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The IEEE 802.16 standard defines the QoS signaling framework
and various types of service flows, but left the QoS basedd®ack
Scheduling and Radio Resource Assignment undefined. This
paper proposes a novel joint Packet Scheduling and Radio Re-
source Assignment algorithm for WiMAX Networks. Our algo-
rithms can effectively assign the suitable slots to meetQb&
requirements of the different service type flows while tgkine
throughput and fairness into considerations. The effen@gs of

our algorithms have been demonstrated through extensale an
ysis and simulation data. The results show that our algosth
greatly improve the throughput with relatively low complgx
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1 INTRODUCTION

WiMAX (IEEE 802.16) has recently been standardized for Bizend Wire-
less Access (BWA) technologies. BWA is becoming incredgiimgportantin
Wireless Metropolitan Area Networks (WMANS). Point-to-hipoint (PMP)
mode in the IEEE 802.16 Media Access Control (MAC) protodioives the
Base Station (BS) to directly communicate with SubscrilreMobile Sta-
tions (MSs). The IEEE 802.16 provides broadband acceshéaviSs based



on OFDM technique. The IEEE 802.16 standard defines the Qpfalsig
framework and various types of service flows, but the actuab @echa-
nisms such as Packet Scheduling and Resource AssignmemntitAfgs for
these service flows are not mentioned. Therefore, the jainsiderations
of efficiency for Packet Scheduling and Radio Resource Assant is very
challenging because the Packet Scheduling for individugs Ishould be con-
sidered together with resource utilization, which has metrbwell addressed.

This paper addresses these issues from the fundamental bhbeth
Packet Scheduling and Radio Resource Assignment whilemizig sys-
tem throughput. To guarantee QoS requirement among five gpédce
flows, we propose a novel hybrid Queuing Analytical ModelPacket Schedul-
ing. In this model, there are two phases in the Packet Scimgdstheme.
In phase one, depending on different QoS requirements im ®aw-service-
gueue, we design specific packet selection algorithms fcin sab-service-
queue respectively. For phase two we propose the improviéghteel fair
queuing (WFQ) algorithm for Packet Scheduling among eathssuvice-
queue considering the different service priority.

The IEEE 802.16 MAC supports two types of resource grant mdudeh
are Grant per Connection (GPC) and Grant per SS (GPSS). For &P
source is granted to a connection by BS individually. Howef@ GPSS
mode, a portion of the available resource is granted to ekittedS, which
is responsible for assigning resource among the correspgrednnections.
According to the feature of GPSS, BS is acting as the masteralter of the
entire system. However, it just assigns the whole resooreath MS that is
successful in resource request. The resource is assignB8 lmy a subset
of total radio resource available to meet the users’ demamibthe target of
resource assignment is to maximize resource utilizatieendd, we design a
combined two layered resource assignment scheme both ondB!& and
propose heuristic algorithms in the scheme to optimizeesyghroughput
based on QoS guarantee.

The rest of this paper is organized as follows: Section 2 sarm®s re-
lated work. Section 3 describes the system model and theneharodel. In
Section 4, we discuss Queuing Analytical Model for Packéte8aling con-
sidering the QoS constraints for different service typesti®n 5 designs two
heuristic resource assignment algorithms. The numegsalts are presented
in Section 6. We conclude the paper in Section 7.



2 RELATED WORK

Packet Scheduling and Radio Resource Assignment play aoriamt role in
providing QoS support to various wireless networks, egtigdior WiMAX
networks. Not only there are very few literatures on jointlynsidering
Packet Scheduling and Radio Resource Assignment for \sgatetworks
built on the IEEE 802.16 standard [1], but also very few atiedy models
proposed for the system working in the GPSS mode.

For Packet Scheduling, [11] and [8] show that the hybrid alms (EDD
along with WFQ) in a node gives better performance for reaktservices
instead of EDD only. And [10] developed new scheduling athans for
the IEEE 802.16d OFDMA/TDD based broadband wireless acegsem,
in which radio resources of both time and frequency slotsdgreamically
shared by all users. However, it does not consider the veiselbannel model
but just a probability model for performance analysis. [@Ghsidered some
scheduler structures that are executable in environméntautiiple traffic
classes and multiple frequency channels. The scheduldéessmfiexibility in
scheduling according to the frequency selection. In [Slessiayer schedul-
ing algorithm was developed at the MAC layer for multiple neations with
diverse QoS requirements. However, the scheduler doesnsider schedul-
ing multiple connections each time and the fairness issue.

