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Abstract—In this paper, we review a general framework for the
optimal bit allocation among dependent quantizers based on the
minimum maximum (MINMAX) distortion criterion. Pros and
cons of this optimization criterion are discussed and compared
to the well-known Lagrange multiplier method for the minimum
average (MINAVE) distortion criterion. We argue that, in many
applications, the MINMAX criterion is more appropriate than
the more popular MINAVE criterion. We discuss the algorithms
for solving the optimal bit allocation problem among depen-
dent quantizers for both criteria and highlight the similarities
and differences. We point out that any problem which can
be solved with the MINAVE criterion can also be solved with
the MINMAX criterion, since both approaches are based on
the same assumptions. We discuss uniqueness of the MINMAX
solution and the way both criteria can be applied simultaneously
within the same optimization framework. Furthermore, we show
how the discussed MINMAX approach can be directly extended
to result in the lexicographically optimal solution. Finally, we
apply the discussed MINMAX solution methods to still image
compression, intermode frame compression of H.263, and shape
coding applications.

Index Terms—Boundary coding, minimum average criterion,
minimum maximum criterion, optimal bit allocation, shape cod-
ing, video coding.

I. INTRODUCTION

A COMPROMISE between the rate and the distortion is an
inherent feature of every lossy compression scheme. One

common approach to mathematically formulate this tradeoff
is to minimize the average (or total) distortion for a given bit
rate, or vice versa, to minimize the bit rate for a given average
distortion. In other words, the minimum average (MINAVE)
criterion is employed. The philosophy behind this approach is
that if the average distortion is minimized then, in the long
run, the best quality is obtained.

The well-known Lagrangian multiplier method [3], [19],
[20], [23], [31] is well suited for these kinds of constrained
optimization problems. It converts the “hard” constrained
problem into a set of “easy” unconstrained problems, param-
eterized by the Lagrange multiplier. These unconstrained
optimization problems need to be solved optimally and effi-
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ciently so that the overall scheme is optimal and efficient. In
the case where the quantizers are independent, the solution
can be found by solving a set of independent problems [3],
[31]. In the case of dependent quantizers, these unconstrained
problems can be solved optimally and efficiently by dynamic
programming (DP) [20], [23]. Quantizers are called dependent
when the selection of a particular quantizer depends on the
selection of a neighboring (in space and/or time) quantizer.
Differential pulse code modulation (DPCM) is a prime exam-
ple, since a quantizer applied to the current value changes the
prediction value for the next sample. This in turn changes the
prediction error which is then quantized by another quantizer.
Hence, since the quantizer applied to the prediction error is
nonlinear, the quantizer applied to the current sample has a
direct influence on the selection of the quantizer used for the
prediction error. We will give more examples of dependent
quantizers later on. The search for the optimal solution consists
of first finding the optimal using, for example, the bisection
method, such that the optimal solution to the unconstrained
problem also solves the constrained problem optimally. It is
interesting to notice that with this popular approach, a large
variability among the different source distortions is possible.
Since in general the sources are consecutive in time and/or
space, such as, different frames in a sequence, different blocks
in a frame, or different boundary segments, this variability in
quality can be very disturbing and the perceived quality is low
even though the average distortion is minimized.

A different approach to formalize the relationship between
the rate and the distortion is the minimum maximum (MIN-
MAX) distortion approach, where the goal is to minimize the
maximum source distortion for a given bit rate, or vice versa,
to minimize the bit rate for a given maximum source distortion.
The philosophy behind this approach is that by minimizing the
maximum source distortion, no single source distortion will
be extremely bad, and hence, the overall quality will be quite
constant. In fact, the MINMAX criterion is an ideal choice,
when the goal is to achieve an almost constant distortion which
is as small as possible for the available bit rate. It may also
be the criterion of choice when subjective quality is taken into
account. The lexicographic approach is a generalization of the
MINMAX criterion for the case where the MINMAX solution
is not unique. We will discuss the extension of the MINMAX
approach to the lexicographic approach later on.

There are many applications where a global distortion
metric, i.e., MINAVE criterion, is not a satisfactory measure
of quality or acceptability. For example, to an investor whose
stock went down, there is little consolation in the fact that the
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Dow Jones index reached a new high. Similarly, in coding
applications, it may be meaningless, in certain cases, to rely
on the global mean squared error (MSE) to judge performance.
One example is given in Section V-C for a boundary encoding
problem. In Fig. 18, the optimal MINAVE solution is found
for a rate constrained problem. In this case the optimal
MINAVE solution did not include the encoding of the area
between the leg of the child. Note that otherwise, the boundary
approximation is very good (error pixels are in white). This is
the expected result for the MINAVE criterion, since encoding
this long but rather small object requires many bits (long
boundary) while not encoding it at all results in a relative
small error (small area). Therefore, it is the best tradeoff in
the MINAVE sense not to encode the object and instead use
the saved bits to improve the boundary approximation for the
other objects in the scene. Hence the MINAVE results in a
small global MSE at the expense of a large localized MSE.
A MINAVE solution has an inherent problem with outliers,
which, though may be statistically insignificant, can play an
important role as we have shown in the above example.

