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GENERAL LINEAR METHODS FOR VOLTERRA
INTEGRO-DIFFERENTIAL EQUATIONS WITH MEMORY*

CHENGJIAN ZHANG! AND STEFAN VANDEWALLE?

Abstract. A new class of numerical methods for Volterra integro-differential equations with
memory is developed. The methods are based on the combination of general linear methods with
compound quadrature rules. Sufficient conditions that guarantee global and asymptotic stability of
the solution of the differential equation and its numerical approximation are established. Numerical
examples illustrate the convergence and effectiveness of the numerical methods.
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1. Introduction. Volterra integro-differential equations (VIDEs) arise widely
in the mathematical modeling of physical and biological phenomena. Significant ad-
vances in the theoretical analysis of such equations and in the numerical analysis and
implementation of time-integration techniques for these problems have been made in
the last few decades. For a survey of early results we refer the reader to the books
[9, 26]. More recently, one has found that VIDEs with memory (MVIDEs), also
called Volterra delay-integro-differential equations (VDIDESs), can be even more effec-
tive than standard VIDEs for the modeling of real-life problems; see, e.g., [8, 22]. This
fact has led researchers to develop a theory and numerical analysis for MVIDEs. For
example, numerical time-integration techniques of one-step collocation and Runge—
Kutta (RK) type were investigated in [10, 17, 11, 23, 34, 21]. Linear multistep based
methods were studied in [1, 2, 3, 27, 33].

So far, very few papers have discussed the nonlinear stability of MVIDEs. This is
quite different from the case of delay differential equations (DDEs) without distributed
delay, for which many results have been reported. For example, linear stability results
for DDEs from [28] were extended in [29] to the nonlinear DDE case. In that paper it
was proved that certain RK methods satisfy a so-called B,-stability property. For the
implicit Euler rule, [30] shows a contractivity result, which is a quite strong nonlinear
stability property. Based on the concept of BNy-stability, the authors of [6, 7, 31, 32]
obtained a series of stability and contractivity results for continuous RK methods.
In [32] it was shown that the requirement of BN -stability for a numerical method is
a very strong requirement that leads to an order barrier. In order to avoid that order
barrier, in [19, 20] numerical stability results have been derived for nonlinear DDEs
based on the concept of algebraic stability of the underlying methods.

Stability results for MVIDEs were obtained in [5, 33, 34], where the authors in-
vestigated the nonlinear stability of continuous RK methods, discrete RK methods,
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and backward differentiation (BDF) methods, respectively. For a study of MVIDEs of
neutral type we refer the reader to [12], where the concept of BN -stability is used as
the basic assumption. For adaptations of RK methods towards general Volterra func-
tional differential equations, we would like to point out the recent paper [25]. There,
stability results have been derived based on B-stability of the underlying schemes.
These results are applicable for time-integration on a finite time interval. Here, we
will study the nonlinear stability of numerical schemes for MVIDESs based on the use
of general linear (GL) methods. Our stability results will be applicable on infinite
time intervals.

This paper is organized as follows. In section 2, a fairly general class of MVIDEs is
defined. This class contains the problems considered in [33, 34]. We present a stability
criterion for such problems, which generalizes the criteria in the above references. In
section 3, a class of extended GL methods is derived for solving MVIDEs. They are
obtained by combining classical GL methods with compound quadrature rules. In
section 4, some technical lemmas are derived. These lemmas will play a key role in
the derivation of the numerical stability results. In sections 5 and 6, we study the
global and asymptotic stability of the extended GL methods. In section 7 we present
some numerical examples in order to illustrate the convergence of the methods. These
results show that the new methods are quite effective. Finally, in section 8, we end
with some concluding remarks.

2. A class of MVIDESs and its stability.

2.1. A general stability result. We consider a complex N-dimensional system
of MVIDEs with constant delay 7 > 0 of the form

(2.1) { Y (t) = fty(t),y(t —7), [ g(t,v,y(v))dv), t € [to, +00),
y(t) = @(t)v te [to _ to],

where the functions f, g, and ¢ are smooth enough such that system (2.1) has a unique
solution y(t). We assume in particular that the following conditions are satisfied:

(22)  R(f(tx,y,2) — [(t,7,5,2),2 - F) <ale—Z|*+ Blly — 911> + ollz — 2]1%,
(2'3) ||g(t,v,x) - g(t,v,i)” < 7||x - j”? (t,’l)) e D,

for t € [tg, +00), D = {(t,v) : t € [tg, +00),v € [t—T,t]}, and x,y, 2, %, 7, 2 € CN. The
notations (-, -) and ||-|| denote a given inner product in CV and its induced norm. The
constants (—a), 8, o, and 7 are nonnegative. Problems of type (2.1) with (2.2) and
(2.3) will be called problems of class GRI(«, 3,0,7). Some examples will be given in
section 7. For problems of class GRI(«, 3, 0,7), we can derive the following stability
result.

THEOREM 2.1. Assume that system (2.1) belongs to the class GRI(«, 8, 0,7) with
B+ o0v?1%2 < —a. Then the following global and asymptotic stability properties hold:

(2.4 () =50 < ,_max Jlol6) (o) V> to
(25) Jimly(t) = 50| =0,

where §(t) is the solution of (2.1) with ¢(t) replaced by ¥ (t).
Proof. Denote by Ay(t) the difference y(t) — g(¢). Using (2.2) and (2.3), we find
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L (1aw0)1P) = 2R(Ay (1), (By (1))

< allAy®)|* + Bl Ayt - 1)]* + o /ti l9(t,v,y(v)) — g(t, v,5(v))]dt

< | Ay(0)|2 + BlAy(t — )| + 07?7 max_[[Ay(w)]?

< o Ay(0)| + (8 +07P7) max_[|Ay(w)]P.

Application of the generalized Halanay inequality from [4] leads to

1Ay (B < pehax ]||<P(9) — YO Vt=ty and  Tim [Ay@)]* =0.

