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1 Introduction

The relations between topological properties of the domain and the number of
solutions of elliptic problems have been extensively studied by many authors.
In 1991, Benci and Cerami in the pioneer paper [7] studied the existence and
multiplicity of solutions for the problem

—Au+rku = |ulP?u inQ,

{ u = 0 on 0, (1.1)
where k € RT U {0}, Q € RY is a bounded smooth domain, p € (2,2*) and
2* = 2N /(N —2) with N > 3. It was proved that (L)) has at least cat(2)
positive solutions provided that k is sufficiently large or p is sufficiently close
to 2%, where cat(f2) denotes the Ljusternik-Schnirelman category of Q in
itself.

Subsequently, in 1994, Benci and Cerami in [8] showed that the number
of positive solutions for a semilinear elliptic equations like

{—5Au+u = f(u) in €, (1.2)

w = 0 on 0,

where ¢ € RT \ {0}, 2 € R”Y is a bounded smooth domain and f is
a continuous function with subcritical growth, depends on the Poincaré
polynomial of the domain, that is, a lower estimate of the number of solutions
can be performed entirely in terms of the Morse relations. More precisely,
the authors proved among other things that there exists €* > 0 such that,
for any e € (0,e*) problem ([2) has at least 2P;(2) — 1 nontrivial solutions,
where P;(2) denotes the Poincaré polynomial of €.

Multiplicity of solutions by the use of Ljusternik-Schnirelman category or
Morse theory has been considered for different classes of problems by several
authors since the works [7, {], see for example, Benci [6], Benci, Bonanno
and Micheletti [9], Cerami and Wei [11]], Cingolani [I4], Cingolani and Clapp
[15], Clapp [20], Furtado [22], Ghimenti and Micheletti [23], He [24], Shang
and Zhang [28] and their references.

The present paper was mainly motivated by [8]. By carefully examining
the method used by Benci and Cerami to study some properties of the
functional associated with (C2) to apply the Morse relations, we have
observed there is an abstract result behind this method providing these
relations and which can be proved by adapting the argument employed in
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that paper. To illustrate, we apply this result to estimate the number of
nontrivial solutions for a nonlinear Schrodinger equations with an external
magnetic field. We believe that this abstract result can be useful for finding
solutions for a wide variety of elliptic problems.

In order to establish the abstract result, we need to fix some notations.
Let (F,(, )) denote a real Hilbert space endowed with the induced norm
|-1>=1(, ). Let I : E — R be a C? functional and let M be the Nehari
manifold associated with I given by

M ={u € E\{0}; I'(u)u = 0}.
Here [ is assumed to be bounded from below on M and set

blel\l/lf[. (1.3)

For a € R, consider the sets
I“"={ue E;I(u)<a} and M*=MnNI"
We can now state the above-mentioned abstract result.

Theorem 1.1. For b given by (L.3), let § € (0,b). Suppose that
(1) I(u) = L|u|®> — U(u), where ¥ : E — R is such that ¥(0) = 0 and

2
t — U'(tu)u/t is strictly increasing in (0,+00) and unbounded above,

for every u € E\{0},

(13) I satisfies the Palais-Smale condition and, for every uw € FE, there
exists a self-adjoint operator L(u) : E — E such that H;(u)(v,v) =
(L(u)v,v)g, for every v € E, where Hy is the Hessian form of I at u,

(7i1) The Nehari manifold M is homeomorphic to the unit sphere in E,

(iv) There exist a reqular value b* > b of I, a nonempty set © C RN
with smooth boundary and continuous applications ® : O~ — MY,
B: MY — OF such that fo ® = Ido-, where

0F = {z ¢ R dist(2,0) <r} and O~ = {x € O;dist(x,00) > r},

for some r > 0 such that ©F and ©~ are homotopically equivalent to

O.



