat]
(see also [Pat, Theorem (7.6)] and [LMiPy]) we have |£,(G)| = m. By
Theorem 7.38,

1LU(G)] = [L1u(G)]
and so |£;,(G)| = m. The required conclusion now follows from The-
orem 7.33. ]

The above theorem was first proved by Granirer in the special case
where G is discrete and w = 1 [Gral]. See also [L3, Corollary 6]. It
seems to be an open question whether or not R # {0} in the case
where the group G is not amenable, even when w = 1. For a discussion
of this point, see [Gra2].
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In fact, by using a recent result of Filali and Pym [FiPy, Theorem
5], it can be shown in the same way that

dim I > 2"
for each non-zero right ideal I in &’ or B, in the case where G is a
non-compact, locally compact group and w is an almost left-invariant
weight on G. See also [FiSa] for further results. In a similar vein, an
earlier result in [LMiPy] showed that there are 22“ left ideals in the
semigroup ® ;o) for each non-compact, locally compact group G.

DEFINITION 7.41. Let w : G — R™ be a function on a group G,
and let S be a subset on G. Then w s diagonally bounded on S if

(7.29) sup {w(s)w(s™') s €5} < 0.

A symmetric weight is diagonally bounded on S if and only if it is
bounded on S.

Let w be a weight on a locally compact group G. Recall that the
opposite algebra to L(G,w) is L*(H,&/A), where H is the opposite
group to G. Notice that w/A is diagonally bounded on a subset S of
G whenever w is diagonally bounded on S.

The question of the amenability of the algebras L'(G,w) has been
studied by Grgnbaek [Gr3]. His result is the following.

THEOREM 7.42. Let w be a weight function on a locally compact
group G. Then LY(G,w) is amenable as a Banach algebra if and only
if G is amenable as a locally compact group and w is diagonally bounded
on G. O

The weak amenability of L1(G,w) is discussed in [Grl]. One result
on this is the following.

THEOREM 7.43. Let w be a weight on Z. Then (' (w) is weakly
amenable if and only if inf{w,w_,/n:n € N} < co. O

For example, let w,(n) = (1+|n|)* (n € Z). Then £'(w,) is weakly
amenable if and only if & < 1/2, a result proved earlier in [BCD].

It is often convenient to consider weight functions w on G such
that w(s) > 1 (s € G) (and we only defined M (G, w) in this setting).
We now show that, in the case where G is an amenable group, we
may suppose that this extra condition always holds. The proof of the
following theorem is due to Michael White, and is essentially contained
in [Wh].
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THEOREM 7.44. Let G be an amenable locally compact group, and
let w be a weight function on G. Then:

i) there is a continuous function y : G — R™® such that
(i) X

V(s = x(x(H) (1€ G) and x(s) Sw(s) (s€C).
(ii) there is a weight function @ on G such that O(s) > 1 (s € G)
and L'(G, @) is isometrically isomorphic to L'(G,w).

PROOF. (i) Let w = expn, as before.
For each s € GG, define

ps(t) = n(st) —n(t) (teG).
Then pu; is a real-valued, continuous function on G, and
(7.30) —n(s™") < pus(t) <m(s) (L€G),
so that p, € CB(G) C L>®(G) and g, = 0. For s, 52 € G, we have
n(s1s2t) = n(t) = (n(s1s2t) — nlsat)) + (n(s2t) —n(t)) (t € G),
and S0 s, s, (1) = s, (S2t) + ps,(t) (t € G). Hence
(7.31) fsysy = Usyfisy + sy, € CB(G).

Let M be a left-invariant mean on G. Then, from (7.31), we have

(M, prsy5) = (M, pas) + (M, py) - (51,80 € G)
and also, by (7.30), we have
—n(s™) < (M, ps) <n(s) (s €G).
Now define
x(s) = exp (M, o) (s €G).
Then x(st) = x(s)x(t) (s,t € G) and
w(s™H T < x(s) Sw(s) (s€q).

Let s, — e in G. Then w(s,) — w(eg) = 1 because w is continuous,
and so x(s4) — 1 = x(eq). It follows that y is continuous on G.

Thus y : G — R** has all the required properties.

(ii) Define W(s) = w(s)/x(s) (s € G). It is immediate that @ is a
weight function on G and that @(s) > 1 (s € G). For f € L'(G,w),
define

0(f)(s) = f(s)x(s) (s €G).
Then 6 : L'(G,w) — L'(G,®) is an isometric isomorphism.
This concludes the proof of the theorem. O
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In particular, the weights w and w are equivalent. A modification
of Example 10.1, below, shows that there is a weight w on [F5 such that
there is no equivalent weight @ on Fy with w(s) > 1 (s € Fy).

The condition that w be diagonally bounded on the whole of G was
considered further by White in [Wh]; the following remarks will be used
later. First suppose that G is an amenable group. Then, in this case,
the weight function @ of Theorem 7.44(ii) is bounded, and so L'(G,w)
is already isomorphic to L'(G).

The following result will be used in Example 10.1 to show that there
is an unbounded weight function w on the free group Fy such that w is
diagonally bounded on all of 5.

Let G be a group, and let 7 : G — R be a function such that

(@' (s, )| <M (s,t € G)
for a constant M > 0. Define
w(s) = { exp(n(s) + M) (s € G\ {ea}),
11 (s =eq).
Then w : G — R is a weight, and w is diagonally bounded on the
whole of G.

Suppose that there exists an isomorphism 6 : (1(G,w) — (1(G),

and define
X:S'_)(SOGOGX(SS)? G—C,

where g : ZseG g0s ZseG ay is the augmentation character on
(Y(@). Then
x(st) = x(s)x(t) (st €G)
and
IX(s)] < e™w(s) = exp(n(s) +m+ M) (se€G\{ea}),
where m = log ||#]| > 0. For each s € G, we have
gy -1
x(s)l = |x(s™)]

> exp(—n(=m) — M) > exp(—=m — 2M +1(s)) > 0,
and so we can define p(s) = log|x(s)| (s € G); further, we have

—m —2M < p(s) —n(s) <m+M (se€qG),

and so

(7.32) { plst) = pl(s) + plt) (s,t€ @),

(p—n)(s)]| <m+2M (seq).

This equation will be used later.



CHAPTER 8

The Second Dual of /(G w)

In this chapter, we shall take w to be a weight on a group G, and we
shall study the second dual algebras (¢}(G,w)”, O) and (¢}(G,w)", ©)
of the Beurling algebra £(G,w). Our aim is to give conditions on the
weight w that determine when ¢!(G,w) is Arens regular and when it
is strongly Arens irregular. We shall also consider the radicals of these
second dual algebras.

Throughout we fix the following notation; it is a small variation of
that given in equations (7.16). We set

A, =01Gw), A =07G,1/|w),
E,=c¢(G,1/w), B,=A.
Thus E, is a closed submodule of A/, and A, = E/. The natural

w?

embedding is denoted by k,, : A, — B,. As in (2.18), we have
(B,,0)=A,x E’

as a Banach algebra; the canonical projection from E” to E! is

(8.2) Tw ' By — A,

and kerm, = EJ. We also usually write ||-|| for both |-/, and
|+l ow; we regard s as an element of A, and A, as an element of
A/, Throughout, convergence in B, is with respect to the weak-x
topology, o(B,,, A, unless we say otherwise.

We shall use the following notation, which is analogous to that in

Definition 7.21.

(8.1)

DEFINITION 8.1. Let w be a weight on a group G. Then
RY =rad(B,,0), RS =rad(B,, ).

We formally restate the following result because of its importance
to us.

PROPOSITION 8.2. Let w be a weight on a group G. Then the
algebra A, = (*(G,w) is a dual Banach algebra, the map
T (Bw, O) — (A, *)
95
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s a continuous epimorphism, and
(B,,0)=A, x E°

as a semidirect product. In the case where A, is semisimple, we have
RY C E° and RS C E°.

PROOF. The predual space of A, is E,,. O
We have 7,(®)(s) = (®,As) (s € G, ® € B,). It follows that
(8.3) A=) (@) (u)N (s€G),
ueG

the series being convergent in A’ . Indeed, for each s,t € G, we have
(@ - X)) = (6, @ - A) = (D, N - 0,) = (@, \y1,) = m,(P)(t1s),

and so (8.3) follows.

The normalized point mass at s € G is defined to be d;/w(s); it is
denoted by gs. Now let S be a subset of the group G. We denote by
Es the set which is the closure in B, of the set

{gszses}.

Clearly, EsN A, = {gs 1S € S}, and Fg ¢ A, in the case where S is

infinite.

DEFINITION 8.3. Let w be a weight on a group G, and let S be
a subset of G. Then A,(S) = (Y(S,w), regarded as a closed linear
subspace of A, and B, (S) is the weak-x closure of A,(S) in B,.

Thus A, (S) is weak-* dense in B, and B,(.S) is the weak-* closed
linear span of Eg. In the case where S is a subsemigroup of G, A,(S)
and B, (S) are subalgebras of A, and B,, respectively.

As before, the space A, is a commutative, unital C*-algebra for the
product -,; Al is s-isomorphic to the C*-algebra ¢*°(G). The state
space of A/ is denoted by S, so that

S, ={®eB,:|®]|=(P,w) =1}.

For each s € G, define p,(\) = A(s)/w(s) (A € A))). The function
©s is a character on A, and ¢, can be identified with ;. Let A, be
the character space of A/, (with the Gel’fand topology), so that A, is a
compact subspace of B,,. The map s — ¢,, G — A, is an embedding,
and clearly A, = ex S, is homeomorphic to SG; the algebra A’ can be
identified as a C*-algebra with C'(A,), and B, is M(A,) as a Banach
space. For each subset S of G, Fg is a subset of A,,. Since @ =S,, it
follows from the converse to the Krein—Milman theorem that Fg = A,,.
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In the case where w = 1, the set {55 18 € G} is a subsemigroup of

(B,,0), and so A, is also a subsemigroup (B, ). However, this is
not necessarily the case for an arbitrary weight w.

Let w be a weight on a group G, and let f € A,. Then we say that
f>0if f(s) >0 (s € G), and then

A ={feA,: f>0},

so that AY is a cone in (A,,+). Note that f x g € A} whenever
f.9 € A7
Now take A € A’ . Then we say that A > 0if (f,\) >0 (f € AT),
and then
(AT ={ e A, :A=0},
so that (A’)* is a cone in (A, +). Further, we have A > 0 if and
only if A(s) >0 (s € G). Clearly (A/,)" is exactly the cone of positive
elements in the C*-algebra A/ .
Finally, take ® € B,. Then ® > 0 if (&, \) >0 (A € (A))"), and
then
Bl ={®eB,:® >0},
so that B} is a cone in (B, +).
Suppose that f € A,. Then k,(f) € B if and only if f € Af. The
cone B} is identified with the cone of positive measures in M(A,).

For ® € B, define ®° € B, by setting
(@ 0) =(2,\) (AeA);

the element ® is hermitian if ® = @9 (¢f. [KR, p. 255]). Let ® € B,
be hermitian. Then ® = & — &~ where &+, &~ € B} and

ol = [|@*]} + |7 -
The elements ®* and &~ are uniquely specified by these conditions.
For arbitrary ® € B, define &+ = ((® 4+ ®7)/2)*". Clearly

Bl ={o":®e B,}.
We note that f = f for f € A,.

The following results are standard (and follow easily from the above
remarks).

LEMMA 8.4. Let ® € B,. Then there exist ®y,..., P, € Bl such
that ® = ®; — Oy + (D3 — Dy), such that ®; = ®T, and such that
185 <@l (G=1,...,4). O

The above decomposition is just the Hahn decomposition of mea-
sures in M (A,,).
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LEMMA 8.5. The subspace B} is closed in B, and A}, is dense in
B}, O
For example, 05, € Al (s € G), and so A, C BJ.

LEMMA 8.6. Let ® € B, and V € BY. Then (POV)" =oT0OV
and (@O W) = o O W

PRrROOF. Let ® = lim,, f,, where (f,) is a net in A,. Then clearly
Ot = lim, fI. Also, let (gg) be a net in A, such that ¥ = limg gs.
We have

(fo x 98)" = fd % 95
for each av and . Since @ OV = lim, limg f, * gg, we have

(@OV)t = limli/gn(fa x gs)" = limlignf;“ xgs=oT00.
The justification for the formula (® & ¥)* = & O U is similar. [

We remark that it is certainly not true that (PO W) = ¢+ O UT
for arbitrary &,V € B,_,.
We can now give a useful proposition.

PROPOSITION 8.7. Let w be a weight on a group G. Assume that,
for each ® € B\ A,, there exists V€ A, such that POV # O,
Then A, is left strongly Arens irreqular.

Proor. Take & € B, \ A,, and let ® have the decomposition
O =) — Py +i(P3 — Dy)

of Lemma 8.4, so that ®; = ®*. By replacing ® by ¢® for a suitable
¢ € C, we may suppose that ®* ¢ A,. By hypothesis, there exists
U e A, with 70OV #4 &+ S W, But now (POW)T #£ (O W)T by
Lemma 8.6, and so ®OW # &S W, Thus A, is left strongly Arens
irregular. U

The seminal study of the Banach algebra (¢(Z)”,0) was given by
Civin and Yood in [CiY], and their results are a guide to us. However,
there is a clear distinction; as proved by Craw and Young [CrY], the
Beurling algebra ¢!(w,) is Arens regular if and only if & > 0. We
shall prove that £!(w,) is Arens regular in the case where o > 0 by a
somewhat different method. In fact, the theorem proved by Craw and
Young [CrY, Theorem 1] gives necessary and sufficient condition for
the Arens regularity of a weighted group algebra; the proof in [CrY]
uses some rather general compactness results from [Y1], and we wish to
give an elementary proof of a slightly stronger result that is applicable
in our specific situation.
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THEOREM 8.8. Let w be a weight function on a group G, and let
S and T be infinite subsets of G. Suppose that 2 0-clusters on S x T
Then ® OV = 0 whenever ® € B,(S)NES and ¥ € B,(T)NE;.

Proor. Take ® € B,(S)NES and ¥ € B, (T)NES; we may suppose
that [|®| = ||¥|| = 1. Let A € £°°(G). Then, by Proposition 3.1, we
may choose sequences (f,,) and (g,) in £1(S) and ¢'(T), respectively,
such that || fiu]| = ||gn|| = 1 in each case and such that

(8.4) mlim > fu(8)ga(HA(sE)Q(s, 1) = (2O, M)
e s€S, teT
Set K,,, =supp fm (m € N) and L,, = supp g, (n € N). Then we may
suppose that each set K,, and L, is finite. Also, we have
lim f,,(s) =limg,(s) =0 (s€q),
and so we may suppose that
Ky N(K3U---UK,) =Ly N(LiU---UL,)=0 (neN).

Set H =J,, Km UU,, Ln, a countable set. By replacing S and T’
by SN H and T'N H, respectively, we may suppose that S and T are
countable.

Set Qi(s) = Q(s,t) (se€ S, te€T), and regard F :={§; : t € T'} as
a subset of C(3S). For n € N, define

Pn = Zﬂgn(t)‘ Q:te Ln} )

so that ¢, € (F). Since € clusters on S x T, it follows from Theorem
3.3 that (F) is relatively weakly sequentially compact, and so we may
suppose, on passing to a subsequence of (¢,), that ¢, — h € C(3S5).
Fix x € S\ S. It follows from Proposition 3.5 that, for each € > 0,
we have |¢,(x)| < e for all but finitely many n € N, and so |h(z)| < e.
This proves that h(x) =0, and so h | (6S\ S) = 0.
Again fix € > 0. Then there exists mg € N with

bl <& (m>myg),
and so

lirgnlirrln Z{|fm(s)gn(t))\(st)\ Q(s,t):s € Ky, t € Ly}

= lim Y |fu(s)A(®)] 1N < el -

SEKm

This holds for each £ > 0, and so (PO ¥, A\w) = 0. But this holds for
each A € (@), and so POV = 0. O
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We note that the proof of the above theorem would be significantly
easier if we knew that € O-clustered strongly on S xT', for the conclusion
would follow easily from equation (8.4) without any need for Theorem
3.3. Indeed, @OV =0 (® € B,(S)NE, ¥V € B,(T)N ES) whenever

Lim Limsup {Q(s,t) :s€ S, t €T} =0.

$§7O0 t—o0o

However, we shall prove in Example 9.14 that there are weight functions
w on 7Z such that € O-clusters on N x N, but such that €2 does not 0-
cluster strongly on N x N.

COROLLARY 8.9. Let w be a weight on a group G, and let S be an
infinite subset of G. Suppose that ) 0-clusters on S X G and on G x S.
Then:

(i) @OV = 0 whenever ® € B,(S)NES and ¥ € E2;
(ii) @OV =0 whenever ® € ES and ¥ € B, (S) N EZ;

(iii) B,(S) C (1)( B,), and A, is not left strongly Arens irregular;

(iv) B,(S)NE2 C RJ.

ProOOF. (i) Let ® € B,(S)N E2 and ¥ € E°. By the theorem
(with T = G), OV = 0.

(ii) This is similar.

(iii) This follows immediately from (i) and (ii).

(iv) This follows from Proposition 2.1 (with I = E?) and the earlier
results. O

COROLLARY 8.10. Let w be a weight on an abelian group G, and
let S be an infinite subset of G. Suppose that €2 0-clusters on S x G.
Then A, is not strongly Arens regular, and R,, # {0}. O

THEOREM 8.11. Let w be a weight on a group G. Then the following
conditions on w are equivalent:

(a) the algebra A, = (1 (G,w) is Arens regular;

(b) the function 2 0-clusters on G x G;

(c) POV =0 OV =0 for each ® and V in EZ.

PROOF. (c¢) = (a) This is Proposition 2.16(i).

(a) = (b) Assume towards a contradiction that (b) fails. Then there
exist sequences (s,,) and (t,) in G, each consisting of distinct points,
such that lim,, lim, Q(s,,,t,) = 20 for some ¢ > 0, say. By passing
to a subsequence of (s,,), we may suppose that lim,, Q(s,,,t,) > ¢ for
all m € N. As in [CrY, Theorem 1], we choose subsequences of (s,,)
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and (t,) inductively. Indeed, set u; = s;, and let v; be the first ele-
ment t, with Q(uy,t,) > §. Having chosen uy,...,u, and vy, ..., v,,
choose u,41 to be the first element in the sequence (s,,) not in the set
{uvjvt 4, j, k € Ni}, and then choose v, to be the first element in
the sequence (t,) which is not in the set {u[lujvk :1,j € Npyq, k € N}
and is such that Q(u;, vp,11) > 0 (i € Ngyq). The sequences (u,,) and
(v,) are such that the elements u,,v, are all distinct for m,n € N and
Q(tp, v,) > 6 whenever m < n. Let f,, and g, be the normalized point
masses at u,, and v,, respectively, and let A be the characteristic func-
tion of the set {u,,v, : m < n}. By again passing to subsequences, if
necessary, we may suppose that both repeated limits of ((f,, * gn, \w))
exist; one is at least 0 and the other is 0. Thus Aw o my4 does not cluster
on (Ay,)p X (Au)py, and so A, is not Arens regular by Theorem 3.14,
a contradiction of (a).

(b) = (c) This follows from Corollary 8.9. O

Thus the algebra ¢!(G,w) is not Arens regular if and only if there
exist sequences (s,,) and (¢,), each consisting of distinct elements of
(G, such that at least one of the two repeated limits

(8.5) limlim Q(s,, t,) and  lim lim Q(s,,, t,)

exists and is non-zero.

The equivalence of (a) and (b) in the above result is explicitly stated
in [CrY, Theorem 1] and in [BaR, Corollary 3.8(i)]; in this latter paper,
more general results, which apply when the group G is replaced by a
semigroup, are given. However, the important equivalence with (c)
seems to be new.

Note that the equivalence of (a) and (c) is a specific result applicable
to Beurling algebras. For example, let A be a von Neumann algebra
with predual £. Then A is Arens regular and E° is a closed x-ideal
in the von Neumann algebra A”. For each ® in E°\ {0}, the element
®* € E° and ®* 0@ # 0.

The two repeated limits in (8.5) are zero if and only if the two
repeated limits of the double sequence

(8.6) ((6™)(Sm, tn) : m,n €N)

are equal to +o0o, where ' was defined in (7.7).