0—T,to0

Thus, (2.4) and (2.5) are satisfied. d
REMARK 2.2. The GRI class includes the DI and RI problem classes that were
investigated in [33, 34]. The relation among these classes is as follows:

]D)H(Oé7ﬂ7 (01702)77) - RH(O[HBUMBOQaFY) - GRH(O[ + ﬂ(al + 02)/27501/27ﬂ02/277)'

The research in the framework of class GRI extends the results from [33, 34].

REMARK 2.3. When the distributed delay argument is absent from (2.1), the
problem becomes a DDE. In that case, Theorem 2.1 can be applied with v = o = 0,
which leads to the stability condition < —«.

2.2. Relation to earlier work. The result from Remark 2.3 can be related to
earlier results on analytical stability of DDEs. In [28, 29], Reverdy dealt respectively
with linear and nonlinear DDEs of class GRI(—p, p,0,0), with p > 0. This class
contains, for example, the linear DDE

(2.6) { y'(t) = py(t) + qu(t — 1), t€ [to,+00),

y(t) = gO(t), te [tO - T, toL
with R(p) < —|q|, by setting p = —R(p)/2. It was proved for GRI(—p, p,0,0) that
(2.7) Ny(t) = g(1)] < Nly(to) — 4(to)]  Vt > to,

where Ny(t)] = 3[ly(®)|*+p ftt_T ly(0)]|2dO. Note that stability property (2.7) follows
from our somewhat stronger result (2.4).
In [30] Torelli considered DDEs with a variable delay 7(t):

y'(t) = f(ty(t), y(t = (1)), t € [to, +00),

(2.8)
y0) = 40 ve |t tt-r0) )
with 8(t) < —a(t) and a(t) < 0 for t > to, where a(t) and §(¢) are defined as
(2'9) Oé(t) = _ sup _ §R<f(ta a:,y) - f(tvjvy% T — ‘;i">/||'7j - i‘HQa
z,T,y,eC™, x#£T
(2.10) )= sup  [f(t,z,y) = fEz, D)/ ly =3l

z,y,5€C™, y#£§

In that paper it was proven that (2.8) satisfies the global stability property (2.4).
System (2.8) was analyzed by Zennaro in [32] under a different set of conditions:
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there exists a constant 79 such that 7(t) > 7o for all ¢ > t¢;

the delayed argument ¢ — 7(t) is a strictly increasing function for all ¢ > to;
limt*,+oo t— T(t) = +OO,

there are two continuous functions, &(t) and ((t), and two real numbers,
0 <7 <1andag <0, such that a(t) < &(t) < ap and B(t) < () < —ra(t)
for ¢ > to.

It was proven in [32] that, under those conditions, system (2.8) satisfies the asymp-
totic stability (2.5).

The above results by Torelli and by Zennaro can be applied to the constant delay
case, i.e., with 7(t) = 7. Assume there exists an o and 3 such that a := sup,,, a(t) <
0 and 3 := sup;s,, B(t) < —a. Then, system (2.8) satisfies the stability properties
(2.4) and (2.5) by the results from [30] and [32], respectively. This conclusion, however,
is just the special case from our results, as expressed in Remark 2.3.

3. The extended GL methods. The numerical methods we suggest for (2.1)
will be based on GL methods for ODEs of the form y'(¢) = f(¢,y(t)) with y(to) = yo;
see [13, 15, 16]. A GL method can be formulated as follows:

y,™ _hz GV F(tn + cih, Y™ Z Gy i=1,2,00 s,
(3.1)

yl(n) hz (21 t +th Yn +Z (22) (71 1)7 i=1,2,...,r,
j=1

with real coefficients c L) for I,J = 1,2, with a step size h > 0, and with t,, = to+nh

for n > 0. The vector Yi( ) approximates y(t, +c;h). The precise nature of vector y( )
differs from method to method; generally, it contains the necessary information for
doing the next time-integration step. For use in the subsequent analysis, we introduce
the coefficient matrices Cr; = (cg-J)) and the abscissa vector ¢ = (c1,ca,...,c5)T.

An important subclass of the GL methods, which will be considered further on,
is the multistep Runge-Kutta (MRK) methods (see, e.g., [14, 24]):

Y =03 aiifltn + b Y+ aiynso1. i=1,2,..s,

(3.2) = =
Yer = h Y it + ¢ Y™+ 3 bjyngji.
j=1 j=1

These methods can be written in the form (3.1) when setting y,4; = y( ). With
b= (by,ba,...,bs)T and b= (bl, bo, ..., bT)T, we can identify the coefficient matrices:

0 Ir—l
|

For the formulation of other numerical methods as a GL method, we refer the reader
o [16].

First, we recall a number of elementary concepts of GL methods that will be
important for our stability analysis.

0

Ci1 = (as5), Cha = (Gij), Co1 = , Cao =
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DEFINITION 3.1. Let R(2) = Cao+ 2051 (I —2C11) " tC12, where z € C and where
I denotes the s x s identity matriz. A GL method is called strictly stable at infinity
if R(oo) :=lim,_,o R(2) exists and if its spectral radius satisfies p(R(c0)) < 1.

DEFINITION 3.2 (cf. [13]). A GL method is called (k,1)-algebraically stable if there
exist real constants k and 1, a symmetric positive-definite matriz G = (g;;) € R™*",

and a nonnegative diagonal matriz D = diag(dy,ds, . ..,ds) € R**® such that matriz
M = (my;) € R +)X("+5) s nonnegative definite, with
IV kG — CLGCyy — 2CLGC), CLD - CLGCy —201CL,DCY,y

DCiy — CLGCyy —20CEDC1, DCy+CLD — CLGCy — 20CEDC, |

In particular, a (1,0)-algebraically stable method is called algebraically stable.
Adapting method (3.1) to MVIDE (2.1) and considering the case where the step
size h = 7/m for m a given positive integer yield the following numerical scheme:

(3.3)