Suppose also that the set K of critical points of I is discrete. Then

Z ir(u) = tP(0) +1Q(t) + (1 +1) Qi () (1.4)
ue Cy
and
> i) = 2[PiO) + Q(t) — 1] + (1 + 1) Qa(t), (1.5)
ue Ca

where i, (u) is the polynomial Morse index of u,
Cri={uek;o<I(u)<b}, Co:={ueclk;d <I(u)},

Pi(O) is the Poincaré polynomial of © and Q, Qy, Qo are polynomials with
non-negative coefficients.

As an example of the use of this result, we consider a class of nonlinear
Schrodinger equations with an external magnetic field, namely

{ (%V—A)2u+mu = |u[P7?u in Q, (1.6)

u = 0 on 09,

where  is a positive parameter, Q C R is a smooth bounded domain,
N > 3, i is the imaginary unit and p € (2,2%), 2* = 2N/(N — 2). The
function A : Q — R¥ is the magnetic potential and the Schrodinger operator
is defined by

1 ? 2 ,» 1
;V—A u:—Au—;A-Vu+|A|u—€ud1VA.

We assume that A € L>(Q, RY).
Existence results for the magnetic case, that is A # 0, has also received
a special attention in the last year. Associated with this subject, the reader

can find interesting results in the papers [1], [2], [B], [B], [10], [12], [13], [15]

Motivated by [7, [, we obtain the following result.

Theorem 1.2. Suppose that the set KC of solutions of the problem (L) is
discrete. Then there is a function p : [0,400) — (2,2%) such that for every

p€[p(k),27),

D i(u) = tPi(Q) + [P(Q) — 1] + Q(t),
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where Q is a polynomial with non-negative integer coefficients, Py()) is the
Poincaré polynomial of Q2 and i;(u) is the Morse index of u.

In the non-degenerate case, we have:

Corollary 1.3. Suppose that the solutions of problem (LG) are non-
degenerate. Then there is a functionp : [0, +00) — (2,2%) such that for every
p € [p(k),2%), problem ([LG) has at least 2P () — 1 nontrivial solutions.

Another application of the abstract result can be given by the following
problem
o

uw = 0, on €,

where A\ > 0 is a positive parameter, Ay = A (z/)), Q) := A\Q, Q C RY
(N > 3) is a bounded smooth domain and p € (2,2*) . We observe that,
unlike the case with no magnetic vector field A, problem (L) cannot be
written in the form (L), and hence these problems are different. In [3],
Alves et al have proved that for large values of A > 0, problem (L7) has at
least cat(€2y) nontrivial weak solutions. Combing the abstract result with
arguments present in [3], we are able to estimate the number of nontrivial
solution in terms of the P;(£2)). More precisely, we can prove that (L7) has
at least 2P (€2,) — 1 nontrivial solutions provided that A is sufficiently large.

2 The abstract theorem

In this section we give the proof of Theorem [[.Il We begin by showing how
the set O relates to the set MY,

Lemma 2.1. Under the assumptions of Theorem L1, we have
PuM”) = Pi(0) + Q(1),
where Q is a polynomial with non-negative coefficients.

Proof. We observe that ¢ induces a homomorphism (®), : H,(©07) —
Hy,(M"") between the k-th homology groups. Since @ is a injective function,
so also is (®)g. Hence, dim Hy,(©7) > dim Hy(M""), and the result follows
from the definition of the Poincaré polynomials and the fact that ©~ and ©
are homotopically equivalent. [ ]



Lemma 2.2. Let § € (0,b) and let a € (§,00] be a noncritical level of I.
Then
P(1%,1°) = tP,(M*).

Proof. The proof proceeds along the same lines as the proof of [8, Lemma
5.2]. n

Lemma 2.3. Let ¢ be as in Lemmal2.2. Then
P,(IV, I°) = tP,(©) + tQ(t) (2.1)

and

Pt(E, [6) - tPt(M) = t, (22)
where Q 1s a polynomial with non-negative coefficients.