Let w be a weight on a countable group G such that w is almost
invariant and 1/w € ¢g. Then clearly Q 0-clusters on G. For example,
we have the following specific result on Z.
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COROLLARY 8.12. Let n be a subaddditive function on Z such that

Lim n(j) = 0o and Lim s(j) = 0,
j—00 j—o0
where s is the slope of n. Then (*(expn) is Arens regular.

PROOF. Since Lim ;. s(j) = 0, the corresponding function 2 0-
clusters on Z x 7Z, and so this follows from Theorem 8.11. U

We also state the following corollary, specifically given as Corollary
1 in [CrY].

COROLLARY 8.13. (i) Let G be a countable group. Then there is a
weight w on G such that £*(G,w) is Arens regular.

(ii) Let G be an uncountable group. Then there is no weight w on
G such that ¢1(G,w) is Arens regular. O

At some points, we shall need an extension of the Theorem 8.11 to
functions of more than two variables. We sketch the argument without
giving full details.

Let w be a weight on a group G, and let k € N with k£ > 2. We set:

w<31 . “Sk)

(8.7) (s, 50) = w(s1) -+ w(sk)

(s1,...,8, € G).

In the first part of the next result, we restrict ourselves to abelian
groups so that we can avoid some complicated expressions. In this
case, the function €2, O-clusters on G x --- x G if and only if one fixed
repeated limit is 0 whenever it exists.

THEOREM 8.14. Let w be a weight on a group G, and let k € N
with k > 2.
(i) Suppose that G is abelian. Then the following are equivalent:

(a) the function Q 0-clusters on G x --- x G;
(b) @, 0 --- O P, =0 whenever ®q,..., P, € E2.

(ii) Suppose that the function Qy 0-clusters strongly on G X - -+ X G.
Then &0 --- OP, =1 O - - O Py = 0 whenever @q,..., P, € EJ.

Proor. (i) (a) = (b) By Proposition 3.6, the function € has an
extension to a separately continuous function 0 : G X --- X G — C,
and further Q,(s?,...,s%) = 0 whenever s,...,s% € G\ G. Take
Oy,...,0p € E° and A € £*°((G), and consider the expression

lim,,, lim,,, - -- lim,,,
(88) { Z{frm (Sl)fmz (52) e fmk (Sk))‘<31 e Sk)Qk(sl’ tr Sk)} ’
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the sum being taken over all elements sq, ..., sy € G; here the functions
fnas s fmyp € €1(G)py. This repeated limit is equal to

(@10 -+ Ody, \w).

The expression is analogous to that appearing in (8.4).

Fix ¢ > 0. Then there exist (m;(n),...,my(n)) in N¥ for each
n € N such that each sequence (m;(n) : n € N) consists of distinct
points, and the appropriate sums in (8.8) are bounded by ¢ ||\l for
relevant combinations of the indices my(n), ..., mg(n). In this way, we
see that the repeated limit in (8.8) is bounded by ¢ ||A|| .. This implies
that (b) holds.

(b) = (a) This is immediate.
(i) This follows easily from equation (8.8). O

We now state a theorem that gives a condition for A, to be strongly
Arens irregular. We do not prove the theorem at this stage because
it is a special case of a more general theorem which will be proved in
Theorem 11.9; see Corollary 11.10.

THEOREM 8.15. Let G be a group, and let w be a weight on G
such that w is diagonally bounded on S for some subset S of G with
S| = |G|. Then (*(G,w) is strongly Arens irreqular. O

COROLLARY 8.16. Let w be a weight on Z. Suppose that there is
strictly increasing sequence (ny) in N such that

sup {w(ng)w(—ng) : k € N} < 0co.
Then £Y(Z,w) is strongly Arens irregular. O

The condition on w in the above theorem is certainly satisfied if
the weight w is bounded on G. Example 9.3, below, will exhibit an
easy weight w on Z? that is bounded on the subset {0} x Z, and so
(Y(Z?, w) is strongly Arens irregular, but such that w is not diagonally
bounded on the subset Z x {0}. Example 9.17 will exhibit a symmetric
weight w on Z that is diagonally bounded on an infinite subset S of N,
but which is unbounded. Further, Example 10.1 will show that, in the
case where GG is equal to o, the free group on 2 generators, there is
an unbounded weight w which is diagonally bounded on the whole of
G. These examples show that the above theorem is more general than
those previously known.

Example 9.8 will show that the condition on w in Theorem 8.15
cannot be replaced, in the case where G = 7Z, by the weaker condition
that {w(n) : n € S} be bounded for some infinite subset S of Z, and
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Example 9.16 will show that there is a weight w on Z, increasing on
Z*, such that w(—n) =1 (n € N), but nevertheless A, is not strongly
Arens irregular.

A version of following ideas could be given for some more general
groups G, but we restrict ourselves to the case where G = Z.

DEFINITION 8.17. Let w be a weight on Z.. Then
EY=E°NB,(Z%), E=E.NB,Z).

Thus £~ and E~ are the ‘parts of £ at +0o and —oo, respec-
tively’. Clearly E.~ and ES~ are weak-* closed subalgebras of B,
and

(8.9) B,=A, 8¢ E ®E .
THEOREM 8.18. Let w be a weight on Z such that

w(m —n) w(n —m)

BI0 o  me(on) et (—m)w(n)
(1) Suppose that & € EZ~ and ¥ € EST. Then OV = VO P = 0.
(ii) The spaces ES~ and E°T are both closed ideals in (B, O).
(iii) Suppose that, for each ® € E>~\ {0} (respectively, EST\ {0}),

there exists W € E°~ (respectively, EST) such that @OV # O,

Then A, is strongly Arens irreqular.

=0.

(iv) Suppose that there exist weights w_ and wy on Z such that
w |Z"=wl|Z and w,|Z"=w]|Z"

and such that both w_ and wy are diagonally bounded on an infinite
subset of Z.. Then A, is strongly Arens irreqular.

Proor. (i) It follows from condition (8.10) that € O-clusters on
7" x 7", and so this clause follows from Theorem 8.8.

(ii)) Let & € E2~. Clearly fO®, &0 f € E2~ for each f € A,.
We have remarked that E.~ is a closed subalgebra of B,. Now let
U e EST. Then @O0V = UO® =0 by (i). This shows that E2~ is a
closed ideal in B,,. Similarly, ES" is a closed ideal in B,

(iii) Take ® € B, \ A,. Then ® can be uniquely expressed in the
form ® = ®_ 4+ &, where ®_ € E°~ and &, € E°T; further, at least
one of ®_ and P, is not equal to 0, say &, # 0. By hypothesis, there
exists U € E°F with &, OW £ WO, By (i), . 00 = ¢O0d_ =0,
and so ®OW # VOP. Hence ¢ 3(B,). This shows that we have
3(B,) = A,, and so A, is strongly Arens irregular.
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(iv) Take ® € EZ" \ {0}. Then ® € EZ7 \ {0}. By Theorem 8.15,
the algebra (!(Z,w,) is strongly Arens irregular, and so there exists
v e £, with

POV ATVDOP.

By (i), ¥ € EST, and so ¥ € ES" C B,. Thus ® ¢ 3(B,). Similarily,
® ¢ 3(B,) for each ® € E2~\ {0}. This again shows that 3(B,) = A,,
and so A, is strongly Arens irregular. O

Let w be a weight on Z such that w is symmetric and w | Z* is
increasing and unbounded. Then w satisfies condition (8.10).

Let w be a weight on a group G. We have given necessary conditions
and sufficient conditions for the strong Arens irregularity of the algebra
A,. (The sufficient conditions were also obtained by Neufang [N5] using
a different approach.) However we do not have the exact condition on
w equivalent to the strong Arens irregularity of A, even in the special
case where G = Z. There are specific points that we cannot resolve.
For example, let w be a weight on Z such that

liminfw(n) <oo and liminfw(—n) < oco.

n—oo n—oo

Does it follow that £1(w) is strongly Arens irregular?

We now seek information on the radicals R and RS of B,. Our
first result is an immediate corollary of Theorem 8.11.

THEOREM 8.19. Let G be a group, and let w be a weight on G such
that A, is semisimple and ) 0-clusters on G x G. Then

R =RS =E5 and RP*=RS*=1{0}. -

The results that we have so far established suggest the following
question.

Question Is it always true that 3\"(B,) N E> C RY?

We now give a condition to ensure that R # E°.

THEOREM 8.20. Let G be a group, and let w be a weight on G such
that A, is semisimple. Suppose that there is a subsemigroup S of G
and a sequence (t,) consisting of distinct points of S such that

(8.11) lim Q(s,t,) =1 (s€59).

n—~oo

Then RS C E°.
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PROOF. Since A, is semisimple, R’ C E?.

Consider the sequence (&, ) in A,. We may suppose that there is
a subnet (73) of (¢,) such that limg gfﬁ = ® € B,,. Necessarily & € E°
and [|®| = 1. Set A\g = xsw, so that \g € A/, with ||[\g]| = 1. Then

<qm:%@%mzx

We note that & - Ay € A/ and that, for each s € S, we have

<@@w@:<9%-@:%@ %wgﬁ?@*@J@

= 1%1100(87’5)/&)(7’5) = li}znw(stn)/w(tn)
= w(s) = Ao(s)

by (8.11). It follows that (® - Ag) | S = Ao | S.
We now claim that

(8.12) (O™ N\g) = (D, )\g) (n€N).

To see this, first note that, for each k € N, we have (®7% 1) = 0
whenever © € A/ and p | S = 0 because t,, ---t,, € S for each

ni,...,n; € N. Equation (8.12) is trivial for n = 1. Now assume that
(8.12) holds for n = k. Then

(@7* Xg) = (DK, D - Ag) = (@7, (D - Ao) | S)
= (@K, 2 | 8) = (@7F, ho) = (@, X},

and so (8.12) holds for n = k. Thus the claim holds by induction.
It follows that

1277 = (@, Ao)| =1 (n€N),

and so the spectral radius of ® in (B, O) is 1. Thus ® is not quasi-
nilpotent, and so, in particular, ® & RY . 0

Most of our earlier examples satisfy condition (8.11), above. For
example, suppose that G = Z, and let w be any weight with

w(n) =¢e¢" (neN)
for a > 0. Then w satisfies (8.11) (with S = N and ¢, =n (n € N)).

The following result was proved by Civin and Yood [CiY, Theorem
3.5] in the case where a = 0, and a proof of the general case can be
obtained by a modification of the earlier method. For details, see [La,
pp. 41-47]. Let w be a weight on Z, and take m € N. An element
P € B, is m-invariant if

(@, 6,0 - N) = (@, ) (A€ A).
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Let m € N. The element \", € A, is defined for r € Z* | to have the
value 1 at n € N when n = r mod m and to be 0 otherwise. We set

I,={®€B,:® is m—invariant, (¢, ) =0 (r € Z} _|)} .
THEOREM 8.21. Let o € RT, and set B,,, = ((*(Z,w,)", O). Then:

(i) for each m € N, there is an element of B, which is 2™*1-
mvariant, but which is not 2™ -invariant;

(i) for each m € N, I,,, is a closed ideal in B,,, with I, C REQ ;
(iii) the family {Iam : m € N} is an ascending chain of distinct closed
ideals in B, .
In particular, R, is infinite-dimensional.

Let G be a locally compact group. We have been seeking, inter alia,
to show that the radicals R and RS of the algebras (B,, O) and
(B, ©) are non-zero. So far, we have three results in this direction.

First, suppose that X, # A/,. Then it follows from Theorem 5.4(iv)
(with X = X, = A/, - A,) that X is a non-zero, closed ideal contained
in R, and so the required result certainly holds in the case where G is
not discrete. (For this remark in the case where w = 1, see [Gra3].) In
fact, it is shown in [Gra3] that the radical of (L*(G)”, O) is not norm-
separable for each non-discrete locally compact group G; the abelian
case was proved earlier in [Gu].

Now suppose that the group G is infinite and discrete and that we
are considering the radicals RS and RS . Set I = E°. In the case where
Q O-clusters on G x G, we see that R = RS = I by Theorem 8.19, and
so RY and RS are non-zero. Again, suppose that A is commutative
and that I is nilpotent of index n > 2 in (A”, O). Then I"™! C R,,
and so R,, # {0}. Finally, in the case where G is amenable and w is an
almost left-invariant weight on G, the closed ideal R} is non-zero by
Theorem 7.40. Nevertheless, there are many natural weights on groups
G that do not satisfy any of the above conditions; for example, this is
the case for the weight w on Z specified by w(n) = exp(|n|) (n € Z),
as in (7.27). We now seek a ‘hybrid’ result that covers a wider class of
weights, including the above one.

The ideas for finding elements in the radical of a second dual algebra
go back at least to Civin and Yood [CiY], who in turn utilize formulae
of Day from 1957 [Day].

DEFINITION 8.22. Let w be a weight on a group G, let S be a subset
of G, and let A € A,(S)'. Then

L(S)={A € B.(S):s- A=As)A (s€S), (A, \) =0}.
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Clearly I,(S) is always a weak-x closed linear subspace of B,(S).

PROPOSITION 8.23. Let w be a weight on a group G, let S be a
subsemigroup of G, and let A € A,(S). Then I\(S) is a closed left
ideal in (B, (S), O), and I\(S) is nilpotent of index 2.

PROOF. Set I = I(S), and let A € I and ¢ € B,(S). For each
s,t € S, we have

s (t-AN)=XMNOAs)A = A(s)t - A.

It follows that s - (@ OA) = A(s)® OA. Further, for each f € A,(S),
we have

FoA= (Z f(8)53> A=Y FEMA = (£, VA,

sES sES

and so ®OA = (&, \)A. Hence
(POA, A) = (D, N)(A, \) =0.

This shows that I is a left ideal in B,,(S).
Clearly Ay O Ay = (Ay, N)Ay =0 (A, Ay € I), and so [ is nilpotent
of index 2. O

We now seek a condition that ensures that 1,(.S) is an ideal in B,,
rather than just in B, (5).

DEFINITION 8.24. Let S be a subsemigroup of a group G. Then S
is left thick if, for each t € G, there exists s € G such that ts € S.

Suppose that S is left thick and that {¢;, ...t} is a finite subset of
G. Successively choose s1, ..., s, € S such that t;s1---s; € S (1 € Ny),
and set s = s1---s5, € S. Then t;5 € G (i € Ni), and so S is left thick
in the sense of [Pat, (1.20)]. Conversely, suppose that S is left thick
in the latter sense, and take ¢ € G. Then there exists s € G with
{ts,tts} C S, and then ts € S with t(ts) € S, and so S is left thick in
our sense. Thus our notion coincides with the classical one.

For example, for each n € N, S = (ZT)" is a left thick semigroup
inG=272".

PROPOSITION 8.25. Let w be a weight on a group G, and let S
be a subsemigroup of G. Suppose that S is left thick. Then, for each
A€ A,(S), the set I,(S) is a left ideal in (B, O), and I,(S) C RE.
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PROOF. Set I = I,(S5), and take A € I. We know that
s-A=Xs)A (s€S).
Now take t € GG. Since S is left thick, there exists u € S such that
tu € S and t7'u € S. For each s € S, we have stu - A = \(s)tu - A
because tu - A € I, and so
Au)st - A= Au)A(s)t - A
because u - A = A(w)A. Thus s - (¢ - A) = A(s)t - A. Also
At tu)(t - A A) = (u - A, A) = AMu)(A, \) =0,

and so (t - A, \) = 0. This shows that ¢t - A € I.
It follows that f - A € I for each f € A,,. Since [ is a weak-x closed,
we have ® OA € [ for each ® € B,,, and so [ is a left ideal in (B, O).

We have noted in Proposition 8.23 that [ is nilpotent, and so we
have I C R. O

The next step is to exhibit cases where I,(S) # 0. Of course, this
can only happen if the functional \ is multiplicative on S, in the sense
that A(s1s2) = A(s1)A(s2) (81,52 € 5).

DEFINITION 8.26. Let w be a weight on a semigroup S. Then w is
almost multiplicative on S if

w(st)

Lim Lim )— =1

s—00 t—00 w(s w(t) ’

where the limits are taken with s,t € S.
THEOREM 8.27. Let w be a weight on an infinite, amenable group

G, and let S be a subsemigroup of G. Suppose that S is left thick and
that w s almost multiplicative on S. Then

dim R > 22
PROOF. Set A, = (1(G,w), and set m = 22" For each s € 9, set

 Lim w(st)
)\0(8) = %—wo w(t)

Y

where the limit is taken for ¢ € S, and the limit exists because w is
almost multiplicative on S. Then Ay € A,(S)’, Ao is mutiplicative on
S, and

Lim A\o(s)/w(s) = 1;

S§—00

we may suppose that A\g(s)/w(s) > 1/2 (s € 5).
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Set I = I,,(S). By Proposition 8.25, I C R, and so it suffices to
show that dim [ > m.
Let M be an element of £1(S)” C ¢1(G)" such that

s-M=M (se€8) and (M, xs)=1.

Thent - M=M (t € G), and so M | ¢(S) = 0.
Define N € B, by

<N7 )‘> = <M’ /\//\0> (/\ € Ai}) ;

we note that in fact ||NJ|| = ||[M]]. Also (N, A\g) = 1.
Take A € A,(S) and s € S, and set

on = /\0(8)()\//\0) : 53 — ()\ : (55)//\0 .
For each t € S, we have

Mo(s)A(st)  A(st) Ao(st)

)] = P2 2] <l o) - 22

and so u | S € ¢o(S). Thus (M, u) = 0. It follows that s - N = Ag(s)N.

By [Mil, Theorem 9], the semigroup S is left amenable (see also

[Pat, Proposition (1.21)]), and so, by [Pat, Theorem (7.8)], the set of

elements M in ¢1(S)” such that s - M =M (s € S) and (M, xg) =1

has cardinality at least m. The corresponding set of elements N in

B, (S) has the same cardinality, and the difference of any two distinct
elements in this latter set belongs to I.

The result follows. O

)

We shall give in the next chapter examples of weights on Z that
satisfy the conditions of the above theorem.

Unfortunately, several obvious questions about the radicals of the
second duals of group and Beurling algebras remain open. Set

Bwa - (gl(wa)//7 D)a

and take {I,, : m € N} to be the family of closed ideals of B,,, that
was discussed in Theorem 8.21. Now set

I=| J{I,: meN}.

Then [ is ‘large’ closed left ideal contained in R , and I™* = 0. We
do not know whether or not I = R , and whether or not R is
itself nilpotent of index 2. Let G be a group, and let R” and R® be
the radicals of the two second duals of ¢!(G). Then we do not know
whether or not R~ and R® are nilpotent, and whether or not they are

always equal; we guess that the latter is not the case.




CHAPTER 9

Algebras on Discrete, Abelian Groups

In the next two chapters, we shall present a variety of examples which
show the limits of our earlier theorems. In the present chapter all
our examples will be commutative, and almost all will be of the form
(Y w) = (Y(Z,w) for a suitably chosen weight w on Z. Again set
A, = (Y(w) and B, = A’ etc. Thus, for all the examples in this

chapter, there is just one topological centre, equal to the centre 3(B,)

of (B, O).
The first example was essentially already given by Craw and Young
in [CrY]. In the example, || - || denotes the Euclidean norm on Z*.

EXAMPLE 9.1. Fiz k € N, and consider the group (Z*,+). Let
wa(n) = (1+[Inl)*  (n €ZY),
where o > 0. Then *(Z*,w,) is Arens regular, and the radical R, of
(CH(ZF,we)", O) is equal to EY .

PRrROOF. The corresponding function €, O-clusters on Z* x Z*, and
so this follows from Theorem 8.11 and Theorem 8.19. U

Take o > 0. Since the Banach algebra (!(Z,w,) is Arens regular,
we have WAP((NZ,w,)) = (°>°(Z,1/w,). However, it is not the case
that

WAP(Z,1]wy) = °°(Z,1]w,) .
Indeed, take A € (*(Z)\ WAP(Z) : we have \w,, € {*(Z,1/w,), but
My & WAP(Z,1/w,). Thus

(9.1) WAP((NZ,wy)) S WAP(Z,1/w,) .

EXAMPLE 9.2. There is a sequence (Ay) of Arens regular Banach
algebras such that co(Ag) is Arens regular, but *°(Ay) is not Arens
reqular.