™ = hZcu)ft +eh, Y Y, ZM) +Zc“2> (=D 21,2, s,
j=1

hZczl)ft +Ch Y(n) Y(" m) Z(”) +Zc(22) (n 1)7 i=1,2,...,r
Jj=1

ZJ(") is an approximation to

tntc;
Dt + c;h) = / 9w + ¢, v, y(v))dv
t

n—m=+cjh
and is computed by a convergent, compound quadrature formula

m

(3.4) Z8 = b vagte + cihtu—g +c;h, YY), j=1,2,. s

Such a quadrature formula can be derived from a uniform repeated rule (cf. [3, 9, 33]).
For our stability analysis we need the rule to satisfy the following condition:

(3.5) h |(m+1) Z lvg|? < v with mh =7 and a positive constant v.
q=0
This condition holds for many of the common quadrature rules. For example, the
compound trapezoidal (CT) rule of second order,
1 — 1
5@(0) + Z O((m —q)h) + 5@(mh) , where mh =,

q=1

/OT O(s)ds = h

satisfies

h,|(m+ l)zm: vg|2 = hy/(m + 1)[(1/2)2 +m — 1+ (1/2)2] < h(m + 1) < 2mh = 2.
q=0

The compound Gregory (CG) rule of order 3 (cf. [9]),

/0 D(s)ds = Ip

58(0) + 13®(h) + 12 Z o(( ) + 13®((m — 1)h) + 5®(mh)




GENERAL LINEAR METHODS FOR MVIDEs 2015

TABLE 1
Value for the bound v in (3.5) for different compound quadrature rules.

CT rule | CG rule | CS rule CN rule
v 27 27 V207/3 | 24/11947/45

with mh = 7, satisfies

hl(m+1)> |vg>=h o3

q=0

m
52 4132 —3)122 4132452
\/(m +1) [ - T (m = 12+ -

:h\/(m—f—l) (m—éé) < h(m+1) < 2mh = 27.

The values for v for the fourth order compound Simpson (CS) rule and for the sixth
order compound Newton—Cotes (CN) rule have been derived in [33]; see Table 1.
We end this section with some more notational conventions. When the extended
GL method is applied to system (2.1) with the initial function ¢(t) replaced by ¥ (¢),
the resulting numerical approximations will be denoted by f/j(n), Z j(.”), and g]E"). Also,
when a time point ¢, or t, + ¢;h falls in the initial interval [ty — T,to], we set the
approximation at that point equal to the corresponding (known) true solution.

4. Some elementary lemmas. In this section, we will derive some technical
lemmas, which are important for the derivation of the main results in the subsequent
sections. First, we introduce some more notation:

Ay =y — gAY =™ _ 7 Az = 7 _ 7™,

Af = p(, vy 2y — pa, v v 26,

Ay(™ AY,™ A"
(n) (n) (n)
N2 AY(™ NG

With (3.3) we can write the relation between the above quantities compactly as

(4.1) { AY™ = h(Chy @ IN)AF™ + (Cr2 @ In) Ay,

Ay(”) = h(Cy ® IN)Af(n) + (Ca2 ® IN)Ay(n_l),
where the symbol ® denotes the Kronecker product. We will use the following inner
product and norms on CV:

S

<Uﬂ V> = Z<uiﬂvi>v ”UH -V <U7 U>a ”U”G =V <U7 GU>7

i=1

where vectors U = (uf,ud, ... ul)T, V = (o], 0oF, ..., 01T € CN* and u;,v; € CV.
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LEMMA 4.1. Suppose that the GL method (3.1) is (k,l)-algebraically stable with
0 <k <0 <1. Suppose that the quadrature formula (3.4) satisfies (3.5) and that the
conditions (2.2) and (2.3) hold. Set d = Z;:l d;. Then, method (3.3) satisfies

1Ay ™ |2 < 07| Ay @2 +2670"™d  max maX{HAY“II}

m<i<—-11
n—1
+2[(ha = 1)0™ + hp] Y omm i 1Zd 1Ay
1=0 Jj=1
2h0 V7 n—i—1 . < (Z q 2
. > 1.
(4.2) e’ Ze ;qz(:)dHAY 12, n>1

Proof. Tt follows from a fairly straightforward (but tedious) computation and
(k,1)-algebraic stability that (compare also [13, 20])

r+8 r+s
[AY™ 1% — k|| Ay D2, — QZd RAY ALY — 187y = =3T3 mi(wi,w;)
j=1 i=1 i=1
<0,
where M = (m;;), as defined in Definition 3.2, and
Y 1<i<,
w; =
hAfZ-(n), r+1<i<r+s.
This, together with the condition 0 < k < @, implies
(43)  1Ay™NE < 1Ay VG + 23 dRAY RALT 1AV,

Jj=1

By condition (2.2) one has

ST aRAY RAFM) <D dila AYV + BIAY TR + o AZ| ).
j=1 j=1

When this bound is inserted into (4.3), one finds

1Ay ™ |2, < 0 Ay V)12 + 2(ha — 1) Y dl|AY ™2

j=1
(4.4) + 208 dil|AY T2 + 200 Y dyl|AZE 2.
j=1 j=1

An induction argument applied to (4.4) yields

n—1 s

1Ay ™ E < 0| Ay + 2(ha — 1) Y 0" dl|lAay P2

i=0 j=1

(4.5) + 2hﬂ29" i1 Zd JAY ™2 4 2h029" i1 Zd |AZ{|2.

Jj=1 Jj=1
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With (2.3), (3.5), and the Cauchy inequality, we have

m 2 m m
1Az |2 < (m)? (Z uq|||mg.“—q>||> < (m* <Z W) (Z |ij<z—q)||2>
q=0

q=0 q=0
(4.6) < i 1AY 92,
“m+1 = J

Moreover, we have

n—1 s
h Z gn—i—1 Z deAYj(i_m) ”2

n—m-—1

- Z gn—m—i— 1Zd ||AY(Z)H2+h Z gn—m—i— lzd ”Ay(i)HQ
1=0 t=—m
(4.7) ghZ&"*m’i’lzdeAYj(i)HQ+7-9" ™d  max max{||AY )2},

m<i<—11<

Substituting (4.6) and (4.7) into (4.5) results in (4.2). O

The second lemma gives an existence condition for the stability function R(z)
that is referred to in Definition 3.1.