For Radio Resource Assignment, a queuing-theoretic anichizattion-
based model was presented in [6] for radio resource manageéméEEE
802.16 wireless networks. The system model uses a singlercar-interface
and GPC mode which are not the primary technology in the IEEE® Net-
works. In [3], it defines a flow metric that dynamically measuthe extent
to which a flow merits bandwidth allocation. Four types okimélated re-
source allocation problems in OFDMA WMANSs has been congidén [2]:
dynamic subcarrier allocation, adaptive power allocgt@mnection admis-
sion control, and capacity planning. In [4] the FASA alglomit solved the
problem of finding a suitable sub-channel and power joimtcation method
for multiple users in 802.16e OFDMA/TDD cellular systemsr Bownlink
resource management, an integrated APA-CAC downlink mesomanage-
ment framework has been proposed for WiMAX networks in [9].

3 SYSTEM MODEL AND CHANNEL MODEL

We consider a single BS serving multiple MSs through an TDM2D ac-
cess mode. MIMO (Multiple Input and Multiple Output) and OWMDech-
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System model

niques are implemented in physical layer.

3.1 Description of System Model

The system model is illustrated in Fig. 1. The MAC layer of EEE
802.16 includes classifying external network packets ggrd from uplink
and downlink and associating them to the proper MAC Serviog Fden-
tifier (SFID) and Connection ID (CID). Then packets are ites@finto dif-
ferent queues with an assigned CID in the MAC layer after tREDSCID
mapping. Packet Scheduler supports the appropriate [stdetlling mecha-
nisms WFQ for packets transport according to each type ofc®grncluding
UGS, ertPS, rtPS, nrtPS and BE. Through the Packet Schedatdr packet
from WFQ is queued into another queue called Mixed Packet®@&PQ).
Resource assignment module retrieves packets from thed\fizeket Queue
and utilizes certain resource assignment algorithm to Irtéeem with appro-
priate time slots as defined by the DL-MAP or UL-MAP sent by B& The
DL-MAP and UL-MAP are specify information about resourcsigament
made for each MS on downlink/uplink. Thus each MS knows whehheow
long to receive from and transmit data to the BS.
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The frame structure

3.2 Channel Model

The frame structure in OFDM mode is represented in Fig. 2.r& hee total
M sub-frequencies. In each sub-frequency, they are divittedi time slots
according to TDMA techniques. Therefore, there are tdfak 7' time slots.
We mark the time slot iri-th sub-frequency angtth slot by (¢, 5), fori =
1,2,...,M;j=1,2,...,T.

A time slot can be treated as a channel. Let the real trangmisate
in channel(i, j) be r; ;. Different time slots have different transmission
rates according to their modulation and coding schemestheetaximum
and minimum real transmission rates of a time slot @tg,, and C,,;»
bits/s. LetX; ;(I) = k whenCpi + k(Craz — Crmin)/K < 155 <
Crmin + (k + 1)(Craz — Cmin)/K (kK = 0,1,..., K — 1). ThenX;, ;(1)
is the variable about the real transmission rate statesafral(s, j) in I-th
frame. WhenX; ; = k, the real transmission rate is uniformly distribution in
the ranggCinin + k(Cmaz — Cmin)/ K, Cinin + (k+1)(Cinaz — Cmin) /K],
fork =0,1,..., K—2, and uniformly distribution in the rand€,,;, + (K —
1) (Craz — Cmin)/ K, Craz], for k = K — 1. Assume that the real trans-
mission rate of channél, j) is unchanged during a time slot period. That is,
the stateX; (/) of the real transmission rate of chanig&l;) is stable dur-
ing a time slot period. The detail modeling process is dbsdrin Appendix
[Description of Channel Model].



4 QUEUING ANALYTICAL MODEL FOR PACKET SCHEDULING

The main goal of Queuing Analytical Model is to guarantegaysQoS re-

quirements. In WiIMAX networks, for each packet with cert&RID and

CID, like Fig. 1, it should enter and be queued in a specifieseivice-queue
depending on its service type. Then it is selected and patthe head of
the queue based on some specific algorithms. After that, th@ 8élects it
from the queue, and insert it to the MPQ for transmission. sTtme Packet
Scheduling can be divided into two phases: scheduling irsgmbice-queues,
and scheduling in WFQ.