PROOF. For each k € N, set A, = ' (wy ), so that, by Example
9.1, Ay is an Arens regular Banach algebra.
Set

A= 1°(A) = {a — (ar) € [] Ar : llal| = sup Jlaxl| < oo} ,

111
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so that 2 is a commutative Banach algebra.
For each k € N, we define A, € (A})n to be the map

o0

A Z a;d; — Z%’wuk(j)-
=0

j=—o00
Let U be an ultrafilter on N, and define A on 2 by
<CL, )\> = libr[n<ak, >\k>>

the limit always exists, and A € 2" with ||| = 1.
For each m,n € N, define a,, = (a;m ) and b, = (b, ) by setting

Am,k = 5m/wl/1€<m>7 bn,k = 5*“/("]1/’6(”)7 (k € N) :

For each m,n, k € N, we have a, k, by € Ag With ||am k|| = [|bnkl = 1,
and S0 ay,, b, € A. For n > m, we have (amr * b, \x) = 0 because
m—n ¢ Z*, and so

lim lim(a,,b,, A) =0.

m n

For m > n, we have

1/k
wi/p(m —n) ( 1+ |m —n| >
Ak * bpg, A\p) = = — 1
(s b M) = mon(m) N D) (T + ]

as k — oo, and so

lim lim(a,,b,, A) = 1.

It follows from (3.2) that A is not weakly almost periodic, and so 2 is
not Arens regular.

Set B = ¢o(Ag). Then B is a Banach algebra which is Arens regular
by a remark in Chapter 2 on page 35. However (*°(B) contains the
algebra A = (*°(Ay) as a closed subalgebra, and so £°°(B) is not Arens
regular. U

EXAMPLE 9.3. There is a Beurling algebra which is strongly Arens
wrreqular and which has as a closed subalgebra an infinite-dimensional
Beurling algebra which is Arens reqular.

PROOF. Let
w(m,n) = (1+|m))* (m,n €Z),

where o > 0. Then w is a weight on (Z?, +). Set A, = (1(Z* w).

Clearly w is bounded, and hence diagonally bounded, on the set
S = {0} x Z, and so it follows from Theorem 8.15 that the algebra A,
is strongly Arens irregular.
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Let B={f € A, :suppf CZ x {0}}, so that B is a closed sub-
algebra of A,. Then B is identified with the Banach algebra ¢1(Z,w,),
which was specified in Example 9.1, and so B is Arens regular.

Thus B”" N 3(A”) = B, whereas 3(B”) = B”, and this shows that
the inclusion in (2.23) can be strict. O

EXAMPLE 9.4. Let w = w, @ wg on Z?, so that
wim,n) = 1+ |m)*(1+[n])” (m,n€Z),

where a, 3 > 0. Then w is a weight on (Z?,+). The algebra (' (Z?, w)
is neither Arens reqular nor strongly Arens irregular.

PROOF. Certainly w is a weight on Z2. Set A, = (1(Z* w).

Let s, = (m,0) (m € N) and t,, = (0,n) (n € N). Then (s,,) and
(t,) are sequences in Z?, each consisting of distinct points. Clearly we
have Q(s,,t,) = 1 (m,n € N), and so  does not O-cluster on Z? x Z2.
By Theorem 8.11, A, is not Arens regular.

Let S = {(m,m) : m € N}, so that S is an infinite subsemigroup of
/e

Let z,,, = (m,m) € S, and let (y,,) be a sequence of distinct points
in Z?* such that the two repeated limits of (Q(z,,,yn) : m,n € Z) both
exist. We have

lim Q(w, (r,5)) = 1/(1+ /)" +|s))? (r,s € Z),

and so lim,, lim,, Q(x,,,y,) = 0. Also

im Q(zm, yn) < 1/(1+m)** (m €N),

and so lim,, lim,, Q(x,,, ¥,) = 0. Thus Q 0-clusters on S x Z2. Tt follows
from Corollary 8.9(iii) that B,(S) C 3(B,), and so A, is not strongly
Arens irregular. U

EXAMPLE 9.5. (i) Let w be a weight on Q such that w is bounded
on the set {r € Q : |r| < 1}. Then ('(Q,w) is strongly Arens irreqular.

(ii) There is a weight on w on Q such that (' (Q,w) is Arens regular.
PRrOOF. (i) The weight w is diagonally bounded on the set
{reQ:|r <1},
and so the result follows from Theorem 8.15.
(ii) Such a weight w is constructed in [CrY, Corollary 1]. O
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EXAMPLE 9.6. Toke w be a weight on Z such that

bn

w(n) =e", w(-n)=e (n sufficiently large in Z*),

where a,b > 0 and max{a,b} > 0. Then w is unbounded, but (*(Z,w)
is strongly Arens irreqular. Further,

{0} £ R, CE?,
and so R, ¢ 3(B.).
PROOF. The weight w satisfies equation (8.10): for example,
w(m —n)/w(m)w(—n) = exp(b(n —m) — am — bn) = exp(—(a + b)m)

for m,n € Z* with m < n, and so

lim lim wim—n)_ =0.
2 A o (m)o(—n)
Also, there are obvious weights w_ and wy on Z with w_ | Z~™ =w | Z~

and wy | Zt = w | ZT and such that w_ and w, are diagonally bounded
on Z, and so ('(Z,w) is strongly Arens irregular by Theorem 8.18(iv).

By Theorem 8.20 (with S = Z* and ¢, = n for each n € N), we
have R, C E°. The weight w is almost multiplicative on Z*, and so it
follows from Theorem 8.27 that R, # {0}. O

Examples of the above form show that, given any weight w on Z,
there is a weight @ on Z such that £}(@) C ¢!(w) and £'(@) is strongly
Arens irregular.

EXAMPLE 9.7. There is a weight w on Z such that the Banach
algebra (Y (Z,w) is neither Arens regqular nor strongly Arens irregular.
Further, we have

{0} # R, ¢ ET.
PROOF. We define n : Z — R* by setting
n(=j) =34, n(j) =log(l+j) (j€Z).

It is easily checked that 7 is subadditive on Z; also n(0) = 0. A graph
of the function 7, regarded as a function on R, is indicated in Figure 1
on page 115.

Set w =expn and A, = (Y (Z,w).

We first claim that A, is not Arens regular. Indeed,

(0'n)(=j,—k) =0 (,k €N),

and so both repeated limits of (Q2(—7, —k) : j,k € N) are 1. Thus 2

does not 0-cluster on Z x Z, and so, by Theorem 8.11, A, is not Arens
regular.
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FIGURE 1

Set

Qjk = (517])(]’ k)? ﬂj,k = (5177)(]7 _k> (j’ k€ N)a
so that 8, = a;_x (j,k € N). We shall show that

lim lim inf oy, = 00, lim lim inf oy, = 00,
(9.2) J k 7 k J ’
’ lim limkinf Bk = 00, lilgn liminf 3; = o0}
J j

it will then follow that €2 O-clusters on N x Z. By Corollary 8.10, this
is sufficient to imply that A, is not strongly Arens irregular and that

Throughout, 7,k € N.
First, we have
ajr = log(1+j) +log(1+ k) —log(1 +j+ k) > log(1+j) —j/(1 + k),

and so liminfy o, > log(1 + j) for each j, whence

limliminf o, = 00
ik

By symmetry, limy liminf; o, = oo.
Second, for each j and each k > j, we have
Biw=n()+k—(k—=3j) =7,
and so liminfy 3;; > j for each j, whence

lim lim inf 3;, = oo.
ik
Also, for each k and each j > k, we have n(j — k) < n(j), and so it
follows that 3; > n(—k) = k. Thus liminf; 5;, > k for each k, whence

hlgn hjm Bk = 00.

Thus conditions (9.2) hold, as required.
By Theorem 8.20 (with S = Z~ and t,, = —n for each n € N), we
also have R, C E7. 4

The next example is similar, but a little more complicated. It shows
that an obvious conjecture on the strong Arens irregularity of the al-
gebras A, is false.
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EXAMPLE 9.8. There is a weight w on Z such that €2 does not cluster
on 7. x 47, such that

limsupw(n) =oco and liminfw(n) < oo,

n—00 n—00

and such that the Banach algebra (' (Z,w) is neither Arens reqular nor
strongly Arens irreqular. Further, {0} # R, C E°.

-

PROOF. We again define a function n on Z (and then set w = expn
and A, = (1(Z,w)).

As before, we set
n(—=j)=3j (GeZ),

and this is sufficient to show that A, is not Arens regular and that

It remains to define n on Z*. We shall specify two strictly increasing
sequences (my) and (ng) in N such that

2=mi <ni < Mg <nNg < - <my <ng<---.

For convenience, we shall then set v, = 1/n; (k € N), so that () is a
strictly decreasing sequence in the interval (0,1) N Q such that v, — 0
as k — 00.

First, n(j) = j (7 = 0,1,2). Now suppose that 7(j) has been
defined on N,,, such that n(my) € N, n(my) > k, and

n(j) <n(mx) (J € Na,) -
We choose
g = myp +n(mg) — 1,

and then define

n(mk+j) =nlm) =5 (J € Nojmy ).

Note that n(nx) = 1 and that ny — my — oo as k — oco. Once we
have fixed my and ny, we choose my; € N so that my,, > ng, so that
Yemg+1 € N, and so that ~ymyg; > max {k + 1,n(mg)}; this choice is
clearly possible. We now define

ng)=vwi (G=mnk,....mpp).

This provides an inductive construction of the sequences (my) and (ny)
and of  on N.

A graph of the function 7, regarded as a function on R, is indicated
in Figure 2, below.
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FIGURE 2

We notice that the function n on N has the following properties.
First, for each k € N, we have

n(j) 2w (J € Nmyyy) and 0(j) <ywj (G = nw).
Second, n(myg) > k (k € N) and (n(my)) is a strictly increasing se-
quence with limyg n(my) = oo, so that limsup, w(n) = oo. Third, we
have arranged that n(n;) =1 (k € N), and so liminf,, w(n) = e < oo,
one of the requirements of the example. Finally, for each k& € N, we
have

n(my;) = max {n(j) : j € Ny, }.
As before, the slope of the function 7 is defined to be s, where

s() =n(G+1)—n() (G eN).
Clearly s(j) > —1 (j € N) and s(j) < v, for j > ng, and so we have
lim sup; s(j) = 0.
We claim that the function 7 is subadditive on Z: we require that
(9.3) n(m+n) <n(m)+n(n) (m,neZ).

The proof is by induction. The result is trivially true when m,n € N
and m +n € Z;, . Now assume that (9.3) holds whenever m,n € N
and m +n € Z, , where k € N. Take m,n € N with m +n € Z, .
First, suppose that my < m +n < ng. If m,n < my, then

n(m+mn) < n(my) = Yp—1mi < Yp-1m + ye-1n < n(m) +n(n) .
If m > my, then
n(m+mn) —n(m) =—n <n(n),
and similarly if n > my. Second, suppose that ny < m +n < myyy.
Then
n(m +mn) = ym +yn < n(m) +n(n).
Thus (9.3) holds whenever m,n € N and m +n € Zg, . It follows
that inequality (9.3) holds whenever m,n € N.

Certainly, (9.3) holds whenever —m, —n € N, and so it remains to
show that

(9:4) n(m —mn) <n(m) +n(=n) =n(m) —n (m,neN).

But now n(m) > —n +n(m —n) for m,n € N because the slope of 7 is
bounded below by —1, and so (9.4) follows.
We have established the claim that n is subadditive.
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We now show that €2 does not cluster on Z x Z. Indeed, first fix
n € N. For each sufficiently large k, we have n, —n > m, and so

n(ng —n) —n(ng) —n(—n) =0.

Thus limy, Q(ng, —n) = 1, and so lim,, lim Q(ng, —n) = 1. Second, fix
k € N. For each sufficiently large n, we have ny —n < 0, and so

nng—n)—nng) —n(-n)=n—nx—1—n=—np —1.

Hence limy, lim,, Q(ny, —n) = 0. Thus Q does not cluster on Z x Z.
We take S = {my, : k € N}, an infinite subset of Z. We now define

ajr = (0'n)(mi,5), Bk = (8'n)(mx, —j)  (j,k €N);

we shall again show that

lim lim inf oy, = 00, lim lim inf o, = 00,
(9.5) . k. B Ko B
1§n hmkmf Bk =00, h]gn hmjmf Bk = 00.
This implies that €2 O-clusters on S x Z, and hence, by Corollary 8.10,
A, is not strongly Arens irregular and R, # {0}.
First, fix j € N. For k sufficiently large in N, the interval [my, ny, |

has length ny —myg > j, and so n(my + j) = n(my) — j. Thus
and so liminf; a;, = n(j) +j > j. Hence lim; limy, o, = o0.
Second, fix k € N, and set ¢ = n(my)/2mg, so that ¢ > 0. Since

limsup; s(j) = 0, there exists jo € N such that s(j) <& (j > jo), and
this implies that

n(me+7) = n() < mis(i) < eme (G > o).
Thus
ajge = n(mg) —emy, = n(me) /2 (= o) ,

and so liminf; a;; > n(my)/2. Since limy n(my,) = oo, this shows that
limy, lim inf; o, = oo.

Third, fix j € N. For k sufficiently large in N, we have m; > 7, and
so 0 < my —j < my and n(my, — j) < n(mg). Thus B, > n(—j) = J,
and so liminfy 3;; > j. Hence lim; liminfy, 3, = oo.

Finally, again fix & € N. For j sufficiently large in N, we have
Jj > my, and so n(—j) — n(my — j) = mg. Thus B > my, and so
liminf; 3; > my. Hence limy liminf; 3;, = oo.

We have shown that conditions (9.5) hold, as required.

Again by Theorem 8.20 (with S = Z~ and t,, = —n for each n € N),
we have R, C E7. O
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We shall now give two general methods of constructing weights on
Z by inductive processes. This will enable us to give several specific
examples that illustrate certain possibilities. Throughout, we shall
define a subadditive function 7 on Z, with the understanding that the
final weight is w = expmn, as before. We shall define each 7 to be
increasing and subadditive on Z* (with 7n(0) = 0 throughout), and
then extend 7 to all of the group Z by setting n(—n) = n(n) (n € N),
so that the final n is subadditive on Z and symmetric. We say that a
function n : Z} — RT is subadditive to k if n(m + n) < n(m) + n(n)
whenever m,n,m +n € Z;. In fact it is more convenient to regard
a function 1 : Z; — R™ as being defined on the interval [0, k] of RT
so that we can use geometric language; of course we achieve this by
joining the points (7,7(j)) to (j + 1,m(j + 1)) by a straight line.

The first remark is obvious.

PROPOSITION 9.9. Let n : [0,k] — Rt be convez, with n(0) = 0.
Then n is subadditive to k. O

For the first general construction, we again inductively define two
strictly increasing sequences (my) and (ng) in N such that

l=mp<m < - <mp<ng<---.
We shall impose the constraint that
(96) ng > 2my, Mpr1 = Ng + Pk (/{3 € N) s

where my, < pr < ng. We shall also arrange that 7 is increasing on R
and constantly equal to 2¥~! on the interval [my, ny], so that n(t) — oo
as t — oo.

We set (0) = 0 and (1) = 1. Now assume inductively that my has
been defined and that 7 is subadditive to my. Let 7 be a subadditive,
increasing function on [0, px], where my, < pp < ny, such that

0< () <nt) (0<t<py) and 7(pe) =nlpe) =2°".

Define n on [ny, my41] by setting

(e +1) = nlne) +0k(t) = 2"+ () (0 <t <pp).

A graph of the function 7, regarded as a function on R*, is indicated
in Figure 3, on page 121.

FIGURE 3

PROPOSITION 9.10. The new function 1 is subadditive to myq.
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Proor. We must show that
(9.7)  n(m+n) <n(m)+n(n) whenever m,n,m+n < my1;
we may suppose that m < n. First suppose that my < m+n < n;. If
m,n < myg, then there exists r € Z} with r +n = my, and then
n(m+n) =n(mg) < n(r) +n(n) < nm) +n(n),

and so (9.7) is clear. If m < my < n, then n(m + n) = n(n), and so
(9.7) follows. Second, suppose that ny < m +n < mg,;. We have
n > my, because ny > 2my. Set m +n = ny + r, so that r < my. If
n < nyg, then m > r, and so

n(m+mn) —n(n) = 2"+ 7 (r) = 2571 = f(r) <n(m),
giving (9.7). If n > ny, then r = m + (n — ny) and

n(r) < me(m) + mk(n —ng),

and so

n(m+mn) = 25714 (r) <287 4 (m) + Tk(n — )

= 1k(m) +n(n) < n(m)+n(n),

and again we have (9.7). This completes the proof of (9.7). O

As above, we extend n to [0,n,41] by taking 1 to be constantly
equal to 2% on [myy1, ngy1]. The next remark is clear.

PrROPOSITION 9.11. The new function n is subadditive to ngy,. O

We also note that we have the following inequality:
(9.8) Q(m,n) <exp(fe(n) —n(n)) (mr <m <ng, n<my).

EXAMPLE 9.12. Let ¢ : Z+ — R* be an increasing function such
that p(n) — oo as n — o0o. Then there is a symmetric weight w on Z,
increasing on Z*, such that w(n) — oo and w(n)/e(n) — 0 asn — oo,
such that the corresponding function €2 does not cluster on Z. X 7, such
that w is not almost invariant, and such that the algebra (' (Z,w) is not
Arens regular.

PROOF. Let ¢ : ZT — R™ be such that expy = ¢; we have
(n) - o0 as n— 0.

We apply the above algorithm, taking p, = my and 1 = 1; we choose
ny, for k € N to be such that ¢(ng) > k-2F (k € N) (as well as requiring
that ng > 2my, (k € N)). For each n € N with my, < n < myyq, we
have

n(n)/w(n) <28 /ip(nk) < 1/k,
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and so w(n)/p(n) — 0 as n — oo.
Certainly
n(n, +1) =n(ny) +1 (k€ N),
and so w is not almost invariant.
Consider Q(m;,ny). First, fix & € N. For each sufficiently large j,
we have n(m; +ny) = n(m;), and so Q(m;,ny) = 1/w(ny). Second, fix
j € N. For each sufficiently large k, we have

n(m; +nk) = n(m;) +n(ng) ,
and so Q(m;,n;) = 1. Thus

lillgnlim Q(m;,ni) =0, limlillcrn Q(mj,ni) =1,
j j

and so 2 does not cluster on Z x Z. By Theorem 8.11, A, is not Arens
regular. 0

Thus we can have symmetric weights w on Z such that w(n) — oo
arbitrarily slowly and £1(Z,w) is not Arens regular.

We wonder if the above example is strongly Arens irregular? If so,
it would be the first such example that does not satisfy the conditions
in either Corollary 8.16 or Theorem &.18.

EXAMPLE 9.13. Let ¢ : Z+ — R* be an increasing function such
that p(n) — oo as n — o0o. Then there is a symmetric weight w on Z,
increasing on Z*, such that w(n)/¢(n) — 0 as n — oo and such that
the algebra (*(Z,w) is Arens reqular.

PROOF. We apply the above algorithm, taking pr = ny and 7 (n)
to be n/2"! (n € Z ) for each k € N; further, we choose 1, to be so
large that 7x(n) < n(n) on [0,n4], so that ny > k- 2%71 and so that
w(n)/p(n) < 1/k on [0,n]. Since lim;n(j) = oo and lim; s(j) = 0, it
follows from Corollary 8.12 that ¢!(Z,w) is Arens regular. O

Thus, given a weight w on Z with Lim w(n) = oo, there is a sym-
metric weight @ on Z such that (Y(Z,w) C (Y(Z,©) and (}(Z,w) is
Arens regular.

EXAMPLE 9.14. There is a symmetric weight w on 7Z, increasing on
7, such that Q 0-clusters on N x N, but such that Q does not 0-cluster
strongly on N x N. The Beurling algebra £*(Z,w) is Arens regular.

PROOF. We apply the above algorithm, taking p, = ny (k € N).
For each k € N, we choose 3(k) € Ni such that g(k) < k (k > 2),
and we now take 7, to be the function whose graph is formed from
the two straight lines through the three points (0,0), (ng(k),Zﬁ(k)*l),
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and (ng, 2871) . We see that 7, is convex above [0,n4], so that 7, is
subadditive to ng, and that

(1) < n(t) (0<t<ny).

We always obtain a function 1 on Z* such that 7 is increasing, such
that n(my) = n(ny) = 2¥* (k € N), and such that 7 is subadditive on
zZt.

We still have to make the choice of the numbers (k) for each k > 2.
We make the choice to achieve the following. For each r € N, set

Sr={keN:p(k)=r},

so that {S, : r € N} is a family of pairwise disjoint subsets of N. Our
extra constraint is that each S, is infinite and that [ J{S, : r € N} = N,
so that {S, : r € N} is a partition of N.