LEMMA 4.2. Suppose that a GL method is (k,l)-algebraically stable for a sym-
metric positive-definite matric G € R™" and a positive diagonal matriz D € R***,
Then the limit R(c0) := lim,_ ., R(2) exists.

Proof. Tt suffices to prove the existence of Cy := lim._,g Ca1(Cy1 + €l5)~t. This
can be shown in a similar way as Lemma 3.8 of [20] is proven (compare also [18]), i.e
by considering the nonnegative definiteness of the bottom right-hand principal minor
DCyy + Cf,D — C1,GCyy — 21CT; DC1;y of matrix M. O

REMARK 4.3. In [18, 20] the positivity of the diagonal matriz D is guaranteed
by requiring the underlying methods to be irreducible and algebraically stable. Here,
we loosen these conditions by requesting positivity for D explicitly. This allows us to
consider more general (k,l)-algebraically stable GL methods.

REMARK 4.4. When the conditions in Lemma 4.2 are satisfied, it holds that

R( ) 022 - 021Cf11012 Zf Cll 8 invertible,
) =
Coy — CyCr2  if C11 is singular.

Two inequalities from [34] will also play important roles in the subsequent sec-
tions.

LEMMA 4.5. Suppose that {A;} and {B;}__,, are two arbitrary nonnegative
real sequences. Then the following two inequalities hold for all n,m > 0:

@8 > |4 ZBZ 5] < ZZAWB + ZZA max (B},
=0 7=0 =0 Jj=11i=1
(4.9) . iBM < (m+1)ZB LmmtD s (B}

- - 4 2 —m<qg<—1
i=0 j=0 1=0
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Finally, we mention an asymptotic property of vector difference equations that
can be derived easily from a combination of Theorems 105B and 123D of [16].

LEMMA 4.6. Given a matriz A € CO*® and a sequence V,, € C?, the solution
sequence {X,} C C@ of the linear difference equation X,, = AX, 1 + V,, satisfies
lim,, o0 || X0|| = 0 if and only if p(A) <1 and lim, . ||V,] = 0.

5. Global stability of the extended GL methods. Numerical stability is an
important feature of an effective numerical method. An unstable numerical method
may be consistent of high order, yet arbitrarily small perturbations will eventually
cause large deviations from the true solution. In this section, we will focus on the
global stability of the extended GL methods.

DEFINITION 5.1. The extended GL method (3.3) and (3.4) is called globally stable
for problems of class GRI(«v, 8, 0,7) if there exists a constant H > 0, which depends
only on «, B,0,v,T,v, and the method, such that

m<i<—11<5<s

(5.1) |Ay™ || < HmaX{Ay(O)H, max  max {||AY )|}} Vn > 1.

REMARK 5.2. For the extended one-step RK methods, we have Ay™ = Ay, =
Yn+1 — Un+1- Also, under the usual assumption that 0 < ¢; < 1, it holds that

m<i<—11<j<s to—T<t<to

max{nAyon, max  max {JAY >|}} max_ [lo(t) — v(0)].

Hence, we have for (5.1) the following equivalent formulation:

< — .

Ayl < H, max le(t) = o)

Thus, the concept of global stability in Definition 5.1 is slightly stronger than that
n [34].

THEOREM 5.3. Suppose that the GL method (3.1) is (k,l)-algebraically stable
for a nonnegative diagonal matriz D = diag(dy,ds,...,ds) € R®** and a symmetric
positive-definite matric G = (g,;) € R™", where 0 < k < 1, and suppose the quadra-
ture formula (3.4) satisfies condition (3.5). Then the extended GL method (3.3) and
(3.4) is globally stable for the class GRI(«, 8, 0,7) with stability constant

Aoy + dr(20+ 07°1?)
(5.2) H= \/ G ;
where \G . and NG . denote the minimum and mazimum eigenvalues of matriz G

and d = ijl dj, when the following condition holds:

(5.3) h(a+ B+ oy*v?) <.
Proof. Setting 6 =1 in (4.2) gives

(5.4)

1Ay ™% < Ay Q)% +267d  max  max {[|AY, 7]}

—m<i<—11<5<s

n—1 s n— m

, )2
2fna-+5) -1 Y0 Do dsllav|P + 27 S S S g avio

i=0 j=1 i=0 j=1 q=0



GENERAL LINEAR METHODS FOR MVIDEs 2019

Also, by virtue of inequality (4.9), we have for n > 1

(5.5

n—1

“ i i m(m+1)
SIAYEIR < (m+ 1) S AV + ey max {JAYY)P)
=0 ¢=0 1=0

<.

Inserting (5.5) into (5.4) and using the condition that mh = 7 yield

1Ay ™% < 1Ay @ NG + dr(28+ 09*0?)  max  max {[|AYV]?}

m<i<—11<j<s
n—1 s

(5.6) +2hla+ B+ o) — 13 dill Ay,
=0 j=1

With condition (5.3) this leads to

1Ay ™G < 18y +dr(26 +07%%) _ max | max {[|AY;7]?).
Considering that AS,,,[|Ay™ |2 < [Ay™ 2 and that [|Ay© 2 < XS, [ Ay©, we
arrive at stability inequality (5.1) with stability constant (5.2). O
Ezxample 5.1. As an application of Theorem 5.3, we consider an extended GL
method with s = 1 and 7 = 2, induced by the combination of the two-step BDF
method and the CT rule:

V) = 3P+ [(4,-4) & In] 4

(esfre[( 3o

where Y(n) = Yn+2, Yn = y(tn)a y(n) = (Z/Z+2a y?;—i—l)Ta and

W= o

(5.7)

— s <

y(n) —h 4 y("—l)7

= furz = f (tug2, YOO, Y00, Z0),

(5.8) *hz (n+23 nta—q, Y (" 7q)),

where the special summation symbol stands for a sum with the first and last term
halved. By Table 1 we know that (5.8) satisfies (3.5) with v = 27. In [15], it was
shown that the two-step BDF method is (1/(1 — 21),1)-algebraically stable with [ <0
for D =1 and the 2 x 2 real symmetric positive-definite matrix

o ((5—21)/2 —1> .
-1 1/2

Note that 0 < k < 1 whenever [ < 0 and that there always exists an [ such that (5.3)
holds whenever 3+072v? < —a. Hence, we may conclude that the method is globally
stable for the class GRI(a, 3, 0,v) whenever 3 + 07?v? < —a. For the parameters in
the formula of the stability constant, the following values are used:

NI Lt VA Ut Gk SNNCIRE: St B VAU LR

min 2 max 2
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TABLE 2
l-value minimizing (5.9) and corresponding stability constant H of the extended two-step BDF
method for the MVIDEs in (7.1) and (7.2).