Proof. By assumption, b* is a regular value. Applying Lemma 22 for
a = b*, and Lemma2T] we get (21]). Using the fact that M is homeomorphic
to the unit sphere in £, which we know to be contractible, we have that M is
contractible. Hence, dim H*(M) = 1 if k = 0 and dim H*(M) = 0 if k # 0.
The identity (2.2) follows from Lemma 2.2l with a = +o00 and the fact that
M is contractible. [

Lemma 2.4. Let § be as in Lemmal23 Then
PUE 1) = *[P(O) + Q(t) — 1], (2.3)
where Q is a polynomial with non-negative coefficients.
Proof. We follow Benci and Cerami [§] in considering the exact sequence:
o HY(E, )5 Hy(E, ") S | (17, 19) "S5 Hy (B, I°) — ...

From (2.2)), we obtain dim Hy(E, I°) = 0, for every k # 1. Combining this
with the fact that the sequence is exact, we obtain that J is an isomorphism
for every k > 3. Hence,

dim Hy,(E, 1) = dim H,_,(I"", I°), Yk > 3. (2.4)
For k = 2, we have
= Hy (B, 1% B Hy(E, 1Y) B H (1Y, I°) S Hy(E,I°) —> ...
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Since the homomorphism induced by the canonic projection js is surjective
and dim Hy(E, I°) = 0, by (Z2), we have

Hy(B, 1) = jo(Ha(E, 1)) = {0}. (2.5)
For k=1,
o H (1Y IS HY(B, I D HY(E, TP D Hy(I", %) — ..
Using that E' is a connected set, we have
Ho(E, I1") = 0. (2.6)

We now claim that i; is an isomorphism. Indeed, as © # () and dim Hy(O) is
the number of connected components of the set ©, we have Hy(0) # {0}. By
@), H, (I, 1°) # {0}. From (Z2), we obtain dim H,(E, I°) = 1. Since i,
is injective, it follows that dim H,(I*",I°) = 1, and so 4; is an isomorphism.
Hence, as j; is surjective, we get

dim H,(E, ") = 0. (2.7)
Combining Lemma 23] with (2.4)-(2.1), we have

PUEI") = > t*dim Hy(E,I")

k>3
= S dim H (17, 10) = ¢ 7  dim By, (17, %)
E>3 E>3

= t[P(I",I°) —t dim Hy (I, I°) — dim Ho(I"", I°)]
t2[P(©) + Q(t) — 1],

which completes the proof of Lemma 2.4 |

2.1 Proof of Theorem 1.1

Now, we are able to conclude proof of Theorem [Tl By (ii), I satisfies the
Palais-Smale condition and, for a nondegenerate critical point u of I, the
linear operator L(u) associated to H;(u) is a Fredholm operator with index
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0. By [6l Example 1.5.1], we can use [6l, Theorem 1.5.9] and Lemmas and
2.4 to get

D i(u) = PIVI)+ (1+)Qi(t)
= t[P(O)+ Q(t)] + (1 +1)Qi(t)
and

D iu) = PUE ")+ (1+1)Qs(1)

= *[Pu(O) + Qt) — 1] + (1 + 1) Da(2).

3 Application of the abstract theorem

This section is devoted to prove Theorem Let E be a real Hilbert space
defined as the closure of C'>°(€2, C) with respect to the norm induced by the
inner product

(u,v), = Re {/Q [VauVav + kut] dx} ,

where, for a,b € CM, M € N, ab = Z;Ai1 a’.t/, where “.” is the usual

complex multiplication, Re(a) is the real part of a € CM and @ the complex
conjugate of a. Moreover,

Vau = (Diu)j-v:l, Di‘u = —i;u— Alu, j€1,.. N.

The norm induced by this inner product is
|l = /Q (19 auf? + luf?] do.
As proved in Esteban and Lions [21], for every u € E there holds
|V au| = [V]ul].
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The above expression is the so called diamagnetic inequality. The functional
associated with (LG), [, 0 : £ — R, is given by
1 1
Lipaolu) == /(|V,4u|2 + klu?)dx — —/ |u|Pdx,Vu € E.
2 Ja pJa

By Sobolev embeddings and diamagnetic inequality, I, , o is well defined.
Furthermore, I, € C?(E,R) with

KyP,

Il o(u)v=Re </(VAUVAU + Kuv — |u|p_2u@)d9§) NVu,v € E.
Q
Thus, every critical point of I, , o is a weak solution of (LG]).