As usual, w = expn. We consider the function 2 on N x N.

First, we see that 2 does not O-cluster strongly on N x N. To
see this, note that Q(ng,ngrk)) = 1 for each &k € N. Fix r € N.
There are infinitely many values of ¥ € N with g(k) = r, and so
limsup,, 2(m,n,) = 1. Thus

lim sup lim sup Q(m,n) = 1,
and so () does not O-cluster strongly on N x N.
Next we show that € O-clusters on N x N. Let us take sequences
(u;) and (v;) in N such that
a = lim lim Q(u;, v;)
J (2
exists; our aim is to show that a = 0. We fix n € N, and look at the
possible values of lim,, Q(m,n).

By passing to a subsequence of the sequence (u;), we may suppose
that (u;) runs through values in the interval [my, my1], taking at most
one value in each of these intervals; indeed, we may suppose that each
u; has the form my + gx for some ¢ € N with my + g < mgyq (the
other cases are a trivial variation of this case). By (9.8), we see that

lim Q(ng + g, n) < limsup exp(7(n) = n(n)) .
k

In the first subcase, suppose that infinitely many terms of the sequence
(u;) belong to the set {my + qx : k € S,} for some r € N; in fact, we
may suppose that u; € {my + g : k € S,} for each i € N; we may
also suppose that n > r because we shall eventually set n = v; and
let 7 — o0, so that v; — oo. We see by inspection of the graphs that
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limy, 77, (n) = n(r), and so
lign Q(ri,n) < w(r)/w(n).

In the second subcase, suppose that only finitely many points of the
sequence (u;) belong to the set {my +gqy : k € S,} for each r € N. Now
we have 7x(n) = sgu) - n for all k& € N and all sufficiently large ¢ € N,
where s, denotes the slope of the line from (0,0) to (nﬁ(g),Qﬂ(Z)_l),
and hence s, takes the value 2691 /ng). In this subcase, we have
Me(n) = 0, and so lim; Q(r;,n) < 1/w(n). In both subcases, we have
lim; lim; Q(u;, v;) = 0, and so o = 0, as required.

This completes the proof of the example. O

EXAMPLE 9.15. There is a symmetric weight w on 7Z, increasing
on ZF, such that the Beurling algebra (1(7Z,w) is neither Arens reqular
nor strongly Arens irreqular, such that R, = E°, such that

{0} # R2* € 3(B.),
but such that R]?® = {0}.

Proor. We apply the above algorithm, with the aditional con-
straints that

pr=np, n>2my+k-28 (keN).

Note that, for each & € N, we have 2¥/n,,; < 2*~!/n; because we
required that ng,q > 2ni, and so the curve formed by joining each
of the points (n;_1,n(n;-1)) to (nj,n(n;)) by a straight line for each
j € Ny is a convex curve, which we say defines the function 7; on
[0, nx]. By Proposition 9.9, the function 7 is subadditive to ng. Thus
M, satisfies the conditions required in the above construction.

We note that, for each fixed t € N and each sufficiently large j € N,
we have

Te(ny +1) = n(ng) + 27"t/ (nj — ny) < nng) +t/5.

As usual we set A, = ('(Z,w) and B, = A”.

The values of the double sequence (2(m;,ny) : 7,k € N) have not
changed from those that arose in Example 9.12 (where we took 7, = 1),
and so it remains true that €2 does not cluster on Z x Z. Thus, by
Theorem 8.11, ¢1(Z,w) is not Arens regular and R7? # {0}.

We now consider the claim that

(9.9) lim liminfliminf o, 5, = 00,

t—o0 §—00 r—00

where

Qpsp = 0(r) +0(s) +0(t) = n(r+s+1) (r,s,t €N).
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First hold s and t fixed, and let r — oo. We consider 7 € N such
that s +¢ < m; < r. First suppose that r,r + s+t € [m;,n;]. Then
st = n(s) +n(t), and so the claim is immediate. Second suppose
that r € [m;,n;] and r+ s+t € [n;, miy1], say r+s—+t = n; +r', where
r" < s+t. Then

s = 1(s) +0(t) = M(r') = n(s) +n(t) — (s +1).
Third suppose that r,7 + s+t € [n;, m;41], say r = n; + r’. Then
Qs = (1) +10(8) +0(t) = M(r’ + s+ ) = n(s) +n(t) — (s +1) .
Finally suppose that r € [n;, m;y1] and r + s + ¢ > m;y;. Then there
exist s € Ny and t' € Ny with r+5 +t = m;; and such that s', ¢ — oo

as s,t — 0o and a; 4+ = a,. ¢ . Thus this case reduces to the previous
one. Thus, we see that, to establish our claim, it suffices to show that

(9.10) lim liminf fB5; = oo, where [si=n(s)+n(t) — (s +1).

t—oo s—o00

We hold ¢t fixed, and calculate lim, 3;,. We consider j € N such
that ¢ <m; <s. Suppose that s,s+t € [m;,n;]. Then

n(s) =n(s+1t) 2 (s +1),

and so Bs; > n(t), whence (9.10) is immediate. Suppose that we have
s € [mj,n ] and s+t € [nj,m;41]. Then

Bse = n(n;) +n(t) = Ne(s + 1) = nlng) +n(t)) — e(n; +1).
Suppose that s,s +t € [n;,m,|, say s =n; +s’. Then

B =1(s') +n(t) — (" + 1) = n(ny) +n(t) — Tk(n; +1)
because 7, is convex, s’ < n;, and 7(n;) = n(n;). In the above two
cases, we have

Bsp = n(t) —t/j
for s > my;, and so liminf, 8,; > n(t). The final case is that in which
s € [nj,mjy1 — 1] and s +¢ > m;; ;. Now we have

Bse = n(mygr) = (myp = )27 g +n(t) =n(mga) > n(t) =271 /n;,
and so again liminf, 3;; > n(t). Finally we see that (9.10) holds, and
so we have established the claim (9.9).

Set [ = EZ. In the terminology of Theorem 8.14, we have shown
that the function €3 O-clusters strongly on Z x Z x Z, and so, by clause
(ii) of that theorem, ™3 = {0}. Thus I is a nilpotent ideal of index 3,
and hence R, = E°. It follows from Proposition 2.19 that 1”2 C 3(B,,)
and hence that A, is not strongly Arens irregular.

This completes the proof of the example. O
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We wonder if R_? is closed in the above example? It is possible
that the centre 3(B,) is equal to A, & RJ2.

Our next example is based on a second general construction that
we now explain.

Let (s;) be a strictly decreasing sequence in R \ {0}, and let L,
be the half-line y = s;z (z € RY), so that L; has the slope s;. We
shall choose a strictly increasing sequence (m;) in N by an inductive
process. Once m; is fixed, we shall specify (n;) in R by requiring that

njsi1 =m;s;  (j €N);
for convenience, we set mg = ng = 0. Note that

(9.11) nj—m; = (i— )mj (j € N).
Sj+1
We then choose m;; € N with m; 1 > n;.
We now define n : Rt — R* by setting

t L <t<my
77(75) _ Sj (TLJ 1=bt= m])v
sim; - (m; <t <nj),

for each j € Z*. (The definitions of n(my) are consistent.) Thus the
graph of i lies on L; over [n;_1,m;] and is horizontal over [m;, n;].

Clearly n is an increasing function on Rt with n(0) = 0. By
choosing each m; to be sufficiently large, we can ensure that we have
n(m;) > n(m;_1) + 1, and so n(t) — oo as t — 0.

A graph of the function 7, regarded as a function on R*, is indicated
in Figure 4 on page 126.

We claim that

(9.12) n(s+1t) <n(s)+n(t) (s,t €RY)

in each such case. To prove this, we may suppose that s < ¢t. First,
suppose that n;—; < t < m; for some j € Z*. Then n(s) > s;s,
n(t) = s;t, and n(s +t) < sj(s +t), and so (9.12) holds. Second,
suppose that m; <t < n; for some j € N. Then n(s) > sj+18 and
n(t) > sjt; if also s +¢ > n;, then n(s +t) > s;j11(s +t), and so
(9.12) holds in this case, and, if s +t < n;, then n(s+t) = n(t), and
so (9.12) also holds in this case. Thus (9.12) holds in each case.

We now define n(—t) = 0 (t € RY), so that 7 is defined on R. We
claim that

(9.13) n(s+1t) <n(s)+n(t) (s,teR).
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Indeed (9.13) is clear if both s,¢ € RT and if both s, € R™. Now
suppose that s,t € RT. Then n(—t) = 0 and n(s —t) < n(s) because n
is increasing on R. Thus (9.13) holds.

FIGURE 4

Consider the restriction of n to Z: we obtain a subadditive function,
and so A, = (1(Z,w) is a Beurling algebra on Z (where w = expn).

We note the following additional remark. Let n be as specified on
R*, but now extend 7 to R by defining n(—t) = n(t) (t € RT). It is
immediate that 7 is also subadditive on R, and w = (expn) | Z is a
symmetric weight on Z such that there are sequences (s;) and (¢;) in
N with the properties that, for each ky € N, there exists jo € N such
that

0.14)  wls;+ k) = wlsy). wlty k) = w(ty (k).
whenever j € N with j > jo and &k € Z with |k| < k.
EXAMPLE 9.16. There is a weight w on Z, increasing on Z™*, such

that w(—n) = 1 (n € N), but such that the Banach algebra {'(w) is
neither Arens reqular nor strongly Arens irreqular. Further,

{0} # R, C ES.

PRrOOF. We choose a sequence (s;) as above to satisfy the addi-
tional conditions that s; > 1/2 (j € N) and s; — 1/2 as j — oo, and,
further, such that

(9.15) (s; —1/2)m; — 00, (s — Sjs1)m;/Sj1 — 00 asj — 00;
this is clearly possible. It follows from (9.11) and (9.15) that
nj—m; — 00 as j — 00.

The weight w is defined as above. Since n(—j) = 0 (j € N),
certainly both repeated limits of (Q(—j, —k) : j,k € N) are 1, and so
A, is not Arens regular.

It remains to prove that A, is not strongly Arens irregular; for this,
we again apply Corollary 8.10. As before, we define

Qjk = (5177>(mk7j)7 6j7’€ = (5177>(mk7 _]) (.77 ke N),

so that, in fact, 8;x = n(mg) — n(mi — j) (4,k € N).
First, fix j € N. For k sufficiently large, we have n(my+7j) = n(ms),
and so limy o, = 1(7). Hence lim; limy, oy, = oo.
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Second, fix k € N. For each j € N, there exists ¢ € Z* such that
my < 7 < myyq. Now

n(j +mi) = n(j) < sem,
and so a;y > n(my) — sgmy,. Thus liminf; a;, > (sx — 1/2)my, because
s¢ — 1/2 as { — oo. Hence limy liminf; o, = oo by (9.15).

Third, fix 7 € N. For k sufficiently large, we have m; — j > ng_1,
and so (3, = sgmy — (s — j)m; = jmy, whence limy, 3, = co. Hence
limj hmk 6j,k = OQ.

Finally, again fix £ € N. Then my — 7 < 0 for j sufficiently large,
and lim; 5;, = n(my). Hence limy lim; ;) = oc.

We have shown that all the required limits are co, and so A, is not
strongly Arens irregular. By Corollary 8.10, R, # {0}.

Again by Theorem 8.20 (with S = Z~ and t,, = —n for each n € N),
we have R, C E°. We can also apply Theorem 8.27 with S = Z~ to
see that R, # {0}. O

The final example of this chapter is based on one suggested to us
by Joel Feinstein, to whom we are grateful.

EXAMPLE 9.17. There is a symmetric weight w on Z such that
w(0) =1 and w(n) > 1 (n € Z\ {0}), such that w(n) = O(logn) as
n — oo, and such that

liminfw(n) < oo,

but such that w s unbounded and not almost invariant. The algebra
(Y (w) is strongly Arens irreqular and R, C E°.

Proor. We again define an appropriate function n on Z, and set
w = expn.
Each n € Z can be written (in many ways) in the form

(9.16) n=> 2%,
j=1

where ¢; € {—1,1} and a; € Z" for j € N,, and where
ap 2 Gy 2 -+ 2 Ay
For each n € Z\ {0}, we define n(n) to be the minimum value of r € N

that can arise in equation (9.16); we also set 1(0) = 0. We note that,
when n has such a representation of minimum length, then necessarily

ap > as > -+ > ay.

It is clear that n(n) € Z* (n € Z), that n(n) = 0 if and only if
n =0 (so that w(n) > 1 (n € Z\{0})), and that n(—n) = n(n) (n € Z)
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(so that w is symmetric). It is also immediate that 7 is subadditive on
Z

Clearly, n(2%) = 1 and n(2* + 1) = 2 for each k € N, and so

liminfw(n) =e.

Thus w is not almost invariant. Also it is immediate by induction on
k € N that n(n) <k (n € Ni), and so w(n) = O(logn) as n — oc.

Finally, we claim that 7, and hence w, is unbounded in Z. To see
this, consider numbers of the form

nk:22kz+22k—2+ +24+22+1=(22k+2_1)/37

where k£ € N. We shall prove by induction on k that n(n;) = k + 1.
Certainly n(ng) < k + 1. The result is immediate for k£ = 1; assume
that the result holds for k. Suppose that

(9.17) N1 = 25]'2&"7
j=1

where ¢; € {-1,1},a; € Z*, and a3 > a3 > -+ > a, > 0. Since
ng41 is an odd number and a,_; > 1, we have a, = 0. Suppose that
e, = 1. Then we subtract 1 from each side of (9.17), and note that
necessarily a,_; > 2 because the new right-hand side is divisible by 4.

Then n;, = Z;;i 5j2“f_2 with a,_;1 — 2 > 0. Suppose that ¢, = —1.

Then necessarily a,_; = 1 and ¢,_; = —1. Further, we have
r—2
Npa1 = 1+4n, =4 (Zeﬂaﬂ'?) —-2—-1,
j=1

and so ny = Z;;f £;2%72 — 1. In both these two cases, the inductive
hypothesis shows that 7 —1 > k+ 1. Thus n(ng.1) = k+ 2, continuing
the induction.
That A, is strongly Arens irregular follows from Corollary 8.16.
We claim that (8.11) of Theorem 8.20 is satisfied with S = N and

with t,, = 2" (n € N). Indeed, for each fixed s € S, we have

n(2" +s) = 1+ n(s) = n(2") +n(s)
for n sufficiently large in N, and so lim,, (s, t,) = 1, as required. Thus
R, C ES.
We have shown that our example has the required properties. [

Unfortunately, we cannot see how to show that R, # {0} in the
above example; the weight does not satisfy any of the sets of conditions
for this that we have so far established.
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It would be interesting to know if there is a weight w on Z such that
(Y (w)”, O) is a semisimple algebra; conceivably, the above example
has this property.






CHAPTER 10

Beurling Algebras on [,

We now give some examples in the case where the underlying group is
Fs, the free group on two generators, and we first recall some standard
facts about this group.

We denote the generators Fy by a and b. The letters of the group
are a,a” ', b, and b~!, and a word is a finite formal product

S‘il...si:’L",

where m € N, s1,..., 8, € {a,b}, and e1, ..., &, € {1, —1}; the formal
product with no factors is also a word, denoted by e. A word is reduced
if it is e or if €441 = €, whenever s, 1 = s,. Each word is equivalent to
a reduced word in an obvious, unique way; the length of a word w € Fy
is the number of letters in the reduced word equivalent to w, and it
is denoted by |w| (with |e] = 0). The group Fy consists of all words;
the product of two words is the reduced word equivalent to the word
formed by juxtaposition of the two given words. Note that there are
4 - 31 words of length m € N in Fs.
Let (w,) be a sequence in Fy. Then clearly
Lim w, = o0 if and only if  lim |w,| = .

n—o0

Now consider a general word w in Fy, and suppose that w is reduced.
Then w can be uniquely expressed in the form

(10.1) w = (ajlbkl)(aﬁbk?) e (ajmbkm) ,
where m € N, where jq,...79m, k1, ..., kn € Z, and each of the integers
Joy .-y Jmy K1y .oy kmo1 is non-zero. (The first and last terms could

be just b¥ and a’™, respectively.) We shall call this the canonical
representation of w, and say that its components are w, = a’"b* for
r € N,,, so that w = wy - - -w,,. We have

lw| = |wi| + -+ |wy| and  |w,| = [j| + k] (r€Ny).

The words that have at most m components in their canonical repre-
sentation are said to belong to the subset C,, of Fo. Thus Cy = {e}
and

Cy = {db*: j,kecZ}.
131
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Suppose that u € (), and v € C,,, where m,n € N. Then uwv € C,,,1,.

ExXAMPLE 10.1. There is an unbounded weight w on Fy such that w
is diagonally bounded on all of Fy. Further, {1(Fy,w) is strongly Arens
irreqular, but £1(Fy,w) is not isomorphic to £*(Fy).

PROOF. In [J1, Proposition 2.8|, Johnson constructs a function
n: ]F2 — R
such that n(eg) = 0, such that
|((5177)(3,t)| <6 (s,te@),
such that
n(@™) =n")=0 (m,neZ),
and such that 7 is unbounded on G (indeed, 7n((a?b)*) = 2k for each
k € N). (Our function 7 is called « by Johnson.) Set

_ [ exp(n(s) +6) (s € G\{ea}),
w(S)—{l (s =eq). ¢

Then, as in the remarks on page 94 after Theorem 7.44, w is an un-
bounded weight which is diagonally bounded on all of 5.

By Theorem 8.15, !(FFy,w) is strongly Arens irregular.

Assume toward a contradiction that there is an isomorphism

0: KI(FQ,W) — KI(FQ) .

Then there is a function p : Fy — C satisfying conditions (7.32), above,
(with G = Fy). By (7.32), we have p(a™) = np(a) and p(b") = np(b)
for n € Z, and so it follows from (7.32) that p(a) = p(b) = 0, and hence
that p = 0. But now we conclude from (7.32) that 7 is bounded on Fy,
a contradiction. Thus ¢1(FFy,w) is not isomorphic to £!(FFy). O

The above example was known to at least B. E. Johnson and M.
C. White. More general examples than the above can be constructed
by using results from the theory of bounded group cohomology, as
expounded by Grigorchuk in [Gri].

EXAMPLE 10.2. There is a weight on Fy which is almost left-invar-
tant, but not almost invariant.

PROOF. Let S be the set of (reduced) words in Fy which end in a,
and define 7 in terms of S as in (7.9), so that expn is a weight on Fs.
Let s € Fy. For each t € Fy with [t| > |s| + 1, the last letter
of the reduced form of st is the same as the last letter of ¢, and so
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n(st) = n(t). Thus Lim, . (n(st) — n(t)) = 0, and so w is almost
left-invariant. However,

nb"a) —n(") =2-1=1 (neN),

and so it is not true that Lim . (n(ta) — n(t)) = 0. This shows that
w is not almost invariant. U

The above weight is obviously equivalent to an invariant weight; we
cannot see an almost left-invariant weight which is not equivalent to
an almost invariant weight.

We now approach our main example on the group Fy. We shall first
present some preliminary lemmas.

We start with a function ¢ which is continuous on R™, twice-
differentiable on R* \ {0}, unbounded, and such that ¢(0) = 0 and
¢'(t) > 0 and ¢"(t) < 0 for each ¢t > 0. Set ¢ = ¢/Z, so that
W(t) = ¢(t)/t for t > 0. It is clear that ¢ is increasing and convex on
R* and that ¢(t) — oo, and (t + 1) — p(t) — 0 as t — co. Also ¢ is
decreasing on Rt \ {0} and ¢ (t) — 0 as t — oo. For example, set

palt) =1 (1 =0),

where 0 < a < 1. Then ¢ satisfies all the required conditions. We shall
also require that

(10.2) t— (1 + ‘%) @(t) is increasing on [j,00)

for each 57 € N. For example, the above function ¢, satisfies this extra
condition if and only if v > 1/2.
We define
aj = (i) (1€Z).
We see immediately that ag = 0, that
ok <ot (4, k€Z),
and that a_; = «; (j € Z). Set @« = (a; : j € Z). Then expa is a

weight on Z.
We note that

(10.3) lim lim (v, + @y — Qupgn) = 00

Indeed, for n > m, we have a,, > (n — m)ay,1n/n because ¢ is convex,
and S0 @ — Qin > —MApin/n — 0 as n — oo. Now (10.3) follows
because lim,, o, = 00.