With the MINMAX approach, on the other hand, this
problem does not exist, since the local maximum allowable
distortion is explicitly bounded. This is one motivation for
the recent interest in near-lossless compression techniques [7],
[17], [22], where quality is maintained at the local level.
Note that the MINMAX approach discussed in this paper can
include the near-lossless technique used in [22], using a proper
definition of distortion. Another strong argument in favor of
MINMAX comes from perceptual quality considerations. It
has long been known in the image coding field that the human
visual system exhibits more tolerance to distortions in regions
with high spatial activity than to distortions in relatively flat
areas [1], [10]. If the chosen distortion metric is inversely
related to a local (mean-removed) SNR, the application of
the MINMAX criterion has the effect of allowing more er-
rors in high frequency regions and fewer errors in relatively
uniform areas, which is consistent with perceptual quality
considerations.

The MINAVE criterion, however, is much more commonly
used in the literature than the MINMAX criterion. This is
mostly due to the fact that efficient algorithms have been
available for the MINAVE criterion, while such algorithms
have been lacking for the MINMAX criterion. The MINMAX
problem for independent quantizers has been studied in [14]
where a simple algorithm has been proposed. The MINMAX
algorithm for the optimal bit allocation among dependent
quantizers described in this paper was first published in
[27] and also in [23, ch. 4]. In [26], the connection be-
tween the MINMAX and the MINAVE algorithm is outlined
while the first application of the MINMAX algorithm to
boundary coding was published in [28]. The first application
of the lexicographic criterion for the optimal bit allocation
among independent quantizers in a continuous framework
was published in [8]. The basic idea of secondary distortion
measures was introduced for boundary coding in [23]. The
main contribution of this review paper is the unification and
generalization of the previously published results. We estab-
lish a common framework for the MINMAX and MINAVE

criterion and show how the MINAVE can be extended to
include the lexicographic criterion. Furthermore, we generalize
the concept of a secondary distortion measure first introduced
for boundary coding. In addition, we show how the boundary
encoding problem is an application of the general theory
discussed in this paper. Furthermore we present new results of
the MINMAX criterion for video compression and compare it
to previously published results using the MINAVE criterion.

In Section II, we introduce the notation and assumptions
and formulate the problem mathematically. In Section III,
we review the Lagrangian multiplier method for dependent
quantizers and cast the solution in the DP paradigm, and
we also discuss the uniqueness of the solution and show
how the MINMAX approach can be extended to result in a
lexicographically optimal solution. In Section IV, we review
an efficient algorithm for the optimal bit allocation among de-
pendent quantizers for the MINMAX criterion. In Section V,
we apply both algorithms (MINMAX and MINAVE) to the
intra- and interframe encoding schemes used in H.263 and
compare the different results with respect to the mean and
variance of the resulting distortion. There we also present an
example of applying both criteria to the shape coding problem.
Finally, in Section VI, we compare the MINMAX and the
MINAVE criterion and summarize the paper.

II. NOTATION, ASSUMPTIONS, ANDPROBLEM FORMULATION

In this section we introduce the necessary notation, the
underlying assumptions, and the mathematical formulation of
the optimal bit allocation problem in a dependent coding
framework.

Before we proceed it is important to discuss in more detail
the notion of a source signal (henceforth referred to as source),
since the source distortion and the source rate are of critical
importance in the development of the paper. In general, we
consider as source any signal which is quantized. For example,
if the quantizers are selected per block (or macroblock in
H.263 notation) then each block is considered a source. On the
other hand, if the quantizer is selected and fixed on a frame-by-
frame basis (which is a popular strategy), then the frames are
considered different sources. In speech coding, it is common
to segment the original waveform into blocks of 10–30 ms
length. Each of these blocks is then considered a source.
For shape coding, the identification of a source becomes
more difficult. Basically the original boundary is considered a
sequence of boundary segments and each boundary segment is
approximated (quantized) by either a straight line or a higher
order curve. Hence the boundary segments are considered
sources. A complicating factor is that the original boundary is
not only segmented into one possible sequence of segments,
but into all possible sequences of segments. Therefore, a
given source (boundary segment) will in general consist of
several other sources (smaller boundary segments), and this
relationship holds until a boundary segment consists simply
of two consecutive pixels. Nevertheless, with this view of a
source in mind the boundary encoding is simply an application
of the more general theory.
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A dependent coding framework implies that the
source rate and/or source distortion

for a given source depends not only
on the quantizer applied to that source, but also on
neighboring quantizers in a neighborhood
defined by two nonnegative integersand . Examples of
such dependent coding frameworks are all predictive coding
schemes, such as motion compensated video compression,
segmentation encoding, image coding, etc. For example,
in motion compensated video compression, the quantizer
selected for the previous frame has a direct influence on the
rate-distortion characteristic of the current frame, since the
reconstructed previous frame and the motion information is
used to predict the current frame.

The total rate for encoding all sources is the sum of the
source rates, and defined as follows:

(1)

Depending on the employed distortion criterion, the distortion
for encoding all sources is the sum (or
average) of the source distortions (MINAVE)

(2)

or the maximum of the source distortions (MINMAX)

(3)

with and specifying the
boundary conditions.