A standard verification shows that:

Proposition 3.1. The functional I, ,q satisfies Palais-Smale condition,
that is, every sequence (u,) C E for which sup, |I,,a(u,)| < +oo and
rp0(Un) = D, as n — 00, has a convergent subsequence.

It is straightforward to show that I, , o satisfies the geometric hypotheses
of the mountain pass theorem. From this and Proposition B.J], for all
p € (2,2*) and k > 0, problem (@) has a nontrivial solution u € FE such
that I, po(u) = bepo and I}, o(u) = 0, where b, ) o denotes the mountain
pass level I, , . Moreover, as in [33, Theorem 4.2],

b Q= inf I olu
KyD, UEMK,pyﬂ KyDy ( )7

where M., 0 = {u € E\{0}; I/, o(u)u = 0} is the Nehari manifold associ-
ated to I, 0.

Proposition 3.2. The Nehari manifold M, , o is diffeomorphic to the unit
sphere of E. Moreover, there is § = §(p) > 0, independent of Kk > 0, such
that for every w € M, ,q,

/(|V,4u|2 +kluP)dr >0 and I, pa(u) > 0.
0

Proof. For any v € M, ,q, the diamagnetic inequality combined with
Sobolev imbedding imply

lull* = /Q |ufdz < Cp/Q [Vul[* < Cyllull?,



where C, is the constant of the embedding Hj(2) < LP(Q2,R). Thus
[ull = Cp2r =: 64,

from where it follows

1 1 1 1
]n,p,Q(U) - (5 - ]_9) ||U||2 > (5 - 5) 5% =: 0.

To conclude the proof, let S be the unit sphere in E. For every u € S, let
&(u) > 0 be the unique positive number such that

d
£IR7P7Q(tU) }tzﬁ(u) =0.

This define a C! function & : S — (0, +00) by the Implicit Function Theorem.
Thus, D : § = M, ,q given by

D(u) = &(u)u € My po
is a C* diffecomorphism. [ |

Proposition 3.3. [, satisfies the Palais-Smale condition.

7p79 }Mn,p,ﬂ
Proof. Let (u,) C M, ,q be a sequence satisfying

/
ilélN) |1 pa(u,)| < oo and (Imp@‘MH%Q) (u,) — 0.
Taking a subsequence if necessary, we can assume that I, ,q(u,) — d as
n — oo. A standard verification shows that (u,) C E is bounded. Thus
there is u € E such that u, — v in E. Consequently, u,, — u in LP({2, C).
By [33 Proposition 5.12], for each n € N, there is u,, € R such that

/!
I paltn) = G w) = (Lupal ) () = 0n(1), (3.1)
where Gy pa(u) = I, o(u)u. Since u, € M,,q, by Proposition B.2 we

obtain

i G, o(ttn )ty = lim(2 — ) / [Pz < (2 — p) < 0.

n n QO
This and BJ) imply that g, — 0 as n — 0. The result follows from
Proposition 3.1} [ |
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Corollary 3.4. If u is a critical point of I, o constrained to M, ,q, then
u s a critical point of I, p .

Proof. The proof proceeds along the same lines as the proof of Proposition
5.0 [ |

3.1 Behaviour of the minimax levels

For any p € (2,2*) and x > 0 we denote

/(|vAu|2 + wful?) dz
ma(k,p,Q) ;= inf 22

ue E\{0} %
(/ |ul|? dx)
Q

Sani=ma(k,2%,Q), and Sy :=ma(0,2%,Q).
Employing the same arguments in [33], we can prove the following result:

Lemma 3.5. Let b, , o be the mountains pass level of 1., o. Then

P

1 1 P
bn,p,Q - (5 - ]_j) mA('%vpu Q)p72'

Hence,
1 N
bn,Z*,Q - NSA,R 2.