We shall now define a function

(4, k) — a(j, k), Zx7Z—RT.
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To do this, we divide the space Z x Z into two parts by drawing the
lines k = +7, and using different formulae on the two parts.
First, suppose that |j| > |k|. Then

(10.4) a(j, k) =a;+a, (3] > [k]).

Second, suppose that |j| < |k|, and first set a(0, k) = ay (k € Z). Then
extend a(j, k) to be linear in j on the intervals [0, |k|] and [— ||, 0] for
each k € Z. Thus

(10.5) o), k) = (1+m) o (0<1j] < k).

Suppose that [j,| + |k,| — oo as n — oo. Then clearly we have
a(Jn, ky) — 00 as n — oo.

LEMMA 10.3. (i) For each k € Z, the function j — «(j, k) is in-
creasing on ZT.

(ii) For each j € Z, the function k — «(j, k) is increasing on Z+.

PRrooF. (i) This is immediate.

(ii) It suffices to show that «(j, k1) < a(j, k2) whenever we have
ko > ko > 5 > 0. We require that

J J
(1+k—1)05k1§ (1+k3—2)ak2

But this follows immediately from (10.2). O

LeEMMA 104. (i) a(j, k) < o +ax (j,k € Z).
(i) a(j1 + j2, k) < a(j1,0) + a(ja, k) (j1,72,k € Z).
(111) Oé(j, k?l + l{ig) S Oé(j, k?l) + Oé(O,kQ) (]7 k?h ]’CQ € Z)

Proor. (i) This is the immediate from (10.4) in the case where
|7] > |k|. Now suppose that |j| < |k|. Then we require that

(L1517 [kDaw < o +

and hence that (|j|/|k|)ax < «;. This holds because (a,/n) is a
decreasing sequence.

(ii) Suppose that j > k£ > 0 and j; > 0. Then we require that
Qg T Qg < 0y + Qg + Qg

which is true.
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Now suppose that 0 < jo < k and 77 > 0. If j; + jo < k, then we

require that
Ly .
(1+‘71k‘72>ak§aﬁ+<1+‘7—]j)ak2,

and this is true because (ji/k)ay < oy, If j1 + ja > k, then we require
that

J
ozj1+j2 -+ (093 S Oéjl + <1 + f) o,
and hence that .
J2
jy + (?) O — Qg 2 0.

The left-hand side of the above inequality is a decreasing function of
ji, and so we may suppose that j; + jo = k. Again we see that we
require that «;, > (ji1/k)ay, which is true.

Finally we require that a(|j; — ja| , k) < a(j1,0)+a(jz2, k) whenever
J1, j2, k > 0. This follows from Lemma 10.3(i).

(iii) Suppose that k; > j > 0 and ky > 0. Then we require that

J J
1 < |1+ =
( + k1+l{72> Al +ky > ( + /{31) (07 +Oék2,

and this is true because
Oy iky < gy + g, and oy g,/ (k1 + ko) < oy, /K1 .

Now suppose that 0 < k; < 7 and ky > 0. If k; 4+ ky > j, then we
require that

J
(1 + ]{71 i kg) Aoy +ky S Oéj + (073 -+ Ak,

which is true. If k1 + k3 < j, then we require that
Oy gy T < 0 + Qi + gy

which is also true.
Finally, we require that a(j, |k — ko|) < a(j, k1)+a(0, ko) whenever
J, k1, ke > 0. This follows from Lemma 10.3(ii). O

We now define 1 on the subset C of Fy by the formula
(10.6) n(a’b®) = a(j, k) (j.k €Z).
Note that n(e) = a(0,0) = 0.
LEMMA 10.5. Suppose that u,v, and uv belong to Cy. Then
n(uv) < nu) +n(v).
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PROOF. The only cases which arise are: (i) v = o/ and v = bF;

(i) u = @ and v = a®b*; (iii) v = /0" and v = b for some
7, k, g1, Ja, k1, ko € Z. The result in each of these three cases is imme-
diate from Lemma 10.4. O

We now define n(w) for an arbitrary element w of Fy. Let w have
the canonical representation w = w - - - w,,, as described above. Then
n(w,) has already been defined for each r € N,,.

DEFINITION 10.6. Let w = wy ---w,, be the canonical represent-
ation of an element w € Fy. Then

n(w) = (n(wi)* + -+ n(wn)?)

Let (s,,) be a sequence in Fy such that |s,,| — oo as m — oo. Then
N(Sm) — 00 as m — 0.

1/2

LEMMA 10.7. The function n is subadditive on Fy.

PROOF. Let u,v € Fy, with canonical representations v = wuy - - - Uy,
and v = vy - - - U, say.
First suppose that the canonical representation of uv is

ul--.umvl--.vn’

with no cancellation, so that uv has m + n components. Then we
require that

(107) {(w%+---+x%+y%+---+yi)l/2
| (@4 i) P+ (4 ),
where x, = n(u,) and ys = n(vs). But (10.7) is certainly true.

Second, suppose that there is some cancellation in the canonical
representation of uv. For example, suppose that

IA

w=uad" and v =a’2bk
for some ji,jo,k € Z and some u',v" € Fy. Suppose further that

j1+ 72 # 0, so that the canonical representation of uv is u'(a/t72b%)’.
Then we require that

(10.8) (z+aljf +j2,k)2+y)1/2 < (x+a(j1,0)2)1/2+(a(j2,k:)2—|—y)1/2

for certain x,y > 0. But this follows from Lemma 10.4(ii). In the case
where j; + jo = 0, there is further cancellation, but a similar argument
applies. An extreme case where the number of components in uv is
strictly less than m + n is covered in Lemma 10.5.

There may be cancellation because the juxtaposition of v and v
does not give a reduced word. For example, suppose that we have
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u = a™"b* and v = b~*a"b" for some j,k,7,s € N. Now uv = a/b”,
and so the inequality requires that
a(j. k) < a(j +r,) + (a(0,5)° + a(r, k)*) 2.

The right-hand side of this inequality attains its minimum (as a funct-
ion of r and s) at r = s = 0, and so it suffices to note that we have
a(j, k) < aj + . O

At this stage, we have established that w = expn is a weight on
the group Fy. We note that w is not symmetric on Fy. For example,
suppose that j > k > 0. Then n(a’b*) = a; + ay, but

n((@6") ) =0~ a™) = (o + o) # a; + oy
We now set A, = £(Fy,w), etc., as before, so that A, = E’.

LEMMA 10.8. Let ®, W € E;. Then 0O W = 0.
PRrOOF. By a remark after Theorem 7.8, it suffices to show that
(10.9) lim lim inf(7(s,,) + n(tn) — n(Smtn)) = 00

whenever (s,,) and (¢,) are sequences in Fy such that |s,,| — oo and
|t,| — oco. Take such sequences (s,,) and ().

First, as in the proof of Lemma 10.7, suppose that the canonical
representation of each product s,,t, is formed by the juxtaposition of
the canonical representations of s,, and t,. Then we must consider

(1010)  TimLiminf (f(m)'7* +g(n)'/* = (F(m) + g(n))'"%) .

where f, g : N — RT are functions with the properties that f(m) — oo
as m — 0o and g(n) — oo as n — oo. Fix m € N. Then

Fm)'2 4 g(n)'? = (f(m) + g(n)"? = g(n)/2 (1 + ¢ = (1 +1)'?)
where t = f(m)'/?/g(n)'/2. Since
L+t— 1+ >¢t/2 (t>0),

the right-hand side of the above inequality is at least f(m)'/2/2, and
so the limit in (10.10) is oo, as required.

Again, we must allow for some cancellation when the canonical
representation of s,,,t, is formed.

For example, suppose that s,, = a" and t, = b". Let m,n € N
with m > n. Then n(a™b") = (1 + m/n)a,, and so, for each m € N,
we have

liin(n(am) +n(b") —n(a™d")) = 1i71;n(ozm +a, — (L4+m/n)ay,)

= lim(a,, — a/n) = a, .
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Thus the limit in (10.9) is lim,, a;,, which is co, as required. Again,
suppose that s,, = ™ and t, = a™ (or s, = b™ and t,, = b"). Then
the limit in (10.9) is co by (10.3).

Now suppose that there is some intermediate level of cancellation
when the canonical representation of s,,t, is formed; we must consider
analogues of equation (10.8). We then see that the result follows by
combinations of the two arguments already given. 0

It follows that
3B =A, ®{PEE :dOU =0 (Ve E)}

and
3U(B)=A,®{PEE:VOD=0 (VeE)}.

LEMMA 10.9. Let (I)l, (I)Q, (I)3 S EZ Then &1 Py (I)g =0.
PROOF. By Theorem 8.14(ii), it suffices to show that
(10.11) Lim Lim inf Liminf (n(r;) + n(s;) + n(tx) — n(ris;ty)) = oo
J i

whenever (r;), (s;), and (t) are sequences in Fy such that |r;| — oo,
|s;| — o0, and [t]| — oo.

In the case where there is no cancellation when the canonical rep-
resentation of 7;s,t is formed from the juxtaposition of the canonical
representations of r;, s;, and ¢, the argument for (10.11) is the same
as that for (10.10).

An extreme case in the opposite direction is that in which we have
r;8;t, € Cy. For example, we could have r; = a', s; = a7, and t;, = b".
We then require the limit

Lik{n Liminf Liminf (o + a; + o, — (i + 4, k)) .

J 3

By Lemma 10.4(i), a(i + j, k) < oitj + o, and so this limit is at least

li§n lign(ozl- + o — igj);

by (10.3), this limit is oo.
All other cases follow by a combination of the above arguments. [J

LEMMA 10.10. There exist ®g, Vo € E° such that ($g <O Vg, w) = 1.

PRrRooOF. Consider

lim lim(n(a™) +n(b") — n(a™bd")).

n m
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For each m > n, we have n(a™b") = a,, + o, = n(a™) + n(b"), and so
this repeated limit is 0. Let &y and ¥y be weak-* accumulation points
of ((5am) and (5bn) respectively. Then

(Og O Vo, w) = limlim Q(a™,b") =exp0 =1,
as required. O

We now regard @43 and W, as fixed elements of B,,.

LEMMA 10.11. (i) OBy =0 (¥ € E2), and so ®, € 3\”(B.).
(i) WO W =0 (¥ € E2), and so U € 3\V(B,).
(iii) @0 ¢ 31V(B.) and ¥, ¢ 3P(B,).

PRrOOF. (i) Let (s,,) be a sequence in Fy with |s,,| — oco. By a
small variation of earlier arguments, we see that

lim lim(n(s,,) + n(a") — n(sma™)) = oo,
and this is sufficient to establish that WO &y = 0 (¥ € E). We
certainly have WO @y =0 (¥ € E?), and so &y € 312 ( B,).

(ii) This is similar.
(iii) We have &g O Wy = 0, but &5 g # 0. O
It follows that @2 = U2 = 0, and so (®g+ V() ©2 = &y O ¥y # 0.

We can now summarize the properties of this example that we have
established.

THEOREM 10.12. There is a weight on w on the group Fy such that
the following properties hold:

(i) (E2)7? = {0};

(i) (E2)“® = {0},

(iil) there exist ®g, Uy € ES such that o O Wy # 0;

(iv) @9 € 3P(B,) \ 3\(B.) and Uy € 3V(B,) \ 3P (B.), and so

" (B.) # 3 (B.);
(v) rad (B, O) =rad (B, ¢) = E°. O
Set R = rad(B,,, ), as before. We have shown that (R%)? # {0};
it is not clear whether or not (RY)? is closed in B,,.

We see that, in the present example, the two radicals of (B, O ) and
(B, ©) are the same subset of B, (but they have different algebraic
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properties). We have not been able to construct an example in which
they are distinct sets.

ExAMPLE 10.13. Let A = ¢!(Fy,w), with w as above. Then we
certainly have 3! 1)(A”) + 3% (A”). For f € A, set
f(s)=f(s) (s€F).
Then the map f — f is a linear involution on A such that
frg=F*3 (f.9€4)

As in Example 4.4, we can construct a Banach *-algebra C' = A @ AP
such that 3,&1)(0”) # 3152)(0”). In this case, we do have

rad (C”, O) =rad (C", ©). O



CHAPTER 11

Topological Centres of Duals of Introverted
Subspaces

In this chapter, we shall establish two results on the topological centre
of left-introverted subspaces.

First, let G be a group, and let X be a left-introverted subspace of
Al = (>*(G,1/w). Then, in the case where  clusters on G x G, we
have 3,(X’) = X’ whenever we have X C WAP(G,1/w). Second, let
G be a locally compact group, and let X, = LUC(G, 1/w), as before.
Then, in Theorem 11.9, we shall identify 3:;(X/) as M(G,w) under
certain conditions on the weight function w.

Let w be a weight on a group G. We continue to use the notations
A,, A, B,, and E, that were introduced in (8.1). Recall also that
X=X and A =6, - Aforeacht € G and A € A),. We also define

(I)€<)‘)(t) = <q)7£t)‘> = ((I) ) A)(t)v /
q)r<>\)(t) _ <CI),7”t)\> _ (/\ . @)(t% } (t eG, Ne Aw, b e Bw).
A left-introverted subspace X of A/ was defined in Definition 5.1.
A || - ||-closed subspace X is an A,-submodule of A’ if and only if it
is translation-invariant, in the sense that £\, 1A € X whenever t € GG
and A € X. In this case, X is left-introverted if and only if ®,(\) € X
whenever A € X and ® € X’. To show that a translation-invariant
subspace X of A/ is left-introverted, it suffices to show that

(11.1) P -AeX (ANeX,Pebs,)

because B, = lin S,,. Suppose that X is a left-introverted subspace of
Al . Then it follows from Theorem 5.4 that X’ is a Banach algebra for
the product O, defined for &, ¥ € X’ by the equation

@OV, N\ = (0,0 -)) (AeX),

given as (5.1).
The topologies of X and X' are again taken to be the weak-* topolo-
gies 0(X, A,) and (X', X), respectively, unless stated otherwise.

141
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Let A € A/, We denote by (K)) the weak-* closed, convex hull in
Al of the set

(11.2) KA:{ES-A:SGG}.

The first lemma was proved in [GrL, Lemma 2] in the case where
w = 1; the result is similar to Proposition 5.3. We use the follow-
ing notation. Let v = """  ¢;ds, - A be an element of (K)), so that
c1,...,¢, > 0and Y7, ¢; = 1. Then the corresponding element 7 of

A, is
’A}/J = Z C; gsi .
=1

Notice that, for each t € GG, we have
n

FoA - 6) =D cilda, A+ 0) = (1),

=1

LEMMA 11.1. Let G be a group, and let w be a weight on G. A || -||-
closed, left-translation invariant subspace X of Al is left-introverted if

and only if (K)) C X for each X\ € X.

PROOF. Suppose that X is left-introverted, and take A € X and
v € (K,). Then there is a net (v,) in (K)) such that 7, — 7 in
(A,o(Al L A,)). Clearly lim, 7,(t) = ~(t) for each t € G. We obtain
a corresponding net (7,) in A, C B,. By passing to a subnet, if
necessary, we may suppose that 7, — ® for some ® € B,,. Let t € G.
Then

(11.3) (- A)(@) = (P, A - &) = Hm(Fa, A - 0) = lima(t) = 7(2)

and so ® - A = . Since X is left-introverted, we conclude that v € X.
Thus (K,) C X.

Conversely, suppose that m C X for each A € X. Then X is
translation-invariant. Take ® € S, and A € X. Since S, = (A,),
there is a net (f,) contained in (A,) such that f, — ®. We may
suppose that f, = 7, for each a, where (v,) is a net in (K,). By
passing to a subnet, we may suppose that 7, — v for some v € A/,

and v € (K,) C X. The calculation in (11.3) shows that ® - \ = ~,
and so ® - A € X. Thus X is left-introverted. O

In particular, each weak-* closed, left-translation invariant subspace
of A/ is left-introverted.
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In Definition 5.5, we defined the topological centre 3;(X’) of the
dual X’ of a left-introverted subset X of A/, We now characterize
3:(X"). Recall that & € 3,(X’) if and only if the map ¥+ (&, ¥ - )
is continuous on X’ for each A € X.

PROPOSITION 11.2. Let w be a weight on a group G, let X be a
left-introverted subspace of Al,, and let & € X'. Then & € 3:(X’) if
and only if

(11.4) (@, Uy - A) = (B, 0 - )) (A€ X)
whenever (V,) is a net in S, such that ¥, — ¥ in (X', o(X', X)).
PROOF. Let ® € 3,(X’). Then it is immediate that the specified
condition is satisfied.
For the converse, take A € X. Then (a, A - ®) = (®,a - \) (a € A),
and so, in particular,
(11.5) (T, X - ®) = (D, T - \)

for each ¥ € A, and hence for each ¥ € (A,) C S,,.

Now suppose that the specified condition holds, and take ¥ € S,,.
Then ¥ = lim, ¥, for some net (¥,) contained in (A,). Certainly
we have immediately that (¥, A - &) = lim,(V,, A - ®), and, by the
hypothesis, (&, ¥ - ) = lim,(®, ¥, - A). Thus equation (11.5) holds
for all U € S,,. Since lin S, = B, (11.5) holds for all ¥ € B,,.

Let (¥,) be any net in X’ such that ¥, — ¥ in X', and take A € X.
Then

(@, Wy - A) = (g, A - D) — (U, - D) = (B, T - \),
and so ® € 3;(X’), as required. O

PROPOSITION 11.3. Let w be a weight on a group G, and suppose
that Q0 clusters on G X G. Then each || - ||-closed, translation-invariant
subspace of A, which is contained in WAP(G,1/w) is introverted.

PROOF. Let X be || - ||-closed, translation-invariant subspace of A/,
such that X € WAP(G,1/w), and take A € X. As in (11.2), set
K)\:{gs . )\ZSEG}.

The map

T: A= MNw, A —12(G),
is a linear isometry. Since A € WAP(G,1/w), we have TA € WAP(G)
by definition. Also, for each s,t € G, we have

T(6; - N(s) = (6 - N(s)/w(s)w(t) = Qs O)(TA)(st).
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By hypothesis, €2 clusters on G x G. Also, by Theorem 6.3, the map
fi(s,t)— (TAN)(st), GxG—C,

clusters on G X G. Since both 2 and f are bounded on G x G, it follows
from a remark after Definition 3.2 that the function

(s,) = T( - \)(s), GxG—C,
also clusters on G x G. By Theorem 3.3, the set

{T@-A);tea}

is relatively weakly compact in C'B(G), and so K is weakly compact in
A’ . By the Krein-Smulian theorem, (K ) is relatively weakly compact
in A! . Let Hy be the weak closure of (K). Then H), is weakly compact,
and so H, = (K,). By Mazur’s theorem, H, is also the || - ||-closure of
(Ky). Since the set X is || - ||-closed in A/, it follows that (K,) C X.
By Lemma 11.1, X is left-introverted.

Similarly, X is right-introverted, and so X is an introverted sub-
space of A/ . O

THEOREM 11.4. Let w be a weight on a group G such that ) clusters
on G x G, and let X be a left-introverted subspace of A!, with

X CWAP(G,1/w).
Then 3,(X') = X".

PROOF. Let ® € X’  and let (¥, ) be a net in S,, such that ¥, — ¥
in (X',o(X’,X)). By Proposition 11.2, & € 3;(X’) provided that
(11.4) holds.

Take A € X. As in the proof of Proposition 11.3, the set (K))
is weakly compact in A/, and so the weak and pointwise topologies
coincide on (K,). Since (¥, - \)(t) — (¥ - \)(t) for each t € G,
U, - A\— W - X weakly in (K), so giving (11.4). O

We do not know whether or not the above theorem holds in the
case where {2 does not cluster on G x G; an example where 2 does
not cluster was given in Example 9.12.

Let G be a group, and let X be a left-introverted subspace of £°°.
Then X C WAP(G) whenever 3,(X’) = X', and so there is a converse
to the above theorem in the special case where w = 1. To see this, take
A € X. Since 3:(X’') = X', the map

D>\ (X, 0(X, X)) — (X,0(X, X)),
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is continuous. Hence {® - A : ® € (X');y} is relatively weakly compact
in X. But this latter set contains K, so that the set {r,\ : t € G}
is relatively weakly compact, and hence A € WAP(G). Thus we have
X C WAP(G).