MVIDE (7.1) MVIDE (7.2)
m l H l H
—0.2224  6.4650 | —0.0554 7.1616
16 | —0.1112 6.8497 | —0.0277  7.2997
32 | —0.0556 7.0912 | —0.0138 7.3733
64 | —0.0278 7.2279 | —0.0069 7.4116

o

The range of [ is given by h(a+ 3+ 0v?v?) <1 < 0. In particular, when the extended
two-step BDF method with a fixed step size h is applied to a concrete problem of
class GRI(«, 3, 0,7), one should look for the value of | that minimizes the stabil-
ity constant H. This leads one to consider the following constrained minimization
problem:

3—1 1—2)24+4+44 204272
minimize H := V2R AT (B 200 )
3—1—4/(1-2)2+4

subject to  h(a + 8+ oy?v?) <1 <0.

(5.9)

In section 7 results of numerical experiments will be reported for two concrete MVIDEs.
The first of those, specified in (7.1), belongs to class GRI(—4, %, %, 1); the second one,
specified in (7.2), belongs to class GRI(—4 + g, %, g, ). We have numerically
solved problem (5.9) for these two examples. The [-value at which the minimum is
obtained and the corresponding H-value are given in Table 2 as a function of the
parameter m, with h = 7/m.

The method in the above example is also algebraically stable. For such methods,
a general result can be derived immediately from Theorem 5.3.

COROLLARY 5.4. Suppose that GL method (3.1) is algebraically stable for a non-
negative diagonal matriz D = diag(dy,ds,...,ds) € R**® and a symmetric positive-
definite matrizc G = (g;;) € R™", and suppose the quadrature formula (3.4) satisfies
condition (3.5). Then the extended GL method (3.3) and (3.4) is globally stable for the

class GRI(«, 8, 0,v) with stability constant (5.2) when the following condition holds:
(5.10) B4 oy < —a.

In [14], Burrage has derived a class of s-stage MRK methods of order 2s of the
form (3.2) that satisfy

B(2s), C(s), E(s); ¢; # ¢; whenever i # j;

11 L . .
(5-11) D bi=1,i=12...5b>0b2>0 j=23..r
j=1

where B(2s), C(s), and E(s) denote the usual order conditions. It was shown that
these methods are algebraically stable for the matrices

(512) G = dlag 817[}1+627"'7Zi)j y D = diag(bl,bg,...,bs).
j=1
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TABLE 3
Coefficients of the fourth order MRK method from Example 5.2.

ail a12 a21 a22
0.47790690818421  0.87165188291653  —0.08663699023763  0.50361252124048

ar a2 ag1 ag2
0.75576439912123  0.24423560087877 0.97380878183171 0.02619121816829
b1 ba by bo
0.95532987568936  0.79063681672548 2V/15 -7 8 —2V15
c1 Cc2

1.59379439197950 0.44316674917114

Obviously, those are positive-definite. Hence, (5.10) is sufficient as a condition for
global stability of the corresponding extended GL method.

Ezample 5.2. By combining the fourth order MRK method from [14] with the
CS quadrature rule of order 4, we can obtain an extended GL method with r = 2 and
s = 2. It is written schematically below; for the values of the coefficients we refer the

reader to Table 3.
a a
<A11 A12> © In
a1 Q22

ym —p ai;p a2 ® In

a1 @G22
0 0 o1 0 1 o1
bl b2 N (;1 (;2 N

n T . n
’YZ( ) )T and y(n) = (y7t+1T7y7L+2T)T7 with Yi( ) = l/(tn + Cih)

P 4 (=1

?

(5.13)

y™ = F 4 Y1),

(n) mT
where Y™ = (Y]
and y, 2 y(t,), and

T ™ 7T
PO — <f (tn+ eh Y™, Z0) L (b o, V0 v, 240 )

Z;n) is computed by the CS rule with an even integer m > 4:

m/2
n h n n—2q+1
Zg( ) = g g (tn,jatﬂ,j)}/j( )) +4Zg (tnj7tn—2q+1,jay}( q+ )>
q=1

(m—2)/2

n—2 (n—m
(5.14) +2 3 g (tnstn-200Y" ) 9 (tagtem V™)
qg=1

Here the notation ¢, ; is used as shorthand for ¢, + c¢;h. This rule satisfies (3.5) for

v = ‘/TTOT. Under condition (5.10) this extended MRK method is globally stable.
The stability constant (5.2) can be computed using d = 1.7460, v = Y207, A\, =
215 —7,and \G . = 1.