From now on, we also consider

/(|Vu\2 + ku?) da
m(k,p,§2) ==  inf @

ue HY(Q)\{0} :
/ |u|P dz
Q

S, = m(k, 2", Q).

Then, S := m(0,2* ), where S is the best constant of the imbedding
HI(Q,R) — L?(Q,R), which is independent of 2. Moreover, from [4]
Theorem 1.1}, we have

and
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Lemma 3.6. For every k > 0, we have Sa, =S, = S.

The following lemma is the key to establish a relation between b, , » and
b .

Lemma 3.7. For any given k > 0 and for any bounded domain D C RY,

the following limit holds:
lim b, ,p = bo-,
p—2*

where by« denotes the mountain pass level associated with the functional
Joo : HY(Q) — R given by

1 1
Joo(u):§/Q\Vu|2dx—§/Q|u

Proof. Fix x> 0and D C RY a bounded domain. Now let 2 < p < g < 2*
and u € E(D), where the Hilbert space E(D) is defined of the same way of

E taking D instead of Q. Notice that |u|,q < |D|%\u\q,p, SO

.
Y dx.

—2(g—p)

/(mu\? + wful)da /(|vAu|2 + wful)dz
D D

> |D| " (3.2)
July.p |ul3.p
Taking ¢ = 2* and the infimum over all u € E(D)\{0}, we find
—2(2*—p)
mA(’L{Wpa D) > |D| > SA' (33)

On the other hand, taking p = 2, ¢ = p and using similar arguments, we
obtain ,
.-

mA('%ap> D) S |D|TmA(K'> 2a D) (34)

Then, by [B.3) and @B.4), (ma(k,p, D)), is a bounded sequence, therefore
there exist

M :=limsupma(k,p,D) and m := liminf ma(k,p, D).
p_>2* p—>2*

We claim that M = S, = m. Indeed, by (3.3),

—2(2*
2*

728, = S

m > liminf |D|
p—2*
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Suppose by contradiction that m > S4. Let € € (0,m—S4). By the definition
of Sy, there is w € F(D) such that

/ (V4T + w2
D €

2 < 54 .
D

2 dz)

On the other hand, as the function p — |u|,p is continuous, there exists
P € (2,2%) such that for every p € [p,2*), we have

/(\VAE|2+K\H\2)d:c /(\VAHPerWP)d:c
D _Jp i -

(e (e

Thus, for every p € [p, 2%],

DN ™

/ (IVAT[2 + k[T dz / (VAT + w[a]2)dz
< ID < 4D 4 -

e ()

< Spt+e<m,

mA('%ap> D)

that is, m = lim%nfmA(m,p, D) < Sa+ € < m, which is a contradiction.
p—2*

Hence S4 = m. Similar arguments show that S, = M. [

In the following, for all kK > 0 and p € (2,2*), we consider the functional

1 1
Jepa(u) = 5 /Q(|Vu|2 + ku?)dr — ]—9 /Q |u|Pdx, Yu € H&(Q),

and the corresponding Nehari manifold
Ny = {u € Hy(\{0}; J;, o(u)u = 0}.
Define

C 0 = inf J olu).
R7p7 ueNqu’Q H?pi ( )
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As in the proof of Lemma 3.5 and Proposition B.7, for all x > 0 and D C RV
a bounded domain, we have

1 1 p_ .
Ckp,D = (5 — 2—9) m(k,p,D)»—2  and pll)Hgl CopD = CroD-

In particular,

1 n
Cr,2* D = st =. bg*.
Thus, by Lemma [3.6]
1 ey = i i = - 35

Without loss of generality we can assume that 0 € €2. Let » > 0 be such
that B,.(0) C Q and the sets

QF = {z e RY;dist(2,Q) <7} and Q := {x € Q;dist(z,00) > r}

are homotopically equivalent to §2.

Define (1 ;3 My pri bepyr) and (g pri Ny pri Copr) I an exactly similar
way to those of (I p0; Mypa;bepa) and (Jepa; Nepa; Cepa), by taking
B,(0) C Q instead of €.