However this converse is not necessarily true for a non-trivial weight
w on G. For set X = ¢!(w,)’, where a > 0. Then X is left-introverted
and 3;(X’) = X’ because £!(w,)’ is Arens regular by Example 9.1. On
the other hand, X ¢ WAP(Z,1/w,) because {* ¢ W AP(Z).

Now let w be a weight function on a locally compact group, and
again suppose throughout that w(s) > 1 (s € G). Our next aim is to
prove that, under certain conditions on w, we have M (G,w) = 3:(&X)),
where we are again setting &, = LUC(G,1/w). In the case where
w = 1, this result was proved for G' a locally compact abelian group
by M. Grosser and Losert in [GLos| and for arbitrary G in [L3], and
the present proof develops the earlier arguments. Again, we are setting
M, = M(G,w) and &, = Cy(G,1/w). Recall from Theorem 7.19
that A, is left-introverted as a subspace of both A/, and A/, from
Proposition 7.20 that the product O is independent of the ambient
space, and from the remark above Theorem 7.25 that M., is canonically
a closed subalgebra of X.

We make some preliminary remarks. We regard each element

0s t A= A(s)/w(s), X, —C,

as a character on X,. The space X, is a C*-subalgebra of the comm-
utative C*-algebra A/ ; we denote the character space of X, by A,, as
in Chapter 8, so that A, is a compact subspace of (X)r). The map

s 0, G— A,

is an embedding, and G is dense in A, and so A, is a compactification
of the locally compact space (G. In the case where w = 1, the space A,
is a semigroup; it is discussed in [LPy2], for example.

As in (7.21), we regard M,, as a closed subalgebra of 3,(X)).

LEMMA 11.5. Let w be a weight function on a locally compact group
G, and let A € X, and ® € 3,(X]). Then X - ® € &,,.

PROOF. Let s, — s in G. Then d,, — 0, in (X, o(X!,X,)), and
SO

(A - ®)(sa)/w(sa) = <<I>,’55i - X) = (@200, A)
— (@5, A) = (A - ®)(s)/w(s)

because Lg is continuous on X and hence the function (A - ®)/w is
bounded and continuous on G.
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Let ¥ € B, and s € (G, and consider the equation
(11.6) (TN - Do) =(PO5OWN).

This clearly holds in the case where ¥ = ¢; for t € GG because both
sides are equal to (P, 05 - A), and so it holds whenever ¥ € (A,). Now
take U € S, say ¥ = lim, ¥, for a net (¥, ) in (A,). Then

Im(® 06,0V, \) = (P06, O, \)
again because Lg¢ and J5 are continuous on X/. Thus (11.6) holds for
each ¥ € S,,, and hence for each ¥ € B,,.
Assume towards a contradiction that A - ® ¢ X,,. By Proposition

7.15, the map s — (A - ®) - d, is not continuous, and so there exists
s € G, e >0, and a net (s,) in G with s, — s in G such that

|(A - @) -5, — (A - D) - ]| >¢ for each .

Take (V) C (X)) with

(W, (A - @) - (05, —05))| > ¢ for cach .
By (11.6), we have

(PO (0s, —ds) OV, \)| >e for each .
Let ¥ € (X/)p) be a weak-x accumulation point of the net (V,). Then
(11.7) (@, (ds, OV, —6sOW) - N)| + (PO 0s, (T —Ty) - A)| > ¢
for each a. However lim, (® O d,, (¥ — ¥,) - A) = 0. Also the map

b (5. 0) - 6,00, G x (X — AL

is separately continuous, and so, by Ellis’s theorem [El] (see also [Pa3,
12.1.5(a)] and [HiSt, Chapter 2.5]), p is continuous. Hence

Em(®, (6,, O, — 5, 00) - \) =0.

This is a contradiction of (11.7), and so A - ® € &, as required. [

PROPOSITION 11.6. Let w be a weight function on a locally compact
group G, and let & € X!. Then

P e3 X)) ifandonlyif N -de X, (\eX,)
and

(11.8) (@O, N = (U, A-B) (AeX, Ve,
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ProOOF. Let & € 3;(&’). Then A - & € &, (A € &,) by Lemma
11.5.

Let A € X,. Equation (11.8) certainly holds in the special case
where U = §; for some ¢ € G, and so it holds whenever U € (A,).
Now take U € S, say ¥ = lim, ¥, for a net (¥,) in (A,). Then
lim, (PO W,, A\) = (POW,\) because Lg is continuous on X’ and
certainly lim,(V,, A - ®) = (¥, X - @), and so (11.8) holds for each
v € S, and hence for each ¥ € B,,.

The converse is trivial. U

The following is a key lemma; it is the point where we use the fact
that @ is in the topological centre of X.

LEMMA 11.7. Let ® € 3:(X)) with ||®|| < 1. Then the operator ®,
belongs to the strong-operator closure of ac{ls/w(s) : s € G}.

PROOF. Let ® € (&);;). There is a net (f,) in the set
ac {gs 18 € G}

with f, — ® in (X, 0(X], X,)). Suppose, further, that ® € 3;(&).
Then

Hm(T,\ - fo) = lim(f, 00, \) = (DOT, A)
— (OU,N)=(T,A- D) (A€, ¥eX)

because Ry is continuous on AX,,. This says that the operator ®, of
B(X,) is in the weak-operator closure of the set ac{l;/w(s): s € G}.
By a theorem of Bade [DfS, Corollary VI.1.5], the weak-operator and
strong-operator closures of this set are equal. 0

Recall that x(G) was defined in Definition 7.39.

DEFINITION 11.8. Let 2 be a locally compact space, and let S be a
subset of Q). Then S is dispersed if S ¢ |J{L;:j € J} for any family
{L;:j e J} of compact sets with |J| < k(G).

A subset S of a discrete space (2 is dispersed if and only if |S| = |Q];
a subset S of R dispersed if and only if S is unbounded.

The proof of the following theorem is similar to that of [L3, Theorem
1], but some details are different, and so we give essentially the full
argument.

THEOREM 11.9. Let w be a weight function on a locally compact
group G. Suppose that w is diagonally bounded on a dispersed subset

of G. Then 3:(X!) = M(G,w).
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PRrOOF. By (7.22), it suffices to show that 3,(X/) N &S = {0}.

First suppose that the group G is compact. Then X, = C(G) and
M, = M(G) = X/, and so the result is immediate. Henceforth we
suppose that G is not compact.

Take ¢ € 3,(X))NES with || @] < 1, and assume towards a contra-
diction that ® # 0. Thus we may suppose that ||| = 1.

Let {K;:i€ I} be a family of compact subsets of G such that
|I| = k(G) and J{K;:i€ I} = G; we may also suppose that this
family is closed under finite unions.

Let V' be a compact neighbourhood of eg, and set ¢ = xv/m(V)
(where m denotes the left Haar measure on (). Define a pseudometric
d, on G by the formula

do(s,t) =l x ds —o x & (s,t €G).

Now choose ¢ > 0 such that ¢ < 1/6. Then there exists A € (X,)p
with [(®,\)| > 1 —¢e. Set f = A\/w, so that f € LUC(G). For each
1 € I, we define

fils) = (1 —=min{l,dy(s, Ki)}) f(s) (s€G),
so that f; € LUC(G) and f;(s) = f(s) (s € K;), and we also define
Bz' = {S e G d¢(S,Ki) S ].},
Ai = {8 eG: dap(saBi) < 1},
so that K; € B; C A; c V™! . (V - By), the closed set A; is compact,
and supp f; C B;.

Let S be a dispersed subset of GG such that w is diagonally bounded
on S. For each 7 € I, choose elements u; and v; in .S such that each
of the two families {A; - u; :i € I} and {A; - v;: i € I} is pairwise
disjoint and such that

(11.9) (Ai - wu; ') N (A - vgry ') =0

whenever i, j, k, ¢ € I with i # j and k # £. (For details of the choice
of these elements, see [L2, Lemma 1]; it is at this point that we use the
fact that the set S is dispersed.)

We now define two functions A and \” on G.

For each s € A;, we set

(11_1()) { X(sui) = W(S)fz(s)/w(uij),
N'(sv;) = w(s)fi(s)/w(v; "),

and we take X' (t) = \’(t) = 0 at points t € G at which these functions
are not otherwise defined. It follows that ) and )\’ are both well-
defined.
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We claim that N € X,,.
To see this claim, first take t € A; - u;. Then
V(O] < w(tu; ) | filtu | fw(u ) < w(t)|filg <w®)|fle,

and this implies that \' € £°(G, 1/w).
Next, let (so) be a net such that s, — s in G, and fix 6 with
0 < 6 < 1. Then there exists ag such that

wisa) —w(s)| <o/([flo+1),  dy(sa,8) <9,
[f(sat) = f(st)] <o (t€q)

for each a = «y.
We must consider three cases.

w(stu; 1)

w(s)w(u; ")

w(s) fi(stu; ")

1) Suppose that st € B; - u; for some (necessarily unique) i € 1.
Then stu;' € B;, and so sotu;' € A; (o = «ap). Hence, for each
a - aq, we have
[N (sat) = N(st)| Jw(t) =
atu;!
) ) lsat) oft).
w(sa)w(u; )
where we note that
[fi(s) = i) < [f(s) = f@O) + dy(s,t) (5,8 €G).
2) Suppose that st € (4; - w;) \ (B; - u;) for some i € I. For each
j € I with j # i, necessarily sot ¢ B; - u; (o > ap). If @ > ap and
Sot € B; - u;, then
[(N/w)(sat) = (N'/w)(st)]| = 0.
If @ = o and sut € B; - w;, then |[(N/w)(sqt) — (N /w)(st)| < 39, as in
1).
3) Suppose that st ¢ A; - u; for any ¢ € I. Then, for each a > «ay,
necessarily s,t ¢ B; - u; for any i € I, and so
|(X/w)(sat) — (X' /w)(st)| = 0.
In each of the three cases, we have shown that
[(N/w)(sat) = (N'/w)(st)| < 36
for each t € G and each a > «ag. Hence ||\ - d,, — N - 05| — 0. It
follows from Proposition 7.15 that A" € &, as claimed.
Similarly A" € X,,.
Since w is diagonally bounded on S, there exists m > 0 such that
wisw(s™H) <m (s€09).
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By Lemma 11.7, which applies because ® € 3,(X), ®, belongs
to the strong-operator closure of the set ac {(;/w(s):s € G}. Thus
there exist n € N, numbers ¢y,...,¢, € C with 2?21 lc;] < 1, and
S1,...,8, € GG, such that

[TXN) = A" - @ <e/m,
{ IT(N) = A" - @ < e/m,
where T'= 37", ¢;ls; /w(s;) € B(X,). We may also suppose that
(1, A) = (@, N)] <¢,

(11.11)

where 1 =37 cjgsj.
There exists ¢ € I such that sq,...,s, € K;. Define

7' (s) = wlu; N (sui),  7"(s ) (v; DX (sv1) (s € G).
Thus |7/(s)] V [7"(s)] < w(s) [f(s)] (s € G) and

V(s) =7"(s) =w(s)fi(s) (s € K;).

We make the following calculation:

[(TA) (i) = (X" @) (wi)| = ZCjX<Sjui>/w(3j) — (D, 0y, - A)

= chf(sj)/w(’u{l) - <<I>,7'/w(ui1)>|

= [ A) = (2, 7)] Jw(u; ).
But [(TN)(w;) — (N - ®)(u;)| < ew(u;)/m by (11.11), and so
[0, ) = (@, 9")| < ew(u; w(ui)/m < e.

However [(®,\)| > 1 —¢ and |[{(i, A\) — (P, A)| < €, and hence we have
[{(®,~')] > 1 — 3e. Similarly, we have |[(®,~”)| > 1 — 3e. Since

suppy’ C U{Af ~wyu;'} and  suppy” C U{Ak Cupuy Y}
jeI kel
it follows from (11.9) that
(supp ') N (supp~”) = supp (7" -, 7/) C K.
Take h € Cyo(G) to be such that h(t) =1 (t € VUK;). Then
Y ow Y (Wh) =9 "
Since ® € £, it follows that

{ (7 - (W—wh),®)| >1-— 3¢,

(11.12) |<7// " (w _wh)7(1)>| >1—3¢.
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Let |®| be the absolute value of the functional ® in X, so that we have
|| |@]|| < 1. Then it follows from (11.12) that

(11.13) 1Y o (W—wh)|,|®]) >1—3¢e,

' (V" o (W —wh)],[®]) >1—3¢.
(See [Ta, p. 140].) Since € < 1/6, it follows that
(11.14) (7 + 7" |w—wh|,|®]) >2—6c > 1.

Since (suppy’) N (suppy”) C K, since w(s) — (wh)(s) =0 (s € K;),
and since |v'(s)| V [7Y"(s)] < w(s)|f(s)| (s € G), we have

7' (s) + 7" (s)l lw(s) — (wh)(s)] Sw(s) (s €G).

Thus || |7 +7"| lo —wh[]| <1, and so (7' +7"||w —wh[, |®]) <1, a
contradiction of (11.14).

Thus we have shown that & = 0 whenever ® € 3,(X/) N ES. The
result follows. O

The first corollary recovers Theorem 8.15.

COROLLARY 11.10. Let G be a group, and let w be a weight on G
such that w is diagonally bounded on S for some subset S of G with
|S| = |G|. Then ¢'(G,w) is strongly Arens irregular.

PROOF. It can be checked that, in the special case of the present
corollary, we do not need the condition that w(s) > 1 (s € G). The
theorem shows that ¢1(G,w) is left strongly Arens irregular.

The opposite algebra to /1 (G, w) is ¢1(H,), where H is the oppo-
site group to GG, and this algebra is also strongly left Arens irregular
because w is diagonally bounded on S. Hence £1(G, w) is right strongly
Arens irregular.

Thus (G, w) is strongly Arens irregular. O

Let G be a locally compact group, and set A = L'(G). Then we
have X = A"+ A= LUC(G) and 3,(X’) = M(G) by Theorem 11.9, and
also 31%1)(14”) = A. This shows that we can have 3\ (A")N X’ C 3,(X")
in the circumstances of Proposition 5.9.

ExAMPLE 11.11. There is an unbounded, symmetric weight w on
R such that w(0) =1 and w(t) > 1 (t € R\ {0}), such that

liminfw(n) < oo,
n—oo

but such that 3,(X!) = M(G,w).
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PROOF. Define n on Z as in Example 9.17, and extend 7 to R by
requiring it to be linear on each interval [n,n + 1] for n € Z. Set
w = expn on R. Then w satisfies the conditions of Theorem 11.9 (with
S ={2¥: k € N}), and so the result follows. O



CHAPTER 12

The Second Dual of L'(G,w)

We now move our considerations from the discrete Beurling algebras
(G, w) to the algebras L'(G,w), where the locally compact group G
is not discrete.

Throughout this chapter, G will be a locally compact group, and w
will be a weight function on G; we shall concentrate on the case where
G is not discrete, and so L' (G, w) is not unital. We shall always suppose
that w(s) > 1 (s € GG). The basic case that we have in mind is that
in which G = (R, +) and w = w,, where w,(t) = (1 + [t))* (t € R) for
a > 0. We shall seek analogues of earlier results which were established
for the algebras £1(Z,w); for comparison, we recall that the Beurling
algebras ¢1(Z,w,) are Arens regular whenever o > 0.

First, we shall prove that L!'(G,w) is strongly Arens irregular when-
ever 3;(X) = M(G,w) (with a very minor condition on G). It follows
that L'(G,w) is strongly Arens irregular whenever G contains a dis-
persed subset S such that w is diagonally bounded on S.

Secondly, we shall consider weights that do not satisfy this latter
condition, and in particular we shall consider the weights w, on R for
a > 0. There are many elements of B, which are not in the topological
centre 3;(B,, ), and one might guess that A4, is indeed strongly Arens
irregular. However, we shall prove in Theorem 12.6 that this is not the
case by exhibiting some specific elements of 3;(B,,) \ A.. -

Finally, we shall identify the radical RJ of B, = (L'(G,w)”, O) in
certain cases. The main result is Theorem 12.9, which is an analogue of
Theorem 8.19. Subsequent results will elucidate the structure of R .

We shall use notation introduced in (7.16). Thus &, is a closed
subspace of A/, and A, C &, but it is no longer true in general that
A, = & ; indeed, £ = M, as Banach spaces, and A, = M, only if
G is discrete. Thus, as we stated in Chapter 4, M,, is a dual Banach
algebra.

There are two general results that apply to the algebras A,. First,
each has a bounded approximate identity, and so B, = A” has a (non-
unique) mixed identity ®,. By Proposition 7.17(i), A/, - A, = X,
and thus, by Proposition 5.9, we can write (B,, O) as the semidirect

153
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product
(12.1) B,=®,08B,x (A, - A,)° =X xX°.

Let Y, = (Po - B,)NES. Then Y, is a closed subalgebra of (B, O),
with ), ® &S = £, and it follows from (12.1), (7.24), and (7.25) that

(12.2) B, = A, & k,(My(G,w)) ®& V., & X2
as an ¢!-sum of Banach subspaces of B,,. Here
A, and A, ® k,(M(G,w))

are closed subalgebras and X and ), ® & are closed ideals in B,,.

We next determine what can be said about 3%1)([)’“)) and 3152)(Bw)
for an arbitrary weight function w.

Let w be a weight function on a non-discrete, locally compact group
G. We consider the result that A, is not Arens regular. This was first
proved (in a stronger form) by Craw and Young [CrY, Theorem 2:
there is no weight function w on G such that A, is Arens regular. An
alternative approach is to use Theorem 2.22. Indeed, A, always has
a bounded approximate identity and, by Theorem 7.1, A, is weakly
sequentially complete as a Banach space; also A, does not have an
identity, and so, by Theorem 2.22, A, is not Arens regular. We seek
to go further than these results by determining conditions under which
A, is strongly Arens irregular. Let &y be a mixed identity in B,. We
can conclude from Theorem 2.21 that:

o 37(B,)C®OB, =X
o B¢ 3" (B.);

e A, is not Arens regular.

For the proof of our main theorem, we require some preliminary
remarks.

Let E be a Banach space, and let (x;) be a sequence in E. The
series » >~ xy is weakly unconditionally Cauchy if 3.2 [(zg, A)| < oo
for each A € E'. In this case, the set {d_,_, z; : n € N} is weakly
bounded in F, and so, by the uniform boundedness theorem, it is || - ||-
bounded in E. Define

e}

(AA) =D (z.)) (AeE).

k=1

Then A € E” and A = lim,_.oc Y ,_, 2 in (E”,0(E",E')); we write
this as A = >, x;. Now suppose that the series ), ° A is weakly
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unconditionally Cauchy in E’, and set

A=) M€eEE" and A=A|E.
k=1

Then A € E' and A = lim, .o ) ,_, Ay in (E',0(E', E)); again we
write A = > 7, .

A Banach space E has Property (X) if the following ‘normality’
condition holds: for each A € E” such that

<A, i)\k> = i(A, Ak)

k=1

whenever >, \; is weakly unconditionally Cauchy in E’, it follows
that A € E. The space E has Mazur’s Property if the following cond-
ition holds: for each A € E” such that lim, .. (A, A\,) = (A, A) when-
ever lim, .o A, = A in (E[;,0(E, E)), it follows that A € E.

The following results are taken from a clear and full account by
Neufang in [N2]. Let w be a weight function on a locally compact
group GG. Then A, is the predual of the von Neumann algebra A/, and
so A, has Mazur’s property if and only if A4, has Property (X) [N2,
Theorem 3.16]; further, A, has these two equivalent properties if and
only if k(G) is a non-measurable cardinal. (We recall that it cannot
be proved in ZFC that measurable cardinals exist.) In particular, A,
has these properties whenever the group G is o-compact. Indeed, it is
remarked by Neufang in [N2] that the Banach space ¢!(T') has these
properties if and only if x(I') = |I'| is non-measurable, as proved by
Edgar [Ed].

Recall from Proposition 7.17(ii) that, in the above notation, we
have A, - A, = RUC(G, 1/w).

LEMMA 12.1. Let w be a weight function on a locally compact group
G for which k(G) is a non-measurable cardinal. Suppose that ® € B,
has the following properties:

(i) f-Pe A, (feA,);
i) d-AeA, - A, (e A).
Then ® € A,,.