4.1 Phasel: Scheduling in Sub-service-queues
Suppose there aifg, packetsin queu@;, wherei € {UGS, ertPS,rtPS,nrtPS, BE}.
We aim to select a packe} from @; and insert it to the head ¢f;, therefore
qi. can be a candidate packet and be scheduled by WFQ. Depentthg o
QoS type, different considerations are involved thus thectien algorithms
are quite different.

UGS The UGS class does not send bandwidth requests. The BS period
cally provides real-time and fixed bandwidth allocationirsthe UGS queue,
no much complicated considerations are demanded. TheesiripD (First
In First Out) algorithm can meet the requirements. The packe scheduled
in the sequences of their arrivals into the queue.

ertPS/rtPS In the case of the ertPS/rtPS class, delay is considered to be
one of the most important requirements, therefore the ERFlyEDeadline
First) can be applied to select the packet with the highdsalyderiority. Let
d; be the delay requirement of theh packetz’™"”*/"*"% in the ertPS/ItPS
queue, and; be the time thag™""%/"*"% has waited inQ.,.ps,rips. Let
At; = d; — t;. The objective of the EDF algorithm is to find the¢h packet
qf”PS/”PS with the minimumAt;.

nrtPS The nrtPS class is designed to support delay-tolerantmean-
sisting of variable-sized packets for which a minimum dat iis required.
The delay requirement is not as tight as rtPS. Packets in ttRSmueue
Qnrtps Can be scheduled with a WFQ algorithm, which considers éaisn
among all the nrtPS connections on the packet level. Thedsitdekeeps a
record of actual transmission ratefor each nrtPS connection, and each con-
nection is assigned a weight according to its traffic demands and minimum
reserved transmission rate, i.e.,

Reiips 0

We = .
min
ZcEnrtPS Rc,nrtPS



whereR", »  denotes the minimum bandwidth transmission rate oftie
connection of nrtPS service type. We give

1 refwe

pe  D.Te
wherep. denotes the priority of packets belong to th#éh nrtPS connection.
Each time the scheduler selects a packet with the maxipfabm the nrtPS
queue and insert it to the head®f,,.;ps.

BE Various algorithms considering fairness based on serinoe/traffic,
etc. Letr. be the actual transmission rate of théh connectiont.. be the lat-
est time that the packets belonging:tth connection was scheduled recently.
The priority of thec-th connection’s packet. can be formulated as

)

1

c:)\'tc P
P +1+rc-v

3

(1) Fairness of Time. I\ = 1 andv = 0, equation 3 denotes that the
scheduler selects the connection being scheduled leastthecStatistically,

it makes all connections be scheduled with the same scimepediunts there-
fore achieves fairness among different BE connectiond=githess of Trans-
mission Rate. I\ = 0 andv = 1, equation 3 indicates that the connection
with the smallest traffic rate will be scheduled first. Stataly, it keeps all
the connections transmitting with the same transmissiten ra

4.2 Phase?2: Schedulingin WFQ
We use WFQ algorithms to illustrate the Packet SchedulingseBon the
different QoS requirement and the delay requirement of theesfib-service-
queues. We give weight = w;,i € {UGS, ertPS,rtPS,nrtPS, BE}; wygs >
WertPS > Wrips > Wprtps > wpg) to each type of sub-service-queue and
Zie{UGS,ertPs.,rtPs.,nrtPS,BE} w; = 1.

There are two QoS parameters in WFQ algorithm, which arerentte
weight of each type of sub-service-quaugand wait time of packet;. Let
d; be the delay requirement of UGS, ertPS, rtPS, nrtPS and Bé&h We can
give the following expression.

et/ (dimti) gy

pi = — (4)
Zi6{UGS,ertPS,rtPS,nrtPS,BE} el/(di=t) x w;

It represents the adaptive weight of the five sub-serviaigs. Whenl; —
t;, the delay will become the main factor in this algorithm. @thise,w; is

the main factor. Then the system is more fair.



If pick up packet by algorithm at timg arrival packet of MPQ is UGS,
ertPS, rtPS, nrtPS, BE with probability

P = i ©)

2 ic{UGS,ertPS,rtPSnrtps,pE}y Pi(t)

where

.« f pi queueis nonempty
pl(t)_{ 0 otherwise 6)

5 RADIO RESOURCE ASSIGNMENT

5.1 Assumptionsand Objective
After Packet Scheduling, the scheduled packets shoulddigrees] to suitable
radio resource(eg.time slots) for data transmission. Wefoamulate the
resource assignment problem as an integer optimizatidsigmrothat uses an
objective function given in Equation(7).