In either case, two optimal bit allocation problems can
be formulated, the minimum rate problem and the minimum
distortion problem (which is also called the rate constrained
problem). In the minimum rate problem, we are looking for
the quantizer sequence which results in the smallest bit rate for
a given maximum distortion . This can be formulated as
follows:

s.t.: (4)

In the minimum distortion problem we are looking for the
quantizer sequence which results in the smallest distortion for
a given maximum bit rate . This can be formulated as
follows:

s.t.: (5)

The above formulations hold for either of the two distortion
criteria. It should be noted, however, that in some applications,

, the number of sources retained for quantization, may be
different from the number of sources present in the original
signal. In this case, finding the optimal is part of the
optimization.

III. T HE MINAVE CRITERION

In this section we show how the optimal bit allocation
problem can be solved for the MINAVE criterion which is
defined in (2). The solution is based on the Lagrange multiplier
method and DP. Note that for the MINAVE criterion, the total
rate and the total distortion are of exactly the same form and
hence the solution approach for the minimum rate problem is
equivalent to the solution approach for the minimum distortion
problem. Therefore, in this section, we will concentrate on
the minimum distortion problem, keeping in mind that by
relabeling the function names, i.e., , ,

, and , the minimum rate problem
can be solved using the same approach.

The basic idea behind the Lagrange multiplier method is to
merge the rate and the distortion with a Lagrangian multiplier

. This results in the Lagrangian cost function which is of the
following form:

(6)

The goal of this method is to convert the “hard” constrained
problem of (5) into a set of “easy” unconstrained problems
parameterized by .

It has been shown in [3] and [31] that if there is a such
that

(7)

and , then is also
an optimal solution to the minimum distortion problem of
(5) for the MINAVE criterion. It is well-known that when

sweeps from zero to infinity, the solution to problem (7)
traces out the convex hull of the operational rate distortion
curve, which is a nonincreasing function. Hence bisection [6]
can be used to find . The main problem with the Lagrange
multiplier method is that only solutions which belong to the
convex hull can be found.

Clearly, the efficiency of the Lagrange multiplier method
depends on the assumption that the unconstrained problem
of (7) can be solved efficiently. Based on the assumptions
made in Section II, the source rates and distortions only
depend on the quantizers selected in a neighborhood around
the current source. Therefore, the Lagrangian cost function
can be expressed as follows:

(8)

where . The Lagrangian multiplier
method is based on the assumption that the above uncon-
strained problem can be solved optimally and efficiently. In
the following section we will closely follow the development
of the DP recursion formula in [23]. Using it we will then
show how DP can be used to optimally solve the unconstrained
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problem efficiently, as long as, the size of the neighborhood
) is reasonably small.

A. DP Recursion Formula

Even though there exists only a finite number of combina-
tions in which source quantizers in (8) can be
combined, the exhaustive search is too complex. Assuming the
same cardinality for all source quantizers, the complex-
ity of exhaustive search is , where complexity refers
to the number of times the cost function
needs to be evaluated. With the use of the proposed DP
algorithm, this complexity can be significantly reduced.

Dropping the subscript , we denote by the minimum
Lagrangian cost up to and including neighborhood, that is

(9)

From (9), it follows that

(10)

Since does not depend on
, it can be moved outside the inner minimization

and the following DP recursion formula results:

(11)

Assuming that all source quantizers have the same cardinality
, this recursive formula requires only com-

parisons to find , , ,
given , . Thus, the overall

complexity is , which is a significant reduc-
tion from required by the exhaustive search. It is
important to note that the time complexity depends directly
on the size of the neighborhood ( ). In other words, if
the dependency among quantizers is well localized, such as in
single predictor DPCM ( ) or a second-order
B-spline ( , see Section V-C), the above DP
formulation results in a low time complexity. Clearly, if the
dependency is not well localized as, for example, the vector
median-based DPCM for the motion vector prediction in H.263
( ) [24], [29] the time complexity increases
exponentially. Furthermore, in cases where the dependency is
global, for example, the current quantizer depends on every
previous quantizer, then the above DP algorithm degenerates
to an exhaustive search. Nevertheless, most problems have a

strong local dependency and hence the DP approach works
well.

B. Forward DP Algorithm

Having established the DP recursion formula (11),
we apply the Viterbi algorithm [5] to arrive at the
optimal solution, which consists of the minimum cost

and its
associated sequence of source quantizers. The recursion is
first initialized:

(12)

and the optimal selection backpointer is introduced:

(13)

Next, the recursion formula is applied for up to and
including , that is

(14)

Again the back pointer is assigned, for which the argument
which minimizes the above problem needs to be known:

(15)

which is

(16)

The last backpointer is the argument that minimizes the cost
at the last source:

(17)

Consequently, the optimal sequence of source quantizers
is found by following the backpointers

during the backtracking stage, i.e.,

(18)

where refers to the first element in the vector.
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IV. THE MINMAX C RITERION

In this section, we propose a general algorithm for the
optimal bit allocation among dependent quantizers for the
MINMAX criterion [27]. The basic idea behind the proposed
algorithm is to solve the minimum rate problem optimally
using DP. This is possible since the maximum distortion
constraint applies toeach source and not to the sum
of the source distortions. We then prove that the operational
rate distortion function is nonincreasing. Therefore, we can
solve the minimum distortion problem, which is a min max
problem, using bisection, where in each bisection iteration the
minimum rate problem is solved using a different .