In [24], the MRK methods that satisfy (5.11) are called MRK methods of the first
class. Five more classes of MRK methods are identified by Li in the above reference.
All of those are proven to be algebraically stable for the matrices (5.12). Hence,

Corollary 5.4 is immediately applicable to the corresponding extended GL methods.
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TABLE 4
Coefficients of the third order MRK method from Exzample 5.3.

ail a12 a21 a22
0.41623635782678  0.43372361014760  —0.22963576074350  0.62694215804990

ar a2 ag1 ag2
0.04995996797438  0.95004003202562 0.48484848484848 0.51515151515152
b1 ba by bo
0.59227996965099  0.55772003034901 0.15 0.85
c1 Cc2

1.80000000000000 0.91245791245791

Ezxample 5.3. We present an example of the second MRK class. Using formulas
(3.11)—(3.16) of [24], we compute the coefficients for a two-stage third order MRK
method. Its combination with the CG rule of order 3 (cf. [9]) yields another extended
GL method of the form (5.13). The coefficients are given in Table 4. The Z;n)—values
are computed as follows:

n h n—
Zj( )= 12 5g(t 7z,]7tn,]7Y( ))“1‘139( tn,jtn— 1,37Y( 1))

m—2
n-— n—m+1
12 E G(tnjstn_ q’jvyj( 4))+13g(tn,j7tn7m+1)j7yj( ))
q=2

(5.15) +59(tng tnemgs V™)

Since the corresponding underlying method is algebraically stable, and since the CG
rule satisfies (3.5) with v = 27, we immediately have global stability of the extended
GL method under condition (5.11). The stability constant (5.2) can be computed
using d = 1.1500, v = 27, AG, = 0.15, and \§,, = 1.

max

6. Asymptotic stability of the extended GL methods. In this section, we
focus on the concept of asymptotic stability.

DEFINITION 6.1. The extended GL method (3.3) and (3.4) is called asymptotically
stable for problems of class GRI(c, 3,,7) if lim, .« |Ay™| = 0.

THEOREM 6.2. Suppose that GL method (3.1) is (k,l)-algebraically stable for
a nonnegative diagonal matriz D = diag(dy,ds,...,ds) € R**® and a real symmet-
ric positive-definite matric G = (g;;) € R™", where 0 < k < 1, and suppose the
quadrature formula (3.4) satisfies (3.5). Then the extended GL method (3.3) and
(3.4) is asymptotically stable for the class GRI(«, 8, 0,7) when the following condi-
tion holds:

(6.1) h(a+ B+ ay?v?) <.

Proof. Define the quantity 8 = max{k, [M]L} From 0 < k < 1 and (6.1)

l—ho

it follows that 0 < k < 6 < 1. Hence, bound (4.2) from Lemma 4.1 holds. We will
simplify its right-hand side. By using (4.8), we can derive the following bound:
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m

n—1
0 o
i=0 q=0
L. (0 ShS (@)2
< z+q 2 —(g—1) q
<h | Y oAy DR 4 ( . ) mas {1AY/7)?)

q=0 i=0 q=11i=1
n—1 ) )
(62) < (m+DhY o FIAYI P £ mro' " max {JAYY?).
=0 -

Substituting (6.2) into the last term of the right-hand side of (4.2) yields

2.2
1Ay 2 < 67 Ay© |4 + 206" [mm‘””] max | mas {|av)?)

+1 | —m<i<—11<
n—1

(6.3) +2[(ha — O™ + h(B + o)) Y o mis 1Zd 1Ay, 12,
=0 j=1

By the definition of # and with the inequalities ha < h(a + 8+ ov?v?) < I, one finds
(ha = 1)0™ + h(3 + o7*v*) < 0.

This inequality, together with the knowledge that 0 < 6 < 1 and (6.3), leads to
lim, o [|AY™||g = 0 or lim,, o ||Ay™| = 0. O

REMARK 6.3. The major difference between Theorems 6.2 and 5.3 lies in the
strict inequalities present in both k < 1 and (6.1).

Ezample 6.1. As an illustration we consider the method (5.7) and (5.8) again.
Recall that (5.8) satisfies (3.5) with v = 27 and that the underlying GL method (5.7)
is (1/(1 —21),1)-algebraically stable for any { < 0. Thus, we have 0 < k < 1 whenever
[ < 0. Moreover, there always exists an [ (< 0) such that h(a+3+0v?v?) < [ whenever
B+072v? < —a. Hence, the latter is sufficient as a condition for asymptotic stability.

From Theorem 6.2, it is not immediately possible to derive a corollary that applies
specifically for algebraically stable methods because of the condition & < 1. To remedy
this situation, we present an alternative approach for proving asymptotic stability,
where the parameter k£ will be allowed to take the value 1.

THEOREM 6.4. Suppose that the GL method (3.1) is strictly stable at infinity and
(k, 1)-algebraically stable for a positive diagonal matriz D = diag(dy,ds,...,ds) €
R*** and a real symmetric positive-definite matriz G = (g;;) € R™", where 0 < k <
1. Suppose the quadrature formula (3.4) satisfies (3.5). Then the extended GL method
(3.3) and (3.4) is asymptotically stable for the class GRI(«, 3, 0,v) when (6.1) holds.

Proof. Inequality (5.6) can be written as

n—1 s

1Ay 420 - B+ B+ 0] Y S d Ay
i=0 j=1
(64 < 1Ay % +dr(28 +07°v?) _ max | max (| AV},

m<i<—11<j5

Since D is a positive diagonal matrix and since (6.1) holds, we may conclude from
(6.4) that lim,,— ||AYJ.(")||2 =0for j=1,2,...,s, and thus

> llay™)z =o.

j=1

(6.5) lim |AY ™| = lim
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The remainder of the proof is divided into two parts. First, we consider the case
where matrix C1; is invertible. Then, by (4.1), we have

(6.6) Ay™ = [R(o0) ® In]AYy ™™V 4 [Co1 Ot ® INJAY ™),
where R(c0) = Cag — 02101_11012. Because of the strict stability at infinity, one has
(6.7) plR(o0) ® I] = pIR(0)] < 1.

Therefore, applying Lemma 4.6 to (6.6) yields lim,, . ||Ay™| = 0.
Next, we consider the case that matrix C1y is singular. We replace it in (6.6) by
the invertible matrix (C11 + €l) and let € — 0. This gives

(6.8) Ay'™ = [R(o0) @ In| Ay~ + (Co @ In)AY ™,

where R(c0) = Coy — CpCip and Cy = lim. o Ca1(C11 + €l5) !, whose existence is
ensured by Lemma 4.2. Another application of Lemma 4.6 completes the proof. 0

When the GL method satisfies algebraic stability, Theorem 6.4 can be simplified.