For simplicity of problem formulation, we give the follongrassumptions:

1. Each time pick up one packet from MPQ for allocation;

2. Each packet can only be divided into two parts (It can gds# ex-
tended taK parts);

3. Each time slot can only be assigned to one packet or parteopacket
if splitted;

4. Assume that each QoS type has a upper bound cagacity {UGS, ertPS, rtPS,nrtPS, BE}.

In a frame, based on the channel model, the real transmissienf time
slot(4,j)isr; (1 =1,2,...,M;j=1,2,...,T). The transmission rate of
the packet being transmitted in time s{@t;) in current frame i$; ; (b;; <
r;,j). Our objective is

M T
maxz Z bi,j (7)
i=1 j=1

st biy < Tig Dpevasbii < Cuas, 2o jyeertps Vi < Certps,
Z(i,j)ETtPS bi-,j < Cheps, Z(i,j)enrtPS biyj < Chrers andZ(i,j)eBE biyj <
CBE



5.2 Heuristic Assignment Algorithms

In this section, in order to achieve the objective functiwa propose two dif-
ferent heuristic algorithms to allocate time slots for patskwith the purpose
of gaining higher time slot utilizations. These two alglnits are both itera-
tive and in each step they pick only one packet from the MPQ@dbeduling.
The first one is nameBacket Splitting (PS) while the other i ots Combi-
nation (SC).

Packet Splitting Algorithm

Main idea of this algorithm is presented as follows. Eachetanpacket is
picked from the head of the MPQ, one or two time slots are tede al-
locate for it. According to the packet’s size, the time sldthwvthe minimal
transmission rate that is able to transmit the packet ictsle If a packet
is too large to be transmitted by any time slot, it is consgdeto be split
and transmitted by two time slots. Firstly the maximal aalié time slot is
selected and transmits a portion of the packet, the tratesmitroportion is
equal to the transmission capacity of the time slot. As ferrgmaining part
of the packet, another proper time slot is required. Thigtsiot should be
as small as possible, but large enough to transmit the reémgapart of the
packet. The PS algorithm is detailedly described in Aldgwnitl. The compu-
tation complexity of time slot sorting i©(nlogsn) and that of searching the
proper time slot for assignmentisgzn. Thus the computation complexity
of PS Algorithm isO(nlogzn).

Sots Combination Algorithm

This algorithm is quite different from the PS Algorithm oretaspect of time
slot selection. It consists of three steps: combinationirap and allocation.
In the first step, a combination operation is performed. Eachime slots are
merged into a pair, referring to Line 3 in Algorithm 2. Henbette are”%,
time slot-pairs for theM/ - T time slots. In the second step, the combined
time slot-pairs are sorted together with the original tifogssin an ascending
order, therefore there a€&, .+ M -T elements in the array. In the third step,
the packet picked from the head of MPQ is allocated with alsingpair time
slot whose transmission capacity is as small as possibles laltle to cover
the packet’s size. One more thing should be noticed is tfftafr, a time slot
or time slot pair was allocated, all the time slots or time plairs consisting
of it should be removed from the array. Description of the S§ofithm is
presented in Algorithm 2. The computation complexity of S©O{n?), thus
the computation complexity of SC Algorithm is alén?).



Algorithm 1 The Packet Splitting Algorithm

1: procedure PACKETSPITTNG(transmission rate;  ;, packets in MPQ)

2 sortr; ; (i =1,2,...,M;5 =1,2,...,T)from max to min;
3 S —{(i,j):i=1,2,...,M;5=1,2,...,T}
4 while S # @ and MPQ is nonemptylo

5: pick the first packey from MPQ

6: a « size ofq

7 Tmaa — max{r; ; : (,j) € S}

8 ifa > 2 7rmas then

9: the packet cannot be transmitted in current frame
10: end if

11: if Tmae < a <2 7Thmae then

12: (30, 30) “ Tmaz

13: assign channdli, jo) to this packet

14: S — S —{(i0,J0)}

15: a — a —Tig jo

16: (i1,71) < min{r; j : r; ; > a,(i,j) € S}
17: assign channeli1 , j1) to this packet

18: SHS*{(’L‘l,jl)}

19: else

20: (i2,72) < min{r; j : r; j > a,(i,j) € S}
21: assign channdli2, j2) to this packet