PROOF. Let Y 72 | A\ be a weakly unconditionally Cauchy series in
A, and set pu, = > ;_ Ap (n € N) and A = lim,, u,,, taking the limit
in (AL, 0 (AL, Ay))-

By clause (ii), the sequence (® - p, : n € N) is contained in the
space A, - A Indeed, (P - u, : n € N) is a bounded, weakly Cauchy
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sequence in RUC(G,1/w), and so
((® - pn)(s) :n € N) = ((ds, © - pn) 1 €N)
is a Cauchy sequence in C for each s € G; we set

pls) = m(® - py)(s) (s €G).

Then u/w is a bounded, measurable function on G, and so u € A’
Let f € A,. Then

By clause (i), f - ® € A, and so

lim(f - @, ) = (f - 9,0 = (£, @ - \).
Thus ® - p, — & - Ain (A, 0(A, A,)). Further, for each f € A,,

we have
<ﬁ¢ww=LﬂM¢MM$Mw%

Since |(® - pn)(s)] < Cw(s) (n € N, s € G) for some constant C, we
can apply the dominated convergence theorem to see that

m¢'M=LﬂW$NW@:UMW

Thus ® - A = p locally almost everywhere on G.

By clause (ii), u = ® - A € A, - A/, and so there exist f € A,
and v € A/, such that u = f - v. Let (e,) be a bounded approximate
identity for A,. Then

lim(e, - @, A\) =lim(e,, f - v) = ligﬂ(e(l *~ f,v)y=(f,v).

This fact is exactly that which is required to deduce that p is continuous
locally almost everywhere at eg, in the sense that, for each € > 0 and
each compact subset K of G, there is a neighbourhood V' of e and a
set N of measure 0 such that |u(s) — p(eg)| < € foreach s € VNK\ N.
This deduction is essentially that given in [IPyU, Lemma 2.3]; see also
[LPy1, Lemma 2.14]. It follows easily that p(eg) = (¢ - N)(eg). We
also have

((I) ) )\)(6@):<f, l/>:<(b0 ’ fa Z/>: <(b07 P - )\>:<(I)7 )‘>7
where @ is a mixed unit. We conclude that p(eg) = (&, A). In a
similar way, we have p,(eq) = (® - \y)(eg) (n € N), and so we also
have the equation p,(eq) = (P, \,) (n € N). Thus

(O, \) =1Hm(D, p,) = Y (D, M)
k=1
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Since k(G) is non-measurable, the Banach space A,, has Property
(X), and so it follows that ® € A, as required. O

THEOREM 12.2. Let w be a weight function on a locally compact
group G. Suppose that k(G) is a non-measurable cardinal and that
3:(X)) = M,. Then LY (G,w) is left strongly Arens irreqular.

PrOOF. Let ® € 3\"(B,), and denote by ® the restriction of ® to
X, so that ® € 3,(X).

Let f € A,. Then f - D = f - ® because X, = A, - A,. Since
3:(X!) = M, by our hypothesis, we have f - ® € A,. Hence f-oe
Now fix g € A,, and set W =& - g. Then f - V€ A, (f € A,)
and U - e A, - A (A€ A)). We have shown that U satisfies the
two conditions on ® in Lemma 12.1, and so ¥ € A,,.

The analogue of Lemma 12.1 holds ‘on the other side’. We know
that ® - g € A, (g € A,), and A - d € A - A, (A € A)) by
Proposition 2.20. Thus, by this analogue, ® € A,_,.

We have shown that 3{"(B,) C A, and so A, is left strongly Arens
regular. U

THEOREM 12.3. Let w be a weight function on a locally compact
group G. Suppose that w is diagonally bounded on a dispersed subset of
G, and suppose that r(G) is non-measurable. Then L'(G,w) is strongly
Arens irreqular.

ProoOF. It follows from Theorems 11.9 and 12.2 that A, is left
strongly Arens irregular. By applying this result to the opposite al-
gebra, we see that A, is right strongly Arens irregular. Thus A, is
strongly Arens irregular. 0

We remark that Neufang has now proved the above theorem for
each locally compact group in [N5] by a different method. In fact, a
direct modification of the proof of Theorem 11.9 also proves the above
theorem for each locally compact group G.

We now investigate the Beurling algebras L' (G, w) in the case where
G is not discrete and w does not satisfy the ‘diagonal boundedness’
condition of Theorem 12.3. Our aim is to show that L!(G,w) need not
be strongly Arens irregular, and so some condition on w is required in
Theorem 12.3. In fact, we shall take G to be (R,+), and work with
weights w on R such that 2 0-clusters locally uniformly on R x R (see
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Definition 3.7(ii)); for example, as we remarked, the weights w, on R
have this property whenever a > 0.

We first construct a special sequence of functions on R.

Let (a,) and (b,) be sequences in R such that

CL1<b1<CL2<b2<"',

such that r, := b, — a, — o0 and a,,1 — b, — 00 as n — oo. Set

L, = [an,b,] (n € N). Then (g,) is defined by

Tndn = XL, (n€N).
We see that g, € L'(R) and

/R Gn(5)ds = gl =1 (n€N).

Let w be a weight function on R, and set g, = ¢g,,/w (n € N). Then
(gn) is a sequence in A, = L'(R,w); by passing to a subnet, we obtain
a net (gg) which converges in B, say

hénﬁﬁ == \IJO S Bw .
Note that ¥y € &2, but that ¥y ¢ X° because (Vg,w) = 1. For
each (3, there exists ng € N such that gs = gn,; we set ag = ay,,

bg = bn,, T3 = Tny, and Lg = Ly, so that limgag = limgrs = oo and
Limﬁ Lﬁ = OQ.

LEMMA 12.4. Let w be a weight function on R, and let ® € B, be
such that ® = lim,, f, for a net (f,) of continuous functions on R with
|l fall, < 1 and supp fo C K for each o, where K is a fixed compact
subset of R. Then there is a constant z € D such that

@D\IJOZ\I/()D(I):Z\I/().

PROOF. We may suppose that K = [—1,1]. For each «, set

Zo = /_11 fo(s)ds,

so that z, € D; clearly the net (z,) converges, say lim, 2, = z € D.
Take A € L*(R) with |||, < 1; we shall consider the number
La,B = <fa * gﬂa )‘w> ’

and compare it with the number

ys = (s, Aw) -
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We see that, for each a and (3, the functions f, * gz and z,gs agree on
the interval [ag+ 1, bz — 1] and that the support of f, x gs is contained
in the interval [ag — 1,bs + 1]. Thus we have the estimate

|%ap = Yol < |20 — 2| +4C /15,
where C' = sup{w(u) : |u| < 1}. It follows that
lim lién |Tap — Y| = lién lim |z, —yg| =0.

Thus
(POV, \w) = ligl li/gn Top = lién yg = 2(¥o, \w)

and
(UoO P, M) = lién limz,g = lién yg = 2(Vo, \w) .

These equalities hold for each A € L*(RR), and so the result follows. [

LEMMA 12.5. Let w be a weight function on R such that €2 0-clusters
locally uniformly on R xR, and let ® € B, be such that ® = lim, f,/w
for a net (fo) of continuous functions with compact support on R such
that || fo|l; <1 for each o and such that Lim , supp f, = oo. Then

PROOF. Set f, = fo/w and K, = supp f, for each a.
Take A € L>(R) with ||A[|, < 1. Then we have the estimate

ool < [ [ 1ol 136 + 0] 2oty st

< sup Q,
Kq XLﬁ

and so
limlién ‘(f; * g3, Aw)’ = liénlim ‘(f; * gg, Aw)| =0
because Lim , K, = Lim 3 Lg = oo and ) 0-clusters locally uniformly
on R x R. Thus
(PO V), \w) = (Vo0 D, \w) =0.

These equalities hold for each A € L*(R), and so ® OV, = ¥, 0P = 0,
as required. O

THEOREM 12.6. Let w be a weight function on R such that Q 0-
clusters locally uniformly on R x R. Then the above element ¥q of
B, belongs to the centre 3(B,), and so A, = L'(R,w) is not strongly
Arens irreqular. Further, o € E2\ X2°.
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PROOF. Let ® € B, with ||®|| = 1. Then there is a net (f,) of
continuous functions with compact support such that || f,||, = 1 and
lim, f, = ®. For convenience, we suppose that supp f, C R* for each
o, and work on R™.

Fix € > 0. We shall show that || X|| < 4e, where
X:q)l:‘\:[fo—\:[joqu)

This is sufficient to show that ¥, € 3(B,), from which the result
follows.
Let 6 € [0,1). For each «, consider the set

{séR* : /Os|fa(t)\w(t)dt:9} :

This set is clearly closed in Rt and non-empty; we specify s(«, #) to be
its minimum. Note that, for each «, s(«,#) is an increasing function
of 6. Define

c(0) = sup s(a,0) € R U{oo}.
Then ¢(#) is an increasing function of §, and so
{0 €10,1):¢(0) < o0}

is a subinterval of [0,1); it is non-empty because ¢(0) = 0. Let 6y be
the supremum of this set, so that 6y € [0, 1].

We first suppose that 6y € (0,1) and that [0y —¢,00 + €] C (0,1).

Set ¢ = ¢(fy — €), and choose A € C'(R™) such that

ARY)CI, As)=1(0<s<¢), and supp A C [0,c+1].
Then set ¢, = f,\ for each «, so that
(12.3) Op —e < |[la]], <1 foreach a.

The set {s(a, 0y +¢)} is unbounded, and so, by passing to a subnet
of the original net (f,), we may suppose that lim,t, = oo, where
to = s(a, 0y + ¢). For each a, choose p, € C(R") such that

pa(RT) CI, pa(s) =1 (s>ta), and supp po C (ta — 1,00).
Then set k, = fopa for each «, so that
(12.4) O+ ¢ < |kal|, <1 foreach o.

By passing to a subnet of the original net (f,), we may suppose
that (¢,) and (k,) both converge in B, say to I and A, respectively.
By Lemma 12.4 (with K = [0,¢ + 1]), we have 'OV, = ¥, 0T,
and, by Lemma 12.5, we have AOWV, = ¥,O0A = 0, noting that
Lim , supp k, = 00 because supp p, C [to — 1, 00).
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Take a such that t, > ¢+ 2. Then it follows from (12.3) and (12.4)
that

ta
o=t =Fall, < [ 1als)lwlo)ds < 22,
and so ||® — ' — Al| < 2e.
It now follows that X = (¢ —T'—A)OV¥,— Y, 0(¢ -1 —A), and
so ||X|| < 4e, as required.
It remains to consider the cases where 6y = 0 or ¢y = 1. Suppose
that 8y = 0. Then the above argument applies without the need to

introduce the function A. Suppose that 6y = 1. If there exists ¢ € R
such that

/0 Ol w(t) dt = 1

for each sufficiently large a, then Lemma 12.4 applies directly; if there
is no such constant ¢, the above argument applies without the need to
introduce the functions p,.

This concludes the proof in all cases. l

We have shown that the algebras A, of the above theorem are
neither Arens regular nor strongly Arens irregular, but we have no
characterization of 3(B,).

We now investigate the radicals of our second dual algebras.

PROPOSITION 12.7. Let w be a weight function on a locally compact
group G, and suppose that M., is semisimple. Then:

(i) RS C &

(i) X2 is a closed, left-annihilator ideal of (B, O), and X2 C RS ;

(iii) for each mized identity ®o of B, ®o + XS is the identity of
(X5, &)

PRrooOF. (i) This is immediate.

(ii) The result was discussed in Chapter 5.

(iii) There is a bounded approximate identity (e,) in A, such that
lim, e, = ®¢. Take ® € B, and A € X,. Then

(OO D, N\) =1lm(P, A - ey) = (P, N),

and so PoOP — P € X°. Certainly & 0Py — ® = 0. Since (X, O) is
the quotient of (B, O) by the closed ideal X?, the result follows. [

We now seek to analyze the structure of B, in the case where 2
0O-clusters strongly on G' x G.
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LEMMA 12.8. Suppose that 2 0-clusters strongly on G x G, and take
el and e X,. Then® - A€ &, and - P € &,.

PROOF. We may suppose that || ®| = ||A|| = 1.

Fix € > 0, and set K = G. in the notation which follows Definition
3.7; by hypothesis K is a compact subset of G. Now take s € G \ K.
Then G. ; is compact, and so there is a function f; € Cpo(G) such that
Js(Ges) = {1} and fs(G) C 1. Define

gs = (1= f5)(A - ).
Then g5 € A&, because X, is translation-invariant and f; € Cyo(G).

Also,
sup {‘gs(m te G}
w(t)

[A(st)|  w(st)
sup { o5t w(@) € G\GE’S}

llgs]|

IN

< ew(s)
because §2(s,t) < € whenever t € G \ G.s. Clearly we have
gs — A - 05 € Coo(G) C &,
and so (@, gs) = (P, A - J,). Hence
@ ()] = (. A - 6] = (@, g.)] < cwls).
It follows that
{s€G:|(P - N(s)]/w(s) >e} C K,
and so @ - A € &,. Similarly, A - & € &,. O

We can now give our analogue of Theorem 8.19. There is an im-
portant difference: the previous condition ‘R.? = {0}’ now becomes
‘RT3 = {0}. We shall see in Theorem 12.12 that usually it is no longer
the case that RJ? = {0}.

THEOREM 12.9. Let w be a weight function on a locally compact
group G, and suppose that w(s) > 1 (s € G) and that M,, is semisim-
ple. Suppose that ) 0-clusters strongly on G x G. Then:

(i) RD = ker II, = £°;

(i) RS2 C RP2 C XS C &5

(iif) R* = {0};

(iv) (B, O) has the strong Wedderburn decomposition
(By, O) = ku(M,,) x R
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PROOF. By Proposition 12.7, we have R C ker II,, = &°.

Let @, ¥ € £, and take A € X,,. By Lemma 12.8, ¥ - X\ € &, and
so (POW, A\) =0. Thus OV € X°. This shows that (£2)"2 C A?.

By Proposition 12.7, X? is a left-annihilator ideal of (B, O ), and so
B, 0(£2)72 = {0}. In particular (£2)7 = {0}, and so £° is a nilpotent
ideal in (B, O). Thus £ C R, and this gives (i), and hence (ii) and
(iii). Clause (iv) now follows from (7.25). O

We now investigate when equality can occur in each of the inclusions
of clause (ii) of the above theorem.

THEOREM 12.10. Let w be a weight function on a locally compact
group G, and suppose that w(s) > 1 (s € G) and that M,, is semi-
simple. Suppose that Q 0-clusters strongly on G X G, and suppose that
G is not discrete. Then RI2 has infinite codimension in X°.

PRrooOF. It is sufficient to find a sequence (A,) in A/, such that
(@O W, \,) = 0 whenever ®, ¥V € £ and n € N and such that the set
{\. + &, : n € N} is linearly independent in A/, /X,,.

The group G contains a pairwise disjoint sequence (K,) of compact
subsets of G such that each set K, is not open. Set A\, = xx, (n € N).
Then {\, + X, : n € N} is linearly independent in A /X,,.

Let n € N, and take &, ¥ € £5. We have

(L0 - X)) =(T, N, - /=0 (feA)
by Proposition 7.17(iv), and so ¥ - A\, = 0. Hence (PO ¥, \,) = 0.
Thus (A,) has the required properties. O

We now wish to show that usually R>? is infinite-dimensional; we
shall require some mild extra conditions on GG and w for our proof. A
function A on G has period t (where t € G) if A(st) = A(s) (s € G).

LEMMA 12.11. Let w be a weight function on a locally compact group
G such that w is almost left-invariant, and let A € L*(G) have period
t for somet € G such that Lim,,_ . t" = oco. Then

Tim (- () /wlt") = (1N (€ A
PRroOOF. For each n € N, define
Fo(s) = Ast™)w(st™)/w(t") (s €qG).
We note that
w(st™)

w(tm)

lim |F,(s) — A(s)| = lm |[A(s)]

n—oo n—oo

—1‘: (s € G)
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because w is almost left-invariant and Lim ,_. t" = co. Let f € A,.
Then we have |f(s)F,(s)| < [[Ml |f(s)|w(s) (s € G, neN) and

F
/ 1£(8)] w(s) dm(s) = [|f]], < oo,
G

and so, by the dominated convergence theorem,

(A“'f”m = [ 1R amts) ~ [ FoME)dm(s) = (7.,

This is the required result. U

We now come to the ‘mild extra condition’ on the locally compact
group GG. We require that G contains a compact set K and an element
t such that:

(i) K is a symmetric neighbourhood of eq, and K is not open;

(i) Lim ;o0 t" = 00 and ™K Nt"K = () whenever m,n € Z with
m # n.

Set U = int K, and take sp € K N (G \ K), the frontier of K in G.

We claim that there is now a sequence (s,,) in U such that:

(iii) s1 = eg and Sy4150 € s$1U N --- N s, U for each m € N.
Indeed take a sequence (r;) in U such that r; = eg and r; — s;'. We
have e € r;U for each j € N. Set s; = r;. Since 7,50 — eg, we can
inductively choose a subsequence (s,,) of (r;) such that

Sm+150 € sSsUN---N s, U

for each m € N. This sequence (s,,) satisfies (iii).
Let G satisfy the above conditions. For n € Z, we take y,, to be
the characteristic function of " K, and then, for each m € N, we define

9= wlsls) (s€G).

Clearly each function v, belongs to L>(G) with |||, = 1, and v,
has period ¢. Further, we have v,,(s;,50) = 1, whilst 7, takes the value
0 in each neighbourhood of s,,s¢; on the other hand, for each m > 2,
there is a neighbourhood U of s,,sq such that each of the functions
Y1y ««+ 5 Ym—1 1S continuous on U.

Let w be a weight function on G, and define

H= {/\ € X, lim A(t")/w(t") exists }
Clearly H is a closed linear subspace of X, C A/ and &, C H. Set
(A, Ny = lim A(t")/w(t™) (A€ H).
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Then A € H' with ||A]| = 1; clearly A | £, = 0.
Next, for each m € N, define

H,=H+1lin{y,...,%m}-

Then H,, is also a closed linear subspace of A/, and there is a constant
¢ > 0 such that ||y,41 — A|| > ¢ for each A\ € H,,. It follows that, for
each m € N, there exists ®,, € B,, such that

(P, A) = (A, ) (A€ H), (P, %) =0 (j €Npy),
and (®,,, 7m) = 1. We have ®,,, € £°.

A version of the following theorem (in the case where G = R) is
given in [La, Proposition 2.2.22].

THEOREM 12.12. Let G be a locally compact group satisfying the
above conditions, and let w be an almost left-invariant weight on G.
Then RE? is infinite-dimensional.

PrRoOOF. We use the notations given above.
Fix m € N. For each j € N,,, the function ~,w belongs to A/,. Let
feA,. Then vw - f belongs to X, by Proposition 7.17(i), and

Tim (- () /1) = (. )
by Lemma 12.11. Thus yw - f € H, and

(fy @ - Yjw) = (P, Yjw - f) = (A, yw - ) =(f, )
It follows that ®,, - v,w =1; (j € N), and hence that
(P O Py, Yjw) = (Pras %) = jm (J € Nip).
This implies that the set {®; O®y,..., P, OP,,} is linearly indepen-

dent in RJ%.
The result follows. 0

For example, set G = R, and consider w,, where o > 0. Then G
and w, satisfy all the conditions in both Theorem 12.9 and Theorem
12.12, and so R, = & and R;? are each infinite-dimensional.

THEOREM 12.13. Let G be a o-compact, locally compact group
which is neither discrete nor compact, and let w be a weight function
on G. Then X has infinite codimension in &.

PRrOOF. Let K be a compact neighbourhood of eg. Then there is
a sequence (s,,) of distinct points contained in int K such that the set
{s$m : m € N} is discrete in the relative topology. For each j € N, take
fj € C(G) such that supp f; C int K and f;(s,) = d,, (n € N).
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Since the space G is o-compact and not compact, there is a sequence
(t,) in G such that Lim,,_, t,, = 00; we may suppose that ¢; = e and
that t,, K Nt,K = () whenever m,n € N with m # n. For each j € N,
define

Ni(s) = filsty!) (s €G).
Then \; € LUC(G) and \jw € &,,. Note that
Ni(8mtn) = 0jm  (J,m,n €N).
Now fix m € N, and define
H, ={)e CB(G,1/w): nhjgo A(Smtn)/w(Smty) exists }.
Clearly H,, is a closed linear subspace of A/, and &, C H,,. Set
(A, Ay = nh_)ngo ASmtn)/w(Smtn) (N € Hy) .