A. The Minimum Rate Problem

In this section, we solve the minimum rate problem which
is described in (4) for the MINMAX criterion. The key
observation for the derivation of the optimal solution is that,
the maximum distortion constraint applies to each
source, and not, as in the case of the MINAVE criterion, to the
sum of the source distortions. We can make use of this fact
by redefining the source rates as follows:

.
(19)

In words, the rate for a source with a distortion which is larger
then the maximum permissible distortion is set to infinity.
This results in the fact that, given that a feasible solution
exists, the quantizer sequence which minimizes the total rate,
as defined in (1), will not result in any source distortion greater
than . If no feasible solution exists, then the resulting
minimum total rate is infinite, hence, this situation can easily
be detected and can be increased. In other words, the
minimum rate problem, which is a constrained optimization
problem, can be transformed into an unconstrained optimiza-
tion problem using the above redefinition of the source rates.

The structure of the total rate formula in (1) is equivalent to
the structure of the Lagrangian cost function for the MINAVE
case in (8). Hence, the optimal solution to the unconstrained
minimum rate problem can also be solved by DP as shown
in Section III-B.

We can now calculate the operational rate distortion function
as follows:

s.t.: (20)

where we assume that is a variable.

B. The Minimum Distortion Problem

The proposed optimal bit allocation algorithm for the min-
imum distortion problem is based on the fact that we can
optimally solve the minimum rate problem. In other words,
for every given , we can find the quantizer sequence
which results in , the minimum rate for encoding

Fig. 1. TheR�(Dmax) function.

the combined sources, where each source distortion has to be
below the maximum distortion [see (20)]. We use the
following theorem to formulate an iterative procedure to find
the optimal solution for the minimum distortion problem.

Theorem 1: is a nonincreasing function of
.

Proof: Let be
the optimal solution of (4) for and

the optimal solution of (4) for
. Since , is a possible

solution of (4) for , using bits.
Since is the optimal solution of (4) for

, it follows that .
The above theorem is intuitively clear since it simply states

that if a greater maximum distortion is permissible, then we
should be able to encode the sources with a smaller number of
bits. Note that even though this seems obvious, this only holds
true because we can solve the minimum rate case optimally.

Having shown that is a nonincreasing func-
tion, we can use bisection to find the optimal such
that , which solves the minimum distor-
tion problem of (5) or the MINMAX criterion. The bisec-
tion method starts with two points and

which bracket the optimal solution (see
Fig. 1). Then, a middle point is found by
invoking the minimum rate algorithm for

(21)

The new bracketing points of the optimal solution are then the
middle point and one of the original points which results in a
bracket which includes the optimal solution. This procedure is
then iterated until the optimal solution is found or the bracket
is small enough for the purpose at hand.

Since this is a discrete optimization problem, the function
is not continuous and exhibits a staircase charac-

teristic (see Fig. 1). This implies that there might not exist a
such that . In that case, the proposed

algorithm will still find the optimal solution, which is of the
form , but only after an infinite number of
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iterations. Hence we stop the algorithm after a fixed number
of iterations.

C. Breaking the Tie

Sometimes the solution to the MINMAX distortion problem
is not unique. That is, two or more source quantizer sequences
result in the same minimum rate for the same
distortion . One way out of this problem is to arbitrarily
select one of the solutions, for example, the one with the
smallest index. This is, in fact, the way most encoders resolve
this problem.

Another way to break this tie is with the use of secondary
distortion measures first introduced for boundary encoding in
[23]. As shown above, DP is used to solve the minimum
rate MINMAX problem directly by redefining the source
rates. Secondary objectives can easily be included in the DP
framework. We propose to use the MINAVE criterion as a
secondary objective to break the tie between two or more
optimal MINMAX solutions. The source rates are changed
again, and in fact something very similar to a Lagrangian is
defined. Recall the source rates were redefined before in (19)
for the MINMAX case. The following definition changes (19)
to include a MINAVE based secondary distortion measure,
weighted by :

(22)

where and stand for and
, respectively, with the latter one being

the MINAVE criterion-based secondary distortion measure
and a positive real number. As shown, the DP algorithm
finds the sequence of dependent quantizers which minimizes

.
We would like to select such that it will identify a winner

among the optimal solutions, but it should be impossible for
any other solution to outperform the optimal ones. Let us
denote by and the costs
of two solutions to the original MINMAX problem and let us
assume without loss of generality that solutionis optimal.
Clearly, if is also optimal, i.e., , any positive real

will cause the solution with the smaller secondary distortion
to be selected. If, on the other hand, is not optimal,

i.e., , then we would like solution to be selected
regardless of the magnitudes of the secondary distortions. That
is, must be such that, in this case

(23)

If , the solution is correctly selected. Hence, we
assume . Rearranging the variables, the following
upper bound results:

(24)

where is the smallest possible difference between an
optimal and a suboptimal solution, which is usually 1 bit, and

is the largest possible value of the secondary distortion
measure. Consequently, anysatisfying
is capable of discriminating between two solutions based on
a secondary distortion measure. By selectingas proposed
above a suboptimal MINMAX solution will never be selected
as the optimal solution, and the secondary distortion measure
will only be used to find a winner among the optimal solutions.