22: SHS*{(’L‘Q,jz)}

23: end if

24: end while
25: end procedure

Algorithm 2 The Slots Combination Algorithm

1: procedure SLOTSCOMBINATION(transmISSIor‘l rate; ;, packets in MPQ)

2: Ry <—{’I"k k=1,2, ILIXT}Wherer(qil) T i
3 Combine each two slots to a slot pair with transmission rmef,g .
4 Ry — {r}:k=1,2,...,0% .1}

5. R=RiUR2rkis thek—th elementinR (|R| = C3; 7 + M x T)
6: sortry (k=1,2,...,0% r + M x T)from min to max;

7. S—{(,j):i=1,2,...,M;j=1,2,...,T}

8 while S # @ and MPQ is nonemptylo

9 pick the first packey from MPQ

10: a « size ofq

11: find the minimumr,, € R wherer, > a

12: if more than -, foundthen

13: select ther;, with combined slots

14: end if

15: if r, is transmission rate of combined sl¢ts j) and(m, n) then
16: assign channeli, j) and(m, n) to this packet

17: S — S —{(i,4), (m,n)}

18: remove allr; € R wherer; is combined by(z, j) and(m, n)
19: else

20: (4, 7) is the channel whose transmission rateis

21: assign channéli, j) to this packet

22: S «— S —{@G,5)}

23: remove allr; € R wherer; is combined by(z, j)

24: end if

25: end while
26: end procedure




6 SIMULATION AND EVALUATION

6.1 Experiment Setup

In order to evaluate the performance of our proposed rescassignment
algorithms, we set up a java based simulator for our experisneln the
simulator, we define a scheduler to assign slots, in which eedize four
resource assignment algorithms, i.e., FIFO, Random, PSénd

6.2 Implementation and Metrics
We implement the PS algorithm and SC algorithm to perforrouese as-
signment. In addition, the FIFO algorithm and Random athariare also
implemented as benchmarks. In the FIFO algorithm, timesslo¢ selected
in the sequence according to their positions in the frametlaen assigned to
packets. In the Random algorithm, a packet is assigned wighoo two time
slots which are selected randomly from the frame.

The time slot utilization is defined as the ratio of the sumlidfansmitted
packets’ size over the total transmission capacity of alktslots in a frame,
ie.,

_ ZkK:I Sk

- M T
Dz Zj:l Ti,j

where K denotes number of the packets being transmitted in currantdf,

andsy, is the size of thé:-th packet.

T

(8)

6.3 Parametersand Results

We run two set of simulations for the four algorithms: FIFGrg&om, PS,
and SC. Packet sizes are randomly distributed between 1282dits, but
with different distributions. In the first set of simulat®it is uniform distri-
bution while in the second set it is Gaussian distributioe Total generated
packets number is 5000. In a frame, the frequency numberris Slat num-
beris 100, and the frame count is 100.

The range of the transmission rate of each time slot is ndyrfraim 256
to 512 bits per slot. Generally the value of transmissioag@hamed states)
are discrete, therefore the number of states is limitedudesthat there are
K different transmission rates, the value set of transmissites isR =
{256,256 + Ar,256 + 2 - Ar, ..., 512} whereAr = [ (512 — 256)/K | =
|256/ K |. The transmission rate of each time slot in a frame is desdrib
Channel Model (Detail in section 3.2). In the simulationg set the value
of Kt02,4,8,...,128,256 in order to observe the performance of the four
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algorithms in different conditions. We run the simulatidd0times to get the
mean values for performance evaluations.

Simulation results are shown in Fig. 3, Fig. 4, Fig. 5 and Bigvhere
packet sizes are in unform distribution and Gaussian Higfdn respectively.
In the first two figures, X axis denotes the number of statedewhaxis de-
notes the slot utilizations of FIFO, Random, Packet Splitiind Slots Com-
bination. In the next two figures, X axis remains the sameyhastis denotes
the standard deviation of these four resource assignmgortiims.