Using that J.,,|n;. ., satisfies the Palais-Smale condition, there exists
a positive function wu,,, € N,,, such that J., (Usp,) = Crp, and
Jr pr(Uspr) = 0. By Schwarz simmetrization we can assume that w,,, . is
radially symmetric. Let ¢, ,, > 0 be the unique positive number such that
o€ U p (. — y]) € My pa. Define the function @, : Q7 — M, ,q as

tn,p,yeiTy(m)un,p,rﬂx —yl|), z € B.(y),

[(I)n,p(yﬂ(x) = {O, x € Q\Br(y)7

where 7,(x) = Zjvzl Al (!, o = (z1,...,2Nn) € Q.
Lemma 3.8. For a fixed k > 0,

=0.

I}L{Q* ;Ielgif [P p(y) — bor
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Proof. Let (p,) C [2,2) and (y,,) C €2 be sequences such that p, — 2*
and
]ﬁ,pn,ﬂ(®R7pn(yn>) — byx, as n — 00.

For simplicity, we will write
tepmam = tns Lopno = Iny Pup, (Un) = @p(yn) and .y, » =: Uy,.
Observe that

L(Pn(yn) = n)|Prdx

/<|VA<1> () + 51 (3)] >dx——/ 1, (y

_ / AG: + ya) — Alyn)lun|?dz +
B;(0)

o =
o] 57, 8!

tn” 2 2 "

+= (IVun,|* + klu,|”)dx — P dx

2 B,.(0) Pn JB,(0)

tn?

2 JB.(0)

tn’ 20 |2

= 5 |A(z + yn) — A(yn) [ lunl"dz + o p, i
B, (0)

IN

|A(z 4+ yn) — A(yn)|2|un|2dx + Jf@,pnm(un)

On the other hand, by diamagnetic inequality,

In(q)n(yn)) > In(eiTynun(-_yn))
> 1 / (V1€ un(. — ga)|I2 + [ (- — 1)) —

_— / |67‘Tynu — yn)|pdx

f;pnr un —C.L;pnr

Thus, by (B3), it is sufficient to show that
tn?
2 B0

We begin showing that u, — 0 in H}(B,.(0),R) and (¢,), is a bounded
sequence. In fact, since u,, € N, , achieves ¢, r,

[A(z + yn) — AYn) Plun|*dz = 04(1). (3.6)

1 1\
/ (Tl 4 P = (5 - p—) s (3.7)

n
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From (B.5)-(B1), the sequence (u,) C H}(B,(0),R) is bounded. Thus, there
exists v € Hj(B,(0)) such that

u, — v in H}(B,(0),R), as n — oo
u, — v in L*(B,(0),R), for each s € [1,2*), as n — oo (3.8)

un(x) — v(z) almost everywhere B,(0), as n — oo.

By the fact that u, € N,,, » achieves ¢, . ,, U, is a solution of

—Au + ku = uP»~t in B,(0),
u =0 on 0B,(0).

Consequently, for any ¢ € C°(B,(0)),

/ (Vu, Vi + kuyb)de = / u P lpda.
+(0)

B;-(0)

By B8), as n — oo,

/ (Vu, V¢ + ku,)de — (VoVy + kutp)de. (3.9)
~(0)

B-(0)

Since (uP»~1) is a bounded sequence in L==1(Q) and uP»~(z) — v2~}(x)
almost everywhere in 2, it follows that

uPnt s ¥l i L (Q).

Consequently,

B, (0) B (0)

Therefore, v € H}(B,(0),R)\{0} is a solution of

—Au+ ru =u?"1 in B.(0),
u =20, on 0B,(0).

By Pohozaev’s identity, v = 0 in B,(0), and so,

u, — 0 in Hy(B,(0),R). (3.10)
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By definition of ¢,,, we have
/ |A(yn) — Az + yn) | un|? d:)H—/ |Vun|? + K|up|*de =
B, (0)
= [ 14(@) = Algn) Plun(c = o) P+
+ [ 190 = )+ wlun(o = o) Pl

= [T ale™ i = )+ ol = ) P
Q

— tnp"_2/ |6iTyun(£L' . yn)
Q

:tnp"_2/ |t [P dex.
»(0)

Pn dl.