COROLLARY 6.5. Suppose that the GL method (3.1) is strictly stable at infinity
and algebraically stable for a positive diagonal matriz D = diag(dy, da, . ..,ds) € R*®
and a real symmetric positive-definite matric G = (g;5) € R™", and suppose the
quadrature formula (3.4) satisfies (3.5). Then the extended GL method (3.3) and
(3.4) is asymptotically stable for the class GRI(«, 8, 0,v) when the following condition
holds:

(6.9) B+ ovi? < —a.

Ezample 6.2. Consider the extended GL method from Example 5.2. A computa-
tion shows that p[R(oc0)] = 0.9816 < 1, which implies strict stability. So, the method
is asymptotically stable for problem class GRI(«, 3, c,~) under condition (6.9).

Example 6.3. Consider the extended GL method from Example 5.3. Now, we
find that p[R(co)] = 0.6158 < 1. Hence, also for this method (6.9) is a sufficient
condition to guarantee asymptotic stability.

7. Numerical experiments and convergence. In the previous sections we
have proven that the extended GL methods possess an excellent stability behavior
under a set of suitable conditions. Naturally, one also wishes to find out the actual
computational performance and their accuracy in particular. Therefore, we will apply
the methods from Examples 5.1, 5.2, and 5.3 to two MVIDE systems. In order to
measure the quality of the numerical methods, we introduce the following:

err = ly(tn) = ynlloe, €= max fly(tn) = ynlloo, p:=1In(e) /In(h),
where Ny is a positive integer such that Nyh = T with T being the length of the
solution interval. The symbols err, €, and p denote the error at time point ¢,,, the
maximum error over the interval, and the convergence order of the method, respec-
tively.

We will pay particular attention to the estimate of the convergence order. Our
numerical results will seem to indicate that the convergence order of the extended
GL method equals the minimum of the orders of the underlying GL method and the
quadrature rule. These results are not entirely unexpected (see, e.g., the discussion of
the combined order problem in [9, section 3.4]), and will be verified through a number
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Fi1G. 7.1. Error of the method from Example 5.1 with m = 8,16,32,64 for (7.1) on [0,97].

of examples. In the first two examples, the methods of Examples 5.1, 5.2, and 5.3 will
be used. Those are characterized by a correct match between the orders of the GL
method and the quadrature rule (order 2 for Example 5.1, order 3 for Example 5.3,
and order 4 for Example 5.2). Further on, we will also consider methods where the
order of the GL method is different from that of the quadrature rule.

Ezxample 7.1. Consider the linear system with partially variable coefficients:

(7.1) ¥'(t) = —(6 +sint)y(t) +y (t - %) - /t—£ sin(v)y(v)dv + 5exp(cost), t > 0,

with an initial condition on [—7/4, 0] such that the exact solution is given by y(t) =
exp(cost). One may check that the problem belongs to class GRI(—4, 3, 3,1). With
Theorem 2.1 we conclude that system (7.1) satisfies stability properties (2.4) and
(2.5). Moreover, based on our earlier discussions, we deduce that the numerical meth-
ods from Examples 5.1, 5.2, and 5.3 retain the stability properties of the analytical
solution; for this problem they are also globally and asymptotically stable.

In order to check the convergence behavior and accuracy of the extended GL
methods, they will be applied using a sequence of step lengths characterized by the
parameter m on the time interval [0,97]. The accuracy of the obtained numerical
solutions is displayed in Figures 7.1-7.3. The numerically estimated convergence
orders are given in Table 5. The numerical results show that the methods are quite
effective and preserve the inherent order of accuracy of the underlying components.

Example 7.2. Consider the following two-dimensional nonlinear system:

d (@) _ (5 0 sint\ fy1(t—%)
(72 dt<y2<t>>‘ 4<y2<t>>+<cost o><y2<t— >>

(1+sin® v)y)l( v) £(0)
1+y1 v
d , 0<¢t.
\/>/ (1+cos? v)yz( ) v+ (g(t)) -

1+y (v)

[SE I

—~
~

Functions f(t) and g¢(¢) and the initial condition on [—7/5,0] are chosen in such a
way that the solution equals y(t) = (sint,cost)?. This problem belongs to class

GRI(—4 + \2f, *4[7 ‘4f, 2). Tt follows that (7.2) satisfies stability properties (2.4) and
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Fi1G. 7.3. Error of the method from Example 5.2 with m = 8,16,32,64 for (7.1) on [0,97].

TABLE 5

Convergence order of extended GL methods for system (7.1). Example 5.1: 2nd order BDF +
2nd order quadrature; Example 5.3: 3rd order MRK + 3rd order quadrature; Example 5.2: 4th
order MRK + 4th order quadrature.

m | Example 5.1 | Example 5.3 | Example 5.2
8 2.5666 3.7821 4.0022
16 2.4327 3.5499 3.9982
32 2.3510 3.4254 3.9964
64 2.2956 3.3491 3.9960

(2.5) and that our three GL methods are globally and asymptotically stable. We
consider the numerical results obtained when these methods are applied to (7.2).
Note that a nonlinear equation is to be solved in every time-step. To that end, we
adopted a Newton iteration, with initial values obtained by a backward interpolation

formula

Q
n 1 ) ; .
Yi( ) = Ynt1 + E 7 (ci = Deiles +1)(ci +2) -+ (ci +J = 2)VYnyr, i=1,2,...,
j=1""
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Fi1G. 7.5. Error of the method from Example 5.3 with m = 8,16,32,64 for (7.2) on [0,97].

where f/;(") = y(ty + cih) (= y(tns1 + (¢ — 1h)), 0 < ¢ < 2. More precisely, in
order to get a starting value with accuracy order matching the estimated order of
the extended GL methods, we take Q = 2, 3, 4 for the methods of Example 5.1,
5.3, and 5.2, respectively. This proved to provide a great savings in computational
cost. The accuracy of the numerical solutions are shown in Figures 7.4-7.6, and the
estimated convergence orders are given in Table 6. As in the previous example, the
methods again seem to preserve the inherent accuracy of the underlying components.
Ezxample 7.3. Naturally, one also wishes to know what happens to an extended GL
method when the order of the underlying method differs from that of the quadrature
formula. In order to gain some insight, we considered the third order MRK method

from Example 5.3 combined with the first order quadrature formula

(7.3) Z" =Y gltnjitn—qsY,""), G=12,
q=0

combined with the second order quadrature formula

m

n 1 n— .
(7.4) 2" =hn3"y (tn,j,tn_q,j,yj.( fI)) =12,
q=0
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F1G. 7.6. Error of the method from Example 5.2 with m = 8,16,32,64 for (7.2) on [0,97].