It is also possible to incorporate secondary distortion mea-
sures, specifically the MINMAX measure, into a DP algorithm
operating on the MINAVE criterion. We cannot include a
MINMAX measure into the Lagrangian cost function directly.
Note, however, that the maximum source distortion exhibits
the same order of dependency as the sum of the source
distortions. In other words, knowing the current maximum
source distortion makes the future of the maximum source
distortion independent from the past. We now apply this
knowledge to the DP recursion formula of (11). If two (or
more) result in the same , the one resulting in
the smallest maximum source distortion is selected, and the
new minimum maximum source distortion is stored together
with the backpointer identifying the optimal .

Yet another way to break the tie between two or more
optimal MINMAX solutions is through application of the lexi-
cographic optimality principle [8], which can be considered an
extension of the MINMAX criterion. If the MINMAX solution
is unique, then it is also the lexicographically optimal solution.
This is the reason why we discuss this approach in this section.
The lexicographical optimality criterion can be explained as
follows. If two or more MINMAX solutions exist, a sorted list
is created for all candidate optimal solutions. It contains the
source distortions introduced by individual source quantizers.
These distortions are sorted in the decreasing order and the lists
are then scanned sequentially. When there is a tie between two
optimal MINMAX solutions the first elements of the respective
lexicographically ordered lists must be equal. The lexicograph-
ically ordered list which has the smallest second largest source
distortion is then considered to represent the smaller total
distortion, and hence, it identifies the optimal solution. If the
second largest source distortion still results in a tie, then the
third largest source distortion is compared, and so on.

Clearly, we do not want to keep all possibly optimal
solutions until the end of the DP. Ideally, we would like
to eliminate lexicographically suboptimal solutions as early
as possible. This can be achieved easily in the proposed DP
framework, since a lexicographically ordered list exhibits the
same order of dependency as the maximum of the source
distortions. In other words, knowing the current lexicograph-
ically optimal list of source distortions makes the future of
the lexicographically optimal list independent from the past.
We now apply this knowledge to the DP recursion formula of
(11). If two (or more) result in the same , the
one resulting in the smallest lexicographically ordered source
distortion list is selected, and this new list is stored together
with the backpointer identifying the optimal .

The main difference between the idea of a secondary
distortion measure and a lexicographically optimal solution is
that the secondary distortion measure allows for the influence
of a completely different distortion measure. In contrast to
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Fig. 2. Macroblock quantizer step sizes. First row: fixed quantizer step size ofQ = 10; second row: step sizes for the minimum total distortion approach;
third row: step sizes for the minimum maximum distortion approach.

this, the lexicographically optimal solution is all based on
one type of distortion measure. For example, if there are two
MINMAX optimal solutions for a boundary approximation,
it makes intuitive sense to select the one which results in
a smaller MSE. This is the nature of a secondary distortion
measure. Clearly, the tie can also be broken using a lexico-
graphical criterion, but in this case, the breaking of the tie
is still based on a smallest maximum distortion and not on
something else, like an intuitive MSE. In other words, the
secondary distortion measure is appealing to us since it allows
to combine MINMAX and MINAVE criteria which are both
well-known concepts for which we inherently have an intuitive
understanding.

V. APPLICATIONS

In this section, we present several examples from different
areas of data compression to compare the MINAVE and the
MINMAX approaches. They all have in common the theme of
optimal bit allocation among dependent quantizers, for which
solution techniques derived in Sections III and IV are applied.

In Section V-A, we discuss the optimal block quantizer
selection for a still-frame compression scheme [23], [27]. In
Section V-B, we discuss the optimal quantizer, mode, and
motion vector selection for a motion-compensated video com-
pression scheme. Note that the mode and quantizer selection
scheme for the MINAVE criterion has been reported in [24]
and is very similar to the scheme reported in [32]. The
combined selection of motion vector, mode, and quantizer for
the MINAVE criterion has been reported in [29], while the
selection of optimal motion vectors in a lossless video coder
are discussed in [21]. Finally, in Section V-C, we discuss the
optimal boundary approximation for a shape-encoding scheme
[11], [30].

TABLE I
EACH OF THE 99 MACROBLOCKS (16� 16) RESULTS IN A PARTICULAR MSE,
AND THE MEAN MSE IS THE MEAN OF THESE 99 MSE’S. THE SAME HOLDS

FOR THE MINIMUM , MAXIMUM , AND STANDARD DEVIATION COLUMN

It is important to notice that the presented theory can also
be used for completely different coding schemes, as long as
the assumptions stated in Section II are satisfied.

A. Still-Frame Compression

The dependent image coding scheme we use for this exam-
ple is the intraframe scheme employed in TMN4 [4], which is
the test model four of the H.263 standard.