Since u, € Nyp, », We get

/ [Alyn) = Alz + yo)[P|un| *dx = (£,7 7% — 1>/ (IVun|* + £lun|*)dz.
) )

(3.11)
A direct computation shows that there is 0* > 0 such that

/ (|Vun|* + kup?)dz > 6* Vn € N. (3.12)
+(0)

Combining the boundedness of (u,) with BII), BI12), 1), B1) and
(BI0), we deduce that t, — 1. From (BI0), Sobolev embeddings and the

boundedness of (¢,,), ([3.6]) follows. Since this argument can be applied to any
subsequence, the result holds. [ ]

3.2 Estimates involving the barycenter function

Consider 8 : M, , o — RY, the barycenter function, defined as

/:E.|u|2*dzz
u) ="
/|u|2*d:£
0

Our first results involving the barycenter function is the following
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Proposition 3.9. For fired k > 0, there are € = e(k) > 0 and p* =
p (k) € (2,2%) such that, for p € [p*,2*), B(u) € QF, if u € M, ,q0 and
L pa(u) < %S% + €.

Proof. Fix kx> 0. By (B.1), for p close enough to 2*, the set

1
{u c MI{7P7Q;]H’p’Q(u> S NS% + 6}

is non-empty. Suppose, by contradiction, that the result is false. Thus, there
are sequences (pp)n, (€n)n, With p, € (2,2%),p, — 2* and ¢, > 0,¢, — 0, and
un € My, 0, such that

1 w
L pna(un) < NS? + €, and B(u,) ¢ QF. (3.13)

On the other hand, (B3) gives

_ 1
N

vz

S

liminf I, ,, o(u,) > lim b, o
n—00 n—oo

Hence, the last two inequalities lead to

vz

lim I, o(u,) = =5 (3.14)

1
n—0o00 N

Since u,, € M, ,, o and fQ(\VAunP + K|u,|?)dx = fQ |y,

Prdx, we know that

1 1
o) = (5= 2] [(Fa2 4 el o

Pn

and by (3:14),

lim [ (|Vaun|? + £l |?)de = 57

n—o0 QO

The above limit yields

J (09 f? + o) 2
lim 5 = lim (/(\VAun\2+f<a|un|2)dx) S.
Q

(/ \un\p”dx)
Q

18




Using the diamagnetic inequality and the last limit, we get

=9

/qvmﬂﬁ+m%ymx /ﬂmeF+Mmfﬂx
lim sup Q < lim 2%

n—00 pln n—00 Pln
(/ [, p"dx) (/ |un|p"d9§)
Q Q
(3.15)

The limit (B.I5) implies that, for 9; > 0 to be chosen later, there is n; € N
such that for n > nq,

[ 091l + ol )
Q

(/ |un pndl.) o
Q

Arguing as in ([3.2), for J, > 0 to be also chosen later, there is ny € N such
that for n > no,

< S+ (3.16)

/ (¥ [t + Klun ) / (¥ [t + Klun )
Q S Q

([ (frre)
Q Q

From (3.10) and (B.I7), for n > maxn;, we have

+ ds. (3.17)

/Q (¥t + lun ) de
S <

L <S48, 46, (3.18)
()
Q

We claim that there is n > 0 such that if v € HJ(Q) satisfies

/(|Vv|2 + kv?) dz
& — < S+, (3.19)

([ree)
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then B(v) € Q. Effectively, suppose by contradiction that ([B.I9) does not
hold. Thus, there are (v,) C H}(Q,R) and 7, — 0 such that

/(|wn|2 + wfun?)da
Q 7 < S+, with 8(v,) ¢ Q.