TABLE 6
Convergence order of extended GL methods for system (7.2). Ezample 5.1: 2nd order BDF +
2nd order quadrature; Example 5.3: 3rd order MRK + 3rd order quadrature; Example 5.2: 4th
order MRK + 4th order quadrature.

m | Example 5.1 | Example 5.3 | Example 5.2

8 2.9132 4.1053 4.7479

16 2.7183 3.8449 4.5847

32 2.5918 3.6858 4.4804

64 2.5029 3.5787 4.4078
TABLE 7

Convergence order of extended GL methods for (7.2): 3rd order MRK method combined with
1st order method (7.3), combined with 2nd order method (7.4), combined with 3rd order method
(5.15), and combined with 4th order method (5.14).

(73) | (74) | (5.15) | (5.14)
8 1.6318 | 3.5703 | 4.1053 | 4.2630
16 1.4976 | 3.2562 | 3.8449 | 3.9556
32 | 1.4102 | 3.0393 | 3.6858 | 3.7715
64 | 1.3489 | 2.8821 | 3.5787 | 3.6492

and combined with the fourth order quadrature formula (5.14). The estimated con-
vergence orders are given in Table 7. For completeness, we also added the second
column from Table 6, where the method was combined with a third order quadrature
method. Finally, in Table 8, we present similar results for the fourth order MRK
method from Example 5.2 combined with four quadrature rules of different orders.
All of these results seem to indicate that the order of the extended GL method
is equal to the minimum of the orders of its two components: the underlying GL
method and the quadrature rule. A proof for this observation and a derivation of the
conditions under which it would hold for class GRI(«, 3, o, v) remain to be found.

8. Concluding remarks. We have investigated the stability of extended
GL methods for a class of nonlinear MVIDEs. Numerical examples illustrate the
convergence and the effectiveness of the methods. Our findings extend and improve
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TABLE 8
Convergence order of extended GL methods for (7.2): 4th order MRK method combined with
1st order method (7.3), combined with 2nd order method (7.4), combined with 3rd order method
(5.15), and combined with 4th order method (5.14).

(73) | (74) | (5.15) | (5.14)
8 1.6320 | 3.5895 | 4.3429 | 4.0022
16 | 1.4976 | 3.2555 | 4.1125 | 3.9982
32 | 1.4102 | 3.0354 | 3.9351 | 3.9964
64 | 1.3489 | 2.8804 | 3.8030 | 3.9960

our earlier results reported in [33]. Specializing our results to the DDE ¢/ (t) = f(¢, y(t),
y(t — 7)), we find our results to be consistent with those in [20], slightly weaker than
those in [30], and substantially different from those in [28, 29, 6, 7, 31, 32, 25]. As a
conclusion, we would like to point out the precise differences.

In [30], the author studied the implicit Euler method for DDEs and proved that
this method satisfies the following stability property:

. —gnll < — > 0.
(8.1) g = Gall <, max [le(t) = ()] Vo >0

This strong property could be derived thanks to the relatively simple structure of the
Euler scheme. The approach cannot be generalized to more complex methods.

In [28, 29], linear and nonlinear DDEs of class GRI(—p, p,0,0) with p > 0 are
considered. When an A-stable RK method is used in the linear case or an algebraically
stable RK method is used in the nonlinear case, a specialized stability result can be
derived, called B,-stability. In particular, it is shown that

(82) {ynJrl - gn+1] S {yn - gn],

where the notation [-] is defined as follows:

1 s )
(yn-|2 = §||yn||2 + hp Z Zbi||y§])||~

n—m<j<n—11i=1

This clearly shows the perturbation behavior of a combination of the numerical solu-
tion and the stage value approximations. In practice, however, one usually wishes to
check the perturbation behavior of the numerical solution only.

In [6, 31], based on the concept of (semi-) BN y-stability of the underlying contin-
uous RK methods, the authors derived (RN-) GRN-stability results for RK methods
for DDEs, with a stability inequality characterized by (8.1). The special cases of con-
tinuous RK methods applied to linear autonomous and nonautonomous DDE prob-
lems are also considered. The concept of BNg-stability is then specialized into that
of Ag-stability and that of AN-stability, respectively. Under those conditions, (8.1)
is obtained again. For more details and some extensions we refer the reader to [7].
The assumption of (semi-) BNy-stability is rather strong, however, as it leads to an
order barrier for the underlying RK methods. Indeed, in [32] it is shown that four is
a sure order barrier for any BNg-stable RK method. Moreover, at this moment, only
two BNy-stable RK methods have been found: the implicit Euler method and the
Lobatto IIIC method with linear interpolation. Our research on the contrary is based
on algebraic stability, which does not usually suffer from such a strong order barrier.



2030 CHENGJIAN ZHANG AND STEFAN VANDEWALLE

In [25], Li studies RK methods applied to general Volterra functional differential
equations. Under the condition of B-stability, it is shown that the numerical solutions
yn and ¢, obtained from two different sets of initial data {¢(t),y1,92,...,yx} and
{Y(t), 91,72, - - -, Ui} satisfy the following stability inequality:

. n ~'n, S n i_~i ) - ’
83) o — il < exple(t, — t)ymax { g I~ il s [lo(0) - w001}

where c¢ is a positive constant and h,, a variable step size. Note that the stability
function H(t) := exp(c(t —ty)) in (8.3) is increasing for ¢ > ¢y and will tend to infinity
when ¢t — +o00. Hence, (8.3) is applicable only on a finite time interval. Our stability
results on the contrary can be applied on the infinite time interval since the stability
function is a constant H and is independent of the time variable ¢.
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