For the example at hand, we encode the first frame of the
QCIF color sequence “Mother and Daughter.” We use the
TMN4 mechanism for transmitting the quantizer step sizes
which is based on a modified delta modulation scheme. In
TMN4, the quantizer step size of the current macroblock
must be within 2 of the quantizer step size employed for
the previous macroblock. Then the difference between the
quantizer step sizes is entropy coded. This DPCM scheme
results in a first-order dependency between two consecutive
blocks, since the operational rate distortion curve of the current
block depends on the quantizer selected for the previous block.

First, we fix the quantizer step size for all macroblocks to
10. The resulting rate ( bits) and distortion
are listed in Table I. Note that the mean squared error (MSE)
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Fig. 3. MSE of each macroblock of the luminance channel. First row: MSE for a fixed quantizer step size ofQ = 10; second row: MSE for the minimum
total distortion approach; third row: MSE for the minimum distortion approach.

of the luminance (Y) channel is used as the distortion measure.
For both the MINAVE and the MINMAX criterion, we solve
the minimum distortion problem, where we set the maximum
rate equal to the rate TMN4 uses for a fixed quantizer of 10
( ). Again, the resulting rate and distortion are
listed in Table I.

In Fig. 3, the MSE per macroblock for the three implemen-
tations is shown, and in Fig. 2, the corresponding quantizer
selections are displayed. It is interesting to notice in Fig. 2
that there are quite a few blocks where the quantizers are
the same for both optimal schemes. These blocks tend to
coincide with the blocks where the MSE (see Fig. 3) is very
small, i.e., blocks with no high frequency components. In
Fig. 4, all three approaches are compared to the original image.
The compression ratio for the three compressed images is
approximately 11, and, even though in each case the block
MSE’s are quite different, the visual quality of the three
compressed images is similar, which is another argument in
favor of the fact that the global MSE does not tell the whole
story. It is clear from Fig. 3 that the minimum maximum
distortion scheme results in a more even quality for the entire
frame than the minimum total distortion approach. In fact,
discounting the blocks with very low MSE, the distortion
profile is quite flat and very close to the minimum average
distortion achieved by the MINAVE approach. In other words,
the result shows that if the goal is to have almost constant
distortion, which is almost as low as the smallest possible
average distortion, for a given bit budget, the MINMAX
criterion is an excellent choice.

B. Intermode Frame Compression

An example of applying the MINMAX approach to a depen-
dent quantizer framework is presented here for the interframe
coding scheme employed in TMN4 [4]. This example is an

optimal block-based (16 16) motion estimation and residual
error quantization scheme.

As in the previous section, we use the QCIF color sequence
“Mother and Daughter” to compare performance of MINAVE
[29], MINMAX, as well as a fixed-quantizer scheme.

The displaced vector field (DVF) encoding scheme used
here differs from TMN4 in two aspects. First, instead of
a raster scan, the modified Hilbert scan [23] is employed
to achieve a higher correlation between consecutive motion
vectors. Second, only a first-order DPCM encoding is used
and not a vector median-based one, which, because of the
neighborhood’s small size ( in Section III-A),
results in a faster optimization procedure. The motion is
estimated with a half-pixel accuracy with the maximum range
of 15.5 pixels.

We use the TMN4 modified delta modulation scheme for
transmitting the quantizer step sizes between the current and
the previous blocks, with the difference limited to2. This
difference is then entropy coded and sent to the decoder
together with the quantization index.

Conceptually, for a given block, we may think of se-
lecting a particular motion vector followed by selecting the
residual error quantizer as a single quantization operation.
Since the number of these generalized quantizers is finite and
they exhibit a first-order (rate) dependency, the techniques of
Sections III and IV are applicable.

In the following experiments, we apply the scheme men-
tioned above to encode the “Mother and Daughter” sequence
in the intermode at 7.5 frames/s, i.e., every fourth frame. As
with the intramode, the MSE of the luminance (Y) channel is
used as the distortion measure.

First we fix the quantizer step size for all macroblocks in
all frames to 10. In this case, the encoder can only decide in
which mode (intra, inter, skip, or prediction) a given block
is encoded, and, in case of inter, which motion vector to
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Fig. 4. Comparison between MINMAX, MINAVE, and fixed quantizer approaches with the same compression ratio.

use. These decisions, however, are made using a heuristic
algorithm. The resulting rates, for each frame, are stored in
the rate profile to be matched by the MINAVE and MINMAX
optimal encoders, which, in addition to the mode, can also
optimally choose both a motion vector and a quantizer for
each block. That is, both MINAVE and MINMAX solve the
minimum distortion problem, subject to the rate being equal
(within 25 bits) to that used by TMN4 with the fixed quantizer
step size encoding. The resulting average block MSE evolution
for the three encoders is shown in Fig. 5 for all coded frames.
Similarly, Figs. 6 and 7 show the evolutions of the maximum
and the standard deviation of the block MSE. Clearly, the
MINMAX approach leads to a greater uniformity in the
maximum MSE across all frames. It may seem strange that,
within each frame, the MINAVE and MINMAX approaches
exhibit similar degree of variability of the block MSE’s, as
evidenced by Fig. 7. However, a global measure like the
standard deviation is inherently incapable of penalizing the
few outliers possible under MINAVE, and, hence, obscures the
benefits of MINMAX. As expected, the MINMAX approach is
outperformed by both MINAVE and fixed quantizer schemes
in terms of the average block MSE. The optimal quantizer
selections and the optimal motion vector fields are displayed

Fig. 5. Comparison between the average block PSNR
[PSNR = 10 � log

10
(2552=MSE)] for the MINMAX, MINAVE,

and fixed quantizer approaches with the same compression ratio.

in Figs. 8–13 for the fixed quantizer, MINAVE, and MINMAX
encodings, respectively. It is interesting to note that in all
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Fig. 6. Comparison between the maximum block PSNR
[PSNR = 10 � log

10
(2552=MSE)] for the MINMAX, MINAVE,

and fixed quantizer approaches with the same compression ratio.