6.4 Result Analysis

Itis observed from Fig. 3 and Fig. 4 that among all the fouodthms, the SC
algorithm shows the most mean slot utilization. Also the R@®rithm per-
forms more better than FIFO and Random algorithms, espeeidilen the
number of states is large. The performance of FIFO algordihihRandom
algorithm seems almost the same. In Fig. 5 and Fig. 6, thelatdreviation
of PS algorithm is larger than the other three algorithmbéffirst five states.
However, along with the increasing of the number of states standard de-
viation of PS algorithm dropped rapidly. In the last threstes, the standard
deviation of PS algorithm is almost the same with the othezetalgorithms,
or even less. That means the more states, there is lessrparfoe variation
of PS algorithm from the mean slot utilization. Consideritighese factors,
SC algorithm has the most mean slot utilization with rekdfhsmall standard
deviation, which shows the best performance.

Another thing should be noticed is that as the number ofstataeasing,
the time slot utilization of our two algorithms (i.e., PS &) also rises. This
is because more states mean more candidate time slots teg;hberefore
the scheduler has more opportunities to choose the smhalllektrge enough
time slots to allocate for a given packet.

7 CONCLUSIONS

We have presented a joint Packet Scheduling and Radio ResAssignment
based on GPSS framework for IEEE 802.16 networks. For P&utetdul-
ing, we propose a novel hybrid Queuing Analytical Model whitas two
scheduling phases. The two phased design could beautifthigve the sys-
tem QoS requirements both on inner of each Sub-serviceeguend the re-
lation among them. Following the QoS guaranteed Packetdbding, the
combined two layered resource assignment scheme based $8 Shpro-
posed to greatly enhance the system throughput. Take omigstribution



for example, SC algorithm greatly enhance the utilizatibnadio resource
from 63% up to 83% on average compared to FIFO and Randomithlgs:
We find that SC algorithm not only has amazing performancenpraving
system throughput, but also has relatively low complexityg computation
complexity isO(n?)).

In summary, the joint Packet Scheduling and Radio ResoussegAment
based on GPSS mode can guarantee the QoS requirement,anihérse, it
provides a unified resource assignment to greatly maxinyiges through-
put.
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[Description of Channel Model]
Assume thalX; ;(1) is a Finite state Homogeneous Markov Chain (FHMC)
with stated), 1, ..., K — 1 having

Pk,k+1 = Oci,j(kzo,l,...,K—Q)

Pk,kfl = 61J(k:1,2,,K)

Pk,k = ’yi_’j(k:l,l...,K—l) (9)
Fo,o = l-a

Pxx = 1-0;

Whereai,j + 06+ v = 1,045 # Bij andai7j,ﬁi7j,%7j > 0, fori =
1,2,...,M;5=1,2,...,T. The state transition diagram &f; ;(!) is show
in Fig. 7.

And the transition matrix of(; ;(1) is

-y a3 0 ... 0 0

Bij  vij iy ... O 0

Pi,j = 0 ﬁi,j Yi,j ce 0 0
0 0 0 o By 1=Biy ) o

Let the limiting distribution ofX;; ;(1) be

IL; = (i .00 Mij1s- s Mg K—1) (10)

wherem; ; i is the limiting probability ofX;, ;(I) for k = 0,1,..., K — 1.

Thenll;; is the unique nonnegative solution of
Hij = Hij X Pij

11

{ Hin]./:Hij ( )



FIGURE 7
State transition diagram of chanr(g) ;)

wherel = (1,1,...,1)k. Thatis

Tig0 = (1 — a4 j)mij0 + Bijmija k=0
gk = QG T4 5. k—1 + Vi, 7,5,k
+ Bk, i j k41 k=1,2,...,K-2 (12)
T3, K—1 = Qq,jTi j K—2
+(1 = Bij)mij k-1 k=K-1
K—1
Zk:o Tik =1
Then o
Mg = (L) x P (13)
1,7,k — \"5 71)
B T 1= (F)X

Assume that channél, j) is in statekin I-th frame. ThatisX; ;(I) = k
LetY; ; be the time of channgt, j) holding on staté: afteri-th frame. That
is, channel(z, j) will first leaving statek in [ 4+ Y; ;(1)-th frame after/-th
frame, Then we can get

P{Y;;(I) = n}

= P{X,;(l+1)=kX,;(+2)=k,...,
Xij(l+n—-1)=k,
X ;j(l+n)#kX;;(1) =k}

n—2

- H P{X;j(m+1) = Ek|X; j(m) =k}

m=0
xP{X; j(n) # k| X;;(n —1) = k}
(1-ai;)" tay; k=0
= =7 ) k=1,2,..., K -2
(1_61”_)717161_7]_ k=K-1

Thereforey; ; (1) follows geometric distribution and independent with