Then A,, € H), with ||A,,|| = 1; clearly A,, | & = 0. There exists
o, € B, such that ®,, | H,, = A,,, and certainly ®,, € £°.
For each j,m € N, we have (®,,, A\jw) = d,,,, and so it follows that
the set {®,, + XS : m € N} is linearly independent in the space £2/X°.
The result follows. 0

We summarize our recent results in the following theorem, which
applies in the special case where the group G is the real line R. The
result is essentially [La, Theorem 2.2.29].

THEOREM 12.14. Let w be an almost invariant weight function on
R such that 1/w € Cy(R). Then (B, O) =M, x E and

{0} =RPCRFPCREC X CE=R..
Further:
(i) RZ? is infinite-dimensional;
(ii) RE2 has infinite codimension in X°;
(iii) XS has infinite codimension in EJ.
PRrOOF. This follows from equation (7.25) and Theorems 12.9, 12.10,
12.12, and 12.13. U

We do not know whether or not the space R? in the above theorem
is necessarily closed.



CHAPTER 13

Derivations into Second Duals

Our aim in the present chapter is to investigate when the Beurling alge-
bras /1(G,w) and L(G,w) are 2-weakly amenable (see Definition 1.5).
Our techniques apply only to commutative algebras, and so throughout
this section we shall consider abelian groups G (and we shall write the
group operation additively). The theorems proved here are develop-
ments of those in [La, Chapter 3].

We shall prove, for example, that the commutative Banach algebras
(HNwy) = lYZ,w,) and L'(R,w,) are 2-weakly amenable if and only
if a < 1.

We shall use the following basic formula. Let A be a commutative,
unital algebra, let £ be a unital A-module, let D : A — E be a
derivation, and let a € Inv A. Then

(13.1) D(a") =na"' - Da (n€Z),
and so

1
(13.2) Da = Eal_” - D(a") (neZ).

We begin with the case where w is a weight on a group G. We
continue to use the notations A, = (}(G,w), A, E,,, and B, specified
in (8.1).

THEOREM 13.1. Let G be an abelian group, and let w be a weight
on G such that w is almost invariant and inf,cyw(nt)/n =0 for each
t € G. Then A, is 2-weakly amenable.

PRrROOF. Let D : A, — B, be a continuous derivation; we may
suppose that || D] < 1.

Let 7, : B, — A, be the canonical projection, as in (8.2). Then
the map m, o D : A, — A, is a continuous derivation; also A, is a
semisimple Banach algebra, and so, by the Singer—Wermer theorem [D,
Theorem 2.7.20], m, o D = 0. Thus D(A,) C kern,, = E?.

To prove that D = 0, it suffices to show that (D(d;), A) = 0 for
eachte Gand A€ A/ Fixte G and X € A,.

167
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Let n € N. We define
H,={seG:w(s+(1—-n)t) >2w(s)}.
Since w is almost invariant, the set H,, is finite. Define
ou(s) = 0 (s € Hy),
((5(1,71),5 . )\)(S) (S eG \ Hn) .
We have
sl (om0l wlet (o))
SEG\HTL

sec w(s) w(s+ (1 —n)t) w(s)

< 2[All,

and so o, € A}, with [jo,|| < 2||A||. Since 0, — 01—y - A € E,, and
D(6,:) € ES, we have

<6(1—n)t : D<5nt>7 >\> = <D(5nt)7 5(1—n)t : )\> = <D<5nt>7 Jn>7
and so it follows from (13.2) that

(D), NI < (D (), )] < 2 |\ w(nt) /.

Since inf,eyw(nt)/n = 0, we see that (D(d;), A) = 0. Thus D = 0, as
required. 0

Let w be a weight on Z. Then the method of the above proof shows
that £!(w) is 2-weakly amenable whenever the following condition on
w is satisfied: there is an infinite subset S of Z* and a function

n— a,, S— R\ {0},
such that inf,cs ap,w(n)/n = 0 and the set
{keZ wk+n-1)>awk)}

is finite for each n € S.

For example, let W, = w,w, where w is the weight specified in
Example 9.17. Then w,, satisfies the above conditions whenever a < 1
(taking

S={2+1:j€N}),
and so £1(@,) is 2-weakly amenable whenever o < 1, even though @,
is not almost invariant. Again, let w be a weight specified in Example
9.12, with ¢(n) = log(1 +n) (n € Z"). Then (' (w,w) is 2-weakly
amenable whenever o < 1.

In fact, we conjecture that (G, w) is 2-weakly amenable whenever
w is a weight on a group G such that inf,cyw(nt)/n =0 (t € G).
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The following result shows that the condition on the rate of growth
of w(nt) is necessary.

THEOREM 13.2. Let o € R™. Then the Beurling algebra (' (w,) is
2-weakly amenable if and only if o < 1.

PRroOOF. First suppose that o < 1. Then the weight w, on Z satis-
fies the conditions on w which were specified in Theorem 13.1, and so
(Y (wq) is 2-weakly amenable.

Now suppose that a > 1, so that the Fourier transform f of a
function f € £'(w,) is a continuously differentiable function on T. The
weight w, is almost invariant, and so, by Theorem 7.38, there is an
invariant mean, say M, on £!(w,)’, where we note that £;(R) # (. Let
=0z @by € £'(w,). Then

foM=) and, - M= (Zan) M= f(1)M

nez neL

because 9,, - M = M for each n € Z. Define
D:f— f’(l)M, M we) — M (wa)” .

Clearly D is a non-zero, continuous linear map. Let f,g € £}(w,).
Then we have

D(f xg) = (F*g)()M = F(DGLM + F(1)g'(1)M
= f'()g - M+g'()f -M=D(f) - g+ f - Dy,

and so D is a derivation.
Thus £'(w,) is not 2-weakly amenable. O

It might be thought, on consideration of the above theorem, that
there will be a non-zero, continuous derivation from £!(w) into £ (w)”
whenever {]? f € (Y (w)} consists of continuously differentiable func-
tions on T. However, the next result shows that this is not the case.

THEOREM 13.3. Let w(n) = exp(|n|) (n € Z). Then f is analytic
on the annulus {z € C : 1/e < |z| < e} for each f € {'(w). However
(Y (w) is 2-weakly amenable.

PROOF. As we remarked in Chapter 7, f € A(X) for each function
f € (Y (w), where we set X = {z € C: 1/e < |z| < e}, and so f is
analytic on the specified annulus.

Set A, = ¢'(w), so that
B,=A"=A,®ET® E,
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as in (8.9).

Let D : A, — B, be a continuous derivation, and set D(d;) = A.
Then A € ES and A = AT + A~, where AT € ES" and A~ € ES.

For each k € Z*, the map f +— 0, * f is a linear isomorphism on
A,(Z") and

16k * fll = w®) Il (f € Au(Z7)).
Thus the map ® — J;, - ® is a linear isomorphism on B,,(Z*1) with
105 - @l = w(k)[|@f (P € Bu(Z7)).
Now let n € N. Then it follows from (13.1) that
ID||w(n) > |6,-1 - Al > |01 - AT|| = nw(n —1)||AT]] .

Thus ||AT|| < e]||D|| /n. This is true for each n € N, and so AT = 0.
Similarly, A~ = 0, and so D(d;) = A = 0. By the same argument, we
have D(d_1) =0, and so D = 0.

Thus A, is 2-weakly amenable. O

We now turn to the case of a general locally compact abelian group
G. Let w be a weight function on G. We again use the notations
A, = LY G,w), A, B,, M,, and X, from (7.16).

PROPOSITION 13.4. Let w be a weight function on a locally compact
abelian group G. Let D : A, — B, be a continuous derivation. Then

there is a continuous derivation D : M, — B, such that D | A, = D.

ProoOF. By Theorem 7.14, we can identify the multiplier algebra of
A, with M,,. The result is now a special case of Proposition 1.12(ii).
O

We next define a locally complex topology on the space M,,. For
each f € A, and A\ € X, define seminorms |- [|; and |||, respec-
tively, by the formulae:

lpally = Ml AU Ml =Dl - AL (€ M)
The 7-topology on M, is the topology determined by the family
{100 f e A e 2

of seminorms. Clearly (M, 7) is a locally convex space, and 7 is
stronger than the topology || -||.
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LEMMA 13.5. Let w be a weight function on a locally compact abelian
group G, and let p € M,,. Then:

(i) there is a net (po) in the subspace lin{ds : s € G} such that
pa = pand ||pall < llpl for each a;

(ii) there is a net (uo) in A, such that o — p and ||uall < ||yl
for each «.

PROOF. This is similar to a standard proof given in [D, Proposition
3.3.41], and we just sketch the method. Set L =lin{ds : s € G}.

First take yx to be the characteristic function of a compact, sym-
metric neighbourhood K of eg in G. A routine calculation shows that
there is an element v of L with ||v|| < ||xk]|| in each prescribed 7-

neighbourhood of g, and so xx € 7.

The space ' n A, is a translation-invariant, ||-||-closed linear
subspace of A,, and so it is a closed ideal in A,. Since A, has a
bounded approximate identity, say (e, ), the space 7 n A, is a closed

ideal in M,,, and this ideal contains (e, ), and hence the net (u * e,).
For each f € A, and each «, we have

[( o) * f —px fI < llpllllea = f = Il

and, for each \ € A, and each «, we have
(% ea) - A=p - Al < lpll llea - A=Al

Since (e,) is also a bounded approximate identity for the essential
module &, it follows that 7 — lim, p x e, = p.
The result follows. U

LEMMA 13.6. Let w be a weight function on a locally compact abelian
group G. Let D : M,, — B, be a continuous derivation. Suppose that
w € M, and that (pa) is a bounded net in M, with T —limg p, = p.
Then

lim (D(pa), A) = (D, A) - (A € &)

PRrROOF. We may suppose that ||| < 1 and that there is a constant
C' > 0 such that [[us] < C for each a. We may also suppose that
1D <1,

Take A € &, with ||A|]] < 1, and take ¢ > 0. Since A, has an
approximate identity in (A, )p; and X, is an essential module, there
exists f € A, with

If - A=A <e and [f]<1.
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Since 7 — lim,, p1o = p, there exists ag such that
[f > pa—f*pll<e and g - A=p - A <e

whenever a = «ag. Set v, = o — pt, so that ||v,]| < C + 1 for each a.
For each o > g, we have

|<D(Voz)a)‘>| < |D(Va)v)‘_f')‘>|+|<D(Va)*f> >‘>|
< (C+De+[(DWa x [), M+ [Df, va - A
< (CH+1le4+e+e=(C+3)e.
Thus lim, (Dv,, A\) = 0, as required. O

THEOREM 13.7. Let G be a locally compact abelian group, let w be
an almost invariant weight function on G such that w(s) > 1 (s € G)
and w(nt) = o(n) as n — oo for each t € G, and let D : M, — B, be
a continuous derivation. Then:

(i) D(6;) =0 (t € G);
(i) D(p) € X5 (pn € My).

PROOF. As in (7.25), we have the decomposition B, = M, x &,
and the canonical projection I, : B, — M, is a continuous epimor-
phism. Since the commutative Banach algebra M, is semisimple, it
again follows from the Singer—Wermer theorem that D(A,) C £5. We
may suppose that || D] < 1.

To prove that D(6;) =0 (t € G), we follow the argument given in
the proof of Theorem 13.1 with A € A/ ; now, for each n € N, H,, is
a compact subset of G and o,, € A/, with ||o,,]] < 2||A]| because w is
almost invariant. As before, (D(d;),\) = 0 for each A € A/, and so
D(6;) = 0. This gives (i).

Let p € M,,. By Lemma 13.5(i), there is a net (1, ) in the subspace
lin{d, : s € G} such that p, — p and ||pa| < ||i]| for each a. We have
shown that D(u,) = 0 for each o. By Lemma 13.6,

(Dp, ) =0 (A€ X,),
and so Dy € X2. This gives (ii). O

THEOREM 13.8. Let G be a locally compact abelian group, and let w
be an almost invariant weight function on G such that w(s) > 1 (s € G)
and w(nt) = o(n) asn — oo for eacht € G. Then L'(G,w) is 2-weakly
amenable.
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PROOF. The weight function w on G satisfies the conditions in
Theorem 13.7.
Let D : A, — B, be a continuous derivation. By Proposition 13.4,

there is a continuous derivation D : M,, — B,, such that D | A, = D.
By Theorem 13.7(ii), D(11) € X° (1 € M,); in particular, we have

D(f) € X5 (f € A).
Now take f € A,. Since A, has a bounded approximate identity,
there exist g, h € A, such that f = ¢ x h, and then
Df=g-Dh+Dg-hecA, - &;.

However, by Proposition 12.7, X is a left-annihilator ideal of B, and
so A, - &S ={0}. Thus D =0, and so A,, is 2-weakly amenable. [

THEOREM 13.9. Let « € RT. Then the Beurling algebra L' (R, w,)
is 2-weakly amenable if and only if o < 1.

PRrOOF. First suppose that @ < 1. Then w,, satisfies the conditions
on w in Theorem 13.8, and so L'(R,w,) is 2-weakly amenable.

Now suppose that o > 1. Again by Theorem 7.38, there is an
invariant mean, say M, on A/. For each f € A,, the Fourier transform

fof f is a continuously differentiable function on R: define
D:fr flOM, A, — B,

Then it is clear that D is a non-zero, continuous derivation, and so A,
is not 2-weakly amenable. 0






CHAPTER 14

Open Questions

1. Let E be a Banach space. Is (B(F)"”, O) semisimple for sufficiently
‘nice’ Banach spaces E? (This is true when E is a Hilbert space.) In
particular, is (B(¢P(N))”, O) semisimple whenever 1 < p < 0o?
[Added in August 200/: This question has now been essentially resolved
by Daws and Read [DaRe].]

2. Let w be a weight function on a locally compact group G. Is L (G, w)
always semisimple? In particular, is this true whenever G is a discrete
group?

3. Let G be a locally compact group, and let w be a weight function on
G. Set A, = L'(G,w). Can the radicals of (A” O) and (A”, &) be
distinct sets? In particular, can this happen in the special case where
w = 17 Are there reasonable conditions on G and w that imply that
RD? =0, where R is the radical of (A”, 0)? Is this always true in
the special case where w = 17

4. Give necessary and sufficient conditions on w for ¢}(Z,w) to be
strongly Arens irregular. In particular, let w be a weight on Z such
that

liminfw(n) <oo and liminfw(—n) < oco.

n—oo n—oo

Does it follow that £(Z,w) is strongly Arens irregular? Are the al-
gebras of Example 8.12 strongly Arens irregular? Is there a weight
function w such that the Beurling algebra L!(G,w) is left, but not
right, strongly Arens irregular?

5. Let w be the weight in Example 8.15. Is it true that RJ? closed in
B,? Is 3(B,) = A, ® RJ??

6. Is there a weight w on Z such that (¢'(Z,w)”, O) is semisimple? Is
this the case for Feinstein’s example, Example 9.177

7. Let w be weight on Z. Suppose that &, U € E? and that ® O # 0.
Does it follow that ® & 3(¢1(Z,w)")? Is it always true that

WG, w)yNES C RY 7
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8. Set wu(t) = (14 |t])* (t € R), and take o > 0. What is a charac-
terization of the centre 3(L'(R,w,)")?

9. Let w be an almost invariant weight function on R with 1/w € Cy(R).
Is RS2 necessarily closed in B,7?

10. Let G be an abelian group, and let w be a weight on GG such that
inf w(nt)/n=0

neN
for each t € G. Is A, necessarily 2-weakly amenable? The weight
w given in Feinstein’s example, Example 9.17, satisfies the specified

condition: is this algebra A, 2-weakly amenable?
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almost left-, 90
left-, 86
left-S-, 86
left-s-, 86
topologically left-, 86
translation-, 141

involution, 9
linear, 9

James space, 42, 63

left-annihilator, 8

linear functional,
almost periodic, 32
multiplicative, 109
positive, 9

INDEX

weakly almost periodic, 32

Mazur’s property, 155
mean, 86
measure algebra, 39
mixed identity, 19
modular function, 65
module,
dual, 15
faithful, 45
introverted, 47
left-, 45, 141
right-, 47
second dual, 14
symmetric, 9
multiplier, 9
algebra, 9, 84
left, right, 8

nilpotent, 7
of index n, 8
nuclear algebra, 54

operator,
compact, 12
approximable, 53
integral, 59
nuclear, 54
weakly compact, 12

period, 162
point mass, normalized, 96
property (X), 155

quasi-nilpotent, 10

radical, 8, 83
Radon—Nikodym property, 59
regular, Arens 3, 16

repeated limits, 25

semidirect product, 8, 20
semisimple, 8
splitting homomorphism, 10, 20
state, 9

pure, 13
state space, 9, 96

Stone-Cech compactification, 13, 81

strongly Arens irregular, 1, 22
left, right 22
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support, 5

tensor product,
injective, 53
projective, 12, 53
theorem
Bade, 147
Cohen’s factorization, 14
Grgnbeek, 77
Grothendieck, 25, 27, 59
Steinhaus, 66
Wendel, 76
thick, left, 108
topological centre, 3, 21, 47, 82
translation, 68

ultrafilter, 56
ultrapower, 56

Volterra algebra, 42
von Neumann algebra, 13

weakly almost periodic function, 68
weakly almost periodic functional, 32
weakly unconditionally Cauchy, 154
weight, 70
almost multiplicative, 109
diagonally bounded, 92, 157
weight function, 72
weight functions, equivalent, 74
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A°P 7

A* T

A® B, 9

A(G), 43
A(X), 72
AP(A), 32
AP(G), 69
AP(G,1/w), 70
A - E, AE, 10
A(FE), 53

A, (G), A(E), 43
A,(S), 96

A, AL 95, 111
AL (AT, 97
A, Al T8
AP, T8

acS, 7

B.(S5), 96

B, 111

B+, 97

B, 78

B(E, F),B(E), 12
B(E), 53

89, 13

Co(Q), 13
CB(G), 68
CB(G.1/w), 70
Co(G,1/w). 66
Co(S, 1/&)), 66
Co(An), 35

., 42

Index of Symbols

D(z;7), D, 5
Ag, 65

A, 96

5, 10

Js, 65
(0'n)(s, 1), 71

E*, 7

FE' 11

Eg, 96

By, 11

(ESF, -, 12
EQFE', EQFE', 53
E,, 95

E°t E°, 104
E,, 78

£°,83

exS, 7

[y, 131

Fy, 56

f, 74

Jf\*, 75

f, 46

F° 12

d9 97

Dy, 10
Dy(N), D (N), 141
Pa, 75

°G, 12
HY(T), 43
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HY(A, E), 15 ma, 7
M(A), 9
. (55) 107 Mo, 78
A), “(E), 75
107 p(E),
I(E), 59 N, Ni, 5
InvA,S8 NYA,E), 15
v(a), 10
K, 141
K(E,F),K(E), 12 P(G), P,(G), 66
kg, 11 I, 85
k(Q2), 91
L Q(A), 10
LO(N), 68 R, T
LUC(G), 68 RUC(G), 68
LUC(G,1/w), 70 RUC(G,1/w), 70
(L'(G), %), 40 RE RS, 83
(L1(D), +), 44 RE R, 95
LY(G,w), L*(G,1/w), 66, 73 rad A, 8
LL(G,w), L¥(G,1/w), 66
L*(G), 75 S+T,5-T,S+{t},5
LP(p), 56 S 55
(L'(R*,w), %), 42 Sl sn (S), 7
Lg(G,1/w), 66 S4a, 9
(MG, w), 71 S, 96
(S w), £°°(S,1/w), 65 S, 78
(*(E), 55 o(E", E'), 11
(> (Ag), 111 o(a), 10
ly Ty, 68 supp f, 5
L(E,F), L(E), 7
L:,(G), L(G), 89 T, 5
lim,, lim,, f(Sm,t,), 25 T', 53
Lim, K., 5
Lim, S, 5 WAP(A), 32
Lim ;oo Lim o f(2,9), 25 WAP(G), 69
As, 65 WAP(G,1/w), 70
A4 18 Q(s,t), 71
Qk(Sl, ey Sk), 102
Mn; 5 Ways 72,73
M(Q), 13
M(G), 39 X (w), 66

M(G,w), M,(G,w), Ms(G,w), 67 X, 78
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X!, Xe, 83 3:(X"), 85
3(B.), 111
W, 78
WI(E, F),W(E), 12 X, 8
*, 71,73, 75
Zt, L, 5 -, 67,96
ZYAE), 15 0O, <, 16
3047, 37(A"), 21 (-, ), 7,77

3:(X7), 47, 48 -1y 54