Fig. 7. Comparison between the standard deviation of block MSE for
the MINMAX, MINAVE, and fixed quantizer approaches with the same
compression ratio.

cases, no motion vectors are found in the hand area since
this newly appeared object was not present in the previous
reference frame. In general, with the MINMAX approach, an
almost uniform level of quality is achieved, which, arguably,
is more consistent with the subjective assessment of quality
than the global MSE.

C. Shape Coding

In this example, we demonstrate the application of MIN-
MAX and MINAVE approaches to the problem of lossy bound-
ary encoding. Recently, this problem has attracted considerable
attention as a result of emerging multimedia applications and
the MPEG-4 standardization effort.

A number of algorithms have been recently reported, like,
for example, the context-based CAE coder [2], the modified

Fig. 8. Quantizers in the fixed quantizer scheme.

Fig. 9. Motion vectors in the fixed quantizer scheme.

modified read (MMR) coder [33], the baseline coder [13],
the vertex-based polynomial coders [9], [18], as well as the
recently proposed optimal B-spline coders [15], [16], [30]. A
review and comparison of shape coding algorithms can be
found in [11].

The problem at hand is the lossy approximation of a given
closed discretized contour by connected segments of a given
order (lines or higher order curves). In the following discus-
sion, we refer to second-order B-spline segments, with each
segment being defined by three consecutive control points.
The precise mathematical definition of this parametric curve
is given in [11]. A continuous spline segment is quantized to
fit the discreet support grid of the image. Optimal placement of
the control points, under a chosen differential encoding scheme
of their position and a segment distortion measure, constitutes
the solution to the contour approximation problem. Although
on the surface this problem seems quite different from the
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Fig. 10. Optimal quantizers in the MINAVE scheme.

Fig. 11. Optimal motion vectors in the MINAVE scheme.

other examples presented in this paper, it can be formulated
and solved using the same methods.

The definition of a distortion between the original and the
approximating boundaries is not unique. When the MINMAX
criterion is employed, the problem at hand is to minimize
the rate while guaranteeing that none of the pixels of the
approximating contour is located farther than (Euclidean
distance) away from the original contour. To aid in the
implementation, as well as understanding, of the algorithm,
we define a distortion band, centered around the original
boundary, to which a MINMAX approximation must belong.
(In [12], was allowed to vary.) Fig. 14, in which
the original and the approximating contours are also shown,
illustrates this concept. We note, however, that is not a
true metric, since there may be pixels on the original contour
located a distance from the approximating contour.

For the MINAVE criterion, we choose to adapt the distortion

Fig. 12. Optimal quantizers in the MINMAX scheme.

Fig. 13. Optimal motion vectors in the MINMAX scheme.

metric used by MPEG-4 to evaluate efficiency of competing
shape coders. A contour distortion is defined as the number of
incorrectly labeled pixels, i.e., all pixels in the interior of the
original object and in the exterior of the approximating object,
or vice versa, normalized by the total number of interior pixels
in the original frame. A frame distortion , which is the sum
of its contour distortions, is then defined as

number of pixels in error
number of all interior pixels

(25)

Let , , and be three consecutive control points
defining a B-spline segment of the approximating boundary.
This segment originates at the midpoint ( ) and ter-
minates at the midpoint ( ). Let us also associate the
beginning and the end of the spline segment withand ,
the two closest points on the original boundary, respectively.
Then the segment distortion can be evaluated, as in Fig. 15,
by counting the number of pixels in error. Clearly, the contour
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Fig. 14. Distortion band and boundary approximation using the MINMAX criterion.

Fig. 15. Area between the original boundary segment and its spline approx-
imation (circles).

distortion under the MINAVE criterion, in this case, is additive,
since it can be defined on a segment-by-segment basis.

In order to decorrelate consecutive control point locations,
a second-order prediction model is used [11]. Every control
point is encoded in terms of the relative angleand the length

(in pixels), as depicted in Fig. 16(a) and (b). Control point
locations are not restricted to belong to the original boundary,
since the problem at hand is that of approximation and
not interpolation. For reasons of computational complexity,
however, a fixed width admissible control point band is
defined around the original contour, similar to the distortion
band of Fig. 14, to which control points must belong. We
sequentially number all original boundary pixels and associate
every control point band pixel with the boundary pixel closest
to it. Implementation details, including specification of the
VLC tables for and , can be found in [11] and [16].