</ |vn|2*dx>
Q

Let w,, := v,,/|vn]2xq. Thus, (w,) C Hj(Q) is a bounded sequence. Hence,
there are u € H}(Q) and finite positive measures p, v € M(RY) verifying,
for some subsequence,

|wy,| — win DM?(RY), as n — oo,
|Vw, — Vu|*> = pin M(RY), as n — oo,
|w, —ul* — v in M(RY), as n — oo,

wy () — u(x) almost everywhere €, as n — oo,

where we made the extension by zero outside of 2. By Concentration-
compactness lemma,

l —
jQ\/((RN) <S 1||NHM(RN)-

S =Vuly + el m@y), 1= lulze + [V peny, v

Employing the arguments in [33], v and u are concentrated at y € Q and
2

satisfy ||v f\_it(RN) = S Y ullpm@ryy. Let T : RY — RY and T : RV — R be
continuous functions with compact support such that in a neighborhood of
Q, ' = Idgy and T = 1. Using these functions, we derive

/x.|wn|2*da7 / L(x)|w,|* dz
0 _ Jry
/\wnﬁ*dx / T (@) w2 da
0 RN

Blvn) = Blwn) =

Hence,




contradicting the fact that 5(v,) ¢ Q. Hence, the (8I9) holds. For n given
by (B19), take in (BIF), §; = 09 = g Observing that (|u,|) = B(u,), we

have,
Blu,) € Qj,

which contradicts ([B.I3]) and the proof is complete. n

For any x > 0 fixed, consider ¢ = ¢(k) > 0 given by Proposition
Define

e =¢€(k) = — ST +e (3.20)

and the set
6"@71079 = {u S Mli,p,Q; L@,p,Q(U) < 6*},
2,2%)

Corollary 3.10. For fized k > 0, there is p(k) € (
p € [p(k),2),

such that, for each

Cop(2) C M0 BM; ) C O

Proof. The proof follows immediately from Lemma [3.§ and Proposition 3.9
[

3.3 Proofs of Theorem and Corollary

We are now ready to conclude the proof of Theorem[[.2l The key ingredient is
the verification of Theorem [Tl To this end, fix k > 0, and take p € [p, 2*),
for p = p(k) given by Lemma Let K be the set of critical points of
I, »o. Suppose that K is discrete. We begin observing that condition (i) is
a consequence of the definition of I, ,.q, for ¥ given by ¥(u) = 1 [, |ul’ dx.

Using that the Hessian form of I, , o at u is given by '
Hy o (u)(v,w) = (v,w)g — (p — 1)/ |u|P~? Re(wv) do, Yv,w € E,
Q

we have that Hj,  ,(u) is a bounded symmetric bilinear form, for every u € E.
The Riesz representation produces a self-adjoint operator L(u) : E — E
such that Hj_ . (u)(v,v) = (L(u)v,v)p. This and Proposition 3.1 imply
that condition (z7) holds. By Proposition B:2] the Nehari manifold M, ,q
is homeomorphic to the unit sphere of F, which implies (iii). Consider
€* given by ([B20). We can clearly assume that €* is a regular level of
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I, ,o. By Corolary BI0, for p € [p,2*) the maps ®,, : Q  — ./\/lf;p,ﬂ

and (3 : ./\/16,;;,,7Q — F are continuous and satisfy fo @, , =TI dg-, where, by
construction, QF, QF are homotopically equivalent to 2. We conclude that
(7v) holds. Consequently, by Theorem [[T], we have

> i(u) = tP(Q) +tQ(t) + (1 + 1) Q4 (1)

u€e Cy

and
> in(u) = P[PUQ) + Q) — 1] + (1 + ) Qa(t),

u€ Co

where, for § € (0,9), 6 > 0 given by Proposition 3.2]
Ci={uelki<lpalu) <e}, C={ueclk;e <Il,alu)}.

Thus
> iy(u) = tPi(Q) + 2[Pi(Q) — 1] + Qs(1),

where Qs is a polynomial with non-negative coefficients. The proof of
Theorem is complete. In order to prove Corollary 3, suppose that
every critical point of I, o is non-degenerate. By general Morse theory,

i(u) = t™ for all u € K,

and the result follows from Theorem [I.2] [ |
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