Having defined the segment rate and
the segment distortion , the problem is the

(a)

(b)

Fig. 16. Encoding of a spline control point.

selection of control points under either MINMAX or MINAVE
criterion in the framework of resource allocation among de-
pendent quantizers or states, so that the tools developed in
Sections III and IV can be applied to find the optimal solution.
We note that when the MINMAX criterion is employed,

is two-valued: zero when the segment falls
within the distortion band and otherwise. Let us define
a state as a grouping of two consecutive control points. A
transition between two states and is
then labeled with a Lagrangian cost

, representing one
B-spline segment. Thus, we can associate a “quantizer” with
every pair of consecutive states, since it has both the rate and
the distortion characteristics. Thus, an ordered set of control
points corresponding to the sequence of dependent quantizers
with the least total cost constitutes the optimal solution to
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Fig. 17. Rate-distortion performance of MINAVE and MINMAX algo-
rithms.

Fig. 18. Frame 5, kid 1 encoded with 347 bits using the MINAVE approach
(white: pixels in error; grey: error-free pixels; black: background).

the contour approximation problem. The optimal solution is
obtained by applying the DP recursion formula, described in
Section III-A.

We conduct experiments on the 100 frames of the “Kids”
sequence in the intra mode, i.e., without taking into account
the temporal correlation between frames. We compare the
MINAVE and the MINMAX algorithms in terms of their rate
versus distortion characteristics in Fig. 17, where both the
rate and the distortion were averaged over 100 frames. As
expected, MINAVE outperforms MINMAX with respect to the
global distortion measure used for its optimization. When we
consider the visual quality, however, the MINMAX result may
be preferred. Figs. 18 and 19 show the same object encoded

Fig. 19. Frame 5, kid 1 encoded with 343 bits using the MINMAX approach.

using the MINAVE and MINMAX criteria with 343 and 347
bits, respectively. With the areas in error shown in white, it
can be seen in Fig. 18 that the object representing the area
between the legs of the kid was deemed unimportant based
on the global rate distortion tradeoff. With the MINMAX
approach, the encoder must approximate every object with a
given maximum distortion which prevents such objects
from being skipped.

VI. CONCLUSIONS

We conclude this paper by comparing the two optimal
bit allocation algorithms for the MINAVE and the MIN-
MAX criterion. The MINAVE approach is based on the
Lagrange multiplier method. This method is used to trans-
form the constrained optimization problem into a set of
unconstrained optimization problems parameterized by the
Lagrangian multiplier . These unconstrained problems are
then solved optimally using DP. The optimal, which results
in the solution of the original constrained problem, is then
found using an iterative approach, such as bisection, where
for each iteration the unconstrained problem needs to be
solved. For the MINAVE approach, the minimum rate and
the minimum distortion problem are both solved by the same
algorithm. This is one of the main differences between the
MINAVE and the MINMAX approach.

For the MINMAX approach, the minimum rate problem,
which is a constrained optimization problem, can be trans-
formed into an unconstrained problem using the redefinition
of the source rates. Then this unconstrained problem can
be solved directly using DP. In other words,no iteration is
necessary to solve the minimum rate problem. The minimum
distortion problem is then solved using the fact that we can
find the optimal solution to the minimum rate problem, which
results in a nonincreasing operational rate distortion function.
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The solution to the minimum rate problem is also found by an
iterative search for the optimal using bisection. For each
iteration, the minimum rate problem (i.e., the unconstrained
problem) is solved using DP.

While these algorithms have many similarities, they are
quite different with respect to finding all optimal solutions.
This cannot be guaranteed for the Lagrangian approach, since
only solutions belonging to the convex hull can be found.
Furthermore, while the Lagrangian multiplier method needs an
iterative search for both the minimum rate and the minimum
distortion problem, the MINMAX approach only needs an
iteration for the minimum distortion problem. Hence, the
minimum rate problem can be solved much faster for the
MINMAX approach. Ultimately, showing that the MINMAX
approach has several algorithmic advantages over the MI-
NAVE approach does not help somebody who needs to solve
a MINAVE problem. We do believe however that many
real-world problems are better served by using a MINMAX
approach than a MINAVE approach and that the MINAVE
approach has only been so popular since its optimal solution
has been known. We have argued that the MINMAX approach
based on maintaining a minimum level of local SNR is highly
correlated with perceptual quality measures. Now that the
optimal solution to the MINMAX criterion is known, we
believe many problems should be solved using this approach.
This is especially true, since both approaches are based on
the same underlying assumptions. Hence, every DP algorithm
which can solve the MINAVE problem can easily be changed
to solve the MINMAX problem.

Both algorithms discussed in this paper (MINAVE and
MINMAX) were applied to the intraframe encoding scheme
used in H.263 [23], [27], interframe mode of the same stan-
dard, as well as shape coding [11], [30]. The results obtained
were compared in terms of the global MSE-like measures
and visually. It was clear from these experiments that the
MINMAX approach resulted in a more even quality for the
entire source than the MINAVE approach. In the shape coding
example, the MINMAX approach avoided the problem of skip-
ping perceptually important features and objects. The sacrifices
in the average distortion in the MINMAX approach in the
conducted experiments were not significant. In conclusion, if
the goal is to have almost constant distortion, which is almost
as low as the smallest possible average distortion, for a given
bit budget, the MINMAX criterion is an excellent choice.
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